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Abstract

Delay-differential equations are differential-difference equations in which the
derivatives and shifts are taken with respect to the same variable. This thesis is
concerned with these equations from the perspective of the theory of integrable
systems, and more specifically, Painlevé equations. Both the classical Painlevé
equations and their discrete analogues can be obtained as deautonomizations
of equations solved by two-parameter families of elliptic functions. In analogy
with this paradigm, we consider autonomous delay-differential equations solved
by elliptic functions, delay-differential extensions of the Painlevé equations,
and the interrelations between these classes of equations. We develop a method
to identify delay-differential equations that admit families of elliptic solutions
with at least two degrees of parametric freedom and apply it to two natural
16-parameter families of delay-differential equations. Some of the resulting
equations are related to known models including the differential-difference sine-
Gordon equation and the Volterra lattice; the corresponding new solutions to
these and other equations are constructed in a number of examples. Other
equations we have identified appear to be new.

Béacklund transformations for the classical Painlevé equations provide a
source of delay-differential Painlevé equations. These transformations were
previously used to derive discrete Painlevé equations. We use similar meth-
ods to identify delay-differential equations with continuum limits to the first
classical Painlevé equation. The equations we identify are solved by elliptic
functions in particular limits corresponding to the autonomous limit of the

classical first Painlevé equation.
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Chapter 1

Introduction

This thesis is concerned with nonlinear delay-differential equations from the
perspective of integrable systems. Delay-differential equations have been
widely studied from the perspective of dynamics and stability, but little is
known about their integrability properties. On the other hand, the theory
of integrable systems encompasses a broad range of concepts and methods,
some of which apply naturally to the study of delay-differential equations.
We emphasize that there is no universal definition of an integrable system.
Rather, the term applies to systems in many different contexts that are in
some sense exactly solvable. Integrability in particular settings is discussed in
the subsequent chapter. In the context of delay-differential equations, it seems

promising to pursue analogies with Painlevé equations.

The classical Painlevé equations are paradigmatic examples of integrable
systems. The transcendents obeying these six nonlinear, nonautonomous,
second-order ordinary differential equations can be viewed as generalizations
of elliptic functions; appropriate autonomous limits of the Painlevé equations
have elliptic functions as their general solutions. Similarly, discrete ana-
logues of the classical Painlevé equations have been studied. Many such equa-
tions arise as deautonomizations of the symmetric Quispel-Roberts-Thompson

(QRT) map, an 12-parameter difference equation whose general solution (up



to arbitrary periodic functions) is given in terms of the Jacobi sine function

_asn(Qn+z)+ 3
~ ysn(Qn+2z) +0

(1.1)

Unp

for appropriate parameters: zq is free while the remaining parameters share a
single degree of freedom. Integration of the symmetric QRT map is facilitated
by a rational first integral I = I(uy,up+1) whose numerator and denomina-
tor are quadratic in each of its arguments. Parameterization of the curve
I(tp,up+1) = const. in terms of elliptic functions leads to (1.1).

In searching for delay-differential Painlevé equations, it would be conve-
nient to have a class of autonomous equations solved by elliptic functions, i.e.
an analogue of the symmetric QRT map. The main difficulty here is that there
is no clear analogue of a first integral in the delay-differential setting. The sym-
metric QRT map arises from the condition (E — 1)1 (uy,un+1) =0, where E is
the shift map that evolves n to n+1. If we promote n to a continuous variable,
we could introduce an operator L, a linear combination of d/dn and F —1,
and consider equations LI (uy,u,+1) =0. This integrates to I(up,un+1) = 1,

where Li) =0. Choosing ¥ to be a constant, we see that the class of equations
F(un,unﬂ,u;,ugﬂ)—i—G(un_l,un,unH) =0 (1.2)

(where " = d/dn) is solvable in terms of elliptic functions. Unfortunately, this
asymmetric class does not contain any of the known delay-differential equations
that admit elliptic solutions. For instance, the addition law for the Jacobi sine
function (A.58a) is closely related to a Painlevé type equation identified in
[68]:

au' = bu+u(u —u); (1.3)

this equation is solved by the Jacobi sine function in a special case. How-
ever, neither of these equations are contained in (1.2), even after this class is
generalized by a Mobius transformation of the dependent variable. Classes of

equations corresponding to more general operators L = f(E)d/dn+ g(F) also
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fail to contain these important examples.

In this thesis, we take a direct approach: we search for equations that
admit elliptic solutions in the form (1.1) with at least two degrees of para-
metric freedom, in analogy with the autonomous differential equations that
underlie the classical Painlevé equations and the symmetric QRT map. We
will show that this ansatz contains all order-two elliptic functions: elliptic
functions that take each value in the extended complex plane twice, counting
multiplicity, within each period parallelogram. Our search is performed within
two 16-parameter classes of delay-differential equations. The first of these con-
sists of bi-Riccati equations that are simultaneously Riccati equations for the
dependent variable and its upshift. This class has previously been studied in
[32], where a number of equations with continuum limits to classical Painlevé
equations were identified. The second class of equations involves a dependent
variable and its downshift and upshift. While this class has not been stud-
ied before, it contains the examples described above and also includes travel-
ing wave reductions of some known integrable differential-difference equations.
Within these two classes, we classify all equations admitting order-two elliptic
solutions and develop a method to identify a number of equations admitting
multiparameter families of such solutions. Some of the equations we identify
are related to known differential-difference equations. We exploit this con-
nection to give new elliptic solutions to the Wadati lattice and Toda lattice
equations. Other equations we identify appear to be new. Lastly, we show
that Painlevé-type delay-differential equations can be obtained from particu-
lar Backlund transformations for the classical Painlevé equations. We identify
two such equations and discuss their relationship to equations in our classifi-

cation; in particular, we find their elliptic solutions in appropriate limits.



Chapter 2

Integrability in continuous and

discrete systems

This chapter is concerned with several classes of nonlinear equations: ordi-
nary differential, ordinary difference, partial differential, partial difference, and
differential-difference. At the end of the chapter we discuss some basic prop-
erties of delay-differential equations, the main topic of this thesis. The term
‘integrability’ has been applied to each equation class we discuss, but given
the fundamental differences between the classes, it is unsurprising that there
is no universal definition of an integrable system. Even in a particular setting,
it is often difficult to define integrability, and we will not attempt to do so.
Instead, we will focus on some key structures typically associated with inte-
grable systems. For our purposes, the singularity structure associated to an
equation will be an important tool to isolate systems of interest. Those equa-
tions that admit elliptic function solutions are associated with particularly

simple singularity structures.

The primary purpose of this chapter is to motivate the results reported in
this thesis, which depend not only on features associated with integrable sys-
tems, but also on examples of well-known equations themselves. The Painlevé
equations, Korteweg-de Vries equation, sine-Gordon equation, Volterra lattice,
and Toda lattice will all be discussed. Transformations from these equations

to themselves and other equations play an important role in establishing and
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contextualizing results in subsequent chapters.
This introduction is organized as follows: single-variable equations are dis-
cussed first, followed by multivariable equations. Delay-differential equations

and their place in the context of integrable systems are considered last.

2.1 Painlevé equations

In this section, we will discuss two classes of Painlevé equations: continuous
and discrete. We first focus on the singularity analysis used to isolate the
classical Painlevé equations before discussing some of the properties of these
equations. We then move to the discrete case where we have opportunity to
discuss the singularity confinement criterion and how this, together with the

symmetric QRT map, leads to various discrete Painlevé equations.

2.1.1 Singularities in the complex plane

Here, we consider the singularities that can develop in solutions to ordinary
differential equations (ODEs) in the complex plane. We restrict ourselves to
ODEs of the form

n n—1
d™u du d u>, (2.1)

—=flzu—. . ., —
dzm / < dz dzn—1
where f is locally analytic—analytic with respect to each of its arguments in
some common domain (a connected, open subset of the complex plane). In

this case the ODE is locally represented as a first-order system

du;
dz

= fi(zyur,...,upn), i=1,...,n, (2.2)
to which Cauchy’s existence and uniqueness theorem applies.

Theorem 2.1.1 (Cauchy). Suppose fi,..., fn are analytic functions on a do-
main Q@ C C" and (20,u1,0,...,un0) € Q. Then the system (2.2), together

with the initial conditions

ui(z0) =uip, 1=1,...,n, (2.3)
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admits a unique analytic solution in some neighborhood of zg.

In the standard proof of the theorem [44], the neighborhood of solution
analyticity is constructed as a disk D C C centered at zg. Unsurprisingly,
this disk is contained within ; C C, the domain of analyticity of f with
respect to z.! Solutions are not guaranteed to be analytic outside of D, in fact
singularities of two qualitatively distinct origins may arise. Anywhere outside
of D, solutions may develop singularities whose locations depend on the initial
conditions; such singularities are movable. Movable singularities arise due to
singularities of f that involve the values (including the point at infinity) of u
or its derivatives (i.e. are singularities whose location is not determined by
the value of z alone). Outside of €1 D D solutions possess fized singularities
wherever f is singular due only to the value of z. The concepts here are well-
illustrated by an example due to Filipuk and Halburd [26]. In the first-order
ODE

3
, u—u
U =——1= f(2;u 24
s EREIC) (2.4
the function f is singular at z = —1, so we expect that any solution is also

singular at this point. f is also singular when u = oo, but this provides no
information about where in the z-plane the corresponding solution singularity
occurs. To determine the values of z for which u = oo, we need to know the
(particular) solution, which is in turn determined by the initial data. If we

adjoin the initial condition u(0) = ugp ¢ {0,£1} to (2.4), a unique, analytic

| 142

within the origin-centered open disk of radius min{l, \uo\_Q}. Outside of this

solution is given by

disk we find, as expected, a singularity at z = —1. This singularity is an

algebraic branch point. There is a second singularity (another algebraic branch

Tt is more convenient to discuss the singularity structure of f in (2.1) rather than the
singularity structure of the f; appearing in (2.2). The two are equivalent under the first
assumption of Cauchy’s theorem. Suppose we have a system (2.2); by assumption, the
system can be put into the form (2.1), where f is analytic on Q.
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point) at z = —ug 2. This existence of this movable singularity was predicted by
the behavior of f when u = oo. It is interesting to consider the case when the
initial data u(zp) =ug € {0,£1} is imposed on (2.4). In this case the solutions
are analytic (in fact constant) on C\{—1} and the singularity at z = —1 is
removable. These solutions have no movable singularities, a fact that can
actually be predicted from the ODE itself: if the domain of f is restricted to
finite values of u, there is a single singular point at z = —1. Put another way,

bounded solutions of (2.4) have only a fixed singularity at z = —1.
It is worth remarking that linear equations have only fixed singularities.
For such an equation, (2.1) reduces to

d™u d7u dn—1y

@ :a0(2>u+a1(2> P +"'+an71(2>W, (26)

where the a; are functions of z. The RHS of (2.6) is singular when either one
of the coefficient functions is singular or when u is singular. By restricting to
analytic coefficient functions and finite initial data, the following result [38, 44]

may be established by direct construction of the solution.

Theorem 2.1.2. Suppose ag,...,an,—1 are analytic functions on a simply con-
nected domain Q2 C C. Then the system (2.6), together with the initial condi-
tions

uD(z)=u; €C, i=0,...,n—1, (2.7)

admits a unique analytic solution in ).

We now return to nonlinear equations, again taking (2.4) as an example.
We observe again that the solution (2.5) possesses movable algebraic branch
points. It is natural to ask what other kinds of singularities can develop in
solutions to equations in the same class. The question was first posed and
investigated by Picard [65], thus initiating the study and classification of non-

linear ODEs on the basis of their singularity structures.
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2.1.2 Painlevé-Gambier-Fuchs classification

The school Painlevé, Gambier, and L. Fuchs studied nonlinear second-order
ODEs from the perspective proposed by Picard. We first discuss the corre-

sponding analysis of first-order equations.

2.1.2.1 First-order equations

We discuss the class of first-order rational equations
u' = R(z;u), (2.8)

where R is rational in u with coefficients analytic in z. It turns out that for
this class, the possible kinds of movable singularities are very restricted. For

a more general class® of equations, Painlevé established the following.

Theorem 2.1.3 (Painlevé [63]). Suppose the function P (z;u,u’) is polynomial
in u and v with coefficients analytic in z on some domain Q. On ), any

movable singularity of a solution to the equation
P(z;u,u’) =0 (2.9)

is either a pole or an algebraic branch point.

It is then natural to ask which equations admit only solutions that are
singled-valued about their movable singularities, i.e. the only movable singu-

larities are poles. It turns out there is only one such equation within the class

(2.8).

Theorem 2.1.4 (Picard [65]). Suppose that R(z;u) is rational in u with co-
efficients analytic in z in some domain . If the solutions of (2.8) have no

movable algebraic branch points on €2, then

R(z;u) = ag(2) + a1(2)u+az(2)u?, (2.10)

2First-order rational equations are a subclass of the polynomial class (2.9), obtained when
P is affine in its third argument.
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where the coefficient functions ag, a1, and as are analytic on 2.
The equation identified by Picard is called a Riccati equation. A general
Riccati equation has the form

u' = ag(2) 4 a1(2)u+az(2)u?, (2.11)

where ag, a1, and ag are locally analytic and ag is not identically zero (i.e. the
equation is nonlinear). Riccati equations are linearizable: they can be solved

in terms of linear, homogenous second-order ODEs. The change of variables

v
=—— 2.12
u== (2.12)
in (2.11) leads to
/
V' = (al + a2> v — apazv. (2.13)
a2

In these variables, it is easy to see why solutions of (2.11) have no algebraic
branch points. As the equation for v is linear, v has no movable singularities.
Therefore the only singularities of u arise from the transformation (2.12); u
has a pole at any point where v has a zero. The zeroes of v depend in general
on the initial conditions imposed on (2.13), so they give rise to movable poles
of u.

Riccati equations also possess a nonlinear superposition principle. In par-
ticular, if we have four particular solutions uy, ug, us, and uyq to (2.11), their

cross-ratio is constant:

(u1 —u2)(uz —uq)
(u1 —ugz)(uz —uq)

= const. (2.14)

This relation can be verified by differentiating with respect to z and using the
Riccati equation to eliminate derivatives. The superposition formula can be
inverted for uy to obtain the general solution to (2.11) when three particular
solutions are known. In the Riccati equation, we have seen how analysis of

singularity structure leads to equations with special properties. We will see
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the phenomenon again in second-order equations, to which we now turn.

2.1.2.2 Second-order equations

Here, we restrict ourselves to second-order rational equations
1 !/
u' = R(zu,u), (2.15)

where R is rational in v and «' and locally analytic in z. The singularity
structure for these equations is more complicated than in the first-order case
(2.8). Solutions of second-order rational equations may develop movable sin-
gularities that are logarithmic branch points, transcendental branch points,
or essential singularities, in addition to the possible singularities of first-order
rational equations. A number of examples are given in [1].

As before, it is natural to look for equations in the class (2.8) with sim-
ple singularity structure. Equations with the same singularity structure as a

Riccati equation are said to possess the Painlevé property.

Definition 2.1.1 (Painlevé property). An ordinary differential equation has

the Painlevé property if each movable singularity of each solution is a pole.

It should be noted that some authors use a weaker definition for the
Painlevé property, requiring only that each solution is single-valued about
each movable singularity. This definition allows for movable essential points
in addition to poles. The difference between these two definitions will not be
significant in this thesis.

The Riccati equation is the only first-order rational ODE of the form (2.8)
with the Painlevé property.® The situation for rational second-order equations
is more intricate. Here, there are fifty equations with the Painlevé property

modulo the Mobius transformations

alz)u+p(2)

U=t

¢=C(2), (2.16)

3The Weierstrass equation (u’)? = 4u® — gou — g3 possesses the Painlevé property, but is
not contained in the class (2.8).
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where «, 3, v, 0, and ( are analytic and ad — v # 0. The work of Painlevé
[64], Gambier [30], and R. Fuchs [29] shows that six of these equations, called
Painlevé equations, define new trancendents; the remaining 44 equations can be
solved in terms of these new transcendents and known transcendents: elliptic
functions and the solutions of linear ODEs and elliptic functions. The six

Painlevé equations are:

Pr: o =6u*+2 (2.17a)
Pr: o =20+ zu+a (2.17b)
1,52 1 240 d
Py u'== (u/) — '+ T +cu3 + - (217C)
u 2 2 u
1 2 3 b
Pryv: =50 (u’) + §u3 +4z2u? +2 (22 - a) u+ " (2.17d)
1 1 2 1, (u—1)> b
. n_ [ - / ] e
Pv: wu _<2u+u—1> (u) Su + = (au+u> (2.17e)
cu  du(u+1)
b
z u—1

1/1 1 1 2 1 1 1
Py ":( ) / _( ) 2.17f
Vi Y 2 u+u—1+u—z (u) z+z—1+u—z Y ( )

u(u—1)(u—2) bz c(z—1) dz(z—1)
2(:—1)2 [ u2+(u—1)2+(u—z)2]

Here, a, b, ¢, and d are arbitrary complex parameters. The Painlevé equations
enjoy a number of remarkable properties; a review of these is given in [14].
Here, we will discuss their classical solutions, relationship to elliptic functions,

and Backlund transformations.

2.1.2.3 Classical solutions and degenerations

For particular parameters values, Py-Py (2.17b-2.17f) admit solutions in terms
of classical special functions. Conversely, Py (2.17a) admits no solutions in
terms of known transcendents. The proofs of this result [60, 78] are technical,

making use of differential Galois theory, and will not be repeated here.

We recall that the hypergeometric equation degenerates into a number of

simpler linear equations, according to the following diagram:
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Bessel

) confluent ]
hypergeometric — Airy.

hypergeometric

N\ /!

Hermite-Weber
(2.18)

Very similarly, the Painlevé equations P — Py are obtained from Py through

successive degeneration:

Pvi = Prv Pn (= Pr). (2.19)

Prv

Beyond this formal relationship, each Painlevé equation (besides P, which
has no counterpart in the first diagram) possesses special solutions in terms
of the corresponding linear special function appearing in the first diagram.
The precise formulae for the degenerations in the above diagrams and special

solutions of the Painlevé equations are given in [20].

2.1.2.4 Autonomous limits of Painlevé equations

The Painlevé equations are closely related to differential equations that de-
scribe elliptic functions. If any explicit dependence on z in (2.17) is replaced
by a constant, the resulting equation can be integrated in terms of elliptic
functions. Let us illustrate this phenomenon for Py (2.17a). If we make the

replacement z — p = const., we obtain the autonomous limit

u’ = 6u?+p. (2.20)
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Integrating this once and comparing with (A.8), we find the general solution

(2 + 20; —2p, g3)- (2.21)

In a less straightforward way, elliptic solutions may be constructed for the
autonomous limits of the remaining Painlevé equations; further details are
given in [44]. The asymptotics of the first two Painlevé equations have been

shown to be similarly related to elliptic functions [49].

2.1.2.5 Backlund transformations

Each of the Painlevé equations besides the first involves at least one arbitrary
complex parameter. An auto-Bécklund transformation maps solutions of one
of the Painlevé equations to a solution of the same equation with different
parameters. More generally, a Backlund transformation may relate two distinct
Painlevé transcendents, but we will not find use for such transformations in

this thesis.

We will now give two examples that will find application later in the thesis.

When ¢ =0 and a =d = —1, Py (2.17¢) reduces to

2 1, b—u? 1
() =/ + =5 (2.22)
z z u

Suppose now that u(z;b) solves (2.22). Then we have the following solutions

z[l+u'(z;0)]  b+1
u(z;b)? u(z;b)
z[l-u'(z0)] b-1
u(z;b)? u(z;b)

u(z;042) = (2.23a)

u(z;b—2) = (2.23b)

for (2.22) when b is replaced by b+2 and b— 2, respectively. Both (2.23a) and
(2.23b) are auto-Bécklund transformations for this special case of Py, Let us

consider another special case of Pyyp (2.17¢) with ¢ = —d = 1:

2 1 240 1
(u’) Y a +ud -~ (2.24)
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If we denote solutions to this equation by u(z;a,b), we have the following

auto-Backlund transformations:

u(z;—a,—b) = —u(z;a,b) (2.25a)
1
u(z;—b,—a) = wad) (2.25b)

u(z;—b—2,—a—2) =

(2+a+bu(z;a,0)*

u(z;a,b) + z[u'(z;a,0) +u(z;a,0)2 + 1] — (14+b)u(z;a,b)

(2.25¢)

2.1.3 Painlevé test

If an ODE has the Painlevé property, each solution must be locally described by
a Laurent series containing a number of integration constants corresponding to
the order of the equation. The Painlevé test is a sequence of steps to determine
if an equation satisfies these necessary for the equation to have the Painlevé

property. The test essentially consists of substitution of the series

oo

u= ;)un(z — 20)" TP (2.26)

into the equation; about any singular point zg we must verify that p is inte-
gral and that there is sufficient freedom in the expansion coefficients so that

arbitrary initial data may be accounted for.

The philosophy behind the Painlevé test is that local singularity analysis
can check for strong necessary conditions for a given equation to possess the
Painlevé property. In particular, algebraic branching is easily detected through
this analysis. Extensions of the method to detect logarithmic branching have

been considered [66].

As an example, we perform the standard Painlevé test on Py (2.17a).
Possible values of p are determined by the leading order ansatz u ~ ug(z — zp)P.

We find that

W ~p(p—Dug(z—20)P %, u ~uf(z—z0). (2.27)
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Dominant balance occurs only when p = —2; by substitution into (2.17a) we

find that ug =1. We now consider the full Laurent expansion about the singular

point zg:
[e.e]
w=>"up(z—z)" "> (2.28a)
n=0
6U() 2u1 e _
v’ = + + ) un(z—z)" 2.28b
(2—20)4 (2_20)3 ngo n( ) ( )
[e.@] n
W =33 uptn_m(z —20)" (2.28¢)
n=0m=0

Given the initial value ug = 1 from the leading order analysis, the differential
equation (2.17a) is used to generate a sequence of recurrence relations. We
look for values of n where the expansion coefficient w,, is arbitrary. The initial

iterates are calculated to be

20 1
w=1 w=u=u3=0, w=—15 us=—¢ (2.29)
At n =6 we obtain the relation
u3 + 2uauy + 2uyus + 2ug(ug — 1) = 0, (2.30)

so that ug is an arbitrary constant. The expansion also contains the arbi-
trary location of the pole, zy. No further arbitrary constants arise from the

recurrence relations: for n > 4 we have the relations

n—1

(n+1)(n—06)up =Y Umlp—m (2.31)

n=1

and the polynomial multiplying u, does not vanish for n > 6. We conclude
that Py (2.17a) passes the Painlevé test as a single-valued expression with two

degrees of freedom:

1 20 9 1 3 4
=g g s ) (232
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can be generated about zp.

Let us consider the polynomial in n that appears on the LHS of (2.31).
This is called a resonance polynomial, and its roots are the locations of arbi-
trary coefficients in the expansion (2.28a). One root is n = 6, the location of
the arbitrary coefficient ug. The other root, n = —1, is called the universal res-
onance and corresponds to zg, the arbitrary location of the pole. The universal
resonance is found in any expansion with a leading order pole. To see this, we
perturb zg in (2.26) by a small value e satisfying |e| < |z — zg| and perform a
binomial expansion. At leading order we now have u ~ peug(z — 29)P~'; the
perturbation introduces a pole of order 1 —p at a position which corresponds

to n = —1 in the expansion.

2.1.4 Quispel-Roberts-Thompson map

We now begin our discussion of discrete systems. Much like how differential
equations for elliptic functions underlie the integrability of the Painlevé equa-
tions, a very general autonomous difference equation underlies the integrability
of discrete Painlevé equations. We will first discuss this equation before show-
ing how it, together with the notion of singularity confinement, is related to

discrete analogues of the Painlevé equations.

