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Abstract

We study finitely generated stably-free modules over infinite integral group
algebras by using the language of cyclic algebras and relating it to well-known

results in K-theory.

For G a free or free abelian group and (Jg,, the quaternionic group of
order 8n, we show that there exist infinitely many isomorphically distinct
stably-free modules of rank 1 over the integral group algebra of the group

I' = Qg, X G whenever n admits an odd divisor.

This result implies that the stable class of the augmentation ideal €2 (Z)
displays infinite splitting at minimal level whenever G is the free abelian
group on at least 2 generators. This is of relevance to low dimensional topol-
ogy, in particular when computing homotopy modules of a cell complex with

fundamental group I'.
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Chapter 1

Introduction

1.1 Motivation

Given a weakly finite ring A (c.f. Chapter 3.1), we say a (right) A-module S

is stably-free of rank N whenever

S@ A=A

and a — b = N, for integers a,b, N > 0. Clearly, a stably-free module is
projective. Moreover, we say a group G is of type F, if it is free or free

abelian. The main result of this thesis is given by (c.f. Theorem 6.3.1):

Theorem A. Let G be a group of type F. Moreover, let Qg, be the quater-
nionic group with 8n elements; then for n with at least one odd prime divisor,
there is an infinite collection {Sy,}m>1 of isomorphically distinct stably-free

modules of rank one over the group-algebra Z|Qs, x G|.

There are two motivations for this result, the first being of algebraic, and
the second of topological nature. We start with the former: it is an important
and natural question, to ask what the projective modules over a given ring R
are. Thus it is not surprising that one of the most important algebraic prob-

lems of the last century, posed by Serre in his famous conjecture (c.f. [26]),
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was asking precisely that question, in the case where R is the polynomial ring
in n variables with coefficients in a field. This conjecture prompted research
by Sheshadri [27], Bass [2], Quillen [25] and others, implying the following
statement (c.f. Chapter 3.3):

Theorem. Let G be a group of type F and A an abelian principal ideal

domain; then all finitely generated projective modules over NG| are free.

On the contrary, our result shows that in the case when A = Z[Qs,], with
n as in the statement of Theorem A, we can produce infinitely many finitely
generated (non-free) projective A[G]-modules. Here we make the identifi-
cation Z[Qs, x G| = Z|Qs,][G]. The fact that we have chosen to examine
stably-free modules, which are particularly well-behaved projective modules,

underlines the complexity of the ring Z[Qs, x GI.

It is well known that the ring Z[Qs] already has non-trivial projective
modules (c.f. e.g. [29]). However, as Swan shows in his important paper [28],
it is not until n = 6 that Z[Q4,] possesses nontrivial stably-free modules (in
fact this is the case for all n > 6). Thus it was a natural choice to start
the study of stably-free modules over A[G] by letting A = Z[Q24], and then
extend the result to quaternionic groups of order 8n, where n admits at least
one odd prime divisor. It should be added that in August 2009 Johnson
proved that the analogue of Theorem A also holds in the case A = Z[Qsg]
(c.f. [14]).

Particular emphasis should be placed on the point that the ring
Z|Qsn x G] is not a generic algebra, constructed solely to illustrate a particu-
larly complex case of a ring with stably-free (non-free) modules, but rather,
and this is where we move on to topological considerations, that it appears

naturally. Namely, let

P =< $1,...,I9|W1,...,Wr>
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be a presentation for the group 7 := Qs,, X G. Then 7 can be interpreted as
the fundamental group of a two dimensional CW complex Xp, the so called
Cayley complex of P (see [10] p. 183 for further details). The chain complex

of the universal cover Xp gives rise to a complex of Z[r] modules thus:

C(Xp) = ((0— ker(ds) — Z[x)

Zir| =7 0)'

Here 01, 05 are completely determined by the presentation P, and Z denotes
the trivial Z[r]-module. More generally, by an algebraic 2-complex over 7

we mean any exact sequence of (right) Z[r]-modules of the form

02 o1

g:<0*>l{}€7”(52) Fy Fy Fo——~17 O)’

where each F; is finitely generated free and Z denotes the trivial Z-module.

Given two algebraic complexes &, &', it follows by Schanuel’s Lemma that
ker(ds) & F = ker(0,) & F',

for finitely generated free modules F', F’. We shall say that ker(dy) and
ker(dy) are stably equivalent. We denote the class of all modules stably
equivalent to ker(ds) by Q3 (Z).

This relates to two unanswered questions in low dimensional topology,

the first of which, known as the Realisation Problem, asks:

Given a group I', is every algebraic two complex chain homotopy equivalent
to a complex arising from a two dimensional CW complex, i.e. the Cayley

complex of some presentation of I'?

Clearly, the Realisation Problem is parametrised by the class Q3 (Z). The
second question, originally phrased by Wall in [30], is called the D(2)-Problem



(initially it was called the D(n)-Problem which Wall solved in the same pa-
per for all n # 2). It asks:

Given a geometrically 3-dimensional CW-complex with zero homology and
cohomology in dimensions higher than two, over all possible coefficient sys-
tems; is it necessary that this complex is homotopy equivalent to one of

geometric dimension two?

It is not hard to see that the D(2)-Problem is parametrised by the fundamen-
tal group of the CW-complex in question. Thus, we say the D(2)-property
holds for a fundamental group, if the above question can be answered affir-

matively for it.

Johnson ([10] p. 256) has shown that the D(2)-Problem is equivalent
to the Realisation Problem for all fundamental groups satisfying certain con-
ditions. This result was then extended by Mannan [19] to hold for all finitely
presented fundamental groups. To date there is no known fundamental group
for which the D(2)-property does not hold. To see why Theorem A above
is motivated by, and of potential relevance to the D(2)-problem we state
the following theorem by Johnson [11] (here Q4 (Z) is defined analogously to
Q3 (Z) above and SF denotes the set of isomorphism classes of non-zero
stably-free Z[I'|-modules):

Theorem. Let T' be a finitely generated group satisfying Ext'(Z,Z[T]) = 0;

then the duality map J — J* induces a level preserving mapping of trees
591(2)%8‘/—'.4_,

moreover, § induces a 1 — 1 correspondence § : Q" (Z) — SF1 between the

minimal level of Q0 (Z) and the isomorphism classes of stably-free modules
of rank 1.
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Groups of the form I' = Qg,, X G, where G is free abelian of rank at least
2, satisfy Fzt'(Z,Z[l']) = 0 by [13] and Shapiro’s Lemma. So the above
theorem implies a surjective correspondence 6 : €y (Z) — SF,. But, by
Theorem A, SF; is infinite when n admits an odd divisor. Therefore, the
minimal level of € (Z) is also infinite. One then hopes for a relationship
between 2 (Z) and €3 (Z), as, for example, in the case of finite groups of
cohomological period 4 where there exists an isomorphism of trees between
2 (Z) and Q3 (Z) (c.f. [10] p. 153).

1.2 Statement of results

As already mentioned in the previous section, Theorem A is the main result
of this thesis. In order to prove it we use the language of cyclic algebras and
fibre squares. Thus in Chapter 2 we first review properties of cyclic algebras
over general commutative rings, and then restrict ourselves to the types of
rings we are interested in, namely quotients of integral polynomial rings in
one variable, by products of cyclotomic polynomials. Two cyclic algebras
of particular interest are (here p denotes an odd prime, and & > 1 an odd
integer):
C(Apn)) == Cs (Fp[m]/(:v% +1),7, —1)

C(Ap) =Cs (Falz]/(z" "+ ...+ 1),7,—1).

We refer the reader to Chapter 2 for details on the notation. Decomposing

C(A(2,r)) as a product of local rings and matrix algebras yields

Theorem B. Let Doy be the dihedral group of order 2k, where k > 1 is odd.

Then l

Fa[Dax] & Fala] /(2” — 1) x [ [ Ma (Fya,) -

i=1
It should be noted that Theorem B can be proved using fairly basic concepts

in modular representation theory or character theory (c.f. e.g. [1]). However,
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we give a different proof, as we compute an explicit isomorphism. Identifying
C(A(p,n)) as a quaternion algebra we are then able to give its decomposition

as a product of matrix algebras thus:

Theorem C.
A(pn HM2 /q'L ( ))

for distinct monic irreducible polynomials ¢;(x) € Fylx] and natural numbers

d;.

In Chapter 3 we first review functors from the module category of one
ring to that of another. Here we are particularly interested in functors which
preserve stably-free cancellation, i.e. the property of having no non-trivial
stably-free modules. As already mentioned in the previous section, the work
of Sheshadri [27], Bass [2], Quillen [25] and others, gives a good source of
group algebras of type F groups with stably-free cancellation. Via the func-
tors developed in this chapter we shall transfer the property of having stably-

free cancellation to the algebras we are interested in:
Theorem D. Fy[D,, X G] has stably-free cancellation when G is of type F.
Theorem E. C(A(,))[G] has stably-free cancellation when G is of type F.

Another necessary step in our proof of the main theorem is to show that
both Fy[Dy, x G] and C(A(,n))[G] are weakly Euclidean. Thus in Chapter 4
we first review in depth what it means to be weakly Euclidean, in essence
a condition which makes the the general linear group of a ring particularly
simple. Then, in a similar fashion to Chapter 3, we transfer the property from
rings for which it is already known to hold to the ones we are interested in.
Thus we review recognition criteria by Cohn and Johnson, but also develop
new criteria in the case of matrix algebras and algebras over finite fields. The

main results of Chapter 4 are:

Theorem F. Fy[Dy, x G| is weakly Euclidean whenever G is a free group.
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Theorem G. C(A,n))|G] is weakly Euclidean whenever G is a free group.

In Chapter 5 we first review how fibre squares are constructed and how
they cohere with the cyclic algebra construction. Next we lay the founda-
tions for the proof of Theorem A by constructing several fibre squares which
connect the algebra Z[Qs, x G| to the above mentioned algebras Fy[Ds,, X G]
and C(Ag,))[G]. Finally, we give a brief recapitulation of Milnor’s method
of patching projective modules over certain fibre squares. We end the chap-
ter by showing that all fibre squares constructed here satisfy the necessary

conditions to apply Milnor’s method.

Finally, we prove Theorem A in Chapter 6. In order to do so we need
to construct, and lift stably-free modules. For this we employ a method,
involving Milnor patching, based on an approach by Johnson. We can then
apply this method to the fibre squares constructed in Chapter 5. This firstly
results in (here SF; stands for the isomorphism classes of rank one stably

free modules of a ring):

Theorem H. Let G be a group of type F. Moreover, let Q4,, Da, de-
note the quaternionic and dihedral groups, of order 4n, 2n, respectively and
Cy (Z[z])/ (2™ 4+ 1),7v,—1) [G] be the algebra introduced in Proposition 5.2.3,

Chapter 5. There exists a surjective correspondence

'S-Fl (Z[Q4n X G]) -
SF1(Z[Dsn x G)) x SF1 (Ca (Z[z] /(2" + 1), 7, —1) [G]).

We then restrict ourselves to the setting of Theorem A, by choosing n = 2%k
for an odd number k£ > 3. We prove (for a definition of two unique product

groups, see Chapter 6.1):

Theorem 1. Let G be a two unique product group, p an odd prime and

s > 1 an integer. There exists an infinite set, {Sy,}o°_,, of isomorphically
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distinct  stably-free modules of rank 1 over the the group-algebra
Co (Z[z]/(2*P +1),7,—1) of Proposition 5.2.5, Chapter 5.

We prove Theorem A by constructing a chain of surjective correspondences

SF1 (€2 (Zfa) /(" +1),7,~1) [Cxc]) =
SF1 (Ca (Zla) /(2?7 +1).7,-1) [Cue])

The result then follows by Theorem H and Theorem I.
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Chapter 2

Cyclic algebras and related

concepts

2.1 Basic definitions

All group algebras, as well as their building blocks, considered in this thesis
are constructed as cyclic algebras. We begin by defining the concept (for a

comparison, see [10] p. 43). Given

i)  a commutative ring A,
1)  an automorphism s : A — A such that s” = Id for some
natural number n > 2,

i7i) an element a in A such that s(a) = a;

we define the cyclic algebra C, (A, s,a) to be the free two-sided A-module
of rank n, with basis B = {1,y,...,y" '} (here we make the identification
y° = 1), satisfying the following relation:

y'A=s'\y for0<i<n-—1.
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We note that the set of all elements in A which are fixed under s,
A = {\ € A : s(\) = A}, forms a subring of A, called the fized point

ring. Moreover, if we introduce the following rule of multiplication:

yy' = yt o for0<i<n-—2
Yy o= a.l,
Cn (A, s,a) may equivalently be regarded as an algebra over the fixed point
ring. Given two cyclic algebras of the same rank, say C, (Ai,s1,a1),
Cn (Ao, $2,a5), there is an isomorphism of rings A X A5? = (A x Ag)*1%2,
since the involutions act componentwise. Thus, there is a natural algebra iso-
morphism of crossproducts of cyclic algebras and cyclic algebras of crossprod-

ucts, given by (Mg, Aayl) — (A1, A2)y', i.e.

Proposition (c.f. e.g. [10] p. 44) 2.1.1.
Cn (A1 X Ao, 81 X 59,41 X CLQ) =C, (Ah Sl,al) x Cp, (A2, 32,a2) )

as A7' x A3*-algebras.

Given two cyclic algebras of rank n, say C, (A1, s1,a1), C, (Ag, S2,a2) and a
ring-homomorphism

pZA1—>A2,

such that p o sy = sy op, and p(a;) = ag, we say p is a cyclic ring-

homomorphism.

