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Abstract

Multiple-input multiple-output (MIMO) antenna systems have been shown to be able to substantially
increase date rate and improve reliability without extra spectrum and power resources. The increasing
popularity and enormous prospect of MIMO technology calls for a better understanding of the perfor-
mance of MIMO systems operating over practical environments. Motivated by this, this thesis provides

an analytical characterization of the capacity and performance of advanced MIMO antenna systems.

First, the ergodic capacity of MIMO Nakagami-m fading channels is investigated. A unified way of
deriving ergodic capacity bounds is developed under the majorization theory framework. The key idea is
to study the ergodic capacity through the distribution of the diagonal elements of the quadratic channel
HH' which is relatively easy to handle, avoiding the need of the eigenvalue distribution of the channel
matrix which is extremely difficult to obtain. The proposed method is first applied on the conventional
point-to-point MIMO systems under Nakagami-m fading, and later extended to the more general dis-

tributed MIMO systems.

Second, the ergodic capacity of MIMO multi-keyhole and MIMO amplify-and-forward (AF) dual-hop
systems is studied. A set of new statistical properties involving product of random complex Gaussian
matrix, i.e., probability density function (p.d.f.) of an unordered eigenvalue, p.d.f. of the maximum
eigenvalue, expected determinant and log-determinant, is derived. Based on these, analytical closed-
form expressions for the ergodic capacity of the systems are obtained and the connection between the

product channels and conventional point-to-point MIMO channels is also revealed.

Finally, the effect of co-channel interference is investigated. First, the performance of optimum com-
bining (OC) systems operating in Rayleigh-product channels is analyzed based on novel closed-form
expression of the cumulative distribution function (c.d.f.) of the maximum eigenvalue of the resultant
channel matrix. Then, for MIMO Rician channels and MIMO Rayleigh-product channels, the ergodic ca-
pacity at low signal-to-noise ratio (SNR) regime is studied, and the impact of various system parameters,
such as transmit and receive antenna number, Rician factor, channel mean matrix and interference-to-

noise-ratio, is examined.
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Notations

Here, we introduce the notations adopted in this thesis. Unless otherwise clearly indicated, boldface

upper-case letters generally denote matrices, while boldface lower-case letters generally denote column

vectors.
€ Belongs to.
~ Follows certain distribution.
- Majorization relationship.
® Kronecker product.
2 Defined as.
™ 3.1415926

Summation symbol

Product symbol

g 9 M

Infinite symbol

! Factorial

— Approach symbol

[H]; ; or H;; (4, 7)-th element of matrix H.

0,xn m X n matrix with all elements being zero.
I, n x n Identity matrix.

R™.C™ Real and complex m x 1 vector.

RMXT VX Real and complex M x N matrix.
CN(m,C) Complex circularly symmetric Gaussian vector with mean m and covariance C.
E(-) Expectation.

HT Transpose of matrix H.

H* Complex conjugate of matrix H.

Hf Conjugate transpose of matrix H.

tr(H) Trace of matrix H.

|H| or det(H) Determinant of square matrix H.

min(x, y) Minimum of z and y.

max(z,y) Maximum of = and y.

VI



I,(9) Bessel function of the first kind

B(,-) Beta function

Uug,-,-) Confluent hypergeometric function of the second kind
P(+) Digamma function

exp(+) Exponential function

e’ Exponential function

E,(") Exponential integral function of order n
() Gamma function

log,(+) Logarithm in base 2.

Gl () Meijer-G function

Kn(9) Modified Bessel function of the second kind
In(-) Natural logarithm function

v Square root function

Q) Standard Gaussian Q-function
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Chapter 1

Introduction

Wireless communication is, by any measure, the most vibrant area and fastest growing segment of the
communication field today. The constantly evolving and developing wireless technologies are changing
the way people live, work, and entertain. Indeed, wireless communication has now become an integral
part of people’s daily life and a critical business tool with the proliferation of cellular phones and laptop
computers. Moreover, the popularity of wireless communication is set to increase with the development
of various new wireless systems and applications, and such a trend is inevitable due to the advantages

inherited from the nature of wireless communication.

1.1 Benefits of Wireless Communication

Compared with the wireline communication counterpart, wireless communication offers a number of
significant benefits. First, probably the most prominent and important feature of wireless communication
is the provision of convenient and reliable tetherless connectivity. This offers greater flexibility and
mobility. Unlike with a wired connection, people are no longer tied to their dedicated place, instead,
they will be able to move freely and access network resource from any location within the wireless

coverage area.

Another direct consequence of the tetherless connectivity is that wireless communication presents an
promising approach to bring network access to the areas which would be difficult to connect to a wired
network. For instance, possible applications include remote monitoring of natural environments such as
glaciers, volcanoes and bodies of water, monitoring the condition of historic buildings where wiring is

difficult, dangerous, or undesirable.

In addition, wireless networks are generally easier to deploy and setup compared with the wired net-
works because they remove the need of extensive cabling and patching, which also implies that wireless
networks are more cost-effective. This is an extremely desirable benefit for those applications that only

employ temporary networks, for example, trade shows, exhibitions and construction sites.

Finally, the maintenance and management of wireless networks are relatively simple and low cost. Wire-



less networks allow great expandability, i.e., one can easily add users to the current wireless network
with existing equipment without requiring additional wiring, as well as efficiently removing existing

users from the current wireless network.

Because of these attractive advantages, wireless communication has captured the attention of the industry
and the imagination of the public. Various wireless networks and applications have been developed to
explore these benefits. In the next section, we briefly review some current wireless systems and networks

in operation.

1.2 Current Wireless Networks

Depending on the service range, mobility and data transmission rate, wireless networks generally fall
into four different categories: Wireless Personal Area Network (PAN), wireless Local Area Network

(LAN), wireless Metropolitan Area Network (MAN), and wireless Wide Area Network (WAN).

1.2.1 Wireless PAN

A wireless PAN is a type of wireless network that interconnects personal devices within a relatively short
range (typically up to 10m or so), e.g., from a laptop to a nearby printer or from a cell phone to a wireless

headset. It can support both low-rate and high-rate applications with different technologies.