Reductions of integrable differential-difference equations to pure difference
equations were studied in [69, 70], where it was noted that all reductions were
contained in a particular 18-parameter class of mappings. We construct this

(C3><3

class as follows. Starting with two arbitrary matrices Ag, A1 € , we define

two vectors of functions:

f(vn) = t(fl(vn)an(Un)af?)(Un)) = (AOVn) A (Alvn)7 tVn = (U%avna 1)
(2.33a)

g(un) = t(gl (un)agQ(un)ag?)(un)) = (tAOUn> A (tAlUn> ) tUn = (ugwun; 1) .
(2.33b)
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Then, the system of equations

_ S1(on) —un fo(vn)

U ) — ) 23
~ g1(unt1) —vng2(unt1)

T (1) — vnfa(tng1) (2:340)

is called the Quispel-Roberts-Thompson (QRT) map [70]. The system (2.34)

is equivalent to

Up(f (vn) AUp11) = Va(g(un) AViy1) = 0. (2.35)
It follows from (2.33) that

(UnAoVa) (Un1 A1) = (Uni14oVi) (U A1 Vi) =0 (2.36a)

(‘Uns140Va) (Vnr1AtVoss) = (Uns1AoVirn) (Uns141Va) =0 (2:36D)

This implies that
tUnAO Vn

== —-———— 2.37
U, AV, (2.37)

I(up,vp)

is a conserved quantity under the discrete evolutions u,, — tn4+1 Or vy, — Upt1.
Given a value for the integral I, the biquadratic family of curves defined by

(2.37) can be parameterized in terms of Jacobi elliptic functions [71, 43]

When ‘Ag = Ay and *A; = Ay, we have the symmetric QRT map

J1(un) — un—1f2(un)

Upt] = , 2.38
" () — 1 fo) (239
with f asin (2.33a). In this case, the invariant curves take the form
artp sy + agtintin 41 (tn + ) + ag (Ul +1ul4 ),
+aguntini1 + as(up + tpe1) +ag =0 (2.39)

where the coefficients a; depend on the entries of the matrices Ay and A; and
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the value of the integral (2.37). A Mobius transformation*

o dwn kS Wm0 (2.40)
can bring (2.39) into the canonical form [§]
wiw?_ q +a3 (w%—i—w%H) + agwpwp41 + 1. (2.41)

It remains only to parameterize (2.41) in terms of the Jacobi sine function; by
setting
wy, = asn(Qn+ zg|m) (2.42)

and using (A.58a), we find that (2.42) satisfies (2.41) when @* = m and the

parameters m and () satisfy

m

“aiQpy = T2aen(@fm)dn(Qjm). (2.43)

—~2
az =

We thus obtain two-parameter family of solutions to (2.38):

ami sn(Qn+ zo|m) +
un —

- : (2.44)
ym3sn(Qn+ zg/m)+6

Here 2 is an arbitrary complex constant; the remaining parameters depend on
the entries of Ag and A; and the value of the integral (2.37), which constitutes

the second degree of freedom.

2.1.4.1 McMillan map

An interesting special case of the symmetric QRT map (2.38) is obtained when

100 1 0 -1
Ap=10 00|, A4=]| 0 —2a 0 |- (2.45)
000 -1 0 0

4The expressions for the Mobius parameters in terms of the a; are complicated. Full
details are given in [71, 43].
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The resulting map
2auy,

2
1—wuz

Up—1t Unt+1 = (2.46)

is called the McMillan map. As a special case of the QRT map, this equation
can be integrated in terms of elliptic functions. If we set w,, = sn(Qn+ zp|m),

it follows simply from (A.58a) that

2wy, cn(2m) dn(Q\m).

W1 W = T mw?2 sn?(2|m) (247)
Then, it is easily seen that
up = £v/msn(Qm)sn(Qn + 29|m) (2.48)
solves (2.46) when the parameters satisfy
en(Qm)dn(Qm) = a. (2.49)

A five-parameter generalization of the McMillan map is obtained A; is an

arbitrary symmetric matrix and Ag is the same as in (2.45). The result,

agu% + aquy + as
aju + aguy +as

Up—1+ Unt+1 = (2.50)

is called the McMillan family of maps. The solution of this map is more
complicated that that of (2.46). However, as (2.50) is a special case of (2.38),

its solution is given by (2.44).

2.1.5 Singularity confinement and discrete Painlevé

equations

Let us begin by analyzing the singularity structure of the McMillan map (2.46).

Taking the initial conditions

Up_1=1u, Up==x1+2, (2.51)
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where z is a small perturbation, the next iterate will develop a pole:
a 3a
unH:—:F;—u??—i—O(z). (2.52)
However, iterating further we find that
Unio=TF1+2+0(2%), Uniz=—u+0(2); (2.53)

the behavior of u, 1 is such that a pole is avoided at u,+3. Because the singu-
larity at w,+1 does not propagate further and the initial condition influences
the value of u,43, the singularity developed at w1 is said to be confined [33].
While that singularity confinement is not a well-defined property, it has proven
to be a useful tool to identify integrability candidates, as we now illustrate. A

nonautnonomous generalization of the McMillan map is

an + bpuy
1—u2

Unp—1 +Un+1 = (254)

We will demand that the singularity structure of this equation follows that
of its autonomous counterpart and this will lead to conditions on a, and b,,.

Assuming the same initial conditions as before (2.51) we compute

+a _bn
unﬂ:%JrO(l)’ Unio = F1+0(z)
+ b — =+ (bp41 — 20 b

2z[an+1 % (bys1 — 20n42)]

and so w43 will be regular if a,, is affine in (—1)" and by, is affine in n. If we

take a, to be constant, the resulting map is

(an+b)u, +c
1—u2

Up—1+ Upt1 = (256)

This map has a formal continuum limit to Py (2.17b): under the transforma-
tion

up=€ew(z), z=en, a=¢ b=2 c=¢€a, (2.57)
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we obtain precisely (2.17b) (with a replaced by «) in the limit € — 0. Another

interesting transformation of (2.56) is
Un=1+4€evn, a=4+2€a—2eb, b=—4—2a, c=—2€; (2.58)

in the limit ¢ — 0, we obtain the equation

an-+b

Vp_1+Up+Vps1 = +ec. (2.59)

Un

This equation is a discrete version of Py (2.17a): under the transformation

vy =—=—cw(z), z=en, a=-—-—¢, b=—— =1, (2.60)

one obtains (2.17a) in the limit ¢ — 0.

Auto-Béacklund transformations for the classical Painlevé equations are
another source of discrete Painlevé equations [28]. Taking the difference of the

auto-Bécklund transformations in (2.23), we have

2z 2b
ib—2 b+2) = — . 2.61
B = e T ) 200
If we make the transformation
b

vp =u(z;0), n= 2 (2.62)

and view z as a parameter, we obtain the discrete equation

z 4n

e = = 2.63
Up—1+ Un+1 U% o, ( )

This is another discrete Pr equation; it has a continuum limit to (2.17a) and

a coalescence limit from (2.56). We also note that the autonomous form of

(2.63) is in the McMillan family (2.50).

Ordinary difference equations are more fundamental than ODEs: multi-
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ple discrete equations with the same continuum limit can be constructed. In
order to qualify as a discrete Painlevé equation, it is required that the equa-
tion possess special properties in analogy with its continuous counterpart. A

discussion of these properties is found in [31].

A partial list of discrete Painlevé equations [71], in analogy with the clas-

sical list (2.17), is

dPr s w(ups1 +up +wp—1) = an+b+cuy, (2.64a)
b
dPyr: upy1 +up—1 = m—i_—)u;_'_c (2.64b)
1 —ug
(un —aq") (u—bq")
P _1=cd 2.64
AP gt = ed ™ e (2.64c)
2 2\ (.2 12
(un—a ) (un—b )
dPry : (un + UnJrl)(unfl + Un) = (Un —an— b)2 s (2~64d)
qPv : (ups1un — 1) (upup—1—1) = (2.64e)
on (Un —a)(up —1/a)(up, — b)(uy — 1/0)
cdg
(un —cq™) (un — dgq™)
2 2n+1 2 2n—1

UnUn+1 — 4pq UnUn—1 — 44

qPVI : ( nont 0 ) ( nr 0 ) = (264f)

(uny1un — 1) (uptin—1—1)
(tn — aqoq™)(un — qoq" /@) (tn — bgoq™) (un — qoq" /b)
(up —c)(up —1/c)(up — d)(un —1/d)

Three of these equations are, as indicated by the notation, g-difference equa-
tions where the explicit dependence on the independent variable enters as an
exponent. Differences [45] between these and difference equations where the in-
dependent variable enters as an affine function, e.g. (2.64a), are not important
in this thesis. For our purposes, there are two salient features of the equations
(2.64a-2.64f): each equation possesses a continuum limit to its corresponding
continuous Painlevé equation and the autonomous limit of each equation is

contained in the symmetric QRT map (2.38).

We remark that the classification of discrete Painlevé equations is more
complicated that for the continuous Painlevé equations: there are multiple

discrete Painlevé equations for each continuous Painlevé equation; the list
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(2.64) is not canonical. A classification of discrete Painlevé equations was
achieved by Sakai in [75]. The geometric approach taken there is beyond the

scope of this thesis.

2.2 Partial differential equations

In this section, we will consider the integrability of partial differential equations
(PDEs). We do not seek to give an exhaustive account of the theory, but rather
to introduce a number of key equations that are related to results presented in
the subsequent chapters. In particular, we will be interested in the Korteweg-

de Vries (KdV) and sine-Gordon equations.

2.2.1 Korteweg-de Vries type equations

The KdV equation
up = 6UlUy + Ugpps (2.65)

is the prototypical integrable PDE. It possesses a number of known exact
solutions, a Backlund transformation, a Lax representation, and an infinity of
conservation laws. We will focus on the first two properties.

We begin by taking a traveling wave reduction

p

12 z=x—pt+xg (2.66)

w(z) = —;u(x,t) -

of (2.65) to obtain
w” = 12w, (2.67)

where /' = d/dz. After integrating twice, we obtain
N2 3
(w ) = 4w’ — gow — g3 (2.68)

where g2 and g3 are constants of integration. This is precisely the differential

equation for the Weierstrass g function and hence we obtain

u(z,t) = —2p(x — pt + 05 92, 93) — (2.69)

[
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as a traveling wave solution to the KdV equation. This solution can be ex-

pressed in terms of Jacobi elliptic functions. The result is the cnoidal wave

u(z,t) = —% +2e3 +2(eg — e3) cn (\/61 —ea(x —pt) —l—xo’ m) (2.70)

with m as in (A.51) and where the e; satisfy (A.33-A.34). In the limit m — 0

we recover the soliton solution
u(x,t) = 2k>sech? (ka: +4k3t + xo) , (2.71)

if we define k = +/e; — ea and choose p = 12es.

The soliton solution we just obtained can actually be found from the
auto-Béacklund transformation for the (potential) KdV equation. The meaning
of Bécklund transformation in this context is similar to that in the case of
Painlevé equations; it is taken to mean a relationship between solutions of any
pair of PDEs and the specialized term auto-Bécklund is used when we have
a relationship between solutions of the same PDE (possibly with different
parameters).

We now follow [45]. There is a Bécklund transformation from the equation
v = 6\Up — 60%05 + Vpae (2.72)

to (2.65), called the Miura transformation [55]. Explicitly this transformation
is given by

U= \—1v, —v°. (2.73)

From the invariance of (2.72) under negation of v, we obtain another KdV
solution

U=\ v, —v2 (2.74)

The Miura pair (2.73-2.74) is equivalent to

uta=2(A-v%) (2.75a)
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U —u =2vy. (2.75Db)
If we introduce a variable w satisfying w, = u, we have

wy + 1, =2 (A —1?) (2.76a)

Wy — Wy =20y, (2.76b)
where w satisfies the potential KAV (pKdV) equation
wy = 3w92c + Wags - (2.77)

In the new variables, v can be eliminated from (2.76) leading to the Backlund

transformation for (2.77)

1
Wy + Wy :2)\—§(w—w)2 (2.78a)

wy+ Wy = — (B — W) (Bre — Waa) +2 (W3 + 2wy +52) (2.78D)

If we also consider the Bécklund transformation with a new parameter p (lead-

ing to a new solution ):

1
Wy + Wy :2,u—§(w—ﬁ))2 (2.79a)

wi iy = — (0 —w) (g — wpa) +2 (W] + gy +07), (279D)

we can construct a superposition principle from the compatibility of the two

transformations (2.78-2.79)
(0 —w) (b — ) = 4(u— ). (2.80)

We will use such equations to derive three-point differential difference equa-

tions in the next section.

To recover the soliton solution (2.71), we note that w(x,t) =0 is a solution
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of (2.77). We can use (2.78) to generate a new solution w. When w =0, (2.78)

reduces to

1
Wy =2\ — in (2.81a)
Wy = — Wy + 202 (2.81b)

with solution
w(x,t) = 2k tanh (kx—l—k3t+xo), (2.82)

where k? = ). Differentiating this with respect to x, we obtain precisely (2.71),

in accordance with the substitution used to obtain (2.76).

Bécklund pairs can be constructed for other KdV type equations. One
of these is the modified KAV (mKdV) equation, obtained by taking A =0 in
(2.72):

U = —6u Uy + Ugpyps. (2.83)

The corresponding potential modified KdV equation (pmKdV) is

Uz Ugy

U= —3 " + Uy, (2.84)
which admits the transformation
Ul + uily =) (7 — ) (2.85a)
g+ utly =2\ (ilgg — Uttgq — 2005 + 202 ) (2.85b)
The associated superposition principle is
M (ud — i) = p (uti — i) (2.86)
The Schwarzian KdV (SKdV) equation
w= -2 (287

2 Uy
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was identified using the Painlevé test for PDEs [82]. The equation is named

for its invariance under Mobius transformations. It admits the Backlund pair

Uiy, = A (0% — u?) (2.8%a)

Uiy + Uplly = Ul + 2 (T — ) (Tgz — Uag) — AN (U — ug)” (2.88b)

and the superposition principle

U—10)(a—u) )2
E@:a; (a—u) H2 (2:89)

Special solutions in analogy with (2.70-2.71) can also be found for the mKdV
(2.83) and SKdV (2.87) equations.

2.2.2 Sine-Gordon equation

The sine-Gordon equation,

Uyt = Sinu, (2.90)

is another well-known integrable PDE, but is not directly related to the KdV
equation. This equation was obtained in the study of pseudospherical surfaces
in R3. Like the KAV type equations we considered, it admits soliton solu-
tions and is actually the first equation for which a Bécklund transformation
was derived. There is an extensive literature on this equation; a geometric
introduction is combined with more recent results in [73]. Special solutions
are discussed in [12]. For our purposes, it suffices to write down the Backlund

transformation:

1
Uy — Uy = 2)\sin§(u+ﬂ) (2.91a)

2 1
Uy = Xsin i(ﬂ—u), (2.91Db)
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which is closely related to some equations we obtain in subsequent chapters.

The corresponding superposition principle is

Asin Lll (ﬁ—l—ﬂ—ﬂ—u)} = psin Lll (ﬁ—i—ﬁ—ﬂ—u)] (2.92)

2.3 Differential-difference equations

This section is devoted to differential-difference equations: equations of one
discrete and one continuous variable. One important way these equations
arise is from Bécklund transformations for integrable PDEs. By reinterpreting
the discrete variable in these as a separate continuous variable, reductions to
delay-differential equations can be performed. We will make extensive use of

such reductions later in this thesis.

2.3.1 Equations from Béicklund transformations

Each of the components of the Béacklund pairs discussed in the last chapter
can be considered as a differential-difference equation. For definiteness, let us

consider the spatial part of the pKdV Béacklund pair (2.78a):
I ! 1 2
Uy + Uy = 2)\—§(un—un+1) , (2.93)

where ' = d/dz and we have relabeled the dependent variables. The idea here
is that the process of generating solutions using the Backlund transformation
can be iterated, giving us a countable infinity of solutions labeled by an integer
n. For notational consistency in what follows, we will work with (2.93) in the
form

wh Fwh g = A (wnp1 —wp)?. (2.94)

For KdV type equations, we focus on the spatial components of the Béck-
lund pairs, as they involve derivatives with respect to only one of the indepen-

dent variables. Written as differential-difference equations, we have

Wi Wyt 1 + Wy, 1 = A (w?LH — w%) (2.95)
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and
Wy Wy 1 = A (wr%ﬂ - wi) (2.96)

for the pmKdV (2.84) and SKdV (2.87) equations, respectively. For the sine-
Gordon equation, each component of the Backlund transformation has explicit

dependence on a single independent variable:

.1

(Unt1—Up)z = 2A 51n§(un+1 +up) (2.97a)
2 1

(Ung1+up)e = 3 sin i(unﬂ — Up). (2.97b)

It is natural to consider the reductions wy,(x) = uy(z,t) and wy(t) = uy(z,t)

of (2.97a) and (2.97b), respectively, to obtain:

1 d
w;t-‘rl - w’;L = 2)\Sin§(wn+l +wn>; Wn = wn(.f), I — @ (2983)
/ ;2 1 , d
Wy41+ Wy = T8 §(wn+1 —wp), wp=wy(t), "= TS (2.98b)

These two differential-difference equations play an important role in the sub-

sequent chapter.

2.3.1.1 Skew-continuum limits

For each of the KdV type equations we have analyzed, a ‘skew continuum limit’
of the superposition principle can be taken to obtain a three point differential-
difference equation. To do this, a change of variables (I,m) — (I,n =1+m) is
made and a continuum limit (in /) is taken as before. Full details are given in

[45]. The resulting equations,

pw;z - w;z(wn—kl - wn—l) = Wp—1 — Wn+1 (2-99)
pw% = wy, Wp+1 — Wp—1
Wp—1+ Wpa1

/ (wn—H _wn)<wn_wn—1)

= 2.101
P Wnp+1 — Wn—1 ’ ( )

(2.100)
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where p € C is a free parameter (obtained by redefinition of Bécklund pa-
rameters), are differential-difference analogues of (2.65), (2.83), and (2.87),

respectively.

2.3.2 Volterra lattice

There is a Miura transformation [45] from (2.99) to the equation
vl = pv2 (Vi1 — Un_1) (2.102)

given by

vn:_

. (2.103)
P+ Un—1—Unt1

(2.102) is equivalent to a special case (¢ =0) of the modified Volterra lattice

/

v, = (vi - q2) (Un4+1—Vp—1). (2.104)

This equation [13] has a continuum limit to the mKdV equation (2.83) and a

Miura transformation to the Volterra lattice:
w), = wp (Wp41 —Wp—1) (2.105)

given by
Wy, = (Un +q) (Vg1 — Q). (2.106)

The Volterra lattice has a continuum limit to the KdV equation (2.65). The
Volterra lattice and the modified Volterra lattice have many properties asso-
ciated with integrability. Historically, these equations first attracted interest

due to their relationship with the Toda lattice, which we now discuss.

2.3.3 Toda lattice

The Toda lattice is a further well-known integrable differential-difference equa-
tion that is not known to arise from a Backlund transformation of an integrable

PDE. It is however, closely related to the Volterra lattice we have just dis-
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cussed. The equation

w) = exp (wy_1 — wy) — exp (Wy, — Wpt1) (2.107)

was introduced in [77] and a solution in terms of the Jacobi Z-function (A.73)

was given. It is often convenient to use the Flaschka variables [27]

1 1
Un =5 exXp 5 (Wp—1—wy) (2.108a)
1
Up =— iw;,l, (2.108b)

so that the Toda lattice is realized as the first-order system

Ul = (Vpy1 —vp) (2.109a)

vy, =2 (up —ul ). (2.109Db)

In this form, there is a simple Miura transformation from the Volterra lattice;

if wy, solves (2.105), then

1

Up, zi,/wgnwgnﬂ (2.110a)
1

Un, :i(wgn—i-’wgn,l) (2.110b)

solves (2.109).

2.4 Delay-differential equations

In this section, we begin to discuss delay-differential equations from the per-
spective of integrability by reviewing known results. In particular, we discuss
an analogue of singularity confinement in this setting and discuss known, pos-

sibly integrable delay-differential equations.

2.4.1 Singularity confinement

As in the case of purely discrete equations, a notion of singularity confinement

has been developed [72] and used to identify integrability candidates [32]. Here,
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the notion of singularity confinement is a hybrid of the classical Painlevé test
for ODEs and the singularity confinement criterion for discrete systems. We

begin with a pair of definitions.

Definition 2.4.1 (Singularity sequence). A sequence of Frobenius series

(ugy -, Um), with m >r and
0
up = upa(z—20)"P*, preQ, (2.111)
n=0

is called a singularity sequence.

Definition 2.4.2 (Admissible sequence). A singularity sequence is an ad-
missible sequence for an r-point delay-differential equation if u(z+ kh) =
Uy u(z+ (m—r~4+1)h) = Uupm—ry1 formally satisfy the k-upshifted delay-
differential equation when uw and its upshifts are viewed as independent vari-

ables, for each k € {0,...,m—r+1}.

There is not a clear definition of what it means for a delay-differential
equation to confine singularities. Roughly speaking, a delay-differential con-
fines singularities if every admissible singularity sequence beginning with a
Taylor series consists of only Laurent series (i.e. pj is always integral) and is a
subsequence of an admissable singularity sequence that terminates with a Tay-
lor series. However, there may be an infinite number of singularity sequences
to check. Moreover, one could, in principle, have an admissible repeating se-

quence such as
(...,Z+O(1),b+0(z—zo),Z+O(1),b+0(z—zo),...) (2.112)

in which the singularity is not really confined. Nevertheless, the test has been
successful in identifying equations; in [32] it is claimed that the simplest singu-
larity sequences provide “essential constraints” needed to isolate integrability
candidates. In the subsequent chapter,2 we will show that admissibility of

particular singularity sequences provides necessary conditions for an equation
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to admit certain elliptic solutions.

For now we will demonstrate singularity confinement for a particular equa-
tion and particular singularity sequence. In doing so, it is convenient to use the
following shorthand notation for terms in the singularity sequence (rg stands

for regular):

p__ Y . \—p+l

0 (Z—Zo)p+0((z ZO) )7 up#0, peN (2.113&)
07 =ug(z— 20" +O ((z=20)"""), up#0, peN (2.113D)
rg =uo +0(2—20). (2.113¢)

Here each term is understood to be a Laurent series with arbitrary expansion
coefficients. If there are multiple series with the same leading order, we will
indicate that they are distinct with subscripts. When we have two simple poles
or simple zeroes with leading coefficients that differ only by a sign, it will be

convenient to use the notation

1
= O(1 2.114
ok =" 0(1), (2114a)
04 = ug(2—20) + O ((2— 20)?). (2.114b)
We now turn to the equation
o +T =1 — (2.115)

This is a special case of an equation identified in [32]. We substitute an arbi-

trary Taylor series

©.9]
u=> upz" (2.116)
n=0

into (2.115) to obtain an ODE; we perform the usual Painlevé test on the

result. Taking
oo
U= Uz (2.117)

n=0
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we find that either the principal part of the series vanishes or p; = —1, in
which case u_; = —1 and @y = 0. Assuming the latter, for n # —1 we have the

recurrence relations

n—1
(n+2)u, =Y (Ujln—j—1 — Ujlin—j—1) — NUp, (2.118)

j=0
The resonance polynomial on the LHS of (2.118) indicates that there is a
resonance (the universal resonance) at n = —2, but there are no resonance

conditions to check. Now supposing the expansion coefficients %,, are known,

we upshift (2.115) and take

o0
U= TUpz"P2, (2.119)
n=0
and find we must have ps = —1 and w_1 =1 and ug = up = 0. For n # —1 the
recurrence relations are
(n — Q)Un = Z (ﬂjﬂn,j,1 —ﬂjﬂn,jfl) — (n — 2)ﬂn. (2.120)
=0

We see there is a resonance condition at n = 2:
oty — gty =0 (2.121)

which is satisfied because 1wy =g = 0. We upshift the equation once more and
take

J— m —

U= Upz"ts (2.122)

and find that either p3 = —1 and T_; = —1 or pg = 0. In the latter case, we

have the recurrence relations, valid for each n:
n%n = (ijin—j—l _ijin—j—l) - (n+ 2)in. (2.123)

There is a resonance at n = 0. The condition is simply Ty = 0, which is satisfied.
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We conclude that (2.115) admits the singularity sequence

(rg1,00L, 00k 1) (2.124)

where the first term is an arbitrary Taylor series (2.116) and the other terms
are given, respectively, by (2.117, 2.119, 2.122) and the associated recurrence
relations (2.118, 2.120, 2.123). We note that we only considered the case p3 =0
above. In the case p3 = —1, we enter into a longer singularity sequence; we
will not consider this sequence as it is precisely (2.124) that is closely related
to the admittance of elliptic solutions. We will see later that in fact (2.115)

admits a multiparameter family of such solutions.

