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We study multiple parallel contests where contest organizers elicit solutions to innovation-related problems
from a set of solvers. Each solver may participate in multiple contests and exert effort to improve her
solution for each contest she enters, but the quality of her solution in each contest also depends on an output
uncertainty. We first analyze whether an organizer’s profit can be improved by discouraging solvers from
participating in multiple contests. We show, interestingly, that organizers benefit from solvers participating
in multiple contests when the solver’s output uncertainty in these contests is sufficiently large. A managerial
insight from this result is that when all organizers are eliciting innovative solutions rather than low-novelty
solutions, they may benefit from solvers participating in multiple contests. We also show that organizers’
average profit increases when solvers participate in multiple contests even when some contests seek low-
novelty solutions, as long as other contests seek cutting-edge innovation. We further show that an organizer’s
profit is unimodal in the number of contests, and the optimal number of contests increases with the solver’s
output uncertainty. This finding may explain why many organizations run multiple contests in practice,
and it suggests running a larger number of contests when the majority of these organizations are seeking

innovative solutions rather than low-novelty solutions.
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1. Introduction

With the advancements in information technology and the Internet, organizations have started to
look beyond their boundaries in their search for innovation (Chesbrough 2003). For example, 85%
of top global brands have used crowdsourcing in the last ten years (Chen et al. 2020). A popular
and cost-effective method used for crowdsourcing is an innovation contest. In an innovation contest,
an organizer elicits innovative solutions to a challenging problem from a group of solvers and gives
an award to the solver who submits the best solution.

Contests are becoming increasingly popular; crowdsourcing platforms such as InnoCentive and
Topcoder now organize numerous contests each year and generate $1 billion in revenue with an

annual growth rate of 37.1% (Chen et al. 2020). InnoCentive, for example, organizes around 200
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contests annually for its customers, and these contests are often run in parallel. InnoCentive mem-
bers often participate in multiple contests and may win cash awards ranging from $5,000 to $1
million.! Similarly, Topcoder organizes around 6,000 software contests annually, and Topcoder
members compete for awards of around $10,000. Interviews we conducted with practitioners at
InnoCentive and Topcoder as part of our research revealed that a crowdsourcing platform either
determines the rules for the contests (such as the awards given to winners) on behalf of its cus-
tomers, or instructs its customers in how to set these rules.? These interviews also revealed that
a contest platform may encourage or discourage solvers from participating in multiple contests by
setting its terms and conditions accordingly.?

Besides contest platforms, many other organizations also run multiple contests in parallel. For
instance, Elanco, an animal healthcare company, has organized five contests in 2016, eliciting
innovative solutions to animal healthcare problems (Elanco 2017). Similarly, the Bill and Melinda
Gates Foundation (hereafter, the Gates Foundation) has organized 14 contests in 2016 within the
Grand Challenges Explorations initiative, where solvers develop innovative solutions to challenging
healthcare problems. Most of these contests are run in parallel, providing solvers with several
problems to work on, yet, some of the organizations running them discourage solvers from entering
multiple contests. For instance, the Gates Foundation allows submission only to a single contest
(GrandChallenges 2017).

Practitioners who run multiple contests need to make several important decisions, and one of
these decisions is whether to discourage solvers from participating in multiple contests. If solvers
are entering only one contest at a time, their effort will not be divided between multiple contests,
so they will be able to devote more effort and attention to the particular contest they are entering.
Indeed, most of the scant literature on multiple contests assumes that each solver enters only
one contest (e.g., Azmat and Maéller 2009). In practice, however, platforms such as InnoCentive
allow solvers to enter multiple contests. Another important decision for practitioners is how many
contests to run in parallel, because this affects solvers’ incentive to exert effort and the quality of
! Statistical analysis at InnoCentive reveals that in theoretical challenges where solvers develop solutions with no
requirement for implementation, they often work on multiple contests in parallel. Specifically, on four random days
within the past twelve months, 57.4% of solvers opened more than one project room to work on multiple contests in
live theoretical challenges in a day. Note that this number is likely to be a significant underestimation of the actual
percentage of solvers working on multiple contests because this analysis does not take into account solvers who work

on some contests offline and those who allocate one day to one contest and the next day to another contest. We thank
Graham Buchanan, director of marketing at InnoCentive, for sharing this statistic.

2 We thank John Elliott, former business development manager at InnoCentive, Greg Bell, former head of marketing
and community at Topcoder, and Clinton Bonner, director of marketing and crowdsourcing strategy at Topcoder for
providing insights into their operations.

3 During our interviews with managers at Topcoder, we learned that development challenges that seek low-novelty
solutions are designed to focus solvers’ efforts on a single contest. In algorithm challenges that seek innovative
solutions, solvers quite often work on multiple contests in parallel.



Korpeoglu, Korpeoglu, and Hafalir: Parallel Innovation Contests
Article forthcoming at Operations Research 3

their solutions in each contest. In this paper, we provide insights into these decisions by answering
the following research questions. (Q1) When should solvers be discouraged from participating in
multiple contests? (Q2) How does the number of contests affect an organizer’s profit?

To answer these questions, we build a game-theoretic model of innovation contests where multiple
contest organizers elicit solutions from a set of solvers. After all the awards are announced, each
solver exerts effort to improve her solution in each contest she enters, where the quality of her
solution also depends on her output uncertainty. Our model offers a number of new features that
contribute to the theory on innovation contests. First, while previous studies have focused only on
a single contest, we analyze multiple parallel contests. This analysis requires us to characterize a
multidimensional optimization problem for each solver who decides how much effort to invest in
each contest by assessing the total cost of the effort required. This technical contribution is even
more pronounced when considering heterogeneous contests with different characteristics. Second,
while previous studies assume that a solver can exert unbounded effort and incur an unbounded
cost, we consider the solver’s budget constraint, as this is more consistent with what happens in
practice. Third, building on the economics and operations literature, we factor in two effects that
determine the shape of a solver’s cost function: (i) each contest exhibits diseconomies of scale, as it
may be increasingly difficult for a solver to improve the quality of her solution for a certain contest
(e.g., Mihm and Schlapp 2019), and (ii) there are potential economies of scope across contests, as
exerting effort in one contest may reduce the cost of effort in another (e.g., Willig 1979, Panzar
and Willig 1981).* While these novelties increase the complexity of our analysis and require special
technical attention, they allow us to capture important aspects of innovation contests in practice.

We answer our first research question by comparing an “exclusive” case where each solver can
participate in only one contest with a “non-exclusive” case where each solver can participate in
multiple contests. We show that when solvers face sufficiently large output uncertainty, an orga-
nizer’s profit in the non-exclusive case is larger than in the exclusive case. The intuition is as follows.
While an exclusive contest incentivizes solvers to exert more effort, a non-exclusive contest attracts
a larger number of solvers and hence a more diverse set of solutions. The diversity effect outweighs
the incentive effect when solvers face sufficiently large output uncertainty. This result suggests that
practitioners should run non-exclusive contests when seeking innovative solutions and exclusive
contests when seeking low-novelty solutions. For example, InnoCentive can achieve the best out-
come from theoretical challenges that seek innovative solutions (e.g., finding solutions to increase
4 Several factors can contribute to economies of scope. For instance, Sutton (2001) mentions the following factors that
lead to economies of scope in R&D: “There may be some common elements in the technologies employed along two
different [research] trajectories, and know-how accumulated along one trajectory may benefit the firm in its advance

along some other trajectory” (page 24). For example, a solver at Topcoder can use the same programming language
or the same code fragment in different contests.
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the literacy rate of deaf children in developing countries) by encouraging solvers to participate in
multiple contests. In contrast, Topcoder can achieve the best outcome from development challenges
that seek low-novelty solutions (e.g., finding bugs in a software) by discouraging solvers from par-
ticipating in multiple contests (e.g., by restricting the number of contests a solver can submit a
solution to). We also show that when multiple contests have different characteristics — for example,
some seeking low-novelty solutions, whereas others innovative solutions — the non-exclusive case
yields a larger average or total profit, although organizers that seek low-novelty solutions may be
worse off. Thus, in this case, practitioners should weigh in the overall benefit against the individual
loss for some organizers to determine whether to run exclusive or non-exclusive contests.

We next analyze how the number of contests affects an organizer’s profit and show that an
organizer’s profit can increase up to an optimal number of contests. This result holds regardless of
whether contests have similar or different characteristics. The intuition of this result depends on
the solver’s output uncertainty. When the solver’s output uncertainty is large, as discussed above,
running non-exclusive contests maximizes each organizer’s profit, and there is an optimal number
of non-exclusive contests. This is because running a greater number of non-exclusive contests
may benefit organizers due to the economies-of-scope effect, but it may also be detrimental to
them, because solvers may split their efforts among more contests or they may even refrain from
participating in some of these contests. We also show, interestingly, that the optimal number
of contests increases with the solver’s output uncertainty. This finding (along with its intuition)
suggests that practitioners who seek innovative solutions may benefit from organizing multiple
contests that exhibit economies of scope. When the solver’s output uncertainty is small, running
exclusive contests maximizes each organizer’s profit. In the exclusive case, because each solver enters
only one contest, the economies-of-scope effect disappears, but a different trade-off arises. As the
number of contests increases, the number of solvers in each contest decreases, thereby incentivizing
each solver to exert more effort, but reducing the diversity of solutions. Thus, when the solver’s
output uncertainty is small (e.g., when organizers seek low-novelty solutions), the incentive effect
outweighs the diversity effect, so running multiple contests improves the profit for each organizer.

We extend our main insights to several interesting cases. First, although it is common in the
innovation contest literature to assume that solvers are identical, we consider heterogeneity among
solvers. Second, while it is also standard to assume that the quality of a solution is an additive
function of a solver’s effort and output uncertainty, we show that our results still hold when
the solution quality is a multiplicative function of effort and output uncertainty. Although these
extensions yield the same insights as our main analysis, they contribute to the contest theory
because they require both a novel analysis and special technical attention. We hope our analysis

can guide future work that aims to incorporate these model components.
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Related Literature. Our paper contributes to the literature on innovation contests and in par-
ticular helps to extend the scant literature on multiple contests.

Research on innovation contests was pioneered by Taylor (1995) and Fullerton and McAfee
(1999), who show that it is optimal to restrict entry to a contest. Terwiesch and Xu (2008) also
did pioneering work by proposing a modeling framework and in showing that a free-entry open-
innovation contest is optimal. By generalizing the findings of Terwiesch and Xu (2008), Boudreau
et al. (2011) show empirically and Ales et al. (2020) show analytically that free entry is optimal
only when the solver’s output uncertainty is sufficiently large. Various other authors also build on
the modeling framework of Terwiesch and Xu (2008). For example, Nittala and Krishnan (2016)
examine the design of innovation contests within firms, Ales et al. (2017) study the optimal set
of awards in a contest, Mihm and Schlapp (2019) analyze whether and how to give feedback to
solvers, Hu and Wang (2021) examine whether to run a single-stage or a sequential contest when
solvers’ solutions depend on multiple attributes, and Korpeoglu et al. (2018) look at the optimal
duration and award scheme of a contest.® Building on the modeling framework of these studies, we
contribute to this literature in two ways. First, while these studies look only at a single contest,
we consider multiple contests. This multiple-contest environment helps us bridge the gap between
theory and practice and contribute to the theory on innovation contests by capturing novel features
such as a solver’s capacity constraint and economies of scope across contests. Second, we analyze
novel research questions relating to when an organizer should discourage solvers from participating
in multiple contests and how the number of contests affects an organizer’s profit.

Of the relatively few studies that have examined multiple contests, DiPalantino and Vojnovié
(2009) study multiple all-pay contests with exogenously given awards and characterize equilibria
for solvers, yet they do not analyze the optimal decisions for organizers. Azmat and Méller (2009)

consider two identical Tullock contests and analyze the optimal award structure for organizers who

5 Our paper has some similarities to studies that have examined when a free-entry open-innovation contest is optimal.
This is because discouraging solvers from participating in multiple contests leads to fewer solvers in each contest,
and this then leads to a tradeoff between eliciting greater effort from solvers (by reducing the number of solvers)
and obtaining a more diverse set of solutions. Our paper, however, significantly differs from this literature. First, our
paper also looks at questions that were outside the scope of previous studies, such as the impact of the number of
contests on an organizer’s profit. Second, we show our results by considering several aspects that these papers do not,
such as a multiplicative output function, heterogeneous solvers, and multiple (possibly asymmetric) contests. Finally,
our paper considers other drivers that affect solvers’ incentive to exert effort such as economies of scope and splitting
effort across multiple contests. Thus, our paper also finds directionally different results from these studies.

b For a detailed review of this literature and other types of contests, we refer the reader to Ales et al. (2019). Our
paper is broadly related to studies that consider heterogeneous solvers by ignoring uncertainty (e.g., Moldovanu and
Sela 2001, Korpeoglu and Cho 2018, Stouras et al. 2017), to studies that analyze other types of contests (e.g., dynamic
contests by Bimpikis et al. 2019), to empirical studies on crowdsourcing (e.g., Jiang et al. 2016, Hwang et al. 2019,
Aggarwal et al. 2020), and to theoretical studies on new product development (e.g., Mihm 2010, Lobel et al. 2016).
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are competing to attract a set of identical solvers.” Biiyiikboyaci (2016) considers two solvers where
each solver exerts a large or small amount of effort and compares running two parallel contests
(potentially one solver in each contest) with running a single contest. Hafalir et al. (2018) compare
running two all-pay contests with running a single all-pay contest and focus on the equilibrium
among solvers without analyzing the optimal decisions for organizers.

It is noteworthy that the scant literature on multiple contests has provided only preliminary
answers to some aspects of multiple contests. First, the papers referred to above pay attention
only to exclusive contests and overlook non-exclusive contests, and hence they cannot compare the
two. Our results, however, confirm the benefits of non-exclusive contests for innovative settings.
Second, while these papers assume that an organizer is interested in all solutions, we assume that
the organizer is interested in the best solution—an objective more typical of innovation settings
(cf. Terwiesch and Xu 2008). Third, while the papers above consider the impact of the solver’s
effort, we consider how the solver’s effort and output uncertainty affect the quality of the solution
submitted and thus the organizer’s profit. It is well established in the literature that uncertainty
plays a prominent role in real-world innovation contests (cf. Boudreau et al. 2011). Finally, our
paper considers model components that those papers do not, such as asymmetry across contests
and heterogeneous solvers. These aspects of our paper contribute to the theory on innovation
contests and help us to generate managerial insights.

Our paper is also related to the economics literature on games with multiple battlefields (i.e.,
Colonel Blotto games). The seminal paper in this literature is that of Roberson (2006), who char-
acterizes the equilibrium in a game where two colonels simultaneously distribute forces across n
battlefields, and within each battlefield the colonel that allocates more forces wins. Kovenock and
Roberson (2010) consider more general success functions (where a colonel with more forces does
not necessarily win on a battlefield), cost functions, and utility functions for colonels. Hortala-
Vallve and Llorente-Saguer (2012) consider opposing parties with different relative intensities and
characterize the colonels’ payoffs that sustain a pure-strategy Nash equilibrium. Roberson and
Kvasov (2012) consider the case where the budget (in terms of total forces) do not have the “use
it or lose it” feature. Konrad and Kovenock (2012) characterize equilibria in a model where solvers
" Our paper is broadly related to the literature on multiple auctions. The pioneering paper by McAfee (1993) shows
that, in equilibrium, sellers hold identical auctions and buyers randomize the sellers they visit. Peters and Severinov
(1997) extend the McAfee (1993) model and analyze how reserve prices are determined. In the operations literature,
Beil and Wein (2009) consider two competing auctioneers and settings where bidders can participate in both auctions
or only a single auction. They show that for multi-item auctions, only the auctioneer with the smaller ratio of bidders
per item benefits from the existence of bidders that participate in both auctions. Not only do these papers address
different research questions than ours, but there are also three fundamental differences between auctions and contests.
First, while auction settings typically involve private information, in contest settings there is moral hazard, because
the solver’s efforts cannot be observed. Second, an auctioneer maximizes the total bid from bidders, whereas a contest

organizer maximizes the quality of the best solution less of the total award. Finally, while the bids in an auction are
deterministic, the quality of a solver’s solution in a contest depends on the level of output uncertainty.
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first choose contests (lifeboats) and then compete in all-pay contests with multiple identical prizes.
The main difference between our paper and the aforementioned work is that these papers do not
consider organizers; and they just characterize the equilibrium among solvers (colonels), whereas
our work analyzes the impact of the solvers’ competition on organizers who benefit from solvers’

efforts and output uncertainty.

2. The Model

Consider M innovation contests where M contest organizers elicit solutions to innovation-related
problems from a set of N solvers (“she”). Below, we describe our model of solvers and organizers

and then present the equilibrium.

Solvers. Each solver i € {1,2,..., N} develops a solution for each contest m € {1,2,..., M} she
participates in and generates an output y;,, C RU{—o00,00}. The output y;,, represents the quality
of solver i’s solution in contest m or its monetary value to organizer m. The output v, is determined
by solver i’s effort e;,, in contest m and solver i’s output shock Eim in contest m, and it takes the
following additive form: y;,, = y(€m, Em) =r(em)+ ém. We next elaborate on these two terms.

First, each solver ¢ can improve her output by exerting effort e;,, CR, in contest m. A solver’s
effort may represent the set of actions she takes to improve her output, such as “conducting a
thorough patent search and literature review, or implementing rigorous quality control systems with
high standards” (Terwiesch and Xu 2008, page 1532). For example, a logo designer may exert effort
by drawing multiple sketches before choosing the best one to submit (Ales et al. 2017). The effort
e:m leads to a deterministic improvement 7 (e;,, ) of the output, where r is an increasing and concave
function of e;,,, and r’ is homogenous of degree —k, where k > 0. This mild assumption is satisfied
by functional forms that are commonly used in the literature, such as linear and logarithmic forms.
We assume that all functions in the paper are thrice continuously differentiable.

