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ABSTRACT. The paper introduces a method to solve inverse problems for hy-
perbolic systems where the leading order terms are non-linear. We apply the
method to the coupled Einstein-scalar field equations and study the question
whether the structure of spacetime can be determined by making active mea-
surements near the world line of an observer. We show that such measurements
determine the topological, differential and conformal structure of the spacetime
in the optimal chronological diamond type set containing the world line. In the
case when the unknown part of the spacetime is vacuum, we can also determine
the metric itself. We exploit the non-linearity of the equation to obtain a rich set
of propagating singularities, produced by a non-linear interaction of singulari-
ties that propagate initially as for linear wave equations. This non-linear effect
is then used as a tool to solve the inverse problem for the non-linear system.
The method works even in cases where the corresponding inverse problems for
linear equations remain open, and it can potentially be applied to a large class
of inverse problems for non-linear hyperbolic equations encountered in practical
imaging problems.

CONTENTS

Introduction and main results
Notations and definitions
Earlier results
Outline of the proof
Construction of solutions with propagating singularities
Einstein’s equations as a system of quasilinear wave equations
Linearization stability
Notations for analysis of singularities
Propagation of singularities for linear wave equations
Microlocal linearization stability
Propagation of singularities for linearized Einstein’s equations
Interaction of singular solutions
Fourfold linearization

Date: Jan. 5, 2018.
Key words and phrases. Inverse problems, active measurements, Lorentzian manifolds, non-
linear hyperbolic equations, Einstein equations, scalar fields.

1

SEEEEEREEIEEIEIEE



2 Y. KURYLEV, M. LASSAS, L. OKSANEN, AND G. UHLMANN

4.2. Upper bounds for wave front sets and singular supports
4.3. Principal symbols of fourfold interaction terms

4.4. Principal symbol of the fourfold interaction

5.  Construction of light observation sets

5.1.  Sending singularities

5.2.  Receiving singularities

5.3. Concepts from global Lorentzian geometry

5.4. Probing the background geometry with propagating singularities
Appendix A: Proofs for linearization stability

Appendix B: Local existence of solutions

Appendix C: On active measurements

References

AEEEEEBEBERE

1. INTRODUCTION AND MAIN RESULTS

In this paper we introduce a new method to solve inverse problems for hyperbolic
systems where the leading order terms depend non-linearly on the solution. Earlier,
we have considered a related inverse problem for scalar wave equations where the
leading order terms are given by the linear wave operator with a fixed metric [49).
Non-linear hyperbolic systems are used in several applications, but the models of
the non-linear terms are often quite heuristic. In order to have a canonical non-
linearity, we consider a measurement model for Einstein’s equations coupled with
scalar fields.

In this context several difficulties appear. In particular, detection of singularities
of waves becomes non-trivial: A well-known physical example of this is that only
two polarisations of gravitational waves can be observed even though the solutions
to Einstein’s equations take values in the space of symmetric 4 x 4 matrices that
corresponds to a 10-dimensional space of polarisations (see Section [2| for further
discussion). Moreover, the definition of measurements becomes non-trivial as any
source changes the space-time itself in the future of its support.

The method we develop utilises the non-linearity as a tool and it enables us
to solve inverse problems for non-linear equations even in cases where the inverse
problem for the corresponding linear system remains open. Indeed, the existing
uniqueness results for linear hyperbolic equations require restrictive geometric as-
sumptions such as stationarity, whereas our result is applicable to any globally
hyperbolic spacetime. We review the existing literature on inverse problems in
detail in Section .2l

Outside the context of inverse problems, there are many results on non-linear
interaction of waves, starting from the studies of Bony [11], Melrose and Ritter
[60], 64] and Rauch and Reed, [73]. However, these studies are different from the
present paper since they assume that the geometrical setting, in particular the
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locations and types of caustics, is a priori known, whereas in our inverse problem
wave propagation is studied on an unknown manifold and we allow for caustics of
arbitrary, including unstable, type. This causes further difficulties in the analysis
of the non-linear interaction.

In physical terms, we study the question: Can an observer determine the struc-
ture of the surrounding spacetime by doing measurements near its world line?
The conservation law for Einstein’s equations dictates, roughly speaking, that any
source in the equation must take energy from some fields in order to increase en-
ergy in other fields. The scalar fields are included in the model that we consider
to facilitate this. They correspond to spin zero particles.

Let us now give the mathematical formulation of the problem. Let M be a
smooth 1 + 3-dimensional manifold. Einstein’s equations for a Lorentzian metric
g on M are

Ein(g) =T,

where Ein(g) is the Einstein tensor associated to g and 7' is a stress-energy tensor.
In vacuum 7' = 0. The measurement model we consider is

(1) Ein(g) =T, T=T(g,¢)+F",

(2) 0,00 — Vi(¢) =F, 1=1,2,..., L.

Here V/(¢) = 05 V(¢), ¢ = (1), L =1,2,..., L, are the scalar fields, and
F=(FL,F)=(F 7 ..., Fp),

models a source in the measurements. The physical interpretation of F is discussed

in Appendix C. The coupling T = (T};) is given by

L

Tj(g, ¢) = Z (aj¢z3k¢z - %gjkgpqaquz@quz) —V(®)Gjk,

=1

the potential V is assumed to be a smooth function R* — R, and [, is the wave
operator associated to g. For example, a typical model is

1 L

V(o) =5 > midf,
=1

where m; > 0 are constants. N

We say that a smooth Lorentzian manifold (M,g) and a function ¢ are back-
ground spacetime and scalar fields if they satisfy f with F = 0 and if (M, 9q)
is globally hyperbolic. The definition of global hyperbolicity is recalled below, see
Definition A globally hyperbolic manifold is isometric to a product manifold
R x N with the Lorentzian metric given by

g = —B(t,y)dt* + k(t,y),
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where 5 : R x N — R* is smooth and « is a Riemannian metric on N depending

smoothly on ¢, see [9]. Without loss of generality, we make the standing assumption
that M =R x N, and consider equations — with the initial conditions

(3) g=9g, ¢ =¢, in (—00,0) x N.
The source F in f can not be arbitrary since the Bianchi identities imply

that that the Ein(g) is divergence free, that is, div, Ein(g) = 0. Hence the stress
energy tensor T needs to satisfy the conservation law

(4) div, T = 0.

This again implies the compatibility condition

L
(5) divy '+ " Fldg =0,

=1
see Corollary for a detailed discussion. In order to guarantee that ([1)—(3)
admits a rich set of sources in a neighbourhood of F = 0, we assume the following
generic condition, that we call the non-degeneracy condition for the background
scalar fields,

(ND) dngﬁl(x), [ =1,2,3,4, are linearly independent for all x € U,

where U C M is a set containing the support of the source F in f.

Observe that the system — is invariant with respect to isometries and that
the metric tensor g begins to change as soon as JF becomes non-zero. In order
to take this invariance into account, we model local measurements using Fermi
coordinates. Let # € {0} x N and let £ € T, M be timelike and future-pointing.
Define p5(s) = exp?(s€), where exp? is the exponential map on (M,g). Let X,
7 =0,1,2,3, be a basis of T, M, with Xy, = £, and consider the following Fermi
coordinates around the world line 3,

3
(6) (1)5(3791792,93) = eXng(s) (Z y]}/;g> )
7j=1

where Yf is the parallel transport of X; along p5, j = 1,2,3. Here the parallel
transport is taken with respect to g, and
se0,1], (y'.y%y’°) € By,
where By C R? is a small enough neighbourhood of the origin so that the Fermi
coordinates @ are well-defined in [0, 1] x By. We write
V= (0, 1) X Bo.

Let T > 0 satisfy ®5(V) C (—oo,f) x N, and consider a Lorentzian metric g

on (—o00,T) x N such that the corresponding Fermi coordinates ®,:V — M are
well-defined. Here @, is defined as ®; above except that now the world line pg,
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FI1GURE 1. Left. The setting of Theorem The solid red line
depicts the worldline p along which the frame Y; = ng , 7 =1,2,3,
defines the Fermi coordinates (the third direction is suppressed in
the picture). The blue cylinder is the coordinate neighbourhood
®(V) and the dashed double cone is the chronological diamond
I(p(0), p(1)). Right. Fermi coordinates for a perturbed metric g.
As the source F becomes non-zero, the Fermi coordinates start to
change. The support of F is depicted as the grey area.

the exponential map and the parallel transports are defined with respect to g. We
often use the shorthand notation p = gz, & = ®; and

(7) M = (0,T) x N.
Then we model local measurements near the world line p by the following data set
(8) Drx(3,0) ={(®)9. 20, &, F) € CX(V) ;

(g, ¢, F) satisfies f on ]\/4\, holds,
supp (F) C @,4(V), HQJZ}"HC,C(V) <r},

where » > 0, k € N, and @ is the pullback under ¢, : V' — M. This set
corresponds to the graph of the response operator used in earlier studies, see (|{14))
below.

We emphasize that in the above model, the representations of the fields g and
¢ in the Fermi coordinates are measured only in a small neighbourhood ®,(V)
of the world line y14. The neighbourhood ®5;(V') is depicted as the blue cylinder
Figure . Let us also remark that (g, ¢, F) in the defining property of D, x(7, ;#5)
satisfies since it satisfies (I)—(2). In particular, for fixed (g, ¢), the sources F
in (8) depend on (g, ¢) via the constraint ().
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~

As signals in Einstein’s equations propagate with finite speed, the data D,.; (g, ¢)
can not determine g on the whole manifold M. The fastest signals, for example
gravitational waves, propagate at the speed of light, and an observer moving along
1 is able to probe a region U in M only if signals can reach U from p and if signals
from U can return to p.

We will define next the set where we are able to gain information on g. This
diamond type set is close to optimal. Indeed, if the chronological future and past
are replaced by the causal future and past in its definition, then it is not possible to
obtain information on g in the complement of this slightly larger set, independently
of the choice of the Fermi coordinates. We give the definitions of causal future
and past in Section below, and recall here only the concepts that are needed to
formulate our main result. For p,q € M, p < ¢ in (M, g) means that p and ¢ can
be joined by future pointing timelike curves in (M,g). The chronological future
and past of p € M are

9) I"(p)={aeeM;p<qin(Mg)}, I (p)={qeM;¢<pin(M,37)}
We will obtain information on g on the chronological diamond type set

(10) I(p,q) = I"(p) N1 (q),
containing the world line g in the sense that p = (0) and ¢ = p(1).

Theorem 1.1. Suppose that smooth g and gg satisfy —(@ on M with F = 0,
and that (M, q) is globally hyperbolic. Consider the Fermi coordinates ® : V. — M

around a world line p as defined in (@/, and suppose that gg satisfies (ND) with
U= ®(V). Then for arbitrary small r > 0 and large k € N, the data set D, (g, ¢)
determines the topology, differentiable structure and conformal class of the metric

g in the chronological diamond I(p(0), u(1)).

In the case of a vacuum spacetime we can recover also the conformal factor.

Corollary 1.2. Let g, 5, ® and p be as in Theorem . Suppose, furthermore,
that W C I(u(0), (1)) is vacuum, i.e. Ricci-flat, and that any point in W can
be connected by a curve, lying completely in W, to a point in ®(V). Then for
arbitrary small r > 0 and large k € N, the data set D, (7, a) determines the
topology and differentiable structure of W and isometry class of g in W.

Remark 1.3. The techniques considered in this paper can be used also to study
inverse problems for non-linear hyperbolic systems encountered in applications. In
fact, one of the motivations of this paper is to develop methods that will transfer
tools of General Relativity to medical and seismic imaging. For instance, in medical
imaging, in the the recently developed Ultrasound Elastography imaging technique
the elastic material parameters are reconstructed by sending (s-polarized) elastic
waves that are imaged using (p-polarized) elastic waves, see e.g. [41, [59]. This
imaging method uses interaction of waves and is based on the non-linearity of the
system.
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Remark 1.4. The question, what is the topology of our Universe, can be considered
as an inverse problem for the coupled Einstein and matter field equations. This
fundamental question has been studied in [56, [77]. In addition to the topology,
in this paper we consider also the determination of the conformal type of the
Lorentzian metric.

Remark 1.5. Theorem implies that, if we have two non-conformal spacetimes,
a generic measurement gives different results on these manifolds. In particular,
this implies that perfect spacetime cloaking, in sense of light rays, see [23], 58], is
not possible with a smooth metric in a globally hyperbolic universe.

Remark 1.6. The non-degeneracy assumption (ND) could be replaced by the as-
sumption that dggl(x), I =1,...,L, span T:M for all x € ®(V). We make the
stronger assumption just to avoid cumbersome notation in the linearization sta-
bility proofs below.

1.1. Notations and definitions. Analogously to the chronological future and
past @D, we define the causal future and past of a point p € M on a Lorentzian
manifold (M, g) by

Jug®) ={a€M;p<qin (Mg}, Jy,(0)={a€M;q<pin(Mqg)}
where p < ¢ means that p and ¢ can be joined by a future pointing causal curve
in (M, g) or p=q. We write also Jiar,¢)(p,q) = J&Lwyg) (P) N J(ar ) (@)

Definition 1.7 ([I0]). A Lorentzian manifold (M, g) is globally hyperbolic if there
are no closed causal paths in M, and the set Jg)(p, q) is compact for any pair of
points p,q € M.

We denote by V,, div, and Ric(g) the covariant derivative, divergence and the
Ricci tensor with respect to g. Using the shorthand notation

L
(do @ dp)ju =Y Qjdndhde,  (V'(0))e = 05,V(9).
/=1

where j,k=0,1,2,3, /=1,..., L, equation (1)) can be written as

(11) Ric(g) —dp @ dp —V(¢)g = F', F' = I,F",

where I, is the involution

try F!
2

Here try F' = ¢/F}, is the contraction with g. We will use also the shorthand
notation

I,F' = F' —

g.

I,F = (I,F', F?).
The bundle of symmetric 2-tensors over M is denoted by
Sym? = Sym(T*M @ T*M).



8 Y. KURYLEV, M. LASSAS, L. OKSANEN, AND G. UHLMANN

For vector bundles £ and F' over M, we denote by Hom(FE, F’) the vector bundle
whose fibre at x € M is the space of linear maps from the fibre E, of E to the
fibre F, of F'. We write also End(F) = Hom(E, F).