2.4.2 Known equations

We will briefly discuss the delay-differential equations that have been obtained
in the context of integrable systems and the role of such equations in this thesis.
The first such equation,

au’ = bu+u( —u). (2.125)

was identified by Quispel, Capel, and Sahadevan [68] as a Lie symmetry re-
duction of the Volterra lattice (2.105). Here it was claimed that the equation
(2.125) possesses a continuum limit to the first Painlevé equation (2.17a),
though the given continuum limit was incorrect. We will discuss this equation

in the fourth chapter of this thesis and give the correct continuum limit.

A number of equations were identified by Grammaticos, Ramani, and
Moreira in [32]. They worked within the bi-Riccati class, which consists of
equations that are separately Riccati equations (2.11) in both w and u’, and

identified eight equations by means of a kind of singularity confinement:

U +7 = (u—1)% 4 b1 (u+T) 4 by + bze®®r? (2.126)
u' +7 = (u—1)?+ by (u+7)+ by + b3z (2.127)

Wi+t = e (byu? + by’ (2.128)
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W' — ut = ev? (bl + bquHQ) (2.129)
w7 =1 —u? 4+ by (u+7) + b (2.130)
T — i = —u*T® +b(u+7) (2.131)
' — il = byu+ botl + b3uu + byut? (2.132)
W'+ ut = byu + boli 4 b3u®u + byuw® + bs. (2.133)

Some of these equations possess continuum limits to classical Painlevé equa-
tions. Bi-Riccati equations are the subject of the subsequent chapter, in which
we discuss elliptic solutions to some of the equations identified [32] and dis-
cuss the relationship between the notion of singularity confinement in [32] and

elliptic functions.

Another P type equation has been identified by Joshi [46] as a direct

reduction of the Toda lattice:
au+u =u@—v), av+v +b=2u—u?). (2.134)

A similar, but less general, equation was obtained by Levi and Winternitz as
Lie symmetry reductions of the Toda lattice [51]. We will give solutions to
a special case of (2.134) using results in the fourth chapter and the Miura

transformation between the Volterra and Toda lattices (2.110).

Most recently, Halburd and Korhonen [35] used Nevanlinna theory to
study delay-differential equations. The equations they identified are nonau-

tonomous extensions of either (2.125) or
au' = bu+u? (T —u), (2.135)

which is a symmetry reduction of the semidiscrete modified Korteweg-de Vries
equation. We obtain this equation in the final chapter from a Béacklund trans-

formation for the third Painlevé equation.

There have been several efforts to contextualize claimed integrable delay-
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differential equations with respect to integrable systems at large. The bilinear
forms of some of the known Painlevé type delay-differential equations were
given in [11]. Some of these same equations were generalized to semidiscrete
equations in [7]. An interesting formal relationship between delay-differential

equations and integro-differential equations was established in [72].



Chapter 3

Bi-Riccati equations

The bi-Riccati family of delay-differential equations consists of equations that
are separately Riccati equations for both the variable v = u(z) and its upshift
u=u(z+h). More explicitly, a generic equation in the bi-Riccati class takes

the form

UXU =0, U:t<1,u,u2,u'), X :C—CP, (3.1)

These equations were introduced and studied by Grammaticos, Ramani, and
Moreira [32] from the perspective of the combined singularity confinement-
Painlevé test [72] for differential-difference equations described in the previous
chapter. Using this method, seven equations were identified; some of these

equations possess continuum limits to Painlevé equations (2.17).

In this chapter, we will first discuss the relationship between the singularity
structure of bi-Riccati equations and the existence of elliptic function solutions
for these equations. The results in the first section provide a link between the
results of [32] and the program we are pursuing in this thesis. As discussed in
the introduction to this thesis, the construction of delay-differential QRT ana-
logues is hampered by the absence of obvious conserved quantities in this new
setting. Instead we directly seek autonomous delay-differential equations that
admit elliptic solutions with two degrees of parametric freedom, as one finds
in the general solutions of the symmetric QRT (2.38) map and autonomized

Painlevé equations. The remainder of this chapter is devoted to performing
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this search within the class (3.1). We restrict ourselves to elliptic solutions
that may be expressed as a Mobius transformation of the Jacobi sine function,
as one finds as the general solution of the symmetric QRT map (2.44). It is
a relatively simple matter to identify all bi-Riccati equations, up to Mobius
equivalence, that admit the Jacobi sine function as a solution with at least
one degree of parametric freedom. Having done this, we develop a method to
identify equations that admit such solutions with at least two degrees of para-
metric freedom. Classifying all such equations poses significant computational
problems. Nonetheless, we are able to isolate five families of delay-differential
equations that admit the desired elliptic solutions. Four of the equations we
identify are related to known models, in particular semidiscrete sine-Gordon
and Korteweg-de Vries equations. This relationship is discussed in detail and

new solutions to the known equations are given.

3.1 Singularity structure of bi-Riccati equa-

tions

In seeking elliptic solutions for delay-differential equations, we begin with a

general representation of an elliptic function [6]:

N N Mrb
F) =AY+ Y ALz —ansg2,93) + 30 Y AT (2 —an;99,93). (3.2)
n=1 n=1m=2

A set of N pairs {(ap,M,):1<n <N}, where a, is the location of a pole and
M, is the multiplicity of that pole, together with (3.2), determines an elliptic
function up to specification of the expansion coefficients A7 (the expansion co-
efficients Al are constrained by Cauchy’s residue theorem). We immediately
restrict ourselves to order-two elliptic functions. These functions take each
value in the extended complex plane twice, counting multiplicity, in each pe-
riod parallelogram. This simplest class of elliptic functions contains the most
commonly used elliptic functions: the Weierstrass p-function and the twelve

Jacobi elliptic functions. These functions are the most frequent examples of
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elliptic solutions to integrable systems. If the order of the elliptic function is
two, we must have My +---4+ My =2 in (3.2). By Cauchy’s residue theorem,
we must also have A} +--- +AJ1V = 0, so there are only two possibilities:

CaseI: N=1, M| =2

f1(2) = ap(z —a;92,93) + (3.3)

Case II: N=2 Mi=My=1

fa(2) = a[C(z —a1:92,93) — (2 — a2; 92,93)] + 3, (3.4)

Let us focus on the first case. Suppose f; solves an autonomous delay-
differential equation. Using translational freedom in the independent variable

z we can take a =0 in (3.3) without loss of generality. The resulting function,

ap(z;92,93) + (3.5)

possesses a double pole at z =0 mod A, where A = A(go,g3) is the lattice as-
sociated to the elliptic function. The locations of the zeroes of the Weierstrass
p-function are, in general, given by a very complicated formula [24]. On the

other hand, the zeroes of the function

©(2:92,92) — p(h; g2, 93), (3.6)

where h € C\A is constant, are very simple to characterize. In particular, the
zeroes occur when z = +h mod A; the zeroes are simple unless @' (h;g2,93) =0
(equivalently 2h € A). Thus, in what follows, it will be more convenient to
work with (3.6) versus g itself. By redefining the parameters appearing in

(3.5),
B — B—ap(h;g2,93), (3.7)
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we arrive at

f1(2) = alp(z;:92,93) — p(h; g2, 93)] + B- (3.8)

We will use this form of (3.5) to establish a relationship with particular sin-

gularity sequences. We will need the following definition.

Definition 3.1.1. A function g: C — CU{oo} contains a singularity sequence
(uo, ..., up) with prescribed step size h € C\{0} if there exists zo € C and ¢ >0
such that g(z+mh — zg) = uy, for each m € {0,...,n} in a punctured disk of

radius € about zg.

We will now show that a generic order-two elliptic function, possibly after
an affine transformation, must contain one of several particular singularity
sequences that arise often in the application of singularity confinement. It
follows that the admittance of these particular singularity sequences provides
necessary conditions for an equation to admit an order-two elliptic solution.
We will make use of the notation (2.113-2.114) introduced in the previous

chapter. Ellipses are used to indicate that singularity sequence repeats.

Theorem 3.1.1. Consider the functions

f1(2) = ap(z —a;92,93) + 5, (3.9)
and
f1(2) = alp(z —a;92,93) — p(h; 92, 93)], (3.10)

where a #0 and  # —ap(h;g2,93). If h€ A, f1 and E contain the singularity
sequence

(...,002,002,...). (3.11)

If h¢ A and 2h € A, f1 contains the singularity sequence

(...,rg,oo2,rg,oo2,...>. (3.12)
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and E contains the singularity sequence
(...,02,002,02,002,...). (3.13)
If h¢ A and 2h ¢ A, f1 contains the singularity sequence
(rg, oo2,rg) . (3.14)
and ﬁ contains the singularity sequence

(04,00%,0%). (3.15)

Proof. We may take a =0 in (3.9-3.10) without loss of generality. In a punc-

tured disk centered at z = 0 we have the Laurent series

f(z)=5+0(1), fi(z)=5+0(). (3.16)
Near z = +h there are three cases to consider.
Case 1: h € A. If h is a period we have
filz4+nh) =S +0(1), nez (3.17)

z

in a punctured disk about z = 0. Hence f; contains a singularity sequence of

the form (3.11). An identical argument applies to fi.

Case 2: h ¢ A and 2h € A. By assumption that h is a half-period, we have
that

fl(z+2nh)zzl2+0(1), nez (3.18)

in a punctured disk about z = 0. By the same assumption, we have

f1(2) = ap(hig2,g3) + B+0 (2 F 1)) (3.19)
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near z = +h. It follows that
filz4+(2n—=1)h) = ap(h;g2,93) + 5+ O (22) , NEZ (3.20)

near z = 0. The sequence consisting of Laurent series expansion of fi(z+nh)
about z =0, for n € Z, is contained in the function f; and the resulting sequence

is of the form (3.13).

We now turn to the function E By assumption that h is a half-period,

we have that

Fi(=+2nh) = ;+0(1), nez (3.21)

in a punctured disk about z = 0. By the same assumption, we have

fil2) = 3o(hige. g)* = 2| 5 02+ O (= 1)) (3.22)

near z = 4h. It follows that

fi(z+(2n—=1)h) = |:3@(h;g2,g3)2 — %ﬂ 240 (23) , NeEZ (3.23)

near z = (0. The sequence consisting of Laurent series expansion of }”vl(z +nh)
about z =0, for n € Z, is contained in the function E(z) and the resulting

sequence is of the form (3.12).
Case 3: h¢ A and 2h ¢ A. Near z = +h we have

f1(z) = ap(h;g2,93) + B+ O (2Fh), (3.24)
which implies that

filz+h) = ap(h;g2,93) + B+ 0(2) (3.25)

near z = 0. In (3.26-3.27), ©'(h;g2,93) # 0 by the assumption that h is not

a half-period. Then, the Laurent series expansions of fi(z—h), fi(z) and
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fi(z+h) about z =0 are of the form (3.14).

We again return to the function E Near z = +h we have
f1(2) = £0/(h32,93) (= Fh) + O (2 F h)*), (3.26)
which implies that
filzh) = +¢/ (b g2,g3)2 + O (<) (3.27)

near z = 0. In (3.26-3.27), ©'(h;g2,93) # 0 by the assumption that h is not
a half-period. Then, the Laurent series expansions of fi(z—h), fi(z) and

fi(z+h) about z =0 of the form (3.15). O

Let us consider this result in the context of a particular delay-differential

equation:
(ﬂ')Q — (u')2 =4 (ﬂ?’ — u3) —g2(u—u). (3.28)

This equation is solved by

u(z) = p(2:92,93), (3.29)

where g9 is fixed by the equation and g3 is free. It follows from (3.1.1) that
(3.28) must admit the singularity sequence (3.11), since g3 can be chosen so
that h € A. Alternatively, g3 can be chosen so that h ¢ A, in which case (3.28),
after an affine transformation, must admit either (3.13) or (3.15), depending
on whether or not 2h € A.

Now we consider the second kind of order-two elliptic solution (3.4). In
the context of autonomous delay-differential equations, we can take a; = —as

without loss of generality. Then we have

f2(2) = a[C(z+a;92,93) — C(2 — a;g2,93)] + 6. (3.30)

There are two special cases to consider. In the limit ¢ — 0 mod A, we obtain
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(3.3) (with a = 0) after redefining o and . When 2a € A, but a ¢ A we
have ¢'(a;g2,93) = 0. Then, by means of the addition law for the Weierstrass
(-function (A.27), (3.30) can be rewritten:

fo(z) = — agp'(a; g2, 93)

+ B+ 2al(a; 92,93 3.31
0(2,92,93) — p(a;92,93) ( ) (3:31)

and we see that fa reduces to a constant. So we assume that a ¢ A and 2a ¢ A.
In this nondegenerate case (3.31) still holds. Under the further assumption
h ¢ A, this can be written as (the invariants appearing in the Weierstrass

functions are suppressed)

Falz) = —ag'(a) +[B+2a¢(a)] [f(2) + p(h) — p(a)]

)+ p(h) — p(a) - 63

where f(z) represents (3.6). Therefore, we could extend the previous theorem
(3.1.1), by allowing full M6bius transformations instead of only affine trans-
formations, to include (3.30). However, the singularity sequences associated
with (3.30) are more easily characterized without reference to the Weierstass

p-function. In doing this, we will find use for the function

C(z+a;92,93) — (2 —a;92,93) — 2¢(a; 92, 93). (3.33)

This function has double zeroes at z =0 mod A.

Theorem 3.1.2. Consider the functions

f2(2) = a[((z—a1:92,93) — (2 —az; g2, 93)]| + B (3.34)

and

fo(2) = al(z +a; 92, 93) — C(2 — a; g2, 93) — 2¢(a; 2, 93)] (3.35)

wherea @ A, 2a ¢ A, a %0, and 8 £ —2aC(a;g2,93). Ifh €A, fo and fo contain



3.1. Singularity structure of bi-Riccati equations 53

the singularity sequences
(. NS cn(Qh|m)dn(Qh\m)fty}r,oofr, .. ) and ( .00t ool ) . (3.36)
If h¢ A and h =2a mod A, f2 and :fg contain the sequence
(rgl,ooli, oo%F,rgz) ) (3.37)
If h¢ A and h # a mod A and h # 2a mod A, fo and }”E contain the sequence
(rgl,ool,rgg) : (3.38)

If h¢ A and h=amod A, fa contains the sequence

(ooli,rg,ooit) (3.39)
and E contains the sequence
(004, 0%, 00% ). (3.40)

Proof. We proceed by cases. We can take a; = —ag = —a in (3.34-3.35) without

loss of generality.

Case 1: h € A. We have the Laurent expansions

fol2) = F = +0(1) (3.41)

in punctured disks about z = —a and z = a, respectively. The assumption that

h is a period implies that

«Q
z+ta

fo(zFa+nh)=7F +0(1), nez (3.42)

in a punctured disk about z = 0. The sequences consisting of the Laurent series

for fa(z —a+mnh) and fa(z+a+nh) about z =0 are of the form of those in
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(3.36), i.e. the coefficients of the leading order terms differ only by a sign. An

identical argument applies to fo(z).

Case 2: h ¢ A and h =2a mod A In a punctured disk about z = a we have

falz) = -2 1 0(1); (3.43)

zZ—a

it follows that
folz+a) = —% +O(1). (3.44)

in a punctured disk about z = 0. By assumption, z = a+ h is neither a zero
nor a pole (and so is a regular point). By assumption and the parity of f we

have

f2(2+a—h):f2(z—a):fg(z—i—a):%—l—O(l). (3.45)

in a punctured disk about z = 0. Again by parity, it follows that z = —a —
h =a—2h is a regular point. The sequence consisting of the Laurent series
expansions of fo(z+a—2h), fo(z+a—h), fa(z+a), and fo(z+a+h) about
z =0 is of the form (3.37). An identical argument applies to g.

Case 3: h¢ A and h# amod A and h # 2a mod A. In this case we also
have (3.44) in a punctured disk about z = 0. By assumption, z =a+h are
regular points. Then, the sequence consisting of the Laurent series expansions
of fa(z4+a—h), fa(z+a), and fa(z+a+h) about z =0 is of the form (3.38).

An identical argument applies to }E
Case 4: h ¢ A and h =a mod A. Near z =0 we have
fa(z) = —ag/(a;92,93)2> + O (5*) (3.46)

in a punctured disk about z = h we have

fa(z) = — +0(1). (3.47)
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It follows that
fo(z+h) = —§+0(1> (3.48)

in a punctured disk about z = 0. By the parity of fs, it follows that
Q
fa(z—h) = ;—1—0(1) (3.49)

in a punctured disk about z = 0. The sequence consisting of the Laurent series

expansions of fa(z—h), fa(z), and fa(z+h) about z =0 is of the form (3.40).

We now turn to the function E Near z =0 we have

fa(2) = B+20a¢(a; 92,93) + O (+*) (3.50)
in a punctured disk about z = h we have

Falz) = —ﬁ +O(1). (3.51)

It follows that

Falz+h) = —% +0(1) (3.52)

in a punctured disk about z = 0. By the parity of E, it follows that
—~ a
fa(z—h) = ;—1-0(1) (3.53)

in a punctured disk about z = 0. The sequence consisting of the Laurent series

expansions of fo(z—h), fa(2), and fao(z+h) about z =0 is of the form (3.39).

]

It is worth discussing the sequences (3.37) and (3.38) in greater detail. By
the parity of f in (3.33), it is easily seen that if

o0
rgy =y upz" (3.54)
n=0
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in (3.37), we must have
oo

rgy = > (—1)"upz" (3.55)

n=0

in the same sequence. For the same reason if
o o
1g; = > upz", 185 = vpz" (3.56)
n=0 n=0

in (3.38) with positive residue, the equation must also admit a sequence with

negative residue and

o0 o
rg) = Z (=)™, 2", 1gh= Z (—1)"up, 2" (3.57)

with the same expansion coefficients as in (3.56).
We can now return briefly to an example (2.115) discussed in the previous
chapter. The equation
u T =T —u? (3.58)

was shown to admit the singularity sequence (3.37), which, by theorem (3.1.2),
is a necessary condition for an equation to admit an order-two elliptic solution
of the form (3.34) (with A =2a mod A). Later in this chapter, we construct a

solution of this form for the equation (3.58).

We conclude this section by reiterating its intent: to establish a relation-
ship between the singularity sequences often used to isolate integrable equa-
tions and the elliptic solutions that are the focus of this thesis. This explains
the fact that a number of known examples are recovered in our classification
performed in the subsequent section. These are then discussed as examples

later in this chapter.

3.2 Order-two elliptic solutions

The main result of this section is a list of five equations, solvable by order-
two elliptic functions with at least two degrees of parametric freedom. In

order to achieve this result, we first identify all equations, in the form of a
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vector subspace of 4 x 4 matrices X in (3.1), that admit order-two elliptic
solutions with at least a single degree of parametric freedom. Having done
this, a search may be performed within the vector subspace for equations that

admit multiparameter elliptic solutions.

We begin by classifying all equations in the bi-Riccati class (3.1) that
are solved by order-two elliptic functions. We will show that we may use the

Mobius-Jacobi representation

u(z) = asn(Qz+ zglm)+ 5
~ ysn(Qz+2zglm) +6

ad—pPy=1 (3.59b)

, (3.59a)

for any such function. The parameter zy € C is free by the translational sym-
metry inherent in autonomous equations. For this reason, we omit it in inter-

mediate calculations.

Any order-two elliptic function can be written in the form (3.59). In the
previous section, we established that any order-two elliptic function can be
written as a Mobius transformation of the Weierstrass g-function. Therefore,

if we can show that there exist parameters «, (3, v, 6§, zp, {2 and m such that

asn(Qz+zglm)+ 4
vsn(Qz+ zg|m) + 0

ad — By #0, (3.60Db)

0(2;92,93) = (3.60a)

we can take Mobius transformation of both sides of (3.60a) to represent an
arbitrary order-two elliptic function as a Mobius transformation of a Jacobi
sine function. As our ultimate interest is in solutions to autonomous delay-
differential equations, we regard two elliptic functions as equivalent when they
differ by a constant translation of the independent variable. Thus, it suffices

to show that the differential equations

()" =02 (1—u?) (1= mas?) (3.61a)
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(v')2 =403 — gov — g3, (3.61Db)

solved by sn(Qz + zp|m) and (2 + 20;92,93), respectively, are Mdébius-
equivalent. We set u = (av+ 3)/(yv+0) in (3.61a) and equate the result
with (3.61b) to give us a system of equations in powers of v. After imposing

ad — vy =1, we obtain the solution!

o Q1+ 14m+m?) 5—m
o = ) /8:77 Y=
6g2(1—m) 6a(1—m)
205(14+m) (1 —34m+m? 12
gz 2 20+ ( ; ) 1+ 1dm+m? = —2. (3.62)
393 (14 14m +m?2) Q

Thus we have established that all order-two elliptic functions can be expressed
in Mobius-Jacobi form (3.59) and we will next find all such solutions of bi-
Riccati equations.

We now observe that the bi-Riccati class is form-invariant under Mobius

transformations of the dependent variable. Under the change of variables

au+ 3
—_— 0—py=1 3.63
um SR i1 (3.63)
(3.1) becomes
UMXMU=0, U=(Luu’u), X:C—C™ (3.64)
where i i
52 276 ¥ 0
b ad+ ay 0
| 1o 0 (3.65)
52 2a3 o 0
o 0 0 1

Specializing to the case of Jacobi sine solutions, if (3.59) solves (3.1), then

IThe solution is written somewhat implicitly to simplify the presentation. Note that by
squaring the fourth equation and substituting it into the fifth, we obtain an eighth-order
polynomial equation for m in terms of given quantities (g2 and g3). Supposing this can be
solved for m, we can sequentially solve for 2, «, 3, and ~.
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sn(Q2z|m) solves (3.64). But (3.64) is equivalent to (3.1) via a redefinition of
X:
XMt xm (3.66)

Therefore we restrict ourselves to the problem of finding all X € C*** such

that

UXU =0 (3.67a)
U= (1,sn(Qz|m),sn2(9z|m),sn(Qz\m)/). (3.67b)

In doing this, we will require standard identities for Jacobian elliptic functions,
in particular the differential relations (A.54), algebraic relations (A.55), differ-
ential equations (A.56-A.57), and the addition law (A.58a). To simplify the

presentation we also introduce the notation?
u=-sn(Qzlm), s=sn(Qh|m), c=cn(Qhlm) d=dn(Qh|lm). (3.68)

We now return to (3.67). By means of the addition law (A.58a), we see
that U'XU in (3.67a) is rational in u and its first and second derivatives and
linear in each entry of X. By clearing out denominators and using differential
equations (A.56a) and (A.57a) to replace u” and (u)?, respectively, we arrive

at a polynomial equation
P(u; X) +u'Q(u; X) =0, (3.69)

where P and () are seventh- and fifth-order in u, respectively, with coefficients
rational in €, m, s, ¢, d and linear in the entries of X. According to (A.57a),
w and v’ are linearly independent; by treating them as formal variables we see
that

L=Pu;X)+uQu; X) (3.70)

2By our notation, quantities such as cd indicate cn(Qh|m)dn(2h|m) and not the Jacobi
cd-function ecn(Qh|m)/dn(Qh|m).
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is a linear map from C*** to a twelve-dimensional subspace of Clu] @ u/Clu).
Choosing the standard bases for both vector spaces, the kernel of this map
can be computed by Gauss-Jordan elimination on the matrix representation
of L. We will choose a particular basis for this kernel where each basis vector
has at most one nonzero entry in the fourth row or column of the matrix.
Through (3.1) this corresponds to the appearance of at most one derivative
in the bi-Riccati delay-differential equation. Viewed in this way, seven of our
basis elements, X',..., X7 3 contain a single derivative while one basis element,

X0 corresponds to a purely discrete equation:

kerL:span{Xo,Xl,Xz,X3,X4,X5,X6,X7}, (3.71)
where

(2 0 —1 0

Q10 2¢d 0 O
X0== (3.72a)

S1=1 0 ms?2 0

0 0 0 o0

0 —q 0 0

L lled2 0 000
X1_= (3.72b)

ST 0 ms2Q 0 0

s 0 0 0

0 0 00

, 1] 0 —cd2 0 0
X == (3.72¢)

s Q 0 00

0 s 0 0]

3Here, and in what follows, superscripts on X, z, A, and ¢ are labels. This is done so
that subscripts may indicate partial derivatives or evaluation at a particular value of the
deformation parameter €, as explained below.
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0o -0 o0 o0
5 1 0 0 —cd© 0
X° == (3.72d)
S10 € 0 0
0 0 S 0]
0 0 —ed? 0
1 0 2 —(14+m)s?| Q2 0 0
Xt== [ ( ) } (3.72¢)
$% | —cd? 0 0 0
0 0 0 s
_0 —cd2 0 s_
5 1 Q 0 —ms2Q 0
X° == (3.72f)
S 10 0 0 0
0 0 0 0
_QS2 0o -0 O_
6 1 0 cd2 0 s
X° =— (3.72¢)
S10 0 0 O
0 0 0 0]
0 0 0 o0
. 1 2 0 -0
X == (3.72h)
S10 cdQ2 0 s
0 0 0 0

A bi-Riccati equation (3.1) with constant X is solved by u = sn(Q2z + zp|m)
if and only if X € ker L, for which we have given an explicit basis. The eight
basis elements correspond to a seven parameter family of bi-Riccati equations:
a generic X € ker L may be represented by a set of eight expansion coefficients
{A\"} together with the basis (3.72). The corresponding bi-Riccati equation
(3.1) is homogenous in the expansion coefficients, and so we may divide through

by any nonzero A" leaving seven degrees of freedom.