Second, each solver faces uncertainty while developing her solution, and we capture this uncer-
tainty with an output shock ém, which is independent for each solver i and for each contest m.®
We allow for asymmetry across contests. Specifically, the output shock Eim in contest m follows a
cumulative distribution function H,, and a density function h,, with F [Em] =0 over support =, =
[SnsSm], Where s, <5, s, € RU{—00}, and 5,, € RU{oco}. We assume that h,, is log-concave,
i.e., log(h,,) is concave for all m € {1,2,..., M }. This property is satisfied by most commonly-used
distributions such as the Gumbel distribution used by Terwiesch and Xu (2008), the uniform dis-
tribution used by Mihm and Schlapp (2019), and normal, exponential, and logistic distributions.
®In practice, there may be some contest-specific dependence due to the uncertainty of the evaluation process. In
this case, each solver i’s output shock in contest m can be modeled as Em + &m Where & is a shock that is specific

to contest m. Because €, terms would appear in all solvers’ outputs, they would not affect solvers’ rankings or our
analysis, and hence we omit them.
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Throughout the paper, we analyze the impact of the solver’s output uncertainty by changing the
spread of the density h,,. For that purpose, we use the notion of a scale transformation (e.g.,
Rothschild and Stiglitz 1978). When the output shock Em, is transformed by a scale transforma-
tion with parameter a,,, the transformed random variable ém = amém has mean 0, and variance
aanar(g,»m). Thus, when «,, > 1, the transformed density is more spread out. Let Eﬁ be a random
variable that represents the largest output shock among {ém,ém, ...,§Nm}, and let py , = E[gﬁ]

Solver i’s utility U; = Ul(e;, ;) : R — R is defined over the vector of efforts e; = (e;1, €2, ..., €in1)
she exerts and the vector of awards x; = (x;1, %9, ..., Tiar) she receives. Solver i’s utility takes the
form U; = Zi\r{:l ZTim — V(€41, €49, ..., €401 ), and 1 represents the solver’s disutility or cost associated
with her effort. We assume that each solver has limited resources with a monetary budget B that
she can use to cover her total cost. We also assume that 1) has the following properties that seem
consistent with contest practice. First, each contest exhibits diseconomies of scale because a solver
may have to allocate more time, effort, or money to improve her output at a certain contest.

. . . . . . . . . . . 2
Thus, % is increasing in e;, with positive second partial derivatives; i.e., 8‘2—#’ >0 and ;e;l’ > 0.
rm im

This property is in line with studies that assume a convex cost of effort in a single contest (e.g.,
Mihm and Schlapp 2019). Second, as discussed in §1, there are potential economies of scope across
contests because when a solver exerts more effort in one contest, the cost of her effort in another
contest may decrease due to factors such as common investments (e.g., Willig 1979, Panzar and
Willig 1981). For example, a solver who conducts a literature review for a contest at InnoCentive
or Topcoder may find it easier to conduct literature reviews for other contests in the same subject
category. Thus, ¥ has negative cross-partial derivatives; i.e., aegngim <0 for all I #m.

As the tractability of the general cost function ) is limited, we assume the following form:

Plein, iz, -ns€ing) =1 <Z ¢>(€im)> ; (1)

where 7 is an increasing and homogenous “scope” function of degree b (< 1) and ¢ is an increasing
and homogenous “scarcity” function of degree p (> 1). We further assume that bp > 1 to ensure
that 1o ¢ is convex, and that either bp > 1 or k >0 (where the derivative of the effort function r’
is homogenous of degree —k). Lemma EC.4 of Online Appendix shows that the cost function
in (1) exhibits both diseconomies of scale and economies of scope as discussed above. Note that
when there is a single contest (i.e., M =1), ¢ in (1) boils down to a convex cost function that
subsumes the cost functions used in the literature, such as 1(e) = ce used by Terwiesch and Xu
(2008), v(e) = ce’?, where bp > 1 used by Ales et al. (2020, 2017), and (e) = ce? used by Mihm

and Schlapp (2019). We summarize all of our assumptions below.
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ASSUMPTION 1. The cost function ¥ (e, €0,y €ing) =1 <Z£\f:1 gb(em)), where the scope function
1 is increasing and homogenous of degree b(< 1), the scarcity function ¢ is increasing and homoge-
nous of degree p(>1), and bp > 1. The derivative of the effort function v’ is homogenous of degree
—k (k>0), and either bp > 1 or k> 0. Density h,, is log-concave for all m € {1,2,...,M}.

Organizers. As is common in practice and in the literature discussed in §1, we assume a winner-
take-all award scheme. Specifically, each organizer m gives an award A,, to the solver with the
largest output, i.e., the winner of contest m. The winner-take-all award scheme is proven to be
optimal in a single contest where the output shock density h,, is log-concave as in our setting (see
Proposition 3 of Ales et al. 2017). Under this award scheme, if solver ¢ wins contest m, her award
is Ty, = Ap; otherwise, x;,, = 0. Consistent with the innovation contest literature (Terwiesch and
Xu 2008, Mihm and Schlapp 2019), we assume that organizers are interested in the largest output
in their contests. For example, in a contest for a logo design, an organizer is interested in finding
the best logo, which will eventually be implemented. Thus, organizer m’s profit 1L, consists of the
largest output minus the award given in contest m, i.e., II,, = max; y;, — A,.

The sequence of events is as follows. First, the awards (Aj;, As,...,Ay) for all contests are
announced, then each solver i determines her effort e;,, in each contest m she participates in, while
considering her total cost of effort 1. Afterwards, each solver ¢ observes her output shock Eim, and
generates an output y;,, in each contest m. Finally, each organizer m collects solutions from solvers

participating in contest m, and gives the award A,, to the winner with the largest output.

Equilibrium among solvers. We next define and characterize a Nash equilibrium of the subgame
among solvers. As is common in the innovation contest literature, we focus on a symmetric pure-
strategy Nash equilibrium (hereafter, symmetric equilibrium), and denote each solver’s equilibrium
effort in contest m by e’,. To solve for the equilibrium, we first derive solver i’s probability of

winning contest m by exerting effort e;,,, given that all other solvers exert effort e’ in contest m:

P,(€im,er) = . H,(s+7r(eim) —r(es)N " hn(s)ds. (2)

Solver i chooses her effort e;,, in each contest m to maximize her expected utility subject to a

budget constraint by solving the following problem:
M

max Z Aum(eimae:n) - (61176127 ---yeiM) s.t. ¢ (61:1761‘2; --~76iM> §§- (3)

(€i1,€525-,€in1)
In a symmetric equilibmriulm, each solver exerts the equilibrium effort e, in contest m that solves
(3). We solve for the symmetric equilibrium by solving the Kuhn—Tucker conditions of (3). In §EC.1
of the Online Appendix, we investigate when a symmetric equilibrium exists. Because our model is
quite general, it is not analytically tractable to characterize precise conditions on our model prim-

itives to ensure the existence of a symmetric equilibrium. However, in Lemma EC.1 and Corollary
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Table 1 Summary of key notation in the main body.

M | Number of contests and organizers N | Number of solvers
eim | Effort of solver ¢ in contest m r | Effort function; r’ is homogenous of degree —k
Yim | Output of solver ¢ in contest m ¢ | Scarcity function, homogenous of degree p
1 | Cost function; =7 (Zf\le d)(eim)) 71 | Scope function, homogenous of degree b
é}m Shock of solver 7 in contest m hm,H,, | Density and distribution functions of ém
En | = max{Eim, Eoms v} pnm | = BIEN]
gl=((noe)/r) ! B | Solver’s budget
A, | Award in contest m I1,., I | Profit of organizer m and the average profit

EC.1, we provide a limiting sufficient condition for the existence of a symmetric equilibrium that
requires the output uncertainty to be sufficiently large and the cost parameter b to be above a cer-
tain threshold. Furthermore, in Lemma EC.2, we present precise sufficient conditions on our model
primitives by considering the specific settings that are used in the innovation contest literature.
Lastly, we numerically show that a symmetric equilibrium exists for a very broad class of distribu-
tions and parameter settings. Throughout the paper, we limit our attention to parameter settings
that allow a symmetric equilibrium to exist. It is common in the innovation contest literature to
assume such parameter settings (e.g., Terwiesch and Xu 2008, Mihm and Schlapp 2019) or to offer
limiting sufficient conditions for the existence of equilibrium (e.g., Ales et al. 2017, Hu and Wang
2021). It is worth noting that all our insights are generated from situations where a symmetric
equilibrium exists under a nonempty set of parameters and that all our figures illustrate settings
in which there is a symmetric equilibrium.

We next characterize the symmetric equilibrium among solvers. In preparation, we let g(x) =

((no@)’ /r")~(x). All proofs are provided in the Appendix and Table 1 summarizes our key notation.

P
Fp—1.-1F
PROPOSITION 1. Let Iy, = [ (A Tm) F¥7 T (B)>

SE=Em

M (A, ) FreT

1-b
(Zl]\il (AlIN,l)’H'Z—l) > Suppose Assumption 1 holds. Then, either
em <€y for all me {1,2,..,M} or e, >¢, for all me {1,2,....,M}. Furthermore, the unique

(N —1)H,,(s)N"2h,.(s)%ds, €, = ¢! <

k+bp—1
and €,, =g <(AmIN7m) s,
symmetric equilibrium satisfies the following properties:
(a) When e,, <@, for allm € {1,2,..., M}, the equilibrium effort e}, =e,, for allme{1,2,...,M}.

(b) When €,, > €., for allme{1,2,...,M}, the equilibrium effort ef, =€,, for allme{1,2,...,M}.

Proposition 1 has some interesting implications. First, note that a solver’s equilibrium effort levels
in all contests are interlinked via the common cost function ¢ (embedded in the function g) or
via the solver’s budget B. Specifically, when the solver’s budget constraint does not bind, she

determines her effort by balancing “the marginal benefit of additional effort,” which is the increase
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in her expected award, with “the marginal cost of additional effort.” In this case, interestingly,
a solver’s effort in contest m increases with the awards offered in other contests, because larger
awards in other contests lead the solver to exert more effort in those contests. Through economies
of scope, this reduces the solver’s marginal cost of effort, and hence increases her equilibrium effort
in contest m. On the other hand, when the solver’s budget constraint binds, the solver starts to
split her budget across multiple contests, and her effort in contest m decreases as the awards offered
in other contests increase because she shifts her budget to those contests that offer larger awards.

While our main model considers no fixed cost of participation and assumes that each solver
participates in M contests, in §3.3, we incorporate a fixed cost of participation and also consider

the case where each solver participates in a limited number of contests.

Coordinator. In our main analysis, we assume that a coordinator determines the awards in all
contests. This assumption is consistent with practice for two reasons. First, as discussed in §1,
many organizations such as Elanco and the Gates Foundation run multiple contests in parallel,
and such organizations will determine the awards for all of their contests. Second, as we discuss
in §1, our interviews with practitioners at InnoCentive and Topcoder reveal that a platform of
this kind acts as a coordinator either by determining all awards on behalf of its customers or
by instructing its customers how to set awards. We assume that the coordinator aims to maxi-
mize the expected average profit for organizers (hereafter, average profit), which is given by Il =
(1/M)(E [Zﬁ;l max; Yim] — Zn]\le A,.). Given the equilibrium effort e, we write max; vy, =
max; {r(eX,) + &m} =r(ek,) + max; &, =r(e;,)+EN. Thus, the coordinator’s objective is to max-

imize the average profit, which can be written as:
M . M NN} M
ﬁ — Zm:l T(enz) + E |:Zm:1 gm _ Zm:l Am (4)
M M M

The objective function in (4) may be suitable for a platform because a platform aims to increase

the value created for each customer; and in our model, this value is captured by an organizer’s
profit. The objective function in (4) also seems suitable for an organization such as Elanco or the
Gates Foundation while deciding whether to run contests in parallel.® On the other hand, when
such an organization is determining whether to run a new contest in parallel with others or not
to run it at all (and hence to forgo the potential profit), a more suitable objective could be to
maximize the total profit II* = Z%zl II,, from contests. We analyze this alternative objective in
§EC.2.1 of the Online Appendix. We also show that our main results hold in a decentralized case
where organizers determine their own awards; see §EC.2.2 of the Online Appendix.

91In practice, another plausible case is that such an organization will determine whether to run contests in parallel

or sequentially. As long as parallel contests create larger economies of scope than sequential contests, the results
obtained when using a sequential model would be qualitatively similar to our results.
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Contest asymmetry. We capture the asymmetry across contests as follows. We suppose that
there are J (€ {1,2,..., M }) contest types and we use the subscript in parentheses to denote type-
specific parameters. Specifically, each contest of the same type j (€ {1,2,...,J}) gives the same
award A(;y, and has the same output shock distribution H;y and density h(;) over the same support
Z(j), and hence the same I ;) = fsEE(j) (N —=1)H;(s)N"2h(;)(s)?ds and the same equilibrium effort
e(;- We let M(;) be the number of contests of type j, where Z}]:1 My =M.

We conduct our analysis in three stages. In §3, we analyze symmetric contests (i.e., J =1) to
generate clean insights relating to our research questions. In this case, for notational convenience,
we drop type-specific notation (i.e., subscript in parentheses). In §4, we show our main results and
generate new insights when contests are asymmetric. In §5 and §EC.2 of the Online Appendix, we

consider various extensions to show the robustness of our main insights.

3. Analysis of Symmetric Contests

In this section, we focus on symmetric contests (i.e., J =1). We start our analysis by characterizing
the optimal set of awards. To do so, we make two assumptions (similar assumptions are common
in the literature reviewed in §1). First, we assume that r'(g(x))g¢’(x) is decreasing in x, which holds
if and only if 2 — 2k — bp < 0, noting that the derivative of the effort function r’ is homogenous of
degree —k, the scope function 7 is homogenous of degree b, scarcity function ¢ is homogenous of
degree p, and g = ((no¢)’/r')~'. This assumption is so that organizer m’s profit II,, is concave in
award A,,. This concavity, along with the solvers’ budget constraint, ensures that the coordinator
always sets finite awards. Second, we assume that the effort function r is sufficiently concave or
the cost function v is sufficiently convex (e.g., b>0 and k> 1, or k>0 and b is close to 1) so
that solvers face sufficiently diminishing marginal returns compared to the cost they incur. Note
that all assumptions we make regarding r and v are satisfied by effort and cost functions that are
commonly used in studies focusing on a single contest. For example, our assumptions hold under
the Terwiesch and Xu (2008) model, where r(e) =6flog(e), ¥ (e) = ce, and 0,c > 0; under the Ales
et al. (2020, 2017) model, where r(e) =60(e** —1)/(1—k), ¥(e) =ce?®, k> 1, pb>1, and b € (0,1);
and under the Mihm and Schlapp (2019) model, where 7(e) = fe, 1)(e) = ce?®, §,¢> 0, pb=2, and

b is sufficiently close to 1. We summarize these assumptions below.

ASSUMPTION 2. 2—2k—bp <0 and the effort function r is sufficiently concave or the cost function

Y is sufficiently convex (e.g., b>0 and k> 1, or k>0 and b is close to 1).
The following lemma characterizes the optimal set of awards.

LEMMA 1. Suppose Assumptions 1 and 2 hold. Let ®(A) =1'(e*)g' (AINM'"*)IyM'~" — 1 and
Z:Mb_lg_l (¢—1 (’l’]_l(EM_b))) /IN
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(a) If ®(A) >0, then the average profit Il is mazimized at the optimal award A, = A* = A and
equilibrium effort e, =e* =¢~' (n”'(BM™")). If ®(A) <0, then there exists a unique A such that
®(A) =0, and 1T is mazimized at A%, = A* = A and e, = e* = g(A*IyM""?).

(b) A is decreasing in the number of contests M, and A s increasing, constant, or decreasing in

M when the degree of the derivative of the effort function r', k<1, k=1, or k> 1, respectively.

Lemma 1(a) shows that the average profit II is maximized when the award in each contest is A*.
This is because solvers face diminishing marginal returns in their efforts, so balancing solvers’ efforts
using identical awards improve the average of best outputs across all contests (i.e., = 27]\::1 (r(es)+
o N)), and in turn improves II. Let II* be an organizer’s profit when the award in each contest is

A*. Under the optimal award A* in Lemma 1, the average profit can be written as:
M=1I" =r(e*) + uy — A*. (5)

Lemma 1(a) also shows that the optimal award A* depends on whether or not the solver’s budget
constraint is binding. When it is not binding, it is optimal for the coordinator to set the awards
to balance the marginal benefit and the marginal cost of an award on the average profit. However,
when the solver’s budget constraint is binding, it is optimal for the coordinator to set the awards
at A, which is just enough to induce each solver to incur a cost of B, because a larger award cannot
improve a solver’s effort due to the budget constraint.

Lemma 1(b) shows that when the budget constraint binds, increasing the number of contests
M reduces the optimal award A* = A. This is intuitive because increasing M leads solvers to split
their efforts more, so the equilibrium effort e* decreases, and hence the incentive effect of the
award in terms of eliciting effort decreases with M. Lemma 1(b) also shows that when the budget
constraint does not bind, the optimal award A* = A can be increasing, constant, or decreasing in M
depending on the parameter k. We explain the intuition for the case where k <1 (i.e., A* increases
with M) but the same idea applies to k=1 and k& > 1. When the marginal contribution of award A
to the average profit increases, the optimal award A* increases. By Lemma 1(a), A* increases when
increasing M raises r’(e*) %‘; =7r'(e*)g (AlyM'=°) Iy M*~*. Because the equilibrium effort increases
with M, and the effort function r is concave, increasing M decreases the marginal contribution of
effort to output r (i.e., 7’'(e*)), but increases the marginal contribution of the award on eliciting

effort (i.e When the margmal contribution of effort on increasing output is inelastic to a

e 55)-

dlog(r’(e)) _ r '(e)e
dlog(e) 70)

the former negative effect (so increasing M reduces r’ (e*)%i;). Thus, A* increases with M.

change in effort (i.e., =k < 1), the latter positive effect of larger M dominates

The rest of this section proceeds as follows. In §3.1, we compare exclusive and non-exclusive
contests. In §3.2, we analyze how an organizer’s profit changes with the number of contests. In
§3.3, we enrich our analysis by first incorporating a fixed cost of participation and then considering

each solver’s participation in a limited number of contests. In §3.4, we discuss managerial insights.
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3.1. Exclusive versus Non-Exclusive Contests

In this section, we analyze when solvers should be discouraged from participating in multiple
contests. In practice, an organization such as the Gates Foundation or a platform such as Topcoder
can discourage solvers from participating in multiple contests, for example, by allowing submission
only to a single contest. We refer to the case where each solver can participate in only one contest
as the exclusive case, and the case where each solver can participate in multiple contests as the non-
exclusive case. Note that in our model and in Lemmas 1 and 2, M > 1 characterizes equilibrium and
optimal awards under M non-exclusive contests, and M =1 characterizes equilibrium and optimal

awards under a single exclusive contest. We next compare exclusive and non-exclusive cases.

THEOREM 1. Suppose Assumption 1 holds. Let T be the average profit when the coordinator
allocates solvers and awards optimally in the exclusive case. Suppose the output shock Eim 18 trans-
formed to a-m = o@m with a scale parameter o> 0. Then, there exists o such that the average

_ =X
profit in the non-exclusive case Il is greater than that in the exclusive case I for any a > ay.

Theorem 1 shows that when the solver’s output uncertainty is sufficiently large, the non-exclusive
case yields a larger average profit than the exclusive case; see Figure 1. To generate further insights,
we use the following effort and cost functions that subsume the effort and cost functions that are

commonly used in the literature (e.g., Terwiesch and Xu 2008, Korpeoglu and Cho 2018).
AssuMPTION 3. r(e) =60log(e), n(e) =ce’, and ¢(e) =e?, where §,¢>0, be (0,1), and p>1/b.
The following corollary shows that Theorem 1 is not an asymptotic result, and it characterizes «y.