1.2. Earlier results. Inverse problems for partial differential equations is a much
studied topic, however, the present theory is largely confined to the case of linear
equations. For a majority of the few existing results on non-linear equations, e.g.
[441, [79], 82], non-linearity is an obstruction rather than a helpful feature. On the
contrary, our method to solve the inverse problem for Einstein’s equations is based
on the non-linear interaction of gravitational waves, and only global hyperbolicity
is assumed on the underlying spacetime. In an earlier paper [49] we considered
a similar method in the case of a semi-linear wave equation, and we discuss this
result in more detail below. We emphasize that the present study of Einstein’s
equations can not use the techniques in [49] in a straightforward manner due to
the much more complicated structure of the non-linearity. In particular, contrary
to [49], the non-linearity appears also in the leading order terms.

As our approach uses the non-linearity in an essential way, it differs from the
classical methods used to study inverse problems for linear wave models, that
is, the Boundary Control method [46] and the geometric optics based approach
[72, 81], that have been used to solve various inverse problems for linear wave
equations. However, these methods fail when the equations have general time-
dependent coefficients. For the former method this is because the sharp unique
continuation result [85] does not hold for wave equations with coefficients that
are smooth, but not real analytic, in the time variable [I]; and for the latter
method because it is not known if the light ray transform is injective on a globally
hyperbolic Lorentzian manifold. In the case of time-independent coefficients, the
light ray transform reduces to the geodesic ray transform. The injectivity of the
latter transform has been studied extensively in the Riemannian context [26], [43]
68, [69, [701, [80), 86].

The inverse problem for linearized Einstein’s equations is open, and the same is
true for other similar linear wave equations. We solve the inverse problem for the
physical, non-linear Einstein’s equations.

In the case of linear equations, it is now classical to model active measurements
by using the Dirichlet-to-Neumann map [84]. In the case of Einstein’s equations,
modelling active measurements is more subtle since the spacetime can not be ob-
served from outside, and appears to be the first model for active measurements
in this case. Let us now recall from [49] the model of active measurements for the
non-linear wave equation

(12) Osu(z) + a(z) u(z)? = f(xr) on M,
u(r) =0, forxe My)\ J(ng@ (supp (f)),
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where a is non-vanishing and smooth, and (M, g) is globally hyperbolic. Letting
p be as in Theorem [1.1] and letting V' C M be a neighbourhood of 4x([0,1]), the
active measurements can be modelled by the set

(13) vave () = {(ulv, f) ; (u, f) satisfies (12) on M,
supp (f) C Vo [ fllorqry <7}

The set is the analogue of but simpler, since the complications related to
the coordinate invariance of the Einstein’s equations do not arise in this case. Let
us remark that in [49] the results were actually formulated by using the response
operator

(14) Ly f=ulv

For small enough r > 0 and large enough k € N, the set is the graph of Ly.
It was shown in [49] that the set determines the conformal class of the metric

g in I(p(0), u(1)). This is the analogue of Theorem [1.1] for (12).

Remark 1.8. The result in [49] deals with an inverse problem for “near field”
measurements, modelled by or the corresponding response operator. In the
case of inverse problems for linear equations, near field measurements are typically
modelled by the Dirichlet-to-Neumann map, and they are equivalent to scattering
measurements or “far field” information [8]. Analogous equivalence for non-linear
equations has not yet been studied but it is plausible that the theory of near field
measurements is useful when studying inverse scattering problems also in this case.
On related inverse scattering problems, see [27, [45], 62] [78].

Finally, even though in this paper we consider near-filed measurements, the
techniques we use to study non-linear interaction of waves takes its inspiration
from microlocal scattering theory [3] 4, 29 32 [35] 36, 63, 87]. In the case of the
near field measurements, the inverse problems for Einstein manifolds have been
studied in the Riemannian context in [78].

2. OUTLINE OF THE PROOF

In order to give a rough idea of the proof, let us consider here only the simple
model case with § = —dt?> + da? + dy? + dz?, the Minkowski metric, and
a = 1 identically. The idea is to use the source f to generate propagating singu-
larities that interact via the non-linearity. The propagating singularities will be
constructed so that their interaction produces a new singularity that behaves like
a point source. Recording the singularities produced by each such “artificial point
source” in I(u(0), (1)) allows for a reduction to the purely geometric problem
solved in [49, Th. 1.2]. Let us also mention that the geometric step has been
generalized for manifolds with boundary in [34]. Another generalization involving
broken geodesics is given in [51].
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FIGURE 2. Top left. A schematic picture of outline of the proof
of Theorem as discussed in Section 2 Waves propagating near
geodesics (depicted as black curves), sent from ®(V), interact at the
point ¢ € I(u(0),(1)). Via a non-linear interaction, they can pro-
duce propagating singularities (in red) analogous to those generated
by a point source at q. Rest of the panels. Interactions of pieces
of the four plane waves u; as time passes. Top right. The pieces
interact pairwise on the red line segments, no new propagating sin-
gularities appear. Bottom left. Interactions of triples produce conic
singularities and the interaction of all the four pieces of waves pro-
duces a spherical singularity. Only one of the four conic singularities
(in black) is shown in the picture. Bottom right. The spherical sin-
gularity expands as time passes. It can be detected far away from
the point where the interaction happened.
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To explain this in more detail, but still roughly, let f = ¢h, € > 0, and write the
asymptotic expansion of the solution of ,

u = ew; + wy + Sws + *wy + O(°),

where, using the notation ) = L7 ! for the causal inverse,

(15> wy = Qha Wy = _Q(w%)7 Wz = _2Q<w1w2)7
wy = —Q(w3) — 2Q(wiws).

We say, for example, that w3 results from the interaction of w; and ws.

Let us make a linear change of coordinates in the Minkowski space, such that
in the new coordinates z7,j = 1,2,3,4, the hyperplanes K; = {2/ = 0} are
lightlike, that is, T, K; contains a lightlike vector for all z € R*. The plane waves
uj(x) = (27)7, where m > 0 and

(16) (a7) = {W)m’ re

0, otherwise,

are solutions to the wave equation Uzu = 0. They are singular on the hyperplanes
K. Moreover, the singularity on K has a specific direction: the wave front set of
u; is the conormal bundle of K, that is, WF (u;) = N*K; \ 0, see Section [3.3| for
this notation.

Interactions of the waves u; produce new singularities, for instance, the product
uyug is singular on U U X where U = N*K; U N*Ky and X = N*(K; N K)).
The set X contains covectors that are not in U, however, in this case of the
pairwise interaction, all the lightlike covectors in X are also in U. As the solution
operator () propagates only lightlike singularities, no new propagating singularities
are produced in pairwise interactions.

When three waves interact, say uq, us, uz, new propagating singularities are pro-
duced since N*(K; N Ky N K3) contains lightlike covectors that are not in any
N*K;, j =1,2,3. The interaction of three waves has been analysed in [74, 61}, 65].
A conic singularity comes out of the line of intersection, and the geometry of the
singularity is similar to shock discontinuities that happen at the interface between
subsonic and supersonic speeds, see Figure [2|

The intersection of the four hyperplanes K; is the origin, and its conormal
bundle is the fibre of the cotangent space at the origin. In particular, the conormal
bundle contains the light-cone LI R?*, and hence the interaction of the four waves
u; produces a new singularity that corresponds to a spherical wave, in the sense
that the singularity coincides with that generated by a point source at the origin.
Summarizing, the four wave interactions can produce artificial point sources.

The proof of Theorem is based on an analysis of the non-linear interaction
of four solutions to the linearized Einstein-scalar field equations. Of course, as
the background metric g can be very general, and as the sources F in need to
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satisfy support constraints, we can not use explicit solutions like . These are
replaced by more general conormal distributions in the actual proof below.

We begin by showing that the Einstein-scalar field equations admit a rich set of
solutions with propagating singularities. That is, in Sectionwe show that f
can be linearized along families of solutions so that the thus obtained solutions
to the corresponding linearized equations have propagating singularities, and that
the geometric structure of the singularities is constrained only by a linearized,
microlocal version of the conservation law ([4]), see Definition [3.4]

In Section 4| we study the analogue of the interaction terms ((15)) for the Einstein-
scalar field equations. Although on the level of the geometry of propagation of
singularities the analysis of the interaction terms is very similar with the above
model case, it is more complicated to show that interaction terms do not vanish,
say, due to them cancelling each other. We show this by considering the principal
symbols of the interaction terms, viewed as conormal distributions. Let us also
point out that the analysis of the principal symbols is not analogous to that in
[49], in particular, the asymptotic approach in [49, Section 3.4] does not seem to
work in our setting.

Finally in Section [5| we deal with the global geometric aspects of the proof and
finish the reduction to [49, Th. 1.2]. Also we treat there the complications related
to the coordinate invariance of the Einstein’s equations, that are manifest both
when sending and receiving propagating singularities.

To get a flavour of the complications when trying to detect singularities in g, say
gravitational waves, observe that the Fermi coordinates ®, in the definition of the
data set may be non-smooth when ¢ is non-smooth. The use of non-smooth
coordinates ®, can hide singularities in g. However, if ¢ is a conormal distribution
on a submanifold of codimension one, certain singularities are generically visible in
the coordinates ®,. More precisely, the principal symbol of ®7g is non-vanishing
generically on a rank 2 subbundle of the rank 10 bundle of symmetric 2-tensors.
Indeed, as the Fermi coordinates are used, ®7g has 6 degrees of freedom to begin
with, and on top of this, the conservation law (4)) imposes 4 additional constraints.
Definition below gives the analogue for principal symbols. In physical
terms, if g is a gravitational wave, the rank 2 subbundle corresponds to the two
polarizations of that can be observed, see [57]. More detailed physical explanations
on the used measurement model can be found from the earlier extended preprint
version of this paper [50].

3. CONSTRUCTION OF SOLUTIONS WITH PROPAGATING SINGULARITIES

In this section we will show that Einstein’s equations coupled with scalar fields
f admit a rich set of solutions with propagating singularities. These solu-
tions are constructed for sources F having small support. The locally generated
propagating singularities are then used in later sections to probe the background
spacetime (M, 7).
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3.1. Einstein’s equations as a system of quasilinear wave equations. In
order to treat — as a hyperbolic system, we need to fix a suitable gauge. We
follow the presentation in |76, pp. 152-154]. Let g be a smooth Lorentzian metric

tensor on M. Let f;q be the Christoffel symbols of g and define H, = gkrgqu;q.
Define also

1
Dprg = 5(81)91«1 + Oy Gpk — akgpq)a Ly = g™ pg-

As the difference of two connections is a tensor, we see that the local expression
Hyj, — Ty, defines a tensor, that we denote by Hy(g). That is,

(17) Hy(g)y = Hy =Ty, k=0,1,2,3.
We define the reduced Ricci tensor
Ricg(g) = Ric(g) + VHg(g),

and consider the reduced Einstein’s equations coupled with scalar fields
(18) Rics(g) — do @ dp — V(¢)g = F*, in M,

0,0 — V'(¢) = F?, in M,

g=4, qﬁz(g, in (—o0,0) x N.

This is a quasilinear wave equation. Indeed, locally [76], eq. (14.3)],

: 1 7 rs
Rlcﬁ(g)jk = _§gpq8paqgjk: + v]Hk + gpqg (Fprjrqsk + Fprjqus + Fprqujs)>

where only the first term contains second order derivatives of g. Here V; is the
covariant derivative V, in the coordinate direction ;.

It follows from a typical fixed point argument that has a unique solution
(9,¢) when (F"', F?) is in a small neighbourhood of the origin in C&(U; Sym?@RF),
with U C M bounded and k € N large, see [42] or [47] for such an argument and
Appendix B for further discussion.

Let (g, ¢) solve and set F = I,F where F = (F"', F?). Then (g, ¢, F) solves

f if and only if the following gauge condition holds
(19) Hg(g) = 0.

This is equivalent with the compatibility condition , see Corollary in Ap-
pendix A. In the next section we will give a construction of sources F that satisfy
, and that generate a rich set of propagating singularities, as demonstrated later
in Section 3.5

It will be occasionally useful that the subprincipal part of the second equation
in simplifies under the condition (19). Indeed, in local coordinates is

equivalent with gqu‘{)q = gqu‘g;q, 7 =0,1,2,3, and then
(20> |:|9¢ = g_l(D7 D)¢ - gpql—‘]];qaxj o,
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where ¢~!(D, D)¢ = ¢*19,0,¢. In particular, the subprincipal part of the second
equation in does not contain derivatives of g.

3.2. Linearization stability. We will next formulate a linearization stability re-
sult for the system f. Linearization stability has been studied extensively
in the context of the initial value problem for —, i.e. when F = 0, see e.g.
12, 13] 17, 22, 25]. The distinctive feature of our result is that the source F
can be non-zero but its support is localized. The localization is essential when
considering inverse problems, in particular, it allows us to satisfy the constraint

supp (F) C @4(V) in (§).

Proposition 3.1. Let U C M be open, and suppose that L > 4 and that <$ satisfies
the non-degeneracy condition (ND). If (f, f?) € C*(M;Sym® @ R") is compactly
supported in U, k is large enough, and if

(21) divyf* + f2-dp =0,
then there is a neighbourhood £ C R of the origin and a family of solutions

(9(e), ¢(€), F(e)), e € €, to ()-(3) that satisfies
(22) OF?(€)le=o = f7, 5 =1,2, U supp(F/(e)) ¢ | supp ().

j=1,2 j=1,2
Here f2-dg is the inner product on R, that is, f2 - d¢p = S ffd@.

In the context of the initial value problem for —, there are counterexamples
to linearization stability, that is, there are solutions to the linearization of —
that do not arise as the derivative of a one-parameter family of solutions to the
original non-linear problem. In fact, linearization stability for the initial value
problem for Einstein’s equations in vacuum is characterized by the absence of
Killing fields [2]. The generic condition (ND) can be viewed as an analogue of this
property in the present setting.

We emphasize that by (22)), the support of the source functions F(e) can be
chosen to be small if the same is true for the supports of f! and f2. This is crucial
from the point of view of the inverse problem that we consider, since it allows us to
choose sources supported near the world line u. If the sources F(¢) are interpreted
as being produced by a measurement device, see Appendix C, F(€) having a small
support means that the device can be located in a small neighbourhood of .

In what follows, we will use only a microlocal version of Proposition [3.1 but
the above version might be of independent interest and we include its proof. The
proof is based on the following lemma.