Proposition 2.1.2. Cyclic ring-homomorphisms induce ring-homomorphisms

of the associated cyclic algebras. Moreover, they preserve exact sequences.

Proof. Given two cyclic algebras of rank n, say C, (A1, s1,a1), C, (Asg, $2,a2),

together with a cyclic ring-homomorphism
p: Al — AQ,
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define
m:C, (Ah S1, Gl) — Cy, (A27 S2, CL2) )

D vidi Yy, (2.1)
=1 =1

for \; € Ay. By (2.1) it is clear that 7 preserves sums, and w(e) = ¢, for
e =0, 1. Moreover, the rules pos; = sqop, p(a;) = ag, ensure that m preserves

products, and thus it is indeed a ring-homomorphism. Furthermore, let
Ay L= Ay P> Ay, (2.2)

be a sequence of cyclic ring-homomorphisms which is exact at A,. We remind
ourselves that C,, (A;, s, a;) is free as a A;-module, for i = 1,2, 3, respectively.

Therefore, since (2.2) is exact at Ay, by the construction defined in (2.1),
Cn (A17 S1, al) *ﬂ-> Cn (A27 S92, a2) i) Cn (A37 53, CL3) (23>

is exact each component 35, fori = 0,...n—1, i.e. it is exact at C,, (Ag, s2, as).

For a more general proof of this statement see [4], p. 147. ]

Two basic examples of cyclic algebras are Z[Ds,], the integral group-

algebra of the dihedral group
Dy =(z,y | a"=y*=1, yr=a"'y), (2.4)

and Z[Q4,], the integral group algebra of the quaternionic group

Qum="_z,y | 2"=¢* yr=a"y). (2.5)

Indeed, let C), denote the cyclic group of order n (C,, = (x|z"™ = 1)). Consider
its integral group algebra Z|[C,| together with the involution 7, given by
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2+ 7 1; then

If we consider the cyclic group of order 2n, C5,, again with the involution ~,

then 2™ = 2™ is fixed, and

Z|Qun) = Co (Z][Coy), v, 2™) . (2.7)

We now specify the rings and the respective automorphisms over which
we take cyclic algebras. Let (,, denote the n-th primitive root of unity. It is

well known that its minimal polynomial is given by

O(z) = [ (@—-¢.

oy
Furthermore, @, (x) has integral coefficients, that is ®,(z) € Z[z]. We de-
note by ¢, the complex conjugate of ¢,. It is not hard to see that ¢, = ("~
Moreover, since ®,,(z) has real coefficients ®,,(¢,) = 0. Thus, complex con-
jugation induces a ring automorphism on Z[(,] = Z[z]|/®,(z). We generalise
this concept. Given a sequence D = (dy,--- ,dy) of distinct integers d; > 1
we denote by ®p(x) the polynomial &p(z) = @4, (x) - -- Oy, (z) € Z[z]. Fur-
thermore, let R be a commutative ring. Mostly in the scope of this thesis R
will either be the integers or F,, i. e. the finite field with p elements for some
prime p. Consider the ring R ® Z[x]/®p(x) (we shall always use the tensor

symbol without subscript, when we take tensor products over Z):

Proposition 2.1.3. Given a sequence D = (dy,--- ,dy) of distinct integers
di > 1, let n = Hle d;. The involution v, given by x — "1, on R ®
Z[z])/ (2" — 1) induces an involution yp on R® Z[x]/Pp(z). Moreover, given

a sequence D' C D,
poqdp ="7p °p,

18



where p denotes the canonical projection
p: R® Zz]/Pp(x) - R® Z[z]/Pp (z).

Proof. We prove the result for R = Z, the general result then follows by

tensoring with an arbitrary commutative ring R. It is well known, that

2" —1 =[] ®al2).

dn

This implies that Z[z]/®p(x) is naturally a quotient ring of Z[z]|/(z™ — 1).
This allows us to construct vp as follows: Let f(z) € Z[z]/(z" — 1), and
f(x) 4+ (Pp) its class modulo (Pp). Define

f(x) +(®p) = v (f(x)) + (Pp).

Now, this map is well-defined, because v (®p(z)) = *a2" 9®p(x) € (Pp),
where d = deg (®p(x)). Moreover,

ponp (f(x)+ (®p)) = p (v (f(z)) + (®p)) = (f(x)) + ().

Conversely,

o op (f(x) +(®p)) = 7o (f(2) + (1)) =7 (f(2)) + (Ppr) .

Thus p o yp = yp o p, as claimed. [

Remark. Note that vp is an automorphism, since R ® Z[z]/®Pp(z) is com-
mutative. Furthermore, 7% = Id, since 4> = Id. In most cases when we
actually have to work out the action of vp, it will be straightforward, namely

I means the

it will easily be recognisable as the usual x + 27!, where x~
class of "~ modulo (®p). Thus we shall usually drop the subscript D, and

just write v, unless specifically needed. Finally, note that Proposition 2.1.3
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also ensures that canonical projections onto rings of the form RQZ[x]/Pp(x)
are cyclic ring-homomorphisms with respect to v, and thus induce homomor-

phisms of cyclic algebras.

In the remainder of this thesis we will only deal with cyclic algebras over
rings of the form R® Z[x]/Pp(x) with the associated involution 7, i.e. cyclic
algebras of the form Cy(R ® Z[z]/Pp(x),7, a), where a is a non-zero element
fixed under 7. For example, as we have seen in equations (2.6), (2.7), Z[Q4n),
and Z[Dy,] are of this form for R = Z, but now we note that these equations

hold for any commutative ring, e. g. for R =y
Fy[Dsy,) = Co (Fo[Ch], v, 1) . (2.8)
We are particularly interested in the following two rings:
Ay = Fpla]/ (2™ + 1), (2.9)

Nog = Faola]/(a* ' + ...+ 1), (2.10)

for an odd prime p, a natural number n and an odd number k > 3. The
fixed point rings are denoted as usual by A?p n)’ and A?z 5 respectively. Over

these, we have the cyclic algebras:
C(A ) = Ca (Fp[2]/ (2™ +1),7,-1) (2.11)

C(A@r) = Co (Falz]/(z" " + ...+ 1),7,1). (2.12)

2.2 The fixed point rings A(me) and /\22’,{;)

As explained in Section 2.1, C(A(y,,)) and C(A(,r)) are algebras over the fixed

¥
(pn)

) in detail.

point rings A

Ao

and A?Q k) respectively. We shall now examine A?p n) and
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Proposition 2.2.1. Let R be a commutative ring. In the ring RQZ|x]/Pp(x)
let k denote a natural number, such that k < deg (Pp(x)). Then any element

of the kind x* + 27 can be expressed as a linear combination

k-1
F=0 ) at
=0

where 0 .= x4+ 27, and a; € R.

Proof. We prove the result for the ring Z[z]/®p(x). The general result then
follows by tensoring with an arbitrary commutative ring R. Note that the
statement holds trivially for & = 1, but also in the case k = 2 as §? =

2% + 272 + 2. Now assume, inductively, that the statement holds for k£ — 1,

and note
k
0F = (x 4+ 27 Z( ) F—gh o F 4 X, (2.13)
( ) X Zkﬂ 1 ( ) (xk_% +x—(k—2i)) if k is even,
where X = { k/2 ZWZJ ( ) ( k—2i +x—(k—2i)) if k is odd
i=1 \i '

Note, by the inductive hypothesis, X 1is a linear combination in
spanz{1,0,...05 1} but then by (2.13) ¥ + 2% is in the desired form. [

1

Proposition 2.2.2. Let 0, denote the element x4z~ in the fived point ring

A?p’n) . Then

B,y =11, (x+2" D, (@24 272), - (2" 2 (D),

(pn) —
B(pn) = {1,91,,95, ... ,(9;_1},

are both bases for A?pm) as a [Fy-algebra.

Proof. We know that the action of v as defined above takes x to 27!, so in

particular on a typical element X in Ag,,, say A = >, apz®, where

k=—n+1

21



ay € Fp,, v acts as follows:

n n—1
E apx® = —a,z" + E a_pzt.

From this it follows that a general element fixed under + is of the type

ap+ Y ap(x® +27")
1

3
—

T

where each aj is an element of F,,. In particular, By, is a basis for A?p )
over IF,,. Thus, applying Proposition 2.2.1, we see that in fact B, is also a
basis. O

The analogue of this result for A?Zk) is

Proposition 2.2.3. Let 0, denote the element x+x~" in the fized point ring

A(72,k)' Then

Blgyy = {1, (z + 2, (a2 g /2y

Bogy = {1,05,603,...,05 7,
are both bases for A?Q py GS @ Fy-algebra.

Proof. The result is proven by the same method used to prove Proposition
2.2.2. O

Remark. We know that 1 + 2+ ...+ 2! =0 1in A, or equivalently in

Aly - Thus

(k=3)/2
g® /2 kD2 — 1 Z (" +27).
i=1

Consequently, z*~1/2 4 z(+1)/2 does not appear as a basis element in BEM)'

In fact, when using the basis BEQ Ky, We shall always mean the element
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1+ W92 (47 4 477), when we write z®=1D/2 4 z®+1D/2 This is solely

for notational simplicity, as after all they denote the same element.

We may now give a complete characterisation of both A?pm), and A?Zk)

Theorem 2.2.4. Ap n)

or fields of characteristic p.

1s i.somorphic to a direct product of finite local rings

Proof. Since B (pm) 18 a basis, every element in A?p,n) can be expressed as a
sum Zl _o aitl,, where a; € F,. Moreover, by Proposition 2.2.1 there exists
a polynomial P(x) € [F,[z] of degree n, such that 2" + ™" = P(6,). But as
2?" = —1, we know that 2" = —2", and so P(f,) = 0, i.e. A|, , can be
identified as

A?p,n) =F,0,]/ P(0,).

By taking a formal isomorphism 6, — z, we may write

AL,y = Fplz]/P(2).

Then, since is F,[z] a unique factorisation domain, let

x):chfi(x)

be the unique factorisation of P(x), into a constant ¢ times powers d; € N
of distinct monic irreducible polynomials ¢;(x) € F,[z]. As F,[x] is also
a Euclidean domain we may apply the Chinese Remainder Theorem which

gives
(p n) g H / g (x),

where each factor F,[z]/q% (x) is a finite local ring or field of characteristic p

whenever d; = 1. O

In the case of Az2 K We have a stronger result, since 2 and k are coprime

23



(k is defined to be odd). We remind ourselves of some fundamental results on
semisimple algebras. Recall that for a field k a finitely generated k-algebra A
is said to be semisimple if and only if its unique two sided maximal nilpotent
ideal, denoted by rad(.A), is equal to zero. Furthermore, we remind ourselves
that all finitely generated, semisimple k-algebras are characterised as follows

(c.f. e.g. [10] p. 20-21):
Theorem (Wedderburn) 2.2.5. Let A be a semisimple, finitely generated
k-algebra. Then there exists an isomorphism of k-algebras

A= M, (Dy)x...M, (D),
for some natural numbers m, n; and division algebras D; over k, determined
uniquely up to order and isomorphism.
Finally, we shall also need (c.f. e.g. [10] p. 41):

Theorem (Maschke) 2.2.6. Let G be a finite group and k a field with
characteristic coprime to the order of G. Then the group-algebra k|G| is

semaistmple.

Theorem 2.2.7. AZ2 k) 15 isomorphic to a direct product of finite fields of

characteristic 2.
Proof. We note that 2% — 1 = (z — 1)(z* ' + ... + 1), and in Fyfz], = — 1,

and 271 4 ... 4+ 1 are coprime. Therefore,

Folz]/(z* — 1) = Fyla]/(xz — 1) x Fyl]/(z" 1 +...4+1)  (2.14)
]Fg X A(Q’k).

12

We may consider Fy[z]/(z*F — 1) as a group-algebra, since it is isomorphic to
F[Cy]. Theorem 2.2.6 implies that Fy[z]/(x* — 1) is semisimple, and so, by
definition rad (Fs[z]/(z* — 1)) = {0}. Consequently, by (2.14) rad(A@x) =

{0}. But then, A?Q,k), being a subring, has the same property, i.e. md(A?Q’k)) =
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{0}. Thus it is semisimple by definition. Since it is commutative, Theorem

2.2.5 implies that it is a direct product of finite fields of characteristic 2. [J

Remark. Tt is no coincidence that we have used the notation rad(A), which
is normally used to denote the Jacobson radical. In fact, in an Artinian
ring (in our case, A is Artinian, since it is finitely generated) the Jacobson
radical is nilpotent, but it also contains all nilpotent ideals ((c.f. e.g. [4]
p. 181). Therefore, in such rings, the Jacobson radical is precisely the unique

two-sided maximal nilpotent ideal.

2.3 C(M\@y) and its applications

Having classified AZM) in the previous section, we now consider the cyclic
algebra C(A(2,r)). We first show that it is semisimple. Then, we shall use
this result to decompose Fy[ D], for an odd number k£ > 3, into a product of
local rings and simple algebras. Finally, we use this decomposition to express

Fy[ Doy, x GJ, for an arbitrary group G, in a more manageable form.

Theorem 2.3.1. z

C(A@w) = [ Mz (Fa)

=1

where Fya, denotes the unique finite field with 2% elements, for some d; € N.
We will use the following two propositions to prove Theorem 2.3.1:

Proposition 2.3.2.
ClAewk) = A?Q,k) + A?Q,k)x + A?Q,k)y + A?z,k)xya

with the following rules of multiplication:
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i) yr=y@y=aly=(x+az )y +ay;
i) 2*=1+(x+aYa;
i) y? = 1.