COROLLARY 1. Consider two exclusive contests with N1 and Ny solvers, and let T be the average

profit in this case. Suppose Assumptions 1 and 3 hold, and that the output shock f:-m is transformed

~ ~ ) 02 max{In, ,In, 2IN, 4+ No } g log(In, In, )—210g(2' PIn 4 n,)
to & = s with > 0. Let ay = L2 1702 =& Lo L7227 iy =
Sim Sim ! p?b2B 727 bp 21N + Ny —HN; —HN, » =3
0% min{In, ,Iny 21N, +Ny } and o, =2 log(2)
p2b2B ¢ 1= _ BN TEN 4Bl 1 4, 1 1
HN7p+Ng 2 20 | TNy "IN, ~ TN +N,

(i) When B is sufficiently large, 11 is greater than o if and only if a > oy = .
(i3) 11 is greater than o if > oy =max{ai,as}.

(ii) 11 is less than o if a <min{as,ay}.

We next discuss the intuition of Theorem 1 and Corollary 1 using Figure 1. The average profit
TI depends on the effort term r(e*), the shock term fiy (= E[aﬁ] = E[ag(l\{)m]), and the award term
A*. Figure 1 compares these three terms and the average profit in exclusive and non-exclusive cases
as a function of the scale parameter o under Assumption 3 and under the assumption that the
1011 the exclusive case, we assume that the coordinator determines awards and allocates solvers to contests optimally.

Note that the average profit in this case is an upper bound for the average profit when each solver endogenously
selects which contest to enter. Thus, our result applies directly to the case with endogenous entry as well.
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Figure 1 The average profit II and the effort, shock, and award terms, respectively, in exclusive and non-exclusive
cases as a function of the scale parameter a. Setting: Em ~ Gumbel with mean 0 and scale parameter

1, M =5, N=100, B=5, r(e) = 2log(e), n(e) =0.1°?, and ¢(e) = *>.

solver’s budget B is sufficiently large (as in Corollary 1(i)). Because the award term in this figure
is the same in both cases, whether the average profit is larger in the exclusive or the non-exclusive
case depends only on effort and shock terms. On one hand, the shock term fiy is greater in the
non-exclusive case than in the exclusive case, because a non-exclusive contest attracts a larger
number of solvers and a more diverse set of solutions can thus be obtained. On the other hand,
the effort term 7(e*) is larger in the exclusive case than in the non-exclusive case, because in an
exclusive contest, a smaller number of solvers are competing, so each solver will exert more effort.
In Figure 1, as the solver’s output uncertainty (measured by «) increases, the difference between
shock terms in non-exclusive and exclusive cases increases, whereas the difference between effort
terms stays the same. Thus, when « is above a threshold «q, the difference between shock terms
outweighs the difference between effort terms, so the average profit is larger in the non-exclusive
case than in the exclusive case. Note that, in the general setting of Theorem 1, the difference
between effort terms and award terms in exclusive and non-exclusive cases can also increase with
the scale parameter «, yet we show that when « is sufficiently large, the difference between shock
terms outweighs the difference between effort terms and between award terms.

Corollary 1 shows that when the solver’s budget constraint binds in both the exclusive and the
non-exclusive cases (i.e., when o < a3), the exclusive case benefits from solvers’ focused efforts.
Specifically, in the non-exclusive case, each solver splits her budget among multiple contests,
whereas in the exclusive case she can allocate all her budget to a single contest. Thus, the exclu-
sive case elicits greater effort. When the output uncertainty is small (when o < max{as,a,}), the
diversity effect is also small, so the exclusive case yields a larger average profit than the non-
exclusive case. However, when the output uncertainty is sufficiently large (i.e., & > ay), the total
effort is small, so the budget constraint no longer binds, and a non-exclusive contest will gener-
ate a more diverse set of solutions. Thus, when the output uncertainty is sufficiently large (when

a > min{ay,as}), the non-exclusive case yields a larger average profit than the exclusive case.
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Figure 2 The average profit IT and effort, shock, and award terms, respectively, in exclusive and non-exclusive

cases as a function of the scale parameter «. The setting is the same as Figure 1 except that B = 0.6.

Theorem 1 and Corollary 1 have important implications for the contest theory and practice.
First, these results suggest that in practice, organizers may benefit from running non-exclusive con-
tests when they are seeking innovative solutions rather than low-novelty solutions.!! For example,
InnoCentive could maximize the outcome of theoretical challenges that seek innovative solutions
by encouraging solvers to participate in multiple contests. In contrast, Topcoder could maximize
the outcome of development challenges that seek low-novelty solutions by discouraging solvers from
participating in more than one of these contests (e.g., by restricting the number of contests a solver
can submit solutions to at any given time frame). Second, although many studies assume contests
to be exclusive, solvers participating in multiple contests is not only common in practice (see §1)
but is also often beneficial to organizers, as Theorem 1 and Corollary 1 show. Thus, although
assuming exclusive contests may be reasonable for the specific examples considered in previous
studies, relaxing this assumption is essential for studying multiple innovation contests. Therefore,

in the following section we analyze non-exclusive contests, and address exclusive contests in §3.3.

3.2. Optimal Number of Contests

In this section, we assume contests to be non-exclusive and analyze how the average profit II, as

well as each organizer’s profit IT*, changes with the number of contests M.

THEOREM 2. Suppose Assumption 1 holds. The average profit I and an organizer’s profit II* are

unimodal in the number of contests M, i.e., there exists M* € [1,00) such that g—g >0 and ‘3—1}; >0

for all M < M*; andg—l\ljf<0 and%lM*<Of0r all M > M*.

' Tn the innovation contest literature, the solver’s output uncertainty is often associated with the novelty of solutions
(e.g., Terwiesch and Xu 2008). In particular, solvers face little uncertainty in contests that seek low-novelty solutions,
whereas they face much greater uncertainty in contests that seek innovative solutions. Nittala and Krishnan (2016)
relate the solver’s output uncertainty to how broadly an organizer defines a problem, which may be linked to how
greater a degree of novelty an organizer is seeking in solvers’ solutions.
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Theorem 2 shows that there is an optimal number of contests M* that maximizes both the average
profit IT and each organizer’s profit IT*; see Figure 3.'> The intuition is as follows. Until the solver’s
budget constraint binds, her total effort increases with the number of contests M because it is
optimal for her to participate in more contests (see the proof of Theorem 2). Increasing the number
of contests M has two effects. First, when a solver’s budget constraint binds, she splits her total
effort among more contests, and hence exerts less effort in each contest. This “scarcity effect”
reduces IT*. Second, as M increases, each solver enjoys larger economies of scope, which can be
utilized by the coordinator to reduce the award A* in each contest. This “scope effect” improves
IT*. When the number of contests is small (see region A in Figure 3, where M <5), the solver’s
budget constraint does not bind, so there is no scarcity effect. Hence, the scope effect leads to a
larger profit for each organizer. When the number of contests is large (see regions B and C in Figure
3, where M > 5), the solver’s budget constraint binds, so the scarcity effect is positive. However,
the benefit derived from the scope effect mitigates the reduced effort due to the scarcity effect, so
each organizer’s profit increases up to the optimal number of contests M* (see region B in Figure
3, where M* =8). When the number of contests is above M*, the benefit derived from the scope
effect no longer mitigates the reduced effort due to the scarcity effect, so each organizer’s profit
decreases (see region C in Figure 3). Thus, each organizer’s profit II* is unimodal in M, and there
is an optimal number of contests M™*. This result suggests that an organization such as Elanco or
the Gates Foundation may benefit from running multiple contests that exhibit economies of scope
(due to common investment), but only up to the optimal number of contests M*. The following

corollary shows, interestingly, that M™* increases with the solver’s output uncertainty.

COROLLARY 2. Suppose that Assumption 1 holds, the optimal number of contests M* > 1, and the

output shock é}m is transformed to @m = aém with parameter a > 0. Then, M* is increasing in o.

Corollary 2 shows that the optimal number of contests M* is closely related to the spread of
the output shock gm. Specifically, when the spread of the output shock ém increases via a scale
transformation with o > 1, the optimal number of contests M* increases. The intuition is as follows.
As the solver’s output uncertainty increases, the marginal impact of her effort on her expected total

award decreases, so she reduces her effort. Less effort reduces both the scarcity effect and the scope

12Tt is worth noting that the solver’s probability of winning in our model boils down to the Tullock contest success
function eim/(z;\’:l €jm) (cf. Azmat and Moller 2009) when the effort function r(e) =log(e) and the output shock

&im follows a Gumbel distribution with mean zero and scale parameter 1. Even in that case, an innovation contest
differs from a Tullock contest because in a Tullock contest, the organizer is interested in the total effort of solvers,
whereas in an innovation contest, the organizer is interested in the best output of solvers, which consists of both the
equilibrium effort and the maximum of output shocks (i.e., max;c(1,2,...,n} &im ). Because of this difference, in Tullock
contests the exclusive case always yields a larger average profit than the non-exclusive case, so Theorem 1 does not
hold. Theorem 2, on the other hand, directly applies to Tullock contests.
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Figure 3 M values where there is no scarcity effect (A), there is a scarcity effect but it is dominated by the scope
effect (B), and the scope effect is dominated by the scarcity effect (C). Setting: Eim ~ Gumbel with
mean 0 and scale parameter 1, N = 100, B =0.15, r(e) =log(e), n(e) =0.1e%°, and ¢(e) = €>.

effect. However, as we show in Corollary 2, the scarcity effect decreases with the solver’s output
uncertainty more than the scope effect. Hence, the scope effect outweighs the scarcity effect up to
a larger number of contests M*. This finding suggests that organizers will benefit from a larger

number of contests when they are seeking innovative solutions rather than low-novelty solutions.

3.3. Fixed Cost of Participation and Participation in a Limited Number of Contests

In this section, we enrich our analysis by first incorporating a fixed cost of participation and then

considering a case in which each solver participates in a limited number of contests.

Fixed cost of participation. We consider a case where each solver incurs a fixed cost ¢; for each
contest she participates in and analyze the impact of the fixed cost on the solver’s participation in
multiple contests. As setting equal awards for all contests is optimal (see Lemma EC.5 of Online
Appendix), we assume that the award for each contest is A. To isolate the impact of the fixed cost,

we omit the solver’s budget constraint, so her utility from participating in M contests is

UiM) = 25 - M((e) — My, ()

where e* is the equilibrium effort as given in Lemma 1. If the solver’s participation condition holds
(i.e., U[M] >0), the solver finds it beneficial to participate in M contests.'> We assume that the
fixed cost c; is not prohibitively high so that under award A, each solver participates in at least
one contest (i.e., U[1] > 0). The following proposition characterizes the relationship between the

solver’s participation and the number of contests M.

PROPOSITION 2. Suppose Assumption 1 holds.

(a) Suppose k> 1. The solver’s participation condition holds for any M.

(b) Suppose k < 1, and that the output shock é}m is transformed to @m = aEim with a scale parameter
a > 0. Then, there exists a unique M such that the solver’s participation condition is violated when

M > M. Also, M is increasing in .

13 Alternatively, one may define the solver’s participation condition as U[M] = maxpmeq1,2
2 holds under this definition as well.

m3{U[m]}. Proposition

,,,,,
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Proposition 2(a) shows, interestingly, that having a fixed cost does not necessarily limit the number
of contests that each solver participates in. The intuition is as follows. The solver’s participation
condition (i.e., U[M] > 0) depends on the solver’s utility U[M], and the number of contests M has
two opposing effects on U[M]. On one hand, as M increases, the solver can improve her expected
total award by participating in more contests, and this raises the solver’s utility U[M]. On the other
hand, each solver increases her effort e* to compete in more contests and to benefit from economies
of scope, and this reduces U[M]. Depending on which effect is more dominant, the solver’s utility
can increase or decrease. When k > 1 (where ' is homogenous of degree —k), the marginal impact
of the solver’s effort on her output decreases quickly. Hence, as M increases, she does not increase
her total effort significantly, leading to a small increase in her cost of effort. Larger expected total
award dominates larger cost of effort, so the solver’s utility increases with M (see the proof of
Proposition 2). Thus, the solver’s participation condition holds for any M.

Proposition 2(b) shows that when k < 1, the solver’s participation condition holds for a limited
number of contests. The intuition is as follows. When k < 1, the marginal impact of the solver’s
effort on her output decreases slowly, so as M increases, she increases her total effort significantly,
leading to a substantial increase in her cost of effort. The increased cost of effort dominates the
increased expected total award, eventually leading her utility to decrease. Thus, when a solver
participates in more than M contests, her participation condition is violated. Proposition 2(b)
further shows that M increases with the solver’s output uncertainty. This result is in line with
Corollary 2, which shows that the optimal number of contests M* increases with the solver’s
output uncertainty. Thus, these results suggest that even when there is a fixed cost of participation,
both organizers and solvers benefit from a larger number of contests when organizers are seeking

innovative solutions rather than low-novelty solutions.

Solver’s participation in a limited number of contests. In practice, a solver may participate
in a limited number of contests, either because these contests are exclusive as in §3.1 or because
her participation condition prevents her from entering all contests (even though these contests are
non-exclusive) as discussed above. We next analyze this case. For tractability, we consider a setting
with NV solvers where each solver enters a single contest. We compare the average profit when N
solvers enter a single contest with the average profit in a two-contest setting where N, solvers enter
one contest and No(= N — N;) solvers enter the other contest. To isolate the impact of a solver’s

participation in a limited number of contests, we again omit the budget constraint.

PROPOSITION 3. Suppose that the output shock Em 1s transformed to Eim = aém with a parameter
a > 0. Under Assumptions 1 and 3, two contests with Ny and Ny solvers yield a larger average profit

—=L . . . . log(In, I —2log(1I
I than a single contest with Ny + Ny solvers if and only if o < oy = % (QN]{,IJEV)Q ( N“N?).
p —IN; BN
(1) 1 2
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Proposition 3 shows that when each solver participates in a limited number of contests, the
average profit TT" increases with more contests if and only if the solver’s output uncertainty is
sufficiently small. This is because each organizer’s profit (denoted by II%" for m =1,2) increases
with the number of contests M if and only if the solver’s output uncertainty is sufficiently small.
The intuition is as follows. Let N,, be the number of solvers in contest m. When each solver
participates in a subset of contests, as M increases, solvers are split among more contests, so the
number of solvers IV, in each contest m decreases. In contest m, this decrease in N,,, can affect the
organizer’s profit II*;F = r(e*) + [iy,, — A* through the effort term r(e*), the shock term fiy,,, and
the award term A*. First, the award term A* =6/(bp) in the setting of Proposition 3, so A* does
not change with N,,. Second, as N,, decreases, fewer solvers compete in contest m, and the impact
of each solver’s effort on her expected total award is generally larger, so each solver in contest
m generally exerts more effort.'* Thus, the effort term r(e*) generally increases as N,, decreases.
Third, as NN,, decreases, organizer m receives a less diverse set of solutions; i.e., the shock term
iy, decreases. When the solver’s output uncertainty is small, the increase in the effort term r(e*)
outweighs the decrease in the shock term fiy,  , so each organizer’s profit IT*"Y increases with more
contests. In contrast, when the solver’s output uncertainty is large, the decrease in the shock term

outweighs the increase in the effort term, so each organizer’s profit decreases with more contests.

3.4. Managerial Insights

In this section, we discuss the key managerial insights from our results. We classify these insights
based on the solvers’ output uncertainty and summarize them in Table 2.

When the solvers’ output uncertainty is small, Theorem 1 and Corollary 1 show that each
organizer’s profit is maximized if solvers are discouraged from participating in multiple contests;
i.e., exclusive contests are optimal. Proposition 3 builds on this result and shows that it is optimal
to run multiple exclusive contests where each solver participates in a single contest. Thus, we advise
practitioners who seek low-novelty solutions to run multiple contests in parallel but to discourage
solvers from participating in more than one contest. This insight seems consistent with practice.
For instance, as discussed in §1, Topcoder organizes multiple parallel development challenges that
seek low-novelty solutions but aims to focus each solver’s effort on just one of these contests.

When solvers’ output uncertainty is large, Theorem 1 and Corollary 1 show that each organizer’s
profit is maximized if solvers are encouraged to participate in multiple contests; i.e., non-exclusive
contests are optimal. Theorem 2 builds on this result, and shows that each organizer’s profit
1We use the word “generally” because Ales et al. (2020) show that the equilibrium effort e* decreases with the

number of solvers N in a contest for most commonly used distributions for the output shock (e.g., exponential,
Gumbel, logistic, or normal distribution).
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Table 2 Summary of key results and managerial insights.

Low level of uncertainty (e.g., when High level of uncertainty (e.g., when

seeking low-novelty solutions) seeking innovative solutions)

Exclusive vs Exclusive contests are optimal Non-exclusive contests are optimal
OOVl (Theorem 1 and Corollary 1). (Theorem 1 and Corollary 1).

Running more contests than any one | Each organizer’s profit increases with
solver can participate in improves the number of contests up to an optimal
each organizer’s profit (Proposition 3). | number of contests (Theorem 2).

Multiple
contests or not

Advisable to run multiple contests in | Advisable to run multiple contests in
Managerial parallel (up to a certain number) but | parallel (up to a certain number) and
insights discourage solvers from participating [ encourage solvers to participate in

in more than one of these contests. several of these contests.

increases with the number of contests M only up to an optimal number of contests M*. Consistent
with this finding, Proposition 2(b), together with Proposition 3, suggests that each organizer’s profit
decreases as M exceeds the threshold M over which the solver’s participation condition is violated.
These results together show that each organizer’s profit increases with M only up to min{M*, M}.
Interestingly, Corollary 2 and Proposition 2(b) show that min{M*, M} increases with the solver’s
output uncertainty. Combining all these findings, we advise practitioners who are seeking innovative
solutions to run multiple parallel contests up to a certain threshold and to encourage solvers to
participate in multiple contests. This insight seems to be consistent with practice. For instance, as
discussed in §1, InnoCentive organizes multiple parallel theoretical challenges that seek innovative

solutions, and solvers are encouraged to participate in several of these contests.

4. Analysis of Asymmetric Contests

In this section, we show that our main results hold for asymmetric contests and we analyze various

aspects of such contests. We first provide a generalized version of Theorem 1.

THEOREM 3. Suppose that the output shock f:m is transformed to f:m = ag’m with parameter o >0
for a subset of contests M. Under Assumption 1, there exists oy such that the average profit 11 in

. . =X . .
the non-exclusive case is greater than the average profit Il in the exclusive case for any o > ay.

