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Abstract

This tutorial aims to provide an accessible introduction to particle filters,
and sequential Monte Carlo (SMC) more generally. These techniques allow
for Bayesian inference in complex dynamic state-space models and have
become increasingly popular over the last decades. The basic building blocks
of SMC — sequential importance sampling and resampling — are discussed
in detail with illustrative examples. A final example presents a particle
filter for estimating time-varying learning rates in a probabilistic category
learning task.

Keywords: Particle filter, Sequential Monte Carlo, State-space model,

Sequential Bayesian inference

Particle filters, and sequential Monte Carlo (SMC) techniques more gen-
erally, are a class of simulation-based techniques which have become in-
creasingly popular over the last decades to perform Bayesian inference in
complex dynamic statistical models (e.g., Doucet, de Freitas, and Gordon,

2001b; Doucet and Johansen, 2011). Particle filters are generally applied
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to so-called filtering problems, where the objective is to estimate the latent
states of a stochastic process on-line, such that, after each sequential obser-
vation, the state giving rise to that observation is estimated. For instance,
in a category learning task, we might want to infer how people use the
features of objects to categorize them. Due to learning, we would expect
their categorization strategy to change over time. Traditionally, a formal
learning model such as ALCOVE (Kruschke, 1992) would be used for this
purpose, which describes how feedback on their categorization decisions af-
fects people’s momentary strategy. However, these models usually assume
a deterministic updating process, which may be too restrictive. Ideally, we
would like to estimate someone’s strategy — which we can view as the la-
tent state of their decision process — from trial to trial whilst allowing for
stochastic transitions between states. Estimating the current categoriza-
tion strategy is a difficult task, however, as a single categorization decision
at each point in time provides relatively little information about people’s
complete categorization strategy, i.e. their potential categorizations of all
possible stimuli. Assuming trial-to-trial changes to a state (strategy) are
noisy but relatively small, we may however be able to gain some insight
into the current state from all previous categorization decisions someone
made. This filtering problem is generally not analytically tractable; ana-
lytical results are only available for the restricted class of linear Gaussian
state-space models. As particle filters are applicable to the much broader
class of non-linear non-Gaussian state-space models, they open up interest-
ing possibilities to study a broad range of dynamic processes in psychology.

A graphical representation of a generic particle filter (see Section 4.3) is
given in Figure 1. Particle filters operate on a set of randomly sampled values

of a latent state or unknown parameter. The sampled values, generally
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Figure 1: Schematic representation of a generic particle filter (after Doucet et al., 2001a).
Standing at time ¢, we have a set of weighted particles {¢}, Wt@l} representing the prior
distribution at . Each particle q&ézl is a multidimensional variable which represents the
whole path of the latent state from time O up to the current time point ¢, such that
each dimension represents the value of the state at a particular time point. The location
of the dots in the graph reflect ¢§”, the value of the state at the current time point,
i.e. the dimension of each particle reflecting the current state. The size of each dot
reflects the weight Wt@l (“prior at t7). In the reweight step, the weights are updated to
th partly as a function of p(yt|¢>£i>), the likelihood of observation y; according to each
sampled state value ¢{”) (solid line). The resulting set {qﬁgfi, Wti)} of weighted particles
approximates the posterior distribution (“posterior at t”) of the latent state paths. The
resampling step duplicates values qbéll with high weights th, and eliminates those with
low weights, resulting in the set of uniformly weighted particles {(;;((fi, Wfi) = 1/N} which
is approximately distributed according to the posterior (second “posterior at t”). In the
propagate step, values of states ¢§21 at the next time point are sampled and added to each
particle to account for state transitions, forming a prior distribution for time ¢+ 1 (“prior
at t+17). Thus, at each new time point, the particles grow in dimension because the whole
path of the latent state now incorporates the new time point as well. The particles are
then reweighted in response to the likelihood of the new observation y:41 to approximate

the posterior distribution at t + 1 (“posterior at t+17), etc.
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referred to as “particles”, are propagated over time to track the posterior
distribution of the state or parameter at each point in time. Each particle
is assigned a weight in relation to its posterior probability. To increase their
accuracy, SMC techniques resample useful particles from the set according to
these weights. This resampling introduces interaction between the particles,
and the term “interacting particle filters” was coined by Del Moral (1996),
who showed how the method relates to techniques used in physics to analyse
the movement of particles.

Particle filters have successfully solved difficult problems in machine
learning, such as allowing robots to simultaneously map their environment
and localize their position within it (Montemerlo, Thrun, Koller, and Weg-
breit, 2002), and the automated tracking of multiple objects in naturalistic
videos (Isard and Blake, 1998; Nummiaro, Koller-Meier, and Gool, 2003).
More recently, particle filters have also been proposed as models of human
cognition, for instance how people learn to categorize objects (Sanborn, Grif-
fiths, and Navarro, 2010), how they detect and predict changes (Brown and
Steyvers, 2009) as well as make decisions (Yi, Steyvers, and Lee, 2009) in
changing environments.

The aim of this tutorial is to provide readers with an accessible introduc-
tion to particle filters and SMC. We will discuss the foundations of SMC,
sequential importance sampling and resampling, in detail, using simple ex-
amples to highlight important aspects of these techniques. We start with a
discussion of importance sampling, which is a Monte Carlo integration tech-
nique which can be used to efficiently compute expected values of random
variables, including expectations regarding the posterior probabilities of la-
tent states or parameters. We will then move on to sequential importance

sampling, an extension of importance sampling which allows for efficient
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computation in sequential inference problems. After introducing resampling
as a means to overcome some problems in sequential importance sampling,
we have all the ingredients to introduce a generic particle filter. After dis-
cussing limitations and extensions of SMC, we will conclude with a more
complex example involving the estimation of time-varying learning rates in

a probabilistic category learning task.

1. Importance sampling

Importance Sampling (IS) is a Monte Carlo integration technique. It
can be used to efficiently solve high-dimensional integration problems when
analytical solutions are difficult or unobtainable. In statistics, it is often
used to approximate expected values of random variables, which is what we
will focus on here. If we have a sample of realizations of a random variable
Y, we can estimate the expected value by computing a sample average. We
do this when we have data from experiments, and it is also the idea behind
basic Monte Carlo integration. Importance sampling is based on the same
idea, but rather than sampling values from the true distribution of Y, values
are sampled from a different distribution, called the importance distribution.
Sampling from a different distribution can be useful to focus more directly
on the estimation problem at hand, or if it is problematic to sample from
the target distribution. To correct for the fact that the samples were drawn
from the importance distribution and not the target distribution, weights
are assigned to the sampled values which reflect the difference between the
importance and target distribution. The final estimate is then a weighted
average of the randomly sampled values.

Suppose we wish to compute the expected value of an arbitrary function
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f of a random variable Y which is distributed according to a probability
distribution p:
B, f(V) 2 [ £0)p(0)d.