We will now discuss the existence of multiparameter Mobius-Jacobi fam-

ilies of solutions to autonomous bi-Riccati equations. In particular, we search
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for equations that admit solutions

a(e)sn(Q(e)z+ zglm(e)) + 5(e)
v(&)sn (2(e)z + zp|m(e)) 4+ d(e)

a(e)d(e) = Ble)v(e) #0, (3.73b)

u(z;e) = : (3.73a)

where at least one of the parameters a, 5, v, §, €1, and m has nontrivial
dependence on the auxiliary variable . This parametric freedom is in addition
to the translational symmetry represented by zp (which, again, will be omitted
in intermediate calculations). Suppose (3.73) solves an autonomous bi-Riccati
equation

Ue)XoU(e) =0, XoeCP4, (3.74)

where we have emphasized the e-dependence of U through the parameters in

(3.73). It follows that u(z) =sn(Q(e)z|m(e)) solves

U (e) M ()Xo M()U(e) = 0, (3.75)
where
[ 5(e)? 2y(2)5(c) 7(e)? 0 '
M) = B(e)o(e) a(e)d(e)+B(e)y(e) ale)v(e) 0
6(5)2 2a(e)B(e) a(5)2 0
0 0 0 a(e)d(e) = Ble)v(e)]
(3.76)

We seek to identify matrices Xy and parameterizations «, £, v, 9, 2, and m

such that (3.75) is satisfied in some neighborhood of € = 0.

As before, we perform our classification up to a constant Mébius trans-

formation: by the redefinition

Xo — "M(0) "1 XM (0)71 (3.77)
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we may take

a(0)=0(0)=1, p(0) =~(0) =0, (3.78)

i.e. the Mobius transformation (3.76) reduces to the identity at € = 0. We will

also parameterize the Mébius transformation by d(e) = 1:

1 27(e) (e)? 0
oo | B a@TBEnE aene 0|
B(e)? 2a(e) () a(e)? 0
K 0 0 ale)-BEn(e)]

Because (3.78) implies that M () is locally invertible near € = 0, this parame-
terization is locally equivalent to (3.59b). Returning now to (3.75) with M (¢)
as in (3.79), we define

X(g) ="M(e)XoM(e) (3.80)

so that (3.75) becomes
U)X (e)U(e) = 0. (3.81)

We view this as an equation for X (g). As a consequence of (3.72), the solution

space of (3.81), for X (¢), consists of elements

7
n=0
Qs (X0 A2 +09) —2 (A 2A3 + cdA?) —2 (204 el )yt \6) N3]
S S S
2(.2 2

2 (AN 2% +52AT) 2 (200 - 324 06) 4 L0 0 (3 4 g2)0 4 AT) XS
— 2 (A0 p2 eyt 2 (ms A 4 A% + ed A7) Qms\ AT
)\1 )\2 )\3 )\4

(3.82)

The parameters €2 and m (and consequently s, ¢, and d) above have suppressed
dependence on €. The solution space is parameterized by expansion coefficients

A'. We use the notation 2%/ for the entries of the matrix X (g) and xéj for the
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entries of Xy. If X (¢g) satisfies (3.81), we have
)\1 — 33'41 )\2 — $42 )\3 _ 33'43 )\4 — .1'44 )\5 — $14 )\6 — .1'24 )\7 — $34 (383)

and

33

)\Oi

— ) .84
Qms (3.84)

The remaining entries of X (e) (those not appearing in (3.83-3.84)) can be
parameterized in terms of the 2% appearing in (3.83-3.84) if X(e) € ker L.

This parameterization is given by

o"(X(e),Q2e),m(e)) =0, n=1,....,8, (3.85)
where
1
ot =zt — =233 4+ Qs (:1742 - x24> (3.86a)
m
¢ =1+ ¢ (:zc41 + 52213 4 cda:14) (3.86b)
— - ,
1 02%cd Q
¢ =13+ 5 233 4 2C A (3.86¢)
ms S S
12 9 a1, 14 2,34
ot =z (cdz! 42" +5%2%) (3.86d)
S
9%ed Qcd 02 (c* 4 d?
@ =22 c 23733+ c (x42 —x24) _ ( 5 >x44 (3.86e)
ms S S
Q
O =B+ = (cdx43 +ms2att + x43) (3.86f)
S
1 Q 02%cd
o7 :$31+72m33_7m42 7;#4 (3.86)
ms S s
Q
¢S =132 — = (mszx41 + 214 cda:34) : (3.86h)

S

Recalling that the 29 depend on the Mobius parameters via (3.80), we view ¢
(with components (3.86)) as a map from C® (the space of tuples (a, 3,7,Q,m))
to C®, parameterized by the matrix Xo. It is clear that X (¢) satisfies (3.81)
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and only if (3.85) holds. In particular, at € =0 we must have
¢n<X0,Qo,m0):O, n= 1,...8, (387)

where g = §2(0) and mg =m(0) (going forward, we will extend this notation to
so =sn(Qoph|myp), ete.). This gives us a parameterization of the matrix Xy. We
can view (3.85), whenever (3.87) holds, as a symmetry condition. Substituting
(3.87) into (3.85) leads to a complicated system which is not immediately

solvable, although one trivial solution is known:
a=1, =0, v=0, Q=Qy, m=my (3.88)

Thus we focus on a linearized symmetry condition; by a Taylor expansion of

(3.85) about the trivial solution, we obtain:

06 dQ 8¢ dm
$(X(e),Q(e),m(e)) = ¢(Xo,20,m0) +¢ (ane i 8md€> L_o

0¢ [0z da 029 dB 0z dy
e 2 [8%7 (aa &gk oy deﬂ

+0(e%).  (3.89)
0

1<i,j<4 e=

If (3.85) is satisfied in some neighborhood of € =0, it is necessary that the
order-e! term above vanish (the order-e” term vanishes by assumption). To

discuss this further it is convenient to introduce the the Jacobian

T o(pt, ..., 8%

= 3o By, m) (3.90)

e=0
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and write (3.89) as

HX(2),2(e).m(e) = 9(Xo, Q0. mo) + 2 OOy o ()
’ ’ B 0,270,770 INa, B,7,2,m)|_q | 4 le=0 '

(3.91)
In this form, we see that the order-e! term can vanish either trivially (when
the column vector consisting of e-derivatives is identically zero) or nontrivially,
when the Jacobian is rank-deficient (has a rank less than its maximal rank of
5). As a consequence of (3.86), each entry of the Jacobian is linear in the
entries of X, but (3.87) can be used to eliminate eight of these. As a result,
the Jacobian depends on eight parameters xf)j ; our aim is to determine the

conditions on these parameters so the Jacobian is rank-deficient.

In computing the Jacobian, we require derivatives of (3.80) with respect

to the Mobius parameters (we use the notation M, = OM/0a, etc.):

(ZX ="M,'MX + XM~ M, (3.92a)

(07

(97X _tag tas—1 -1

33 ="Mg"M X + XM My (3.92b)

0X

o ="M,*'MIX + XM M, (3.92¢)
g

At e =0, M and X reduce to the identity and X, respectively, and we obtain

0X

Do = "Ma =0 X0+ XoMal|e=0 (3.93a)

a e=0

0X

—|  ="Mpg|.=0X0+ XoMg|e=0 (3.93b)
aﬂ e=0

0X

87 :thy|5:0XO+XOM'y|s=07 (3'930)
g e=0




where

We arrive at

0X
Oa

0X
op

0x
v
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e=0

e=0

e=0

0000
0100
Ma‘E:OZ
0020
00 0 1]
000 0
1000
Mgle=o =
020 0
00 0 0
0 2 0 0
0010
M7|5:(): .
0000
00 0 0

0 SE(1)2 2:75(1)3 :v(1)4
x%l 2:6(2)2 3:['(2)3 295%4

2031 3x3? 4ad 323

I gt 22§ 32 2:L‘614_
o2+ 23 22} 4B B
o3 4223 2233 + 2032 223

32 2233 0

i 2 2743 0

0 2x4! z§?
204t 22{? 4223 22§ + 23

:1:%1 x%Q + x%l 9333 + x%Q

41 42
0 2.1'0 .CCO

67

(3.94a)

(3.94b)

(3.94¢)

(3.95a)

(3.95b)

(3.95¢)

We will also require derivatives of the Jacobi elliptic functions with respect
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to the modulus [50]:

cn(zlm)dn(z|m)

a—msn(z]m) = 2m(1—m) [(1—m)z—E(2|m) +msn(z|m)cd(z|m)]
(3.96a)
_ sn(z|m)dn(z|m)
%cn(dm) = om(l—m) [(1—m)z—E(2|m)+msn(z|m)cd(z|m)]
(3.96b)
_ sn(z|m)en(z|m)
a—mdn(z|m) =T - [(1=m)z—E(z|m)+dn(z|m)sc(z|m)]
(3.96¢)
where £(z|m) is the Jacobian £-function
E(2|m) = / dn®(t|m) dt. (3.97)
0
If we introduce the quantity
— _ Qh(1—m)—E(Qh|m) sc
T 2hm(1—m) * 2hd(1—m)’ (3.98)

the Q2 and m derivatives of s, ¢, and d can be related in a very simple way:

(1]
(1]

B o o e (o, s yod
om o’ Om o0 om

aiQ .

:+72hmcd (3.99)

We are now prepared to write down the components of the Jacobian (3.90).

To do this, we express each component of ¢ as

3 ..
=Y " pi;(Q2,m)g;5(s,e,d), n=1,...,8. (3.100)

i,j=0
Here the dependence on the parameters {2 and m enters explicitly only through
the coefficients p;;, whereas the ¢;’ carry only implicit dependence on these

parameters through s, ¢, and d. The 2% depend on the Mobius parameters
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through (3.80). The derivative with respect to « is computed as

O G\ Oxl
= 2. Pl (3.101)
O 5=y Oa 797

At € =0, the derivatives 9% /0a can be found from (3.95) and the condition
(3.87), together with the (3.86), ensures that the resulting expression can be
written in terms of the eight xéj appearing in (3.83-3.84). Derivatives with
respect to § and « are calculated analogously. The derivative with respect to

Q is

00" <~ i [9P n Ogi; 0s 04y dc | 0g;; 0d
o0 = 2" [ag WP G5 a0 T oe 90 T ad 0% (3.102)

and the derivative with respect to m is

" S [opy dqis 9s  Oqfy oc g}y od
A i noyn il el 2. 1
om Zox [ gs om | dc om ' od om (3.103)

,J=

Using (3.99), the latter can be written in terms of 2 derivatives and the quan-

tity =:

o¢" _ 23: i [ap;}qn'+ s(cd)! , Oq); = <8qw Os aq?j@+ dqi; 8d>] |
0

om 2= [ om T "anm P ad 9s 090 9c 09 od 00
(3.104)
Consider now the linear combination
9o 000 ¢ 5305 ¢
A AO‘ A 1
o + 20 + + 3 ﬁ (3.105)

if this is zero for some choice of the A-coefficients the Jacobian is rank-deficient.
In this case, it is clear from the Gauss-Jordan elimination algorithm and the
structure of ¢, that each A must be affine in Z, i.e. A% = Af} + AL= and
similarly for other parameters. Hence,

+ A ¢n=

08" Q08" 06" 00"
am T a0 T 9 T 95



3.2. Order-two elliptic solutions 70

ot oOpm. -1 g
( e LSS p”)q%ﬁ(c ) qw]

om o0 2hm Y od

o

i.j=0

0 Pij

oq" o o Ogl J Y
0 n( ai; 05 | Oy O %(9‘1>+<Aa3$ Y L +AY 702 )pggq?j}

ds 99 oc o0 ad 09 ) 093

0 0 g™ Oq™.
+= Z{ [ Qpljn (1+AQ) (quas_,r_ qz]@_’_ quad>‘|

520 Fontit Os 90 9dc 09 9d 09
O O 835” n n
(AO o +AJ 55 " )piqu-j}. (3.106)

There are two qualitatively distinct ways for the above expression to vanish.
One possibility is that both sums vanish simultaneously. Otherwise the equa-
tion (with the LHS set to zero) can be solved for = and hence €. In particular,

= must be expressible as

_1SC

E(Qh|m) =2hm(1 — )S

(3.107)
where Sé and S! are the first and second sums appearing in (3.106), respec-
tively. The Jacobi £-function satisfies an identity involving elliptic integrals.
In particular, the function is quasi-periodic with period 4K (where K = K(m)
is the complete elliptic integral of the first kind (A.67)) and remainder 4E
(where E = E(m) is the complete elliptic integral of the second kind (A.68)):

E(z+4K|m) =E(z|m)+4E(m). (3.108)

Let h = h+4Q7 K (m) so that £(Qh|m) = E(Qh|m)+4E(m). If (3.107) holds,
S and S} must satisfy
R sz Sz
2m(1—m) (hAQ—h ) +4(1—=m)K(m)=4E(m), (3.109)
Si S
where " indicates evaluation at h. In particular, the quantity Eﬁg / Si —hS}/S}
must be independent of (2 and h, for each i. While not impossible, this con-

dition is not satisfied for any known examples (to be discussed towards the
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conclusion of this chapter) and so we will pursue only the mechanism of rank
drop where the sums in (3.106) vanish simultaneously.

The general condition for the rank of the Jacobian to drop is

9 009 99 9¢ 9¢

AT AR A L AP L AT =0 3.110
om L et s T 5y (3.110)
for some choice of A-coefficients. There are two cases to consider: either A™
is zero or A™ is nonzero (in which case we take it to be one and the linear
combination reduces to (3.105)). In the first case, the rank of the reduced

Jacobian
2(eh,...,0%)
v, 8,7,82)

must drop (rkJ"d < 3). In the second case, it is convenient to work with the

Jred — (3.111)

column-equivalent matrix

J=JC (3.112)

where

(3.113)

Q

Il
o © ~ o o
o o o o
_ o o o
_- o o o o

This matrix has the block structure

~ B; Bj
J= : (3.114)
By By

where B; and By are each 4 x 2 matrices and Bg and By are 4 x 3 matrices.

Each submatrix depends on only four of the eight parameters x{*, !, 23*,

x63, x%4, 33'62, 513'83, and x64. By and B4 depend only on the parameters ZU(1)4,

zdl, 234 and 2§3. By and Bs depend only on 23*, 2%, 233, and x3*.
By our discussion above, we search for rank deficiency conditions where

both sums in (3.106) vanish simultaneously. To do this, we introduce an 8 x 6
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extended Jacobian matrix J as follows. Note that the components of the

fifth column of .J can each be written as
Jis=J0s+EJ}5, (3.115)

where JZ-% and Jil’5 are independent of . We define J®' so the first four
columns of this matrix coincide with those of J while the fifth and sixth
Text __

columns are given by Ji'5" = ji% and jff‘t = 2%5, respectively. The resulting

matrix has the block structure

B Bg*
By B

JoxXt = (3.116)

with By and By as before. B§Xt and BiXt are 4 x 4 matrices with the same xf)j
dependences as Bs and By, respectively. As J is the principal tool in the
computations that follow, we will write its components explicitly. In order to
present the matrix in a reasonable way and also for future analysis, we use the
notation (-|-) to indicate column-wise concatenation. In particular, to present
B$Xt we split it into a pair of 4 x 2 matrices according to B§X! = (1B§Xt\gB§Xt)

and similarly for B$*.
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We can exploit the block structure of J°** in the Gauss-Jordan elimination
process. When x%‘l = IGQ = xg?’ = x%‘l =0, we have By = 0442, B3 = 04«3, and
B§Xt = Oyx4. When mé‘l = xél = m(3)4 = még' =0, we have By = 04x2, B4 = 04«3,
and B = 04x4. Therefore, identifying rank-deficiency conditions for the in-
dividual B-matrices can lead to rank-deficiency conditions for the Jacobian.
When 23! = 23? = 233 = 2§* = 0 and one of By, Bj is rank-deficient, the Jaco-

bian is rank-deficient, and similarly for the case z}* = 23! = 23 = 2% = 0.

By the rank-nullity theorem, we are free to work with the transposed
matrix
bt ‘B 'By
Jot = . (3.121)
t ngt tBixt

In the next section, we will completely identify the conditions under which
the blocks of the above matrix are rank-deficient. To motivate this process, we
recall the relationship between the ranks of the blocks of tj et and the Jacobian
(3.90) and the reduced Jacobian (3.111). When (tBl‘th) is rank-deficient,
the reduced Jacobian (3.111) is rank deficient. The reduced Jacobian is also
rank-deficient when the first two rows of (th’“‘tBﬁXt) are linearly dependent.
If the first two rows of (thm‘tBZXt) are linearly independent, the rank of

(tB§Xt’tBZXt> must drop by two to ensure that the rank of the Jacobian drops.

3.2.1 Rank drop analysis

3211 B

The rank of By can drop in two qualitatively different ways. First, one of the
two rows of 'B; can vanish. The first row, consisting of derivatives with respect

to 3, vanishes when

zgt =2t (3.122a)

ot = gl = M0 (3.122b)



3.2. Order-two elliptic solutions 76

The second row, consisting of y-derivatives, vanishes when

rgt = (3.123a)
1—cod
o3 = o = %x}#. (3.123b)
0

Alternatively, there could be a linear relationship between two nonzero rows.
In this case, we assume that the second equalities in (3.122b) and (3.123b) do
not hold and find that we must have

agt = agt, a3t =2l (3.124)

We see that (3.122) and (3.123) are just special cases of this more general

condition.

3.21.2 DBo

The conditions under which Bs is rank-deficient are more complicated than
those for By. Again, the simplest mechanism for the rank to drop is when a

single row of ‘B, vanishes. The first row vanishes when

Qomos 2(codo—1)
42 24 33 077050 24 44 040
Ty = —Zo, Ty = — B Zo Ty = 5
Qo ( (Codo — 1 1 +my SO)
(3.125)
and the second row vanishes when
3Q 2(cpdp—1
w2 = g2 B 072"050 224, o= (codo —1) 224

Q (Q(Codo + (1 +m0)s(2)> 0
(3.126)

The rank also drops when the rows of 'By are nonzero scalar multiples of each

other. The general condition for this to happen is

rg? = —a3t (3.127a)
mos (2x0 —i—Qomosox )(23& + 3Q0mosor> )

{(2 — 2C0d0)$g3 + Q()m() ((1 — C0d0)$g4 + QQ(2C0d0 — 2+ (1 + m())SO) 34)} X
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[(2— 2cqdo)a® + Qomo (3(1 — codo)ad* + Qo (2codo — 2+ (1+ma)s)zgt)] -
(3.127b)

Similarly to the case of Bj, (3.125-3.126) are contained as special cases.

3.2.1.3 Bj

We recall that rkBs < 2 is a necessary condition for the corresponding bi-
Riccati equation to admit a multiparameter family of solutions. The rank of
the reduced Jacobian drops when either the first or second row of Bz vanishes
or when there is a nonzero linear relationship between the first two rows.
Otherwise it is necessary to have rk B§** < 2 to obtain a multiparameter family
of solutions. In either case it is required that the determinant of B$*® vanishes.
If the rank of BS* is to drop by at least two, the determinant of B$** and each

of its 3 X 3 minors must vanish simultaneously. There is a remarkably simple

formula for the former:

det BS** :2h(§14_szl ) (%4 + xf)u) [Qx?)?’ + Qomoso (w%4 - x?)}
050
X {(:vg?’)Q + Qomosozg (x?f - ZE%4) +Qfmdst (x§4) 2} . (3.128)

Solutions to det B§X' = 0 are sufficient conditions for rk B§** < 3 and necessary
conditions for rkB§Xt < 2. For each such solution we use Gauss-Jordan elimi-
nation on tB§Xt and observe whether or not some linear combination (with at
least one nonzero coefficient) of the first two rows is zero. If not, we use the
minors of B to obtain conditions for tk B§*t < 2.

When the first factor, x3* + 232, vanishes the first two rows of tB§Xt are

linearly independent. Therefore we seek conditions under which rk Bt < 2.

We assume that 232 and z¢* are nonzero to obtain

23?2 = — 23 (3.129a)

233 =224 Qemy [QQOCO (S% — 1) (mosg —my— 1) z3tadt (3.129b)

+ sodo ((1 +mg — 2mosg) (3:(2)4)2 —Q3(1—mg)? <$é4)2>}
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X |dg (Qmosg —my— 1) ( (%4) +Q3do(1 —mpg)? <$34) 2] .

and one of

i :QO<CZ’°+dO)x§4 (3.130a)
4 :Sl()(cs()—ci())xg4 (3.130b)
- QO(Cj‘ldO)x?ﬁ (3.130¢)

ol = — QO(CZ’O_%)QC(%“. (3.130d)

Here we actually have four distinct equations determined by the permutation

of signs chosen in the formula for z34. For each of these we can substitute this

formula into that for 3% to obtain a formula for 23 in terms of x3* alone.

Alternatively, when z{* = 0, we obtain
:z:é2 = —51%4, 83 = —Qomosor?t, :1:34 =0. (3.131)

and when xo =0, we have

et = =13 =0, x3t=1 (3.132)

There is no solution when x3% = z3* = 0.

Next we consider the vanishing of the second factor:
2233 + Qomoso (3:(2)4 - x32) 0. (3.133)
One solution to this equation is
xg? =22, ¥ =o. (3.134)

This condition (we emphasize that z3* is arbitrary) leads to the vanishing of

the first row of *Bs. The first two rows of ‘Bs are linearly independent for all
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other solutions to (3.133). Now looking for conditions where rk B$** < 2, we

recover (3.130) and (3.131) but also generate a single new solution
g =adt, =0, x5t=0, (3.135)

which is just a special case of (3.134).
2 2
When the third factor, (x83) + Qomgsor3? (:Béz — x%4> + Qgmdss (x34> :
vanishes we again obtain (3.134) as a condition for linear dependence of the

first two rows. Seeking conditions where 1rkB§BXt < 2, we find a discrete class of

solutions where

zg? = —adt (3.136)

and 233 and 2% is given by any one of

% = (1+ 60)2(512221%08)8— mosg = = Cglgri%;g - w (31572)

%= (1— co)Q(?(lﬂ?os)g— mos; = = C?zgyi(é:?; = w137

x(%g B (1+ 60)22(?0_”?08)82 —mosg :v%4, :v34 B = C(;)éni%s_% o xg?)- (3.137d)
3.2.1.4 DBy

Equations associated to B4 and admitting multiparameter families of Mobius-
Jacobi solutions are obtained using the same method as before. Again we

obtain a simple expression for the relevant determinant
det B = 4hQ3(1 — mo)so (:1:(1)4:1:33 - :E%A‘xél) (:U(1)4x84 — x%lxég’) . (3.138)

Beginning with either factor involving the ;Eéj leads to the same results. The

first two rows of *By are linearly dependent when

dAl=gld 88 = o3 (3.139a)
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[S()(l + C()d()) +h (mosé - C()d() — 1)} [(:E(l)4>2 +my (:L‘84)2] (3.139b)

+ 2mos(2)(so + thcodo)x(l)4mg4 =0

or when
agt = —xft, 2l = —at (3.140a)
[so(codo = 1)+ b (mosh +codo — 1)] | () +mo (a)"]  (3.1400)

— 277108% (So + thCOdo)x(1]4£(]g4 =0.
Now we search for conditions where rk B§¥* < 2. The first such condition is
ot = adt, 2l =3 (3.141)

we remark that this condition is identical to (3.124) and as such also renders

B rank-deficient. The second condition is
agt = —adt, ad =23t (3.142)

We observe that (3.141) and (3.142) contain (3.139) and (3.140), respectively,

as special cases.