Proof. By Proposition 2.2.3

BE2,k) = {17 (SL’ + xil)v Ty (x(k73)/2 + x(k+3)/2)}7

is a Fy-basis for A?Q By-
we show by induction that a! € Ap(gvk) - AZQ’k)x for all  in {0,1,...,k —2}.

Clearly 1, z are in Ay, + Aj, 7, thus also 27" = (z +27') + 2. Now

First, reminding ourselves of the remark on page 22,

assume ', 2" are in A, ) + A}, @ for all i <r < (k—1)/2, and note that
2" = (2" + 27"z + 2=, This implies that 27! as well as 2=+ =
(27! 4 2* =) 2™ are in Al ) + Al 4@, which proves the claim. But
then as
B={l,z, ... 2"?}

is a basis for Aoy as an Fj-algebra, we have shown that A?Zk) + AE’M)x
spans A, Also, since Bar) N Bz = {0}, we have A, ) N A v = {0}
Therefore, A p) = A?@,k) —i—A?Q,k):c, and the action of v on Ay ) is completely
described by its action on the element z. It follows that C(A()) can indeed

be expressed in the form:
C(Aek) = A?Q,k) + AZM)"T + A?Q,k)y + A?z,k)xy'

Finally, note that the relations 7)-iii) are self-evident. O

1

Proposition 2.3.3. z + 27! is a unit in A(727k).
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1

Proof. The inverse of x + 27 is described as follows: We write

p(l) = a+al,
p(r) = a" + kT
for2<r < (k—-1)/2. And
A = Z p(4r +2),
Ar+2< (k—1)/2
B = > u@r+3),
4r+43<(k—1)/2
C = > u@r+1).

Ar41<(k—1)/2
Then if k=1 mod (4), (u(1))™' = A+ B, and if k = 3 mod (4), (u(1))t =
A+C. O
We prove Theorem 2.3.1:

Proof. We use the description of C(Ax k) given by Proposition 2.3.2, and
define a map
(o C(A(gvk)) — MQ(AEY2,k))

1
1 — 0

1 2=D/2 | (h1)/2
T 2 o k)2 14420

as follows:
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01
R W
vy = o(r)p(y)

Now it can easily be checked that

Whence ¢ is indeed a ring homomorphism. Now, since both C(A(gx)) and
MQ(A?M)) have (the same) finite cardinality, bijectivity follows directly from
surjectivity. To see that ¢ is indeed surjective, it suffices to show that ¢(1),

o(x), p(y), p(zy) span My(R”). We note the following identities

r+xt 0
e((L+z+a ) +a+ (@B D24 aED2)) = 0 0 |
@ (1+ 2+ (#7172 4 pkTD/2)) o0 :
0 z+az!
0 z+az!
@ (@242 pod Lhatay+ay) = | 0]
(k=1)/2 | . (k+1)/2 0 0
o ((x +x J+r+y+ay) = .
r+az - 0

By Proposition 2.3.3, 427! is a unit in A'(YM). So the identities above imply
that (1), o(z), ¢(y), p(zy) do, in fact, span M(Al, ). Note, by Theorem
2.2.7, AE’Q k) is isomorphic to a product of finite fields of characteristic 2, say
Aoy = [1._, Fae,. Thus the result follows. O

We turn to Fy[Doy]:
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Theorem 2.3.4.

Fo[Dar] 2 Ffa] /(2% — 1) x | [ Ma (Fau,),

i=1
for an odd number k > 3.

Proof. We know by (2.8) that Fy[Dsy] = Cy(Fa[z]/2" —1,7,1). Furthermore,
(2.14) states
Fg[ﬂ?]/(ﬂfk — 1) = IFQ X A(Q’k).

Our usual involution  splits as v = Id x v/, where 7/ is just the restriction
of v to A). Indeed, the idempotents for the isomorphism in (2.14) are
ip =21+ .+ 1, and iy = 2* 7 4+ .+ 2, but (i) = 4y, and Y(iy) = 4a.
Now ~ restricted to Fo[z]/(x — 1) = Fy is just the identity, hence the result.
We apply Proposition 2.1.1 to get

Fo[Doy] = Co(Fo, 1d, 1) x C(A2))-

We note Cy(Fy, Id, 1) = Fy[z]/2*—1. The result follows by Theorem 2.3.1 [

As a corollary we have

Theorem 2.3.5. For any group G,

Fo[ Dy x G & (Fafz]/(2® — 1)) [G] x [] Ma (Fyu.[G))

i=1

Proof. The result follows by applying the functor — ® Z[G] on both sides of

the isomorphism in Theorem 2.3.4. ]

2.4 Quaternion algebras and C(A, )

We start by defining quaternion algebras. Let R be a commutative ring.
Furthermore, let a, # be units in R. We call the algebra, with R-basis
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{1, z, y, xy} and rules of multiplication

?=al, y*=p1 yr=—zxy,
a quaternion algebra, and denote it by
o, B
7 )
The basic example of a quaternion algebra is the Hamiltonian integers,

~1,-1
HZ:( g )

Remark. O’Meara defines quaternion algebras over fields, only (c.f. [23]

p. 142). The stricter definition bears better-behaved algebras. For example,
we will see that quaternion algebras over fields are often division algebras.
However, in the context of classifying C(A(,,)) it makes sense to relax the

definition.

Proposition 2.4.1. Let A = (O‘—If) be a quaternion algebra over a field k.

Then the element x = agy.1 + a1.x + 2.y + ag.xy, is a unit in A if and only
if
af —ada — asf + azaf # 0,
for a; € k.
Proof. See [23] p. 143. O

As an immediate corollary we have

Proposition 2.4.2. Let A = (O‘—If) be a quaternion algebra over a field k. A

1s a dwision algebra if and only if the equation
af — aja — a3f + azaf =0,

has no non-zero solution for all o; € k.
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As already explained in Section 2.1, the involution v reduces to complex

conjugation on Q(¢g) = Q[z]/(®4), and therefore Q(Cs)? = Q(Ca + () =
Q(¢a) NR. Similarly, Z[(]" = Z[¢q + (a] = Z[¢g) NR, which is precisely the
ring of integers of Q((y + (4) (see for example [31] p. 15-17 for more details).

Proposition 2.4.3.

(Ca — Ca)*, —1> 7

Ca (Q(Ca), v, —1) = ( Q¢+ )

ford > 3.
Proof. See [10] p. 51. O

Proposition 2.4.4. Cy (Z[C4],7,—1) is an integral domain, for d > 3.

Proof. Clearly, Cy (Q(Ca), v, —1) 2 Ca (Z[(4), 7y, —1). But we know by Propo-
sition 2.4.3 that Cy (Q(Ca), v, —1) is a quaternion algebra over the field Q((;+
C4). Now as (Cq — (4)? is a negative real number and Q((y + (y) is a subfield

of the real numbers, it follows that the equation

af — af(CCa)? + oF — a3(¢C)* = 0,

has no non-zero solution for all o; € Q((y + ¢4). Therefore, by Proposition
2.4.2 Co (Q(C4),7v,—1) is a division algebra. This makes Cy (Z[(4),7,—1) a

subring of a division algebra, and therefore an integral domain. O]

We now move on to classify C(A,n)). Our aim is to show that it is a
matrix algebra over the fixed point ring A’(Yp,n)' Thus we shall need some
preliminary results on Fj-algebras, for an odd prime p. The following is well
known (c.f. e.g. [23] p. 145, 147, 158):

Proposition 2.4.5. Let F denote a finite field of characteristic p, an odd

prime, and o, B non-zero elements in F. Then

(%ﬁ) = (LIF—_l) = My(F).
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Now, this result may be generalised to F,-algebras in the obvious manner:
Proposition 2.4.5 holds, in particular, for I, the finite field with p elements.

Let A be any F,-algebra, and «, S non-zero elements in F,. Then

Thus we have

Proposition 2.4.6. Let A denote an F,-algebra, an odd prime, and o,

non-zero elements in F,. Then

(%) = ).

Proposition 2.4.6 is general enough for our purposes, but for the sake of
completeness we give a criterion for quaternion algebras and matrix algebras
over general commutative rings to coincide. This is achieved by generalising
O’Meara’s proof of Proposition 2.4.5, which hinges on the fact that in a finite
field F there exist elements &, 7, such that a = £2— 8n? (c.f. e. g. [23] p.147).

Proposition 2.4.7. Let R be a commutative ring, such that 2 is invertible.

Furthermore, let a, 8 be invertible elements in R. If there exist elements
£,m € R, such that €2 — Bn? = a. Then

<O"—Rﬁ> ~ My(R).

Proof. Note, the map ¢ : (%) — Ms(R) defined by

s0(1)=<(1) ?) w(w)Z(_;n _7’§>,

(01 o) = pn &
w(y)—<50>790(y) <B€ _577),
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is an algebra-homomorphism. Moreover, a standard calculation bears that

© is an isomorphism whenever «, (3, 2 are invertible. O
Finally, we classify C(Agpn)).

Theorem 2.4.8.
C(A(pm)) >~ My(A) V).

(psm)

In particular,
m

C<A(p,n)) = HM2 (Fp[x]/qde(:U))

i=1
for distinct monic irreducible polynomials q;(x) € Fylx], and natural numbers

d;.

Proof. As we know from Proposition 2.2.2

B, = {1, (z+ e, (@2 4272, (@ 2]

pn)

is a basis for AZ as a [F,-algebra. Since 2 is invertible in F,, we may extend
p,n) p P
this to

B = {]" (J,‘ +l’_1), ) ($n—1 + ‘,L.—(n—l))’ ‘,L,n’ (.’L’ - 37_1)a ) (l'n_l — .’L'_(n_l))}a

which is a basis for A, ,,) over IF,,, and make the following observation: Defin-

ing w := 2", we calculate
(zF 4+ 27 F)w = (2% + 27F)a" = 2" TF gk = gk (R
where 1 <k <n-—1. So
B={1,(z+z7Y), -, (@ 42 ") w, (z+z Hw, -, (@ T+ "D},

in the new symbols. This allows us to identify A as Apn) = A,y +
A'Y

(pm) - So the action of v on A, is entirely described by its action on w,
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= —2" = —w. Thus, by definition,

1, -1
C(A(pvn)> ( AT ) :
(p,n)

But Azp n 18 a Fp-algebra, so by Proportion 2.4.6

which is y(w) = y(2") = 2~

C<A(p7” ) M2 (A(p n))

Furthermore, by Theorem 2.2.4, we know that

(pn glj[ /ql );

for distinct monic irreducible polynomials ¢;(x) € F,[z], and natural numbers
d;. This proves the claim.
[

The following is an immediate corollary:

Theorem 2.4.9. For any group G,

pn) HM2 /qz ))[ J-

Proof. The result follows by applying the functor — ® Z[G] on both sides of

the isomorphism in Theorem 2.4.8. ]
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Chapter 3

Stably-free cancellation

3.1 Projective modules

Given a ring R, we let 9¥(R) be the category whose objects are finitely
generated (right) R-modules together with R-linear maps as morphisms. We
remind ourselves that an object F' € M(R) is said to be free when it has an
N-element basis, for some natural number N or equivalently when M = RV,
that is the N-ary Cartesian product of R (c.f. e.g. [18] p. 20). We denote
the subcategory of M(R), consisting of free modules, by F(R). Moreover, an
object P € M(R) is said to be projective, if there exists a @ € M(R), such
that
P®Q=R",

for some natural number N. We denote the subcategory of 9(R), consisting
of projective modules, by B(R). We are interested in a particular type
of projective module, the so called stably-free module, that is an an object
S € M(R), such that

S @ RN = RN, (3.1)

35



for some natural numbers Ny, No. The subcategory of 9t(R), consisting of
stably-free modules, is denoted by &F(R). Clearly, we have

§(R) € 65(R) € P(R) < M(R).

Remark. The notions projective, free and stably-free can be defined irrespec-
tive of whether a module is finitely generated (c.f. e.g. [18] p. 17), but as in
the realm of this work we only consider finitely generated modules, we have
made this choice at a categorical level. It should be added, the properties
which we shall prove for finitely generated projective modules are not auto-

matic for their infinitely generated equivalents.

We define the rank of a free and a stably-free module, respectively. The
rank of a free module is defined to be the number of its basis elements.
This number is not necessarily unique. We say a ring R has invariant basis
number, or IBN| if every free module has a unique rank. Most known rings
possess the IBN condition. Furthermore, given S € GF(R), say S satisfies
(3.1); then we may define the rank of S by

’f’k(S) == N2 - Nl.

If R has IBN, rk(S) is a unique integer. But we need a stronger condition
to ensure that rk(S) is always positive. We say a ring R is weakly finite

whenever for any «, 8 € M,,(R),
af =1, = pa=1,

It is well known that (non-trivial) weakly finite rings have IBN (c.f. e.g. [4]
p. 143). Moreover, stably-free modules over a weakly finite ring necessarily
have a positive rank (c.f. e.g. [4] p. 143). We note, for any group G, the inte-
gral group-algebra Z[G| is weakly finite. This follows from [22] and the fact
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that subrings of weakly finite rings are again weakly finite (c.f. e.g. [4] p. 144).

Given a ring R, the set of isomorphism classes of free modules of rank
N only contains one element, that of RY. We write SFy(R), for the set of
isomorphism classes of stably-free modules of rank N over R, and say R has
stably-free cancellation whenever |[SFy(R)| = 1, for all N € N. Moreover,
the set of isomorphism classes of projective modules, albeit without a notion
of rank, is of course also non-trivial in general. Denote the set of isomor-
phism classes of projective modules over R by P(R). We say R is projective
free whenever any given projective R-module is free. Note, a projective free
ring has stably-free cancellation. Thus, given a ring R, the central question
of this chapter, as the name suggests, is whether SFy(R) is trivial. More
precisely: The aim is to show that C(A(,))[G] and Fy[Ds,, x G, for various

infinite groups G, have stably-free cancellation.