Lemma 3.2. Let U C M be open and suppose that qg satisfies the non-degeneracy
condition (ND). Then there are vector bundle homomorphisms

A} € C*(U; Hom(T*U,R")), A} € C*(U; Hom(R",R")),
that satisfy the following:
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(i) Ay(v) - do = v for all v € C*(U;T*U).
(it) AZ(w)-d¢ =0 for all w € C>(U;R").
(ili) Ay(w - do) + AZ(w) = w for allw € C=(U;R*). ~
(iv) The map ¢ — (Aé, Ai) is C*°-smooth in a neighbourhood of ¢, and depends
only on d¢.

We postpone the proof of the lemma in Appendix A.

Proof of Proposition[3.1 Using Lemma [3.2] define
(23) Flle) =ef', FP(e) = eAj(—divyf') + eAZ(f?).

By the discussion in Appendix B, the system (18]), with F' being replaced by I, F (e),

has a unique solution (g(€), ¢(€)) on M when € € £ and £ C R is small enough
neighbourhood of the origin. The compatibility condition holds by Lemma .
Indeed, by the properties (i) and (ii), we have F?-d¢ = —div,F"'. Moreover, as f!
and f2 satisfy the linearized compatibility condition , it follows from property
(iii) of Lemma [3.2| that

OF(€)]emo = AL(f? - dg) + A%(f?) = f2.
0

3.3. Notations for analysis of singularities. We refer to [39] for detailed expo-
sition of the concepts that we use for analysis of singularities. We use the notation
WEF (u) for the wave front set of a distribution v € D'(M). The wave front is a
subset of T*M \ 0, the cotangent bundle with the zero section removed, and its
projection on the base space M is called the singular support, singsupp(u). Fibres
T*M are occasionally identified with the sets {(z,£) € T*M; £ € TXM}, z € M.

For a conic Lagrangian submanifold A C T*M \ 0 and a vector bundle E over
M, we denote by IP(A; F) the space of Lagrangian distributions of order p € R
associated to A, and taking values in E. We write also I(A; E) = g IP(A; E),
and sometimes omit writing F if it is clear from the context. Recall that

WF (u) C A, wel(AE).

For a submanifold K C M, we define the space of conormal distributions on K by
I(K;E)=I(N*K\O0; E), where N*K is the conormal bundle of K. The singleton
{z}, x € M, is considered to be a zero dimensional manifold with N*{z} = T, M.
We follow the convention that conormal bundles contain the zero section, but the
wave front sets do not.

The principal symbol of u € I(A; E) is denoted by olu](z,£), (z,£) € A, see [39,
Th. 25.1.9] for the definition, and we omit writing out the half density and Maslov
factors. Moreover, we denote the lift of the bundle E to A still by E, see Definition
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for a more detailed discussion in the particular case that is important for us.
The spaces of symbols are denoted by SP(A; E), and we write also

SN E) = S0 EB).
pER
When A C T*(M x M)\ 0 the distributions in /(A; End(E)) correspond to kernels

of Fourier integral operators acting on sections of £. We denote by A the twisted
diagonal of T*(M x M)\ 0, that is,

A= {(:E,{,x, _5); (ZL’,S) €M \ 0}

Then I(A; End(FE)) are the pseudodifferential operators, and in this case we con-
sider the symbol to be defined on T*M \ 0.

For two conic Lagrangian submanifolds Ay, Ay C T*M \ 0 intersecting cleanly,
that is,

T)\<AO)HT/\(A1) :T/\(AomA1>, )\ E AomAl,

the space of paired Lagrangian distributions associated to Ay, A; is denoted by
IPY(Ag, Ay E), p,l € R. Microlocally away from the intersection Ag N Ay, it
holds that u € IP™(Ag \ Ay; E) and u € IP(A; \ Ao; E), see [66]. We write also
I(Ao, Av; E) = U, jer 17! (Ao, Ay; E). Let us point out that [66] discusses only the
case where F is a trivial line bundle, but the generalization for arbitrary vector
bundles is straightforward. We refer also to [31] in relation to theory of paired
Lagrangian distributions. The first use of paired Lagrangian distributions in the
context of cosmology was [30].

For us, the primary example of a paired Lagrangian distribution is the causal
inverse of the wave operator. This is discussed in detail in next section.

3.4. Propagation of singularities for linear wave equations. Let (M,g) be
a background spacetime. We denote by [J = [; the wave operator associated to
g, and by ¥ and L, M C T:M, x € M, the characteristic variety of [J and light
cones of (M,g). We follow the convention that the characteristic variety does not
contain the zero section but each light cone contain the corresponding vertex, that
is,

(24) > =|J L.M\o.
xeM
For a set S C T*(M x M) we define its twist by

S ={(x,&y,—n); (z,§,y,m) € S}.

Observe that (S") = S.
Let V be a first order differential operator acting on sections of a vector bundle
E over M. As (M, 7g) is globally hyperbolic, the causal inverse

Q=(@O+V)!
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is well-defined and its Schwartz kernel is in I(A, A; End(E)) where A is the twist
of the canonical relation A’ of (J defined by

(25) N ={(z.&y.n) €T% (y.n) = Blsiz,§), s € R}

Here the scalar wave operator O acts diagonally and 5(-; x, §) is the bicharacteristic
of O satisfying 5(0; z, &) = (z,&). That is,

B(s:2,8) = (12(s), 2e (),

where 7, ¢ is the geodesic of (M,g) with the initial data (z,&.), and we use the
notation & = gi*¢,, € € TXM, and Vi = g1, v € T, M, for isomorphism between
the tangent and cotangent vectors.

Recall that @) propagates singularities along A’ \ A in the following sense: if
(x,&,y,m) € AN\ A then there is linear isomorphism ¢(z, £, y,n) between the fibres
E, and E, of E/ such that

(26) ol@f](y,n) = q4(x, &, y,m)olQf](z,§),

whenever S(+;x,&) does not intersect WF (f) between (y,n) and (z,§). To be
more precise, suppose that (y,n) = [(s;z,§) with s > 0. Then holds if
B(s5x,&) ¢ WE (f) for s € [0, s]. The case s < 0 is analogous.

The linear map ¢(x, &, y,n) is obtained by solving the transport equation

(27) i LG+ =0

along the bicharacteristic 5(+; x, &), with the initial condition given by the identity
map, see [2I, Th. 5.3.1]. Here H is the Hamilton vector field corresponding to
the principal symbol —g(&,€) of O, ¢ is the subprincipal symbol of 0 + V| and
%y is the Lie derivative along H. Solving the transport equation in the opposite

direction gives the inverse of g(x, &, y,n).
We define for a set S C T*M,

(28) AS)={(y.n) €5 (z.&y,m) €N, (2,8 € S},
and say that S A-invariant if
(29) Sc¥ and A(S)=S.

Moreover, we say that a smooth submanifold K C M is A-invariant if N*K \ 0 is.

Let Y be a submanifold of M. We assume that each lightlike geodesic intersects
Y at most once, and that the intersection is transversal. If f € I(Y; FE), then
u=Qfisin I(N*Y\0,A(N*Y); E). A more precise statement can be formulated
by using the conic Lagrangian submanifold with boundary, the flowout N*Y in
the future direction,

AYNTY) ={(y,—n) € %5 (y,n) = B(s;7,€), s €R, (2,§) e TN N'Y, = <y}

Taking into account the causality, it holds that u € I(N*Y \ 0,AT(N*Y); E),
see [66]. There the authors give also a relation between olu|, as a symbol in
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S(AT(N*Y); E), and o[f], as a symbol in S(Y; E), at points (z,&) € OAT(N*Y).
The equation (6.7) in [66] defines a map

(30) olfl(z, &) = olul(z,€), (z,€) € OAT(NTY),

that is a linear automorphism on the fibre E,. We denote the composition of ¢
and by q. Then ¢ = q(x,&,y,n) gives a linear isomorphism

(31)  q:E.— E,, q:ol[fl(z,§) = oluly,n), (y,n)=p(s;7,§), s€R.

3.5. Microlocal linearization stability. In this section we give a microlocal
version of Proposition 3.1} We begin by considering the principal part of the
compatibility condition (21)).
Definition 3.3. For a submanifold Y C M, Sym3 is the lift of

Sym? = Sym(T*M ® T*M)

on N*Y \ 0. That is, Sym?} is a vector bundle over N*Y \ 0 and at a point
(x,&) € N*Y \ 0 its fibre is

(Symi)we) = Sym(T; M & Ty M).

When considering the space of principal symbols of conormal disributions on Y,
taking values on Sym3, we write simply S(Y; Sym?).

Definition 3.4. Let (M,q) be a background spacetime, and let Y C M be a sub-
manifold. We define a subbundle Sy of Sym3 over N*Y \ 0 by the following
equation for h € Sym3,,

(32) h(&x,v) — trgh/g\(f*,v) =0, forall (z,§) € N'Y\O0, veT,M,

where &, is the vector & = §7*¢,. We denote by S(Y;S) the subspace of symbols
S(Y; Sym?) taking values on Sy, that is,

(33) S(Y;S) = {s € S(Y;Sym?); s(z,€) €Sy, (z,&) € N*Y \ 0}.

Lemma 3.5. The bundle Sy has rank 6.

Proof. Equation |D is equivalent with h = Izh and
(34) (&, v) =0, forall (z,€) € NY\0, veT,M.

Write e; = (1,0,0,0), (ES*)] = Ejkgf, and & = &./|&«| where | - | is the Euclidean
norm in the coordinates. Choose a neighbourhood W of (z,¢) and a smooth map

A~ A~

R: W — O(4) such that R(§)é = ey for (z,£) € W. Define for a = (ay, ..., ag),
0 0 0 O

0 a; ag as
0 o a4 QAs
0 as a5 Qg

(35) Hier : R® = Sym(R* @ RY),  Hper(a) =
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Now h¢, = ]f*]%R(g)Tel, whence, in local coordinates, is equivalent with

(36) REMR(E)T € Hper(RY),  for all (z,€) € N*Y \ 0.
Now for each (z,£) € W, the map a — ]gR(g)TerT(a)R(g) gives a parametriza-
tion of the fibre (Sy)(.¢), and thus Sy has rank 6. O

Proposition 3.6. Let (M,q) be a background spacetime, let Y C M be a sub-

manifold, let U C M be a neighbourhood of Y, and suppose that qg € C~(M;R¥)
satisfies the non-degeneracy condition (ND). Write E = Sym® @ R and

(37) I = {f € P(V:E); off] € S"1(ViS @ RE)}.

Then there are py € R and ky € N such that for p < py and k > ko there are maps
Ao I = IP(Y;E), (g,¢) € C*(M; E),
F:SPPHY;S@®RY) — 17,

with the following properties for each s € SPTY(Y;S @ RL),

(A1) f =T(s) satisfies the support condition supp (f) C U, Ay is a differential
operator, and F = A(y.4)(f) satisfies the compatibility condition (@

(A2) F' = I3A ;5 /(f) satisfies o[F] = s. ~

(A3) The map (g, ¢) — A0 (f) is C>®-smooth in a neighbourhood of (g, ¢), and
depends on the derivatives of g and ¢ only up to the first order.

Proof. Observe that for each (z,£) € N*Y \ 0 the map
teh = Lh(E,, )

is surjective from (Symj )¢ to T¢M. Indeed, the kernel of ¢ is given by the
equation , and as seen in the proof of Lemma the kernel is of dimension
6. As the rank of Sym? is 10, the map t¢ has 4 dimensional range. Let us now
choose a right inverse 7¢ of ¢ such that re € C*°(N*Y \ 0; Hom(T™*M, Sym?)) and
that r¢ maps SP*H(Y; T*M) to SP(Y; Sym?).

Let s = (s',s%) € SPPH(Y;S @ RY). As the principal symbol map is an isomor-
phism

(Y, E)/I"HY; E) = SPTH(Y; E)/S7(Y; B),
see e.g. [39, Th. 25.1.9], we can choose
FL . SPPY(Y;S) — IP(Y;Sym?), F?:SPHY(Y;RY) — [P(Y;RE),

pri

FL, : SP(Y;Sym?) — IP~1(Y; Sym?),

so that o[F) ., (s")] = s', o[F*(s*)] = s?, o[F,,,(s*)] = s°, and that F) .(s'), F*(s?)
and F! , (s*) are all supported in U. As I is an involution, by it holds for
st € SPYL(Y;S) that the principal symbol of div§[/g\IF11m(sl) vanishes. In other
words,

oldivg I i(s1)] = 10 [Fly(s1)] € 577 (v T°M).

p
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Thus we can define the map
2 SPTH(Y;S) x SPHHY; RE) — SP(Y; Sym?),
2(s',5%) = 1 (10 B ()] = 2+ d)
and also the maps
(38) F(s',s%) = (Fp(s') + Fap(2(s', 8)), F2(s%))
A(97¢)(f1a fg) = (Igfla A;ﬁ(_divgjgfl) + A?ﬁ(]ﬂ))
Observe that the definition of A, 4) is closely related to the choice in .
Now the the compatibility condition (f]) follows from (i) and (ii) in Lemma[3.2]
Setting (f1, f?) = F(s',s?) and (F', F?) = ]gA@q;)(fl, f?), we have
o[F'] = oI '] = o[f'] = o[F,,,(s")] = s".

Moreover,
oldivglgf']) = 1Ry, (s") + Fyu(2(s', 5%)]
= 1¢0[F,;(s")] + tere <—L§U[F;1m(81)] — s d¢A5> = —s2-do,
and therefore using (iii) in Lemma [3.2]it holds that
olF?) = AL(—oldivyl; 1)) + AL(o{f?]) = AL(s® - dd) + AZ(s?) = 5
The smoothness follows from (iv) in Lemma O

Consider s € SP(Y;S @ RY) with negative enough p € R and define the family
F(e) = eljAg6)(E(s)), € € R. Now the system has a unique solution (g, ¢) on
M when € € € and € C R is small enough neighbourhood of the origin. Moreover,
setting F = I, F, we have that the family (g, ¢, F), € € &, satisfies f. As
0[0.F|—] = s, we say that the equation (I)—(2) has microlocal linearization
stability for principal symbols in SP(Y;S @ RY).