Theorem 3 not only extends Theorem 1 to asymmetric contests, but also shows a stronger result.
Specifically, when the output uncertainty is sufficiently large for a subset of contests, the non-
exclusive case yields a larger average profit than the exclusive case. Thus, when only a subset of
contests seek cutting-edge innovation, even if other contests seek low-novelty solutions, the non-
exclusive case yields a larger average profit than the exclusive case. The intuition is similar to
Theorem 1. Whereas exclusive contests can elicit greater effort, non-exclusive contests benefit from

a more diverse set of solutions. When a subset of contests are seeking cutting-edge innovation, the
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— — Exclusive — — Exclusive — — Exclusive
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(a) Average profit. (b) Type 1 organizer’s profit. (c) Type 2 organizer’s profit.

Figure 4  Comparison of (a) the average profit II and (b)—(c) the organizer’s profit II7;) for contests of type
J (€ {1,2}) under non-exclusive and exclusive cases as the output shock in type 1 contests is scale-
transformed with a scale parameter o ;). The setting is as in Example 1 where vy =1, v = 0.7,

M1y = M) =1, N =40, B=0.05, r(e) = 2log(e), n(e) =0.01e" ", and ¢(e) = e*®.

diversity benefit in these contests outweighs potentially lower level of efforts in all contests. To

generate further insights, we consider the following example.

EXAMPLE 1. Suppose the setting in Assumption 3 and that J =2, where the output shock ém of

solver i in a contest of type j follows Gumbel distribution with scale parameter v;), j € {1,2}.

Figure 4(a) depicts the average profit for exclusive and non-exclusive cases under the setting of
Example 1 when the output uncertainty in type 1 contests increases via a scale transformation
with a parameter o (). The figure illustrates Theorem 3 by showing that the non-exclusive case
yields a larger average profit than the exclusive case when the output uncertainty in type 1 contests
(measured by o)) increases. This does not necessarily mean, however, that the non-exclusive case
leads to larger profits for both types of organizers. Specifically, an increase in «(;) may increase or
decrease the profits of type 2 organizers under the non-exclusive case, whereas it has no effect on
the profits of type 2 organizers under the exclusive case; see Figure 4(c). The reason is as follows.
An increase in «a(;) reduces the equilibrium effort in any type 1 contest. When the solver’s budget
constraint binds, reduced effort in type 1 contests leads to greater effort in type 2 contests. Thus,
the profits of type 2 organizers increase with the uncertainty in type 1 contests. When the solver’s
budget constraint does not bind, reduced effort in type 1 contests leads to reduced effort in type 2
contests, due to lower economies of scope. Thus, the profits of type 2 organizers decrease with the
uncertainty in type 1 contests. The exclusive case may therefore lead to larger profits for type 2
contests, although the average profit is larger under the non-exclusive case.

The following theorem analyzes the impact of the number of contests on organizers’ profits.

THEOREM 4. Suppose Assumption 1 holds.

(a) For any set of awards (Any,Aw)y,-..,Awy), an organizer’s profit %)y in any contest of type
le{l,2,...,J} is unimodal in the number of contests M,y of any contest type j €{1,2,....,J}; i.e
there exists M such that (” >0 for all M;) < M and < 0 for all M; > M.

8]\/[
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(b) Suppose that the output shock Eim in each contest of type l is transformed to Eim = a(l)é}m with

a scale parameter oy > 0. M(*j) is non-decreasing in o.

Theorem 4(a) shows that an organizer’s profit 1I7;) in any type [ contest is unimodal in the number
of any type j contests with a mode M G- Similar to Theorem 2, this result stems from the tradeoff
between the economies of scope across contests and the scarcity of resources due to the budget
constraint. Although Theorem 4 considers a fixed set of awards, Figure 5(a) illustrates this result
with the optimal set of awards using the setting in Example 1. An important observation is that
different contests yield different profits. In the setting of Figure 5(a), type 1 contests have higher
profit potential than type 2 contests. Thus, when the number of type 2 contests increases, profits in
individual contests increase as shown in Figure 5(a), but the average profit can decrease due to the
addition of low-profit contests; see Figure 5(b). Theorem 4(b) shows that the mode M for any
type j contest increases with the output uncertainty for any type [ contest. This result suggests
that it is better to run a larger number of contests in parallel when some of these contests are
seeking cutting-edge innovation. This result corroborates Corollary 2 and has the same intuition.
In practice, crowdsourcing platforms are often stratified so that some platforms like InnoCentive
focus on obtaining highly innovative solutions, whereas others like Topcoder focus on less inno-
vative solutions to more standard problems. We also observe that platforms tend to specialize in
terms of the subject area. For instance, Topcoder focuses on software solutions, Kaggle on data
science, Ennomotive on engineering solutions, and 99designs on design solutions. In a similar spirit,
InnoCentive divides its contests into subject categories such as biology, chemistry, and business.
Our results indicate that such specialization can provide two advantages. First, they show that
having a large gap between the level of novelty sought in different contests can sometimes nega-
tively affect some contests under the non-exclusive case (and can negatively affect others under the
exclusive case). Thus, bringing together contests of similar types may help eliminate this negative
effect. Second, specialization may increase economies of scope across contests in these platforms

and hence increase the optimal number of parallel contests.

5. Extensions

We next show the robustness of our main results to cases with heterogeneous solvers (§5.1) and a
multiplicative output function (§5.2). To tease out the impact of these model components, and for

tractability purposes, we focus on symmetric contests where each contest offers a winner award A.

5.1. Contests with Heterogeneous Solvers

In §3, we assume that solvers are ex-ante symmetric consistent with the innovation contest literature

reviewed in §1. In this section, we consider a case where solvers are heterogeneous with respect
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(a) IIf;y as a function of M(s). (b) TI as a function of M(s).

Figure 5  (a) An organizer’s profit II{;) for contests of type j € {1,2} and (b) the average profit TI as a function
of the number of contests of type 2. The setting is as in Example 1 where vy = 1.1, v(o) =1, M) =1,
N =100, B=0.05, r(e) =log(e), n(e) =0.1°°, and ¢(e) = €.

to their cost of effort. Specifically, we assume that solver i has a cost of effort ¢;n (25:1 qﬁ(eim))
when she exerts effort e;,, in contest m € {1,2,..., M'}. We assume that ¢; is common knowledge
and c¢; > ¢y > -+ - > ¢y without loss of generality. For analytical tractability throughout the section,
we assume the setting used by Terwiesch and Xu (2008), where the effort function r(e) = 0log(e)
and the output shock Eim follows a Gumbel distribution with mean zero and scale parameter a.

We summarize our assumptions below.

ASSUMPTION 4. r(e) = 0log(e), the output shock &, follows a Gumbel distribution with mean zero

and scale parameter o, and bpa > 0.

The following proposition characterizes the equilibrium effort and extends Theorems 1 and 2.

(6:)0/&
Sl ()

(a) When no solver’s budget constraint binds, the equilibrium effort e} satisfies

AM by, (1 -, al ;
ez‘:g< i /y’)) and qul <cj@> =1 foralli=1,2,...,N. (7)
=1 ’

ac;

y(1—)

PROPOSITION 4. Let ~; = and q(v) = ) Suppose Assumptions 1 and 4 hold.

When all solvers’ budget constraints bind, ef = ¢~ 'n~! (%) forie{l,2,..,N}.

(b) There exists ay such that the average profit II in the non-exclusive case is greater than the
average profit T in the exclusive case for any o> ay.

(c) I and an organizer’s profit II* are increasing in any M such that no solver’s budget constraint

binds; and II and II* are decreasing in any M such that all solvers’ budget constraints bind.

Proposition 4(a) characterizes the equilibrium when solvers are heterogeneous in their cost of effort.
We can make interesting observations from (7). First, 7;, which is related to the magnitude of
solver i’s effort relative to others, depends on the relative cost of solver 7 compared to the costs of
other solvers. For instance, a solver with a lower cost of effort intuitively exerts more effort. Second,

when no solver’s budget constraint binds, all solvers exert more effort as the award A increases or
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Figure 6 Coefficient of variation (CV) as the shock Eim is scale transformed with scale parameter o.

as the number of contests M increases because v; does not depend on A or M. When all solvers’
budget constraints bind, a solver’s effort does not change with A but decreases with M. These

results drive Proposition 4(c). Proposition 4(b) extends Theorem 1 and it has the same intuition.

5.2. Multiplicative Output Function

In this section, we show that our main results are not driven by the additive form we use for the
output function. Specifically, we assume that solver i’s output in contest m takes the multiplicative
form vy, = r(@imeim), where r is an increasing and concave function as in §2 and a;,, is a positive
valued random productivity shock that determines how effective a solver’s effort is.'® As in our
main analysis in §3, we are interested in the impact of the output uncertainty. In line with the
studies on other topics using multiplicative forms (e.g., Deo and Corbett 2009, Arifoglu et al. 2012),
we utilize the coefficient of variation (i.e., standard deviation over mean) to measure the output
uncertainty. To avoid assuming a specific distribution for a;,, when capturing the change in the
coefficient of variation, we define @, = exp(ém), where ém is a random variable defined as in §2,
and we consider a scale transformation of Eim. For instance, if {im follows a normal distribution
with mean 0 and standard deviation o, and is transformed with scale parameter «, then a;,, follows
a lognormal distribution with mean exp(a?0?/2) and variance [exp(a?c?) — 1]exp(a?®c?). Thus,
the coefficient of variation of lognormal \/W increases with a. Our numerical analysis
shows that when E,m follows a uniform, exponential, or Gumbel distribution, and é}m is transformed
with a scale parameter «, the coefficient of variation of a;,, increases with «a; see Figure 6 for an
illustration.'® Thus, we use a to measure the output uncertainty.
The following proposition characterizes the equilibrium effort and extends Theorems 1 and 2.

15 We are not aware of any paper on contests that uses a multiplicative model to capture effort and output uncertainty.

Thus, we adopt the multiplicative model that Kérpeoglu and Cho (2018) use to capture effort and solver heterogeneity,
although they did not consider output uncertainty.

16 We have numerically shown that the coefficient of variation increases with the scale parameter . We have randomly
generated 10,000 instances each for uniform(—d,d), exponential(A), and Gumbel(y) distributions. At each instance,
we have randomly selected two « values from uniform(0,50) and checked whether a larger « leads to a larger coefficient
of variation. We have randomly selected parameter values d, A, and g from uniform(0.5,5).
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PROPOSITION 5. Suppose Assumption 1 holds.

(a) Let g be the increasing function such that g—'(x) = (no¢)(z)zx. The equilibrium effort e, =

min {g (AINyM"'*),¢~" (n"'(BM ")) } where Iy is as in §2.

(b) Let T be the average profit in the exclusive case. Suppose that the shock Em is transformed

to @-m = aém with a scale parameter o > 0. There exists ag such that the average profit II in the
. . =X .

non-exclusive case is greater than the average profit Il in the exclusive case for any a > «q.

(c) The average profit II and an organizer’s profit II* are unimodal in the number of contests M.

Proposition 5(a) shows that when the equilibrium effort is written in terms of the Iy term
of the shock f:m, it has a very similar structure to the equilibrium effort in the additive model.
However, an organizer’s profit II,, = r(a;me’,) — A is significantly different from an organizer’s
profit in the additive model. For example, we cannot decompose 11,, into additive effort and shock
terms as in §3, and due to the multiplicative form, exerting more effort increases both the mean
and the variance of the solver’s output. Thus, one may expect that Theorem 1 will no longer hold
because increasing uncertainty leads to a reduction in effort, which in turn decreases the variance
of the solver’s output. However, Proposition 5(b) shows that as the output uncertainty measured
by the scale parameter « increases, the non-exclusive case yields a larger average profit than the
exclusive case; see Figure 7(a)-(c) for an illustration of the results with different distributions of
é}m. Note that Proposition 5(b) holds when @, follows a lognormal distribution (and hence é}m
follows a normal distribution). We also numerically obtain the same result when a;,, follows a
Gamma distribution and we capture the uncertainty using the coefficient of variation, without
using the approach above; see Figure 7(d) for an illustration.'” The intuition of this seemingly
counterintuitive result is similar to that of Theorem 1. A non-exclusive contest benefits from the
best of a larger number of solutions, whereas an exclusive contest elicits greater effort. As the
output uncertainty measured by « increases, the equilibrium effort decreases, thereby reducing the
advantage of an exclusive contest. Although lower effort also leads to a decrease in the variance
of the solver’s output y; = r(a;mek,), increasing « leads to an increase in the variance of y; by
increasing the variance of a,,. Because the latter effect outweighs the former effect, the variance of

y; increases with «, and so does the advantage of a non-exclusive contest. Thus, when the output

7' We have numerically tested whether the non-exclusive case yields a larger average profit than the exclusive case
when the coefficient of variation (CV) of Gamma distribution is sufficiently large. We have randomly generated 10,000
instances from Gamma distribution with a scale parameter drawn from Uniform(0.5,5). In all of these instances,
we have checked CV values of 5, 10, ..., 50, and shown that there exists a CV value above which the non-exclusive
case with N = Ny 4+ Ny solvers yields a larger profit than the exclusive case with Ny and N» solvers (N1 and No

are randomly selected from discrete uniform distribution between 2 and 50). We let M =2, r(e) = 951_0*1, and

— l1—a
randomly selected parameter values 6 ~ Uniform(0,10), a ~ Uniform(0,1), B ~ Uniform(0,1), bp ~ Uniform(2,5), b ~
Uniform(0,1), p=0bp/b, ¢ ~ Uniform(0,1).
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Figure 7  The average profit from five non-exclusive contests with 100 solvers versus the average profit from five
exclusive contests with 20 solvers each when (a)—(c) é}m follows an exponential, uniform, or Gumbel
distribution and is transformed with scale parameter o and (d) @im follows a Gamma distribution and

0.5

=1 B=0.6,n(e) =0.1"?, and ¢(e) = €®.

its coefficient of variation (CV) increases. Setting: r(e) =2

uncertainty, as measured by «, is sufficiently large, the non-exclusive case yields a larger average

profit than the exclusive case. Proposition 5(c) extends Theorem 2 and has the same intuition.*®

6. Conclusion

In recent years, contests have grown in popularity as a tool for outsourcing innovation from inde-
pendent solvers. Each year, organizations such as Elanco and the Gates Foundation and platforms
such as InnoCentive and Topcoder run numerous contests, providing solvers with several problems
to work on. This multiple-contest environment leads to tensions that do not arise in a single-contest
environment. Specifically, solvers may benefit from economies of scope by working on multiple
contests, but due to limited resources they may have to split their efforts among multiple contests
or even refrain from participating in some of these contests; this potentially reduces the profits for
organizers. Discouraging solvers from participating in multiple contests may focus solvers’ efforts
but may hinder the diversity of solutions produced in each contest. These trade-offs raise two
important questions for practitioners that the academic literature has yet to answer: When should
solvers be discouraged from participating in multiple contests, and how does the number of contests
affect an organizer’s profit? In this paper, we take the first step towards answering these questions.

We analyze these questions by building a model of innovation contests, and our analysis yields
the following results. First, we show that when solvers face a high degree of output uncertainty,
holding non-exclusive contests where each solver can enter multiple contests generates larger profits
18 Proposition 5, along with our numerical analyses, indicates that our insights are not driven by the functional form
of the solver’s output and hints that our main insights would hold when using even more general versions of the
output function. For instance, a good candidate for a general model is where the solver’s output follows a general
distribution F(yim|eim) where F' is decreasing in e;n,. Our additive and multiplicative models are special cases of this
general model, where F(yim|€im) = H(yim — r(€im)) and F(yim|€im) = H(r " (yim)/eim), respectively. We leave the
consideration of such general output functions to future research. An important issue in any such endeavor would
be to consider how to measure the output uncertainty under such a general output function. Our work initiates this

discussion and contributes to the innovation contest literature by offering an effective way to capture the output
uncertainty in a multiplicative model while preserving analytical tractability.
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for organizers than exclusive contests where solvers are permitted to participate in only one contest
at any one time. In contrast, when the degree of uncertainty solvers face is low, holding exclusive
contests generates larger profits for organizers. Second, we show that an organizer’s profit can
increase up to an optimal number of contests, and that the drivers of the optimal number of contests
depend on the solvers’ output uncertainty. Taken together, our results provide two managerial
insights. First, practitioners seeking innovative solutions could run multiple parallel contests that
exhibit economies of scope, and encourage solvers to participate in several of these contests at a
time. Second, those seeking low-novelty solutions could run multiple parallel contests but discourage
solvers from participating in more than one contest at a time.

In addition to providing some key managerial insights, we make several technical contributions to
innovation contest theory. First, while previous studies have focused on a single contest, we study
multiple contests and the resulting multidimensional optimization problem for individual solvers,
who decide how much effort to exert in each contest they are entering by considering their total
cost of effort. This technical contribution is even more pronounced when heterogeneous contests
are considered. Second, while it is standard in the innovation contest literature to assume identical
solvers and additive output functions, we consider heterogeneous solvers and multiplicative output
functions. Our approaches to tackling these technically difficult cases can guide future studies that
seek to capture these model components. Third, while it has mainly been assumed in prior studies
that there is no fixed cost of participation or a bound on solvers’ costs, we do consider a fixed cost
and a budget constraint. Fourth, we propose a cost function that captures both diseconomies of
scale in each contest and economies of scope across contests. While these features require special
technical attention, they help our paper to capture a richer set of environments in practice.