3.2 Preserving projective modules

We would like to be able to carry properties, such as stably-free cancellation
or being projective free, from one ring over to another. The first step is to
construct a functor between the categories of finitely generated modules over
the rings in question which preserves projective, stably-free or free modules,

respectively. Thus, consider the following:

Proposition (c.f. e.g. [18] p. 162) 3.2.1. Given two rings R, and S, let
F:M(R) — M(S), be a functor satisfying:

i) F(A@ B)=F(A)® F(B), for any A, B € M(R);

i) F(R) € P(S).

Then F restricts to a functor B(R) — P(5). If, in fact, F(R) € §(9),
then F' also restricts to functors SF(R) — &F(S) and F(R) — F(5), respec-
tively.
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Proof. Given P € B(R), there exists ) € P(R), such that P & Q = R" for

some natural number n, but then by condition )
F(P)® F(Q)= F(R)".

By condition i) we have that F(R)" € P(S). Thus F(P) € PB(S). In the
special case F(R) € §(S), we have F(R)" € §(S) which yields the stronger
result. [

Remark. Note, any additive functor (for a definition see [21] p. 49) satisfies
condition i) above. In fact, additive functors preserve general co-products in

abelian categories (c.f. e.g. [5] p. 78).

Proposition 3.2.2. The following four functors satisfy Proposition 3.2.1.

i) Given a ring homomorphism ¢ : R — R', then there is a functor ¢, :
M(R) — M(R') defined as follows: For any object M € M(R), and m € M,
define p.(M) by

m— m @y, 1.

For any two objects M,N € M(R), and f € Homp(M,N)

Pl f) = f @, Ldp.

i1) Let x!_|R; be a cartesian product of rings. Then, for 1 < i < [ the
canonical projection w; : Xélei — R; induces a functor v; : M(R;) —
M(x_ R;): For any object M; € M(R;), m € M; and r € x'_|R; define an
xélei action on M; by

m.r = m.m;(r).

We write 1;(M;) when we interpret M; as a right R-module. Then for any
two objects M,N € M(R;) and f € Homp, (M, N)

u(f) = f.
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iii) Let R be a ring and M, (R) the ring of n X n matrices with entries in R.
Further, let R™™ and R™*' be the usual row and column vectors, respectively.
There are functors Fiy, : M(R) — M (M, (R)), and F,x1 : M(M,(R)) —
M(R), defined as follows: For any object M € IM(R),

Fiun(M) =M ®pg Rx™,
For any two objects M,N € M(R), and f € Homg(M,N),

Fiun(f) = f ®r Idgixn.
Conversely, given an object M € M (M, (R)),
Fox1(M) = M @y, ry BV
For any two objects M,N € M (M, (R)), and f € Homp,ry(M,N),

len(f) - f ®Mn(R) Ianxl.

Proof. 1t is well known that tensors distribute over direct sums, thus the
functors in 4) and i) satisfy condition i) of Proposition 3.2.1. To see that
the same holds for 2; : M(R;) — M(x'_ R;), note that the x!_, R;-action
is defined component-wise on M @ N, for arbitrary objects M,N € 9M(R;).
Moreover, we have

p"(R) =5 €3(9),
u(R;) = Ry € P(xi_i Ry),
Fiyn(R) = RV € P (Mo(R))
Fut (Ma(R)) = R € §(R).
Thus all functors satisfy condition i), as well. O

Remark. All functors in Proposition 3.2.2 are special cases of the functors
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defined in [18] p. 162-163.

Proposition 3.2.2 i) equips us with a functor precisely tailored to com-
pare modules over cartesian products, with those over the individual terms in
the product. Similarly, the functors given in 7i7) compare modules over a ring
with those over the respective matrix algebra. However, the functor given in
i) is more general, in the sense that it is induced by any ring-homomorphism.

We start with an application on ring-isomorphisms.

Proposition 3.2.3. Let ¢ : R = R be a ring-isomorphism; then R has
stably-free cancellation (is projective free), if and only if R has stably-free

cancellation (is projective free).

Proof. Suppose R’ has stably-free cancellation. Note, ¢! o ¢ = Idr. Thus

for a stably-free module S over R we have

S = (p 0 @)(S) = L. (9(9)).

By Proposition 3.2.2 ¢.(S) € 6F(R’'), so by assumption ¢, (S5) is free. But
then, again by Proposition 3.2.2, o1, (0.(S)) = S is free. A similar argu-
ment applied to the map ¢ o =1 = Idg yields the converse. Moreover, the

statement for projective free rings is proven analogously . ]

Given a surjective ring-homomorphism R — R’, we ask: Can 9(R) be
parametrised by M(R’)? A a partial answer can be given, using the following

proposition

Proposition 3.2.4. If I is a radical ideal of a ring R, then the functor
e M(R) — M(R/I), induced by the canonical surjection p : R — R/I,
gives an injective map

P(R) — P(R/I).

That is, given two projective modules P, Q € P(R), such that P/IP = Q/I1Q
as R/I-modules, then P = @) as R-modules.
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Proof. See [18] p. 182. O
As a corollary we have

Proposition 3.2.5. Let ¢ : R — R' be a surjective ring-homomorphism
with nilpotent kernel. Then if R’ has stably-free cancellation (is projective
free), the same holds true for R.

Proof. First, note that any nilpotent (right) ideal is automatically radi-
cal (c.f. e.g. [18] p. 180). Moreover, R = R/ker(y), thus, by Proposi-
tion 3.2.3, R’ having stably-free cancellation (being projective free) implies
R/ker(yp) has stably-free cancellation (is projective free). First, assume R’
has stably-free cancellation, then, by Proposition 3.2.4, 1 < |SFy(R)| <
|ISFn (R/ker(¢))| = 1, i.e. R has stably-free cancellation. If moreover, R’
is projective free, then for any P € P(R) there exists a natural number N,
such that
P/IP = (R/ker(p))" = R" [ker()R",

and, again by Proposition 3.2.4, P = RV, O
Next, we consider cartesian products.

Proposition 3.2.6. Let R = x!_| R; be a ring-isomorphism. Then, R has
stably-free cancellation, if each R; has stably-free cancellation for 1 < <1.

Proof. Let S be a stably-free module of rank N over x!_, R;, by Proposition
3.2.2, m;,(S) € 6F(R;). Thus, by assumption it is free for all 1 < i <1, i.e.

mi.(S) = RY.
Now, note that every module M over x'_, R; can be written as

M = @ézlli (T (M)) .

41



So @l_, (1; 0 m;,) is the identity morphism on 9¥(R). But then,

S = @y (uom,) (5) X &l RY = ($lR)”
i.e. S is free of rank N. Finally, by Proposition 3.2.3 , x!_, R; has stably-free
cancellation if and only if so has R. [

We move on to consider matrix rings. We shall need the original version

of Morita’s theorem, i.e.

Proposition 3.2.7. Let R be a ring and m, n natural numbers. There exists
an isomorphism of M,,(R), M,(R)-bimodules

Rmxn ®Mn(R) Rnxm ~ Mm(R),
given by the map

M ® N — MN,

for any M € M(R™™), and N € M(R"™*™).
Proof. See [18] p. 166. O

Recall, two rings are said to be Morita equivalent whenever there exists an
equivalence of categories between the category of finitely generated (right)
modules of one ring and that of the other (c.f. e.g. [4] p. 139). Note,
Morita’s theorem (Proposition 3.2.7) shows that, for any ring R, 9(R) and
M (M, (R)) are equivalent, since

(Fux1 0 Fisn)(M) =M ®@p R @,y R 2 M ®@p R M.
(R)

Similarly, given N € I (M,,(R)), we get (Fixn o Fox1)(N) = N. As we have
already shown in Proposition 3.2.2 the functors Fiy,, F,x1 restrict to the
categories of finitely generated projective modules, so the above statement
yields that also B(R) and P (M, (R)) are equivalent. In fact, by the general
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version of Morita’s theorem (c.f. e.g. [5] p. 231) the same holds true for any
pair of Morita equivalent rings. However, the equivalence of the categories
PB(R), and P (M, (R)) is not strong enough for our purposes. For example,
assume R is projective free, then it is not true that M, (R) is also projective
free, as R'™ is a non-free projective, right M, (R)-module. Nevertheless, the
functor F,,«; restricts to a functor on free modules, as we have seen in (3.5).

It is this intrinsic property of F,.; which allows us to prove the following

Proposition 3.2.8. Let n be a natural number, R a ring, and M,(R) the
n X n matriz-algebra over it. If R has stably-free cancellation, then so does
also M, (R).

Proof. Let S be a stably-free module of rank N over M, (R). Note, by (3.5),
Fox1 (M,(R)) =2 R", thus F,«1(S) is a stably-free R-module of rank nN.
But, by assumption, R has stably-free cancellation, i.e. Fjx1(S) = RV,
Now, by Proposition 3.2.7, we know that (Fix, o F,,x1)(S) = S. Moreover,
Fixn(R) = R™™ as we have already seen in (3.4) and clearly (R'")" =
M, (R), as right M, (R)-modules. Therefore, we have

S 2 (Fiun © Frx1)(S) & Fren (R™) = (R7")™ 2 (M, (R))"

i.e. S is free of rank . O]

3.3 Rings with stably-free cancellation

We say a group G is of type F, if it is free on m > 2 generators or free
abelian on n > 1 generators. Our main aim in this section is to prove that
both C(Ag,n))[G] and Fy[ Dy, x G|, with G a group of type F, have stably-
free cancellation. In order to do so, we need a source of simpler algebras
over type F groups, with stably free cancellation. Thus we first review some

important and famous examples from the literature.

43



Theorem (Bass, 1964) 3.3.1. Let G be a free group (or monoid), let R
be a principal ideal domain. Then finitely generated projective right (or left)
R[G]-modules are free.

Proof. See [2]. O

Remark. Tt should be added that Sheshadri, in 1958, motivated by the fa-
mous conjecture of Serre ([26] p. 243), proved a special case of the above
statement ([27]), assuming that G is a monoid on one generator (i.e. R[G],
the polynomial ring in one indeterminate, with coefficients in R). Moreover,
in 1963, Cohn proved for a commutative field R and a free group G that
R[G] is a free ideal ring ([6], p. 68). Now it is known that free ideal rings, i. e.
integral domains in which every right ideal is free as a module, are projective

free (c.f. e.g. [6] p. 49).

An analogous version of Theorem 3.3.1 for free abelian groups can de-

duced using Quillen’s solution ([25]) to Serre’s Conjecture, that is

Theorem 3.3.2. Let G be a free abelian group (or monoid), let R be a
commutative principal ideal domain. Then finitely generated projective right

(or left) R[|G]-modules are free.
Proof. See [16] p. 147. O

By theorems 3.3.1 and 3.3.2 it is clear that R[G] is projective free whenever
G is a group of type F and R a commutative principal ideal domain. Before

proving the main theorems of this chapter we shall need the following lemma

Lemma 3.3.3. Let F be a field, m(x) and irreducible polynomial in F|x] and
d > 1 a natural number. Then F[z]/ (m(x)?) [G] is projective free whenever
G is of type F.

Proof. First consider the case d = 1. Since m(z) is irreducible, F[x]/ (m(z))

is a field, and by theorems 3.3.1, 3.3.2 the statement holds. If d > 1, let
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p: Flzl/ (m*(x)) — Fla]/ (m(z))

be the canonical surjection. Note, ker(p) = (m(x)), i.e. the principal ideal
generated by m(z). Evidently, in F[z]/ (m?(z)) we have m?(z) = 0. There-

fore ker(p)? = 0, i.e. it is nilpotent. We induce a map

P Flzl/ (m*(2)) [G] = Fla]/ (m(2)) [G]

by putting p* = p ®z Idzig. Then p* is surjective, since tensoring preserves

surjective maps. Moreover,
ker(p*) = ker(p) ® Z|G] = (m(z)) ® Z|G] (3.6)

Now, since ker(p)¢ = 0, (3.6) implies ker(p*)¢ = 0. So p* is a surjective map,
with nilpotent kernel, onto a ring which is projective free, as the case d =1
establishes. By Proposition 3.2.5 F[z]/ (m(xz)?) [G] is projective free. O

Theorem 3.3.4. C(Apn))|G] has stably-free cancellation whenever G is of
type F.

Proof. By Theorem 2.4.9, there exist natural numbers m, d; and irreducible

polynomials g;(x) in F,[z], such that
CApm)IG) = [ ] Mo (Byla]/ (¢ ()) [G1)

for any group G. Now by Lemma 3.3.3 each F,[z]/ (qzd(x)) [G] is projective
free, and therefore has stably-free cancellation. Proposition 3.2.8 implies that
cach factor M, (F,[z]/ (¢ (7)) [G]) has stably-free cancellation. But then,
by Proposition 3.2.6, so does also C(A,))[G], being isomorphic to a product

of rings with stably free cancellation. O]

Next we consider Fy[Ds, x GJ, with G of type F. We shall need the
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following

Lemma 3.3.5. Let k > 3 be an odd number and s > 1 an integer. There

erists a surjective map
T FQ[DQS-Hk] — FQ [Dst],

with nilpotent kernel.