3.6. Propagation of singularities for linearized Einstein’s equations. Let
&€ C R be a neighbourhood of the origin, and let us consider a family

(39) (g(e), 6(e), F(e)) € CL(&; C2(M; (Sym® & RE)?))

of solutions to 1} near a background spacetime and scalar fields (M, g) and 5 in
the sense that ¢(0) =7, ¢(0) = ¢ and F(0) = 0. We write

(40) v(e) = (g(e) — g, d(e) — ¢).
Then © = J.v|.—o satisfies a linear differential equation that we denote by
(41) O.50=F on M,

where F' = O.F|c=o. We stress that is coordinate invariant since is, and
express next in local coordinates.
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To simplify the notation, we rescale the first equation in by —2. Then
can be written locally in the form

(42) g (D, D)v + A(z,v, Dv) = F,

where, for a local trivialization U C R* x R+L of the bundle Sym? & R~,
(2,y,2) = Az, y,2) : U x RIOFTL) _ RIO+L

is a smooth map. Differentiating with respect to € at € = 0, we obtain

(43) g (D, D)0+ D.A(x,0,0)Di + D,A(x,0,0)d = F.

Thus DA is of the form [0+ V where [0 = [; and V' is a first order differential

operator on the vector bundle Sym? @ R”.

As the linearized equation (41]) is of the form discussed in Section , we know
how it propagates singularities. However, we still need to understand how the
constraint (32]) is propagated. Put differently, we analyse next what is the image

of the rank 6 subbundle Sy of Sym?2. under the isomorphism ¢ defined by (31)).
Assume now that the family is constructed as in the end of Section (3.5, Then

J[F 1] takes values in Sy, and g satisfies the gauge condition . Differentiating
(19) with respect to € at € = 0, and writing the result in local coordinates, gives

’Q\PQ(apgkq + aquk - akgpq) = Tkga k = 07 17 27 37

where § = 0.g|c—o and 7 is a zeroth order operator. Taking the principal symbol
of this expression yields

G"1(&p0 [grq) + &g [Gpr] — S0 [gpg]) =0, k =10,1,2,3,
or equivalently, writing h = olg],
trz h
(44) &by, — —

Supposing that N*K \ 0 C AT(N*Y) for a submanifold K C M, these four con-
ditions for A coincide with the definition of the rank 6 (equivalently, codimension
4) subbundle Sk on N*K | see Definition [3.4| with Y being replaced by K. As ¢ is
a linear isomorphism, we see that the map

(45) o[F)(x,€) = oli)(y,m), (y,m) = B(s;7,€), s €R,

gives an isomorphism between the fibres (Sy @ RY)(,¢) and (Sx @ RY),,). Here
(x,&) is in OAT(N*Y) and B(-;z,€) is assumed to intersect AT (N*Y) only at
(z,8).

Recall that the gauge condition implies that (20) holds. This again implies
that, writing v = (g, ¢) the second term in is of the form

D.A(z,0,0) Db = (aﬂo(x) Z;zgg) (gi) . asn(2)Dd = —G1TY, 0,4,

& =0, k=0,1,23.
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In particular, the subprincipal symbol of D§ 3 which appears as ¢ in , is of the
above upper triangular form. This observation leads to the following remark.

Remark 3.7. The restriction of the map on the subspace (Sy )z of the fibre
(Sy @ R¥)(,¢) is an isomorphism between the two subspaces of dimension 6,

(46) (Sy)@e = (SK)wm-

4. INTERACTION OF SINGULAR SOLUTIONS

In this section we show how a non-linear interaction of singular solutions to (41
can behave, on the microlocal level, as a point source. In order to have a product
calculus for principal symbols, we consider the case where the singular solutions
are conormal distributions.

As the singularities of a solution to are invariant under the map A, see ,
we are restricted to the case where the conormal distributions are associated to
submanifolds of codimension one in M. This again implies that we need four such
submanifolds to get a single point as their intersection. For this reason, we begin
by studying the linearization of with respect to a four dimensional family of
solutions. We note that the interaction of two waves having very strong, impulse
type singularities has been studied in [55].

4.1. Fourfold linearization. Let € € £, a neighbourhood of the origin in R*, and
consider a family

(47) (9(e), (e), F(e)) € CH(E; C*(M; (Sym? @ RF)?))

of solutions to 1) near a background spacetime and scalar fields (M, g) and qAS
Define v as in (40). Analogously to (41f), we see that

(48) Vj = aejv|5:07 J=12,3, 4,
satisfies the wave equation
(49) Dg’(’gl}j = fj7

where f; = 0, F le=0. Let us now consider interactions of linearized solutions v,.
To simplify the computations we assume that

(5()) 8ejaekF|e:0 = ae]-@ekaelF‘e:O = 861862863864F|€:0 =0
for all distinct j, k and [.
Recall that A(z,y, z) is defined by . We use the shorthand notation
AS(w,y,2) = DDy A, y, 2)

for the derivatives of A, that we consider as multilinear forms, and omit writing
(x,y, z) as a parameter for A below. Note that A is a quadratic polynomial in z,
and therefore Ag‘? = 0 when k > 2. We write also

(51) Vjy.jn = O

€ """ ae]-nv|e:07
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denote by S, the permutations on {1,2,...,n}, and define
P(“la Uz, - - - aun) - ?191/9\_192 s /g\_lgnﬁl(Da D)a

where u; = (g;, ¢;) € C*(M; Sym? ® RE).
Differentiating with respect to €; and €, j # k, we see that v, satisfies the
wave equation

(52) D@(gvjk = fg(vj, ’Uk;) + %2(’0]‘, Uk),
where
—_— 1,
2 (U, ug) Z fz (Ur(1y, Ur(2)), Ha2(ur,ug) = P(ug)us — §A (Duy, Duy),
TESY
~ . 1
U17U2 Z 932 Ur(1)7UT )), %2(161,“2) = —Al(DU17U2) - §A2(U17U2)-
TESS

Observe that % and %, are bilinear differential operators of order 2 and 1, re-
spectively. Here the order is the total number of derivatives.

Differentiating with respect to ¢, €, and ¢, with j, k and [ distinct, we see
that vj; satisfies the wave equation

(53)  Oigvm= (fgl(vT(l),vT( @) + I3 (Ur(1)r(2)s Ur(z))
T€S(j,k,1)

+ %; ('Uq—(l), ’UT( ) ) + % (/UT(I (2)» UT(3)>) )

where S(j,k,1) = {7 : {1,2,3} — {j,k,1}; 7 bijection}, and ' and %3 are the
following trilinear and bilinear second order differential operators

1
f?}(ul,uQ, U3) = —P(ul, Ug)Ug — §A%(DU1, DUQ, U3),

I (u, up) = % S (P(ul)ug - %AQ(Dul, Du2)> |

TESY

Here %3 and %3 are trilinear and bilinear first order differential operators of similar
structure. We define

SAURTIRTESY <fsl(uf<1>’ Ur(2); Ur(s)) + I5 (055 (Ur(r), Ur(e), 1 <3>)>7
TES3
and use an analogous definition for #5. Then (53) can be rewritten in the form
(54) D§,$Ujkl = fg (Uj, Vg, Ul) -+ %3(113-, Vg, Ul).
Recall that 3 is the characteristic variety of the wave operator U5 In the symbol

computations in Sections and below, we will consider the causal inverse [~ ;

on the microlocal region T* M \ ¥ where it is a pseudodifferential operator of order
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—2. In this region .3 and %5 are trilinear pseudodifferential operators of orders 2
and 1, respectively.
Differentiating again, we see that vi934 satisfies the wave equation

(55) L5 gv1234 = I4(v1, va,v3,v4) + Ra(v1, V2, V3, V4),

where

(56> f4(1)1, V2, Vs, U4) = Z t%4('07'(1)7 Ur(2), Ur(3), U4),
TESY

and writing 2, = D;?ﬂj, 7 =23,

—~ 1 1
f4(u1, S ,U4) = P(U1>U2, Us)u4 - §P(U1> o@z(umug))m - §P(o@2(u1, U2)7u3)u4

1 1 1

+ ZP(O@z(Ul, ug)) Do (ug, ug) — §P(U1,U2)32(U37 uy) + EP(o%(Ul, Ug, U3) ) Uy
1 1

+ BP(U1)Q3(U2,U3,U4) - 1A2(D«=@2(U1,U2)7 D2y (u3,u4))

— éAZ(Dgg(ul, Ua, U3), DU4> — %A%(Dgz(ul, UQ), Du3, U4)

1 1
— ZA%(DUM DUQ, QQ(Ug, U,4)> — ZA%(Dul, DU,Q, us, U4).

Also, in the microlocal region T*M \ ¥, %, is a 4-linear pseudodifferential operator
of order 1 of similar structure.

We will next consider the case that v;, j = 1,2, 3,4, are conormal distributions
associated to a A-invariant submanifolds of codimension one. We derive first an
upper bound, in the sense of the inclusion relation, for the outgoing singular sup-
port, singsupp(vi234), assuming that not all the four incoming singular supports,
singsupp(v;), j = 1,2,3,4, intersect, see Lemma . Then we proceed to study
the principal symbol of the fourfold interaction terms .#; + #Z4. We consider the
terms where 2, appears at most once in Lemma [4.8] and the terms where 25
appears twice in Lemma [£.9

4.2. Upper bounds for wave front sets and singular supports. We omit
the proof of the following elementary lemma.

Lemma 4.1. Let M be a smooth manifold and let K, Ky C M be transversal
submanifolds. Then for all x € KiNKy it holds that NY(K1NKy) = N K1 &N Ks.

Recall that A-invariance is defined by .

Lemma 4.2 (Twofold interaction). Let uy,us € D'(M) and suppose that WF (u;)
is A-invariant for j =1,2. Let Q € I(A,A). The following holds
(i) If (x,&) € WF (uy) implies (x,—€) ¢ WF (ug), then

singsupp(Q(uruz)) C singsupp(ur) U singsupp(us).
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(ii) Ifu; € I(Kj), j = 1,2, for transversal submanifolds Ky and K in M, then
WE(Q(urus)) © N*K1 U N*Ko UN* (K1 N Ks).
Proof. By the assumption in (i) and [40, Th. 8.2.10],
WF (uqug) C {(z,£+n) € T*M \ 0; (z,£) € WF (uy) or £ =0, and
(x,m) € WF (ug) or n = 0}.
As the sum of two lightlike vectors is lightlike if and only if it is a scalar multiple
of one of the summands, see e.g. [67, Lem. 27, p. 141], claim (i) follows from [28|
Prop. 2.1] due to the A-invariance of WF (u;), j =1, 2.

Let us now consider (ii). Due to the transversality, we can apply again [40, Th.
8.2.10], and analogously with the above,

(57) LM NN (K N EKy) = N'EK, UN K.
Claim (ii) follows again from [28, Prop. 2.1]. O

Remark 4.3. The non-linear interaction of waves may cause extraordinary singu-
larities. For example, M. Beals showed for the wave equation

Ou(t,y) + b(t, y)u(t,y)* =0

in R'*3 that there are solutions for which the singular support of the Cauchy data
(u]¢=0, Opu|t=0) is the point {0}, but the singular support of u contains the entire
solid cone {(t,y) € R*; |y| < t}, see [6, Thm. 2.10] and [5]. This is related to the
case when the condition in the claim (i) of Lemma is violated.

Definition 4.4. We say that submanifolds Ky, ..., K, C M are transversal if
for any disjoint subsets I, J C {1,...,n} the manifolds (;c; Ki and (;c; K; are
transversal.

Observe that if Ky,..., K4 C M are transversal submanifolds of codimension 1,
then Lemma [4.1| implies for any = € 0?21 K that
T"M =N;K,®---® N K,.

Lemma 4.5 (Threefold interaction). Let Ky, Ko, K3 C M be transversal A-invariant
submanifolds of codimension 1. Let u; € I(Kj), j =1,2,3, and Q1,Q2 € I(A,A).
Then

WF(Q2(usQ1(uguy))) C X ULUU

where
U= U (N*KT(l) U N*<KT(2) N KT(g))) .

TGSg
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Proof. By Lemma and using [40, Th. 8.2.10] as in its proof,
WF (U3Q1(U2U1)) cXUlU.
By it holds that A4 N'X) C U, and the claim follows as in Lemma 4.2l [

We denote by m : T*M — M the canonical projection to the base manifold.
The equation implies that the sets in the previous lemma satisfy

Lemma 4.6. Let K; C M, j = 1,2,3,4, be transversal A-invariant submanifolds
of codimension 1, and define for T € Sy the sets

4 3
(60) K=Jm)ulJK; Lr=AX), X =N()EK:q)
TESy j=1 =1
Suppose that ﬂ?zl K; = 0 and that v; € 1(K;;Sym® @ RE). Then for a solution
V1234 Of it holds that
singsupp(vigs4) C K.

Proof. We consider only the singularities caused by the intersection
X - K1 N K2 N Kg,

the other cases are similar. We use the notation from Lemma 435 As the four
manifolds K; do not all intersect, the distribution v, is smooth near X. Then,
near X, all the singularities of
V1234 = D;(l;tﬁ(vh V2, V3, Vg) + Dg_%«%ﬁ(vb V2, U3, Vy)

are due to terms of the form Qs (us@1(uguy)) where Q1 and @3 are in I(A, A), and
u; € I(K(;)), 7 =1,2,3, for some 7" € Ss. Therefore Lemma and imply
that singsupp(vi2z4) N X is a subset of K.

There may be interactions also away from X since 7(£) may intersect K4. These
interactions represented by a sum of terms like

wy = P(U123)U4, Wy = P(U4)U123> w3 = —AZ(DUHS, DU4)

in (56). Lemma [4.5]implies that singsupp(vi23) C (L) U K3 U K> U K3, and hence
by Lemma 4.2

singsupp(w;) C singsupp(vi23) U singsupp(vs) C 7(L)UK; U --- U Ky C K,

as long as (2/,&) € WF (v193) implies (2, —¢') ¢ WF (vy). Note that (z/, £&') lie
on the image /5 of the same bicharacteristic. If (2/,£’) € £ then 7 (/) intersects X,
and if (', —¢') € N*K, then  C N*K4 by the A-invariance. But this implies that
K, intersects X which is a contradiction with the assumption ﬂ?zl K;=0. O
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4.3. Principal symbols of fourfold interaction terms. We refer to [52, Lem.
3.3] for a proof of the following lemma. We ignore the 27 factors that do not play
any role in the analysis below.