3.2.1.5 Bj and B»

Like its constituent matrices, the matrix resulting from concatenating ‘B; and
'By can be rank-deficient in qualitatively distinct ways. The first way, in
which a full row of (tBl|th) vanishes, occurs when the same rows of ‘B,
and *By vanish simultaneously. The conditions under which this happens are
easily found from our previous results. In particular, the first row of (tBl |th)

vanishes when

14

41 14 34 43 mo(l+codo)z

To =Xy, Ty =Ty = 5
1+ mgo —mos;
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Qomos 2(codo—1)
42 24 33 0080 24 44 0o 24
o =—%o, Lo = Lo, Lo = 2\ Yo
2 Qo (—2+2c0d0 +(1 +m0)s0)
(3.143)

and the second row vanishes when

41 _ 04 34 43 _ 1—codo 14

Ty =T, Lo =Ty =3 Lo

50
42 24 33 3Q0moso 24 a4 2(codp — 1) 2
xo :—xo s xo :—?‘fo s 330 = i

Qo (—2 +2codp + (1 + mo)S(Q)>
(3.144)

The rank of (tBl|tBQ> also drops when there is a nonzero linear relation-
ship between its rows. If this is the case, there is a matrix R € GL(2,C) so
that one of the rows of R (tBl|tB2) is identically zero. But

R(‘B\|'By) = (R'Bi|R"B) (3.145)

and the conditions (and hence the explicit R matrices) for R'B; and R'By to
have vanishing second rows are known. Let R; and Rs be, respectively, the
matrices that render the second rows of 'B; and 'By zero and leave the first
rows unchanged. These matrices are unique up to rescaling of the second row;

we choose representatives where the (2,2) entry is unity. We have

1 0

(1—c0d0)x(1)4—s%x84
_mos(%x[1)4—(1—Codo)x84

Ry = (3.146a)

1 0
R2: 2(1—C0d0)x83+Q0m0[so(l—codo)x(2)4+ﬂo((1+m0)s%+2c0d0—2>a:34] 1 : (3146b)
mosg(2mg3+90mox34)

By equating R; and Ra, we arrive at the set of conditions:

41 14 43 34 42 24
Top =g, Lg =Ty, Lo =Ty,

mosg (23783 + Qomosox34) (23:%3 + 3Qomosoxg4) =
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{(2 — 2C0d0)l‘33 + Qomo ((1 — C0d0)$%4 + Q()(QC()do —24 (1 -+ m@s%)x#)] X
{(2 — 2C0d0)$g3 + Qomy (3(1 — Codo)x%4 + Qo(?Codo — 24+ (1 + mo)sg)xﬁ‘)‘l)} ,
(3.147)

together with

(1— codo)yc(lf1 — s%x%4

mosgrt — (1 —codo) gt
2(1 — Codo):ﬁ%g + Qomy [S()(l — C()d())l’%4 + Qo ((1 + mo)s% +2¢codg — 2) Igﬂ

mos3 (2x83 + Qomox%4>

(3.148)

3.2.1.6 Bs and By

As was done for By and Bo, we first seek conditions under which there is a
linear relationship between the first two rows of the matrix (th|tB4). We
recall from previous analysis that there is a single instance where the first two
rows of Bs are linearly dependent (3.134)—in this case the first row of Bs is
zero. There are a pair of conditions (3.139,3.140) where the first two rows
of B4 are linearly dependent, but neither of these result in the vanishing of
the first row of By. We conclude there is no condition leading to the linear

dependence of the first two rows of (tB3|tB4>.

We seek conditions under which the rank of (th\tB4) drops by two.
We recall that there are several ways ((3.129-3.130), (3.131), (3.132), (3.135),
(3.136-3.137)) whereby the rank of B3 drops by two, but only a pair of ways
((3.141) and (3.142)) in which the rank of By drops by two. There are ten
cases in all to consider, each of which can be analyzed by a method analogous
to that for (th|tB4). Each condition for the rank of Bs or B4 to drop by
two is associated with a sequence of elementary row operations R. For each
pair of conditions (one for Bsg and one for By), we can equate these matrices.

Unfortunately, there are no nontrivial solutions to any of these equations.
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3.2.2 Equations and solutions

In the previous section, we identified some conditions under which the rank
of the Jacobian drops, a necessary condition for the corresponding equation
to admit a multiparameter family of solutions. Accordingly, not all of the
rank-deficiency conditions must lead to equations with the desired solution
structure. Each condition can be substituted into the system of equations
(3.85, 3.87), where we seek a nontrivial solution with at least one extra degree of
freedom (in addition to the freedom in zp). In total, we identify five equations
resulting from particular combinations of parameters :Eéj appearing in (3.1)

and (3.72).
Case I: p{* = 2!, 23t =283, alt=2f'=23t=2 =0
This condition (3.124) causes the rank of both B and By (3.141) to drop. The

matrix corresponding to the condition is

oyt (X +X8) + a3t (X3 + XT) =

| 0 —(1+4codg)zp* — 3ot 0
Qo | (1+codo)zdt + Bt 0 —mosdrt — %(? (14 codg)z 3t
s0 0 mos3rt + (14 codg) 3t 0

L g 0 S

(3.149)

leading to the equation
Q
gt (u' + U’) + ! (uzﬂ' + u’*2) zs—(? [(1 +codo) gt + s%xg‘l] (T —u)
Q
+2 [mos%xé4 +(1+ codo)xgﬂ (uﬂZ — uza) .
S0

(3.150)
With the redefinition of parameters

14 34
a1 =g, a2=2qy,
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Q Q
by = S—O [a1(1+c0d0) +ags(2)} , b= ?0 [almOS(Q)‘I‘aQ(l +Cod0)} ,  (3.151)
0 0

we obtain the equation
ap (u/ —I—U’) +as (uQU’ + u’ﬂQ) =b1(T—u)+bo (uﬂ2 - UQU) . (3.152)

Rather than demonstrate that the mapping (3.151) is surjective, we will show
that (3.152), which is at least as general as (3.150), admits a multiparameter
family of elliptic solutions (under a technical assumption). The solution to

(3.152) is
_asn(Qz+z|m)+ B
— ysn(Qz+ zolm) +6

u(z) : (3.153)

subject to the conditions

s(aBba +7db1) = 2Q(afaz +vydaq) (3.154a)
% (6262 + 52b1> =g’ (a2a2 + 72a1) +cd (62@ + (526L1> + BQCLQ + 52a1 (3.154b)
S

Q <a262 + ’Yzbl) = ms? (Bzag + 526L1) +cd (a2a2 +72a1) + Oé2a2 +72a1.

(3.154c¢)

These conditions are too complicated for us to work with: it is difficult to
determine under what conditions they have a solution. However, if we seek

solutions with =+ =0 and § = 1, only two of the conditions (3.154) survive:

Q
b= [a1(1+ cd) + aga®s?| (3.155a)

0
by = - |a1ms® + aga®(1+cd)] . (3.155b)

We assume now that aq, az, by, and by are given. We suppose first that as = 0.

Then the first condition (3.155a) is independent of . Assuming h € C\{0} is
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fixed, we choose m € C\{0,1} so that
f(Q) = a1Q2ns(Q2h|m)[1 4 cn(Qh|m)dn(Qh|m)] (3.156)

is a nonconstant meromorphic function of  when a; # 0 (when a1 =0 we must
also have b; = by = 0 correpsonding to a trivial equation). Such a function has
at most two omitted values (f(€2) = w has a solution for all but two w € CUo0).
Then we may solve f(Q)=b; for Q provided that by is not an omitted value of
f. The result may then be substituted into (3.155b) and « can be determined.

Now we assume ag # 0, so that we may solve for o2 in (3.155a). Doing so

and substituting the result into (3.155b) leads to (3.163b) leads to
b1bos® — (arba + asby)Q(cd — 1) 4 2a1a2Q2 (1 +m)s® = 0. (3.157)

We fix m € C\{0,1}. The LHS of (3.157) is a nonconstant meromorphic func-
tion of 2. Provided that 0 is not an omitted value of this function, (3.157)
may be solved for ). The result may then be substituted into (3.155b) and
a can be determined. We conclude that, subject to technical assumptions
on the range of certain meromorphic functions, (3.152) generically admits a
two-parameter family of order-two elliptic solutions.

Case II: xél = —xé‘l, xf‘j?’ = —x84, x(1)4 = x‘ou = :L‘%4 = 163 =0

This condition (3.142) leads to the matrix

o (X§ = X8) +af! (X3 - X]) =

0 (codo — 1)zt — st 0
14 _ 234 2 .14 34
Qo | (codo — 1)zp* —sgxy 0 mosgxg — (codo — 1)zj
S0 0 mos%x(1)4 - (Codo - 1)x84 0
S0 .14 S0 .34
L Qo Lo 0 Qo )
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and the equation
14 (1 3a( 2 27\ _ S 14, 2, 34 -
g (u —u ) + ;) (u ut—u u) = [—(codo— D)xy™ +s5xp ] (u+7)
Q
+2 [—mosg$é4 + (codo — 1):1:84} (uzﬂ%— UﬂQ> :
50

(3.159)

This equation is very similar to the previous one (3.150). Again we redefine

parameters
a; = x(1)4, as = xg4,
by =— [al(codo —-1)— agso} , by=— {almoso —ag(codo — 1)] (3.160)
S0 50
to obtain

ap (ﬂ/ - u/) + a9 (u’ﬂ2 - uzﬂl) +b1(u+a) + bo (uzﬂ—l—uUQ) =0. (3.161)

Rather than demonstrate (3.159) and (3.161) are equivalent, we will show that
the latter, which is not less general than the former, admits an multiparameter
family of order-two elliptic solutions. Despite its similarity to (3.152), (3.161)

does not possess full Mobius-Jacobi solutions (3.153) but only solutions

u(z) = asn(Qz + zolm), (3.162)
subject to
Q
b=~ la1(cd = 1) — aza’s?| (3.163a)
2 _ {2 2 2
boa” = " [alms —aga”(cd — 1)} : (3.163Db)

Assume first that ag = 0. Then the condition (3.163a) is independent of «.
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Assuming h € C\{0} is given, we choose m € C\{0,1}. Then
f() = a1Q2ns(Q2h|m)[1 — cn(Qh|m)dn(Qh|m)] (3.164)

is a nonconstant meromorphic function of Q when a; # 0 (when a; =0 we
must also have b = by = 0 corresponding to a trivial equation). We may solve
f() = by for Q provided that b; is not one of the omitted values of f. The

result may then be substituted into (3.155) and « can be determined.

Now we assume ag # 0, so that we may solve for a? in (3.163a). Doing so

and substituting the result into (3.163b) leads to
b1bes® — (a1bg 4 agby)Q(cd — 1) — ayasQ?(c+d)* = 0. (3.165)

We fix m € C\{0,1}. The LHS of (3.165) is a nonconstant meromorphic func-
tion of 2. Provided that 0 is not an omitted value of this function, (3.165)
may be solved for 2. The result may then be substituted into (3.155) and «
can be determined. Again we conclude that, subject to technical assumptions
on the range of certain meromorphic functions, (3.161) generically admits a

two-parameter family of order-two elliptic solutions.

The remaining equations arise from the rank of Bs dropping.

Case III: {2 — 23!, 23 = —Qomosord?, 2t =it =2l =2}t =282 =0

This condition (3.131), is associated with the matrix

-—Q()S() 0 0 0
0 0 0 -1

X0+x¢-Xx§= (3.166)

0 0 Qomoso 0

0 1 0 0

and corresponds to the equation

u't—ud = Qoso (1 — m0u2ﬂ2> . (3.167)
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We make a redefinition of the parameters:
b1 = Qoso,  ba = —Qumopso, (3.168)
after which (3.167) becomes
W't — vt = by + bou’u?. (3.169)

To show that (3.169) with arbitrary by and be is equivalent to (3.167) we
would need to demonstrate that the equations (3.168) can be solved for g
and my, for any b; and ba. We will instead take the approach that (3.169) is
at least as general as (3.167) and demonstrate directly that (3.169) admits a

multiparameter family of order-two elliptic solutions. (3.169) is solved by
u(z) = asn(Qz + zg/m) (3.170)

when the parameters satisfy

b 4
by —20%0s — 2 = (3.171a)

m
bya® 4+ Qms = 0. (3.171b)

We first assume that by = 0. Then we have Qms = 0, which in all cases leads

to trivial solutions. When by is nonzero, we can solve (3.171b) for a? and
substitute the result into (3.171a) to obtain:
Q%*ms? = —bybo. (3.172)
The LHS of (3.172),
£() = Q*msn®(Qh|m), (3.173)

is a non-constant elliptic function when h € C\{0} and m € C are fixed. Pro-

vided that bjbg is not an omitted value of f, (3.172) can be solved for .
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The result, together with the fixed value of h and chosen value of m, can be
substituted into (3.171b) and a value for o may be obtained. We see that
(3.171) possesses a two-parameter family of solutions (3.170-3.171), subject to
our assumption on biby and (3.173).

Case IV: g{? =23, 2P =o' =ait=afl =23 =2 =0

Another equation is obtained from (3.135) with matrix

0 0 —% 0
s ws |0 0 0 1
Xg+ X8 = . (3.174)
o 0 0
0
01 0 0
The equation,
Q
Wit == (7 —u?), (3.175)
S0

has a scaling symmetry leading to a second degree of freedom besides zy in the

solution. We make the replacement b = Qg /sp in (3.175) and obtain

'+ uu’ = b(ﬂ2 —u2>. (3.176)
This equation is solved by
u(z) = asn(Qz + z9|myg), (3.177)
when the constraint
(SZ =b (3.178)

is satisfied. The LHS of (3.178),

£(£2) = Qns(Qh|m), (3.179)

is a non-constant meromorphic function of 2 when m € C and h € C\{0} are
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fixed. Under these conditions, there are at most two values of b € C such that
f(£2) = b has no solution in C. Assuming b is not one of these values, (3.178)
can be solved for 2 and (3.177-3.178) is a three-parameter family of solutions
to (3.176).

Case V: o2 =2t ¥ =2l =il =23t =23 =0
Lastly, we consider the condition (3.134) to obtain a generalization of the pre-
vious equation (3.175) (where xg* is not zero, but arbitrary). The associated

matrix is

ot (X5 +X§) + a3t X =

i e -
0 0 —Jog 24 S090gdt 0
0 sa
2 2 2
0 (256 —most) 44 0 24
<2 0 0
o 0 (3.180)
St — S0 0 0 0
0 S
0 w3 0 it

so the equation becomes

Q Q2cod
z3! (u’ﬂ—i— uﬂ') + zgtu'd :S—Ox%4 (Uz - u2) + Osg 0164 (u2 +H2)
0 0
02 (2 —s2 — mgs?
_94( . ) R (3.181)
S0

As in the case of (3.175), there is a scaling symmetry. Let us redefine param-

eters according to

al = x34, az = xé4,
Q OZcod 05 (c§ +d3

blzali, b2:a2 0 ;) O, b3:—a2 ( 3 ), (3.182)
SO SO SO

So as to obtain

aq (u’ﬂ+uﬂ') +ax/@ = by (ﬂ2 — u2) + by (u2 +H2) + b3ud. (3.183)
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The parameters in appearing in (3.183) are not independent. An algebraic
relationship between the parameters may be established as follows. Using the
identities 2 = 1 —s% and dZ = 1 —mgsg we can derive algebraic relationships

between by and bs, by and bz, and by and bs:

Q2aivd = (b% - an%) (b% - Q%moa%) (3.184a)

af = —as [267 — QF(1+mo)aj] (3.184b)
2 2

daghy = 02 [(Qg(l +mo)az—bs) — 49(%@3] [(Q%(l T mo)az —bs) - zmgmoag} .

(3.184c¢)

Using (3.184a) and (3.184b), we can obtain expressions for €y and my in terms
of only aq, ag, by, and by (the former involves a square root). In principle we
can substitute these expressions into (3.184c) and, after manipulation, obtain
a algebraic relationship between the parameters appearing in (3.183) that is
independent of {2y and myq (and sy, ¢, and dg). There are two issues if we wish
to parameterize the equation (3.181) in terms of the new parameters (3.182).
The first is that that the algebraic relation is too complicated (and for this
reason we do not include it here) to be of practical use. The second is that
the process of obtaining the algebraic relation introduces spurious solutions:
(3.183), even when subject to the algebraic relation, is more general than
(3.181). For these reasons, we will work with equation (3.181) directly. Its
solution is

u(z) = asn(Qoz + z0|mo) (3.185)

with parameters as in (3.181). This is a two-parameter family of solutions: «

and zp are free.

3.3 Examples

In this section, we consider a number of known delay-differential and
differential-difference equations. Some of these equations were recovered in

our rank drop analysis in the previous section, possibly after a Mobius trans-
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formation. Other known models do not admit order-two elliptic solutions. We

show this, and construct other solutions for these equations when appropriate.

3.3.1 Grammaticos-Ramani-Moreira equations

A total of eight equations were identified in [32]; four of these are autonomous:

W47 = —u? 4 by (u+T) + by (3.186)
Ut — vt = —uu® + b(u+7) (3.187)
W' — i’ = byu+ boti + bsuu + byu? (3.188)
WG+ ut = byu+ byt 4 byuu + byuu® + bs, (3.189)
while the remaining four are non-autonomous:
U 47 = (u—1)?+ by (u4a) + by + bge®®? (3.190)
U 47 = (u—1u)?+by(u+a)+by+ b3z (3.191)
Wit = e (byu® + by’ (3.192)
i —un = e¥* (bl + b2u2ﬁ2) . (3.193)

The autonomous forms of these equations are obtained by setting z to a con-
stant wherever it appears explicitly. Without loss of generality, we set z =0

and redefine parameters to obtain

W+ = (u—1) + b1 (u+7) + by (3.194)
WU+t = byu? 4 bow? (3.195)
Ut —uT = by + bou’u? (3.196)

Note that (3.194) is the autonomous limit of both (3.190) and (3.191). The

final two equations are closely related to equations we have identified.
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We begin with (3.195), for which the corresponding matrix is

0 0 —by O
0 0 0 1
X = . (3.197)
b 0 0 0
0 1 0 0

When by = —by = —b, this is precisely (3.176) in our classification. The solution
in this case is given by (3.177-3.178). In fact (3.195) only admits order-two
elliptic solutions when it reduces to (3.176), as is seen by solving the system
of equations

7
MXM =3 A"X" (3.198)

n=0
for the A", the Mobius parameters, and the elliptic parameters; (3.198) has a
nontrivial solution if and only if by = —bs. In doing so, we obtain the solution

(3.177-3.178) and also the solution
u(z) = Bus(Qz+ zp|m), (3.199)

which is subject to (3.178). This solution was not previously found because it

is associated with a Mobius transformation that is not identity-connected.

Now we turn to (3.196), which is identical to (3.169). The solution to this
equation is (3.170-3.171). No additional solutions for this equation are found

from (3.198) with X as in (3.166)

The remaining equations identified in [32] (in their autonomous forms)
were not isolated in our classification. Nevertheless they may be Mobius-
equivalent to our identified equations. It suffices to say that this is not the
case for (3.187), while for (3.188-3.189) this happens only when the parameters
p; satisfy complicated conditions. We will discuss the remaining equations in

greater detail.
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The equation (3.186) is associated with the matrix

“by —b 1 1
by 0 00

X = (3.200)
~1 0 00
10 0 0

Solving (3.198) with X, as above, we find that (3.186) admits a multiparameter
family of order-two elliptic solutions if and only if by = by = 0, in which case
(3.200) is equivalent via a constant Mébius transformation to X' 4 X7 ie. a

special case of (3.161). The solution to (3.186) with by = by =0 is given by

_asn(Qz+z0|m)+ B

= 3.201
u(2) ysn(Qz+zglm) +1 ( )
with
(6 +B7)s+20v0 =0 (3.202a)
205 +7%Qs? + 021 +cd) =0 (3.202b)
2avs 4 62Qms® +72Q(1 +cd) = 0. (3.202c¢)

In principle, a multiparameter (subject to the usual caveat regarding omitted
values) solution to (3.186) could also be constructed from the solution (3.162-
3.163) of (3.161). We will not pursue this as the solution can be represented
in a simpler way in terms of the Weierstrass (-function. A similar result was

obtained in [10]. Taking
11 =02+2, w2=-Q2—Qh—2y, x3=0Qh (3.203)
in (A.29) and using properties of the (-function, we find that

[C(Q22+ Qh + 20592, 93) — C(Qz + 200 + 20; g2, 93) + C (3 g2, 93)]

— [€(Qz 4 205 92, 93) — C(Q2+ Qh + 20; g2, 93) + C(Qh; g2, 93)]
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—('(Qz+ 20,92, 93) — ¢'(Qz +2Qh + 20; g2, 93) = 0. (3.204)

It follows that

u(z) = Q[C(Qz+ 20; 92, 93) — C(Qz +Qh+ 20; 92, 93) + C(Qh; g2, 93)]  (3.205)

solves (3.186) with p; = p2 = 0. Using the scaling properties of the (-function

(A.31), we are able to write this solution in the standard form (3.4)

u(z) = C(z+ 20, 95, 93) — C(z + h+ 20: 95, 95) + C(h; g5, 93), (3.2006)

where g5 = Q*gy and g5 = Q%3. In (3.206), the parameters z, g5, and g}
are free. By means of (A.27) and (3.62) we find that (3.202) and (3.206) are

equivalent.

We lastly consider the equation (3.194). This equation admits no order-
two elliptic solutions, but a special case does admit solutions in terms of the

Weierstrass (-function. We consider the case by = 0, so the equation becomes
u T = (u—1)%+ bo. (3.207)

Note that this equation is invariant under a translation of the dependent vari-

able. Again starting from (A.29) and (3.203), we find that

[C(Q22 4 20; 92, 93) — C(Qz + Qh + 20, g2, 93) + C(Qh; g2, 93)]° =
—('(Qz+ 205 92, 93) — ' (2 + Qh+ 205 92, 93) — ' (R 92, 93). (3.208)

It follows that
u(z) = —QC(Qz +20: 92, 93) + B (3.209)

solves (3.207) provided that the constraints

C(Qh;92,93) =0,  ©(Qh;92,93) = b (3.210)
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are satisfied. Note that this solution is not elliptic.