Wireless PAN is standardized under the IEEE 802.15 series [32] . Currently, the market for wireless
PAN has been dominated by Bluetooth (IEEE 802.15.1) products, which provide low-rate services with
low-power consumption, i.e. wireless control of and communication between a mobile phone and a
hands-free headset, wireless mouse, keyboard, and wireless game consoles. Another technology under
development for low-rate wireless PAN is defined by the ZigBee specification (IEEE 802.15.4) which
is intended to be simpler and less expensive than Bluetooth. For high-rate applications, such as digital
imaging and multimedia services, technologies are under development based on the WiMedia specifica-

tion (IEEE 802.15.3).

Overall, the technology for wireless PANSs is in its infancy and is undergoing rapid development and
research, and it is expected that this technology will find its application in various new environments to

provide simple, easy to use connection to other devices and networks.

1.2.2 Wireless LAN

A wireless LAN is a type of network that provides high-speed data to wireless devices which are gen-
erally stationary or moving at pedestrian speeds within a small region, for instance, residential house,
office building, university campus, or airport. With the proliferation of laptops, wireless LAN has be-

come increasingly popular due to its ease of installation, as well as the location freedom provided.
Wireless LAN is standardized under the IEEE 802.11 series [31]. At the moment, there are primely three

2



different wireless LAN standards which have been implemented in the marketplace. IEEE 802.11b is
the first standard with wide commercial acceptance and success. It operates in the 2.4 GHz band with
a maximum speed of 11Mbps. The second standard is IEEE 802.11a which operates at 5 GHz band
and provides a maximum speed of 70Mbps by adopting Orthogonal Frequency Division Multiplexing
(OFDM) modulation. Another wireless LAN standard is IEEE 802.11g, which combines the advantages
of 802.11b (relatively large coverage) and 802.11a (higher throughput) by defining the application of the
OFDM transmission scheme in the 2.4 GHz band. It can provide access speed of up to 54Mbps.

To address the increasing high demand for high-speed high-quality wireless services, IEEE 802.11n, a
new wireless LAN standard has been proposed in 2006, which will significantly improve the network
throughput over previous standards, i.e., it can provide a maximum speed of 540Mbps. The proposal is

expected to be approved in Jan 2010.

1.2.3 Wireless MAN

A wireless MAN is a type of network which mainly aims at providing broadband wireless access in
larger geographical area than a LAN, ranging from several blocks of buildings to an entire city. Its
main advantage is fast deployment and relatively low cost, and it has been considered as an attractive
alternative solution to the wired last mile access systems such as Digital Subscriber Line (DSL) and
cable modem access, especially for very crowded geographic areas like big cities and rural areas where

wired infrastructure is difficult to deploy.

Wireless MAN is standardized under the IEEE 802.16 series [33], and is also known as Broadband Wire-
less Access standard. Based on the IEEE 802.16 standard, Worldwide Interoperability for Microwave
Access (WiMAX) technology has been put forward by the industry alliance called the WiMAX Forum.
The initial standard IEEE 802.16d only supports fixed applications which are often referred to as “fixed
WiMAX?”. Later, another amendment IEEE 802.16e introduced support for mobility, which is known
as “Mobile WIMAX”. WiMAX supports very robust data throughput. The technology could provide
approximately 40Mbps per channel. However, services across this channel would be shared by multiple

customers which means that the typical rate available to users will be around 3Mbps.

A new standard (IEEE 802.16m) intending to provide data rate of 100Mbps for mobile applications and
1 Gbps for fixed applications is currently under development. The proposed work plan is expected to

complete by December 2009 and ready for approval by March 2010.

1.2.4 Wireless WAN

A wireless WAN is a form of network which uses mobile telecommunication cellular network tech-
nologies such as Universal Mobile Telecommunication System (UMTS), General Packet Radio Service
(GPRS) or Global System for Mobile Communication (GSM) to offer regionally, nationwide, or even

globally voice and date services.



Wireless WAN has gone through rapid development in the last three decades. In 1980s, the first gen-
eration (1G) mobile communication systems were deployed, while the second generation (2G) mobile
systems started to operate since 1990s. Both the 1G and 2G systems focus primarily on voice commu-
nications, while the 2G system has enhanced voice quality and has better spectrum management over
the 1G system. The 2G systems provide data rate in the range of 9.6 — 14.4 Kbps. Currently, the third
generation (3G) systems have started to roll out at full pace, and it is expected that 3G systems will
provide higher transmission rate: a minimum speed of 2Mpbs and maximum of 14.4Mbps for stationary

users, and 348Kbps in a moving vehicle.

While the improvement on the quality of service by 3G systems is obvious and impressive, more emerg-
ing applications are calling for higher date rate wireless service. At the moment, the industry and stan-
dardization body have already started to work on the fourth generation (4G) systems, which is intended
to be a complete replacement for the current networks and be able to provide voice, data, and streamed
multimedia to users on an “anytime, anywhere” basis. It is expected that the 4G systems will be able to

deliver data rate of 1Gbps for stationary applications and 100Mbps for mobile applications.

1.3 Motivation

In the light of the above description of the current wireless networks, one can conclude that despite
significant improvement on the provision of wireless services, there is an underlying strong demand
for higher date rate wireless services, mainly driven by wireless data applications, as well as users’

expectation of wire-equivalent quality wireless service.

Providing such high-rate high-quality wireless services is extremely challenging due to the inherent harsh
wireless propagation environment. Compared to wired communication, wireless communication faces
two fundamental problems that make fast and reliable wireless connection difficult to achieve, namely,
interference and fading (variation of the channel strength over time and frequency due to the small-scale
effect of multipath fading, as well as larger-scale fading effects such as path loss via distance attenuation
and shadowing by obstacles such as tall buildings and mountains). In addition, wireless communication
is required to carefully address the resource management problem, i.e. how to efficiently allocate and

utilize power and spectrum (two principle resources in wireless communication).