Lemma 4.7. Let M be a smooth manifold and let K, Ky C M be transversal
submanifolds. Let u; € I1(K;), j = 1,2, and let x be a pseudodifferential operator

of order zero that vanishes in a conical neighbourhood of N*K, U N*Ky. Then
X(uiug) € I(K1 N Ky) and for all (x,€) € N*(Ky N Ky) it holds that

olx(wmuz)](z,€) = ol\](z, ) olui](z, &) ofus](z, &),
where § = &§ + &2, § € NJK;.
Lemma 4.8 (Type 1+ 3 fourfold interaction). Let K1, ..., K, C M be transversal

A-invariant submanifolds of codimension 1. Let u; € I(K;), Q1,Q2 € I(A,A) and
let

(61) v e (K, \ 7L\ ),

where X and L are defined by @ Let £ € L,M C N;K, @ ---® N:Ky be
non-zero, and define ny = Z§=1 &, 0 =1,2,3,4, where § € N;K; give the direct
sum decomposition & = ijzl &;. Suppose that

Write s; = oluj], j = 1,2,3,4, and ¢;(y,n) = o[Q;](y,n), 1 =1,2, fory € M and
ne€TyM\ L,M. Then there are h € I({x}) and r € D'(M) such that

(63) usQa(uz Qi (ugwr)) = h+r, (x,&) & WF(r),
o[h](z, &) = sa(x, &)z, m3)s3(x, &) qu (2, m2) s2(2, &) s1 (2, &1).

Above it is assumed that the product in (63) is a well defined distribution.
This is the case if the conormal distributions u; have negative enough orders, or
if N*K, and L are transversal. Note that @); is a pseudodifferential operator on
A\ A and thus we can consider o[Q;] to be defined on T%*M \ 0. Observe also that
the condition guarantees that propagating wave fronts from earlier threefold
interactions do not interfere with the fourfold interaction at the point x.

Proof. Observe that n3 ¢ L, M. Indeed, { =n3+ & € L, M and { € L, M by the
A-invariance of Ky. If also n3 € L, M then by the transversality of Ki,..., Ky it
holds that £, = 0 or n3 = 0, both of which lead to a contradiction with . Also
ne ¢ L, M as the sum of §; € L, M, j =1,2.

We recall that ¥ is the characteristic variety defined by . For ¢ = 2,3,4, let
X¢ be a microlocalization near (x,n,), that is, x, is a pseudodifferential operator
of order zero such that 1 — x, is smoothing in a conical neighbourhood of (z, 7).
The microlocalizations can be chosen so that y, is smoothing outside a conical
neighbourhood Uy of (x,n,) satisfying
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() UNnS=0,0=23,

(ii) UyN (N*Kg U N*(ﬂf;i Kj)> =0,0=2,34.

Indeed, (i) can be fulfilled since n, ¢ L, M, ¢ = 2,3, and (ii) since
-1
ne ¢ NJK,UNG(() K), (=234,
j=1

The latter holds since 1, € N K, leads to the contradiction {; =0, j =1,...,(—1,
and since 17, € N;(ﬂji K;) leads to the contradiction & = 0.

Moreover, the microlocalization x4 can be chosen to be of the form

Xa(7, D) = xa2(7, D) xa1 (),

where x4 € C3°(M) satisfies

(iii) if y € supp (x41) and (y,n) € N*K, then (y,—n) ¢ L.
Indeed, for a small enough neighbourhood U C M of z, the assumption
implies that it is enough to consider the part Ly of £ that flows out from U, that
is, the part
It follows from the transversality of K7, ..., K, that, for small enough U,

(y,n) € N"Kq implies (y,—n) ¢ Ly.

Taking x41 € C§°(U), we have (iii).

We omit writing the point x as a parameter below. Define

h = xa(uaQaxs(uzQrx2(u2u1))).
As Uy N (N*K; U N*K,) = (), Lemma [4.7| implies that
Xe(ugur) € I(K1 N K3),  ofxa(uaur)](n2) = s2(&2)s1(&1)-

As Uy, NY =0, Q; is a pseudodifferential operator in U,. Therefore
Qixa(ugur) € I(K1 N Ky),  o[Qixz(uiu)](n2) = q1(n2)o [xa(uiuz)] (m2)-
Analogously, as Us N (N*K3 U N*(K; N Ky) UX) = 0,
Qax3(usQ1x2(u2ur)) € I(Ky N Ky N K3),
oQax3(usQixa2(u2u1)))(n3) = 2(113)53(&3)o[Qrx2(uru2)] (12),
and as Uy N (N*Ky U N* (K1 N Ky N Ky)) =0,
he l(KiNKyNKz3NKy), ofh](§) = s4(84)a[Qaxs(uzQixa(uzur))](n3).
Observe that usQo(us@Q1(usuy)) = h + r1 + 19 + 73, where
r1= (1= xa)(uiQa(usQ1(uz2ur))), 12 = xa(ua@2(1 — x3)(usQ1(u2u1))),
73 = Xa(usQax3(us(l — x2)Q1(uaur))).
It remains to show that (z,£) ¢ WF (r;), 7 = 1,2,3. This is immediate for ;.
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Let us consider 5. We use the shorthand notation w = Qa(1 — x3)(usQ1(uguy))
and WF ,(w) = WF (w) N T, M. Observe that U NT,, M C X where U is given by
(58]). This together with Lemma [4.5| and x ¢ w(L \ X) imply that WF ,(w) C X
Using the transversality, we see that

(y,n) € N*K4,\ 0 implies (y,—n) ¢ X UU.
The above, together with (iii) and [40, Th. 8.2.10], imply that any ¢ € WF ,(usw)
has a direct sum decomposition of the form ( = (4 + w3 where
(64) <4 € WFx(U4) uo C N;K4, w3 € WFx(w) Uuo C N;Kl D N:KQ D N;Kg
As n3 ¢ L,M, it holds that n3 ¢ WF ,(Q2(1 — x3)u) for all w € D'(M). In
particular, n3 ¢ WF ,(w). Thus
f = 54 + N3 ¢ WFI(U4U)) D) WFx(Tg)

Let us consider r3. Define w; = (1 — x2)@Q1(uou1) and wy = Qaxs(uswy). Anal-
ogously to (64), any ¢ € WF ,(uqws) decomposes as ¢ = (4 +ws where (; € NI K,
and w3 € WF ,(wy) U0. Suppose now that w3 ¢ L, M. Then ws € WF (uzw;), and
Lemma and [40, Th. 8.2.10] imply that ws = (3 + wy where (3 € NfK3 and
wy € WF ,(wy1)UO0. As sz & L, M, ny ¢ WF ,(wy) and 7y # 0, it holds that

=8+ =86 +E&+ 1m0 ¢ WF (uwwy) D WE ,(r3).

An analogous proof gives the following.

Lemma 4.9 (Type 2+ 2 fourfold interaction). Let K1, ..., Ky C M be transversal
A-invariant submanifolds of codimension 1. Let u; € I(K;) and Q1,Q2 € 1(A,A).
Let (z,§) € T*M, and use the notation from Lemma . Suppose that (@ holds.
Then there are h € I({x}) and r € D'(M) such that

(65) QQ(U4U3)Q1(U2U1) =h+ T, (l’,é) ¢ WF(?"),
O-[thvg) = QQ(ﬁL';gS + 64)54(‘@754)83(1" &’))ql(‘rafl + §2)82(x752)31(x7§1)'

4.4. Principal symbol of the fourfold interaction. Let (x,§) € T*M \ 0,
f € D'(M), and suppose that there are h € I({z}) and r € D'(M) such that
f=h+rand (z,§) ¢ WF (r). Then we define o[f](z,&) = o[h](z,£).

Let Ky,..., Ky C M be transversal A-invariant submanifolds of codimension 1,
S ﬂjf:l K;, &€ L,M\ 0 and
(66) E=6L+6&+E+E where & e NJK.

Suppose that the covectors §; satisfy and

(67) ve (ViGN U e\ ),

TESY
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where X, and £, are as in (60)). Note that is a version of the global geometric
condition that is symmetric with respect to the indices 1, 2, 3, 4.

We denote by Li M the future-pointing covectors in L, M. If by,...,by € LI M
are such that

(68) N;K; =Rb;, j=1,2,3,4,

then for fixed (z,§), the covectors §; defined by can be viewed as functions of
b= (by,...,bs), and we write

(69) & = &(b).

Furthermore, in view of the constraint for the symbols of solutions to (41)),
we write

S;() = (Sk,) w0
Supposing that v; € I(Kj; Sym? @ R”) have negative enough orders, the inter-
action terms .%; and %, in are well-defined. By applying Lemmas [4.8 and
componentwisely, we see that there are ry,ry € D'(M) such that (z,£) ¢ WF (1),
and .74 (vy, Vg, v3, v4) — 11 and £y (v1, V2, vs, v4) — 79 are in I({x}; Sym*©RE). More-
over, Z,(v1, V2, V3, v4) — 13 is one degree smoother as a conormal distribution than
F4(v1,v9,v3,v4) — r1. Thus

(70) o[ sv1234)(7, &) = o[ Fu(v1, vz, v3,04)](2, §).
The principal symbol at (z,£) can be viewed as the map
(71) y(bas) :U[‘¢4(”17”27U37U4)](‘T7€)7 (b,S) S X17

where s = (s1, 52, 83, 54), 85 = o[vj](x,&;), v; is as in , & is as in , and
Xl = {(b,51,82,53,84); Sj c Sj<b>, b € Xo},
Xo=1{bec (LI M)* bis a basis of R* and
& =¢&(b), j =1,2,3,4, satisty }

Note that transversality of Ki,..., K, implies that b is a basis. Conversely, if
b € (LfM)* is a basis then there are transversal A-invariant submanifolds of
codimension 1, such that holds. An explicit construction is given in the proof
of Theorem [5.6] below.

Proposition 4.10. Let (x,§) € X. There is an open and dense subset U of
X? such that for all (b",8™)°_, € U the span of L (b",8"), n = 1,...,6, is a

6-dimensional subspace of Sym? C (Sym?* @ RF),.

The proof of Proposition [£.10] is divided in two steps. We will first show that
there is a point (b",s")%_, € X% such that the span of #(b",8"), n =1,...,6, is
6-dimensional. Then we use an argument based on the fact that . can be viewed
as a meromorphic function.
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4.4.1. A choice of incoming directions and principal symbols. We use normal coor-
dinates at = with respect to g in the computations below. In these coordinates, g
is the Minkowski metric and f;q =0 at x, see e.g. [67, Prop. 33, p. 73]. Moreover,
we choose the coordinates so that £ = (1,1,0,0).

We begin by choosing the symbols 8" = (sy, ..., s4) so that they do not depend
on n, and write

S5 = (g(])7¢(]))7 j = 17273747
where s; = o[v;](x,&;), v; is as in , and the parenthesis are to emphasize that
the indices are not tensor indices. We will use an analogous notation for the higher
order derivatives in €, that is,
olvir) (@, n) = (9w, PGry)s ool (@, nm) = (9w, Pk )y
where 0, = & + &, and 1 = & + & + & Here v;, and vjy,; are defined by ,
and we emphasize again that the indices are not tensorial.
We choose g(;) = 0 for all j =1,2,3,4, and

bay = b = (1,0,...,0) € RF, ¢ = ¢y = (0,1,0,...,0) € R,

Observe that then s; € S;(b) for any b. Let us use the shorthand notations

a(n) =1/g(n,n), E&n=E@n+n@E.
Differentiating with respect to €; and €, j # k, and evaluating the principal
symbol at € = 0, we see that when x ¢ supp (F),
9w = —24(njk) §@&k,  jk = 12,34.
Moreover, g(x) = 0 when jk # 12,34, and ¢y = 0 for all pairs jk.

We write

1
Lars (Mg = 5(Magrs + Mgy = hgas),  Lars 9wy = Lars (i) 96wy,
and define also
p(9Gr) ot = 9960 g (s ), p(9Gk)) Iam) = 99(k) G Mims Mim ) G(am) -
Recalling , we differentiate (18|) with respect to €;, €, €, where j, k and [ are
distinct, and evaluate the principal symbol at e = 0. This yields for x ¢ supp (F),
¢(12j) = Q(7712j)p(9(12))¢(j)7 ¢(34k) = Q(7734k)P(9(34))¢(k),

where 7 = 3,4, k = 1,2. Moreover, ¢(r) = 0 for the other triplets jki, and
giikyy = 0 for all triplets.

Analogously, we see that the scalar field components of o[Z4(vy, va, v, v4)](2, &)
vanish and the metric tensor part is

(72)  p(9a2))9ia) + P(9e0)902) — 2mas®@Es — 2maa@Es — 2m341®Es — 21340RE;
+ 297797 (Tprj9a2) Lask93a) + Uprjga2) Dars9sa) + Tprrga2) Lajs9ea)
+ 2§pq§TS<Fprjg(34) Fqskg(12) + Fprjg(34) Fqksg(12) + Fprkg(34) qusg(u))-
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Let us now choose the incoming directions b" = (b7,...,b}). We will choose
each b to be in the following set of six Pythagorean quadruples

B ={(p* +m* +n* 2mp, 2np,p* — (m* +n%)); m=1,2,3, n=1,2, p=1}.
Then we consider the following choices
B = {b = (bl,bg,bg,b4>; bj S B, b e Xo}

The set B contains 9 elements, up to reindexing. Indeed, out of the 15 subsets of B
with 4 elements, 6 fail to be bases or satisfy . A straightforward computation
shows that the principal symbols corresponding to the incoming directions in
B span a 6-dimensional subspace of the fibre Sym?. We have verified this using a
computer algebra software. All the computations were performed using rational
arithmetic. Thus there is a point (b",8™)S_, € X¥ such that the span of . (b", s"),
n =1,...,6, is 6-dimensional and contained in Sym?. This completes the first

step of the proof of Proposition [4.10]

4.4.2. Changing incoming directions. We choose local coordinates and identify
T:M with R*. Consider b € Xj and write

(73) =G+ E&E+E+4, & =rib;.

As the coefficients 7;(b) can be obtained by solving a system of linear equations
(for example, using Cramer’s rule), we have that

o Pi(b)
ri(b) = OR

where p; and ¢ are polynomials in b € (R*)* that do not vanish at any point on Xj.

j: ]‘727374’

We can also consider p;, j = 1,2, 3,4, and ¢ as functions on Xo = (L, M)*. Here
Xy is a connected, real-analytic manifold, and p; and ¢ are real-analytic functions

on )Afo. Observe also that the equation is linear in A and of full rank when
¢ € LM, and therefore the manifold

X1 = {(b, 51,59, 53, 50); 5; €S;(b), be Xo}

is real-analytic, see e.g. [48, Prop. 1.9.2].