Our model has the following limitations that can lead to new research opportunities. First, as
is common in the literature, we use a static model when analyzing the impact of multiple parallel
contests (see §1 for a detailed discussion). Consequently, our model does not take into account the
organizer’s decision of whether to run multiple contests in parallel or to run them sequentially.
However, it captures a critical trade-off that may arise in a sequential setting. Specifically, running
contests in parallel may lead to larger economies of scope, but may also lead solvers to split their
effort. Future studies could consider how to schedule multiple contests dynamically, and potentially
what the duration of each contest should be, to maximize the average or total profit. Second, while
information asymmetry is not considered in our model, incorporating this into future models would

be an important, albeit technically challenging, area for further research.
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Appendix. Proofs
Proof of Proposition 1. Let Iy, = [ . (N —1)H,(s)" ?h,(s)*ds. The solver’s budget con-
straint is Zn]\le #(er) <n~Y(B). Let A be the Lagrange multiplier of this constraint. By Lemma

EC.3 of Online Appendix, an equilibrium solves the following Kuhn-Tucker conditions:

’on ¢(er)
AmT €m IN,m_ =M . <
) (ZH ¢(er)

A* (nl(g)—Zqﬁ(e;)) =0, Z¢ (B), and e, ,\* >0, me{1,2,...M}. (9)

m=1

> ' (den) @' (e5,) = A"¢'(er,), me{1,2,..., M}. (8)

Case 1: Suppose A* =0. Then, the equﬂlbrlum (er,€5,...,e35,) solves (for all me {1,2,...,M}):

At (€ ) Inm =17 <Z¢ e > er)- (10)

We show that there exists a unique vector (ej,e;,...,e},) that solves (10). We first convert (10)
into M equations, each of which consists of a single variable. From (10), we have A,,¢(e)Iynm =

n’(zgl o(ey)) for all m e {1,2,..., M'} where ¢(x) = (r'/¢')(x). Thus,
ApInmeler)=Alnp(e)) for all m,l e {1,2,..., M},
From this relationship, we obtain
1 [ Andyme(er,)
e = 1<’”N”" me . 11
l ¥ AZIN,l ( )

By plugging (11) back into (10), we obtain
AmI m e:n / *
Qm(ejnvAlaA%“'?Am)EAmT( INm_ (E d)( <%())>> ¢(em):O (12)
g
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1

We next characterize (e, es,...,e},). Because ¢! is homogenous of degree —1/(k+p—1), ¢ is

homogenous of degree p, and 1’ is homogenous of degree (b— 1), we can write (12) as:
b—1

M __P
/(% AmIN,m el / * /(% 0\
Amr (em)IN,m - (; < AlINJ > ) n (Qb (em)) Qb (6m) =0 (13)
Letting g = ((no¢)'/r’)~*, we can rewrite (13) as:
Ny 1-b
k+bp—1
er =g | (Anlnm) Ry <Z (AzIN,z)“f’l) for all me {1,2,...., M }. (14)
=1

Therefore, (ef,e3, ..., e%,) is the unique symmetric equilibrium if and only if % ¢(ex,) <n~'(B).
Case 2: Suppose A* > 0. In this case, the unique candidate for the symmetric equilibrium effort

e, in contest m € {1,2,..., M} satisfies (8)-(9), and these conditions boil down to
M
Aip(€5) Inm = Arplef) Iy, for all m,1€{1,2,.., M} and Y ¢(ef) =n~" (B). (15)
=1

Then, plugging (11) into (15) gives Zlﬂil 0] (90*1 (M)) =n"'(B), and hence

AIng

p P

Ay ) Ty (B

e;kn:(z)fl ( ]\;V’ ) ? n p( ) . (16)
> (Al )BT

Finally, we need to derive the condition under which A\* > 0. The left-hand side of (8) is decreasing

in e* because r is concave (i.e., 7’ is decreasing), no ¢ is convex (i.e., (7' o ¢)¢’ is increasing), and

. 1-b
(%) is increasing. The right-hand side of (8) is increasing because ¢ is convex. Thus, in
=1 l
order to have A\* > 0, we need e}, in (14) to be strictly greater than e in (16).
ktbp—1 AmIN,m)ﬁn_l(E)

Let e, =g <(A In,m) FrT ( " (AlINz)’“*ﬁ”y_b) and €, = ¢! (
m m ,m =1 5 m Zzl\il(AlINvl) k+£—l
m e {1,2,...,M}. Then, because p(z) = (r'/¢’)(x) is decreasing, we can deduce from (9) and (15)

for

that either e,, <@, for all m€{1,2,...,M} or e,, >¢€,, for all me{1,2,...,M}.

(a) Suppose €, <&, for all m € {1,2,..., M }. Then the condition Zf\rle #(er,) <n~'(B) in case 1 is
satisfied and the condition for A* > 0 in case 2 is violated. Thus, the unique symmetricequilibrium
effort e, =e,, for all me{1,2,...,M}.

(b) Suppose €,, > €,, for all m € {1,2,..., M }. Then the condition Zﬁf:l p(ex) <n~'(B) in case 1 is

violated and the condition for A* > 0 in case 2 is satisfied. Thus, e =€, forallme {1,2,.... M} m

Proof of Lemma 1. (a) Because the coordinator optimally sets equal awards in all contests by
Lemma EC.5 of Online Appendix, without loss of optimality, the coordinator’s problem can be
rewritten as follows (where A is the award given in each contest, and uj, = E [gg)m])

max r(e) +pdy — A st et =min{g(AIyM'~"),¢~" (= (BM™"))}. (17)

Note that the coordinator never sets A such that g(AIyM'~*) > ¢~! (n='(BM ")) because if that

were the case, reducing A would improve the objective function in (17). Thus, without loss of
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optimality, (17) can be written as:
max r(g(AINM'™")) + plyy — A st g(AINM' ") < ¢~! (™' (BM™)). (18)

Let ®(A)=1" (g (AINM*")) ¢’ (AINM*~%) Iy M*~% — 1. Note that ® is the first derivative of the
objective function in (18) with respect to A. Next, let A=M""1g~! (¢~ (= (BM™"))) /Iy, and
suppose that ®(A4) > 0. Because '(g(z))g'(z) is decreasing in x (as assumed in §2), the objective
function in (18) is concave in A, and hence ®(A) is decreasing in A. Moreover, because A4 > A
violates the constraint in (18), and because ® is decreasing, A* = A solves (18). Thus, A,, = A*=A
maximizes the average profit II, and €}, =e* = ¢! (n~!(BM ")) is the corresponding equilibrium

effort. Suppose that ®(A) < 0. Then, because lim,_,7'(g(z))g'(z) = oo, ®(0) > 0 (which follows

2—2k—bp
bp+k—1

from (r' o g)g’ being homogenous of degree < 0), and by the Intermediate Value Theorem,

there exists A such that @(A\) =0. Note that A is unique because ® is decreasing. Hence, in this

*

case, A* = A solves (18). Thus, we can conclude that A,, = A* = A maximizes II, and e, = ¢* =

g(A*IyM*~") is the equilibrium effort.

(b) A=M""1g7' (¢~ (p7"(BM™"))) /Iy is decreasing in M because b <1 and g~', ¢!, and
1

7~ are decreasing functions. Because (r' o g)g’ is homogenous of degree 2b i’; blp <0, ®(A) is

decreasing in A. Thus, A increases with M if and only if ®(A) increases with M. We can rewrite
B(A) = MODTH=T b (0 (AIy)) o' (AIN)INfl which is decreasing in M if and only if (1 —

b) 2b i’z 2 4+1-b=(1-b) Q_Qk;;ﬁﬁﬁ%_l = (lbp’i)k —. The result follows because b<1 and bp > 1. m

Proof of Theorem 1. We compare the average profit in exclusive and non-exclusive cases. In the
exclusive case, let N**% be the optimal number of solvers and A** be the optimal award in contest
m € {1,2,....M}. Let e:* be the corresponding equilibrium effort in contest m € {1,2,...,M}.
Suppose that the output shock ém is transformed to f:-m = agim with a scale parameter o > 0. Note
that it is never optimal for the coordinator to set awards such that e:* > ¢! ( -1(B )) because
the coordinator can improve the average profit by reducing the award in contest m € {1,2,..., M }.
Thus, by Lemma 1, the equilibrium effort in the exclusive case is eX;* =g (A:;X I N X / a) in contest
m. Without loss of generality, assume that e}~ > e X for all m. After incorporating the optimal

solution, the average profit in the exclusive case becomes

=7 Z XY 4 ape’ — AX), (19)

In the non-exclusive case, suppose that the coordinator offers an award A in each contest so that
the equilibrium effort in each contest m is e* = (Zi\il e/®)/M. From Lemma 1, we can see that this
requires e* = g (AIyM'~"/a)). Note that because ¢ is increasing an convex, for sufficiently small «,

M oler) <M b(e™) <n7'(B); and note that ¢! is increasing. Thus, from (10),

Mb—l > Mb—l Mb—l
4= g ! (21—1 € ) < & g (ef’X) _ A?XINI* N

Iy M Iy Iy
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Then, the average proﬁt in the non-exclusive case can be written as:

o Mb—l .
M= r (Zz 1 >+_ZO‘“N__ZA2MZ )+ apy — T Al’XINl*,x.(QO)

m=1

Subtracting (19) from (20) yields the following inequality

M M b—1 A*,X
_ _x 1 1 AxX M Al IN*’X
II-1I — . — o — ! 21
(MN M ;MNﬁX i M me1 & aly 2!

By Lemma EC.6 of Online Appendix, lim,_.., A% /a =0 for each m € {1,2,.., M}. Also, because
N > N3* for some m € {1,2,..., M}, {g first-order stochastically dominates gﬁm (and not vice

— =X
versa), so iy > 7 an\il fx - Thus, there exists aqy such that II—TI" >0 for any a > ay. m

Proof of Corollary 1. Consider the exclusive case where N; and N, solvers participate in

contest 1 and 2, respectively. In the non-exclusive case, all N(= N; + N,) solvers participate in

both contests. Let A*MN = min{b%, BE?N }. In the non-exclusive case, by incorporating Assumption

1
* b\ bp
3 to Proposition 1 and Lemma 1, we obtain the equilibrium effort e* = (%) bp, where

A* = A*?N_ Then, the average profit in the non-exclusive case is
— 0 ASZNQI 21—t
M=r(e)+puy—A*=—log (| —— =) + 4
bp cbp
Moreover, the average profit in the exclusive case with two contests is
X [ 9 (9\/A*,1,N1[N1A*71,NQIN2> i Vo, AU ARLN

o A*,Z,N

b_p log cbp 2 2

P e & : * - (6 abpB
When &, is transformed to &, = a&;,, with a > 0, we have AN = mln{g, ViTeE
(i) When a > a; = 2‘223 max{Iy,,In,,2In,+n,}, we have A2V = AxLNm — pib. The difference

between the average profit in the non-exclusive and the exclusive case is

KNy + Ny
2b '

2

= =X
II-1I ) +Oé,uN1+N2—a (22)

In, Iy,

Because & Ny +n, first-order stochastically dominates En,, for m € {1,2} (and not vice versa), we

have gy, +n, — N, >0 for m € {1,2}, so m-T >0 if o> ap =max{ay,as}, where
_ ilog (In In,) —2log (2" "Iy 1 n,)

bp 2Ny + Ny — Ny — HN,

9 %,2,N _ abpB *,1,Nym __ abpB
(ii) When a < a3 = pTEy min{Iy,,In,,2In,+n,}, we have A = Sorx and A®HHm = Tr Thus,

1 L
the equilibrium effort under non-exclusive and exclusive cases are e* = (BQ*”) z and e*X = (B) bp

respectively. The difference between the average profits is
— =X 0 U, + i abpB abpB  abpB
II-I1I =—-log(2 — ! 2 — . 23
p Og( ) +04,LLN1+N2 @ 2 20-[N1+N2 + 20[]\]1 + 20.[]\72 ( )

Because & Ny+N, first-order stochastically dominates En,, for m € {1,2} (and not vice versa), we

have iy, +n, — N, >0 for m € {1,2}. Furthermore, Lemma EC.7 of Online Appendix shows that
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1 1 1

Ing Iny = INj+N,

= =X . .
,s0 II=1IT" <0 if o < ap=min{as, oy}, where

0 log (2)

oy =—

BNy THNy
KNy +Ny — 2

bpB | 1 1 1
+ %0 |1 In, 1
Ny Ny Nj+No

(iii) Suppose that B is sufficiently large so that a; < as. From the above discussion, we have

m-m >0 if a > max{a;,ay} = a,. Furthermore, from (23), we see that if a < ay, II — T <0

Therefore, IT — ﬁX >0ifand only if a > apg=ay. B
Proof of Theorem 2. Let ®(A) be defined as in Lemma 1. Let €= ¢~ (n~' (M ~*B)). Note that
O(A)=1" (g (AINM'")) g (AINM'" ") INM" —1=7"(e) g (g " (€)) INM" " -1 (24)

is increasing in M because 1’'(g(z))g'(z) is decreasing in x and M'~? is increasing in M. Because
®(A) is increasing in M and lim,_o7’'(g(z))g’'(x) = oo, there exists M, € [1,00) such that ®(A) <0
for any M < M,, and ®(A) > 0 for any M > M,. We next show that the average profit II =
I =r(e*) + uf\{) — A* is increasing in the number of contests M up to some M* and decreasing

afterwards. When M < M, from Lemma 1 and the above discussion, the constraint in (18) can be

relaxed. Applying the Envelope Theorem to I = max 4 r(e*) + ué\{) — A, we obtain
o (e) Oe*
oM oM
Because g is increasing, ¢’ > 0, and because r is increasing, 7’ > 0. Thus, from (25), II is increasing

in M when M < M,. When M > M,, A* = A, so the average profit becomes

=1 =0)r'(e")g (A" INM'™") A" Iy M ™", (25)

= r(e)+puy (26)

—1 /=
—mg (e).

Noting that € = M~'/?¢=! (n~*(B)), and hence & = —(1/p)M~/*~1¢=1 (n7'(B)) = —¢/(pM),

the derivative of the average profit II with respect to M can be written as:

ol e 1 . e 1-b

_— — "(e) —— _— "(e) — e . 27

ot~ Ot e )@ ey © @7
As 7', 1, and ¢ are homogenous of degree —k, b, and p, respectively, g~! = ((’72—,)I> is homogenous

of degree pb+ k — 1. Noting that (¢7') (z) = (pb+ k — 1)g~'(x)/x, we can write (27) as
om - r'(e)e! (n'(B)  ptk-—1 ey = '’ (€) 6 (1 (B)) + p+k—1 g_‘l(é)
oM le/p+1 pINMQ*”g - le/p+1 U pINlebfl/p r! '
Note that % has the same sign as

_ ~1 —1/D p+k71 g_l -1 -1/
which is always decreasing in M because pb+k—b > 0 and p+ 2k —2 > 0 (note that pb+2k—2 > 0).
Thus, there exists M* € [Mj, c0) such that ¢ > 0 and hence g—g >0 for all M € [My, M*); and ¢ <0

and hence g—g < 0 for all M > M*. Finally, since we also established above that g_]\ﬁ/l > 0 for all

M < My, we have &L >0 for all M < M* and 2L <0 for all M > M*m
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Proof of Corollary 2. Suppose that the output shock ém is transformed to am = a{m with a
parameter o > 0. After the transformation, Iy = Iy /a. Thus, for any M, ®(A) in (24) is decreasing
in a, so My in the proof of Theorem 2 is non-decreasing in « (increasing in « if My > 1). Because

¢ in (28) is also increasing in a, M*(> 1) is increasing in «.

Proof of Proposition 2. Because 1/, 1, and ¢ are homogenous of degree —k, b, and p, respectively,
g=((no@)/r')~! is homogenous of degree 1/(bp+ k —1). Thus, we can rewrite a solver’s utility
when she participates in M contests as (note that since we assume B is sufficiently large, the

equilibrium effort e* = g(AIyM!'~?))
AM AM _
o] = 28 () - ey = 2L yarotg(ar=rarn) - e,

AM (1-b)b AM bp+b(k—1)
= =~ M"TEI(9(g(ALy))) — Me; = = = M n(@(g(ALy))) ~ M.

The derivative of U[M] with respect to M
oUM] A bp+b(k—1)

(k=1)

(-1)(k-1)
i = 4 - R D S (A1) - e

= o) (B T 1) iatg(ar)

(a) Because U[1] > 0, when k > 1, we have % <1 and % < 0. Because M > 1, we have

OU[M]/OM > 0. Thus, U[M] >0 for all M.

(b) Suppose that k& < 1. Then, % > 1, and in turn, limy, ., U[M]/M = —oo and U[M|/M is

decreasing in M. Thus, there exists a unique M such that U[M] =0, and U[M] < 0 for all M > M.

Furthermore, when the output shock Eim is transformed to am = agim with a parameter o > 0, the

bptb(k—1)
solver’s utility becomes U[M] = 4% — M Tt n(p(g(Aly/a))) — Mcy. Thus, the solver’s utility

is increasing in «, which means that M is increasing in «. m

Proof of Proposition 3. Consider two contests with N; and N, solvers and suppose that B is

sufficiently large. Each organizer’s profit is
0 0%y 0 0 0*I . 6
" =—1 L — — and TIy" = ~1 2 - —.
1 bp Og < Cb2p2 ) + /"LNl bp an 2 bp Og <0b2p2 + /’LNZ bp
The average profit under two contests
—rgr 16 041y, In 20
L e G R

The average profit under a single contest with N; 4+ Ny solvers

—r1 0 0*In, 4N 0
I = b_pIOg <Cb+pQ2 T UN+Ny — b

When the output shock fim is transformed to @m = aém with a parameter o > 0, the difference

between the average profit under two contests and that under a single contest is

—LII —L,1I 0 <1N1[N2>+QMN1 + U, Ni+Na

I —II" =—1log 5 afy)

2
IN1+N2
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Noting that ué\ngNQ - ,u({)” >0 for m E {1,2} because 5(11+N2 first-order stochastically dominates
) — LI
E(l)m (and not vice versa), II "~ — o > 0 if and only if a < a, where
oL = i log (IN1IN2) - 210g (IN1+N2) =

bp 20N Ny — BN, — HN,

Proof of Theorem 3. We compare the average profit in exclusive and non-exclusive cases when a
subset M of contests have sufficiently large uncertainty. Let Mg ={1,2,..., M}\ M;, Mg =|Ms]|
and M; = |M/|. Also, let IV (m € {1,2,..., M}) denote the I,,, in Lemma 1 under N solvers. In the
exclusive case, let N**% be the optimal number of solvers and A** be the optimal award in contest
m e {1,2,...,M}. Let e2:X be the corresponding equilibrium effort in contest m € {1,2, ..., M }. Note
that it is never optimal for the coordinator to set awards such that e** > ¢! (77*1 (M *bE)) because
the coordinator can improve the average profit by reducing the award in contest m € {1,2,..., M }.
Thus, by Proposition 1, the equilibrium effort in the exclusive case e** =g (A:;X Irjx%X) in contest

m. After incorporating the optimal solution the average profit in the exclusive case becomes

=27 Z )ty — ALY, (29)

In the non-exclusive case, suppose that the coordinator offers an award A,, = A%* in each contest

me{1,2,...,M} and let e, be the corresponding equilibrium effort. Then, the average profit is

1 1
T * *, X

Suppose that the output shock f:m at each contests m € M; is transformed to @m = ozg—m with
a scale parameter « > 0, while keeping the output shocks in other contests the same. Then, the

difference between the average profit in non-exclusive and exclusive cases is

. «o 1
II—1II =1 (r(en,) —r(en )H—M Z (NN,m—MN;;L»X,m)+M Z (BNm = py=x )-(31)

m=1 meM; meMg
We want to show that lim,_ (I — ﬁX)/a >0 so that T>TT for a sufficiently large «. As
Lemma EC.6 of Online Appendix shows, lim, .., A%*/a =0 for all m € M;, so by Proposi-
tion 1, limq .o €}, = (A:ﬁxfﬁﬂt’lz:l (Zle/\/ls (A:AXIzN)kﬁ'”)lb> in contest m € Mg. Thus,

Moo 5 32 ens (T(en) — T(e¥)) = 0. We also have lima—cc 5 >0, cpig(Bnvm — fiy=x ) =0

because pin,, and p,-x —~do not depend on a for any m € M. Furthermore,

lim G(r(e;) r(e:;X»)

ax— 00

(5 () ) (=)
w)

r(e;;X))> — co. Then lim,_. (£ (r(e; ) ( > 0.