This is just the usual definition of an expected value (we use E, to denote
an expectation of a random variable with distribution p, and the symbol
£ to denote ‘is defined as’). The function f depends on what we want to
compute. For instance, choosing f(y) = y would result in computing the
mean of Y, while choosing f(y) = (y—E,[f(Y)])? would result in computing
the variance of Y. It is often not possible to find an analytical solution to
the integral above, in which case we have to turn to some form of numerical
approximation. A basic Monte Carlo approximation is to draw a number of
independent samples from p and then compute a sample average from these

random draws:

Algorithm 1. Basic Monte Carlo integration for an expected value E,[f(Y)]

1. (Sample) For i = 1,..., N, sample 4y ~ p(y).
2. (Estimate) Compute the sample average to obtain the Monte Carlo

estimate EMC of the expected value:
1 .
MC Ao (4)
BMC 2 TS (). 1)

We let ¥y denote the i-th sampled value and for consistency in terminology,
we will refer to these sampled values as “particles” from now on. By the
law of large numbers, as the number N of particles approaches infinity, this

estimate will converge almost surely! to the true value (Robert and Casella,

! Almost sure convergence means that the probability that the estimate is identical to
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2004). A limitation of this procedure is that we need to be able to sample
particles according to the distribution p, which is not always possible or
efficient. Importance sampling circumvents this limitation, allowing parti-
cles to be drawn from an arbitrary “instrumental distribution” ¢. These
particles are then weighted to correct for the fact they were drawn from ¢
and not the target distribution p. Importance sampling relies on the simple
algebraic identity a = 7 X b to derive the following importance sampling
fundamental identity (Robert and Casella, 2004):
Bl )] = [ 2000 dy = B fuV) 1Y)

where we define the importance weight as w(y) = B Thus, the expected

a(y)
value of f(Y') under the target distribution p is identical to the expected
value of the product w(Y')f(Y) under the instrumental distribution g. The
instrumental distribution can be chosen for ease of sampling, or to increase
the efficiency of the estimate (as shown in the example below). The only
restriction on ¢ is that, in the range where f(y) # 0, ¢ should have the same
support as p (i.e. whenever p assigns non-zero probability to a value y, ¢
should do so also, so ¢(y) > 0 whenever p(y) > 0). More compactly, we can
state this requirement as: if f(y)p(y) # 0, then ¢(y) > 0. An IS estimate of
the expected value of f(Y) under p is thus obtained by generating a sample

from ¢ and computing a weighted average, as in the following algorithm:

Algorithm 2. Importance sampling for an expected value E,[f(Y)]

1. (Sample) For i = 1,..., N, sample y ~ ¢(y).

the true value approaches 1 as N approaches infinity, i.e., p(limy— oo % Zf\'zl f(y(”) =

Ex(f(Y)) =1.
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2. (Weight) For i = 1,..., N, compute the importance weight w® =

p(y®)
q(y®)’

3. (Estimate) Compute a weighted average to obtain the IS estimate:

N
1 . .
ES £ N E w(z)f(y(l))- (2)
i=1

As for basic Monte Carlo estimation, the law of large numbers assures that
E'S convergences to E,[f(Y)] as the number of particles approaches infinity
(Robert and Casella, 2004).

It should be stressed that IS is a Monte Carlo integration method, which
can be used to approximate expected values of random variables. It is not
a method to directly generate samples according to the target distribution.
However, we can generate samples which are approximately distributed ac-
cording to the target distribution by resampling particles with replacement
from the set of particles, where we sample a particle y(¥ with a probability
proportional to the importance weight w(y(?). This importance sampling
resampling algorithm, which will be discussed in more detail later, can pro-
vide an “empirical” approximation to the distribution p (in the sense that
we use a finite random sample drawn from p to approximate p, just like a his-
togram of observations from an experiment approximates the distribution of
possible observations that could be made in that experiment). We can also
use IS to compute any probability within the distribution p. For instance,
if we want to compute the probability that the value of Y is between a and
b, we can use IS with the indicator function f(y) = I(a > y > b), where
the indicator function I equals 1 when its argument is true and 0 otherwise.
We can do this as it is easy to show that the required probability equals the
expected value of this indicator function: p(a > Y > b) = Ey[l(a > y > b)].

In practice, the estimated probability is then simply the sum of the impor-
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tance weights of the particles that lie between a and b. This is illustrated
in Figure 2. A few remarks are in order. Firstly, while the estimated prob-
abilities are unbiased, in practice, we can only estimate the probability if at
least one particle falls within the interval. Secondly, given a set of particles,
we can vary the bounds of the interval in between the particles and we will
obtain the same estimates, because if two regions capture the same subset
of particles, the sum of the weights of those particles will also be identical.
Finally, to obtain a precise estimate of a probability, it is wise to tailor the
importance distribution to sample solely in the required region, as will be

shown in the following example.

1.1. Example: computing the tail probability of the Ex-Gaussian distribution

The ex-Gaussian distribution is a popular distribution to model response
times (Van Zandt, 2000). The ex-Gaussian distribution is defined as the sum
of an exponential and normal (Gaussian) distributed variable, and has three
parameters: u, o, and 7, which are respectively the mean and standard
deviation of the Gaussian variable, and the rate of the exponential variable.
See Figure 3 for an example of an ex-Gaussian distribution.

Suppose that for a certain person the distribution of completion times
for a task approximately follows an ex-Gaussian distribution with param-
eters y = 0.4, 0 = 0.1 and 7 = 0.5, and that we want to know on how
many trials that person would fail to complete the task within a time limit
of 3 seconds. Looking at Figure 3, we can already see that the probability of
non-completion is rather small. As the ex-Gaussian distribution is relatively
easy to draw samples from, we can use basic Monte Carlo integration (Algo-
rithm 1) to approximate this probability. With a sample size of N = 2000,

this gave an estimate p(Y > 3) ~ 0.0040. Compared to the true value,



Figure 2: Probability estimation with importance sampling. The locations of the black
bars represent particle values (y(i)) and the height of the black bars represents the corre-
sponding weights (wm). The broken and dotted lines represent two different estimates of
probabilities from these particles. The broken lines involve smaller regions which each in-
clude a single particle, while the dotted lines involve larger regions which include multiple
particles. Small changes to the bounds of the regions would leave the estimates unchanged

as long as the same particles fall within each region.

10
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Figure 3: Tail probability estimation for an ex-Gaussian distribution through importance
sampling with a shifted Exponential distribution. The solid line with an unshaded region
below it reflects the ex-Gaussian distribution. Overlaid and shaded grey is the shifted

Exponential distribution which is used as importance distribution.
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p(Y > 3) = 0.0056, this estimate is too low by 28.93%. Basic Monte Carlo
integration fails here because the exceedance probability p(Y > 3) is rela-
tively small and we therefore need many samples to obtain an estimate with
adequate precision. Because the importance distribution can be tailored to
the estimation problem at hand, IS can be much more efficient. To apply

IS, we first formulate the desired result as the expected value
p(Y =3) = Ey[l(y = 3)].