The expression is of the form Py(€,s)/Qo(€) where Py and @)y are polyno-
mials in & = (£1, &, &3,&4) € (RY). Here Py takes values on (Sym” @ RF), = R10+L
and Qg on R. Moreover, for £ as in , with b € X, it holds that (g is non-zero.
It follows that
_ Py (b7 3)

Qi(b)
where Py and @ are real-analytic on )?1 and )?0, respectively, and () is nowhere
vanishing on Xy C Xj.

(b, s)
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In the previous section, we showed that there is (b",8")°_, € X% such that the
span of .Z(b",8"),n = 1,...,6, is 6-dimensional subspace of the fibre (Sym*®R¥),.
We set e, = .7(b",8"), n=1,...,6, and choose

en € (Sym?* @ RY),, n=17,...,10+ L,

such that the vectors e,, n = 1,...,10 + L form a basis of (Sym* @ R),. Let
le1, ..., ery10] be the matrix with the columns e,, and consider the map

(bn78n)g:1 — det([&”(bl,sl), . ,y(b6,86), €7, .. 76L+10]>-

This can be written as
det([Pl(bl,sl), R ,Pl(b6,86), €7, .. 7€L+10]) . PQ((bn,Sn)ﬁ )

n=1
[Th—, Q:(b7) Q2((b",8)5=1)
where P, and (), are real-analytic functions on the connected, real-analytic man-
ifold )’516 that do not vanish at the point (b",8")%_, considered in the previous
section. Thus the unique continuation principle for real-analytic functions on real-
analytic manifolds, see e.g. [33] Lem. VI.4.3], implies that there is an open and
dense set U C X f such that both ()5 and P, are nowhere vanishing on U. This
finishes to proof of Proposition {4.10 O

5. CONSTRUCTION OF LIGHT OBSERVATION SETS

In this section we prove the main theorem formulated in Section [l We begin by
relating the singular solutions constructed in Section [3| with the data set , and
by showing that singularities due to non-linear interactions of singular solutions,
as studied in Section , can be detected from . Then we relate the detected
singularities with geometric objects on (M, g), the earliest light observation sets.
This allows us to reduce the reconstruction of the Lorentzian structure to a purely
geometric problem solved in [49)].

5.1. Sending singularities. Let us show how to use the data set to find
families of sources parametrized by € € £ as in . Recall that gives sources
F in the Fermi coordinates ®, that depend on the source itself. For this reason,
we need to construct first common coordinates in order to parametrize the sources
smoothly.

We will use the wave maps. For a metric tensor g close to g, the wave map
operator is defined in local coordinates by

G, 0 0 0 -~ 0 0
Ly ¥? = gjk(%@‘l’p - ?k(x)%qu + F%c(‘l’(f))@‘l’B Ok ok

where f%c and Fil are the Christoffel symbols of the metrics g and g, respectively.
This operator invariant under diffeomorphisms in the following sense: if [, ¥ = 0

and if ¢ and p are diffeomorphisms, then setting ¥ = po W o, it holds that
Oysgug? = 0, where p, = (p~')*, the pushforward by u, see e.g. [15].
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Lemma 5.1. Let (g, (E) be as in Theorem and write g = ®zg. Let p € V,

let B C V be a neighbourhood of p satisfying B C 'V, and let ¢ € V satisfy
Jvgy(p,q) C B. If k € N is large and r > 0 is small, then for all (¢',¢', F') in

D, (g, ¢) satisfying supp (F') C J(J{,’g,)(p), the equation
(74> Dg’@’qj =0 n J(V,g’)(p7 Q)7
V= q)gl o®y, in B\ Jg/’g/)(p)7

has a unique solution that coincides with @51 o ®, on Jvg(p,q). Here g is a
metric that satisfies

(G1) (¢, ¢, F') = ©3(9,9, F),

(G2) (g,¢,F) satisfies 7(@ on M, and (@) holds,
(G3) Ricz(g) = Ric(g).

Moreover, for small enough B, the equation can be solved given the data set
Dr,k (/g\a ¢) .
Proof. As (¢',¢', F') € Dr,k(g,gb) there is (g,gb F) on M such that (G1) and (G2)
hold for this triple. Let 7' > T and write M = (0,7) x N For small r and
large k, (g gb F ) can extended so that it solves the equatlon . on M with F
vanishing on (T',T) x N. Then, for small r and large k, the solutlon U of
(75) Dg@qf =0 in M,

U(z) ==, in(—00,0)x N,
is a diffeomorphism and M C \T/(M ). Moreover, the reduced Ricci tensor of

g = V.g coincides with the actual Ricci tensor in the sense of (G3), see e.g.

[16, Sec. VI.7.2 and Th. 4.2 in Appendix III]. Setting (g, ¢, F) = V.(q, ¢, F),
we have that (g, ¢, F) satisfies (G1)-(G3). Note that (G1) holds since the Fermi
coordinates coincide for isometric manifolds satisfying the initial condition ({3]).
In other words, the Fermi coordinates have the naturality property described the
following commuting diagram:

(V.9
>
(M,5) - (W(M), 9)
Properties (G2) and (G3) imply that
(76) O,ld =0, in M,
where Id(z) = 2. Indeed, in local coordinates,

Oy 1d” = g*(—T7 6% + T, ,6760) = —gP(H, — T,),
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where ]/-jq —I', are the components of the tensor Hz(g), see . Moreover, the
equality Ricg(g) = Ric(g) implies that

div, Eing(g) = div, Ein(g) = 0,

where the reduced Einstein tensor is defined by Eing(g) = I, Ricz(g). As (g, ¢, F)
satisfies the initial condition we may apply Lemma , when k£ € N is large
and 7 > 0 is small, to conclude that Hg(g) = 0.

Now , together with the diffeomorphism invariance of the wave map opera-
tor, imply that Dg/@/(@g_l o®,) = 0. Hence @gl o @, is the solution of 1)

Let us now show how to solve 1} given D, (7, 5) We begin by showing that g’
is determined by D, x (7, ngS), which again follows from the fact that 7/ = 0 implies
¢ = 7. Indeed, in this case also F = 0, and (G2) and (G3) imply that (g, ¢,0)
satisfies . But this quasilinear wave equation has a unique solution for small
r and large k, and therefore g = g. Thus we find g’ as the first component the
unique triple in D, ;(g, ¢) with the third component vanishing.

As ¢’ is known, we can evaluate the wave map operator O, 7V for any ¢’ on
Jw,gy(p,q) and any W close to the identity. It remains to show that the initial

condition in is determined by D, x(7, gg) This follows from the identity
(77) expg o(expg)*1 — @51 od,, in B\ J&g,)(p),

that we will show next. Here exp? denotes the exponential map with respect to

the metric ¢'.
The assumption supp (F') C Jii, (p) implies that g = g on M\ Jjy, o (2(p)),
using again the the fact that has a unique solution. Here we used the notation

¢ = &;. In particular, it holds that ®(p) = ®4(p), d® = d®, at p, and
Id = expj,,, o(expfb(p))*1 in Uy \ J&w@(@(p)),

for a suitable neighbourhood U; C M of ®(p). Equation is obtained by
combining the previous identity with the naturality of the exponential map, that
is, with the fact that the following two diagrams commute:

U, do U, U, 4o U,
exp] l leXPg(m expf] j le"l’i(m
~ <I>§ Tr o~ / (I)g T

(V.g') —= (M,9) (V.g') —= (M, 9)

where Uy C T,V and Us C Tq>(p)]\/4\ are suitable neighbourhoods of the respective
origins. Indeed, in B \ J(Jrv’g/)(p)

expg o(exp]gol)*1 = (I); o expg(p) od® o dd~ ' o (expfb(p))’1 od, = @51 0 d,.

0
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5.2. Receiving singularities. The only difficulty in receiving of singularities is
that the Fermi coordinates ®, can be non-smooth when ¢ has singularities. This
problem is solved by using the following two lemmas: the first one shows that
at least some singularities of the fourfold linearization of g are visible when the
principal symbol of the fourfold linearization is non-vanishing in a large enough
subbundle and suitable coordinates are used, and the second one shows that chang-
ing from the Fermi coordinates to normal coordinates gives suitable coordinates.
In the first lemma, we denote by Sym?(K) the rank 6 subbundle of Sym? over a
submanifold K C M of codimension one, that consists of the symmetric 2-tensors
on K. Later, we will use this lemma when K is a A-invariant submanifold, in fact,
in the proof of Theorem below, the submanifold K will be contained in the
image of L} M under the exponential map. Here x is as in Theorem , and there
are no cut points on the geodesic segment joining x and y, with y as in the lemma.

Lemma 5.2. Consider a family g € C*(E;C*(M;Sym?)) where £ is a neigh-
bourhood of the origin in R, and let K C M be a submanifold of codimension
one. Let y € K and let U C M be a small neighbourhood of y. Suppose that for
a=(1,1,1,1) it holds that

(78) 02gle=o € I(K;Sym?),

(79) 0P gle—o € C=(U;Sym?), for all B < a.

Here the < « means the partial order in the sense of multi-indices. Suppose,
moreover, that the restriction of o[0%g|co](y,-) on Sym?(K) does not vanish. Let
V C R* be open and let ¥ € CHE;C*(V;U)). Suppose that V() gives a system
of coordinates near y and that

(80) OPW*gl—g € C>(V;Sym?), for all B < a.
Then 0°U*g|.—o is not smooth at W=(y). Here (U*g)(e, ) = (e, -)*g(e, -).

Proof. For small enough U, we can choose such smooth coordinates (2°, z!, 22, 23)

that KNU = {z € U;2" = 0}. Then the curvature (0, 4)-tensor can be expressed
in the coordinates as follows

1 ( 0> gim 0 gre 0 g 0 Gom )

2

Rikém = Oxkort Oxidxm oxkorm N Oxtoxt

+ Gnp (Fnldrpim - Fnkmrpz[) )

where I'™;; are the Christoffel symbols of g. We write ¢ = 9%l As
g € I?(K;Sym?) and as its principal symbol does not vanish, there is the max-

imal smoothness index s = —p — 1 such that ¢(® is in the Besov type space
* Hs)(U; Sym?), see [38, Def. 18.2.6]. Moreover, it holds for i,m = 1,2,3 that
a2g£§) aZg(a) 82g(a)
€ ®Hy(U), —2— e>H, 1)(U), b e © H,_1y(U).
@) 5 rhm (s—1)(U) (s-1)(U)

oxiox™ oxtoxt
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Thus, writing R(®) = 0%R|—o,

A = 1 2

2 020020

where r € ®H(,_1)(U). We used here the fact that all the terms in R(®), where

the four derivatives with respect to € do not act on the same instance of g, are

smooth. This follows from ([79)).

Consider a family of curves v € C*(£;C*(—1,1;U)) and suppose that () is

a geodesic with respect to g(€). Write ¥ = ~|.—o and suppose, moreover, that 7

intersects K transversally at y = 7(0). We can consider ggf,;) o7 as a conormal

distribution associated to {0} C (—1,1). As o[¢g'®](5(0),-) does not vanish on
Sym?(K), there are 4,m = 1,2, 3 such that

6 AN 1 (0% ~
(81) o[ Risom © 30, 7) = =& oyt ©71(0,7),

does not vanish for some 7 € R\ 0.
By differentiating the geodesic equation V¥ = 0 with respect to € we see that
the path () = 0%7|—o satisfies

+r, i,m=1,2,3,

. = AT = P P =~ PRV
(82) By + (T 0N Alay + (T 0 N FayT + Vi @ut Ly 0 )77 = B 1%,

where k = 0,1,2,4, hF = —(9°T%|c—o © 7’3" and r* is smooth due to . This
is a linear system of differential equations for v,y with smooth coefficients. There
is a maximal smoothness index s’ € R such that

g](»z) oF € OOH(SI)(—L 1), h* € OOH(SI,U(—L 1).

Thus implies that yf,,¥(,) € *H1(—1,1) for k= 0,1,2,3.

As the intersection of 7 and K is transversal, there are C*-smooth maps #(¢)
and y(e), mapping a neighbourhood of the origin in £ to small neighbourhoods
of the origin in R and y in M, respectively, such that y(e, t(€)) = y(e) € K. Let
Z(e,t), V(e,t) and W (e, t) be the parallel transports of 0,0, 0yi, Oym € Tyy)M along
7v(€) with respect to g(e). The vector field Z,) = 0%Z|—o satisfies an equation
similar to (82)), and analogously with the above, we see that its components satisfy
Zka) € ®H(y_1)(—=1,1). The same is true for V' and W. It follows, using again
7 that the principal symbol of 9 (R(Z,V)Z, W) | is (81). As the principal
symbol does not vanish, we see that the function

(83) O (R(ZV)Z, W) |e—o

is not in C*°(—ty, to) for any ty > 0.

To get a contradiction suppose that there is a neighbourhood V' of ¥~1(y)
such that ¥*0%g|.—¢ is smooth in V’'. Now together with the smoothness
of U*0%g|.—o implies that the function is smooth at ¢ = 0. But this is a
contradiction. 4



38 Y. KURYLEV, M. LASSAS, L. OKSANEN, AND G. UHLMANN

In the proof of Theorem we will apply the above lemma in a setting where
VU is given as the composition of the Fermi coordinates ®, and certain normal
coordinates. The next lemma captures the essential features of the setting. We
will apply it in the case ®(e,y) = @y (y), y € V.

Lemma 5.3. Let g € C*(E;C3(M;Sym?)), with € a neighbourhood of the origin
in R, let ® € CYE;C*(V; M)), and suppose that ®(e,-) gives local coordinates
on M. Write ¢ = ®*g, that is, (P*g)(e, ) = P(e,-)"g(e,-). Lety € V, let X,

Jj=0,1,2,3, be a basis of T,,V, and consider the normal coordinates

3
(84) E(e, z) = expgl(e) (Z szj) :
=0
Define V(e, z) = ®(e,=Z(¢,2)). Then there is a neighbourhood V' of y such that
U e CHE;C*(V';U)). Furthermore, if g satisfies (79) then ¥*g satisfies with
V=V

Proof. Naturality of the exponential map implies that

3
Ve, z) = exp%((iy) (Z z](ayj@k)(e,y)Xk> :
=0
For small enough neighbourhood V' of y, the smoothness ¥ € C4(&; C*(V';U))
follows from g € C*(€;C3(M;Sym?)). As the exponential map is obtained by a
solving system of ordinary differential equations, while varying the initial condi-
tions, the assumption implies that 9°W|._, € C=(V’;Sym?) for any 3 < «
where a = (1,1,1,1). Thus holds with V' = V. O

5.3. Concepts from global Lorentzian geometry. Up to this point the global
geometry of (M, g) has played a minor role. When we combine sending, interaction
and receiving of singularities in the next section, we need to take into account
certain global aspects.