m

Case 1: lim, .. (r(e;
AKX N 1=b

Case 2 T e ((r(€5,) — (e3))) = —oc. Tet K, = (H550) FFF (ZmeMs (A5 1) 75
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and K, = g(A=XIN%" ). Then we have

lim <é(r(e7*n) —r(e:‘,;X))) = lim l (7" (aWLlKl) —r (QWILIKQ)> .

a— 00 a—oo (X
= lim _—Klr’ (aﬁ}—lKJ aFpT Tty LT‘/ (ak+;f}—1 KQ) aFFE=T )
a—co \k+p—1 k+bp—1
. K _—p K, _—bp
=1 — = (K aFrT 4+ ——= (K aF-1 | =
aEEo(k—i-p—lT( Dttt e () et ) ’
where the equalities follow from L’Hopital’s Rule. Either case, lim,_.o (2 (r(ef,) — r(e;*))) >0, so

— —X
o II-TI . 1 . . 1 Z
llm - = hm (Oé_M (T(e’m) - r(e7r7LX)) + M (ILLNym - MN:;{XJYL)) > O’ (32)

a—00 (8 a— 00
meMy meMy

because under the assumption that N > N** for some m € M;, we also have N > Nl*’X for all
Le Mi\{m}, so {g first-order stochastically dominates 5(1 i, (and not vice versa), and hence we
have iy m > piy-x . and similarly we have uNl > HyeX for all [ € M;\ {m}. Thus, there exists
o such that for any a > aq, we have I — T > 0. The only case where the assumption N > N¥
does not hold for any m € M is the case where M/ has a single element m and N;* = N. Because
contest m has the same profit as the average profit in the non-exclusive case under M =1, and the
budget constraint does not bind for a sufficiently large a, Theorem 4(a) implies that the average

profit under the non-exclusive case is larger than that under the exclusive case. m

Proof of Theorem 4. (a) The derivative of the organizer’s profit in a contest of type [ with

respect to the number of contests of type j is

0oy _ ey 20
=7r'(et ) 33
oMy, oy, (%)
Because 1’ > 0, we need to show that there exists M) such that 3 (l) >0 for all M) < Mg,
kth 1-b
and (l) < 0 for all M(J) > M( ) Let € e = <(A(Z)I(l)) ktflf 11 (Z] 1 M(]) (A(])I(j)) +p 1) > and

J=1 M) (A 1y ) FFP=T
el = min{e), ey} for all [ € {1,2,...,J}. Since g and ¢! are increasing and homogenous, € is

k+ —1,-1(®
en=0¢"" ( (A w) *FP T (]i) for I € {1,2,...,J}. From Proposition 1, we can deduce that
>
increasing and unbounded in M(;) and e, is decreasing in Mj;). Thus, there should exists M,
such that ef;) =€) for all M;) < M) and ef) =€) for all M(;) > M. Because o(x) = (r'/¢’)(z)
is decreasing, we can deduce from (9) and (15) that either E(l) <€y for all [ € {1,2,.. J} or

eqy >eq for all 1 €{1,2,...,J}. Thus, for any [ € {1,2,...,J} S > 0 and hence - (l) > 0 for all

7] M

’ BIVI

M) < M;; and ” <0 and ”) <0 for all M;) > M.

o] M’

(b) Suppose that the output shock &m in each contest of type [ € {1, 2, ..., J} is transformed to @m =

k+bp—1 p 1-b
~ . -~ A tp—1 A/ . e
aéim with a parameter « ) > 0. Then, e;) =g <<M) et <§ :;_]:1 M;, <M) k+p 1) )

O] ()
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N
AT % 1 1 —
(Fet) ™o

J AiLG) | =T
= (Z452)

1 p 1-b P 1-b
Aoy | k+p—1 J AciyIiy | k+p—1 J AciyIiy | k+p—1
()™, ((2 o (42) 7)) (S (22)7) )
€( J J

ey =¢ "

. Then, we have

20) 1 _ —=
(Aml(l) ) k=1 o1 n=1(B) o1 n=1(B)

O] AplG) | FFe=T J A1) | FFp=T
Z aG) 25=1 My aG)

is decreasing in o, for any n € {1,2,...,J}. Thus, because e is increasing in M(;) and € is

decreasing in M(;), M,

is non-increasing with oy, for any ne€ {1,2,...,J}. m
Proof of Proposition 4. (a) Suppose that ém are 1.i.d Gumbel with scale parameter «, and let

dim (1€ {1,2,...,N}) be scalars. Then we have the following property (cf. Terwiesch and Xu 2008):
dim
Pr {dzm + £zm = max {djm + fjm}} _ exp { }
>

je{1,2,....N} j\f exp{dm}'
Let d;,, = 7(€im). Then, solver ¢’s utility can be written as:

r(€im) M
i(€im) Z A, ’ f:ip {T(Li)} —cn (2—1 ¢(€im)> .
j 2 —

Ignoring the solver’s budget constraint, we obtain the first-order conditions with respect to e,,, as:
r(eim) T(ei )
PN G 2O b O
—r'(eim) 17] Z d) ezl ezm) =0. (34)

2
« N T(€im
(= e {=))

Evaluating (34) at e;n,, =€}, ¢;m = ¢}, and A, = A, and letting f =g~' = ((no¢)’/r’), we obtain

)

éexp{%a}zﬁéi eXp{%} — e, MY f(ed). (35)
o (ijzlexp{r(zj*-)})

Note that f is homogenous of degree pb+k—1 >0 and pb+k—1 > 1—Fk from §2. Let z; = exp {%*)}

and Z = Z;VZI z;. Note that ef =r~'(alog(z;)). Then, we can write (35) as
A i Z— i _ B '
AAZ 5] M 7 (alog ) for all i=1,2,... .

Under 7(e;) = log(e;), we have f(r~'(alog(z)))/z = f(2"'?)/z, which is increasing in z; given

pba/8 > 1 since f is homogenous of degree pb+k —1 = pb. Let v; = % for all i € {1,2,..., N}. Then,

a/0
> Zpba/G — ci%belf (7;1/9) Zpba/G. (36)

Yi(l—y)=c AMb 1f( a/e) AMb lf(Za/g

Let q(y) = %, which is a decreasing function. Then, we can obtain from (36) that

a() _ %Mb—lzpbw _ 909 for Al je (1,2, NY. (37)

C; Cj
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From (37), we obtain v, =¢~* (q@). Thus, the following equations characterize ~;:

> g @@) =1 for all i€ {1,2,..,N}. (38)

j=1 ’

ex T(E:)
P o . (e;)G/a
Zé_\le exp{@} Zle(e;)G/a

When all solvers’ budget constraints bind, we obtain e} = ¢~'n~! ( B ) forie{1,2,..,N}.

C,L'Mb

—b
in (35), we obtain e} =g (M)

Cc;

Plugging v; = % =

(b) From (37), we can deduce that vy, <y <--- <~y because ¢ is decreasing and ¢; > ¢y > -+ > .
By applying logarithmic transformation on (37) and using homogeneity of f, we obtain

log(1 —~.) —log(1 —~;) +loge; —1 , b ) L.
og(1—7;) —log(1 =) *logei —loge; _pba ) ie{l,2,.,N—1},j>i.  (39)
log~; —log; 0

AM Py (1)

Cc;

Thus, as « approaches infinity, v; approaches 1/N. Thus, ef =g¢ ( > is asymptotically

AM—P(N-1)

T ), which clearly approaches zero as « approaches infinity. Thus, for

equivalent to g(
sufficiently large «, no solver’s budget constraint binds. For any split of solvers in the exclusive

case with IV, solvers in contest m, an upper bound on the average profit can be written as
M
=X 1 ©X
I =+ 5_1(9 log(en,, .m) + BNy, —A), (40)

where e}‘\}i’m is the equilibrium effort of the solver with the lowest cost (and hence the highest

, X0
()70

. N. *, X .
c;a Zj:wi(ej,m)g/a

effort by part (a)) in contest m. Note that e;X =g (M) where Yy, i =

In the non-exclusive case, a lower bound on the average profit can be written as
M

> 3 (0los(e}) +ux — A) (41)

m=1

Thus, noting that ¢ is homogenous of degree pb, the difference between the average profit in non-
exclusive and exclusive cases satisfies

M M
— =X 0 M=y (1 =) 1
— > - R .
-1 _a<§ pbalog( )+uN _MmEZIMNm (42)

YN N (L= VN N )

As discussed above, as a approaches infinity, ; approaches 1/N and by the same reasoning,
YN,,.: approaches 1/N,,. Also, when N > N,,, 5% first-order stochastically dominates gﬁm for
m € {1,2,...., M} (and not vice versa), so by the same reasoning as Theorem 1, we have puy >
ﬁ Zle pn,,. Thus, there exists aqg such that for any a > aq, we have II T > 0.

(c) From (38), we can see that -y; does not depend on M. Thus, when no solver’s budget constraint
binds, the equilibrium effort e; =g (%) increases with M for all i € {1,2,..., N}. Thus,
an organizer’s profit at any contest m, I}, = Flmax;cq1 2. nvy{01og(e]) + ’{m}] — A, as well as the
average profit II = % an\f:l IT;, increases with M. When all solvers’ budget constraints bind, the

B
c; M

equilibrium effort ef = ¢~ 'n~! ( ) decreases with M for all 7 € {1,2,..., N}. Thus, an organizer’s

profit II,, at any contest m as well as the average profit II decreases with M. m
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Proof of Proposition 5. (a) Solver i’s output in contest m is y;,, = r(@im€in) where a;,, =
exp(gim). Suppose that the shock ém is transformed to Eim = a@m with a scale parameter a > 0.

Then, after the transformation, a;,, = exp(gim). Solver i’s probability of winning is

P(eims€5,) = Pri{yim = Yjm: j # 1} = Pr{r(eim exp(ain)) = r(e;, exp(aljm)), j #i}

= [ oo (o)) g i noa
sE= @ €m

N-—1 N1

The derivative of the probability of winning evaluated at symmetric equilibrium is:

OP(eim,€") e :/565(1\7_1)111(3)N2 (ain) h(s)*ds.

867;7” im=e*

Then, when the budget constraint does not bind, solver i’s first-order condition is

(()2;) Iy—1f <m§:¢(e;)> ¢'(e},) =0 where Iy = /SEE(N_ 1) H (s)V "% h(s)%ds.

Then, letting g be the increasing function such that (g(x))™' = (no ¢)'(x)z, we can write the

1-b
solution to the above conditions as e}, =¢ (%) Note that g is homogenous of degree bip.

When e}, < ¢* (n‘l(EM ‘b)) , the budget constraint holds so e}, =g (AINTW> is the equilibrium
and otherwise ef = ¢! (n‘l(EM _b)) is the equilibrium. Thus, the equilibrium effort satisfies
er, =min {g(AINM'~") ¢~ (7' (BM ™)) }.

(b) An organizer’s profit is II,, = E[max;cq1 0, ny (€], exp(aim))] — A. Because both r and exp
are positive and increasing functions, and « and e}, are constants in 4, for any s; > s;, we have

r(er, exp(as;)) > (e}, exp(as;)). Thus, we can write E[max;cq1,2,.. vy 7 (e}, exp(aim))] as follows:

ELG{H?%,N}T(Q exp Oéﬁzm / / /S 16{1 2 (e* exp(as;)) rll(h(sz)ds,)

i=

N

:)d
// - [ renente, s ) [Tkisds

i=1

= Blr(eeplo, max &)

= E[r(exp(log(er,)+a  max  &m))]

i€{1,2,...,N}

—b
For a sufficiently large a, €, =g <%> Thus, for any split of solvers in the exclusive case

[e3

with N,, (>2) solvers in contest m, the average profit under the exclusive case can be written as:

M
—X 1 — — — Py m
I = i ElE [r(exp (log(g(AINli ba™h)) +al)y )>] —A. (43)
In the non-exclusive case, the average profit can be written as:
M
— 1 _ b — Py
i-Lyp [r(exp (log(G(ALx M'~a~1)) + aéfi))] — A (44)

m=1
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We have lim, .o = log(e,) = limg oo = log(agiplg(AINMl_b)) = 0. Then, in the limit, *log(e;,)+
maX;e(1,2,...N} Eim first-order stochastically dominates ilog(e;‘n) +maX;e(1,2,... Ny} gNim, and not vice
versa. Thus, because r and exp are increasing functions, by Theorem 1.A.3 of Shaked and Shan-

thikumar (2007), for sufficiently large a, we have
E [r (exp (10g(§(AINM1_bof1)) + a@f))] >F [r < exp (10g(§(AINmM1_ba_1)) + af}i’”))] .

Thus, there exists «q such that for any « > aq, we have m-m > 0.

(c) g(AIyM'"?) is increasing in M and ¢~ (n~'(BM ")) is decreasing in M so there exists M,
such that for any M < My, e* =g (AIyM'~"), and for any M > M,, e* = ¢~ (p~'(BM~")). Thus,
the result holds because E[r(exp(log(e},) + amaxX;cqi2,.. N} gm))] is increasing in M < M, and
decreasing in M > M,. m
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Online Appendix

EC.1. Existence of Equilibrium

In this section, we discuss the existence of a symmetric pure strategy Nash equilibrium. The section
proceeds as follows. We first present Lemma EC.1 that provides a generic sufficient condition for the
concavity of solver ’s utility function U; under her effort levels (e;1,e;z,...,€:a7). In Lemma EC.2,
we present more specific and precise sufficient conditions under special cases of our general model.
In such cases, the set of efforts (e},es...,e%,) (characterized by Proposition 1) solves the solver’s
utility maximization problem in (3), and a symmetric equilibrium exists. Finally, we present a

numerical analysis to show that a symmetric equilibrium exists under a broad set of parameters.

LEMMA EC.1. Suppose b>b=1— /1?’;—1 where kK =inf, ) coo o einn) %u% >1/M. Suppose
~ ~ -~ 1=1 ¢im® (€4

that the output shock &, is transformed to &;,, = a&;n with a scale parameter o > 0. There exist o >

0 such that for any o> a, solver i’s utility function U; = Z VAP (eimsel) — (e, i, ..o €inr)

is concave under her effort levels (e;1, €a...,€;0r), where Py, (€im,€k) is as in (2).

Proof. For notational convenience, we drop e}, from P,,(€;mn,e’,). The Hessian matrix of U; is

Bi—n" ( il ¢>(€z‘l)) (¢'(en))?® 0" (Zf\; ¢(eu)) ¢'(ei)d'(ei) -+ 7" EZ?& ¢(eu)§ ¢’ (eir)¢’ (einr)

s | (S sen)) ¢ le)dlen) Ba—n” (S élen) (¢ (e))? -+ 0" (S olen) ) ¢ (ei2)d (einr)
brui= : : - : ’

n” (Zfil ¢(6il)> ¢'(eint)d' (eir) 1" (Zf\il ¢(6u)) ¢'(eint)d'(ei2) -+ Bar —n” (Zfil ¢>(eu)) (¢ (eim))?
where B,, = A,,P"(eim) — 1 <Zl]\i1¢(eil)> ¢ (€im). U, is concave if and only if D?U; is negative

semi-definite. This holds if and only if D?U; has non-positive eigenvalues because D?U; is symmetric

(so it has real eigenvalues). By Gershgorin Circle Theorem, D?U; has non-positive eigenvalues if

(qu e ) ¢ (eim))? <0 for me{1,2,...,M}, (EC.1)

> (EC.2)

and D?U; is diagonally dominant; i.e.,
Z (Zd) €l ) elm)(b,(ein) .

<Z¢ €l > elm))2
ne{l,2,..., M}\{m}

When the condition in (EC.1) holds, since n” <0, the condition in (EC.2) boils down to:

AP (€im) — <Z¢ e ) (eim) — 1" (Z gb(eil)) ¢’(eim)<2¢'(eﬂ)> <0. (EC.3)

We first show that (EC.1) holds when the level of uncertainty is sufficiently large.
1-b

n ( fvil qﬁ(e“)) ¢ (eim) = (%) 7' (¢(eim)) @' (€im) is increasing in e;,,, so when e, >0,

n (Ef\il ¢(€iz)> d"(eim)+n" (lel (el—l)> (¢'(€im))? > 0. Thus, it suffices to show that P/ (e;,,) <

0. After a scale transformation of the output shock Em to @m = agm with a scale parameter a >
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N resm)—r(et) ) ! _ N1 r(eim)—1(ek)
0, we have P,,(e;m) = fsezm H, (s+ — hn(s)ds=FE |HY i + = . Its

first derivative P/ (€)= m [hN ! (@m %W)] Then, letting 7%, =r(ek,)), we have

RO v 1P T G C | RO PRy CRNCCESA|

o2

As « approaches infinity, both expectations in (EC.4) converge, and E [hﬁ) 1 (fzm %)}
converges to a positive constant. Furthermore, since r is increasing and concave, 7’(e;,,)?/a? (> 0)
approaches 0 faster than r”(e;,,)/a (< 0). Thus, there exists « such that for all & > «, P/ (€;,) <O0.

To show that (EC.3) holds when P/ (e;n) <0, it suffices to show the following property:

(Zgb e ) (€im) +1" (Zqﬁ €ir ) ¢/(eim)(§;¢’(eil)>
i (S sten)) ey 4L o)) e (S 6 (en
—7 (;w >)¢< >+(le " )) <Z¢ )<z>< ><;¢< >>

_ "{;j:);) [(id»(eﬂ))as"(em) (1 b)) (fqb())] >0, (BC5)

Noting that ¢'(€;,) = T2%¢" (€;) and ¢(€;n) = “22¢'(e;n ), the above condition is satisfied if and

only if the following 1nequahty is satisfied

M ’
i i —1
Z;;l cad’(€n) p > (1-b). (EC.6)
2121 eimgb,(eil) p
This inequality is satisfied by any (e;1,€;2,...,€;37) when b>b=1— /-;1%1, where
Mo g
k= inf Kfquﬁ(ed). (EC.7)
€1,€425-+-5 €iM Zl:l eim¢l(€il)

M ead (ea)
2%1 eim®’(eq1)
attention to e; such that e; <e;,,. Under this condition, we have

M
1=1 eil¢/(eil) Zl 1 ezlgb (ezl) > eim¢/(€im) _ i
E;\/Il eimd),(eil) El 1 ezmd) (ezm) N Meim¢l<eim) M
Thus, x> 1/M. Therefore, as a sufficient condition, whenever b>1— 2— (EC.5) holds. m

Observe that when e;; > e;,,, is increasing in e;;. Thus, when deriving x we can restrict

(EC.8)

Using the proof of Lemma EC.1, we can obtain the following corollary.