We then need to choose an importance distribution. Recall that the only
requirement is that the instrumental distribution ¢ has the same support as
the target distribution p in the range where f(y) # 0. For this example, ¢
need thus only be defined over the range [3; 00). In fact, choosing an impor-
tance distribution which does not extend beyond this range is a good idea,
because samples outside this range are wasteful as they will not affect the
estimate. A reasonable choice is a shifted exponential distribution, shifted
to the right to start at 3 rather than 0. With a sample of N = 2000 and
matching 7 = 0.5 to the same value as in the ex-Gaussian distribution, this
gives the estimate p(Y > 3) ~ 0.0055, which deviates from the true value
by only 2.63%. This is a representative example and shows the IS estima-
tor is much better than the basic Monte Carlo estimator. While using an
importance distribution defined over the range [3,00), such as the shifted
exponential, is a good way to increase the precision of the estimate, we must
be careful when choosing the importance distribution. For example, a Nor-
mal distribution truncated below at 3 with parameters 4 = 3 and o = 0.1,
resulted in the estimate P(Y > 3) ~ 0.0036, which is too low by 35.55%
and worse than the basic Monte Carlo estimate. The problem with this

truncated Normal is that the parameter o = 0.1 is set too low, resulting in a

12
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distribution with a right tail which is too light compared to the ex-Gaussian
distribution. Recall that the importance weights are given by the ratio %.
If the instrumental distribution has lighter tails than the target distribution,
there will be relatively few particles that fall in the tails, but for these rare
particles, p(y) may be very large compared to ¢(y), leading to very large
weights. In the extreme case, when one or a few importance weights are
very large compared to the other weights, the estimate is effectively deter-
mined by only one or a few particles, which is obviously bad. For example,
in the most extreme estimate resulting from the truncated Normal, there
was one particle with a weight of 88.4, while the next highest weight was
0.6. For comparison, in the most extreme estimate from the shifted Expo-
nential distribution, the largest and second-largest importance weights were
both 0.02. Large variation in importance weights results in an estimator
with a high variance. This can be clearly seen in Figure 4, which shows
the variation in the estimates of the three estimators when applying them
repeatedly for 1000 times. While the distribution of the estimates obtained
for IS with a shifted exponential distribution is tightly clustered around the
true value, both basic Monte Carlo integration and IS with the truncated
Normal provide much more variable estimates. Note that these estimates
are still unbiased, in the sense that on average, they are equal to the true
value. However, the large variance of the estimates means that in practice,
we are often quite far off the true value. The positive skew for the truncated
Normal shows that IS with this importance distribution underestimates the
probability most of the time, but in the rare cases that a particle falls in
the right tail, the high weight assigned to that particle results in a large
overestimation of the probability. Note that there is no problem with using

a truncated Normal per se: increasing the parameter to ¢ = 1 results in a

13
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Figure 4: Distribution of estimates of the tail probability for an Ex-Gaussian distribution
using basic Monte Carlo integration, importance sampling with a shifted exponential dis-
tribution, and importance sampling with a truncated Normal distribution. The dotted
lines show the true value of the tail probability. Each estimator used N = 2000 particles

and distributions were obtained by applying each estimator repeatedly for 1000 times.
heavier-tailed importance distribution which gives much better results.

1.2. Efficiency

As the previous example illustrates, some importance distributions are
better than others. In the extreme case, a bad choice of importance dis-
tribution can result in an estimator with an infinite variance. The optimal
importance distribution ¢*, in terms of minimizing the variance of the esti-

mator, is
v 1 f@Wlp(y)
W) = T70)lp(y) dy ®

(Kahn and Marshall, 1953). For example, the optimal importance distri-
bution in the previous example is a truncated ex-Gaussian. The optimal
importance distribution is mainly of theoretical interest; to be able to use
it, we would have to know the value of the integral [|f(z)|p(z)dz, which is
pretty much the quantity we want to estimate in the first place. Neverthe-

less, we should aim to use an importance distribution which is as close to

14
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A more practical way to reduce the variance of the estimator is to nor-
malize the importance weights so they sum to 1 (Casella and Robert, 1998).
Using normalized weights
w®

S wl)

results in the “self-normalised” IS estimator

w2 (4)

N
ES 2N W py). (5)

i=1
It should be noted that the estimator E™" is biased, but the bias is gen-
erally small, diminishes as the number of particles increases, and is often
offset by the gain in efficiency (the reduction in the variance of the estima-
tor).2 Self-normalized weights are particularly useful in situations where the
distribution p is only known up to a normalizing constant. For instance, we
may be interested in the conditional distribution p(y|z) = #;y))dy, but al-
though we can compute p(z, y), the marginal distribution p(z) = [p(x,y)dy

is intractable. In that case, we can still use importance sampling, as the

normalizing constant cancels out in the computation of the self-normalized

20One reason why the variance of the self-normalized IS estimate can be smaller is that
the expected value of each weight is
B u)] = [ 20y = [o)dy =1,
a(y)
and the expected value of the sum of the weights is thus N. In practice, the summed
importance weights will deviate from this value. Using self-normalizing weights ensures
that the sum of the weights is always equal to 1 (not N, but we have accounted for this

by removing the 1/N term in Equation 5), which removes one source of variance.
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weights®. So, when using self-normalized weights, the target distribution

only has to be known up to the normalizing constant.

2. Sequential importance sampling and online Bayesian inference

We often need to infer unknown parameters of a statistical model se-
quentially after each new observation comes in. Such online inference is
crucial in a wide range of situations, including adaptive design of exper-
iments (e.g., Amzal, Bois, Parent, and Robert, 2006; Myung, Cavagnaro,
and Pitt, 2013) and real-time fault diagnosis in nuclear power plants. From
a Bayesian viewpoint, this means we want to compute a sequence of poste-
rior distributions p(6|y1), p(0|y1:2), - - -, p(0|y1:), where y1.e = (y1,92,- -, yt)
denotes a sequence of observations, and 6 a vector of parameters. To ap-
proximate such a posterior distribution p(6|y;.¢) with importance sampling,
we need an importance distribution ¢ () to generate an importance sample
of particles, and compute the importance weights

Wl = p(O09lyre)
q:(60D)
While we could generate a fresh importance sample at each point in time,
this will usually increase the computational burden at each consecutive time
point, as at each time we would have to browse the whole history of obser-
vations to compute the importance weights. Moreover, when tracking an

evolving latent state over time, we would also have to generate larger and

3This is shown as

(1) | i z, (i) i z, (i) i
5 P W) 3 e et T ) 3 PRI
N py@)z) 1 N pl@y@®) N p(z,y®)

=1 Lij=1 4y) =1 ple) ei=1 qy@) ITE Lej=1 (@)

16
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larger importance samples as, at each time point, we would have to sample
the whole trajectory of the latent state thus far. For real-time applications,
it is important to devise an algorithm with an approximately fixed computa-
tional cost at each time point. Sequential importance sampling (SIS) serves
this purpose. In addition, by using information from previous observations
and samples, SIS can provide more efficient importance distributions than
a straightforward application of IS.

A key idea in SIS is to compute the importance weights incrementally,
by multiplying the importance weight at the previous time ¢ — 1 by an incre-
mental weight update agi). It is always possible to formulate the importance

weights in such a form by trivially rewriting the importance weights above

as
oM P09 [y1:6)gs-1(89) p(0D [y1:4-1) (6)
! PO |yre—1)q (D) q—1(09)
ol

where we define the incremental weight update as

a(i)é p(e(i)kylzt) Qtfl(e(i))
0Oy ) T a(69)

This is of course not immediately helpful, as we still need to compute

(7)

p(0D]y1.¢) and ¢; (™) in full at each time point. However, there are some im-
portant cases where we can simplify the incremental weight update further.
In this section, we will focus on one such case, involving on-line inference of
time-invariant parameters. This will help to illustrate the basics of SIS and
its main shortcoming. We will see that while sequential importance sampling
is computationally efficient, allowing one to approximate the distributions
of interest sequentially without having to revisit all previous observations

or completely redraw the whole importance sample, the performance of SIS

17
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degrades over time because after a large number of iterations, all but one
particle will have negligible weight. After introducing resampling as a way
to overcome this problem of “weight degeneracy”, we then return to a second
important application of SIS, namely the inference of latent states in state-
space models. Combining SIS with resampling provides us with a recipe for

a particle filter which is highly effective for these applications.