Let p,qg € M. We write p < ¢ when p and ¢ can be joined by a future pointing
causal curve in (M,g). When this is the case, we define the time separation
function 7(p, q) € [0,00) to be the supremum of the lengths

L{a) = / V3(@(s), 6(9)) ds

of the piecewise smooth causal curves a : [0,1] — M from p to ¢. If the condition
p < q does not hold, we define 7(p, q) = 0.

When (z,¢) € 3, we define T (z,€) to be the length of the maximal interval on
which 7, ¢ : [0, T (x,€)) — M is defined. Recall that v, ¢ is the geodesic of (M, 7)
with the initial data (x,€,) where &, is the vector & = g/%¢,. When ¢ is future
pointing, we define the modified cut locus functions, c.f. [7, Def. 9.32],

(85) p(x,§) = sup{s € [0, T(z,8)); 7(x,72¢(s)) = 0},
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FIGURE 3. Schematic of K(z,£;0) in the Minkowski space. The
projection of K(z,&;0) at a fixed time is a piece of a sphere. The
spherical piece propagates near the lightlike geodesic v, ¢ and is sin-
gular on a subset of the light cone emanating from x. The black line
segment is the projection of 4, ¢ on R®. Two projections of K (z,&;d)
on R3, corresponding to two different times, are drawn in red and
green.

Using [0, Th. 9.33], we see that the function p(x,&) is lower semi-continuous on
the globally hyperbolic Lorentzian manifold (M, g).

5.4. Probing the background geometry with propagating singularities.
We will next combine all the steps studied above: sending, interaction and re-
ceiving of singularities. This is done in Theorem that relates analytical infor-
mation on propagating singularities to purely geometrical information on lightlike
geodesics and the causal structure of (M,g). After establishing the relation be-
tween analytical and geometrical information, the final step of the proof of Theo-
rem is purely geometrical and coincides with the geometric part of the proof
in [49).

Consider the Fermi coordinates ® = ®; defined by @ Letzx € Vand § € LV,
where the light cone is defined with respect to ¢ = ®*g. Let § > 0, denote by
B.(&,0) C TV the ball of radius § with respect to a fixed auxiliary Riemannian
metric on V', and define

(86) K (2,8 0) = m(A(Ba(§,6))) \ J a5 (@)-

Here m : T*M — M is the canonical projection to the base manifold, A is the
flowout defined by , and we have extended the definition as follows

A(S) = A{(2(z), 2.8); (2,8) € S}), SCTV.

Observe that K(z,€;0) is a 3-dimensional A-invariant manifold away from the cut
locus of x. Moreover, using the notation,

VY, g = Vo(x),®Es p(I’ 5) = p(®($)7 q)*£)7 ($a 5) € T*‘/a
it contains the lightlike geodesic 7, ¢((0, p(x,€))).
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For z; €V, (G € LEV, j =1,2,3,4, we write z = (2j)j=1, ¢ = ({;)j=; and define

C*(2,0) = U T (i (0025 )

the causal future of the first cut points on the geodesics 7., ¢,. Below, it is enough
to consider the complement of C'*(z,(), since the cut points are treated in the

purely geometric step.
Denote by K(z,(,d) the set K defined by formula with

K]:K(ZJ7C]75)7 5>07 j:1727374'

Recall that K(z,(,d) is the union of the sets K together with a set giving an
upper bound for the singular supports of the waves produced by the threefold
interactions of waves with singular supports on the sets K;. When 6 — 0, the set
K(z,{,0) tends to the set

Ko(2,¢) = [ K(2.¢,9),
6>0

that is of Hausdorff dimension at most two. Below, we consider Ky(z, ) as a small
exceptional set.
We define

X(Z,C) = ﬂ ’YZj7Cj((07 p(zj7 CJ)))

Note that X(2,¢) # 0 if and only if all the four geodesics 7., ¢, intersect before
their first cut points. A piece of information that we want to recover given the
data D, x(g, ¢) is whether X(z,{) # () or not. Moreover, in the case X(z,() # 0,
the main piece of information that we want to recover is if x € X(2z,{) can be
joined to a point y € ®(V) by a lightlike geodesic segment without cut points.
More precisely, we want to determine if y € £y (z) where

87)  &v(@)=VNé(), &) ={nel); t€0,px,)] € LM}

We denote by B((2,(),d), the ball of radius § > 0 with respect to a fixed
auxiliary Riemannian metric on (7*V)*, and use also the shorthand notation

E = Sym® @ R”.

The following two definitions form the basis of a test that allows us to extract
geometric information given the data (§]).

Definition 5.4. Let p,q € V' and suppose that there is open B C R* such that
Jwvagy(p,q) C B and B C V. Write V™™ = Juvz)(p,q) and define

L4‘/m = {(Zla ceey %4, Cl? s >C4) € (T*Vm)4? Cj = LZV’ Zj ¢ J(J‘r/@/) (Zk)’ ‘7 7& k}



EINSTEIN-SCALAR FIELD EQUATIONS 41

Let £ C R* be a neighbourhood of the origin. We say that a family of measurements

u(e) = (g'(e),¢'(e), F'(€)) € Drp(g. ¢), €€E,
sends singularities of width 6 > 0 from (2,{) € LyV™ toy € V if F'(0) = 0 and
the following conditions hold:
(In 1) Writing (g™ (¢), ™ (€), F™(€)) = u™(e) = Wu(e) where V¢ is the solution
of with g’ = ¢'(€), € € &, it holds that supp (VEF'(€)) C V™.
(In 2) The family u™ is C*-smooth with respect to ¢, (50) holds with F = F™,
and writing f; = Oc, F"(€)]e=o, it holds that

supp (f;) N Iy g (supp (fi)) =0,  j # k.

(In 3) There are submanifolds Y, C V™ of codimension one such that the geodesic
Ve,¢; intersects ®(Y]) transversally, and that

[ €eIY]NKLE), j=1,2,34,
where K = &1 (K(%;,(;:9)), = (31, and € = ()1,

j=1
(Out) Writing ¢g°* = Z*¢' where Z are the normal coordinates defined by
and o = (1,1,1,1), it holds that 0*g°* is not smooth at the origin.

Definition 5.5. Let r > 0 and k € N, and let L,V™ be as in Definition[5.4 We
define a singularity detection function

D,y : V x L,V"™— {0,1}
by D, x(y,2,¢) = 1 if and only if there are kg € N ang ro,00 > 0 such that kg > k,
ro < r and that for all 0 < § < &y there are (z,{) € LsV™ N B((2,(),9), a

neighbourhood £ C R* of the origin and a family of measurements
u(€) = (4'(e). '(6), F'(e)) € Doy (§,0), ¢ €E,

that sends singularities of width § from (z, Z) toy. We say that singularities are
detected in a stable way at the point y if D, x(y,2,¢) = 1.

Theorem 5.6. Suppose that (ND) holds with U = ®(V'). Letr > 0, k € N and
let D,y be the singularity detection function. Then the closure S(z,() of the set
{®(y); y €V, D.r(y,2,{) =1} has the following two properties:

(i) If X(2,¢) = 0 then S(z,{) C CT(2,{) U Ko(2,C).
Furthermore the function D,k (y,2,¢) is determined by the data D, k(9. gg)

Before entering in the rather long proof, let us briefly describe its outline. We
send four waves propagating near the four geodesics 7., ;. If those geodesics
intersect at x, we can make a small perturbation in z;, (;, so that the four geodesics
intersect still at x, and choose the linearized sources f;, as in Definition [5.4] so
that the fourfold interaction of the corresponding linearized solutions at x has a
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principal symbol, in the sense of Proposition [£.10] that does not vanish in the
direction towards the point y. Moreover, by varying the symbols of f;, we can
produce a six dimensional space of singularities at y, and at least some of those
singularities are observed in the normal coordinates =.

Proof. Tt follows from Lemma H that the data D, (7, 5) determines whether a
family a family of measurements

~

(88) u(€) = (4'(€), ¢'(€), F'(€)) € Dryk (4, 9), € €E,

with 7o < 7 and ko >, satisfies (In 1)—(In 3). Clearly, also the validity of (Out)
can be verified by using the data. Thus the function D, (v, z,¢) is determined by
the data D, (7, <$)

We note that since & (x) = {1..¢(t); t € (0,p(x,§)), € € LM} is a smooth
3-dimensional manifold and the Hausdorff dimension of Ky(z,¢) is at most 2, the
set Eo(z) \ Ko(2,¢) is dense in Ey (z).

The properties (i) and (ii) follow, by passing to the closure, after we show that
for any y € V satisfying

(89) O(y) ¢ C7(2,€) UKo(2,¢)
the following two implications hold: (1) if X(z,{) = 0 or (a) then D(y,z,{) = 0;
(2) if (b) then D(y,z,{) = 1, where

(a) For any point z € X(2,() it holds that ®(y) ¢ J/, 5 (2).

(b) Therearez € X(2,¢),£ € LI M and t € (0, p(z,§)) such that D(y) = v, ¢(t).

To establish the implication (1), we show for large ko € N and small &g, 9 > 0,
that if the family satisfies (In 1)—(In 3), with (2,¢) € LyV™™ N B((2,(),d) and
0 < 0 < dg, and X(2,{) = 0 or (a) holds, then (Out) does not hold.

We use the shorthand notation v; = 7., ¢, and

N =T (C+<z,<> 0y JW)@@)) .

Note that the geodesics v;, v, with j # k can intersect only once in N. Indeed,
if v; and 3 intersect at points x; < w3, then the existence of the broken causal
geodesic between z; and xy, obtained by switching from 7; to v at x;, implies
that 7(z;,x2) > 0. This is a contradiction with the fact that zo = v;(s) for some
s < p(z5,¢)-

An analogous argument shows that v; can not have any self-intersections in N.
In particular, if N C A is open and if its closure is contained in A, then for small
d, writing K; = K(z;,(;;0), the intersection K; N N is a smooth manifold. The
same is true for [?j = K(Zj,gj;d) when (%},@) € B((z,¢;),0) for small §. Hence
the results in Section [4| can be applied on N. Observe also that when considering



EINSTEIN-SCALAR FIELD EQUATIONS 43

a fourfold interaction at z € A the condition @ holds, since there can not exist
an earlier threefold interaction.

For large kg and small ry, Lemma implies that the family can be also
written as

u(e) = Oy (g(e), d(e), Fle),  W.F'(e) = D" F(e),
where (g(€), ¢(€), L) F(€)) solves (18). We define v(e) by ([40), and use the no-
tation Y’ = Uj.:l Y/ and Y = ®(Y’) where Y] is as in (In 3). We write also
a=(1,1,1,1) and
K = singsupp(0°v|c—o).

Now (In 3) implies that for small 4,

Vj = 0¢;V|e=0 € I(l?j;E) in NV\Y.

Moreover, Lemmas and ﬁ imply that Kz C K(z,(,0) for 8 < a.

Let © € N be a point where a pair of geodesics 7;, 1k, j # k, intersect. There is
at most one such a point, since any pair of geodesics can intersect only once in N.
If X(2,¢) = 0, then for small §, one of the distributions v;, j = 1,2, 3,4, is smooth

near x. Thus Lemma implies that K, C K(z, ¢, ). As y satisfies it holds
for small enough § that ®(y) ¢ K,. On the other hand if (a) holds, then for small
J it holds again that ®(y) ¢ K, since K, lies near

4
‘](—ij—\/[,g)(z) U U Vz5.¢5 (R),
j=1

and Uj:l PYZij((O: OO)) - /CO(Z,C).
In particular, in both the cases X(2,¢) = () and (a), it holds for small ¢ that

O (y) ¢ singsupp(9gle—), B < a.

Using the naturality of the exponential map, analogously with the proof of
Lemma we see that 9%¢°"* is smooth near the origin. This concludes the proof
of the implication (1).

Let us now turn to the implication (2) and suppose that (b) holds. We choose
spacelike submanifolds

Y =Y'(z,¢)c V™, j=1,2,34,
of codimension one satisfying the following:

(S1) v, intersects Y; transversally where Y; = ®(Y]),

(S2) z; < z with respect to g’ for all z € Y},

(S3) Yjn J&/g\,)(z) = () for all z € Y/ and j # k.

Let

(90) o, € SP(Y;NK;SORY), j=1,2,3,4,
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and define the map

4
(91) Fle,g.0) = LAy o(F)_€oy), €= (e, e e5,6),
j=1

where F and A, 4) are as in Proposition We choose the neighbourhood U in
Proposition [3.6/so that U = U; U --- U Uy where Y; C U;, U C ®(V'"), and that
the following perturbed version of (S3) holds:

(S3") U; N J(J“V’g/)(z) = for all z € Uy, and j # k.
For any ko € N, the quasilinear wave equation (18 with the right-hand side
(F', F?) = F(e, g, ¢) has a unique solution

(g(e), d(€)) € C=(E; C*(M; Sym® @ RY))

when p € R is negative enough and £ C R* is a small neighbourhood of the origin.
Note that the neighbourhood £ depends on the symbols o;, j = 1,2, 3, 4.

We define
F(€) = Iy F'(€, g(€), d(€)).

By (A1) of Proposition the family ( (€), p(€), F(e)) satisfies the compatibility
condition , and therefore it solves ([1)—(3[). Moreover, the support condition in
(A1) implies that supp (F(e)) C U C @(Vin). By (A3) the source F(€) depends
smoothly on € € £. For any ry > 0 there is a neighbourhood &,, C £ of the origin
so that u(e) = 7 (g(€), ¢(€), F(€)) € Dok, (4, ¢) when € € &

Lemma implies that

(92) u™(e) = Wiu(e) = D*(g(e), d(e), F(e)).
Using again the support condition in (A1) we see that u™(e) satisfies (In 1). The

equation implies also that u!® is smooth with respect to e. Linearity of Ag.¢)
implies that
(93) Oe; F(€)|e=0 = A5 5
To see that (In 2) is satisfied, we use (S3’) together with arguments analogous to
Lemma in the below appendix. The condition (In 3) follows from (92),
and (S1).