3.3.2 Sine-Gordon type equations

Four of the equations we have identified are related to a semidiscrete sine-
Gordon equation studied by Orfanidis [61]. This equation is essentially the
spatial part of the Backlund transformation (2.91a). We redefine the parame-

ters in (2.91a) to achieve the form given in [9]:

O+ 0
;L+1—9;1:4Asm”+2’“1, (3.211)

where ¢, = ¢, (t) and ' = d/dt. By introducing a new dependent variable

i0
Wy, = aexp 1771, (3.212)

and redefining the parameter A according to
9 A
a’A=pb, —5=—pby, (3.213)
a

we arrive at

W Wit — WyW 4 =P (bl + bgw%wiﬂ) : (3.214)

Now taking a traveling wave reduction
wp(t) =u(z), z=nh+pt+ 2, (3.215)

we obtain precisely (3.169) or (3.196). Making use of the solution (3.170-3.171),
we find that
wn () = asn(Q(nh+ pt) + zp|m) (3.216)

solves (3.214) when the parameters satisfy (3.171) and
0,(t) = —2ilog | Csn(Qnh + pt) + 20|m) (3.217)
a

solves (3.211) when the parameters satisfy (3.171) and (3.213).
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A special case of (3.159) may also be obtained from (3.211). Under the

b
0, = +4arctan (,/;wn) , (3.218)
1

change of variables

(3.211) becomes

/ / 2 2 _
b1 (wn—i-l - wn) + b2 (wnwn—H - wnwn+1) =

2\ (b (wn + wng1) + ba (wnwn g +wiwnga )] (3.219)
Using the same traveling wave reduction (3.215), we obtain
by (ﬂ/ - u’) + by (u’ﬂ2 - u%’) _ 2 {bl (u-+7)+ by (uﬂ2 + u%ﬂ . (3.220)
p

While this equation is not as general as (3.161), we may use previous results

to obtain a solution:

u(z) = asn(Qz + zg|m), (3.221)
subject to
—— =—|bi(cd—1)—b 3.222
== [hifed=1)—ba’s’ (3.222a)
2\bpa?  Q
Abpa” _ &2 [b1ms? — bya?(cd — 1)]. (3.222b)
D S

The argument that this is generically a two-parameter family of solutions is es-
sentially identical to that in the context of (3.161). The corresponding solution
to (3.219) is

wp(t) = asn(Q(nh+t) + zo|m), (3.223)

also subject to (3.222). We finally obtain a solution to (3.211):

0, (t) = t4arctan [a\/?sn(fl(nh—kt) + zo|m)] : (3.224)
1

where the parameters satisfy (3.222).
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Now we consider the temporal part of the Bécklund transformation:

(2.91b). Redefining parameters, we obtain
Ont1—0
0, +0, = 4)\sin%, (3.225)

in analogy with (3.211). The change of variables

10
Wy, = exp 17” (3.226)
leads to

which precisely (2.95). Taking the traveling wave reduction (3.215), we arrive
at the delay-differential equation

A
Wu+ud =2 (7 —u?), 3.228
> (@) (3.228)

which is equivalent to (3.175) and is a special case of (3.195). We thus obtain

the solutions

wy (t) = asn(Q(nh+ qt) + zolm) (3.229)
wp(t) = us(Q(nh+ qt) + zg|m) (3.230)
to (2.95) and
O, (t) = —2ilog[asn(Q(nh + qt) + zo|m)] (3.231)
0, (t) = —2ilog [Bns(Q(nh+ qt) + 20|m)] (3.232)

to (3.225), where o and [ are free and the remaining parameters satisfy

_ 2 (3.233)
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Now applying the change of variables (3.218) to (3.225), we obtain

b1 (w, +wj, 1) + b2 (w%wiﬂ + w?Lw’/rH-l) = (3.234)

2\ [bl (W1 —wy) + by (wnwgﬂ — w%wnH)} (3.235)
and a traveling wave reduction (3.215) leads to
! =l 1--2 21 2) - —2 2
bi(u' +a')+bo (u u”+uu ) = [bl(u—u)—i—bg (uu —u u)} . (3.2306)

a special case of (3.152). The solution to (3.236) is

_asn(Qz+z|m)+ B

= 3.237
ulz) ysn(Qz+zglm) 446’ ( )
subject to
As(aBby +v6b1) = pQ(aBba + v0by) (3.238a)
2\
Z2 (822 +6%1) =5 (0%ba + 9201 ) +od (52ba + 6201 ) + 520y + 8%y
S
(3.238)
2\
i (Ozzbz —I—’Yzbl) = ms® (ﬁzbz + 5261) +cd (04252 + ”)/251) + Oézbz —{—’}/le.
<2
(3.238c¢)
The corresponding solutions to (3.235) and (3.225) are, respectively,
Q
wn(t) = asn(Q(nh+pt)+ zglm) + 5 (3.239)

~ ysn(Q(nh+pt) + zo|m) +9

and

by asn(Q(nh -+ pt) + zglm) + 3
0, (1) = tdarct b2 , 3.240
(t) arctan [ by ysn(Q2nh+pt) + zo|m) + 6 ( )

both subject to (3.238).
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3.3.3 Korteweg-de Vries type equations

In this section we consider order-two elliptic solutions of semidiscrete KdV
type equations (2.94-2.96). In fact, we have already discussed one of these, the
lattice pmKdV equation (2.95), in the previous section. We begin with (2.94),

for which a traveling wave reduction (3.215) leads to
A1
W4T =S+ = (T—u)? (3.241)
p

after a relabeling of parameter. This equation admits no order-two elliptic
solutions. However, when A =0 it is equivalent to (3.207). In this case, we

obtain the solution

u(z) = QC(Q2+20;92,93) + (3.242)

to (3.241) and
wp () = QCQUnh +qt) + 20; 92, 93] + 5 (3.243)

to (2.94), where the parameters in each satisfy

1
C(Q2h;92,93) =0, ©(Qh;g2,93) = » (3.244)

We next turn to a Schwarzian KdV equation (2.96). The corresponding
delay-differential equation under (3.215) is

v =—(u—1u)?, (3.245)

0 0 —% 0

0 22 0 0
X=| P (3.246)

—2.0 0 0

0 0 0 1]
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The solution is found to be

_asn(Qz+z|m)+ B

= 24
u(2) vsn(Qz +zglm) +6’ (3:247)
where ad — v # 0 and
As? —pQ%ed =0 (3.248a)
2s? = p? [2— (1+m)s?] = 0. (3.248D)

Substituting the second condition into the first and using standard identities,
we find that ¢ =d. One solution to this transcendental equation is m =1, in

which case the solution becomes

_asechQz+f
~ ~sechQz+6’

u(z) (3.249)

subject to ad — 3y =0 (we have absorbed the translational freedom represented

by zg into the M&bius parameters) and
Asinh?Qh = pQ2. (3.250)

By the Schwarzian nature of (3.245), this solution can be written as

)
u(z) = QPO (3.251)
vexplz+0
the corresponding solution to (2.96) is
aexpQ(nh+pt)+
t) = . 3.252
wn(t) vexpQ(nh+pt)+4 ( )

Both of these are subject to the nondegeneracy condition ad — v # 0 and the
constraint (3.250). This simple example illustrates how our method can be

used to obtain elementary solutions to bi-Riccati equations.



Chapter 4

Three-point equations

In this chapter we study a class of three-point delay-differential equations:

u;—u,uu, ugu) . X :C—o 4

(4.1)

‘UXV =0, U:t<1,u,u2,u'), v:t<1,

Unlike the bi-Riccati class (3.1), this particular class of equations has not been
studied before, though it contains several well-known examples. These include
the McMillan map, traveling wave reductions of the Wadati lattice, and a
Painlevé-1 type delay-differential equation obtained by Quispel, Capel, and
Sahadevan [68]. One particular feature of (4.1) is that it contains a subclass
of the QRT map (2.34), namely all symmetric QRT maps (2.38) in which the

degree in u of each f; is at most two.

The results on the relationship between singularity sequences and elliptic
solutions in the previous chapter apply directly to equations in the class (4.1).
However, there has been no systematic study of (4.1) from the perspective
of singularity confinement, and there are very few examples to which we can
apply the singularity structure results of the previous chapter. We are aware
of only two such examples: singularity confinement in the sense of [72] has
been applied to a Painlevé-1 type delay-differential equation in [68] and the
symmetric QRT map, whose degree-two subclass is contained in (4.1), has
been studied from the usual singularity confinement perspective. It is actually

more natural to relate our results to these examples from other directions. We
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will show that the Painlevé-1 type equation in [68] is an extension of a one
of the equations we identify in this chapter. QRT maps in the class (4.1) are
also discussed for their direct relation to equations we isolate in what follows.
For these reasons, we will not discuss singularity structure any further in this

chapter.

The structure of this chapter follows that of the previous chapter very
closely. The main result is again a list of families of equations in the class
(4.1) that admit multiparameter families of order-two elliptic solutions. The
process of obtaining this list is analogous to that in the last chapter. We first
identify the vector subspace of C**# corresponding to equations (4.1) admit-
ting order-two elliptic solutions with at least one degree of parametric freedom.
As in the case of bi-Riccati equations, the dimension of this subspace is eight,
corresponding to a seven-parameter family of three-point equations (4.1). Us-
ing the same methods introduced and applied to bi-Riccati equations in the
previous chapter, we isolate five families of equations within (4.1) that admit
order-two elliptic solutions with at least two degrees of parametric freedom.

Our results are then applied to a number of examples.

4.1 Order-two elliptic solutions

As in the case of bi-Riccati equations, we will identify all autononmous equa-
tions in the class (4.1) that admit order-two elliptic solutions. The solutions
are again sought in the form (3.59). Our chosen class of equations has the de-
sirable property of being Mobius equivalent; in fact it transforms identically to
the bi-Riccati class under a general fractional linear transformation. Therefore
we perform our classification up to Mébius equivalence. Applying the same

methods as before, we find that an equation

t trow u
UXV =0, U= (Luuv’d), V= (1u;uuuu ) Xech
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is solved by u = sn(2z + zg|m) if and only if

X espan{X', X% X% X* x° X6 X7 x5}

where

000 -%
000 O
0 0 0 QOQms
100 0
000 0]
00 0 &
000 0
010 0]
000 Os|
000 0
000 Qs7!
001 0
Qs(c24+d2) 0 - Qc?d?
msT—1 s(ms?—1)
0 0 0
£ 0 0
0 0 0
ety 0 0
0 1 0 0
O 0 0 0
0o 0 0 0
0 e 000
- 0 10
0 0 00
0 0 00

= (aw] [a) =

104

(4.3)

(4.4a)

(4.4D)

(4.4¢)

(4.4d)

(4.4e)

(4.4f)
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(0 -1, 0 0
X7:n§—§2 0 00
0 1 00
(0 0 00
TRPRTI
wa_| 0 0 0 of
4 0 1 0
0 0 0 0

105

(4.4D)

It follows immediately that an equation in the class (4.2) is solved by (3.59) if

and only if

VXM e span{Xl,X2,X3,X4,X5,X6,X7,X8} :

A generic element of the span of (4.4) can be written as

cd )\5_#}\8

8
S =
=1
'Qs(c2+d2))\4+cd52)\5 _ L)\8 ms4—1)\6 ! )\7 0c2q2 )\4 n
mst—1 m meds? ms? s(ms*—1) mst—1
1 46 cd 7 5 6
ms2)\ + ms2)\ A A
Q4 1 8 7 8
Qx4 L\ A A
Al A2 A3

from this we construct the function ¢, with components

Q
e CTLPvE Sy oW
S

Qcd
¢? =2 4 cd 42
s

Q
¢3 :.%'34 . Qmsx41 + 71,43
S

Q cd
¢4 B LIV 29533
ms ms

ms2

(4.6)

(4.7a)
(4.7b)
(4.7¢)

(4.7d)

— 2\ s\
Qcd \2
el

Qms\! — %)\3

/\4
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@8 —z13
o7 =12
@8 =2 —

Order-two elliptic solutions

{2 (C2 * d2) 44 cds® o 4 L 33
T — T+ —
mst—1 mst—1 m
Qc2d? d 1
B c 244 c 22 233
s(mst—1) mst—1 ms?

4
ms”—1 o5 1 3

+ x
meds? ms?
1 93 cd 5
T — ——
ms ms

We again work with an extended Jacobian matrix, defined as before as

7 ="[p (tcty)].

where J as in (3.90) with ¢ as in (4.7), C as in (3.113), and

The resulting matrix has the block structure

Iy ‘ O4x2
1-2Z 0
O2><4 - P
0 o=
FE b R L
B By By

(4.8)

(4.9)

(4.10)

Here A is a 3 x 6 matrix with dependence on x%l, xam, and x63, Byisa3x2

matrix with dependence on 733 and x32, By is a 2 x 2 matrix with dependence

on 3%, 233, and x3*, B3 is a 3 x 4 matrix with dependence on z3* and z32,

and By is a 2 x 4 matrix with dependence on 232, 33, and z3?.
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4.1.1 Rank drop analysis

We now seek conditions under which the rank of the Jacobian drops. As before,
we look for conditions where the first four columns of J* are rank-deficient or
the rank of J* drops by two. We first observe that if 233 = 232 = 23> = 233 =
xo , then B = 054 and the rank of the Jacobian is at most three. Therefore no
analysis on the matrix A is required. On the other hand, if 23! = 3% = 23 = 0,
we have A = 034 which is not sufficient to cause the rank of the Jacobian to

drop. Therefore a detailed analysis of the submatrices of the matrix B is

required to determine conditions under which the rank drops.

4111 B

The matrix B; has a maximal rank of 2. Either row of 'B; vanishes if and
only if 233 = 23? = 0. We now analyze the 2 x 2 minors of By. The first two
minors have homogenous linear factors in 3% and 3% = 0 with only the trivial
solution. We conclude that Bj has full rank unless 3% = 23? = 0, in which

case the rank is zero.

4.1.1.2 DBy

The first row of Bs vanishes when?

22 a8 mo[ —codp — (1+m0)so} [2 2codp — (1+m0)50}
0 0 2 {2 (1+m0)50} {H—mo (230—1)]

mosg [codo —1+2(1+ codo)moso —2mo(1+ mo)sg + m%sg}

)

it =

2(codo—1) (mosé - 1) 33

2Q0moso [Codo —14+(1+ mo)so 3m080C0d0 +mo(1+mo)(codo — 1)80 + mOSO}

2Qomos() [C()d() -1+ (1 + mo)so 3m080C0d0 + m()(l + mo)(codo — 1)80 + moso}

(4.16)

and the second row vanishes when

mocodo {—2 +2codo + (1 + MQ)S(Q)}
290[ (1+m0)s0} [1—m0 (2s0—1)]

x%Q =1, x(?j?’ =

IThe condition is written implicitly to simplify the presentation.
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L 2c3d3 — { (1+m0)sg} (mosé)
" aso[2— (1+mo)sd] [1-mo (25 -1)]

(4.17)

More generally, the two rows are linearly dependent when det By = 0. The
resulting quadratic equation does not simplify; it suffices to say that the van-
ishing of the quadratic does not lead to any equations with multiparameter

order-two elliptic solutions.

4113 Bs
The first row of *Bs vanishes when

Qo(c? + d?
2o _oltd) s oy (4.18)
socodo

and the second row of ‘Bz only when 23? = 233 = x§* = 0. More generally the

first two rows of *Bs are linearly dependent when the 232, 23 and z3? satisfy a
complicated quadratic equation. However, the only solution of interest to this

equation is (4.18).

If the first two rows of By are linearly independent ,we search for condi-
tions under which rkBs < 2. For this to happen, all 3 x 3 minors of 'Bs must
vanish. The 3 x 3 minor corresponding to the last three columns of Bj factors

into a product of linear homogenous terms, leading to the condition

rgt [mosocgdoxo + (mosé - 1) (Qmos% mo — 1) 233 + Qomisocl <c0 + d2) 44]

[mgso (1 + moso 280) 32 + 2codg <1 — mosé) x83 + QQomOsocgdoxéﬂ =0.
(4.19)

The vanishing of the first factor causes the other minors to vanish; the rank of
the Jacobian drops when

23t =0 (4.20)

and 23% and 23 are arbitrary. The vanishing of the second factor does not

lead to the vanishing of the other minors. From the third factor we obtain the
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condition
2
)

Ty = 0 =

44
=1 4.21
S0 mosg—1" o (4.21)

that causes all minors to vanish and the rank of the Jacobian to drop.

4114 By

No analysis of By is required because the rank of the Jacobian drops generi-
cally when all xéj but those appearing in By (and Bj) vanish. We see in the
next section that for arbitrary x3% and z32, this leads to an equation with a

multiparameter family of order-two elliptic solutions.

4.1.2 Equations and solutions

From the results in the previous section, we obtain five equations that admit
multiparameter families of Mobius-Jacobi solutions. As in the previous chap-
ter, we consider five cases of the parameters appearing in the matrix Xj.
Case I: 233 = a2 = o = 23> =2 =0

The first case is associated with the matrix A; when all a:f)j are zero besides

those appearing in A, we obtain

0 0 0 —Zug+Qsorg?

0 0 0 —flocodo 542
$41X1—|—ZE42X2+:L‘43X3: S0 4.99
0 X0 TTo A +Ty Ag 4 Qo 43

0 0 0 QomOS().TO _sT;)IO

x%l :1362 xf‘,3 0

42 4

with associated equation (after relabeling 3! — a1, 142 — a3, v§® — a3)

v Ray + Qosoan + u 2N gy — o2 (Qom080a1 - %?Cw) (4.23)
u—u 2a1 + ag (W —u) + 2a3un ' '
This equation has the solution
Q
uz) = oz Ez0lm) + 5 (4.24)

~ ysn(Qz+ z9lm) + 6
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when the parameters satisfy

Qs (72a1 + ayas + a2a3) — ? ((52a1 + [Boas + 52a3> =
Qo

220 a2 2 . 52 2

S0 [5 (TTL()SOCL1 ag) ﬁécgdoag ) (a1 Soag)} (4.25&)
Qcd

TC (270a1 + (o + By)az +2aBa3) =

Q

S—(? [2 (75 - ozﬁmos%) aj + (ad + fy)codpaz +2 (aﬁ — 758%)} (4.25Db)

? {((52m82 — 72> a1+ (ﬁ’émsz — ory) as + (ﬁzms2 — a2) ag} =

Q
QoS0 (anoxél + 72a3) + S—O (72a1 + avycpdpas + oz2a3) : (4.25¢)
0

It is difficult to parameterize this function in terms of arbitrary complex co-
efficients, subject to algebraic relationships, for the same reasons discussed in
the context of (3.181). Moreover, by imposing 5=~ =0, 6 =1, we do not
reduce the number of equations, as happens in the case of (3.152). For these
reasons, we are not able to establish that the solution (4.24-4.25) generically
possesses two or more degrees of parameteric freedom. However, we are able
to establish the existence of such solutions in particular special cases of (4.23)
explored in the subsequent examples section.

Case II: 232 =33 = ot =23l =232 =232 = 0

The rank of the Jacobian vanishes when all but the xf)j appearing in By (and

By) are zero. This leads to the matrix

4
23 mosg—1 32 1
0 0 mgsgcodo 0 mos% 0
23_1 32 codg 23
Ty 2 T A0, 2 0 zg® 0
B XS+t X =" ™% mosy (4.26)
0 x3? 0 0
0 0 0 0
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and discrete equation

1 cod 1 mosd —1 1
23 32 Codo 23 T0SQ 32 _
T +x u+ =1z —x u-+u 4.27
< 0 mgsg 0 mosg> 2( 0 mgs%codo 0 mos(2)> (u ) ( )

1
+§x32u2(ﬂ +u)+ x%3uﬂg =0.

We redefine parameters:

1 most — 1 1 1 most — 1 1
by — — [ 423 0 32 D). by = —= 423 0 32
175 (:1:0 mosgcodo 0 mos% (utm), by 2 %0 mosgcodoxﬂ mosg
1
by = —51:82, by = 33, (4.28)
to obtain
bru— (by + bgu®) (W+w) + bautiu = 0. (4.29)

Rather than demonstrate that this transformation of parameters is surjective,
we will work with (4.29), which is at least as general as (4.27), and show that
it admits a multiparameter family of order-two elliptic solutions. The solution
of (4.29) is

u(z) = asn(Qz + zglm), (4.30)

together with the constraints

bymeds® = o {ng (1 - ms4> — b4cd} (4.31a)

2bayms? = a*(2b3 — bycd). (4.31b)

Let us first assume that one of the coefficients of a? appearing in (4.31) is
zero. 1If the coefficient of a? in (4.31a) is zero, we must have by = 0. We
choose m € C\{0,1} so that f(Q2) = 2b3 (1 —ms4) —bycd is a non-constant
elliptic function of €2 when b3 and by are not simultaneously zero. In this
case f(€2) =0 can be solved for Q. Inserting our chosen m into (4.31b) leads
to possible values for . In the case where instead 2b3 — bscd = 0, a nearly

identical argument applies and provides a solution when bg = 0.
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Now assume that neither coefficient of a? in (4.31) is zero. Then we may

solve each equation for o and equate the results to obtain:

blmcds2 B 2byms? B
2b3 (1 — ms4) — b4Cd 2b3 — b4Cd -

(4.32)

If we choose m € C\{0,1}, the RHS of (4.32) is again an elliptic function of
for suitable values of b; and by and so may be solved for 2. This value, along
with our chosen value for m, may be substituted into either condition in (4.31)

so that a may be determined.

Two discrete equations with multiparameter families of elliptic solutions

are obtained when (4.20) is satisfied (and other a:éj are zero).

Case III: 233 = o} = 2P =2l =l =2 = 2> =0

Here, 232 is arbitrary and all other parameters are zero. This leads to

r .2
sgcodo codg

moséfl mos?jfl 0
0 1 0 0
Xg = , (4.33)
0 0 0 0
0 0 0 0]
and
2
SOCQdo 1 . Codo o
——+= ———uu =0. 4.34
mosé—1+2u(u+u)+mosg—1 a ( )
We multiply this equation by two and make the redefinitions
2s2codg 2¢codg
by = 20000 g ZOF0 4.35
! mos% —1 ’ 2 m()sé -1 ( )
to obtain
b1 +u(@+ u) + bouu = 0. (4.36)

The solution of this equation is

u(z) = asn(Qz + zglm), (4.37)
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subject to
b — a?s?ed
L™ st 1
cd
by = —-
ms* —1

115

(4.38a)

(4.38b)

Given by, we fix m € C\{0,1} so that the RHS of (4.38b) is an elliptic function

of . Thus it may be solved for 2. The result may then be substituted into

(4.38a) to determine «. Thus, (4.37-4.38) generically provides a two-parameter

family of solutions to (4.36).

Case IV: 2 =2’ =2 =2t =2}l =2 =22 =0

The second discrete equation arising from (4.20) has arbitrary z33 and other

parameters zero:

1 _
mo mosg
0 O 0
X5 =
L0 1
TTL()SO
0 O 0
or
1 2 5 1
—+—+ (v ——
mo mSO mOSO

Making the redefinitions

we arrive at

o o o O

b1 + b2u2 + <u2 — bg) au = 0.

The solution of this equation is

u(z) = asn(Qz + zg|m),

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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subject to
4
e
by =—— 4.44
1= (4.44a)
o2
by = —. 4.44b
27 ms? ( )

Suppose by and by are nonzero, and that m € C\{0,1} is given. Then o may be
determined from (4.44a) and the result can be substituted into (4.44b). The
RHS of (4.44b) is an elliptic function of 2 and may be solved for any value of
ba. We conclude that (4.43-4.44) generically provides a multiparameter family
of solutions to (4.42).

Case V: 23’ = —%, gt =1, P =2 =afl =2 =23 =0
Lastly, we find a genuine delay-differential equation when (4.18) is satisfied.

Here, we have

0 0 D
2, 12 Qo(cg+d3)
o Qo(dd) L fo SRR 00 e
socodo Qo 0 0 0
S0
0 0 0 1
and
Q 2 +d?
u' (U —u) = =0 l—QuZ + mu(ﬂ—i—g) —2uu| . (4.46)
SO Codo

This equation is very similar to the bi-Riccati equation (3.181) and will be
treated similarly. The equation (4.46) possesses an obvious scaling freedom.

If we redefine parameters according to

2 2
b= o0 _Pocatdp

4.47
S0 S0 Codo 7 ( )

we obtain the equation

u'(u—u)=b (u2 —|—ﬂg) +bou(u+u). (4.48)
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From (4.47) it follows that
2
b3 (b3 — 405 (b7 — 428mo ) = b [bF — 20(1+m)| " (4.49)

Given by and bg, (4.49) yields an algebraic relationship between g and my.
Demanding that this relationship is consistent with (4.47) leads, in principle,

to explicit values for ©Qy and mg. The solution of (4.48) is then
u(z) = asn(Qoz + 29|mop) (4.50)

where g and mg are determined from (4.47) and (4.49) and « and 2y are free.
Alternatively, starting from (4.46) with known Qg and mg we obtain the same

solution.

4.2 Examples

Similarly to the previous chapter, we known consider the relationship between
the equations we have identified and a number of known equations. In partic-

ular, we construct a number of new solutions to known models.

4.2.1 Korteweg-de Vries type equations

We again begin with the lattice potential mKdV equation in this setting:

Wy _ \Wntl = Wn-1 (4.51)
Wn, Wp—1 + Wp41
From here, we take a traveling wave reduction to obtain
v\ (4.52)
p— = P .
with associated matrix i i
000 O
000 -2
X = P (4.53)
000 O
010 0]
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and we observe that X = X2 when

A _ _Socodo (4.54)
p 50
From (4.24-4.25), we find that
asn(Qz+zglm)+
= 4.55
u(2) ysn(Qz+ zglm) 40 (4.55)
solves (4.52) when the parameters satisfy
(ad+ p7)(pQed — As) =0 (4.56a)
PSS — arys?) — ABIs =0 (4.56b)
Aarys — pS) (cw - 65m52) =0. (4.56¢)

It is worth remarking that the equation (4.52) is easily obtained from the
addition law (A.58a). Setting 1 = Qz+ zp and x2 = Qh we find that

sn(z+ + zglm) —sn({2z — + 20|m scn(§2z + zg|m)dn (22 + zg|m
(224 Qh +z9|m) —sn(Qz — Qh + z0|m) _ sen(Q [m)dn(2 m) .

sn(Qz — Qb+ zo|m) +sn(Qz 4+ Qh + z|m) cdsn(Qz + z9|m) ’
(4.57)
it follows that
u(z) = asn(Qz + zg|m) (4.58)
solves (4.52) when the parameters satisfy
pQed — As = 0. (4.59)

In fact, by taking 5=+ =0 and 6 =1 in (4.56) we obtain the same solution.
Clearly, (4.58-4.59) is a multiparameter family of solutions to (4.52): a and 2
are free while the remaining parameters are subject to (4.59). By arguments

similar to before, there will generically be a third free parameter.
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A Schwarzian KdV equation in our class of equations is
Wy (Wnt1 = wn 1) = A[wn(wn 1 +wnt1) = w3 = wy 1wy 11
with traveling wave reduction
pu'(@—u) =\ [u(u—i—ﬂ) —u? —gﬂ} .