2.1. Sequential importance sampling for time-invariant parameters

We will now focus on the problem of computing a sequence of poste-
rior distributions p(0|y1.¢), t = 1,...,T for a vector of unknown parameters
f. Assuming the observations are conditionally independent given the pa-
rameters, we can express each of these posteriors through Bayes’ theorem

as

p(0) TTimy P(1il0)
p(y1:t) ‘

In this case, the left-hand ratio in (7) simplifies to

POV ]y1.0)
p(OD]y1:¢-1)
If we also use a single importance distribution ¢:(0) = ¢:—1(0) = q(0) to ap-

. . . .. (%)
proximate each posterior, the right-hand ratio in (7) evaluates to %(z))) =
(4)

1, so that the incremental weight update is simply a; ’ = p(ye| 0N p(ye[yr:6-1).

p(0ly1:t) =

= P(yt|9(i))P(yt|y1:t—1)

Using self-normalized importance weights, we can ignore the p(y¢|y1.4—1)
term, resulting in a simple importance sampling scheme where we sequen-
tially update the weights of an initial importance sample in light of each

new observation:

Algorithm 3. SIS for time-invariant parameters
1. (Initialize) For i = 1,..., N, sample #) ~ ¢(#), and compute the
normalized weights Wo(i) x % with Z;V: 1 Wo(i) =1.
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2. Fort=1,...,t
(a) (Reweight) For ¢ = 1,..., N, compute Wt(i) x p(yt|0(i))Wt(f)1,
with SN, W) = 1.
(b) (Estimate) Compute the (self-normalized) SIS estimate

N
EtSISn _ Z Wt(l)f<9(z))

i=1

2.1.1. Ezample: inferring the mean and variance of a Gaussian variable
To illustrate how this algorithm works, we will apply it to sequentially
infer the (posterior) mean and variance of a random variable. The observa-
tions are assumed to be independent samples from a Gaussian distribution

2 so the parameters are § = (u,0). As

with unknown mean g and variance o
prior distributions, we will use a Gaussian distribution for p (with a mean
of 0 and a standard deviation of 10) and a uniform distribution for o (in the
range between 0 and 50). As these priors are easy to draw from, we use them
also as importance distributions. We apply the algorithm to a total of 100
observations from a Gaussian distribution with mean p = 5 and standard
deviation ¢ = 5, using an importance sample of size N = 200 (note that
the sample size is kept low to enhance the clarity of the results; in real ap-
plications a larger sample size would be recommended). Figure 5 shows the
resulting estimates (posterior means) as well as the normalized importance
weights for each particle. We can see that the estimated posterior mean
of o comes reasonably close to the true value as t increases. However, the
estimated posterior mean of y converges to a value which is further off the
true value. The problem is that, as ¢ increases, the weight of almost all the
particles becomes negligible. In the end, the posterior mean is effectively

estimated by a single particle 8¢) = (u(*), ¢(*)). While this single particle
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Figure 5: Online Bayesian inference of 1 and o of a Normal distribution. Solid white lines
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represent the posterior mean after each sequential observation and broken white lines the
true values. Tiles in the background are centered around the particle values, such that
each edge lies halfway between a particle and the immediately adjacent particle. The shade
of each tile reflects the normalized weight of the corresponding particle. Initially, weights
are almost uniformly distributed over the particles, but in the end (at time ¢ = 100) only

a single particle has non-negligible weight.
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is, in some sense, the best one in the set, it does not have to be close to
the true values. In this run of the algorithm, o) was quite close to the
true value, but u(*) was relatively far off from the true value. Indeed, there
were other particles with values p(¥ which were closer to the true value.
However, for these particles, o(9 was further off the true value, such that
taken together as a pair of parameter values, particle 8*) was better than
any of the other ones. The problem that the weights of almost all particles
approach 0 is referred to as weight degeneracy and a driving force behind it
is that the importance distribution becomes less and less efficient over time.
While the posterior distribution at first is close to the prior distribution
that was used as importance distribution, as more observations come in,
the posterior distribution becomes more and more peaked around the true
parameter values. The prior distribution is then too dispersed compared to
the posterior distribution and far from optimal as importance distribution.

As illustrated in Figure 2, we can think of the set of particles as defining
a random and irregularly-spaced grid and the SIS algorithm as approximat-
ing posterior distributions by computing the posterior probability of each
grid point. The algorithm becomes less and less efficient because after sam-
pling the particles, the grid is fixed. To make the algorithm more efficient,
we should adapt the grid points to each posterior distribution we want to
approximate. This is precisely what SMC algorithms do by resampling from
the particles (grid points), replicating particles with high and eliminating
those with low posterior probability at ¢. Insofar as the posterior probability
of particles at time ¢+ 1 is not wildly different from the posterior probability
at time ¢, this will thus provide useful grid points for time ¢ + 1. However,
resampling provides exact replicates of useful particles, and using the same

grid point multiple times does not increase the precision of the estimate.
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After resampling, the particles are therefore “jittered” to rejuvenate the set,
increasing the number of unique grid points and hence the precision of the
approximation. Such jittering is natural for time-varying parameters. For
instance, if instead of a fixed mean u, we assume the mean u; changes from
time to time according to a transition distribution p(u|ps—1), we can use
this transition distribution to generate samples of the current mean based on
the samples of the previous mean. When the parameters are time-invariant,
there is no immediately obvious way to “jitter” the particles after resam-
pling. Some solutions have been proposed and we return to the problem
of estimating static parameters with SMC in section 5.2. We will now first
describe how resampling can be combined with (sequential) importance sam-
pling, before turning to particle filters, which iterate sequential importance
sampling and resampling steps to allow for flexible and efficient approxima-

tions to posterior distributions of latent states in general state-space models.

3. Resampling

Due to the problem of weight degeneracy, after running an SIS algorithm
for a large number of iterations (time points), all but one particle will have
negligible weight. Clearly, this is not a good situation, as we effectively ap-
proximate a distribution with a single particle. Moreover, this single particle
does not even have to be in a region of high probability. A particle can have
such a large relative weight that it will take very long for it to reduce, even
though the target distribution has “moved on”. A useful measure to detect
weight degeneracy is the effective sample size (Liu, 2001, p. 35-36), defined

as
N. A ; (8)
TSN (o
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This measure varies between 1 (all but one particle have weight 0) and N
(all particles have equal weight). Thus, the lower the effective sample size,
the stronger the weight degeneracy.

To counter the problem of weight degeneracy, SMC algorithms include
a resampling step, in which particles are sampled with replacement from
the set of all particles, with a probability that depends on the importance
weights. The main idea is to replicate particles with large weights and
eliminate those with small weights, as the latter have little effect on the
estimates anyway. The simplest sampling scheme is multinomial sampling,
which draws N samples from a multinomial distribution over the particle
indices ¢ = 1,..., N, with probabilities p(i) = W® . After resampling,
the weights are set to W® =1 /N, because, roughly put, we have already
used the information in the weights to resample the set of particles. It is
straightforward to show that resampling does not change the expected value
of the estimator (5).

In addition to countering weight degeneracy, a further benefit of resam-
pling is that while the SIS samples themselves are not distributed according
to the target distribution p (they are distributed according to the instru-
mental distribution ¢ and to approximate p we need to use the importance
weights), the resampled values are (approximately) distributed according
to p. A drawback of resampling is that it increases the variance of the es-
timator. To reduce this effect of resampling, alternatives to multinomial
resampling have been proposed with smaller variance.