Proof. In Fylz], (#2% —1) = (22" '* — 1)?, for any integer [. In particular,

(22 — 1) = (#¥ % — 1)2, and there exists a canonical surjection
p: Fafa]/(a¥* = 1) = Folz]/(2*F = 1),

with kernel ker(p) = (z¥ '* —1). Now by (2.8) in Chapter 2, we know
Fy[Dasy| = Co (Fo[Cas-1x],7, 1). Furthermore, since poy = vyop and p(1) = 1,
we see that p is a cyclic ring-homomorphism. Therefore, by Proposition 2.1.2,
p induces a surjective map

T F2[D23+1k-] — Fy [D25k]7
with kernel

ker(m) =kerp+ykerp = (22 F — 1) +y(a® *F - 1).

We claim ker(m)? = 0, i.e. ker(r) is nilpotent. Given any two elements in
ki, ko € ker(m), say

ko= (@ = D fie) +y@ = Do),

by = (2*F = 1) folz) +y(@®F — Dgs(a),
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with fi(x), g;(x) € Fylz]/(22"*—1). Then, as (x2s_1k)2 = 1lin Fylx]/(2%*—1),
DT =@ P ) ey@® 1) = @ ). (3.7)

In other words, the elements ($23_1k — 1) and y commute in Fo[Dgst15]. We

compute thus
kyks = F(z) (2 * = 1) = F(2).0 =0,
where F(z) € Fy[Dys+1;] denotes the element

F(z) = fi(z)fo(z) + fi(2)yge(z) + yo1(x) f2(x) + yg1 (2)yga(z).
0

Theorem 3.3.6. Fo[Dy, x G] has stably-free cancellation whenever G is of
type F.

Proof. Write 2n = 2°k, for a natural number s > 1 and odd number k£ > 3.
We prove the statement by induction on s. Thus consider the case s = 1, by
Theorem 2.3.5

Fo[ Doy, x G] 2 (Folz]/(2? — 1)) [G] x HM2 (Fyu, [G])

for any group G. But then, observing that (z? — 1) = (z — 1)? in Fy[z],
a similar proof as in Theorem 3.3.4 shows that Fo[Dy, x G| has stably free
cancellation. Next assume the statement holds for s = ¢, and consider the

case s = 0 + 1: By Lemma 3.3.5 we have a surjective map

7 1 Fo[Dgor1p] = Fa[Daoy],
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with nilpotent kernel. As in Lemma 3.3.3, we induce a ring homomorphism
7 Fy[Dasiry, X G] — Fa[Dasy, X G,
by putting 7* = 7 ®gz Idyzg. Then 7* is surjective. Moreover,
ker(m*) = ker(m) ® Z|G] (3.8)
Now, since ker(7) is nilpotent, (3.8) implies ker(7*) is nilpotent. So 7* is a
surjective map, with nilpotent kernel, onto Fy[Dss x G, a ring which has

stably-free cancellation by the inductive hypothesis. By Proposition 3.2.5

Fy[Dags+1;, X G also has stably-free cancellation. O
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Chapter 4

Weakly Euclidean rings

4.1 Basic definitions

In this section we discuss so called weakly Fuclidean rings which sometimes
in the literature are referred to as generalised Fuclidean rings (e. g. see [7]).
We start by giving a few elementary definitions (for a comparison see [18§]
p. 319-321). Given a ring R and a natural number n, denote by M, (R) the
ring of n X n matrices with entries in R. Let ¢;; be the n X n matrix over R
with the only non-zero entry at the ¢, j-th position, where it is 1g. It is well
known that these ¢;;’s, usually called matriz units, form a basis for M, (R)
as a right (or left) module over R . It can easily be calculated that matrix

units multiply according to the rule:

0 if 7#k
€€kl = . J,# (4.1)
€l if ] = k

Furthermore, the group of units under matrix multiplication of M, (R) is
called the general linear group of R, abbreviated to GL,(R). We are in-
terested in certain subgroups of GL,(R). Firstly, the elementary matrices

E,(R), i. e. the subgroup consisting of all finite words t; ... tx, where each ¢;
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is an elementary transvection. Here, by an elementary transvection we mean
a matrix of the form e;;(r) = I,, + re;;, where I,, as usual denotes the n x n
identity matrix, r is any element in R and ¢ # j for some 1 < 7,7 < n.
Indeed, E,(R) is a subgroup of GL,(R), as each elementary transvection
e;;(r) has inverse e;;(r)~!' = e;;(—r). Next we consider the subgroup of di-
agonal matrices denoted by D, (R). This subgroup consists of all products
di(uy)...dp(uy,), where d;(u;) = I, + (u; — 1)€;; with u; € R* (as usual R*
denotes the group of units in R). Writing diag(us, ..., u,) for the diagonal
matrix with unit entry wu; at 4,i-th position, we may equivalently describe
D,,(R) as the subgroup of GL,(R) which consists of all matrices of the form

diag(uy, ..., uy,), as
diag(uy, ..., uy) = di(uq) ... dy(uy). (4.2)

Finally, we consider the set of all finite length products where each term
is either of the form e;;(r) or d;(u), where r € R and u € R*. By the
above discussion it is clear that these products also make up a subgroup of
Gl,(R). We shall call this subgroup the restricted linear group and denote it
by GE,(R). Observe that

eij(ur) it k=1
de(w)ey(r)dp(u)™ =< ey (ru™) if k=3 (4.3)
eij(r) it k¢ {i,j}.

Therefore, D,(R) normalizes E,(R), and we have

Proposition 4.1.1.

Furthermore, define

pe(u) = ep(—w)ers(u Hep (—uw)er (e (—1)er (1).
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Then for any v € R* we have di(u) = dy(u)pr(u). So for uy, ..., u, in R*, by
(4.2),
diag(uy, ..., u,) = dy(ur)dy (ug)pa(uz) . .. di(tn)pn(ty,). (4.4)

Now by observation (4.3), given an element E in E,(R) and a unit u € R*
there exists ' € F,(R) such that E dy(u) = dx(u)E’. Evidently, each p;(u;)
is an element in £, (R), and therefore the right-hand side of Equation (4.4)

may be rewritten as
diag(uy, ..., uy) =dy(uy)...dy(up)E =dy(uy ... u,)E, (4.5)

for some E in E,(R). Now by Proposition 4.1.1 every element in GE,(R)
may be written as diag(ui, ..., u,)FE, for some E in E,(R) and uy, ..., u, in
R*. But by (4.5) there exists an E’ in E,(R), such that diag(uy,...,u,)FE =

di(uy ... u,)E'E. We formulate this observation as

Proposition 4.1.2.
GE,(R) = di(R")En(R).

Here di(R*) denotes the set of all elements dy(u), with u in R*.

We say a ring R is weakly Euclidean if its the restricted linear group exhausts

its general linear group, in other words, whenever GL,,(R) = GE,(R).

4.2 Examples of weakly Euclidean rings

Having defined the notion of a weakly Euclidean ring, the natural question

to ask is: Which rings are weakly Euclidean? As a first result we have
Theorem 4.2.1. Every Euclidean domain is weakly Fuclidean.

Proof. The proof is simply the existence proof of the Smith normal form in

the case of a Euclidean domain (c.f. e.g. [9] p. 80). O

Dieudonné considers (possibly non-commutative) division rings in [8] p. 29:
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Theorem 4.2.2. Fvery division ring is weakly Euclidean.
Klingenberg elaborates on Dieudonné’s result in [15] p. 76, showing:

Theorem 4.2.3. Fvery local ring, possibly non-commutative, is weakly Eu-

clidean.

The following result by Cohn (see [7] p.373) is particularly important,
as it will enable us to recognise all relevant examples of weakly Fuclidean

domains.

Theorem 4.2.4. Let G be a free group, and k a field. Then the group algebra
k[G] is weakly Euclidean.

In fact, Cohn gives examples of several different classes of weakly Fuclidean
rings in [7]. However, these classes do not necessarily encompass the specific

rings we encounter in the scope of this thesis.

4.3 Recognition criteria

We will now review a few recognition criteria particularly useful to us.

Proposition 4.3.1. The direct product of a finite number of weakly Eu-

clidean rings is again weakly Fuclidean.
Proof. See (3.1) in [7], p. 371. O

Proposition 4.3.2. Let R be weakly Fuclidean; then My(R), the ring of

k x k matrices over R, is again weakly Euclidean.

Proof. Given X € GL,(My(R)) then clearly X € GL,x(R). But R is weakly
Euclidean, thus
X =DFE

Y
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for some D € D,x(R), E € E,x(R). Firstly, consider D. As an element in
G Ly, (R) it has the form

D = diag(uy, ..., un),
for uy, ..., uy € R*. Equivalently, as an element in GL,,(My(R)),
D= (Uy,...,U,),

where U; = diag(u(—1)k+1, - - -, Wir), and clearly U; € GLi(R). Therefore, D
is an element in D, (My(R)). Moreover, E, viewed as an element in E,;(R),
is a finite product of elementary transvections e; ;(s), with 1 < i,57 < nk,
i#j,s € R. Now, view e; ;(s) = I; + s€;; as an element in GL,(M(R)).
First, suppose the (i,7)-th entry is inside one of the blocks in the k x k-
block-diagonal, say it is in the (A, A)-th block. But then the block containing
the (7, )-th entry is of the form e,,(s) € GLy(R), 1 < 1,5 < k, with 2 # .
Therefore,
e j(s) = diag(Iy, ..., Ix,e,,(s), Iy, ..., Ix)
A—1

which is an element in D, (M(R)). If, however, the (i,j)-th entry is not
inside one of the blocks in the k x k-block-diagonal, then it is in the (¢, k)-th
block, 1 <,k < n, with ¢ # k. Denoting this block by By, it is clear that

eij(s) = e.x(Bs)

which is an element in FE, (My(R)). In either case F is a finite product in
GE,(My(R)), thus so is also X = DE. O

The next criterion, due to Johnson (c.f. [12]), requires some work to
establish. We start with a definition. A ring homomorphism ¢ : A — B has
the lifting property for units if
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i) the induced map ¢* : A* — B* on the unit groups A*,
B* is surjective.
We say ¢ has the strong lifting property for units, if additionally the following
holds

i1) given a € A such that p(a) € B*, then a € A*.

Theorem 4.3.3. Let p : R — S be a surjective ring homomorphism with

strong lifting for units; then if S is weakly Fuclidean, so is also R.
In order to prove this statement we shall need the following.

Lemma 4.3.4. Let p : R — S be a ring homomorphism with strong lifting for
units and let X be an element in GL,(R), such that o(X) = 1I,,. Then X €
GE,(R). Here ¢ : M,,(R) — M,(S) denotes induced ring homomorphism by

applying ¢ componentwise.

Proof. The result is proved by induction on n. Note the case n=1 is trivial,
thus we assume n > 2 in what follows. We write X = (z;;). Since p(z,,) = 1,
condition i) of the strong lifting property implies that z,,, € R*, and we may
define

D := D:=diag(1,...,1,2,})
n—1
n—1
By = Hern( xrnxmb
r=1
n—1
E_ = enr(_mgéxnr)a

r=1

ie.D,E., E_ € GE,(R). A straightforward calculation and an abuse of the

diag(ay, . ..,a,)-notation yield
E,XE_D = diag(X',1), (4.6)
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for some X’ € GL,_1(R). Furthermore, since ¢(x,,) = ¢(x,,) =0 for r <n
and p(z,!) = ©(2,,) = 1, we have that

p(Ey) = 9(BE-) = ¢(D) = I,.

This implies that p(E, XE_D) = I,, and hence that o(X’) = I,,_;. Now
rewriting (4.6) gives

X = E-'diag(X',1)E;' D™,

with EZ',E;', D! € GE,(R). It remains to show that diag(X’,1) €
GE,(R). If n = 2 the statement clearly holds as X' € GL;(R) = R*.
Next consider the case n = k, i.e. X' € GLy_1(R), such that ¢(X') =
I;._1. Therefore, by the inductive hypothesis X’ € GFE_1, but then clearly
diag(X',1) € GER(R). O

We prove Theorem 4.3.3.

Proof. Given X € GL,(R), our hypothesis implies o(X) € GL,(S) =
GE,(S), and thus may be written as ¢(X) = diag(uq,...,u,)FE, for some
Uy, ..., u, € S* and E € E,(S). Now condition i) of the strong lifting prop-
erty allows us to choose u,...u,, € R*, such that ¢(u}) = u;. Furthermore,

E by definition, is a finite product of elementary transvections

E =]]ey, (k).
r=1

with &k, € S. By the surjectivity of ¢, for each term e;; (k,) in E we can find
ey, (k) with k. € R such that ¢(e;; (k.)) = ei; (k;). Then clearly for

E' =[] e, (k)
r=1
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we have p(E') = E, and E’ € E,(R). Therefore, if we define

W E

Y :=diag(uy, ..., u
then o(Y) = p(X) as well as Y € GE,(R). But then

(XY ) = o(X)p(Y) ™ = o(X)p(X) ! = I,

and Lemma 4.2.1 implies
Xy '=2 (4.7)

for some Z € GE,(R). Multiplying (4.7) with Y on the right, we see that
X =2Y € GE,(R), as Z and Y are in GE,(R). O

Remark. Recognition criterion 4.3.3 allows us to give a simple proof of Klin-
genberg’s result (Theorem 4.2.3): Let R be a local ring with maximal ideal
m. Then the canonical map p : R — R/m has strong lifting (all non-units in
R map to zero). Now R/m is a division ring, thus by Theorem 4.2.2 weakly
Euclidean, and the result follows by Theorem 4.3.3.

4.4 Further examples of weakly Euclidean rings

Let [F, denote the field with p elements, for a prime p. We consider a special

case of strong lifting of units involving IF,-algebras.

Proposition 4.4.1. Let A be an [F,-algebra, and let ¢ : A — B be a surjec-

tive ring homomorphism with nilpotent kernel. Then ¢ has the strong lifting

property.