Zl 1€ zl¢( zl)

eizo€iM) M o el (e

where P, is concave for all m € {1,2,....,M}, U, is concave. Therefore, under this condition,

CoroLLARY EC.1. Suppose b>1— /-ipp%l, where k =inf.,, In any setting

(e1,€5...,e3,) in Proposition 1 solves the solver’s utility-mazimization problem in (3).

Lemma EC.1 along with Corollary EC.1 imply that when the output uncertainty is sufficiently
large, U, is concave. It is important to note that some uncertainty in solvers’ output is necessary

for the existence of pure-strategy Nash equilibrium. To illustrate, consider an extreme case where
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solvers face no uncertainty. Then, given other solvers’ efforts, a solver can set her efforts to yield
marginally larger outputs than other solvers and win all contests. This leads to a discontinuity in the
solver’s utility, and hence prevents the existence of a pure-strategy Nash equilibrium. Thus, there
should be sufficient uncertainty in solvers’ outputs to ensure a pure-strategy Nash equilibrium.
Although it is analytically intractable to characterize a precise bound on the output uncertainty
that is sufficient for concavity under our general setting, Corollary EC.1 helps us derive such bounds
under some specific settings. Specifically, the innovation contest literature often assumes conditions
under which a solver’s utility function is concave for a single contest; and if these conditions
are satisfied in all contests of a multiple-contest environment and b > 1 — /@ijl, Corollary EC.1
ensures that a solver’s utility function is concave under multiple contests as well. Along this line,
the following lemma depicts two cases, where the concavity of a solver’s utility is ensured under

b>1— =L,
- p

LEMMA EC.2. A solver’s probability of winning P,, in any contest m € {1,2,...,M} is concave
when

(i) The effort function (i) = 0log(eim) and the output shock &y, follows Gumbel distribution
with scale parameter v, >0 (as in Terwiesch and Xu 2008);

(ii) N =2 and the output shock f:-m follows uniform distribution (as in Mihm and Schlapp 2019)

or any distribution with a decreasing density function (e.g., exponential).

Proof. (i) When the effort function and the output shock distribution is the same as that in
Terwiesch and Xu (2008), the probability of winning P,, in a contest m is the same as that in a
single contest setting of Terwiesch and Xu (2008). Thus, from the proof of Theorem 1A in Terwiesch
and Xu (2008), we can see that a sufficient condition for P,, to be concave is v,, > 6.

(ii) Plugging N =2 in (EC.4) yields the second derivative of the probability of winning as:
/(5. 2 - . ok "(,. - . ek
Pt O 5[y (6 el )] Pleadf, (e o))
a a a a

When h is constant (as in uniform distribution) or decreasing, A’ <0so E [hﬁn <£~1m + %)] <
0. Because 7" >0 and r” <0, we have P” <0, so P,, is concave. m

Lemma EC.2 illustrates that the solver’s output uncertainty need not be very large to guaran-
tee the concavity of a solver’s utility function. Although Lemmas EC.1 and EC.2 offer sufficient
conditions for the concavity of a solver’s utility, concavity is sufficient but not necessary for the
existence of a symmetric pure-strategy Nash equilibrium. In fact, as pointed out in the following

lemma, (e7,e5...,e3,) characterized in Proposition 1 is the symmetric equilibrium in any setting

where (e7,e5...,e3,) solves the solver’s utility-maximization problem in (3).
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LEmMA EC.3. If (ef,e5...,e3,) in Proposition 1 solves the solver’s utility-maximization problem in

9 - .
(8), then it is the symmetric pure-strategy Nash equilibrium in solvers’ subgame

Proof. Suppose (e7,€;..., e4,) solves the solver’s utility maximization problem in (3). Then, exerting
efforts (e}, e5...,e3,) is a solver’s best response when all other solvers exert efforts (ef,es...,e35,).
Thus, (e}, e...,e3,) is a symmetric pure-strategy Nash equilibrium. m

One may wonder how restrictive the condition in Lemma EC.3 is. To address this question,
we numerically check the settings under which this condition is satisfied, and hence a symmet-
ric equilibrium exists. For this analysis, we consider Gumbel, normal, and uniform distributions
for the output uncertainty, and under each distribution, we randomly generate 10,000 instances
to check whether a symmetric equilibrium exists. At each instance, we randomly draw N from
{2,3,...,20}, M from {1,2,...,10}, b from Uniform[0.5,1], pb from Uniform[1,5], ¢, k, and 6 from
Uniform[0.5,1.5], and A,, from Uniform|[1, 10] for each contest m € {1,2,..., M }. In simulations with
Gumbel distribution, we use mean 0 and scale parameter v,, for each contest m € {1,2,..., M},
where v, is drawn from Uniform|[1,10]. In this case, 98.3% of 10,000 instances contain a symmetric
equilibrium. In simulations with normal distribution, we use mean zero and standard deviation
om for each contest m € {1,2,..., M}, where o, is drawn from Uniform[1,10]. In this case, 98.5%
of 10,000 instances contain a symmetric equilibrium. In simulations with uniform distribution, we
use bounds —a,, and a,, for each contest m € {1,2,..., M}, where a,, is drawn from Uniform[1, 10].
In this case, 69.4% of 10,000 instances contain a symmetric equilibrium. The fact that uniform
distribution yields fewer settings that contain a symmetric equilibrium is not surprising because
under the parameter settings we use, uniform distribution has less variance (which corresponds to
smaller o) than Gumbel or normal distributions. If we instead draw a,, from Uniform[v/3,10v/3],
which corresponds to the same standard deviation as o, drawn from Uniform[1, 10], we have 86.8%
of 10,000 instances containing a symmetric equilibrium. Lastly, when we ensure sufficient curvature
for the solver’s cost function by assuming pb > 2 (i.e., drawing pb from Uniform[2,5]), the per-
centage of settings with symmetric equilibrium for uniform distribution increases to 94.9%. These

results indicate that symmetric equilibrium exists under a very broad set of parameters.

EC.2. Further Extensions

In this section, we provide further extensions of our main results. In §EC.2.1, we consider the total
profit of organizers (instead of the average profit) as the coordinator’s objective. In §EC.2.2, we
consider the decentralized case where organizers set the awards at their contests and compete for
solvers’ efforts. In §EC.2.3, we consider an alternative way of modeling economies of scope. To

focus on the isolated impact of these different aspects, we restrict attention to symmetric contests.
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EC.2.1. Alternative Objective for Coordinator

Our main model in §2 assumes that the coordinator maximizes the average profit. As discussed
in §2, this objective seems to be aligned with the objective of a contest platform, and with the
objective of an organization such as Elanco or Gates Foundation when it determines whether to
run contests in parallel. In this section, we analyze the case where the coordinator maximizes the
total profit of organizers (hereafter, total profit). This alternative objective for the coordinator
complements the one in §2, and provides insights for an organization that considers whether to run
a new contest in parallel with others or to never run it (and hence lose the potential profit). We

first discuss when the coordinator should run exclusive contests.
COROLLARY EC.2. Theorem 1 holds when the coordinator maximizes the total profit.

Corollary EC.2 shows that when the solver’s output uncertainty is sufficiently large, the non-
exclusive case yields a larger total profit than the exclusive case, so solvers should be encouraged
to participate in multiple contests. Corollary EC.2 has exactly the same intuition as Theorem 1.
We next discuss the optimal number of contests. Consistent with practice, we restrict attention
to contests with non-zero awards. Before presenting the main result of this section, we make the

following assumption.
AssuMPTION EC.1. For M =1, II* =r(e*) + uf), — A* >0, where e* and A* are as in Lemma 1.

Assumption EC.1 states that when there is a single contest (i.e., M = 1), an organizer can make
positive profit by giving the optimal award A*. We make this mild assumption because otherwise,
increasing the number of contests may add up negative profits. The following proposition extends

Theorem 2 by showing that the coordinator’s objective is unimodal in the number of contests.

ProrosiTiON EC.1. Suppose that the coordinator sets mon-zero awards at M contests. Under

Assumption EC.1, II** = Z%ﬂ IT* is unimodal in M, i.e., there exists M** such that ag;f >0

for all M < M** and ag]’\‘f <0 for all M > M**.

Proposition EC.1 shows that even when the coordinator maximizes the total profit, there is an
optimal number of contests. To explain the intuition, we first discuss how each organizer’s profit I1*
changes with the number of contests M, and then discuss the impact of M on the total profit. When
M increases, as discussed in §3.2, each organizer’s profit II* increases as long as the scope effect
outweighs the scarcity effect. Yet, when M is above a threshold M*, the scarcity effect outweighs
the scope effect, so each organizer’s profit II* decreases with M. When the coordinator maximizes
the total profit, even if each organizer’s profit II* decreases with M, the total profit MII* may still
increase with M, and hence it may be optimal to run more contests than M*. However, Proposition
EC.1 shows that as M increases, the decrease in each organizer’s profit due to the scarcity effect
becomes so large that the total profit decreases as well. Thus, in line with Theorem 2, there is an

optimal number of contests M** even when the coordinator maximizes the total profit.
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EC.2.2. Decentralized Contests

In this section, we consider the decentralized case where organizers set the awards at their contests
and compete for solvers’ efforts. Given that other organizers give the award A, = A*” and that
each solver exerts the equilibrium effort e in contest m as in Lemma 1, each organizer m chooses

award A,, to maximize expected profit by solving the following problem:
max r(er,) + pun — Ap. (EC.9)

We refer to A*P that solves (EC.9) as the equilibrium award in the decentralized case. As in §2,

we focus on symmetric pure-strategy Nash equilibria for both organizers and solvers.

ProprosITION EC.2. In the decentralized case, under Assumption 3, the following results hold.
(a) Let o be the average profit in the exclusive case. Suppose that the output shock gm 18 trans-
formed to a-m = aém with a scale parameter o > 0. Then, there exists agy such that the average
profit in the non-exclusive decentralized case o s greater than o for any a> ay.

(b) There exist M;"" and My such that %ﬁ_]\; >0 for all M < M;" and %ﬁTf <0 for all M > M;".

Proposition EC.2(a) extends Theorem 1 to the decentralized case, and has the same intuition
as Theorem 1. The average profit in the exclusive centralized case T is an upper bound for
the average profit in the exclusive decentralized case where solvers determine which contest(s) to
participate in and their efforts, organizers determine their awards. We use the upper bound o
because in the exclusive decentralized case, a pure-strategy Nash equilibrium among organizers
may not exist. Note that whenever the average profit in the non-exclusive decentralized case o’
is larger than the average profit in the exclusive centralized case ﬁX, each organizer’s profit in the
non-exclusive decentralized case is larger than that in the exclusive decentralized case.
Proposition EC.2(b) extends Theorem 2 to the decentralized case, and has the same intuition
as Theorem 2. The only difference is that Theorem 2 shows that the average profit is unimodal in
the number of contests M with a peak M*, yet Proposition EC.2(b) shows two thresholds M; D
and M;'" such that each organizer’s profit increases with M when M < M;"" and decreases with
M when M > M, D Nevertheless, this result corroborates the insight of Theorem 2 that multiple

contests are beneficial to organizers only up to the optimal number of contests.

EC.2.3. Alternative Model for Economies of Scope

Consistent with the innovation contest literature (e.g., Terwiesch and Xu 2008, Ales et al. 2017),
our main model in §2 interprets a solver’s effort as the set of actions she takes to improve her out-
put, such as conducting literature review. Alternatively, effort can be interpreted as deterministic

improvement a solver makes to her solution quality (e.g., Moldovanu and Sela 2001). These two
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interpretations lead to modeling economies of scope through the solver’s cost function 1, and this
is consistent with the traditional definition of economies of scope (e.g., Willig 1979, Panzar and
Willig 1981). In this section, we consider a third interpretation of effort as the time a solver spends
on a contest. To do so, we consider spillover in the solver’s output function rather than economies of
scope in the solver’s cost function. Specifically, the time solver ¢ spends on one contest may improve
her output at another contest, so her output in contest m is y;,,, =6 (eim +a), 4m eil> —I—Eim, where
a € (0,1).'? This model builds on the Sutton (2001) model of output spillover. The innovation con-
test literature that focuses on a single contest commonly uses this type of a linear effort function
with a convex cost function (e.g., Mihm and Schlapp 2019, Hu and Wang 2021). Consistent with
Sutton (2001) and the innovation contest literature, we assume that solver i’s total cost of effort
is Z?ﬁl ¢(e;1), where ¢ is an increasing, convex, and homogenous function of degree p (> 2). The
cost function ¢ may represent the solver’s disutility from spending time on a contest. To capture
the impact of solvers’ limited resources as in our main model, we assume that each solver’s total

effort cannot exceed E.

ProprosiTiON EC.3. (a) Let T be the average profit when the coordinator optimally allocates
solvers and awards in the exclusive case. Suppose that the output shock Eim is transformed to
@m = agim with a scale parameter a > 0. Then, there exists agy such that the average profit in the
non-exclusive case 11 is greater than that in the exclusive case o for any a > aq.

(b) The average profit 11 is unimodal in the number of contests M, i.e., there evists M* such that

DI >0 for all M < M* and 2L <0 for all M > M*.

Proposition EC.3 extends Theorems 1 and 2, and presents somewhat expected results as there is
a strong correlation between the three interpretations of effort and between output spillover and
economies of scope. Specifically, when a solver spends more time on a contest, the deterministic
part of her output, i.e., 0 (eim +a), 4m eil>, at another contest also improves. Thus, when a solver
improves her output at one contest, it is less costly to improve her output at another contest, leading
to economies of scope across contests. This strong correlation among different interpretations of

effort explains the analogous results in Proposition EC.3 and Theorems 1 and 2.
EC.3. Proofs of Further Extensions

Proof of Corollary EC.2. Because the number of contests is fixed in Theorem 1, whenever the
average profit is maximized, the total profit is also maximized. Thus, Theorem 1 directly extends

to the case where the coordinator maximizes the total profit. m

197t is plausible that the spillover from one contest may diminish with the spillover from other contests. This case
can be modeled by taking the coefficient a as a decreasing function of M. Our results extend to this case as well.
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Proof of Proposition EC.1. Let e=¢! (nfl(M*bF)). The coordinator’s problem is
max Mr(e*)+ Mué\{) — MA, where e* =min{g(AIyM"'""),€}. (EC.10)

From the above problem, we can deduce that the coordinator never sets A such that g(AIyM*~%) >
€ because otherwise the coordinator can improve the total profit by reducing A. Thus, without loss

of optimality, the coordinator’s problem can be rewritten as follows:
max Mr(g(AIyM'=")) + Mpufy) — M A, where g(AIyM'™") <. (EC.11)

Let ®(A) = M1’ (g (AIy M) g/ (ATyM'=*) IyM'=* — M and A= Mg~ (&) /Iy. Note that
® is the first derivative of (EC.10) with respect to A. Suppose that ®(A) > 0. Because 1’ (g(x))g' ()
is decreasing in x (as assumed in §2), the objective function in (EC.11) is concave in A, and hence
®(A) is decreasing in A. Because A > A violates the constraint in (EC.11), and @ is decreasing,
A* = A solves (EC.11). Thus, A,, = A* maximizes the total profit II**, and e, = e* =€ is the
corresponding equilibrium effort. Suppose that ®(A) < 0. Then, as lim,_,7'(g(z))g (z) = oo, we
have ®(0) > 0, so by the Intermediate Value Theorem, there exists A such that ®(A) = 0. Note
that A is unique because ® is decreasing. In this case, A* = A solves (EC.11). Thus, A,, = A* = A
maximizes the total profit II**, and e, = e* = g(A*IyM'~?) is the corresponding equilibrium
effort.

®(A)/M =1 (g (AINM'")) g (AIyM' ") M —1=71"(€) g’ (97" (€)) INM'~" — 1 is increas-
ing in M because € is decreasing in M, r'(g(x))g'(z) is decreasing in z, and M*~? is increasing in M.
Because ®(A)/M is increasing in M and lim,_7'(g(x))g'(z) = oo and hence lim ;. (®(A)/M) >
0, there exists M, € [1,00) such that for any M < M,, ®(A) <0 and for any M > M,, ®(A) > 0.

Let II*™ be an organizer’s profit when there are M contests and the coordinator optimally
chooses the award as A*. We next show that the total profit TI** = MIT* = Mr(e*) + M}, —
M A* is increasing in the number of contests M up to some M™* and decreasing afterwards. When
M < M, as in the proof of Theorem 2, the constraint in (EC.11) can be relaxed. Applying the

Envelope Theorem to IT** =max, Mr(e*) + Mpfy, — M A, we obtain

H*,E *
a@M —IM 4 Mr’(e*)giM IV M(1—b)r(e")g' (A" INM"Y) ATy M~ (EC.12)
A* that maximizes IT** also maximizes II*"*, and we have 81;;;” > 0 for all M < M, (see proof

of Theorem 2), so under Assumption EC.1, we have IT** > I1*! > 0. As ¢’ >0 and 7’ > 0, from
(EC.12), IT** is increasing in M when M < M,. When M > M,, A* = A so the objective function
in (EC.11) can be written as:

R - M
II B Mr (€)+M/J,é\1f) —mg 1(6). (EClg)
The derivative of the coordinator’s objective with respect to M
o1I+> oM e 1 e 1-b
_ H*,M M — H*,M _ M ! (= —1\/ (= —1 /= .
oM MY " @ ot a9 V@ ot ey ©
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As 7', ¢, and 1 are homogenous of degree —k, p, and b, respectively, g~ = ((n:_;b)’) is homogenous
of degree pb+ k — 1. Noting that (¢7')' (z) = (pb+ k — 1)g~*(z)/x, we have
oM @t (n'(B)  ptk—1 , _  r(e I ptk—-1 g7 _
== 1( 1 )+ 2-b 1(6): 1( ) 1 —¢ 1(77 1(3))+ 1-b—1 —/(e) :
oM pM1/r+ pInM pM1/p+ pIy M /p oy
Note that 20 " has the same sign as ¢ = —¢~ L(n'(B)) + —25 -2 (07 (n7'(B))), which

pIny M(P+2k=2)/p ¢/

is always decreasmg in M because pb+k —b>0 and p+ 2k —2 >0 (note that pb+ 2k —2 > 0).
Thus, there exists Ml [My,00) such that ¢ >0 and hence 8“ L >0 for all M € [Mo,Ml)' and
¢ < 0 and hence an M <0 for all M > M,. Then, as IT*M > for all M < M,, and an " >0 for

all M € [My, M,), we have IT*™ > 0 for all M < M,. For M > M,, & Mo 0, and hence =M is
decreasing in M. Thus, there exists M** such that BH = >0 for all M < M** and 8“ = <0 forall
M > M**. Also, because r(e*) —i—fl de—r —i—fl “Fr( de—r(1)+r(1)%,
for k> 1, we have limy;_,, I[T"" = hmMﬂoo (7’(1) + /(1) 2 +u(1) — Wg_l (é)) = —00, S0

M*“cR,. m

Proof of Proposition EC.2. We find the symmetric equilibrium in the decentralized case, and
then prove parts (a) and (b), respectively.