The matrix corresponding to this equation is

A
0 0 20
2\

I A
)\ Y
2.0 00
0 0 0 1]

and we see that X is equivalent to (4.45) when

Aoy lgdd—(F+dd)]  Qo(cF+d3)

p S0 S0 (mgsﬁ) — 1) ~ 2scodo
Thus, we obtain the solution (because (4.61) is Schwarzian)

_asn(Qz+z|m) + B

uz) = ysn(Qz 4+ zg/m) +6

subject to

As—pQ2=0
2\cds — pQ (c2+d2) —0

AS (1 —2cd — ms4> +pQcd® = 0.
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(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65a)
(4.65b)

(4.65¢)

As in the bi-Riccati case, these conditions lead to a degenerate solution. Sub-

stituting the first condition into the second and third, we obtain ¢ =d (twice)

and consequently m = 1. Therefore, following the same logic as before, the
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corresponding solution to (4.60) is

Q(nh+pt
u(z) = 2EPUnh ¥ pt +20) + 5 (4.66)
v expQ(nh+pt+29) + 0
subject to
A
Qsinh?Qh = =. (4.67)
p
We lastly consider a semidiscrete KdV equation
W), — wh (Wpt1 — Wp—1) = Wpt1 — Wp_1, (4.68)
which becomes
Mou' —pu' (T —u) =u—7 (4.69)

under a traveling wave reduction. This equation does not admit order-two
elliptic solutions. However, like its bi-Riccati counterpart (3.241), it does have
a solution in terms of the Weierstrass (-function. From the addition law for

this function (A.27), we compute

C(Qz+Qh+20:92,93) — (2 — Qh+ 20, 92,93) =

¢"(Qh; g2, 93)
¢"(Qz+ 205 92, 93) — ' (QR; 92, 93)

2C(Q2h+ 205 92, 93) — (4.70)

from which it follows (observing the translational freedom in the dependent

variables in (2.99) and (4.69)) that

u(z) = (2 +20;92,93) + (4.71)

solves (4.69) and

wn(t) = C(Unh+pt) + 205 92,93) + B (4.72)
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solves (4.68), both subject to

1
QC(Q20h; 92, 93) = - (4.73a)
2C(2h; 92, 93)
=-\ 4.73b
(g gs) (730)
2C(Qh; g2, 93)¢' (Qh; g2, 93) — " (3 g2, 93) = 0. (4.73¢)

Generically, there are no free parameters beyond zp and § (and p) in the
solutions (4.71-4.72). We remark that there is a Miura transformation from
(4.68) to the equation

V), = )\'U?L('Un+1 —Up—1); (4.74)

if wy, solves (4.68) , then

Up =

_ 4.75
A+ Wp—1 — Wp1 (4.75)

solves (4.74) [45]. Solutions to (4.74) are constructed directly in the subsequent

section. However, from (4.72), we obtain an order-two elliptic solution:

1
vp(t) = — ,
O =X @ DB o]+ 20ig08) — (U~ DA+ ] + 2052.95)
(4.76)
or, in standard form (3.4) (with g} := Q%gs and ¢} := Q0g3):
9)
t pu—
onlt) AQ+2¢(h; g5, 95)
y ¢ (h; 95, 95) .
[AQ+2C(hs g5, 95)] [p(nh + pt + 20; 95, 95) — ©(hi g, 95)] — ' (3 g5, 95) |
(4.77)

either subject to (4.73). This solution is, however, less general than one (4.100-

4.101 with p= )\_1) constructed subsequently.
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4.2.2 Wadati lattice solutions

Wadati introduced the equation
w), = (ao +ajwy, + agw%> (Wpt1 — Wp—1) (4.78)

in his study of Miura-type transformations between differential-difference sys-
tems [80]. Sometimes (4.78) is referred to as the hybrid lattice equation; it
contains the Volterra lattice (ag = ag = 0) [47, 53], the self-dual nonlinear net-
work equation (a; = 0) [41], and the semidiscrete KdV equation (ag = a3 =0)
[42]. Some examples of Jacobi elliptic solutions to the Wadati lattice (4.78)
were found in [15, 74]. Here we will show that if a; and ag are not both zero
(i.e. the equation is nonlinear), then (4.78) admits an order-two elliptic solu-
tion (the form of which depends on the parameters) with at least two degrees
of parametric freedom. We proceed by cases, making use of the discriminant

of the quadratic appearing in (4.78):
A = a3 — dagas. (4.79)

We begin with the fully nondegenerate case.

Case I: ag #0 and A #0

Under the first assumption, (4.78) can be written as

ai\? A
w;l = laz <wn + %“12> - %] (Wnt1 —wp—1). (4.80)

Adding the second assumption, we see that the change of variables

walt) = 2;} —by £ on(T)], T= _ﬁzt (4.81)

is well-defined and renders (4.80) equivalent to a self-dual nonlinear network
equation:

V), = (1 - A_lv%) (U1 —Vn—1). (4.82)
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We take a traveling wave reduction
un(T) =u(z), z=nh+pT+ 2, (4.83)
to arrive at a differential-delay equation
pw' = (1-A7"0?) (w—w). (4.84)

The matrix representation of this equation is

2
000 =3
000 O
X = ) (4.85)
000 ;3
100 0
and X = X if the conditions
2s0 1
U A= 4.86

are satisfied. Substituting these conditions and a3 =0, ag = a3 = 0 into (4.25),

we see that the solution of (4.84) is

_asn(Qz+z0|m)+ B

= 4.
u(2) ysn(Qz + zp/m) +6 (4.87)
subject to
2s (52A — 52) +pAQ (7252 - 52) =0 (4.88a)
2s(aff —y0A) +pAvyed =0 (4.88Db)

2s (72A - a2) +pAQ (72 - 52ms2) =0. (4.88c¢)
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These conditions reduce considerably when 5=~ =0:

; (4.89a)

w | D

2

p
2 2

Qms — p(Z’ (4.89D)

leading to the solution
u(z) = £V Amssn(Qz|m), (4.90)

subject to (4.89a). It is clear that this solution generically possesses two degrees
of parametric freedom: upon fixing m € C\{0,1}, the LHS of (4.89a) is a non-
constant meromorphic function of 2 and thus (4.89a) may be solved for €2 for
all but at most two values of p. The solution (4.89a-4.90) can also be obtained
simply using only the addition law for the Jacobi sine function; setting x = Qz
and y = Qh in (A.58a) we compute

2sen(Qz|m)dn(Qz|m)

1 —ms2sn?(Qz|m)

sn(Qz + Qhlm) —sn(Qz — Qh|m) = , (4.91)

at which point it is clear that (4.90) solves (4.84) when (4.89a) holds.
We now return to (4.80), for which the solution corresponding to (4.87) is

asn (Q (nh— £84) + 20| m) + B
ysn (2 (nh—£5t) + 20| m) +1

—b1+=+ , (4.92)

subject to (4.88). We remark that this solution, which generically has at least
two degrees of parametric freedom, is more general that that given in [15, 74].

In fact, even when § =~ =0, the solution is more general; we have

sA
wp(t) = L 1V Amssn (hQn— 2—15—1—20

2@2

) (4.93)

where z is free and €2 and m are constrained by (4.89a). Starting from either

(4.92) or (4.93), analogues (again with additional parametric freedom) of the
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other 11 Jacobian elliptic solutions given in [74] can be obtained simply using

argument-modulus transformations between the twelve Jacobi functions [84].

Case II: ag #0 and A =0

This first degenerate case takes the form

/ a \2
wy, = az (wn + ) (Wng1—wp—1).
2a9

Under the change of dependent variable

we recover Hirota’s discrete KAV equation:
vy, = U% (V41— Vn-1),
from which a traveling wave reduction
v (t) =u(z), z=nh+pt+ 2,
leads to the delay-differential equation
pu’ = u? (T —w).

The matrix corresponding to this equation is

_ o O O

o o o O
o o o O
o "B O O

(4.94)

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)
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we find the solution of (4.98) is

_asn(Qz+z|m)+ B

— 4.100
u(2) vsn(Qz +zglm) +6’ ( )
subject to
26%s — pQ (’}/282 — (52> =0 (4.101a)
2a8s —vopSled = 0 (4.101Db)
20°%s — pQ (72 - 52m52) =0. (4.101c)

A subfamily of the order-two elliptic solutions of (4.98) can be obtained simply
from the addition law for the Weierstrass p-function (A.26): we take z =z and

y = h to obtain

©'(2:92,93)9' (h; 92, 93)

©(z+h;92,93) — (2 —h;92,93) = — , 4.102
( )= ol ) [0(2392.93) — 9(h; 92,93))? ( )
which shows that
—p
u(z) =%,/ ———[p(z+20;92,93) — ©(h; 92, 93 4.103
(2) p,(h;g%gg)[ ( ) — g )] ( )

satisfies (5.26) without constraints on the parameters. This family of solutions
is a proper subclass of (4.100-4.101); in particular, (4.103) posseses only double
poles while (4.100) may have either only simple poles or only double poles, de-
pending on the Mébius parameters. It follows that (4.100-4.101) is generically
a multiparameter family of solutions to (4.98). Applying these results, we find
that

on(t) = asn(Q(nh+ct) + zo|m)+ 3

= 4.104
ysn(Q(nh+qt)z+ zp|m) +9 (4.104)

satisfies (4.96) and

L 1 (2a—a1)sn(Q(nh+pt)+ 20lm) +28 —ay
2\/az vsn(Q(nh+pt)z+ zo|m) + 0

wy(t) = (4.105)
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satisfies (4.94). In both cases the parameters are subject to (4.101).

Case III: a2 =0 and a; #0

In this second degenerate case the assumptions reduce (4.78) to

w;z = (ao + alwn) (wn—i—l - wn—l) . (4106)

and by changing the dependent variable

1
wp, = —(vy, — ap), (4.107)
ai
we arrive at the Volterra lattice
V), = U (Va1 — Un1) - (4.108)

Taking the same reduction (4.97) as before, we have a differential-delay form

of the Volterra lattice:

pu =u(u—u), (4.109)
corresponding to the matrix
000 0]
000 -2
X = P (4.110)
000 O
100 0

The solution of (4.108) is

_asn(Qz+z|m)+ B
~ ysn(Qz+ z9lm) + 6

u(z) , (4.111)

subject to

2ays+ps2 ((52ms2 - ’yz) =0 (4.112a)
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2885 + p§) (7252 - 52) =0 (4.112D)

(ad + py)s — pydfeed = 0. (4.112¢)

It is clear that (4.111-4.112) represents, generically, a three parameter family
of solutions. Choosing p € C, Q € C\{0}, m € C\{0,1}, and 6 € {0,1}, (4.112a)
and can be sequentially solved for v and 3, respectively. The results can be
substituted into to give a cubic equation for v. Back-substitution into 4.112a-

4.112b) yields values for « and g.

The corresponding solutions to (4.108) and (4.106) are, respectively,

_asn(Qnh +pt) + zo|m) + 5
ysn(Q(nh+ pt) + zo|m) + 0

n(t) (4.113)

and
1 (a— Q —
wn(t) = 1 (a—~ag)sn(2(nh+pt) +2z0lm) + ao7 (4.114)
ai vsn(Q2(nh+ pt) + zo|m) + 0

both subject to (4.112).
We can construct higher-order elliptic solutions to (4.108), and conse-
quently (4.106), by means of Miura transformations. In [13], Chandre com-

pares two mKdV-type equations

¢ =(1+¢2) (dn+1 = dn1) (4.115a)
=14 n)” (fni1— dn1) (4.115b)

and provides continuum limits, Lax pairs, and Miura transformations to
(4.108) for each. Using results from above, we can easily write down order-two
elliptic solutions to both equations in (4.115). In particular, (4.115a) is equiva-
lent to (4.78) with a; =0, ap = ag = 1. Because we have a nonzero discriminant

A = —4, the solution is given by (4.92):

L asn (2 (nh+pt)+ 29| m)+

bnlt) = i§ vsn (2 (nh+pt)+ z0|m)+4

(4.116)

if the parameters satisfy (4.88) with A = —4. On the other hand, (4.115b) has



4.2. Examples 129

a vanishing discriminant and so is equivalent to (4.94) with a; =2 and ag = 1.

Using (4.105) we obtain

(a—1) sn(Q(nh+pt)+ zg|m)+5—1

t) =4+ , 4117
éult) vsn(Q(nh+ pt) + zp|m) + 0 ( )
subject to (4.101).
The relevant Miura transformations are
wp, =(1+ipy) (1 —idnt1) (4.118a)
wp =14 ¢pn) (14 dpt1), (4.118b)

which map solutions of (4.115a) and (4.115b), respectively, into solutions of
(4.108). Applying the first Miura transformation to (4.116), we obtain

w(t)—[l iasn(Q(nhijt)—irzo]m)—i—B]
A 2 ysn(Q (nh+qt) + zo| m) + 9
iasn(Q[(n+1)h+pt]+20|m)+ 6
x [1:F2’ysn(ﬂ [(n+1)h+pt]+zo\m)+5] ’ (4.119)

subject to (4.88), as a solution to (4.108). Similarly, applying (4.118b) to
(4.117) leads to

wy(t) = [1i (v —1) sn(Q(nh+pt) + zolm) + 5 — 1]

ysn(Q(nh+pt) + zo|m) +6
(a—1)sn(Q(n+1)h+pt]+ 20lm) + 3 — 1]
ysn(Q(n+1)h+pt]+2z0lm) + 9 ’

X [1 + (4.120)
subject to (4.101). (4.119) and (4.120) are order-four elliptic solutions; each of
the factors in each of the solutions is an order-two elliptic function, and both
factors within a single solution have identical lattices. Regardless of whether or
not h € A, it follows that the solutions have four poles (counting multiplicity)

within each period parallelogram. The corresponding order-four solutions to
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(4.106) are

1
wn(t):—ao—i—[li

iasn(Q(nh+gt)+2z0lm)+p
al al

2 ysn (2 (nh+qt) + 20| m) +9
[1 iasn(Q [(n+1)h+pt]+zo|m)+ﬂl

2 ysn (Q [(n+ 1)k +pt] + 20| m) +0 (4.121)

and

(v —1) sn(Q(nh+pt)+ zo|m) + 5 — 1]
vsn(Q(nh+pt) + zo|m) +6
(a—1)sn(Q[(n+1)h+ pt] + zo|m) + 5 — 1]

vsn(Q(n+ 1)h+ pt] + 2om) + (4.122)

subject to (4.88) and (4.101), respectively. To summarize, we have shown
by explicit construction of solutions that any nonlinear Wadati lattice can be
solved in terms of order-two elliptic functions. We have also shown that the

case az = 0 admits higher-order elliptic solutions.

4.2.3 Toda lattice solutions

In this section, we will construct some new explicit solutions to the Toda
lattice (2.107). To do this, it will be convenient for us to use modifed Flaschka

variables

Up, =exp (Wp—1 —wy,) (4.123a)

vn=—Q_ (4.123b)

so that the resulting first-order system that is separately linear in each depen-

dent variable:

ul, =y (Vpa1 —vp) (4.124a)

V), =y — U1 (4.124b)

This form has the advantage of possessing a simple (absent of branching) Miura

transformation from the Volterra lattice (4.108). We will construct solutions
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to the Toda lattice in this form by means of the Miura map given in [25].

Given a solution ¢, = ¢, (t) of the Volterra lattice, (4.108),

provides a solution to (4.124).

respectively,

and

Un :¢2n¢2n—|—1

Up, =02n—1+ P2,

__1i_iozsn( (2nh+pt) + zg|m) + S
2 ysn (Q (2nh+ pt) + zo|m) + 6
. 1+f asn (Q[(2n+ D)h+pt] + 20| m) + 8
vsn(Q [(2n+1)h+pt]+ 29| m) +1
" iasn(Q [(2n+2)h+pt]+zo|m)+5
2 ysn(Q[(2n+2)h+ pt] + 20| m) +
iasn(Q[(2n—1)h+pt]+ 20| m) +
2 ysn(Q[(2n—1)h+pt]+ 20| m) +
[ iasn(Q(2nh+pt)+ 20| m) + 3
X | 14—
| 29sn(Q2 (2nh+pt) +20|m)+6
[ iasn(Q(2nh+pt)+20|m) + 3
+ 1=
| 29sn(Q2 (2nh+pt) +20|m)+6
i asn(Q[(2n+1)h+pt]+ 20| m) +
X |1+ =
2 ysn(Q[(2n+1)h+qt] + 20| m) +

_1j: (a—1) sn(Q(2nh + pt) + zo|m) + 5 — 1]

ysn(2(2nh 4+ pt) + zo|m) + 0

-, (=) sn(Q](20+ Dt pr] + zolm) + 51
I vsn(Q[(2n+1)h+ pt] + z0lm) + 0 ]
-, (=) sn(Q](20 +2)h+ pl] + zolm) + 51
I ysn(Q(2n+2)h + pt]+ z9lm) + 9 ]
'HE( a—1)sn(Q[(2n—1)h+pt]+ z0|m) + 5 —1]

vsn(Q2(2nh+ pt) + zo|m) +0

:1j: (a—1)sn(Q(2nh+pt) + 2o|m) + 5 —1

ysn(2(2nh 4+ pt) + zo|m) +0

(4.125a)

(4.125D)

Thus, using (4.119) and (4.120), we obtain,

(4.126a)

(4.126D)

(4.127a)
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(a—1)sn(Q(2nh+pt) + 2o|m) + -1
+ ll + ysn(2(2nh 4+ pt) + zo|m) +0 ]
(a—1)sn(Q[(2n+ 1)h+ pt] + zo|m) + 8 — 1]

vsn(Q[(2n+ 1)h+ pt] + z0lm) + 0

X l1 + (4.127b)

4.2.4 Quispel-Roberts-Thompson maps

In this section we relate discrete equations we have identified to special cases
of the (symmetric) Quispel-Roberts-Thompson maps. We recall that three

discrete equations were identified in the previous section:

biu — (bg + b3u2> (T+u) + bguuu =0 (4.128)
b1 +u(t+u)+bouu =0 (4.129)
by -+ bou® + (u® — by ) T = 0. (4.130)

None of these equations fit directly into the symmetric QRT class of maps
(2.38), but they can be embedded if we multiply the equations by particular
polynomials in u. The first equation (4.128) has previously been obtained in
[40] as a discretization of the differential equation for an anharmonic oscillator.

A biquadratic conserved quantity was computed:

(blbg — 6264)’&2@2 +b1bo (u2 —|—ﬂ2) — b%uﬂ
bRua? — byby (u? +7%) + b3 '

I(u,1) = (4.131)

From this invariant, one constructs a symmetric QRT mapping equivalent to

(4.128):

b3dp—b b3d1—b
3 ob1 17 () Y 3 1b1 1 v
A= 0 5o 0 , A= 0 5 0 ,
Y 0 — 5250b—1b110 " 0 — 6251b—1b111

(4.132)
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where g, 71, do, and 0; are arbitrary complex parameters, together with (2.34).

We have found the QRT matrices for the remaining equations:

50—()2’062 0 Y 01 —b’lylbz 0 "
Ay = 0 & O . A= 0 & 0 (4.133)
_ b _mb
Y0 0 221 00t 0 11)21

for (4.129) and

(67) 0 —Ozobg (03] 0 —qug
Ap = 0 &% O , A= 0 & 0 (4.134)
—Ozobz 0 —Ozobl —a162 0 —O.qbl

for (4.130). Again these matrices contain arbitrary complex parameters.



Chapter 5

Equations from Backlund

transformations

In this short chapter we will, starting from auto-Bécklund transformations
for the classical Painlevé equations, identify a number of delay-differential
equations with continuum limits to the first Painlevé equation. Our approach
here is very similar to that of Fokas, Grammaticos, and Ramani [28], who
obtained discrete Painlevé equations from the same starting point. An example
of their method is described in the second chapter of this thesis.

There is no general algorithm for deriving a delay-differential equation
from a Painlevé auto-Backlund transformation. The approach we use here
is, apparently, only applicable to two different auto-Backlund transformations
for (special cases of) Py (2.17c). Interestingly, we obtain delay-differential
equations in both of the classes we have studied in this thesis: bi-Riccati

equations (3.1) and three-point equations (4.1).

5.1 Bi-Riccati equations

We recall, from the second chapter of this thesis, that the equation®

2 / 2
b— 1
S Gl R il (5.1)
w xr €T w

'We have relabeled the variables in (2.22) and (2.23) (u — w and z — x) so that the
delay-differential equations we obtain have dependent variable u and independent variable
z, which is consistent with the notation throughout the thesis.
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admits the auto-Backlund transformations

' Cz[l4w'(z;0)]  b+1
w(z;b+2) = @b w(w) (5.2a)

r[l—w'(z;0)]  b—1

b—2) = — . 2
w(w;b=2) w(x;b)? w(x;b) (5.2b)
If we make the replacement b — b+ 2 in (5.2b) we obtain
o w[l—w (20 +2)] b+1
ww;b) = w(z;b+2)2  w(xb+2) (5:3)
Then from (5.2a) and (5.3) we obtain
. . _ [l +w'(z;b)]
w(z;b)w(z;b+2) = Wz h) —p—-1 (5.4a)
' _ ~z[l—w'(z;042)]
w(z;b)w(z;b+2) = @bt 2) B—1. (5.4b)

Equating (5.4a) and (5.4b) leads to

w' (z;0)w(z;0+2) +w(x;b)w (2,04 2) + w(z;b+2) —w(x;b) = 0. (5.5)

Viewing this as a differential-difference equation we take a reduction

bh 2
w(x;b) = gxu(z), 2= + qp (5.6)
and obtain a differential-delay equation:
p(u’ﬂ—l—uﬂ/)quuﬂ—l—ﬂ—u:O. (5.7)

This equation has a continuum limit to a differentiated first Painlevé equation:
under the transformations
3 q 1

w(z) = —2]; + Zpy(z) +0 (h*), = 6h4 +0(h°) (5.8)
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we obtain

y" =12y +1 (5.9)

in the limit A — 0. Integrating, we obtain a translated Py (2.17a) equation
y' = 6y* + 2+ 2. (5.10)

Because (5.7) has a continuum limit to Py, it cannot generally be solved in
terms of elementary transcendents. However, when ¢ = 0, the equation has a
family of order-two elliptic solutions. Together with (3.1), the equation (5.7)

with ¢ =0 can be expressed as

S
0 Lo0o0
1
-1 001

X=|7 , (5.11)
0 000
(0 100

which is Mobius equivalent to Xg+ X§ in (3.72). The solution of (5.7) with

qg=0is
asn(Qz+zglm)+

= 5.12
u(2) ysn(Qz +zglm) +6 (5.12)

subject to
YIs+pQ(ad+py) =0 (5.13a)
paryQs® + pBoQ(1+cd) 4+ 6% =0 (5.13b)
7254 payQ(1 4 cd) + pBeQms? = 0. (5.13¢)

We now recall the second auto-Béacklund transformation given in the sec-

ond chapter. This transformation applies to

2 1 240 1
(w') ——w/+u+w3——; (5.14)
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it is given by

w(z;—a,—b) = —w(z;a,b) (5.15a)
1

w(z;—b,—a) = w(mab) (5.15Db)

w(z;—b—2,—a—2) =

w(x;a,b)+ (2+a+bu(z;eb)” (5.15¢)

zw!(z;0,0) + w(w;a,0)? + 1] — (1 +b)w(x;a,b)
Using (5.15a) and (5.15b) to compute w(z;a+2,b+2) in (5.15¢) leads to

w(z;a+2,b+2)  w(x;a,b)

w(zia+2,0+2)  w(w;a,b)
1 1
C+2.b+2) —w(zab _ . 5.16
w(zia+2,0+2) —w(z;a, )+w(x;a+2,b+2) w(z;a,b) .