Responding to these challenges, multiple-input multiple-output (MIMO) antenna systems were proposed
independently by Telatar [94] and Foschini and Gans [23]. By introducing multiple antennas at both sides
of the communication link, MIMO systems are able to substantially increase date rate and improve reli-
ability without extra spectrum and power resources. The remarkable prospect of MIMO systems has not
only sparked huge research interests in the research community, but also attracted enormous attentions
from the industry and has led to practical implementation in real communication systems. For instance,
MIMO technology has already been incorporated into various industry standards, i.e., wireless LAN

IEEE 802.11n standard, wireless MAN IEEE 802.16e, Third Generation Partnership Project Long Term

4



Evolution (3GPP-LTE) Release 8 [1]. In general, MIMO technology is likely to become a prominent

feature of future wireless communication systems.

The huge potential of MIMO technology has sparked a surge of research activities, which greatly
strengthen our understanding of the fundamental limits and performance of MIMO channels. How-
ever, most of these research works are based on a relatively simple channel model, for instance, the
channel is assumed to be a single random matrix and is subjected to Rayleigh fading or Rician fading.
On the other hand, the increasing popularity of MIMO technology calls for a better understanding of the
performance of MIMO systems operating in more practical environments. Motivated by this, this thesis
looks into several general and practical channel models, such as Nakagami-m MIMO fading channels,
double-scattering MIMO channels, multi-keyhole MIMO channels, and AF dual-hop MIMO channels,
and investigates the fundamental capacity limits of these channels, as well as the performance of cer-
tain popular signal processing schemes. The objective of the thesis is to enhance our understanding of
MIMO systems operating in these general MIMO channels, and to derive a set of new analytical results

for understanding the performance of these advanced MIMO systems.

1.4 Dissertation Contributions and Outline

The rest of the thesis is organized as follows. Chapter 2 provides some background on wireless com-
munication systems. Chapter 3 introduces two key mathematical theories, i.e. majorization theory and
random matrix theory (RMT), on which many results of this thesis are based. The following chapters
present the major contributions of the thesis. From chapter 4 to chapter 6, we focus on single user point-
to-point communication systems, while in chapter 7 and chapter 8, the impact of co-channel interference

will be investigated.

Specifically, chapter 4 considers the ergodic capacity of MIMO Nakagami-m fading channels. In contrast
to the RMT approach adopted in previous research works on the ergodic capacity analysis, a unified way
of deriving ergodic capacity bounds is developed under the majorization theory framework. The key idea
is to study the ergodic capacity through the distribution of the diagonal elements of the quadratic channel
HH' which is relatively easy to handle, avoiding the need of the eigenvalue distribution of the channel
matrix which is extremely difficult to obtain. We first apply this method on the conventional point-
to-point MIMO systems under Nakagami-m fading, and later extend the analysis to the more general

distributed MIMO systems.

Chapter 5 examines the performance of multi-keyhole MIMO channels in details. This chapter studies
the ergodic capacity of multi-keyhole MIMO channels and also the performance of practical transmission
scheme Maximum Ratio Combining (MRC) is also investigated. The analysis is based on a set of new
statistical properties of multi-keyhole MIMO channels, which include closed-form expressions for the
distributions of an unordered eigenvalue and maximum eigenvalue, as well as solutions for the expected

log-determinant and expected characteristic polynomial. Finally, the capacity and performance in multi-



keyhole channels are compared with those of rich-scattering MIMO Rayleigh channels.

Chapter 6 analyzes the ergodic capacity of AF dual-hop MIMO systems. Expression for the exact er-
godic capacity, simplified closed-form expressions for the high SNR regime, and tight closed-form upper
and lower bounds are presented. These results are obtained from the new closed-form expressions for
various statistical properties of the equivalent AF MIMO dual-hop relay channel, such as the distribution
of an unordered eigenvalue and certain random determinant properties which are derived by employ-
ing recent tools from finite-dimensional RMT literatures. In contrast to prior results which deal with
asymptotic large antenna number systems, our expressions apply for arbitrary numbers of antennas and
arbitrary relay configurations. The impact of the system and channel characteristics, such as the antenna
configuration and the relay power gain, are investigated, and a number of interesting relationships be-
tween the dual-hop AF MIMO relay channel and conventional point-to-point MIMO channels in various

asymptotic regimes are revealed.

Chapter 7 investigates the impact of co-channel interference under Rayleigh-product fading. Specifi-
cally, we study the performance of the OC transmission scheme in an interference-limited scenario. The
analysis is based on novel expressions of the c.d.f. and p.d.f. of the maximum eigenvalue of the resul-
tant channel matrix. An important special case, i.e., keyhole channel, is investigated in detail, where
the ergodic capacity, outage performance and symbol error rate (SER) are analyzed based on various

closed-form expressions for exact and asymptotic measures derived.

Chapter 8 studies the ergodic capacity of general MIMO systems with a single interferer in the low
SNR regime. In contrast to prior results which deal with the interference limited scenario, our results
are general and include both the interference and additive noise. Moreover, in addition to the MIMO
Rician channels, MIMO Rayleigh product channels are considered. Exact analytical expressions for the
minimum energy per information bit and wideband slope are derived for both systems. Based on these,
the impact of system parameters, such as transmit and receive antenna number, Rician factor, channel

mean matrix and interference-to-noise-ratio, are examined.

Chapter 9 gives some concluding remarks and enumerates future lines of work.