Proof. Since ¢ is surjective, it is enough to prove that condition ii) of the
strong lifting property holds. Thus assume a € A such that ¢(a) € B*. Let
b € B* be its inverse, with preimage 0’ € A under ¢, i.e. p(b') = b. Then the
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equations p(a)b = 1, and bp(a) = 1, in B, may be lifted to equations

Clb/ = 1+]€1
b,CL = 1+l€2

in A, where ki, ky € kerp. By assumption, there exists a natural number
m with k7" = k' = 0. Choose n such that p” > m. But then, as A is an
F,-algebra

(ab )" = (1+ k)" =17 + k" = 1.

Similarly (0'a)P” = 1. Therefore, a has inverse b/ (ab')?"~! = (V'a)?" ¥, and

a € A*. O

We turn to the cyclic group algebras already discussed in Chapter 2. First
we consider C(A¢»))[G], for a free group G. Analogously to Theorem 3.3.4

we prove
Theorem 4.4.2. C(A(,,))[G] is weakly Euclidean whenever G is a free group.

Proof. By Theorem 2.4.9, there exist natural numbers m, d; and irreducible

polynomials ¢;(x) in F,[z], such that

m

C(Apm)[G] = [ [ M (Fyl2]/ (¢ (2)) [G)) .
i=1
for any group GG. Now by the proof of Lemma 3.3.3 there exist surjective
maps

pi  Fplzl/ (¢*(2)) [G] = Fylal/ (a:(x)) [G],

with nilpotent kernel, for 1 < ¢ < m. By Proposition 4.4.1 all p! have
the strong lifting property. Also each F,[z|/ (¢:(z)) is a field, as ¢;(z) is
irreducible. Therefore, by Theorem 4.2.4, each F,[x]/ (¢:(x)) [G] is weakly
Euclidean whenever G is a free group. But then, by Theorem 4.3.3, so is
also F,[z]/ (qfi ()) [G], for 1 < i < m and G a free group. Furthermore,
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Proposition 4.3.2 implies that each factor M, (F,[z]/ (qf(m)) [G]) is weakly
Euclidean. Finally, by Proposition 4.3.1, so is also C(A(,)[G], being iso-

morphic to a finite product of weakly Euclidean rings. O]
Finally, we consider the group algebra Fy[Dy, x G|, for a free group G

Theorem 4.4.3. The group algebra Fy[ Do, X G] is weakly Fuclidean when-

ever G is a free group.

Proof. Similarly to Theorem 3.3.6, this theorem is proven by induction on
s > 1, where 2n = 2k, for an odd number £ > 3. Thus consider the case
s =1, by Theorem 2.3.5

Fa[Dax x G] = (Fa[z]/(2* = 1)) [G] x [ [ Mz (Fou.[G))

=1

for any group G. But then, observing that (z*> — 1) = (z — 1)? in Fy[x], a
similar proof as in Theorem 4.4.2 shows that Fy[Dyy. x G] is weakly Euclidean
whenever G is a free group. Next assume the statement hold for s = o, and
consider the case s = o + 1: By the proof of Theorem 3.3.6 there exists a

surjective map

o ]FQ[.DQS+1k X G] — FQ[DQSk X G]

with nilpotent kernel. Then Proposition 4.4.1 implies that 7* has the strong
lifting property. Now by the inductive hypothesis Fo[Dosp x G] is weakly
Euclidean. But then, by Theorem 4.3.3, so is also Fo[Das+1; x GJ. O

58



Chapter 5

Fibre squares

5.1 Fibre squares of cyclic algebras

We start by defining a fibre square: Let

A— Al
p+l lw- (5.1)

Ay T A
be a commutative square of ring-homomorphisms. We say (5.1) is a fibre
square, if for each pair (Ay,A\_) € Ay x A_ with ¢ (A1) = p_(A_) there
exists exactly one A € A, such that p,(\) = Ay, p_(A) = A_. Moreover,
we call A the fibre product of Ay and A_ over Ag. There is an equivalent

description of fibre squares given by

Proposition (c.f. e.g. [18] p. 435) 5.1.1. The following are equivalent

i) (5.1) is a fibre square

i1) there exists an exact sequence of additive groups

(Zf) (p+—p-)
0 A AL A ——5 A (5.2)
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Proof. Note, im(ﬁf) C ker(¢p4+ — ¢-), if and only if (5.1) commutes. More-
over, ker(py —p_) Cim (gf), if and only if for each pair (A4, A_) € Ay x A
with ¢ (A1) = ¢_(A_) there exists one A € A, such that p,(\) = A,
p—(A) = A_. Finally, there exists exactly one such A, if and only if (Zf ) is

injective. O

Now assume we are given cyclic algebras C, (A, s,a), C, (A4, s, a4),
Cn(A_,s_,a_) and C, (Ao, s, ag) together with a fibre square of cyclic ring-
homomorphisms

A —sA_

Ay s A

By Proposition 5.1.1 this is equivalent to saying there exists an exact sequence

of additive groups

0 A Ay @A 0Py

But r.,7_, p+ and p_ are cyclic ring-homomorphisms, thus by propositions

2.1.1 and 2.1.2 they induce an exact sequence of additive groups

() (r—m_)

0—=Cn(A,s,a) —=C, (Ay,54,a4) BC, (A, s_,a_) —=C,, (Ao, 0, a0) -
Then applying Proposition 5.1.1 again we see that there exists a fibre square

Co (A, s,a) —C, (A_,s_,a_)

’”l iﬂ

Cn (A+> S+, a+) Lcn (Ao, 50, Clo)
Thus we have

Proposition 5.1.2. A fibre square of cyclic ring-homomorphisms induces a
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fibre square of the associated cyclic algebras.

Let G be a group then the algebra Z|G] is free as a two-sided Z-module.
It is well known (c.f. e.g. [17] p. 162) that the functor — ®p P is exact for
any ring R and projective R-module P. Thus the functor — ® Z[G] is exact,
and by Proposition 5.1.1 applying — ® Z[G] to (5.1) yields

INCE== e
pr@ld p_®Id (5.3)
o1 ®Id

A [G] = Ao[G]

Proposition 5.1.3. Given a fibre square of ring-homomorphisms such as
(5.1) and a group G, the functor — @ Z|G] induces a fibre square of group-

algebra homomorphisms such as (5.3).

5.2 Examples of fibre squares

The following will be our source of fibre squares:

Proposition(c.f. e.g. [18] p. 435) 5.2.1. If I and J are ideals of a ring

A, the square of canonical maps

AJ(IN ) AT
AJI AJ(I+ )

is a fibre square. In particular, all maps are automatically surjective.

We want to apply Proposition 5.1.1 to the ring Z[z], i. e. the ring of polynomi-

als in one indeterminate, with integer coefficients. It is well known that Z[x]
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is a unique factorisation domain. Thus the following result on commutative

unique factorisation domains will prove to be useful (c.f. e.g. [3] p. 502)

Proposition 5.2.2. Let a1, as be two elements in a commutative unique
factorisation domain R. Write (ay)N(az) for the intersection of the principal

1deals generated by a; and as, respectively. Then

(a1) N (az) = (lem(ay, az)),

i. e. the principal ideal generated by the least common multiple of ay and as.

Consider the polynomial z*" — 1 € Z[z], for a natural number n. Evidently,
r?"—1 = (2" —1)(z"+1). Since, as we already noted in Chapter 2, 22" —1 =
I1 d2n ®,4, it is a product of distinct irreducible polynomials. In particular,
2" — 1, 2" + 1 are co-prime, and therefore lem(x™ — 1,2" + 1) = 2% — 1.
Moreover, it can easily be verified that (z" — 1) + (2" + 1) = (2™ — 1) 4 (2).
Thus, by propositions 5.2.1 and 5.2.2 we have a fibre square

Zlz]/(2*" = 1) ——Z[x]/(z" + 1)

i l (5.4)

Zlx]/(x" = 1) ——Fafa]/(a" — 1)

of canonical surjections. Now, by Proposition 2.1.3, we may define the usual
involution 7 on each of the rings in (5.4). Moreover, they commute with the
canonical surjections. Clearly, v fixes the elements 2", —1, 1, 1, in the rings
Zlx]/(z* —1), Z[z]/(z" + 1), Z[z]/(z" — 1), Fo[z] /(2™ — 1), respectively. By

Proposition 5.1.2 we have a fibre square

Co (Z[a)/(2*" = 1),7,2") —=Co (Z[x]/ (=" + 1),7,—1)

l l . (55)

Co (Z[x]/ (2" = 1),7,1) —Co (Fo[a] /(2" = 1),7,1)
We note that all maps are again surjective, since cyclic ring homomorphisms
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are exact functors (c.f. Proposition 2.1.2). Moreover, by the discussion
in Chapter 2, we recognise Cy (Z[z]/(z** — 1), 7, 2"), Co (Z[z]/(2z™ — 1), 7, 1),
and Cy (Folz]/ (2™ —1),7,1), as Z[Q4n), Z[Dsy| and Fa[Dy,], respectively. By
Proposition 5.1.3, applying the exact functor — ® Z[G], for any group G,
yields

Proposition 5.2.3. For any group G there exists a fibre square of surjective

ring-homomorphisms

ZIQun x G] —=C, (Z[z] /(2™ + 1),7, =1) [G]

l l . (5.6)

Z[DQn X G] FQ[DQn X G]

Note, in the fibre square (5.6) the only unknown ring is
Co (Z[x]/(z™ 4+ 1),7,—1) [G]. In order to understand this ring better, we shall

factorise it as a fibre product. We make the following restriction:
n = 2%k,

where k£ > 1 is odd and s > 1. Choose k’, a divisor of k, such that k& =
pk’, for some prime p, and consider the polynomial %% 4+ 1 € Z[z]. Note
#?F + 1 = [y ®as1a(2) and 2¥F 41 = [ Ly ®as+1a(z), s0 2¥F 1 divides

2% + 1. Moreover, if we define

then ¢(x) and 22°* + 1 are co-prime, and therefore lem(¢(z), 2% + 1) =

2% + 1. We make the following observation:
p . 3 . o p_l . o .
QZ5(CL’) _ Z(_l)z—i-lx?"(k—zk) _ (x?k + 1) Z(_l)z—klix?(k—(l-&-z)k) +p.
=1 =1

Thus (¢(z)) + (2% + 1) = (p) + (2*'¥ + 1), and by propositions 5.2.1 and
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5.2.2 we have a fibre square

Z[x) ) (2% + 1) — Z[z]/ (2** + 1)

l l (5.7)

Zlz)/ ($(x)) ——Fpla]/(2*™* +1)

of canonical surjections. Now, just as in the case of (5.4), we may define
v on each of the rings in (5.7), which in each case fixes the element -1.
Thus the canonical surjections become cyclic ring-homomorphisms, and, by
Proposition 5.1.2, induce a fibre square of cyclic algebras. Furthermore, for
a given group G we apply the exact functor — ® Z[G] which by Proposition
5.1.3 gives

Proposition 5.2.4. Let s, k, k', p and ¢(z) be defined as above. For any

group G, there exists a fibre square of surjective ring-homomorphisms

Ca (Z[a)/ (2" +1),7, ~1) [G] — Cs (Zlal/@®* +1),7,~1) [G]

l i . (5.8)

Cy (Z[x]/ (9(x)) v, =1) [G] C (A1) [G]

where C (A as—11)) [G] = Co (Fp[2]/(z** +1),7, —1) [G], as defined in (2.11),
Chapter 2.

A useful special case of Proposition 5.2.4 is given by:

Proposition 5.2.5. For any odd prime p, there exists a fibre square of sur-

jective ring-homomorphisms

CQ (Z[x]/(xQSp + 1)7 s _1) H'C2 (Z[§25+1}777 _1)

i i (5.9)

CQ (Z[C25+1p]7 e _1) ¢ (A(P72S_1))

64



Proof. Apply Proposition 5.2.4 with G =< Id >, the trivial group, k =
p, and k' = 1. Moreover, note that 2 + 1 = ®ge1(z) and 227 + 1 =
Post1 (). Post1,(), thus ¢(x) = Pgs+1,(x), by definition. O

5.3 Milnor patching

We close this chapter with a brief recapitulation on Milnor’s method of con-
structing projective modules over fibre products, by ‘patching’ projective
modules over the constituent factors (c.f. [20] p. 19-24). In our exposition
we shall specifically focus on so called locally free modules and the sufficient

condition, given by Milnor, for these to be projective. Thus, let

p+l lw (5.10)

Ay 2 A

be a fibre square of ring-homomorphisms. By Proposition 3.2.2 in Chapter
3, we know that each of the above ring-homomorphisms induces a functor
of the respective module categories. In particular these functors restrict to
the categories of finitely generated free, stably-free and projective modules,
respectively. So, for example p_ : A — A_ induces a functor p_, : M (A) —
M (A_), which preserves finitely generated free, stably-free and projective
modules, respectively. Thus, given a projective module P_ € B (A_) and a

projective module P, € P (Ay), such that there exists an isomorphism

hip  (P2) = ¢r, (Py),

as Ag-modules, define M (P_, P.,h) to be the additive subgroup of P_ &
P, consisting of all pairs (p_,p;), such that ho_ (p-) = ¢i.(p+). The
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corresponding fibre square of additive groups is given by

M (P_, Py, h) P

i ihw—* , (5.11)
Py e, (Py)

where the unlabelled arrows represent canonical maps. Moreover,

M (P_, P.,h) can be made into a right A-module via the following A-action

(p—,p+)A = (P—.p=(A), P+-p+(N)) -

We say M (P_, Py, h) is finitely generated locally free of rank N whenever
P~ AN and Py 2 AY. In such a case ¢ , (P,) & A", for 0 = +, —, and
thus h can be regarded as en element in GLy(Ag). So we define the set of

finitely generated locally free A-modules of rank N to be
LFn(A) = {M (A_Y ALY R) e GLyn(Mo)} -
In particular, we note (c.f. e.g. [18] p. 441):
M (AN AT 1d) = AN, (5.12)

The following gives a useful parametrisation of the isomorphism classes in
LZn(A)

Proposition (c.f. e.g. [18] p. 442) 5.3.1. Let h, ' € GLx(Ag). Then
M (AN AT n) = M (AN AT 1)
if and only if there exist a, € GLN(A,), for o =+, —, such that

W = p4(05 Yo (ao),
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where @, is applied entrywise. Thus writing LF n(A) for the set isomorphism

classes in £Fn(A), we see that

ILFNN)| = [p4 (GLN(AL))\GLNn(Ao)/ p- (GLN(A-))]

We say the fibre square (5.10) satisfies the patching condition whenever
L£Fn(A) € P(A). Moreover, let us call the fibre square (5.10) a Milnor
square whenever at least one of ¢_, 4 is surjective. In [20], p. 21, Milnor

first shows
Lemma 5.3.2. Milnor squares satisfy the patching condition.
He then continues to prove (c.f. [20] p. 23)

Theorem (Milnor) 5.3.3. If (5.10) satisfies the patching condition, then
M (P_,P.,h) € P(A). Moreover, it is finitely generated, and the modules
P, P, are naturally isomorphic to p_, (M (P_,P.,h)) and
pi. (M (P_, Py, h)), respectively. Conversely, given a projective module P €
B(A), there exist P~ € P(A-), Py € B(Ay) and h: o_, (P-) = o4, (Py),
such that P = M (P_, P, h).