The idea behind residual resampling (Liu and Chen, 1998) is to use a
deterministic approach as much as possible, and then use random resam-
pling for the remainder. To preserve the expected value of the estimator,

the expected number of replications of each particle i should be NW @,
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This is generally not an integer, and hence we can’t use these expectations
directly to generate the desired number of replications. Residual resampling
takes the integer part of each NW ) term and replicates each particle de-
terministically according to that number. The remaining particles are then
generated through multinomial resampling from a distribution determined
by the non-integer parts of each NW® term.

Stratified resampling (Carpenter, Clifford, and Fearnhead, 1999) is an-
other scheme which results in partly deterministic replication of particles.
As the name suggests, it is based on the principles of stratified sampling used
in survey research. Practically, the method consists of using the weights to
form an “empirical” cumulative distribution over the particles. This distri-
bution is then split into IV equally sized strata, and a single draw is taken
from each stratum.

The most popular resampling scheme, systematic resampling (Kitagawa,
1996), is based on the same intuition as stratified resampling, but reduces the
Monte Carlo variance further by using a single random number, rather than
a different random number, to draw from each stratum. Letting {6;, Wt(i)}
represent the set of particles before resampling, and {éﬁi),Wt i)} the set
of particles after resampling, systematic resampling can be summarized as

follows:

Algorithm 4. Systematic resampling

1. Draw u ~ Unif(0,1/N).

2. Define U' = (i — 1)/N +u,i=1,...,N.

3. Fori=1,..., N, find r such that Z};ll Wk <Ut <3, Wt(k) and
set j(i) =r.

4. Fori=1,...,N, set élgz) = ng(i)) and Wt(i) =1/N.
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Y1 Yy Y;

Figure 6: Schematic representation of a state-space model. Each observation Y; at time
t depends only on the current state ¢;. FEach consecutive state ¢: depends only on the

previous state ¢;_1.

Systematic resampling is simple to implement and generally performs very
well in practice (Doucet and Johansen, 2011). However, in contrast to resid-
ual and stratified resampling, it is not guaranteed to outperform multino-
mial resampling (see Douc, Cappé, and Moulines, 2005, for this point and
a thorough comparison of the theoretical properties of different resampling

schemes).

4. Particle filters: SMC for state-space models

In filtering problems, we are interested in tracking the latent states ¢; of a
stochastic process as each observation y; comes in. In a Bayesian framework,
we do this by computing a sequence of posterior distributions p(é1|y1), - ..,
p(é¢|y1.t). These posterior distributions of the current state ¢, given all the

observations thus far, are also called filtering distributions.

4.1. State-space models

State-space models are an important class of models to describe time-
series of observations. State-space models describe an observable time series
y1.¢ through a time-series of latent or hidden states ¢g;. In state-space

models, we make two important assumptions about the relation between
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states and observations. A graphical representation of a state-space model
in the form of a Bayesian network is given in Figure 6. Firstly, we assume
that each observation 1; depends solely on the current state ¢;, such that

the observations are conditionally independent given the states ¢;:

T

p(yirldor) = [ [ plyiler),

t=1
Secondly, we assume that the hidden states change over time according to a
first-order Markov process, such that the current state depends only on the

state at the immediately preceding time point:

T
p(eor) = p(¢o) [ [ p(delde1)
i=1

Given these two assumptions, we can write the posterior distribution over
the hidden states as

p(¢0) TT,_1 p(yelde)p(Delpr—1)
p(ylzT) .

p(por|yir) =

Moreover, we can compute the posteriors recursively as

P(yt|Pt)p(De|dr—1)

p(do:lyr:e) = P(Ye|y1:i—1)

p(Po:t—1|y1:4-1) (9)

where

P(Yelyri—1) = //P(yt|¢t)P(¢t|¢t—1)p(¢t—1|y1:t—1)d¢t—1d¢t

Models with this structure are also known as hidden Markov models (e.g.,

Visser, 2011).

4.2. SIS for state-space models

We can view the problem of estimating the hidden states ¢g.; as esti-

mating a vector of parameters 6 which increases in dimension at each time
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point ¢, such that, at time ¢, we estimate 8 = ¢g.;, and at time ¢ + 1 we add
another dimension to the parameter vector to estimate 8 = ¢g.4+1. Using
IS, we could draw a new importance sample {gi)g%} at each time ¢, but this
would result in an increase in computational burden over time, which we
would like to avoid in real-time applications. Using sequential importance
sampling, we can incrementally build up the importance sample, starting at
time t = 0 with a sample {(;Sg) }, then sampling values (bgi) at time 1 con-
ditional on the sample at time 0, then adding sampled values (b(;) at time
2 conditional on the sample at time 1, etc. Formally, this means we define

the importance distribution at time ¢ as

qt(¢0:t) = qi(Dt|P0:t—1)q1—1(P0:t-1)- (10)

Using this conditional importance distribution, and noting that ¢;—1(¢o.1) =

qt—1(¢o:t) _ 1
qt(¢o:t) — qe(odeldoe—1)"

Combining this with Equation 9, we can write the incremental weight update

qt—1(¢0:t—1), the right-hand ratio in (7) simplifies to

as

O Pl )p(6 168,
t BING )
p(uelyre—1)a (@165 _,)

Using normalized importance weights, we can ignore the p(y¢|yi+—1) term,

which is often difficult to compute. As when using SIS to sequentially es-
timate time-invariant parameters, we now have an algorithm of (approxi-
mately) constant computational cost. At each time ¢, we add a new dimen-
sion to our particles by drawing values ¢§i) from a conditional importance
distribution, and we update the weights without the need to revisit all the
previous observations and hidden states.

As usual, the choice of importance distribution g;(¢¢|¢po.t—1) should be

carefully considered, as a poor choice can result in an estimator with high
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variance. An equivalent formulation of the incremental weight update is

NONS (6 1y, o p(yel )
p(ulyne—1)a(6|88) )

which is generally more involved to compute, but indicates that the op-

timal importance distribution (in terms of minimizing the variance of the

importance weights) is

q; (Deld0:t—1) = p(De|ye, di—1)-

The optimal importance distribution is again mostly of theoretical interest,
but when possible, an importance distribution should be used which matches
it as closely as possible.

Unfortunately, even when the optimal importance distribution can be
used, SIS for state-space models will suffer from the same weight degeneracy
problem we observed when estimating time-invariant parameters. Suppose
that at time ¢, we have a “perfect” sample qb(()zz ~ p(¢o:t|y1:t), i.e., the parti-
cles are distributed according to the target distribution and the normalized
importance weights are all W =1 /N. Moving to the next time point, we
can sample the new state ¢§21 ~ p(br+1|ye+1, ¢§")), but without redrawing
qﬁ&, the resulting particles gZ)g% 41 will not be distributed according to the
current target distribution p(¢g.¢+1|y1:¢+1). Thus, in a sequential algorithm
where we keep the values qzb(()g, it will not be possible to generate a perfect
sample at time ¢t + 1. To do this, the samples (;5(()@1 would already have to be
distributed according to p(¢o.t|y1:1+1), and not according to p(po.¢|y1.¢), the
target distribution at time t. These two distributions are generally differ-
ent, because the new observation y;,1 provides information about the likely

values of ¢g.; that was not available at the time of drawing gb(()l)t Hence,
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repeated application of SIS necessarily introduces variability in the impor-
tance weights, which builds up over time, increasing the variance of the

estimator and ultimately resulting in weight degeneracy.