We will finish the proof of the implication (2) by showing that for all small
§ > 0 there are (2;,¢;) € B((z,(;),d) and symbols o; € S?(Y; N K;; S & R¥) such
that (Out) holds. By (b) there is z € X(2,(), and by perturbing the geodesics v;

slightly we get the following. For any small § > 0, there are (2} ,(”) € B((z,¢),9)
such that the geodesics v}' = Var, G J = 1,2,3,4, intersect at the point x and

(Eoj) € I(Y; N K, E).

the corresponding manifolds K7 satlsfy (b",8™")°_; € U for some s" where b" =
(b7, by, b5, b)), Ny K} = Rb} and U is the set in Proposition m For small 0, the
geodesic 7} intersects Y; and we denote by 27 the point of intersection. Moreover,
we write § = £f + -+ + &} where §F € Rb} \ 0. Then there is a unique covector
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G € N (Y; N K7) that lies on the bicharacteristic of U 5 through (z,£}). As
discussed in Section , taking o; = o7 in , the map

0 (27, ¢f') = oluj](x, )
is an isomorphism between the fibres (Sy,nxr @ RY) (. n¢ry and (Sgr @ RY)(, £

Thus we can choose the symbols o7 so that s" = (a[v]](x £))j—1,n=1,...,6.
We write

E, = span{Z(b",s"); n=1,...,6},
and K5 = K(x,&;0"), 8’ > 0. Observe that K3 is a smooth manifold near ®(y) since
t < p(x,§). There is a unique covector n € N, K; that lies on the bicharacteristic
o}fl ;5 5 through (z,€). Recalling , the discussion in Section implies that
the map

o[ Iu(v1, va, vs, va)](z,§) = olvia3a] (Y, 1)
is an isomorphism between the fibres F, and £,. Hence it maps the subspace E
onto a 6-dimensional subspace E of E,. Moreover, by Remark 3.7}, the subspace

E is contained in Sym since E, is contained in Sym?. The mtersectlon of E and

the 6-dimensional subspace Sym?(K 5)y C Symz is at least of dimension 2. Now

Lemmas and [5.3| imply that there is n = 1,...,6 such that (Out) holds when
o; = 0o} in (90). O

Let us summarize the above considerations. When the small (2-dimensional) sets
Ko(z,¢) are not considered, Theorem essentially states the following: First, if
the geodesics 7., ¢, 7 = 1,2,3,4, intersect before their first cut points and the
intersection point is x, then the set S(z,{) C ®(V) where singularities can be
detected in a stable way satisfies &y () C S(2,{) C J*(z). The set Ey(x), defined
in , is called the earliest light observation set corresponding to the source
point z. Second, if the geodesics 7., ¢, do not intersect before their first cut points,
then singularities are not detected in a stable way outside the sets J*(p;) where
Pi = V2.6, (P(25,¢5)), 5 =1,2,3,4, are the first cut points.

Roughly speaking, the above means that when we send singular waves along the
geodesics 7., ¢,, and the geodesics intersect at a point x before their cut points,
the non-linear interaction creates an artificial point source at the point x. This
point source sends singularities along the light cone emanating from the point
x and the earliest arriving singularities are detected in ®(V'). Thus the inverse
problem in Theorem is reduced to the geometric problem of determining the
conformal type of I(1(0), (1)) when we are given the sets S(z,¢) for all initial
directions (2z,{) € L,V™. This geometric problem is solved [49] where the inverse
problem for the passive observations of the light cones emanating from the point
sources is studied. Thus the rest of the proof of Theorem is purely geometrical
and coincides with the geometric part of the proof in [49]. As our notations differ
slightly from those in [49], we spell out the relation to [49] in the short proof below.
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Proof of Theorem[1.1] Similarly to Definition 4.2 of [49] we define the set S.(2,¢) C
S(z,¢) of the earliest points where singularities are detected in a stable way.
Lemma 4.4 of [49] shows that if z € X(z,{) then S.(z,{) coincides with the
earliest observation set £y (z) corresponding to the point x and the observation
set ®(V'). Theorem 5.6 above, together with Theorem 4.5 and Lemma 4.4 of [49],
implies that the data set determines uniquely the collection of the earliest light
observations sets

- E (W) = {2 (Ev(x)); z € W}
with source points in the chronological diamond W = I(u(0), (1)). By [49, Th.
1.2] the collection &, (W), or equivalently, the collection ®~1(&y(W)), determines
the conformal type of the set (W,9). O

Corollary [1.2 follows in the same way as Corollary 1.3 of [49].

APPENDIX A: PROOFS FOR LINEARIZATION STABILITY

The next lemma is well-known but we give a short proof for the convenience of
the reader.

Lemma 5.7. Let (M, q) be a background spacetime, and suppose that a Lorentzian
metric g € C3(M;Sym?) satisfies the initial condition (@, (M, g) is globally hy-
perbolic, and that ¥9 = {0} x N is a Cauchy surface with respect to g. Define the
reduced Einstein tensor by Eing(g) = I, Ricz(g). Then div, Eing(g) = 0 implies
that Hg(g) = 0.

Proof. We use the shorthand notation H = Hy(g), V = V,, V= V3, V; =V,

and ﬁj = @aj, and define also the operator b; that lowers indices and symmetrizes
two tensors S as follows,

1
(0;9)k = 5(9;‘1:55 + 9rpS5).

In local coordinates, tr, b;%]—[ = @l,Hp, whence

) . 1 ~ ~ N
Ein(g);x — Eing(9) & = §(gijka + g1y Vi H? — gV, HP).

As also Ein(g) has vanishing divergence,
0= g9V (9;ViH + g1y V; H? — g4V, H)
= gkpgqjvqﬁij + Ly, H?,

where Ly, H? = Vp§kH p —VkﬁpH P. Note that Ly, is a linear first order differential
operator. We see that H satisfies the linear second order hyperbolic system

(94) {gqjvﬁjH "4 g L, HP =0, in M,

. r=1234,
H" =0, in (—o0,0) x N,
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whose principal part coincides with the principal part of O0j. As (M, g) is globally
hyperbolic and ¥, is a Cauchy surface for g, H = 0 on M, see e.g. [76, Cor.
12.14]. OJ

Corollary 5.8. Let (M,§) and g € C3(M;Sym?) be as in Lemmal5.7. Let
¢ € C*(M;RY), F'e CY(M;Sym?), F?c C°%M;R").

Suppose that S = (g, ¢, F*, F?) satisfies (18). Then S satisfies (1)-(3) if and only
if the compatibility condition (8]) holds with F* = I,F* and F* = F>.

Proof. It S satisfies — then a direct computation shows that holds. Sup-
pose now that holds. We apply I, on the first equation in , and get

Eing(g) = T(g,¢) + F .
Now a computation shows that and imply
div, Eing(g) = (O, — V'(¢))¢ - dop + div,F' = div,F' + F* - d¢p = 0.
Lemma [5.7 implies H;(g) = 0, and therefore
Ein(g) = Eing(g) = T(g,¢) + F".
0

Proof of Lemma[3.3 We omit writing ¢ as a subscript in the proof. We denote
by e, £ =1,..., L, the constant frame corresponding to the standard basis of R”,
and define a vector bundle homomorphism A' € C*(U; Hom(T*U, R¥)) by

Al(dg;) =ej, j=1,2,34.

Then A'(dg¢;) - dp = e; - dp = dp;, and A' satisfies (i).
We define

A?(ey) = 0, ¢ =1,2,3,4,

4
A(ey)) = e — Z%'ej’ ¢=5,...,L,
j=1

where ¢; € C*(U;R) are the coefficients of d¢, in the frame dg;, j = 1,2,3,4.
Note that for £ =5,..., L,

4
A%(eq) - dop = dy — Y cryde; = 0.
j=1

Hence A? satisfies (ii).
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Let us now turn to the property (iii). Suppose that w = 25:1 asep. Then

L 4 L 4
Al(w : dgb) = ZCL(A (d¢g) = Zajej + Z Zagngej,
=1 j=1 =5 j=1
L L 4
A2(w) = Z ey — Z ap Z cuje;,
=5 =5 j=1
and thus A'(w - d¢) + A*(w) = w, that is, (iii) holds. d

Note that Aj(v) = 0 and AZ(w) = 0 outside the supports of v and w, respec-
tively, simply because these maps are vector bundle homomorphisms. We need a
similar property also for the derivatives of A, j = 1,2, with respect to ¢. We will
give a proof only in the case of j = 1, the other case being similar.

Lemma 5.9. Let 5 be as in Lemma . Let £ C R be_a neighbourhood of the
origin, and let ¢(€) € C>(E; C*TH(U;RY)) satisfy ¢(0) = ¢. Then 9. Aj|—o(v) =0
if the supports of Ocp|c=o and v do not intersect.

Proof. Observe that in local coordinates,

1 (P(e)7!
A = ( 0
where ®(€) is the matrix that has the columns d¢,;, j = 1,2,3,4. Thus, writing
® = &(0), we have

1 9,B|,_ D!
@eAéble:O = < aeO |€70 ) 9

and the claim follows. O

APPENDIX B: LOCAL EXISTENCE OF SOLUTIONS

In this section we outline briefly the results on quasilinear wave equations that
we need. The reduced Einstein’s equations coupled with scalar fields can be
written in the abstract form , that is,

(95) g (D, D)v+ A(z,v, Dv) = F.

Here v = (g — g, ¢ — &5), and when considering sources of the form we allow
also F' to be a function of v and Dwv, that is, F' = F(x,v, Dv). Recall that a
globally hyperbolic Lorentzian manifold is isometric to a product manifold R x N
with metric of the form

—B(t,y)dt* + k(t,y).

g
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Then can be written in the form

3
(96)  Bt,y;0)07v = > W (t,y;0)0, 0,0 + Alt,y; 0, Dv) — F(t, y; v, Do),

jk=1

where g(t,y) = —B(t,y;v)dt* + k(t,y;v). Well-posedness of equations of this
form was established in [42]. The results there are not directly applicable in our
case since [42] considers perturbations of the initial condition whereas we consider
perturbations via a small compactly supported source F. However, the fixed point
argument there can be adapted to our case, and we refer to Appendix B in [50]
for the details.

Let T" > 0 and consider the spaces

k
EF = () CY(0,T; H*I(N;Sym® & RY)), seN.

J=0

Let K C (O,f) x N be compact. Suppose that for all large k£ € N, there is a
neighbourhood Uy, of the origin in E* such that for v € Uy, the function f(t,y) =
F(t,y;v, Dv) satisfies supp (f) C K. Then for all large k € N there is r > 0 such
that if ||f]|zx < 7 for all v € Uy then there is a unique solution v € E* of
satisfying the initial condition (3)).

Observe that the above result is local in the sense that only a fixed time interval
is considered and the source is assumed to be supported in a fixed compact set.

In the case of Cauchy problem for Einstein’s equations, there are also global
results available, see e.g. [18, 37, 54 [75, 83]. Above we paid also no attention
to the size of the smoothness index k. For results on the Cauchy problem for
the Einstein and the Eistein-scalar field systems in low regularity settings see
[20), (19, [76, [77].

APPENDIX C: ON ACTIVE MEASUREMENTS

By an active measurement we mean a model where we can control some of the
physical fields and the other physical fields adapt to the changes in all the fields so
that the conservation law holds. Roughly speaking, we can consider measurement
devices as a complicated process that changes one energy form to other forms of
energy, like a system of explosives that transform some potential energy to kinetic
energy. This process creates a perturbation of the metric, a gravitational wave,
and it also perturbs the matter fields. We can then observe these perturbations in
a subset of the spacetime.

There are several proposals on generation of large enough gravitational waves
so that they can in principle be detected [14, 24 [7T], 88]. Also, gravitational waves
from two black holes, in close orbit around each other, were recently observed [53],
however, no artificially generated gravitational waves have been measured at the
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present time. In this paper, our aim has been to consider a mathematical model
that can be rigorously analyzed.

Let us take V,(¢) = %m%ﬁ? for simplicity, and let g and ¢ satisfy Einstein’s
equations coupled with scalar fields

(97) Eing(g) = P +T(g,9),
Ogpe —m’¢e =S, in M, (=123, .. L,
Se=Qu+8"(9,¢,Q,P), in M,
9=3, o= in(—00,0)x N.

Here, in comparison to —, we have simply written P = F' and S} =
— ¢, where )y is arbitrary. This is to emphasize that P and (), are consid—
ered as primary sources produced by the measurement devices, and the functions
S#d(g, ¢,Q, P) are secondary sources that transform energy and momentum from
the ¢ fields to the sources (), and P. Mathematically speaking the secondary
sources cause an effect that guarantees the conservation law is satisfied.

We allow S2"¢ to depend also on the first derivatives of (g, ¢, Q, P) but hide this
in the notation. The precise construction of S is quite technical, see (38)), but
these functions can be viewed as the instructions on how to build a device that
can be used to measure the structure of the spacetime far away. Put differently
they can be seen as recipe to transform energy between the gravitational field and
the scalar fields. We note that if the primary sources satisfy P = €f; and Q = €fs
and the pair (fi, f2) satisfies the linearized conservation law (21)), then the first e
derivative of the secondary source is zero.

Above, the source term P can be written in the form

(98) Py(a) = ) pala)of(@)of (o),

where v" are timelike covector fields, u, real-valued functions and K > 10. When
1y > 0, this decomposition corresponds to non-interacting fluids with densities puy,
4-velocity vectors v, and zero pressures (i.e. particle or dust flows). Recall that
above we have considered the case when the source field P in vanishes for the
background solution (/g\,gg . This condition can be relaxed, for instance, we can
assume that (g, gg) satisfy 1} with background source P for which the conservation
law div§(ﬁ) = 0 holds. When we assume that P is written using suitable timelike
fields v, k = 1,2,...,. K, K > 10 and densities 1. that are positive in V', any
small symmetric perturbation P of P in the set V' can be obtained using the fluids
(s, V) such that the perturbed densities p, are positive. The inverse problem
studied in Theorem [I.1] can be modified to the setting where the background source
P in given in the form with fluids (fi, V) that are non-vanishing near the



EINSTEIN-SCALAR FIELD EQUATIONS 51

geodesic p and the measurements are implemented by perturbing these fluids, but
the detailed considerations of this model are outside the scope of this paper.
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