Again, we view this as a differential-difference equation (now with two discrete

variables a and b) and take the reduction

w(z;a,b) =u(z), z= (azb)h —px. (5.17)

The result is the delay-differential equation
p(u'ﬂ—l—uﬂ')—l—(uﬂ—l)(ﬂ—u) =0. (5.18)

Its corresponding matrix,

0 -1 0 0
1 0 1

X = il (5.19)
0 -1 00
0 p 0 0

is also Mébius equivalent to X2+ X§ (and so is equivalent to (5.7) with ¢ = 0).
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The equation (5.1) is solved by

_asn(Qz+z|m)+ B

= 2
u(2) vsn(Qz +zglm) +6’ (5:20)
together with
(62—(52>s—|—pa’stZ+pﬁ59(1+cd) =0 (5.21a)
<a2—72)8+p659m52+p0479(1+cd) =0 (5.21Db)
(af —~8)s+pQ(ad + Bv) = 0. (5.21¢)

5.2 Three-point equations

We are able to manipulate (5.2) to obtain a three-point delay-differential equa-
tion, in addition to the bi-Riccati equation obtained in the previous section.
We simply take the difference of (5.2a) and (5.2b) to obtain

2zw'(z;b) 2
w(z;b)2  w(z;b)

w(x;b+2) —w(xr;b—2) = (5.22)

Again, we view this as a differential-difference equation and take a reduction

2 bh
w(z;b) ==+ gu(z), = +Zloga¢ (5.23)

to obtain a delay-differential equation:

pu’ — qu =u*(T—uw). (5.24)

This is a known equation, first obtained in [35], where a continuum limit to a

differentiated P (2.17a) equation is given. Under the transformation

u(z)=h~t—hy(z), p=2, q=ht (5.25)
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we again obtain (5.9) and consequently (5.10). Because (5.24) has a continuum
limit to the first Painlevé equation, it does not admit solutions in terms of

elementary transcendents. However, in the case ¢ = 0, we obtain
;2
pu = u(u—u). (5.26)

We have studied this equation previously. It was obtained in the previous
chapter as a special case of the Wadati lattice (4.78). It admits a multipa-
rameter family of order-two elliptic solutions whose precise form is given by

(4.100-4.101).



Chapter 6

General Conclusions

This thesis considers two classes of delay-differential equations: two-point bi-
Riccati equations (3.1) and a class of three-point equations (4.1) that extends
the McMillan family of discrete maps (2.50). Within each of these classes,
we have identified analogues of symmetric QRT maps and classical Painlevé

equations. This chapter serves to summarize and contextualize these results.

6.1 Bi-Riccati equations

We have identified five equations within the bi-Riccati class that admit multi-

parameter families of order-two elliptic solutions. They are:

ar (' +7') + ay (0 +u'T?) = by (11— u) + by (va® — u’7) (6.1)
ay (ﬂ/ _ u’) 1 ay (u/ﬂ2 - u%’) = by (u+1)+ b (u2ﬂ+ uﬂ2) (6.2)
' — wa' = by + bou’u? (6.3)
Wit ur =b (@ - u?) (6.4)
ar (u’ﬂ+ uﬂ') +agu'T = z;)al (ﬂQ - u2> + Q‘%scg do as <u2 + HQ) (6.5)
i),

The first four equations (6.1-6.4) are related to the sine-Gordon equation (2.90)
through its Bécklund transformation (2.91). This relationship is discussed

extensively in the third chapter of this thesis, where new elliptic solutions
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to semidiscrete sine-Gordon equations are constructed. The fifth equation
we identify (6.5) differs from the first four in two principal ways. Firstly, the
parameters appearing in the equations are themselves parameterized by elliptic
functions (and it does not appear possible to reparametrize this equation in
a simpler way, as discussed in the third chapter). Secondly, the solution of
(6.5) does not involve constraints between Mobius parameters and internal
elliptic parameters (€2, m), as in the case of the symmetric QRT map and the
other equations we have identified. The two degrees of parametric freedom in
the solution to (6.5) are obvious from the equation: a scaling freedom as the
equation is homogenous in u, v/, @, @ and a translational freedom because the
equation is autonomous. For these reasons, we do not anticipate that (6.5) is
an important equation relative to (6.1-6.4).

We have also identified a Painlevé type equation in the bi-Riccati class

through a Béacklund transformation for the third classical Painlevé equation:
a(u'ﬂ+uﬂ’) = buli + u — . (6.6)

When b =0, the equation is Mébius equivalent to (6.4), and so possesses a

multiparameter family of elliptic solutions.

6.2 Three-point equations

Within the three-point class, we also identified five equations with multipa-
rameter order-two elliptic solutions. However, only two of these are delay-

differential equations:

u _ %{?bl + Qospbo —i—uﬂ%éﬂobz — 2 (Qom()Sobl — %(?bg) (6 7)
u—u 201 + ba (U — u) + 2bsun ' '
and
o' (W= w) = by (u® +7w) + bou(T+ ). (6.8)

The first of these (6.7) generalizes the Wadati lattice, which always admits

order-two elliptic solutions (as shown in chapter 4). Despite the difficulty in
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parameterizing (6.7) without elliptic functions, we regard it as an important
equation since it reduces to known equations in particular cases. The second
equation we identified (6.8) is similar to (6.5) in that the free parameters in the
solution are somewhat trivial: the scaling and translational freedoms follow
from the equation while the internal elliptic parameters are fixed. For this
reason, we regard (6.8) as less interesting that (6.7). We also identified three
(4.128-4.130) discrete equations and showed that each can be embedded into
the symmetric QRT map (2.38). This underscores the efficacy of our approach
in identifying interesting equations, even though we have not achieved a full
classification of equations with order-two elliptic solutions.

As in the bi-Riccati class, we have found a Painlevé type equation from a

Bécklund transformation for the classical third Painlevé equation:
au’ = bu+u? (i —u). (6.9)

This equation is not new, but we have been able to solve it in a particular limit
(b=0) and relate it to our results. In particular, (6.9) with b= 0 is a special
case of the Wadati lattice (4.78) and is Mobius-equivalent to a special case of

(6.7), and so admits order-two elliptic solutions (4.100-4.101).

6.3 Future directions

This work reported in this thesis was motivated by a desire to understand
the structure of delay-differential Painlevé equations from the perspective of
discrete integrable systems. We have identified a number of symmetric QRT
analogues and Painlevé type equations in two large classes of delay-differential
equations. Our results are expected to be useful in constructing further
Painlevé type delay-differential equations. This can be done by considering
singularity structure (in the sense of [32]) generalizations of the QRT ana-
logues (6.1-6.4,6.7-6.8) we have identified with continuum limits to classical

Painlevé equations.



Appendix A

Elliptic functions

In this appendix we collect the essential results and formulae from the theory of
elliptic functions. There are a number of number of ways to define the standard
classes of elliptic functions; elliptic integrals, the defining differential equations,
or elliptic curves are all suitable starting points. Here we take a constructive
approach, defining the Weierstrass g function as a sum over a lattice in the
complex plane. From the Weierstrass functions and their properties, the Jacobi
elliptic functions can be constructed by means of the Halphen elliptic functions.
Elliptic integrals are briefly considered at the conclusion of this appendix. We

begin with the definition of an elliptic function.

Definition A.0.1 (Elliptic function). A function f:C — CU{oo} is called

elliptic if f is meromorphic and there exist complex numbers wy and wa, where
Im-t 0 (A1)
w2

and

f(z+mwy+nws) = f(z), z€C, (m,n)eZ (A.2)

Any elliptic function is naturally associated with a lattice
A= {mwl +nws : (m,n) € Zz}. (A.3)

Given the generators of the lattice and a point z € C we can construct the
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period parallelogram
P(z) ={z+tiw +lowy : 0 < ty, 8 <1} (A.4)

Specification of the values of the elliptic function on the any period parallelo-
gram defines the elliptic function on the entire complex plane through (A.2).

We now state a number of important results for elliptic functions.
Theorem A.0.1. If an elliptic function has no poles, it is a constant.

Theorem A.0.2. If f is an elliptic function, the sum of the residues of f or

1/f in any period parallelogram is zero.

Theorem A.0.3. If f is a nonconstant elliptic function and ¢ € CU {0},
the number of solutions, counting multiplicity, to the equation f(z)=c in any

period parallelogram is a constant.

The number of solutions, counting multiplicity, to f(z) = ¢ within a period
parallelogram is called the order of f. From (A.0.2) it follows that the order
of any nonconstant elliptic function is at least two. We will now look at an

example of an order-two elliptic function.

A.1 Weierstrass functions
Given a lattice A C C with generators satisfying (A.1), the Weierstrass g-
function is defined as

1
52

p(z|A) =

LY [1—12]. (A.5)

werrfoy LEFTW? W

It can be shown that this sum converges uniformly on any compact set. The
resulting function is even with a single double pole at 2 =0 mod A in each

period parallelogram. The function is commonly denoted by

0(2;92,93) = p(z|A) (A.6)
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where

1
Wb

1
g2=060 > —, gz3=140 )
weA\ {0} ¥

(A7)
weA\{o} ¥

are called lattice invariants. Up to translation in z, p(z;¢g2,93) is the unique

solution of the differential equation
2 3
(u) =4u’ — gou — g3. (A.8)

From here it is possible to generate series expansions for . About any zp € A

we have the Laurent series

) _ 1 92 2, 93 4 6
0(2:92,93) = o 50720 ooz —20)"+0 ((z=20)%), (A9)
valid in a punctured disk of radius
r=min{|w — zo| 1w € A\{z0}}. (A.10)

About a regular point zg ¢ A, we find

0(2;92,93) =9(20; 92, 93) + ©' (203 92, 93) (2 — 20)

+ 3@(20;92,93)2—%2 (2—20)2+O((z—zo)3>, (A.11)

valid in a disk centered at zp with radius
r =min{|w — 2p| 1w € A}. (A.12)

Useful information about the zeros of p can be extracted from (A.11). Suppose

©(20;92,93) = 0. Then from (A.8) it follows that ¢'(z0;g2,93) = £v/—g3, i.e.
the Weierstrass p-function has two simple zeros with the same coefficients up

to a sign, unless g3 = 0. In this case we have a double zero with coefficient

—g2/4.

The derivative of the Weierstrass p-function, appearing in (A.11), is and
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odd elliptic function of order three. In this thesis we will not find much use for
this function (in solutions to delay-differential equations), but it does appear
in a number of formulas associated with the p-function. On the other hand, we
will make extensive use of the Weierstrass (-function. This function is defined
by

¢'(2192,93) = —p(2:92,93) (A.13)

together with the condition

3 . 1 —
;li}l’(l) C(Zag27g3)_; =0 (A14)

so that ¢ is odd with respect to its first argument. Term by term integration
of (A.5) yields
1 1 =z

+=+ 5.
zZ—Ww w w

C(Z;92,93)=i+ > [ (A.15)

weA\{0}

From here, we see that the (-function possesses only simple poles of residue
one, and so by (A.0.2) it cannot be an elliptic function. The function is only

quasi-periodic, satisfying

C(z4+w;g2,93) = ((2;92,93) +2¢(w; 92,93), wEA. (A.16)

About z =0 we have the Laurent series

I g2 9 93 5 7
- 22 B Al

convergent in an origin-centered punctured disk of radius (A.10). Expansions
about other lattice points follow from (A.15). About a regular point zg ¢ A

we have the expansion

1
C(2;92,93) =C(20:92,93) — 9(20;92,93) (2 — 20) — 5@’(20;92793)(2 —2p)?

+0 ((z—20)%), (A.18)
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convergent in a disk of radius (A.12) centered at zg.

An order-two elliptic function is easily constructed from the difference of

(-functions:

n(z,w;92,93) = ((2; 92, 93) — ((z —w; g2, 93); (A.19)

for any w ¢ A, the above function is order-two elliptic with two simple poles
of opposite unit residue in each period parallelogram. In particular, if zg € A

we have

1
n(z,w;g2,93) 22_720 +((w; 92, 93) + p(w; g2,93) (2 — 20)

5 W)z -0+ 0 (- 2)")  (A20)

in a punctured disk of radius
r=min{|jw—z| :w e AU(w+A)\{z0}} (A.21)

centered at zg, and if instead zg is an element of the coset w+ A, we have

n(z,w; 92, 93) = — Z_lzo — ((w;g2,93) — p(w; g2, 93) (2 — 20)
—;@/(w;92793)(z—20)2+0((2—20)3) (A.22)

in a punctured disk of radius (A.21) centered at zp. Lastly, about a regular

point zo ¢ AU (w+A),

n(z,w; g2, 93) =C(20;92,93) — ((20 — w; g2,93)
—[p(20; 92, 93) — (20 — w3 g2, 93)] (= — 20)
+0 ((2—20)?), (A.23)

which converges in a disk of radius

r=min{|w—2p| :w € AU(w+A)} (A.24)
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centered at zg. In turns out that, up to affine transformations of the dependent
variable and translations of the independent variable, o and 7 are the only
possibilities for order-two elliptic functions. This is an immediate corollary of

the following theorem [6].

Theorem A.1.1. Any elliptic function possessing poles at {ai,...,an} with

corresponding orders {My,...,Mn} in a period parallelogram can be repre-
sented as:
N N My
f(2) = AJ+ D" Ap(z—anig2,98)+ . > Arol P (2 —an; g2,93), (A.25)
n=1 n=1m=2

for some choice of coefficients A}

Here we list a number of identities for the Weierstrass functions introduced
in the previous section. Of particular importance are the so-called addition
theorems for the Weierstrass functions, which relate values of a function and
its upshift. Proofs of these properties rely on the differential equation (A.8)
and are found in any standard reference on elliptic functions.

The addition laws for the Weierstass @ and ¢ functions are, respectively,

L[ (21392,95) F ¢ (292,93 |

r1E£2;92,93) = — —p(r1;92,93) — 9(12; 92,93
ol 92,93) 4 | p(z1;92,93) — p(x2;92,93) plo192,93) ~ (w2 92,93)
(A.26)

and

1¢"(21392,93) — ¢" (22392, 93)

21+ 22192, 93) = G215 92:93) + (2292, 93) + 5 :

(er22ig2,03) = Clati2i ) + L3 02,08) + 5 ¢'(21592,93) — ¢'(22: 92, 93)
(A.27)

for any x1,x2 € C. There are also three point identities for these functions.

When z1, 22,23 € C satsify x1 4+ 22+ 23 =0, we have

1 1 1
det | o(x1,92,93) (x2,92,93) ¢(x3,92,93) | =0 (A.28)
0 (1,92,93) ¢ (2,92,93) ¢ (23,92,93)
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and

[C(21; 92,93) + C (225 92, 93) + € (235 92, 93)]

+(' (1592, 93) + ¢ (1592, 93) + ¢ (1592, 93) = 0. (A.29)

It is sometimes convenient to write (A.27) and (A.29) in terms of the p-function
according to (2392, 93) = — (2392, 93) and ("(2;92,93) = —¢' (2192, 93)-
We find occasional use for the following scaling properties of the Weier-

strass functions:
o (A2 A 192, 03) = A%0(21 99, 03) (A.30)
¢ (A2 A 2,0 0g3) = A7 ¢(2: 92, 93)- (A.31)

These properties follow directly from the definition (A.5) and (A.7).

A.2 Halphen functions

We begin with the differential equation for the Weierstrass p-function (A.8),

which can be written as

2
(¢') = 4(p—e1)(p—e2)(p—e3) (A.32)
where
2 (6% +e5+ €§> = g2, 4ereze3z = gs, (A.33)
and
e1+ex+e3=0. (A.34)

We see then that the zeroes of the cubic polynomial appearing in (A.32) cor-
respond to zeroes of @', which we will now characterize. Exploiting the parity

and periodicity of @', we have

0'(z92,93) = —¢' (w—2;92,93), wEA, (A.35)
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and we see that ©'(2;g2,93) =0 when

ze(wl+A)u(w2+A>u<w1+w2+A), (A.36)
2 2 2
In particular,
w1 w2 w3
¢ (;gz,g:s) =¢' (;gz,gg) = ¢’ (;gz,gs> (A.37)
2 2 2
where
W3 1= —W1 — w2 (A.38)
and thus
ez‘=@<u;i;gz,gs), 1=1,2,3. (A.39)

We will now construct a new set of functions by appealing to the following

theorem [23].

Theorem A.2.1. Suppose f is a meromorphic function on a simple connected,
open set Q C C. If the order of each zero and pole of f in ) is even, there
exists a meromorphic function g:Q — CU{oo} satisfying g(2)? = f(z) for each

z €.

We can apply this theorem to the set of functions defined by
Hi(2;61,€2)2:@(2;92,93)_62', i:172737 (A40)

where the H; are known as Halphen functions. Clearly the RHS of (A.40)
possesses only double poles. From (A.11) and (A.39) all zeroes are double as

well. Therefore the theorem (A.2.1) applies; we choose the square root so that
lim zH;(z;e1,e2) =1, i=1,2,3. (A.41)
z—0

From here and (A.40), it follows that the Halphen functions are odd functions
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of their first argument. Then using the periodicity of @, it is easily seen that
Hi(z+wj;er,ea) = Hi(z,e1,e2) (A.42)

and

Hi(z+wj;e1,e2) = —H(z,e1,e2), i# ], (A.43)

i.e. the Halphen functions are elliptic with associated lattices
A1 = <{w1,2w2}), A2 = ({2w1,w2}>, Ag = <{2w1,2w2}>. (A.44)

We can now establish a number of properties for the Halphen functions.
In particular, these will be useful in establishing analogous properties for the
Jacobi functions. Directly from the definition (A.40) we obtain differential

relations between the Halphen functions:
Hi(ze1,e2) = —Hj(z e1,e2) H(z;e1,e2), i#j#k. (A.45)
and also the algebraic relations between the functions:
Hi(z;€1,€2)2+€i :Hj(z;el,eg)2+ej. (A.46)
Combining (A.45) and (A.46) leads to the differential equations

Hg(z;el,eg)z = [Hi(z;el,eg)z +e; —el} [Hi(z;el,eg)2 +e; —ek} , 1#£jFk.
(A.47)

A.3 Jacobi functions

The Jacobian functions are constructed in terms of the Halphen function with

a change of independent variable:

Vel — €9

su(e|m) :Hz(z;el,ez)

(A.48)
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Hi(z;e1,e2)
cn(x|m) =———-"-2 A .49
(zlm) H3(z;e1,e2) ( )

H3(z;e1,e2)
dn(z|m) =—"1-"22, A.50
(zlm) Hs(z;e1,e2) ( )

where
r=+e1—ez, m:Z3_22. (A.51)
1—€

Often these functions are written with an auxiliary parameter k, called the
elliptic modulus. We will instead use the auxiliary parameter m = k? because

this simplifies some formulae for these functions.
The functions (A.48-A.50) are elliptic with associated lattices

Agy = <{4K, 21K’}>, Aep = <{4K, 2K+21K’}>, Agp = <{2K, 41K’}>.
(A.52)

where

2K =+/e1 —eqwy, 2K =+/e] —eaws. (A.53)

The analogues of (A.45) are

sn’(2|m) =cn(z|m)en(z|m) (A.54a)
cn'(z|m) = —sn(z|m)dn(z|m) (A.54Db)
dn’(z|m) = — msn(z|m)en(z|m) (A.54c)

and the analogues of (A.46) are

sn?(z|m) +cen®(z|m) =1 (A.5b5a)
msn?(z|m) +dn?(z|m) = 1 (A.55b)
men®(zlm) —dn®(z|lm) = m—1. (A.55¢)

Then (A.55-A.54) imply the following differential equations:

sn’(z|m)? = {1 - sn(x|m)2} [1 - msn(x|m)2} (A.56a)
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cen’(zjm)? = {1 —cn(x|m)2} {1 —m+mcn(m|m)2} (A.56b)

dn’(z|m)? = {dn(x|m)2 - 1} [1 —m— dn(a:]m)z} : (A.56¢)

The differentiated forms of these equations are occasionally useful:

sn”(z|m) = — (1+m)sn(z|m) 4+ 2msn(z|m)? (A.57a)
cn” (xm) = — (1 —2m)en(z|m) — 2men(z|m)? (A.57D)
dn” (z|m) =(2 — m)dn(z|m) — 2dn(z|m)>. (A.57c)

Like the Weierstrass and Halphen elliptic functions, the Jacobi elliptic func-

tions obey addition laws:

sn(z1|m)en(za|m)dn(xa|m) £ sn(za|m)en(zy|m)dn(zi|m)

+ _
sufar £ z2m) 1 —msn?(z1|m)sn?(xe|m)

(A.58a)

cn(zy|m)en(ze|m) £sn(zy|m)dn(z1|m)en(za|m)dn(za|m)

+ —
en(1£zim) 1 —msn?(z1|m)sn?(xe|m)

(A.58b)

dn(zq|m)dn(xa|m) £ msn(zi|m)cen(zy|m)sn(ze|m)en(xa|m)

d + =
n(ry £ xam) 1 —msn?(z1|m)sn?(xz|m)

(A.58¢)

An important property of the Jacobian elliptic functions is that they de-
generate to trigonometric functions in simple limiting cases. In particular, we

have

r}zlgl sn(z|m) =sin z, 77111§0(311(z|m) = oS 2, nlllgodn(dm) =1 (A.59)

and

lim sn(z|m) =tanhz, lim cn(z|m)=sechz, lim dn(z|m)=sechz (A.60)
m— m—1 m—1

as can be seen from the differential equations (A.56) or (A.57).
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We remark that further order-two elliptic functions can be constructed
using the three basic Jacobi functions (A.48-A.50) as a starting point. More
specifically, inversions of and ratios between the basic Jacobi functions are
elliptic and their properties can be easily deduced from the preceding discus-
sion. We list these functions below, noting that only the first of these finds

application in this thesis:

1 1 1

ns(z|m) = ()’ nc(z|m) = nzlm)’ nd(z|m) = dn(zm)’ (A.61)
) — sn(z|m) es(olm) — cn(z|lm) sd(slm) — sn(z|m)
sc(zm) cn(zlm)’ (2fm) sn(zlm)’ d(z|m) dn(z|m)’ (A.62)
_ dn(z|m) ed( slm) — cn(z|m) (ol — dn(z|m)
ds(z|m) = sn(z|m)’ d(zlm) dn(z|m)’ de(z|m) en(zlm)’ (A.63)

A.4 Elliptic integrals

The Jacobian elliptic functions can be constructed as the inverse functions of
particular elliptic integrals. While we have not constructed the Jacobi func-
tions in this way, some essential identities associated with these functions in-

volve elliptic integrals. For sake of completeness we begin with a definition.

Definition A.4.1 (Elliptic integral). An integral
/R(Z;P(z))dz (A.64)

is called an elliptic integral if R is rational in its arguments and P(2)? is either

a cubic or quartic polynomial in z.

There are a number of canonical forms for elliptic integrals. We will only

require the first two of these. The elliptic integral of the first kind is

dé

@
F(om) = [ T (A.65)
0
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and the elliptic integral of the second kind is

o
E(¢|m) = /\/1 — msin26dg. (A.66)
0

When the integration limit ¢ has the value 7/2, these elliptic integrals are

called complete. In particular, the complete elliptic integral of the first kind is
T
K(m)=F (2‘ m) (A.67)
and the complete elliptic integral of the second kind is

E(m)=E (;‘m> . (A.68)

The simplest appearance of an elliptic integral in the context of Jacobi
elliptic functions is as formulas for the periods. In particular, in (A.52) we

have K = K(m) as in (A.67) and
K/:K(l—m):F<g’1—m). (A.69)

Elliptic integrals also appear in formulas involving some auxiliary Jacobian

functions. The Jacobi £-function is defined as
z
£(zlm) = / dn?(z|m) dz. (A.70)
0
This function obeys the addition law
E(z1+z2|m) = E(z1|m) +E(z2|m) —msn(z1|m)sn(ze|m)sn(z1 + z2|m); (A.71)
when 29 = K, this reduces to

E(z+2K|m) =E(z|m)+2E(m). (A.72)
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The Jacobi Z-function is defined as

Z(z|m) :5(z]m)—§((zz))z. (A.73)

This function satisfies the same addition law as £(z|m) (A.71), but in the

special case zo = 2K, we have

Z(z4+2K|m) = Z(z|m). (A.74)
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