4.8. A generic particle filter

To counter weight degeneracy, SMC methods combine SIS with resam-
pling, replicating particles with high weights and eliminating those with low
weights. After resampling, the particles have uniform weights and are (ap-
proximately) distributed according to the target distribution p(¢o.¢|y1.¢). At
the next time point, a new dimension ¢, is added to the particles by draw-
ing from a conditional importance distribution th(qﬁgl\qbgz). Resampling
will have focussed the set {d)g%} on useful “grid points” and while this set
contains exact copies of particles, the values of the new dimension ¢§21 will
be jittered and hence provide an adapted and useful set of grid points to es-
timate ¢y41. As estimation of a current state ¢, is generally of more interest
than estimating the whole path ¢o.;, the fact that we now have a multidi-
mensional grid where only the last dimension is adapted (as the dimensions
reflecting earlier states contain exact replicates) is of little concern. If we
are interested in estimating the whole path ¢g.;, we would need to jitter the
grid points on all dimensions. We return to this issue in Section 5.1.

A generic particle filter (see Figure 1) to approximate a sequence of
posterior distributions p(o.1|y1), p(do:2|yi:2), - .., p(Po:t|y1:t), proceeds as

follows:

Algorithm 5. A generic particle filter

1. (Initialize) For i« = 1,..., N, sample gZ;(()i) ~ q(¢o) and compute the

~ (s 7(4) ~ [z
normalized importance weights WOZ) o ? Eg?l); with SN, Wt(l) =1.
a\(Pq
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2. Fort=1,...,T:
(a) (Propagate) For i = 1,..., N, sample gbgi) ~ qt(qﬁt\q;g%fl), and
add this new dimension to the particles, setting g{)(()zi = ((;(()2_1, ti)).

(b) (Reweight) For i =1,..., N, compute normalized weights

_ (4) DITOIA

Wt(z) ~ P(ye| oy (2?(%) |91°1) Wt(i)1
a(¢y " [Po:4—1)

with YN W = 1.

(c¢) (Estimate) Compute the required estimate

N
B = e

i=1
(d) (Resample) If Nog < ¢N, resample {qz(()li} with replacement from
{gbg%} using the normalized weights Wt(i) and set Wt(i) =1/N to
obtain a set of equally weighted particles {(%Z, W@ =1/N}; else
set {0 Wi} = {04y W}

In this generic particle filter, we allow for optional resampling, whenever
the effective sample size is smaller than or equal to a proportion ¢ of the
number of particles used N. While particle filters often set ¢ = 1, so that
resampling is done on every step, choosing a different value can be benefi-
cial, as resampling introduces additional variance in the estimates. If the
importance weights show little degeneracy, then this additional variance is
unnecessary. Therefore, setting ¢ = .5, which is another common value, we
only resample when there is sufficient evidence for weight degeneracy.

At each iteration, we effectively have two particle approximations, the
set {(b((ﬁ, Wt(i)} before resampling, and the set {(5(()23&7 W(i)} after resampling.

While both provide unbiased estimates, the estimator before resampling
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generally has lower variance. It should also be noted that this particle filter
provides a weighted sample of state sequences gb((f% = (qﬁ(()i), gi), .. .,gbgi)),
approximating a posterior distribution over state sequences p(¢o.¢|y1:¢). The
estimator B} ™ is also defined over these sequences and not a single state
¢¢. In filtering problems, we are generally only interested in estimating the
current state, not the whole path ¢g.;. As the posterior distribution over a

single state is a marginal distribution of the joint posterior distribution over

all states, we can write the required expected value as

Byl(60) = [ £@np(orlyse) dox
. //f(¢t)p(¢t>¢0:t—1!y1:t)d¢td¢0:t—1-

This means that we can effectively ignore the previous states, and use the

estimator
BP =Y W p(er).
i=1

Several variants of this generic particle filter can be found in the litera-
ture. In the bootstrap filter (Gordon, Salmond, and Smith, 1993), the state
transition distribution is used as the conditional importance distribution, i.e.
qt(qbt|¢)6271) = p(¢¢|pt—1). This usually makes the propagate step simple to
implement and also simplifies the reweighting step, as the weights can now
be computed as Wt(i) o p(yt\gbgi))Wt(i)l. The auxiliary particle filter, intro-
duced in Pitt and Shephard (1999) and later improved by Carpenter et al.
(1999), effectively switches the resampling and propagate steps, resulting in
a larger number of distinct particles to approximate the target. The aux-
iliary particle filter can be implemented as a variant of the generic particle
filter by adapting the importance weights to incorporate information from

the observation at the next time point; the subsequent resampling step is
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then based on information from the next time point, and thus particles will
be resampled which are likely to be useful for predicting this time point. For
more information, see, e.g., Doucet and Johansen (2011) and Whiteley and
Johansen (2011).

Chopin (2004) shows how a general class of SMC algorithms, including
the generic particle filter, satisfy a Central Limit Theorem, such that, as the
number of particles approaches infinity, SMC estimates follow a Gaussian
distribution centered around the true value. For other convergence results
and proofs, see, e.g., Del Moral (2013), Douc and Moulines (2008), and
Whiteley (2013).

4.4. Example: A particle filter for a simple Gaussian process

We will illustrate SIS with an example of a latent Gaussian process with
noisy observations. Suppose there is a latent variable ¢ which moves in

discrete time according to a random walk
prr=d+& &~ N(0,07), (11)
where the initial distribution at ¢ = 0 is given as
o ~ N0, 7). (12)

The value of the latent variable can only be inferred from noisy observations

Y; that depend on the latent process through
Yi=¢1+e& e ~ N(0,02). (13)
This model is a relatively simple state-space model with

p(yelée) = N(¢¢,07)
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Figure 7: Example of the one-dimensional Gaussian latent process with o = 10, 0¢ = 2,
O’? =1, and 02 = 10. Dots show the observations y: and latent states ¢:. Lines show the

true posterior means and particle filter estimates of the posterior means.

and
p(deldr—1) = N(¢p—1,0%).

Figure 7 contains example data from this process.

Suppose that the observations y; are made sequentially, and after each
new observation, we wish to infer the value of the underlying latent variable
¢¢. The distributions of interest are thus p(¢1|y1), p(d2|y1:2), .-, D(dt|y1:t)-

As the process is linear and Gaussian, the distributions can be computed
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analytically by the Kalman filter (Kalman, 1960; Kalman and Bucy, 1961).
However, approximating the posterior means by a particle filter will illus-
trate some key features of the algorithm and the availability of analytical
estimates offers a useful standard to evaluate its quality.