Chapter 2

Wireless Background

2.1 Wireless Communication Systems

A typical wireless communication system consists of a transmitter and receiver, as well as a number
of functional blocks which facilitate information transmission. Generally, before the signal is ready for
transmission, it usually goes through the following steps: source coding (encoding the source message
into binary bit stream and removing redundant information), encryption (providing security for the com-
munication by preventing unauthorized users from understanding messages), channel coding (adding
redundancy to improve the reliability of the communication system) and modulation (converting digital
symbols to waveforms which are compatible with the transmission channel). Similarly, the signal re-
ceived at the receiver end goes through a reverse processing order to recover the original message, i.e.,
demodulation, channel decoding, decryption, and source decoding. Figure 2.1 gives a simple illustration

of a typical wireless communication system.
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Figure 2.1. Schematic diagram of wireless communication systems

In this thesis, we mainly focus on understanding the impact of fading channels on the performance

of communication systems (the dash line block). By doing so, the input and output relationship of a



communication system can be mathematically described by
y=hr+n 2.1

where z is the transmitted symbol, h is the fading channel coefficient, n is the additive white Gaussian
noise, and y is the received signal. In the following, we introduce the characteristic of the channel, and

how it affects the performance of the system.

2.1.1 Wireless Fading Channels

A defining characteristic of wireless communication channels is the variation of the channel strength
over time and over frequency, which is usually termed as “fading”. The exact and precise mathematical
description of this fading phenomena is either unknown or too complex for tractable analysis. Instead,
a large amount of effort has been devoted to characterize the fading channel in a statistical approach.
As a result, there exists a wide range of applicable statistical models corresponding to various physical

propagation environments, which are relatively accurate and simple to analyze.

The fading effect is usually divided into two types, namely large-scale fading, mainly due to path loss
as a function of distance and shadowing by large objects such as mountains and tall buildings, and
small-scale fading, due to the constructive and destructive combination of randomly scattered, reflected,
diffracted, and delayed multiple path signals. In the following, we give a mathematical description for

several typical and important channel models which will be analyzed in this thesis.

1. Log-Normal Shadowing
Empirical measurements reveal a general consensus that shadowing can be modeled by a log-
normal distribution for various outdoor and indoor environments. The standard log-normal distri-

bution can be expressed as

2
o) = — 20 e (_<1010gw7“u>> 7 2.2)

" In10v270r 202
where p (dB) and ¢ (dB) are the mean and the standard deviation of 10 log, 7, respectively.

2. Rayleigh Fading
For small-scale fading, Rayleigh fading is probably one of the most frequently used models. It
provides a good fit for multipath fading channels with no direct line-of-sight (LOS) path. The

channel fading amplitude « is distributed according to

2
pla) = Lexp (—O‘) Lo >0, 2.3)

where 0 = E{a?} is the mean value.

3. Rician Fading



In contrast to Rayleigh fading, Rician fading is often used to model propagation paths consisting
of one strong direct LOS component and many random weaker components. The channel fading

amplitude distribution can be expressed as

2\ ,—n? 2\,.2 2
p(r) = 2(1—|—nQ)e rexp (_(1 +£ ) )Io <2nr l—gn ) >0, 2.4)

where n is the fading parameter, which ranges from 0 to oo, and is related to the Rician K factor
by K = n? which corresponding to the ratio of the power of the LOS component to the average

power of the scattered component. Iy(-) is the Bessel function of the first kind [26].

4. Nakagami-m Fading
Nakagami-m fading is a more general fading distribution, which encompasses Rayleigh distri-
bution as a special case, and can approximate well the Rician distribution. The channel fading

amplitude distribution is given by

2mmyp2m—1 mr?
= - > .
p(r) QT (m) exp ( q ) ,r>0 (2.5)

where m is the fading parameter, which ranges from 1/2 to co. When m = 1, Nakagami-m
distribution reduces to Rayleigh distribution. Moreover, the Rician distribution can be approxi-
mated by Nakagami-m distribution via a one-to-one mapping between the m parameter and the

K parameter as follows [87]:

(1+K)?
LT ks 2.6
T T ek e (2.6)
or
2 _
K=Y =" > 2.7)

2.1.2 Performance Measures

An important aspect of communication research is to predict or evaluate the performance of various
wireless communication systems. The elegant analytical tools developed by researchers not only offer
system engineers a simple, yet accurate means for the performance evaluation, but also shed insight
on the manner in which this performance depends on the key system parameters, thereby, providing

guidance to the system engineers in the design of their systems.

There are several measures of performance related to practical wireless communication system design,
i.e., channel capacity, outage probability, signal-to-noise ratio (SNR), signal-to-interference-and-noise
ratio (SINR), symbol error rate (SER). This section gives brief introduction of these key measures that

will be investigated through out the thesis.



2.1.2.1 Channel Capacity

Channel capacity is a term invented by Claude Shannon. In his landmark paper [86], he defined the
channel capacity as the maximum rate of communication for which arbitrarily small error probability
can be achieved. Mathematically, channel capacity is defined as the maximum of the mutual information
between the transmitter and the receiver. For the channel model described by (2.1), the instantaneous
channel capacity is given by [17]
C = log, <1+|h2PQ), (2.8)
o

where P is the power of the transmit symbol, i.e., E{zz*} = P, and o2 is the noise level.

Depending on the underlying assumptions on the property of the fading channel h, several different

notions of capacity emerged, i.e., ergodic capacity and outage capacity [3].

For ergodic capacity, the basic assumption here is that the transmission time is so long as to reveal the
long-term ergodic properties of the fading process which is assumed to be an ergodic process in time.

Mathematically, the ergodic capacity can be expressed as

C. = E\m{C}. (2.9)

The ergodicity assumption is not necessarily satisfied in practical communication systems operating on
fading channels. For the case where no significant channel variability occurs during the whole transmis-
sion, there may be a non-negligible probability that the value of the actual transmitted rate, no matter how
small, exceeds the instantaneous channel capacity. In such case, ¢% outage capacity C, should be con-
sidered, which is defined as the channel capacity C' which is guaranteed to be supported by (100 — ¢)%

of the channel realizations, required to provide a reliable service, i.e.,

Pr{C < Cou} < ¢%. (2.10)

2.1.2.2 SNR

The SNR, denoted as +, is usually measured at the output of the communication systems, and is directly
related to the data detection process. It is generally easy to evaluate, and more importantly, it often serves

as an excellent indicator of the overall fidelity of the system. The output SNR is defined by

Power of signal component in the output ~ P|h|?

ol @2.11)

~ Power in the noise component in the output ¢

In the context of fading channels, the average SNR 7 is often taken as the performance measure, which
is defined by
7 =Epn{r} (2.12)
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2.1.2.3 SINR

Wireless communication systems are generally subjected to co-channel interferences, for instance, in
cellular systems, the received signals are often impaired by interference signals due to frequency reuse
in the neighboring cells. Assuming only one strong interferer, mathematically, the input and output

signal model for the desired user can be expressed as
y=hr+gs+n, (2.13)

where ¢ is the fading coefficient of the interferer-destination channel, and s is the interference signal

satsfying E{ss*} = P.