Thus for the fibre squares discussed in the previous section we have

Proposition 5.3.4. The fibre squares (5.6), (5.8) and (5.9) are all Milnor
squares, in particular they satisfy the patching condition, and therefore also

Milnor’s theorem (5.3.3, above).

Remark. Swan points out in [28] p. 140 that there exist fibre squares which
are not Milnor squares, but still satisfy the patching condition. In partic-
ular, he mentions Karoubi squares. These are fibre squares which satisfy
E-surjectivity, a property which implies the patching condition. In fact,
Johnson has used Karoubi squares to show there exist infinitely many (iso-
morphically distinct) stably-free modules over the group-algebra Z[Qg x Cy]
(c.f. [14]).
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Chapter 6

Constructing and lifting

stably-free modules

6.1 Constructing stably free modules

As explained in the introduction, our main task is to produce infinitely many,
isomorphically distinct stably-free modules of rank 1 over the group-algebra
Z|Qs, % G], where n admits an odd divisor and G is of type F. Thus given
a Milnor square

A—s A
p+J/ lso— : (6.1)

Ay 25 A

we ask, what further conditions are necessary in order to construct infinitely
many, isomorphically distinct stably-free modules of rank one over the ring A.
Consider locally-free modules. We remind ourselves that the set of locally-

free modules of rank one over A is defined as

ESI(A) = {M (A—vA-Hh) the U(AO)}a
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where U(Ay) denotes the units in Ag. Moreover, by Proposition 5.3.1, the set
of isomorphism classes LF1(A) is parametrised by the bijective correspon-

dence
LF1(A) ¢ o+ (UML) \U(No)/ o (U(A-)).

As we know from Theorem 5.3.3 in the previous chapter, (6.1) being a Milnor
square ensures that £§;(A) C P(A). However, it is not automatically true
that every element in £§;(A) is stably free. Thus the following conditions
are sufficient to construct a set {S,}7°, C £§1(A), say S, = M (A_, A4, hy),

of isomorphically distinct stably-free modules of rank 1:

i) The set ¢4 (U(A4))\U(Ao)/ - (U(A-)) contains an infinite subset
{(h;)};2,. Equivalently, it is infinite.

ii) S, & A = A? for all n € N.

We follow an approach by Johnson to produce sufficient conditions on a
Milnor square for ¢) and i) to hold. Since we are interested in stably-free
modules over infinite group algebras, we shall restrict ourselves to precisely

that case. Thus let G be a group, and A a ring. As usual, an element z in

A[G] is a sum
xr = Z Ag9
geG
with all, but finitely many a, € A equal to zero. Let us define the support
of z, or Supp(z) for short, to be the finite subset of G consisting of elements
g, such that \; # 0inz = )
A[G] — N, by

gec Agg. Furthermore, we define a map x :

x — | Supp(x)|.

We say a unit in u € U (A[G]) is trivial whenever y(u) = 1. Evidently, this
is the case, if and only if u = A\, g, where A\, € U (A) and g € G. We denote
by T the subgroup of trivial units of U (A[G]). Note, there is a two-sided
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action of T on A[G], T x A[G] x T — A[G], given by
(U,l, x, Ug) — U1 TUS.
Given u = A\,g € T and = € A[G], we observe

Supp(ux) = gSupp(x); (6.2)
Supp(zu) = Supp(zx)g. (6.3)
Therefore, we have

Proposition 6.1.1. Given x and y in A[G], such that they are equivalent
elements in the set T\A[G]|/T then x(z) = x(y).

Proof. If x and y are equivalent in T\A[G]/T, then x = wu yus, for some
uy,us € T. But then by observations (6.2) and (6.3)

x(z) = x(uiyua) = x(y).

Next we prove

Proposition 6.1.2. Let G be an infinite group and A a ring which contains
a non-zero, nilpotent element; then the set T\U (A[G]) /T of double cosets

1s infinite. In particular, it has an infinite subset {(x(n,Jr)) 'n € N}, where

n—1

T(n4) = 1+ )‘Zgzv
=1

for distinct elements g; € G and X a non-zero element in A, such that \* = 0.

Proof. Since G is infinite we may choose a family of subsets G, =
{91,---,9n—1} C G — {Id}, such that |G,| = n — 1, for arbitrary n € N.
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Let us write z,, for the associated element

n—1
=1

in A[G]. Clearly, Supp(x,) = G,. Moreover, since A has a non-zero, nilpotent
element it contains an element A, such that A # 0, but A> = 0. Thus, writing

Tn4) = 1+ Az, and z(, ) = 1 — Az, we see
Tin)Tin—) = (L+Az,)(1 = Azy) =1 — N2l =1

and similarly ¢, yr(,4+) = 1. This shows that z, ) is a unit. Notice,
since Supp (a:(n,ﬂ) = 1UdG,, we have y (x(n7+)) = n. Writing (x(n7+))
for the class of z(, ) in T\U (A[G]) /T, suppose (Z(n1)) ~ (T(m4)), for
some m € N. Then Proposition 6.1.1 implies n = m. Therefore, the set
{(#(n,+)) :m € N} C T\U (A[G]) /T is infinite. O

We now consider examples of group algebras with trivial units, only. A
group G is said to be a two unique products group, or t.u.p.-group for short,
if, given any two nonempty, finite subsets A and B of G with |A| + |B| > 2,
there exist at least two distinct elements ¢ and h in G which have unique
representations in the form g = ab, h = cd, where a,c € A and b,d € B. We
note, every right ordered group is t.u.p. (c.f. e.g. [24], p. 588). Therefore,

free abelian groups are t.u.p.-groups.

Proposition 6.1.3. Let A be an integral domain, possibly non-commutative;

then for any t.u.p.-group G, NG| has only trivial units.

Note, a proof of Proposition 6.1.3, in the case when A is a field, is given
in [24], p. 589. The proof can without modification be extended to that of

Proposition 6.1.3. For the sake of completeness, we add a proof at this point.

Proof. Given z,y € A[G], with zy = 1 and yx = 1, note that assuming

x(x) = 1 implies x(y) = 1, as A has no non-trivial zero-divisors. Similarly,

71



if x(y) = 1, then x(z) = 1. Thus assume x(z) > 2, x(y) > 2. Put X =
Supp(x) and Y = Supp(y). Since G is a t.u.p.-group there exist distinct
1,92 € G which are uniquely represented in XY, say g1 = ab, go = cd,
where a,c € X and b,d € Y . Firstly, this implies that g;, g appear only
once, respectively, in the product xy. Moreover, since a,c and b,d are in
the support of x and y, respectively then ¢g; = ab, go = cd have non-zero
coefficients in xy, as A is an integral domain. Therefore, g1, g2 € Supp(zy),

and x(xy) > 2 which is a contradiction, since zy = 1. O

As discussed in Proposition 5.1.2, Chapter 5, a ring homomorphism ¢ : A —
A, and a group G, induce an algebra homomorphism ¢* : A[G] — A'[G],
where ¢* = ¢ ® Idyg. Thus, in the case of group algebras of t.u.p. groups,

a set of sufficient conditions for i) above to hold is given by

Theorem 6.1.4. For 0 = +,— let ¢, : Ay — Ay be ring homomorphisms
where A, is an integral domain, and Ay contains a non-trivial
nilpotent  element; then  for any tu.p. group G  the set
& (UALG)) \U(M[G))/ ¢ (U(A_[G])) has quotient T\U (Ao[G]) /T. In

particular, it is infinite.

Proof. As usual, let T denote the trivial units in U(Ao[G]). By Proposi-
tion 6.1.3 U(A,[G]) only has trivial units, and therefore ¥ (U(A,[G])) C T.
This implies that T\U (A¢[G])/T is indeed a quotient of
ot (UAL[G))\U(Ao[G])/ ¢ (U(A-[G])). Moreover, by Proposition 6.1.2,
T\U (Ao[G]) /T is infinite then by the above so is also
w1 (UALGD)\U(A[G])/ o7 (U(A-[G])). O

Next, we give sufficient conditions for ii) above to hold

Theorem 6.1.5. Given a Milnor square

A—Lm A

| |-

AL s A
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suppose Ag has a subring R, such that there exists a ring-isomorphism Ag =
My(R), i.e. Ag is isomorphic to the ring of 2 X 2 matrices over R. Then for
any r € R there exists a locally free module of rank one, S(r), over A, such
that

S(r) o A=A

Proof. For notational simplicity, we make the explicit identification Ay =
M;(R). Thus note, for any r € R, the element

1 01
1+rv= " €Ay, where v = ,
0 1 0 0

is a unit. We make the following definition
S(r)y:=M(A_A, 1+rv).
Now, it is not hard to see (c.f. e.g. [18], p. 440) that
S(riy@ A= M (A%, A7, (1+m)®1).

By Proposition 5.3.1 and (5.12) in Chapter 5, it remains to show

1 0 10
(1+rm)®l= i ~
0 1 01

in o (GLy(A4))\GL2(Ao)/ o (GLa(A-)). By assumption Ay = My(R),
and therefore every 2 x 2 matrix over Ay may equivalently be regarded as

4 x 4 matrix over R. In particular,

1 » 00
0100 ]| (1+r 0
0010 :< 0 1)'
0001
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Conversely the following invertible 4 x 4 matrices over R

o O O =
o O = O
o = O3
_ o O O
o O O =
O = = O
o = O O
o O O

may be regarded as the 2 x 2 elementary transvections (c.f. Chapter 4) over

Ag, i.e. o = ega(n), and [ = e9(v), where

r 0 01
e ’I/: GA
" (0 0) (0 0) 0

A simple computation yields

1 » 0O

01 00 1+rv 0O
e ea1(V)ea(—n)es (—v) = = .
12(77) 21()12( 77) 21( ) 0010 ( 0 1)

00 01

Also, since (6.1) is a Milnor square we may assume, without loss of generality,
that o, : A, — Ag is surjective. Therefore, there exist elements 7,0 € A,

such that ¢ (7) =n, ¢4 (7) = v. Thus applying ¢, entrywise, we see that

o1 (er2(N)ean(P)ern(—M)ean(=7)) =
o1 (e12(7)) 4 (a1 (P)) o (€12(=1)) 1 (e21(—7)) =

612( e21 612( 77621 ) =

()
(”“’°)~( )

i.e.



in ¢4 (GLa(A4)) \GL2(Ag)/ p— (GL2(A-)). O

We say ring A is constrained whenever it factorises as a Milnor square
such as (6.1), such that

(a) Ay, A_ are, possibly non-commutative, integral domains.
(b) A¢ has a subring R, such that there exists a ring isomorphism A, =

Ms(R), i.e. Ag is isomorphic to the ring of 2 x 2 matrices over R.

Theorem 6.1.6. Let A be a constrained ring and G a t.u.p group; then there
exists an infinite set, {S,}°2, of isomorphically distinct stably-free modules

of rank 1 over the group-algebra A|G].

Proof. Let us assume A has factorisation (6.1). By Proposition 5.1.3, Chapter
5, applying the functor — ® Z[G] to (6.1) induces a fibre square of group

algebras
e E== e
py@Id ¢_®Id -
py+®Id

AL|Gl = AolG]
Then, since Ag = My(R) for some subring R, we see that Ag[G] = M (R[G]).
Thus, by Theorem 6.1.5,

S(r) = M (A_[G], AL[G], 1 + rv)

0 1
is stably-free, of rank one. Here v = 00 € Ao[G] and r € R[G].