We will use a bootstrap filter, using as conditional importance distribu-
tions the transition distribution of the latent process, i.e. qi(¢¢|dot—1) =
p(bt|édr—1). The self-normalized weights are then easily computed as Wy
p(yt|gb§i))Wt(i)1. We also set ¢ = 1, so that we resample at each iteration,
using systematic resampling. Figure 7 contains the resulting estimates £} ©®
of the posterior means as well as the analytical (true) values computed with
a Kalman filter. As can be seen there, the estimates are very close to the
analytical posterior means. For comparison, if we run the filter with ¢ =0
(so that we never resample, turning it into a straightforward SIS algorithm),
we see that while the estimates are quite good initially, at later time points,
the deviation between the estimated and actual posterior means increases.
Again, this is due to weight degeneracy, which is countered by the resam-
pling step in the particle filter. The effect of resampling can be clearly seen
in Figure 8, which depicts the variation in the estimates when the algorithms
are applied repeatedly to the same data. While there clearly is an increase
in the variance of SIS over time, the estimates of the bootstrap filter remain
close to the analytical values. For comparison, we also plot the results of an
SIS and particle filter algorithm with the optimal importance distribution
Gt (&t do:t—1) = p(de|yt, dr—1). The increase in efficiency due to the optimal
importance distribution is clearly seen in the case of SIS. While still present,

the difference between the two particle filters appears less marked.
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Figure 8: A comparison of SIS (no resampling) and particle filters (with resampling) shows
that resampling clearly improves the accuracy of estimation. Each panel shows the true
posterior mean (solid line) and 95% interpercentile region of estimated posterior means
(shaded region) when applying the algorithms to the data of Figure 7. SIS (bootstrap)
is the bootstrap filter with ¢ = 0 (no resampling), PF (bootstrap) is the bootstrap filter
with ¢ = 1 (always resampling), and SIS (optimal) and PF (optimal) are similar to these
but use the optimal importance distribution. Each algorithm uses N = 500 particles and
the interpercentile regions were computed by running each algorithm on the same data

for 2000 replications.
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5. Further issues and extensions

While particle filters generally work well to approximate the filtering
distributions of latent states in general (non-linear and/or non-Gaussian)
state-space models, the application of SMC beyond this domain requires
further consideration. Here we briefly highlight some issues and solutions
for using SMC to approximate the posterior distributions over whole state
trajectories and time-invariant or static parameters. We end with a brief
discussion of how to combine sampling with analytical integration in order

to increase the efficiency of SMC.

5.1. Sample impoverishment and particle smoothing

Although resampling counters the problem of weight degeneracy, it in-
troduces a new problem of “sample impoverishment”. By replicating and
removing particles, resampling reduces the total number of unique values
present in the set of particles. This is no major issue in filtering, where we
are interested in estimating the current state ¢;. The particle values qbti)
used for this are “jittered” in the propagate step, and estimation proceeds
before resampling affects the number of unique values of this state in the set
of particles. However, resampling does reduce the unique values of qbt()z;)tfl
reflecting the states at earlier time points, and over time this problem be-
comes more and more severe for the initial states. When the algorithm has
run for a large number of time points, it can be the case that all the parti-
cles have the same value for ¢;. This sample impoverishment can severely
affect the approximation of the so called smoothing distributions p(é¢|y1.7),
1<t <T.

To provide better approximations of smoothing distributions, several

alternatives to basic SMC have been proposed. A simple procedure is to use
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a fized lag approximation (Kitagawa and Sato, 2001). This approach relies
on the exponential forgetting properties of many state-space models, such

that

p(do:tly1.T) ~ P(¢0:t|y1:(t+A)) (14)

for a certain integer 0 < A < T — t; that is, observations after time ¢ + A
provide no additional information about ¢g... If this is the case, we do not
need to update the estimates of ¢g.; after time t+A. For the SMC algorithm,
that means we do not need to update (e.g., resample) the particle values qﬁ(()z)t
then. Generally, we do not know A, and hence have to choose a value D
which may be smaller or larger than A. If D > A, we have not reduced the
degeneracy problem as much as we could. If D < A, then p(¢o.t|y1.(1+p)) is
a poor approximation of p(¢o.t|y1.7).

A better, but computationally more expensive option is to store the par-
ticle approximations of the filtering distributions (i.e., the particle values
gbgi) and weights Wt(i) approximating p(¢¢|y1.¢)) and then reweight these us-
ing information from observations y(1).7 to obtain an approximation of
p(ée|y1.r). Particle variants of the Forward Filtering Backwards Smoothing
and Forward Filtering Backwards Sampling algorithms have been proposed
for this purpose (see e.g., Douc, Garivier, Moulines, and Olsson, 2011). One
issue is that as these methods reweight or resample the particle values used
to approximate the filtering distributions, but do not generate new particle
values, they can be expected to perform poorly when the smoothing distri-
butions differ substantially from the filtering distributions. An alternative
approach, which can be expected to perform better in these situations, is

the two-filter formulation of Briers, Doucet, and Maskell (2010).
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5.2. Inferring time-invariant (static) parameters

While particle filtering works generally well to estimate latent states
¢¢, which can be viewed as time-varying parameters, estimation of time-
invariant or static parameters 6 is more problematic. For instance, consider
the simple Gaussian process defined in (11) - (13), and suppose both o¢ and

o are unknown. The inference problem is then to approximate

p(¢0:t,9’y1:t) X p(¢0:t|07y1:t)]7(9’y1:t)

where 6 = (0¢,0). The main problem for a particle filter approximation is
again sample impoverishment: resampling will reduce the number of unique
particle values that represent 0. For time-invariant parameters, there is no
natural way to “jitter” the particles after resampling. One solution is to use
an artificial dynamic process for the static parameters, e.g., drawing new
particles from a (multivariate) Normal distribution centered around the old
particle values

Gt(ﬁl ~ N6, %),

where Yy is a covariance matrix, and subscript ¢ indicates that the parameter
values reflect the time ¢ posterior and not that the parameters are actually
time-varying. While this reduces the problem of sample impoverishment, the
artificial process will inflate the variance of the posterior distributions. Liu
and West (2001) propose to view the artificial dynamics as a form of kernel
smoothing: drawing new particle values from a Normal distribution centered
around the old particle values is akin to approximating the distribution of
6 by a (multivariate) Gaussian kernel density:

N

p(Olyre) = Y WON(0]6), %).
=1
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To reduce variance inflation, Liu and West (2001) suggest to use a form of
shrinkage, shifting the kernel locations Gt(i) closer to their overall mean by
a factor which ensures that the variance of the particles equals the actual
posterior variance.

An alternative is to incorporate Markov chain Monte Carlo (MCMC)
moves in the particle filter (Andrieu, Doucet, and Holenstein, 2010; Chopin,
2002; Chopin, Jacob, and Papaspiliopoulos, 2013; Gilks and Berzuini, 2001).
The idea is to rejuvenate the particle set by applying a Markov transition
kernel with the correct invariant distribution as the target. As they leave the
target distribution intact, inclusion of MCMC moves in a particle filter al-
gorithm is generally allowed. For a recent comparison of various approaches

to parameter estimation with SMC techniques, see Kantas, Doucet, Singh,

Maciejowski, and Chopin (2015).

5.8. Rao-Blackwellized particle filters

There are models in which, conditional upon some parameters, the dis-
tributions of the remaining parameters can be solved analytically. For in-
stance, in the example of the Gaussian process, we could assume that the
process can switch between periods of high and low volatility. This can be
represented by assuming a second latent process wq.7, where w; is a discrete
latent state indicating low or high volatility, and letting the innovation vari-
ance o¢(wy) be a function of this discrete latent state. This is an example
of a switching linear state-space model, which is analytically intractable.