When co-channel interference is taken into consideration, SINR, denoted as (3, becomes a natural per-

formance measure, which is defined by

_ Power of the desired-user’s signal power in the output _ |n|?P 2.14)
77 Sum of the power in the interference and noise components in the output  |g|2P, + 02"

In the context of fading channels, the average SINR 73 is often taken as the performance measure, which

is defined by
¥ = Enpig {7} (2.15)

2.1.2.4 Outage Probability

Outage probability is another standard performance criterion denoted by Pq;t and defined as the prob-
ability that the instantaneous channel capacity below a specified value, or equivalently, the probability
that the output SNR (or SINR) falls below a pre-defined acceptable threshold. Mathematically speaking,
the outage probability is the c.d.f. of SNR evaluated at the specified threshold, i.e.,

Yth
Pt = / (), 2.16)
0

where -y, is the predefined threshold, and p.,(7y) is the p.d.f. of SNR .

2.1.2.5 SER

The average SER, denoted by Psgg, is the one that is most revealing about the nature of the system
behavior and is generally the most difficult performance criterion to compute. It is defined as the
probability that a transmitted data symbol is detected in error at the receiver. The SER is typically
modulation/detection scheme dependent, and is directly related to the instantaneous SNR (or SINR for
multiuser systems). For many modulation schemes of interest, i.e, binary phase shift-keying (BPSK),

binary-frequency shift-keying (BFSK) and M-ary phase amplitude modulation (PAM), the average SER

11



can be evaluated as [75]

Pser = B, {0Q (v207) }. 2.17)

where «, and [ are modulation-specific constants, and Q(-) is the standard Gaussian Q-function.

2.2 MIMO Systems

In the previous section, we have introduced the conventional single-input single-output (SISO) commu-
nication system, several statistical channel fading models and various important performance measures.
Now we turn our attention to the theme of this thesis, namely, MIMO systems. In this section, we brief
discuss the MIMO fading channel model, benefits of MIMO systems, as well as some popular transmis-

sion schemes proposed to realize the benefits provided by MIMO systems.

2.2.1 MIMO Channels

X1 T V‘ yr
- —P—
O ! —
2 x v "y ©
e |. =
n N2 o
C O
S .2
— XNt x "YN o
t
nNr

Figure 2.2. Diagram of a MIMO system with [V, transmit antennas and N, receive antennas.

Figure 2.2 illustrates a MIMO system with [V, transmit antennas and N, receive antennas. Mathemati-

cally, the complex baseband model is characterized by
y = Hx + n, (2.18)
where

y € CN~*1 s the received signal at the receiver.
x € CNeX1 is the transmit signal with sum power constraint E{x'x} = P.
n € CNr*1 is the noise vector with E{nn'} = o2

H € CV-*Nt is the channel matrix with (i, j)th element corresponding to the multiplicative fading

parameter for the channel between the jth transmit antenna and 7th receive antenna.
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The characteristic of the MIMO channel is determined by the distribution of the elements of channel ma-
trix H, which in turn varies according to the underlying physical propagation environment. For instance,
the elements of H can follow Rayleigh distribution, Rician distribution or Nakagami-m distribution as
in the SISO channels. In this thesis, we will mainly focus on MIMO Nakagami-m, MIMO Rician and
MIMO double-scattering fading channels, the mathematical description of these fading channels will be

given in the corresponding chapters.

2.2.2 Benefits of MIMO Systems

The introduction of multiple antennas into communication systems has offered extra degree of freedom
which can be exploited to provide various gains over conventional SISO systems, i.e., array gain (or
power gain), diversity gain and multiplexing gain. In the following, we give a brief account of these

gains.

2.2.2.1 Array Gain

Array gain is defined as the improvement of average SNR at the receiver by coherently combining the
signals from multiple transmitters or receivers. For instance, in a single-input multiple-output (SIMO)

system, the signal at the receiver is expressed as
y = hx + n, (2.19)

where h is the channel, and n is the noise E{nn'} = ¢2I. It is easy to show that the OC vector is given

by Hh—hT”, resulting the received SNR as Hg‘glz, which clearly indicates the advantage when compared

2
with the SISO SNR HZ—L‘ It is important to note that realization of array gain requires channel state

information (CSI) at the transmitter or receiver.

2.2.2.2 Diversity Gain

Fading is the most prominent feature of a wireless communication channel, and diversity is an efficient
means of combating channel fading. The general principle behind diversity is that the overall link relia-
bility can be improved by observing multiple independent copies of the transmitted signal at the receiver.
The diversity gain is usually measured in terms of how fast the bit error rate of a communication system

decays with the increase of the SNR, i.e., the error exponent.

Diversity gain in SISO systems can be obtained in time or frequency domain, i.e. by repeating the
same message several times, which however incurs a penalty in terms of date rate. In multiple antenna
systems, another form of diversity is available, namely, spatial diversity, which includes receive diversity
and transmit diversity. In contrast to the temporal and frequency diversity, the realization of spatial

diversity does not incur any penalty in data rate, instead, it provides an array gain introduced earlier.

Receive diversity can be obtained in a system with multiple receive antennas by smartly combining the

13



multiple independent copies observed at the individual antenna. However, transmit diversity is generally
much difficult to exploit since it requires sophisticated coding schemes. The most popular approach to
realize transmit diversity is the so called Space-Time Coding (STC), which performs coding across space
(transmit antennas) and time to extract diversity. We will give a simple introduction of the principle of

STC later in this chapter.