Moreover, viewing A as a subring of Ag[G], we see that v € Ag, and v # 0,

v? = 0. Thus, by Proposition 6.1.2 the elements
n—1

Ting) =1+ VZgZ-,
i=1
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for distinct g; € G, give rise to an infinite subset {(x(n7+)) 'n e N} -
T\U (A[G]) /T. Now, by Theorem 6.1.4 T\U (A][G]) /T is a quotient of
w1 (UALG))\U(Mo[G))/ ¢ (UA-[G])) (here ¢ = ¢, @ Idgig) for o =
+, —), and therefore {(a:(n,ﬂ) :n €N } may equally be regarded as an infinite
subset of ¢ (U(A4[G])) \U(Ao[G))/ ¢* (U(A_[G])). Consequently, defining

Sn =M (A_[G], AL[G),2(n ) »

we see, either by 5.3.1, Chapter 5, or, equivalently, the discussion at the
beginning of this section that S, = S,/, if and only if n = n/. Finally, we
note that Y7~ g; € R[G]. This ensures that {S,}>>, € {S(r) : r € R[G]},
i.e. S, is stably-free of rank one for all n € N. O

6.2 Lifting stably free modules

As we have seen in the previous section, constrained rings give rise to group
algebras with infinitely many, isomorphically distinct stably free modules of
rank one. However, many of the algebras which we are interested in, are
too complex, to satisfy the conditions necessary to be constrained. Thus a
feasible approach would be, to factor a given ring as a fibre product, and find
sufficient conditions for the stably free modules over the constituent factors
to be lifted to stably free modules over the original ring. The following result

by Johnson (c.f. [14]), does precisely that.

Theorem (Johnson) 6.2.1. Let

p+l J/so— (6.4)

AL 25 A,

be a Milnor square, such that Ay is weakly Fuclidean and has stably-free
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cancellation. Then there exists a surjective correspondence
Pty X Pyt Sfl(A) — S.Fl(A+> X S./—'.l(A,),

given by the functors py, : M(A,) — M(Ag), where o =+, —.

The proof of this statement occupies the rest of this section. We start with a

definition. Let A be aring and k£ > 1 an integer. By S(k, 1) we mean the stan-

dard short exact sequence 0 A —"= AR T s A 0,i.e. where
0 x
Y1 y Y
1
/3 I = ) , and T ‘1 =z
Yk
Yk Yk

We shall need

Lemma 6.2.2. Let (6.4) be a fibre square satisfying the patching condition
and let Sy, S_ be stably-free modules of rank 1 over Ay, A_, respectively,
such that

Sy Ry, Ag = 5_®,_ Ag = Ap.

Moreover, assume that the ring Ag is weakly Fuclidean. Then there exist an
Ag-isomorphism h : S_ ® Ay — Sy ® Ag and an element E € Ej1(Ap)
(c.f. Chapter 4), k > 1, such that we have an A-module isomorphism

M(Sy,S-,h) @ A* = M(ALH, AME).

Proof. Choose Ag-isomorphisms 7, : Sy ®,, A9 — A for 0 = +,—, re-
spectively. Now, S, is stably-free of rank 1, i.e. S, @ Ak = Ake+1 for
some k, > 1. Choose k = max{k,, k_}, thus S, & A* = A*1 and we

. o Po
may choose specific exact sequences ( Ak ARt1 Sy 0 of

As-homomorphisms. Applying the exact functor — ®, Ay we get exact
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sequences:
iox Do«
Fo 0—Ab —> At > A)—0,

for 0 = +, —. Here, iy, = ©o,(is) = i, @y, Id and p,, = @5, (Do) = Do @, 1d.
Let the Ag-linear map j, : A5™ — A¥ be a left splitting for F,, i.e. jyig, =
Id, and define X, : A’SH — A’g“ by X, = Mopo, @ Jo- This gives the

following isomorphism of short exact sequences

F, 0—= Ak 7 Al PG @ Ay —— 0
| - ]
S(k),l) 0 Ak ? Alg—l—l ™ AO 0

Then by the Five Lemma X, is an Ap-isomorphism. By assumption A,
is weakly Euclidean. Therefore, by Proposition 4.1.2, Chapter 4, X, =
di(uy)Ey, for a unit u, € A§ and product of elementary transvections F, €
Ei1(A). Thus let u;' € Aj be the inverse of u,. Note that di(u,!) €
GLi11(Ap) gives rise to the following automorphism of S(k, 1)

S(k,1) 0 k—> A T 4 0

A
A

S(k, 1) 0 k—> AF T A 0

Recall, dy(u;') = dy(uys) ™, and so the composition d;(u;!) o X,, interpreted

as an isomorphism d; (u;') o X, : F, — S(k, 1), is of the form

F, 0—> Ak 7% A PG @, Ay
[ - o e
S(k, 1) 0 Akt gkl T A, 0
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Inverting the isomorphism for o = + and composing we get an isomorphism

X+d1(U+)d1<U:1)X_ CFo > F+, ie.

1 P—

F_ 0 Alg by AISJF S_ ®<,0— Ao —()

Lk F ) e

i 0 Ak s gkt T S @, Ag—0

where £ = E;lE_, and h = n;1u+u:1n_. Note, for 0 = 4, — our original

choices of exact sequences ( Ak o Akt 27 0 are split ex-
act, thus so are also F,. But then (6.5) gives rise to a short exact sequence
of A-modules thus

0HM(AI—CHA]i7jd)MM(Ai+laAﬁ+l7 E)(p;’p;)M(S—H S—vh) —0.

Now, (6.4) satisfies the patching condition, and therefore, by Theorem 5.3.3,
M (S, S_,h) is projective. Moreover, by (5.12), M (A%, A% Id) = A*. So
that M(S,,S_,h) @ AF = M (AR AR E)| as claimed. O

We prove Theorem 6.2.1.

Proof. Given stably free modules of rank one, S, S_, over A,, A_, respec-
tively. We see that

S+ ®L,D+ A() =S ®<p, AO = A07

as Ag has stably-free cancellation. Moreover, since 6.4 is a Milnor square it
satisfies the patching condition (c.f. Lemma 5.3.2, Chapter 5). Thus, Lemma
6.2.2 gives an Ag-isomorphism h : S_ ® Ay — S, ® Ap and an element
E € Ex11(Ap), k > 1, such that we have an A-module isomorphism

M<S+7S—7 h) ©® Ak = M(Alfk+1’Ali+1’ E)
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Recall, E € Ey1(Ap) is a finite length product of k + 1 x k£ + 1 elementary
tranvections. As already discussed in Chapter 4, in general such an element
is of the form e;;(ag) = Ij41+aoe;;, where ag € Ag and 1 <14,j < k+1. Now,
since (6.4) is a Milnor square, we may assume, without loss of generality, that
w4 Ay — Ay is surjective. Therefore, there exists an element ay € A, , such
that ¢4 (ay) = ap. Thus applying ¢, entrywise, we see that ¢, (e;;(as)) =
eij(ao), i.e. ejj(ao) ~ Ixpr in oy (GLiy1(Ay)) \GLr11(Ao)/ o (GLga(A2)).
But then since ¢, applied entrywise gives a group-homomorphism ¢, :
GLgi1(AL) — GLiy1(Ap), we see that the same holds true for any finite
product of elementary transvections. In particular, £ ~ I ;. So by Theo-
rem 5.3.1 and (5.12) in Chapter 5

M(Alerrl’AIiJrl’ E) ~ M<Aljr+1’Ali+17Ik+1> ~ Ak+1.

Consequently, M (S, S_,h) @ Ak =2 AM1 e M(S,.,S_, h)is a stably-free
A-module of rank one. Finally, Theorem 5.3.3 ensures that
Por (M(Sy,S_,h)) =S,, for ¢ =+, —, which proves the claim. ]

6.3 The main theorem

We state the main theorem thus

Theorem 6.3.1. Let G be a group of type F. Moreover, let s, be the quater-
nionic group with 8n elements; then for n with at least one odd prime divisor,
there is an infinite collection {Sy, }m>1 of isomorphically distinct stably-free

modules of rank one over the group-algebra Z|Qs, x G|.

To prove this statement we apply the framework for constructing and lifting
stably-free modules discussed in the previous two sections of this chapter. We
shall use the fibre squares (5.6), (5.8) and (5.9), constructed in Chapter 5.
The results established in chapters 2 to 4 show that the algebras making up

these fibre squares do indeed have the necessary properties to apply theorems
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6.1.6 and 6.2.1. We shall prove two important intermediary theorems which
will imply Theorem 6.3.1. But first a technical proposition which shows that

the essential case to consider is G = (U, the infinite cyclic group.

Proposition 6.3.2. Let A be a ring, G a group of type F and C, the infinite
cyclic group. Then the induced group-algebra epimorphism v : A[G] — A[Cy]

gives a surjective correspondence
Y : SFn (A[G]) = SFN(A[CL))

for any integer N > 1.

Proof. Let 7, : M(A[G]) — M(A[Cx]) be the functor which is given by v, =
— ®, A[Cx]. Now since G is of type F and v : G — Cy is surjective,
there exists a group homomorphism ¢ : C,, — G, such that yod = Idq.
Moreover, the the same holds true for the induced map 0 : A[Cs] — A[G].
But then the functor 4, : M(A[C]) = M(A[G]), 6. = — @5 A[G], is a right
inverse to .. Let Sy, Sy be two stably-free modules of rank N over A[Cy],
such that S; 2 S;. Firstly, note 0.(S),d.(S2) are stably free of rank N
(c.f. Proposition 3.2.2, Chapter 3). Finally, if 6,(S;) = 6.(S2), then, since
7« © 0, is the identity functor on M(A[C]), we have S; = Sy which is a

contradiction. O

Recall the algebra Cy (Z[x]/(z"™ + 1), 7, —1) [G] introduced in Proposition
5.2.3, Chapter 5.

Theorem 6.3.3. Let G be a free group. Moreover, let Qu,, Do, denote the
quaternionic, and dihedral groups, of order 4n, 2n, respectively. There exists

a surjective correspondence

S«Fl (Z[Q4n X G]) -

SF1 (Z|Dsy x G]) x SF, (Ca (Zf]/(x" +1),7, —1) [G]) .
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Proof. Note, by Proposition 5.3.1,

Z[Qun X Gl —=Cy (Z[z] /(2" +1),7, =1) [G] .

| |

Z[Dgn X G] IFQ[DQn X G]

is a Milnor square. Moreover, by propositions 4.4.3 and 3.3.6, F3[Ds,, x G| is
weakly Euclidean, and has stably-free cancellation. Therefore, we may apply
Theorem 6.2.1 which yields the result. [

Theorem 6.3.4. Let G be a t.u.p group, p an odd prime and s > 1 an integer.
Recall, the algebra Cy (Z[:U]/(ac?sp +1),7, —1) of Proposition 5.2.5, Chapter 5.

o0

There  exists an  infinite  set, {Sn}y, of  isomorphically

distinct  stably-free  modules of rank 1 over the group-algebra

Cx (2l2)/ (2?7 +1),7.~1) [G].

Proof. By Proposition 5.3.1,

Ca (Zla) /(227 + 1),7, —1) —= Cy (Z[Goen], 7, —1)

| |

Cy (Z[Coor1), 7, —1) C (Apa)

is a Milnor square. Also, by Proposition 2.4.4, Cy (Z[(as+1],7v, —1) as well
as Cy (Z[Cas+1p),7, —1) are integral domains. Furthermore, by Theorem 2.4.8
C(Agpas1)) = Ma(A(, 5o1y) for the subring A 5,1y C C(A(p2:-1)). Therefore,
Co (Z[z]/(2*P + 1),7,—1) is constrained, and we may apply Theorem 6.1.6

which yields the result. O
We now prove the main theorem.

Proof. Firstly, note that, by Proposition 6.3.2, it is enough to prove the
statement for G = C,,. Moreover, since Cy is free (of rank one), as well as

a t.u.p. group, theorems 6.3.3 and 6.3.4 certainly apply for G = C,. Thus

82



consider (Qy,, and let n = 2°k, where s > 1, is an integer and k£ > 3 an odd
number. We write k£ = H;:1 p;% for the prime decomposition of & into the
odd primes p;, d; > 0. By renumbering we may write & = H;;l pj. We make

the following definitions:

n; = 251_[;:1293‘ 1<i<y
¢i(x) = (2" +1)/(x™ + 1) 1<i<r —1.

We note that n;41/n; = piy1. So for 1 < i < ¢’ — 1 Proposition 5.2.4 gives

the following fibre square of ring homomorphisms

Co (Zlz]/(z™ 0 +1),7, =1) [Ous] — Co (Z[z] /(2™ + 1), 7, =1) [Cc]

| |

CQ (Z[ZL’]/ (sz(l')) » Vs _1) [OOO] C (A(Pi+1,271”i)) [OOO}

which, by Proposition 5.3.1, is a Milnor square. Now, by Theorem 3.3.4,
C (A(pi +1’271m)) [Cs] has stably-free cancellation. Moreover, by Theorem
4.4.2, it is weakly Euclidean. So, Theorem 6.2.1 gives us a surjective map on

isomorphism classes of stably free modules of rank 1

i s SF1(Co (Z[z]/ (™ + 1), 7, =1) [Cuc]) =
SF1(Co (Zlz]/(x™ + 1), 7, =1) [Cc])

for 1 <i <71’ —1. Clearly, n,, = n, and n; = 2°p;, so we have a surjective

correspondence W :=1); 0... 04

U SF(Co (Z[z]) (2™ + 1),7, —1) [Cx]) —
SF1(Co (Z[z]/(z*P +1),7,—1) [Cx)) -

But we know, by Theorem 6.3.4, that there exist infinitely many,

isomorphically  distinct stably-free modules of rank one over
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Cy (Z[x]/(x*P +1),7, —1) [Cx), thus by the above they have correspond-
ing equivalents over Cy (Z[z]/(z™ + 1),7, —1) [Cw]. Finally, the result follows
by Theorem 6.3.3.

[
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