Writing the joint posterior as

p(¢0:t7 wl:t’yl:t) = p(¢0:t|wlzta yl:t)p(wlztkl/l:t)

and realizing that, conditional upon wi., ¢g+ is a linear Gaussian state-

space model, the Kalman filter can be used to analytically compute the
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conditional distributions p(¢o.;|wi.t,y1.+). Hence, we only need to approxi-
mate p(wi.¢|y1.t) through sampling (cf. Chen and Liu, 2000). Solving part
of the problem analytically reduces the variance in the importance weights,
and hence increases the reliability of the estimates (Chopin, 2004). The
main message here is that sampling should be avoided whenever possible.
The combination of sampling and analytical inference is also called Rao-

Blackwellisation (Casella and Robert, 1996).

6. A particle filter to track changes in learning rate during prob-

abilistic category learning

As a final example of SMC estimation, we use a particle filter to esti-
mate changes in learning rate in probabilistic category learning. In proba-
bilistic category learning tasks, people learn to assign objects to mutually
exclusive categories according to their features, which are noisy indicators
of category membership. Tracking the learning rate throughout a task is
theoretically interesting, as it reflects how people adapt their learning to
the volatility in the task. If the relation between features and category
membership is time-invariant, people should ideally show “error discount-
ing” (Craig, Lewandowsky, and Little, 2011; Speekenbrink, Channon, and
Shanks, 2008), where they accept an unavoidable level of error and stabilize
their classification strategy by slowly stopping to learn. On the other hand,
if the relation between features and category membership changes over time,
then people should continue to adapt their categorization strategy to these
changes (Behrens, Woolrich, Walton, and Rushworth, 2007; Speeckenbrink
and Shanks, 2010). How quickly they adapt (i.e. their learning rate) should

ideally depend on the rate at which the feature-category relation changes
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(i.e. the volatility in the task). When the volatility is unknown, this it-
self has to be inferred from experience, such that people effectively have to
“learn how (much) to learn”.

Previous investigations of dynamic changes in learning rate have either
estimated learning rates separately in consecutive blocks of trials (Behrens
et al., 2007), or assumed the changes in learning rate followed a predeter-
mined schedule (Craig et al., 2011; Speekenbrink et al., 2008). Using a parti-
cle filter, we can estimate the learning rate on a trial-by-trial basis without
making too restrictive assumptions. In this example, we use unpublished
data collected in 2005 by David A. Lagnado at University College London.
Nineteen participants (12 female, average age 25.84) performed the Weather
Prediction Task (WPT, Knowlton, Squire, and Gluck, 1994). In the WPT,
the objective is to predict the state of the weather (“fine” or “rainy”) on the
basis of four cues (tarot cards with different geometric patterns, which are
either present or absent). Two cues are predictive of fine weather and two
cues of rainy weather. The version of the WPT used here included a sudden
change, whereby from trial 101 until the final (200th) trial, cues that were
first predictive of fine weather become predictive of rainy weather, and vice
versa.

As in Speekenbrink et al. (2008), we will assume people learn an asso-
ciative weight, v;, for each cue. Over trials, these weights are updated by

the delta-rule
Vi1 = Vit + N (Ye — Pr) Tjes

where z;; is a binary variable reflecting whether cue j was present on trial

t, y; is a binary variable reflecting the state of the weather, and p; is the
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predicted probability of the state of the weather:
_ 1
14 exp (— > an%t)

People’s categorization responses are also assumed to follow these predicted

Dt

probabilities.
Our interest is in the learning rate n; > 0, which we will allow to vary

from trial to trial according to the following transition distribution:

p(ealne) = TN (e, 07) (15)

where TN is a normal distribution truncated below at 0 (as the learning
rate is positive). We also use a truncated normal distribution for the initial

learning rates:
10 ~ TN (po,03)

Estimating the learning rates 7, is a difficult problem. Each response is
a random variable drawn from a Bernoulli distribution with parameter p,
which depends on the cues on trial ¢ and the associative weights v;;. These
associative weights in turn depend on the starting weights v;; (which we
fix to 0), the previous cues and states of the weather, and the sequence of
unknown learning rates 7;.,—1. While the delta rule is deterministic, un-
certainty about the learning rates induces uncertainty about the associative
weights. Unfortunately, as we only have a single binary response on each
trial, we obtain relatively little information to reduce the uncertainty about
the associative weights and with that about the learning rates which gave
rise to these weights. All in all, we can thus expect the estimated learning
rates to be somewhat noisy.

For each participant, we estimated the time-varying learning rates with

a bootstrap filter with N = 2000 particles and selective resampling when
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Neg < .5BN, i.e. when the effective sample size was half the number of
particles. The hyper-parameters were pio = 0.05, 09 = 0.795 and o, = 0.101,
which were determined maximizing the likelihood of the responses for all
participants.

We expected learning rates to start relatively high at the beginning of
the task and then to gradually decrease due to error discounting. In re-
sponse to the abrupt change in task structure at trial 101, learning rates
were expected to increase again, possibly decreasing again thereafter. Fig-
ure 9 shows the estimated means and 5% and 95% quantiles of the posterior
(filtering) distributions p(n|X1:4+1, Y1:¢, "1:4+1). The results show that many
participants show an increase in learning rate after trial 101, reflecting the
change in task structure at that point. Thus, many participants appeared to
indeed adapt their learning to the volatility in the environment. While some
participants, such as S5, show the expected pattern with initially relatively
high learning rate which decreases until the change at trial 101, then in-
creasing and decreasing again thereafter, other participants, such as S14 do
not show slowed learning towards the end of the task. This might be due to
expecting more abrupt changes. There is quite some individual variability in
the dynamics of learning rate over time. The best performing participants
have relatively high learning rates and marked changes throughout the task.
The less well performing participants had relatively low learning rates, in-
dicative of a slow adaptation of their strategy to the task structure. While
the posterior distributions are generally wide, because the responses provide
limited information about the learning rates, the results were consistent over

multiple runs of the algorithm and deviations in the hyper-parameters.
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Figure 9: Particle filter estimates of time-varying learning rates. Solid lines represent
the estimated mean (solid line) and shaded areas the 5%-95% interpercentile range of
the posterior (filtering) distributions of n; for each participant. Participants are ordered
row-wise according to the expected performance of their predictions (the probability that
their prediction was correct, rather than whether it was actually correct on a particular

trial), with the best performing participant appearing in the top-left panel.
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7. Conclusion

This tutorial introduced sequential Monte Carlo (SMC) estimation and,
in particular, particle filters. These techniques provide sampling-based ap-
proximations of a sequence of posterior distributions over parameter vec-
tors which increase in dimension, and allow inference in complex dynamic
statistical models. They rely on a combination of sequential importance
sampling and resampling steps. Sequential importance sampling provides
sets of weighted random samples (particles), while resampling reduces the
problem of weight degeneracy that plagues sequential importance sampling.
SMC has proven especially useful in filtering problems for general state-
space models, where the objective is to estimate the current value of a
latent state given all previous observations, but its use extends to other
problems including maximum likelihood estimation (e.g., Johansen, Doucet,
and Davy, 2008) and optimizing experimental designs (Amzal et al., 2006).
SMC is an active research field in statistics and machine learning and re-
cent developments have focussed on combining SMC with Markov chain
Monte Carlo (MCMC) techniques in order to provide efficient inference for
statistical models with both dynamic states and static parameters (e.g., An-
drieu et al., 2010; Chopin et al., 2013). Recent software to implement SMC
techniques include Biips (http://alea.bordeaux.inria.fr/biips/) and
LibBi (http://1ibbi.org/). All analyses in this tutorial were programmed
in the R language and all code and data are available in the supplementary

material and on the Open Science Framework (http://osf.io/b6gsk/).
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