2.2.2.3 Multiplexing Gain

Multiplexing gain is the most outstanding advantage of MIMO systems, and is defined as the linear in-
crease in data rate without additional power or spectrum expenditure. Unlike array gain or diversity gain,
which can be realized by either SIMO or multiple-input single-output (MISO) systems, multiplexing gain

requires multiple antennas at both the transmitter and receiver ends.

The basic principle is to split a high-rate input data sequence into multiple lower-rate sequences, which
are then modulated and independently sent in parallel via each of the transmit antennas, while the receiver
employs appropriate signal processing technique to undo the mixing of the MIMO channel to detect the

signals corresponding to each of the transmitted data streams.

Multiplexing gain and diversity gain can be achieved simultaneously by appropriate coding, in fact, there
exists a fundamental tradeoff between the multiplexing gain and diversity gain for a given system as first
discovered in [111], since which, the design of efficient and practical coding schemes achieving the

optimal diversity-multiplexing tradeoff curve has been an extremely active area of research.

2.2.3 Transmission Schemes

As discussed in the previous section, MIMO antenna systems can be exploited to increase the spectral
efficiency (multiplexing gain) or improve the link reliability (diversity gain). In the following, we in-
troduce several popular transmission schemes proposed in the literature to realize these benefits. Before
going into details, it is worth pointing out the critical value of CSI at the transmitter (CSIT)' in the design
of practical transmission schemes. Generally, the availability of CSI limits the choice of transmission

schemes, moreover, the more CSI, the better the performance of the system.

When there is no CSIT, popular design approaches include STC and layered architectures. The STC
is a diversity oriented approach, which aims at improving the signal quality, reducing the SER, and
providing better coverage. The idea of STC is to introduce intelligently controlled redundancy in the
transmitted signal, both over space and time, which allows the receiver to recover the signal even in
difficult propagation situations. There are mainly two types of STC techniques: space-time block coding
(STBC) [2,92] and space-time trellis coding (STTC) [91], both of which can achieve the full spatial
diversity offered by the MIMO channel. STBC is relatively simpler than STTC. We now introduce a

simple STBC scheme proposed by Alamouti in 1998 [2] for a system with two transmit antennas. For

1 CSI at the receiver (CSIR) is relatively easy to obtain, i.e., via pilot training, hence, we assume that CSIR is always available.
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the Alamouti code, the code matrix is given by

X X
G— 1 2 (2.20)

* *
—Zy I3

At the first time slot, the first and second antenna transmit signals x; and x5, respectively. At the
second time slot, —x3 and 7 are transmitted from the first and second antenna, respectively. Due to the
orthogonal nature of the code matrix, the optimal diversity order can be obtained by only performing the

MRC on the received the signal at the receiver.

Another scheme which does not require CSIT is known as layered architectures, also termed as layered
STCs. In contrast to STC which is diversity based, layered architectures are capacity based which
aim at realizing the linear capacity increase provided by MIMO systems. An important example is
the famous Vertical Bell-Labs Layered Space Time (VBLAST) [22]. For this system, the transmitter
splits a high-rate input data sequence into multiple lower-rate sequences, which are then modulated and
independently sent in parallel via each of the transmit antennas, while the receiver employs appropriate
signal processing technique to undo the mixing of the MIMO channel to detect the signals corresponding

to each of the transmitted data streams.

When there is perfect CSIT, even superior performance can be achieved by beamforming strategy known
as Maximum Ratio Transmission (MRT) [55]. The idea of MIMO-MRT is to steer a single transmitted
symbol stream along the best eigenmode of the channel, by which, not only the system is robust against
fading (achieve full diversity order), it also provides a boosted received SNR known as array gain. For
instance, for a MIMO system described by (2.18), the transmitted signal vector is X = Wwqps, with
s representing the information symbol, and wo: denoting the optimal transmit weight vector. At the
receiver, the signals on each receive antenna are linearly combined according to the MRC principle

using the optimal receive weight vector (Hwopt)T to give
2 = Wopt HT HWpes + Wop H . (221
It is easy to show the optimal transmit weight vector is the dominant eigenvector of H'H (i.e., the

eigenvector corresponding to the maximum eigenvalue). The resultant SNR can be expressed as

P
¥ = 5 Amans (2.22)
g

where \pax is the maximum eigenvalue of HH'.

Moreover, in the context of co-channel interference, which is inevitable in a cellular communication sys-
tem, it is proved that OC [100] can effectively suppress the interference and achieve good performance.
The idea of OC is similar to that of MIMO-MRC with the difference that the transmission direction is

chosen to be the best eigenmode of the effective channel which takes into account of the interference.
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When there is partial CSIT, such as channel mean matrix or correlation matrix, hybrid schemes can
be employed [40,96]. The basic idea is to enhance the performance of a STC, for which no CSIT is

required, by combining it with some type of beamforming, for which the existing CSIT can be exploited.

2.2.4 Capacity of MIMO Channels

The enormous interests in MIMO systems are mainly inspired by the significant information-theoretical
results reported in pioneering works by [23] and [94], independently, where the authors have proved
that the capacity of MIMO system scales linearly with the minimum number of the transmit or receive

antennas. In this section, we give a brief review of the results obtained in [23, 94].