We first find the unconstrained decentralized award by relaxing the solver’s budget constraint,
which we denote by A. Suppose that each organizer k # m chooses A and organizer m chooses A.
Let e be the solver’s effort in contest m and let € be the unconstrained equilibrium effort at other

contests. In this case, using (10), the first-order conditions for the solver can be written as:

Ar'(@) Iy — ' (M —1)¢(€) + d(e)) &' (€) =0,
Ar' (e) In — 11 (M —1)¢(2) + p(e)) ¢'(e) = 0.

Under Assumption 3, from the above equalities, we can derive the following equalities:

A%IN—E&IN—cbp((M 1) @)P+er) .

From the first equality, we get e? = %(é\)p, and by plugging this into the second equality, we get

~0 ey A\ g o (MDA A !
A(’e\)pIN_b<(M 1) (e) +A\()> bp(e) ( 1 > )

1

-~ b
which yields €= (A)7 < oIy > and e — Ab < oy )

cbp((M—l)giA)b ! cbp((M—l)A\-ﬂ—A)b !

3=

While other organizers choose A, organizer m’s profit (when choosing A) can be written as:

0 L0 efN 6(1—b) - N

A necessary condition for A to be unconstrained equilibrium is

AL, (A, A) (1 1-b 1
0A “p\A b ar-1a
acq P +(M—1)

A=A



ecl0 e-companion to Korpeoglu, Korpeoglu, and Hafalir: Parallel Innovation Contests

which yields

100 -b+Mb) 0 (M +12)
Mbp Mp ’

Let A= Mg (¢~ (" (BM™))) /In = w5 Note that if all organizers give award A, then

OMIy

the equilibrium effort in each contest is ¢~ (n~'(BM ~*)). Suppose that A < A. The solver’s budget

constraint is satisfied by the unconstrained equilibrium, and hence the equilibrium award in the
decentralized case is A*P = A. Note that all organizers giving awards A is not an equilibrium as
1 1-b 1 1 1-5 1
T
which shows that organizers can improve profits by reducing their awards.
Suppose that A>7A. In this case, any award A < A cannot be an equilibrium award because
o (l+1—‘bi> _1>9<i+1—"’i_> _1>§<i+ﬂé> ~1=0
p\A" b MA p\A ' b MA “p\A b MA ’
which indicates that an organizer has an incentive to increase the award above A. Suppose all other

organizers give award A, where A > A4, and let é be the corresponding equilibrium effort. In this

case, when an organizer selects award A such that the solver’s budget constraint binds, we have

TR 1= =T -1

éEgbl( ALy (B) > andez¢1< AT B) >.UnderAssumption
(M—-1)Ak+p—1 4 (M—1)Aktpr-1 (M—1)AFFP=T y (M—1)AFFp—1

3, the equilibrium efforts become

o (ALY o (LATLE Y

A+ (M-1)A A+ (M—-1)A
Then,

de| 1 ((B/e)*\"" (M=1)(B/e)"

& - <—M > D (EC.14)

Organizer m’s first-order condition evaluated at A = A can be written as:

OIL,,, (A, A) oMYP 1 ((B/e)\" T (M = 1)(B/e)V
_— == - = —-1=0, (EC.15)
04 |,_i Blowp\ M M2A
which yields the equilibrium award in the decentralized case A*" as:
- O0(M-1)
AP - A= 2V" —7) EC.16
— (BC.16)

(a) We next compare the average profit in the non-exclusive decentralized case with that in the
exclusive case. Suppose that the output shock Eim is transformed to am = aém with a > 0. Note
that A increases with the parameter o as 1, ~ = In/a decreases with a. As A does not depend

on «, there exists @ such that for all a > @, the equilibrium award in the decentralized case is

—~ o( M1zt . . . .
AP = A= (pr). The average profit in the non-exclusive decentralized case is

—= 0 2 InM'*""(Mb—b+1 O(Mb—-b+1
. (T RS\ BUWNRE TS RS

I =—1
bp 8 ach?p? M Mbp

. (EC.17)
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1
0ALX1 L x \ "
The equilibrium effort in the exclusive case is e:* = Tp]\jﬁﬁ> , where the optimal award
ArX =L for me {1,2}. Then, the average profit in the exclusive case is
D
2 2
—x 1 9 01 = x 0
== —1 v wx —— |. EC.18
22 (bp - ( actp | TNy (BE5)
The difference between the average profit in non-exclusive decentralized and exclusive cases is
—p —x 0 In(2b—b+1) 1 ¢ o(b—1)
Im -1 =—1 — = . — . EC.19
bp og <2b(IN*’XIN*’X)1/2 +a | pun 2 leivax % ( )
1 2 m=

Using the same argument as in the proof of Theorem 1, we have py > %Efnzl [N for m € {1,2}.
Thus, for a sufficiently large «, o -1 > 0, so there exists oy (> @) such that for any scale
transformation Eim = agim of the output shock Eim with a > ay, o s greater than o

(b) From part (a), for A= 925? , we know that the equilibrium award in the decentralized case is

AP =Aif A<Aand AP =Aif A>A. First, we analyze when A <A holds and then we analyze

when A > A holds. By rearranging, we obtain A <A if and only if
0 (M + 1be) - bpB
p OIn
Thus, when M is sufficiently small, the equilibrium award A*? = A. Thus, there exists a threshold

B 1
M;P such that for all M < M;"", we have A*P = A. To have M;"" > 1, we need 0 < (ﬂ) °)

M+
Similarly to above, by rearranging, we obtain A > A if and only if B(M— 1) pr . Thus, when M
is sufficiently large, the equilibrium award A*P = A. Therefore, there exists M;'" such that for all
M > M}, we have AP = A.

We next show that when M < M;?, so AP = A , we have 9L ” > 0. Note that we have

8 M

—n 0 PIyM' = (Mb—b+1) O(Mb—b+1)
I =—1 -,
bp o8 ( ach?p> M N Mbp
As b< 1, —% is increasing in M. Also, % is increasing in M for M > 1. Thus,
we have %r][w >0 for all M < M;"”. We next show that when M > M;""  we have A*? = A, and

hence 4 <O Note that we have e* = ¢ = ((B/c)"/?/M)(/P) Thus, II o 910g ((B/C) /b) +uy — A,

which is decreasing in M, because A in (EC.16) is increasing in M. m

Proof of Proposition EC.3. We first characterize the solver’s equilibrium effort, and then prove

the two parts of the proposition. Solver ¢ solves the following problem:

M N-1 "
max ZAm/H< +(1—a) elm—f—Zaell— l1—a)e Zael) h(s)ds — Zgzﬁ(eim),

€1:€§25--+,€

11,642 i =1 me1
M
E €im < E.
m=1
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When the solver’s constraint is relaxed, the first-order conditions of the above problem evaluated
at symmetric equilibrium yields €, = (¢')~! (((1 —a)A,,+a Zlﬂil Al) I N). When all contests give

award A, the solver’s equilibrium effort considering her constraint is

M

(a) We prove the first part of the result for two contests but the result can be generalized to any

efn:min{(¢’)_1(A(1+a(M—1))IN),£}. (EC.20)

number of contests M > 2. We compare the average profit in exclusive and non-exclusive cases.
In the exclusive case, let N** be the optimal number of solvers and A**X be the optimal award
in contest m € {1,2}, and let ;¥ be the corresponding equilibrium effort in contest m € {1,2}.
Suppose that the output shock Eim is transformed to ém = ozg;m with a scale parameter a > 0.
Note that it is never optimal for the coordinator to set awards such that e X > E (for m € {1,2})
because the coordinator can improve the average profit by reducing the award in contest m € {1,2}.
Thus, the equilibrium effort in the exclusive case is ef* = e ™ = (¢/) (ALY T yzx /@) in contest
m € {1,2}. Without loss of generality, suppose that e}"* <e3™. After incorporating the optimal

solution, the average profit in the exclusive case becomes
2

I =3 D (OerS +auiy —ARY). (EC.21)
m=1

In the non-exclusive case, suppose that the coordinator offers an award A in each contest so that

the equilibrium effort in each contest m € {1,2} is e, = (e} +e5™)/2. Under sufficiently large a,

22 e* = e*{’X + ez’X < E, so from (EC.20), A satisfies

m=1"m
©X | %X AT x
« (& +e « 2 N
cb’( : 2 )S( ¢e) = 2.

T (1+a)ly 2 1+a)ly (1+a)ly
Using the above inequality, the average profit in the non-exclusive case becomes
*, X *,X 2 A*7XI *, X
= e +ey N 1 X N 2 TNy
The difference between the average profit in non-exclusive and exclusive cases satisfies
2 *, A I *, X
M-I >« (um -5 mz-lﬂ(l) + = Z e +a)IN> (EC.23)

*, X
Using the same argument as in the proof of Theorem 1, we have ,uﬁ) >3 anzl ué\{’)” for m € {1,2}.
Thus, there exists g such that for any a > ag, we have m-T > 0.
(b) The average profit can be written as:

I = M[Z(l—ae +Za€z>+ZE§(1)m XZEAm

m=1

%[Z(u( a)e; +ZM ZA

m=1
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= % [Z(1+(M—1)a)(¢/)_l <<(1—a)Am+aZAl> [N> + Zué\{) B ZA’” .

Due to the symmetry with respect to all contests and the concavity of (¢’)~! (which is guaranteed
because p > 2), the coordinator sets the same award in each contest (otherwise the average profit
can be improved by a perturbation that makes the awards equal with the same total award). Let
A= mqﬁ’ (%) Note from (EC.20) that when the coordinator offers an award A in each
contest, then the solver’s total equilibrium effort is E. The coordinator never chooses an award
A > A because otherwise, the average profit can be improved by reducing awards marginally (and

keeping the total effort as F). Thus, the coordinator solves the following problem:
TI(A*) = max [(1 + (M —1)a)(¢) (1 + (M —1)a)Aly) + ,uf\{) — A] st. A<A.

Let A be the solution to the above problem when the constraint is relaxed. Note that because

(¢')~! is increasing, when ignoring the constraint, the Envelope Theorem implies that

OTI(A ~ -
ﬁ —a(¢)" ((1+ (M = D)) Aly ) + (1+ (M = Da)((¢) ") ((1+ (M = Da) ALy ) >0.
Thus, the coordinator’s objective improves with M if A<4A. Also, we can derive A as:

-~ 1 N—1\/\—1 1 _ 25 ’—1’—1ii
A= ararman @) (@HM_MWM)—@HM—MW (&)) (M>m,

which is increasing and unbounded in M because p > 2 and A< A Thus, there exists M, such

that for all M > M,, A > A, and hence it is optimal for the coordinator to set A* = A. Therefore,

for M > M,, the coordinator’s objective under the optimal award becomes
— E 1 E
I(A*) =1+ (M —1)a)— + uj, — = ).
(4) =+ 01 = V)7 + ) - = (17)
The derivative of the coordinator’s objective with respect to M
OII(A* E E 1 E\ FE
( ):_(1_a)_+ a ¢/ )+ ¢// /) =
oM M?  In(1+ (M —1)a)? M In(1+ (M —1)a) M) M?
Note that % has the same sign as:

M2ATI(AY) _ a¢!(B)M
oM —(1—a)E+

which is decreasing in M because m
OTI(A*) M?

S22 = —(1—a)E, which means that there exists M* such that for all M > M*, we
have %ﬁ—*) <0 and for all M < M* (where M* can be equal to M), we have %ﬁ—*) >0.m

vy OEE

Tn(l+ (M —1)a)? warar—na™ "

decreases with M and p > 2. Furthermore,

EC.4. Additional Results

LEmMA EC.4. (i) The cost function ) =n (an\le gb(eim)) exhibits diseconomies of scale for each
contest m; 1i.e. 0%y >0 for allme{1,2,....M}. When there is a single contest, i.e., M =1, 1) is

ok,

a convex function. (ii) ¢ exhibits economies of scope across contests; i.e. AT for all j #m.

7 deimeij
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Proof. (i) The partial derivative of ¢ with respect to e;n,

8e,m =7 (Zgb €l ) (€im)- (EC.24)

Because 7’ is homogenous of degree (b— 1), we have

o [0 dleq
aeim N ¢(€im)

>) 1 (&emm)) & (Cam).

—1
<Zl 19( ”)) is positive and increasing in e;, as b < 1. Also, as no ¢ is a convex function,

d(eim)

17 (qﬁ( m)) @' (€im) is positive and increasing in e;,,. Thus, a%i% is increasing in e;,,,, which means that

a Y > 0. When M =1, 9(e;1) =1 (0(ei1)), which is convex because no ¢ is convex by assumption.

im

(ii) Then, the cross partial derivative of ¢

82
Wgew - (Z ¢ €il ) ezm)¢,(eij).

Because ¢’ >0 and 7 is concave (i.e., " <0) -<0.m

’ 86 Oe;j
LEMMmA EC.5. In an optimal award scheme (A3, As, ..., A%,) that maximizes the average or total

profit, there exist no contests m and | such that A, > Ay > 0.

Proof. For ease of illustration, we prove this result for two contests, but the proof can be extended
to any number of contests. While we prove this result for the average profit objective, the same
steps can be applied to prove the result for the total profit objective. Suppose to the contrary
that it is optimal for the coordinator to give different awards at different contests. Without loss
of generality, we label the contest with the largest award as contest 1 and the contest with the
smallest award as contest 2. Then, in the optimal award scheme (A}, A%), A} > A}. Let e} and e} be
the corresponding equilibrium effort in contest 1 and 2, respectively. It is never optimal to set an
award such that the Lagrange multiplier A in (8)-(9) is strictly positive because the average profit
can be improved by marginally reducing awards. Thus, e} and e} should satisfy (11), which means
that e} > e} because ¢ is decreasing. Consider a perturbation with an alternative set of awards
(A1, Ay) such that r(e;) =r(ej) — e and r(ez) =7(e3) + € (with a sufficiently small € > 0 such that
S é(em) <1 '(B) due to the concavity of 7). Because the total effort anzl dlen) <n Y(B),
we have A, = g (em) ( glem) )lib from (10). Then, the change in the average profit I after the

In S ¢ler)
perturbation is (note that ej =77*(r(e;) +¢), e =r~'(r(e2) —¢), S r(em) =320 _ r(er,), and

E [an:l Eg)m] does not change after perturbation)

A= (—A1+A1 A2+A2

e (e 2 (e —e»)lb

_ 97 (en) e1) g T (e +9) ¢(r (r(ex) +¢)) o
2In (¢(61)+¢(7‘ 1(7’(62)—6))) " 2y (aﬁ(r*l(?“(@l)+€))+¢(T*1(T(62)—6)))
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g (e2) P(e2) g (e2) P(e2) e
21N <¢(61)+¢>(62)> M <¢(T’1(T(61)+6))+¢(62)>

o) ( éle2) ) L (r(e) — ) ( o(r (r(e2) ) )
2y \o(r=H(r(er) +€)) + ¢(e2) 21y p(r=t(r(er) +€)) + ¢(r='(r(e2) —€))
Taking the limit lim._, 222 and noting that e,, ="' (r(e,,)) and @(eX)A* = p(e3) A}, we obtain

0

_ p(e1) " dlen)g (er) ¢'(e2) o p(e2) T plea)g M e2) ¢'(en)
1 b)<¢<e1>+¢<e2>> Ve e b)(¢<e1>+¢<e2>) @) + 9lea))? ren)

_ p(er) " glea)g T Her) ¢'(er) b(eq) 1= 1 1
F1=0) (¢(€1)+¢(e2)) (p(e1) + dlez))” ' (e1) * <¢(€1)+¢(€2)> g'(97(er)) r'(er)
(- Plez) T dle)g T (es) dles) (e2) S| 1

1=9) <¢(€1) +¢(€2)) (d(e1) + @lez))? 7'(e2) <¢(€1)+¢(€2)> g'(g7 (ea)) r'(e2)

Note that whenever § > 0, the average profit improves after the perturbation, so we prove that
when k and b are sufficiently large, § > 0. Note that the first line in § is equal to zero because

¢ (em) =pod(em)/em and g~ =1n/(¢)¢’ /r'. Furthermore, because 2 — 2k —bp < 0 (as assumed in §2),

< ¢(e1) >1 S L < ¢(e2) )1 1 L (EC.25)
d(er) + ¢(ez2) g'(g7 (er)) r'(er) = \d(e1) + p(e2) 9'(g7"(€2)) r'(e2)

—b -1 ’
Y(ey,ez) =(1—0) <¢(ef)(jl¢)(32)) <$((§f>)i¢<g>)2 f,((zg approaches 0 as b approaches 1. Thus, when b
is sufficiently close to 1, § >0 from (EC.25). Furthermore, we have Y(ej,es) — Y(eq,e1) > 0, and

hence § > 0 whenever
¢le))"g~" (e1) ¢'(en) S Pea) g~ " (e2) ¢'(e2)
p(e1) r'(e1) p(e2) r'(e2)
As Ljil%’ is homogenous of degree —bp+bp+k—1+p—1—p+k=2k—2, (EC.26) holds when

(EC.26)

k> 1. In either case, § >0, which contradicts the optimality of A7 > A}. m

LEMMmA EC.6. (Adopted from Lemma EC.7 of Ales et al. 2020) Suppose that M =1, and that the

output shock Eim 18 transformed to f:-m = aém with a scale parameter o> 0. Then, lim,_, AT* =0.

Proof. When ém is transformed to f:—m = aém with a > 0, Iy is converted to fN = In/a. Note

that when M =1, relaxing the solver’s budget constraint, the optimal award A\[a] satisfies

v <g (ﬁ[O;[]fzv))g/ (%p) %N_l:o, (EC.27)

Because 1'(g(x))g'(z) is decreasing in z, and Iy /a is decreasing in «, for A\[a] to satisfy (EC.27),
Ala]/a should be decreasing in . Since Ala]/a is decreasing in «, and Afa] >0, Ala]/a converges.
Furthermore, because lim,_ %\—’ =0, we need lim,_ %31 =0 to satisfy (EC.27). Under g, the
equilibrium effort e* =g (2[0?#) Because limg, .o % = 0, for a sufficiently large a, we have

n(p(e*)) <B, so A* = A. Thus, lim, .. 214 =0. m

LEMmmA EC.7. For any Nl,NQ €Z+\{0,1}, 1/[]\/‘1 +1/IN2 > 1/IN1+N2-
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Proof. By Lemma EC.6 in Online Appendix of Ales et al. (2020), (N; + N2)In,in, > Niln,
and (N1 + Na)In, yn, > Naly,. Thus, 7= > ogib——— and ;- > o572——. Adding these
1

= (N1+N2)Ing 4N, In, = (N1+N2)In; 4N,
|

inequalities, we obtain - 4 —— > ——.
Ny Ny Ny+Ny