For a system described by (2.18), the mutual information expression was derived in [23,94] as
! i
I'=logydet | I+ -HR,H' |, (2.23)
o
and therefore the channel capacity is given by

C= max I, (2.24)
tr{R.}<P
where the optimization is taken on the signal covariance matrix R, = E{xx'} with P being the total

transmit power. Therefore, the ergodic capacity can be expressed as

C., =Enu { max I} . (2.25)
tr{R,}<P

The ergodic capacity depends heavily on the availability of CSIT. When perfect CSIT is available, the
transmitter can adapt its power according to the so called waterfilling principle [17] to maximize the
mutual information. In this case, we perform the singular value decomposition (SVD) on the channel
matrix H, which results in

H=UDV' (2.26)

where U € CN"*Nr and V € CN+* Nt are the unitary matrices and D € CN~*"r is the diagonal matrix
containing the singular values ¢;, ¢ = 1,--- ,r of H where r = min(N¢, N,.). The maximum mutual

information is achieved when R, = UA,UT, where A, is a diagonal matrix with elements given as

2

+
[Aslii :( —U> , (2.27)

2

where (a)™ denotes max(0,a), and u is a constant to be decided to meet the power constraints

>i_1(As)i; = P. Therefore, the ergodic capacity is given by

T 2 +
C,=E {Z <log2 (f?)) } ) (2.28)
i=1
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For the case where there is no CSIT, adaptation at the transmitter is not possible, and equal power
allocation is the most reasonable strategy, i.e. Ry = N%Iz. Hence, the ergodic capacity can be expressed

as

P
C, = Ew {10g2 det (IT + NW) } : (2.29)
t

where r X r matrix W is defined as

HH' N, < N,
W = (2.30)
HH N, <N,.

By eigenvalue decomposition, (2.29) can be alternatively expressed as

" P P
Co=> Ej {log2 det (1 + N&)} = 7Ey {1og2 det (1 + NA) } , (2.31)
t t

i=1

where {\;},7 =1, ,r are the r eigenvalues of matrix W and A is an unordered eigenvalue of matrix
W. From Equation (2.31), it is easy to observe that the ergodic capacity of MIMO systems scales

linearly with the minimum number of transmit and receive antennas.

2Tt is worth to point out that equal power allocation is not necessarily optimal in all case [35].
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Chapter 3

Mathematical Preliminaries

The research works conducted in this thesis heavily rely on two important mathematical theories. First
of all, the majorization theory, which provides a powerful tool for establishing inequalities. Majorization
theory has already been applied in wireless communications systems, for instance, in the design of
optimal linear precoding scheme for MIMO systems [73], and in the analysis of impact of channel
correlation on the ergodic capacity [42]. To make this thesis self-contained, we give necessary definitions

and essential results on majorization theory in the following section.

In the second part of this chapter, we introduce the finite Random Matrix Theory (RMT). First, we
give the basic definitions regarding multi-variates complex Gaussian distribution, followed by brief de-
scription of Wishart matrix. Then, we present a host of novel statistical results for a particular group
of random matrices possessing a matrix product structure, including p.d.f. and c.d.f. of an unordered
eigenvalue, p.d.f. and c.d.f. of the largest eigenvalue, expected determinant as well as the expected log-
determinant of the random matrix of interest. These new results are applied in the performance analysis

of various MIMO systems in the following chapters.

3.1 Majorization Theory

This section provides basic and necessary definitions on majorization theory as well as some essential
results, which will be applied in Chapter 4 for the ergodic capacity analysis of MIMO Nakagami-m

fading channels.

Definition 3.1 [62] For any x € R", let T2 X) 2 2 Xy denote the components of vector X in
decreasing order, and let

Ty o) < Sy (3.1)

denote the components of vector X in increasing order.



Definition 3.2 [62, 1.A.1] For any vector x,y € R™, x is majorized by y (or'y majorizes x) if

k k
me < Zy[i]a 1<k<n-1
i=1 i=1
Zx[i] = Zy[i]'
i=1 i=1

(3.2)

The notation x <y, or equivalently, by y > X, is used to denote the case where y majorizes X.

Alternatively, the previous conditions can be rewritten as

k k
Zm(i) = Zy(i)> 1<k<n-1
i=1 i=1
dowa =D Y
=1 i=1

(3.3)

Definition 3.3 [62, 3.A.1] A real-valued function ¢(-) defined on a set A C R™ is said to be Schur-
convex on A if

x<y on A = ¢x)<o(y). (3.4)

Similarly, ¢(+) is said to be Schur-concave on A if

x-y on A = ¢(x)<(y) (3.5)
As a consequence, if ¢(-) is Schur-convex on A then —¢(-) is Schur-concave on A and vice-versa.
Example 3.1 [62, p.7] For any x € R", let 1 € R" denote the constant vector with the i-th element

givenby1l; & 1 > iy ), then
1 <x. (3.6)

This means that the vector of equal entries is majorized by any vector with the same sum-value.

Example 3.2 For any x € R", let' y € R" denote the vector with the first element being the only

non-zero element y ., x;, namely y = [>_"_; ;,0,...,0], then

Y - X. (3.7)

In this example, it further states that the vector with only one non-zero element majorizes any vector

with the same sum-value.
Lemma 3.1 [62, 3.C.1]Ifg : R — R is convex, then the symmetric convex function
$(x) = g(x;) (3.8)
i=1
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is Schur-convex. Similarly, if g is concave, then ¢(x) = >, g(x;) is Schur-concave.

Lemma 3.2 [62, 9.B.1] Let Q be an n x n Hermitian matrix with diagonal elements denoted by the

vector d and the eigenvalues denoted by the vector A\, then

A= d (3.9)

Lemma 3.3 For fixed s,t, and t > s, let x = [21,. .., T denote an st-dimensional vector with joint
density p(x), where {x;} are i.i.d. gamma random variables. Define the vector y') = [ygl), e ,ygl)] €

)

%

is the summation of any s elements of x and for any ym y§1) such that i # j, they do

(3

Rt where y

not involve any common elements of x. Similarly, y(?) = [y?), . ,y§2)7 0,...,0] € R can be defined,

(2) 2 @2

such that y;”" is the summation of any t elements of x and that for any y;*", y;” with i = j, they do not

involve any common elements of x. Then, we have

E[ry™)| ZE[rx@)] (3.10)

where T(uy, ..., u) = Z§=1 logy (1 + au;) and a > 0.

Proof: The above lemma is a special case of a more general result due to Boland ef al. [9] . (]

3.2 RMT

In this section, we give basic definitions and some preliminary results on complex multi-variate Gaussian
random distribution. In addition, we derive a set of new RMT results, which will be applied in the

capacity and performance analysis of various MIMO channels later on.

3.2.1 Definitions and Preliminary Results

Definition 3.4 The complex multivariate gamma function fn(m) is defined as
T, (m) 2 / A det(A)" " (dA) = 7T [[Tlm —j +1). (3.11)
A=AT>0 i=1

Definition 3.5 Let X be an n x n matrix with non-zero eigenvalues x1,--- ,xy. The Vandermonde
determinant is defined as
L

VL(X) é det ({xf_j}i,j:17... ,L) = H(LL'Z — xj). (3.12)

i<j

Definition 3.6 The n-variate complex Gaussian distribution with mean vector v.€ C™*! and covariance

matrix Q@ € C"*™ > 0 is denoted by CN (v, Q).
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Definition 3.7 [34] The random matrix X € C"*™ is said to have a matrix-variate complex Gaussian

distribution with mean matrix M € C™*™ and covariance matrix @ X, where Q € C"*"™ and
3 € C™*™ are positive definite matrix, if
vec(XT) ~ CNyy, (vec(MT), 2 ® ) . (3.13)

And is denoted as X ~ CN,, ., (M, 2 @ X0).
Lemma 3.4 [34] If the n X m matrix X ~ CN p, (M, Q ® X), where Q € C"*™ and ¥ € C"™*"™ are
positive definite matrix, then the p.d.f. of X is given by

r(—Q N (X-M)=H(X-M)T)

™ det(2)™ det(X)”

e

f(X) = (3.14)

Lemma 3.5 [34] Let X ~ CN i (Onxm, Q@ L), withn < m. Then W = XX has a complex
central Wishart Distribution W,,(m, Q) with p.d.f.
etr(-27'w) det(W)m—"

fW) = o) det @) (3.15)

where f‘n(m) is the complex multivariate gamma function.

Lemma 3.6 [21]Let W ~ W, (m,1,,). Then the joint p.d.f. of the ordered eigenvalues A = diag(A >
Ao > >\, > 0) of W is given by

etr(—A) det(A)’”_"Vn (A)Q
[T, Tn—i+ )] T(m—i+1)

f(A) = (3.16)

3.2.2 New Random Eigenvalue Distribution Results

We now present some new results on the eigenvalue distribution of certain complex random matrices.
These analytical expressions will be used to characterize various performance measures of certain MIMO

channel in the following chapters.

Lemma 3.7 Let H ~ CJ\fm,n (Opxn, IQT), and Q2 is an m x m positive definite matrix with eigenvalue

Wi > wy > -+ > wy, > 0. Then, the marginal p.d.f. of an unordered eigenvalue \ of matrix HTQH is

given by
1 Em: i )\n+k7m—1ef>\/wlwlm—n—1
fA =7 Dy, (3.17)
s[[icj(w; — wi) o I'(n—m+k)
where Dy . is the (1, k)th cofactor of an m x m matrix D whose (i, j)th entry is
{D},; =w!™". (3.18)
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where s = min(m, n).

Proof: See Appendix A.1. O

This lemma presents a new expression for the unordered eigenvalue distribution of a complex semi-
correlated central Wishart matrix. In prior work [5], two separate alternative expressions for this p.d.f.
were obtained for the specific scenarios n < m and n > m respectively; the latter case' being a compli-
cated expression in terms of determinants with entries depending on the inverse of a certain Vandermonde
matrix. Here, Lemma 3.7 presents a simpler and more computationally-efficient unified expression,

which applies for arbitrary m and n.

Lemma 3.8 Let H ~ CN'n, n,(On, xn,, I ® 1) and a being a positive constant. Then the joint p.d.f. of
the eigenvalues {0 < wy < -+ < w, < 1/a} of random matrix H (I + «HH')~1H is given by

flr, - ICH Fh) | A (3.19)

1<J i=1

where ¢ = min(N,., Ny), p = max(N,., N;) and

q ) ) -1
K:(Hizlf(q—z—kl)f‘(p—z—kl)) . (3.20)
The p.d.f. of an unordered eigenvalue w € {wn,- - ,wq} is given by
10 E (i ],l,p, Y wP— et w
6 z:(:) Z (1 — qw)P~ 72 P <_ 1- aw)’ (3-21)
where
(1)} () (5 (29)!
iy, 1 = ) Ch . 3.22
A(7’7.]a ,Hl,HQ) 221,l (51_52+j)!j! ( )
Proof: See Appendix A.2. (|

Now, armed with Lemma 3.7 and Lemma 3.8, we are ready to derive the following theorem, which will

be used to evaluate the ergodic capacity of MIMO dual-hop systems.

Theorem 3.1 LetHy ~ CN'n, n,(On, xn,,I®I), Hy ~ CNn, N, (On,xN,,I®I), a being a positive
real number. Then the marginal p.d.f. of an unordered eigenvalue \ of HJ{H; I+ aHgHE)*ngHl is

!For this case (n > m), the random matrix HTQH has reduced rank and the corresponding distribution, conditioned on €2, is
commonly referred to as pseudo-Wishart [58].
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given by

QE_AQIC q q q+Ns—1 (q+Ns—l)aq+N3—l—i e . 9
fr() =" >y FZ(N — TP A@NARtp—a—i=)/2ge (2\[\) G,
I=1 k=q—s+1 =0 s 4

(3.23)

where ¢ = min(N,, Ng), p = max(N,, Ng), s = min(Ny, q), K, (-) is the modified Bessel function of

the second kind and G, is the (1, k)th cofactor of a g x q matrix G whose (m,n)th entry is
(Gl =a"""" " T (p—q+m+n-—1U@p-—g+m+n—1Lp+glfa) (324

with U (-, -, -) denoting the confluent hypergeometric function of the second kind [26, (9.211.4)].

Proof: See Appendix A.3. (I

To this end, we present another theorem regarding the p.d.f. of an unordered eigenvalue of a matrix
involving a product of two independent complex random matrices, which will be used for deriving the

ergodic mutual information expression for MIMO multi-keyhole channels.

Theorem 3.2 Let Hy ~ CN'N, N, (0N, x v, I®T), Ha € CN', N, (ON, x v, I®T), and A € CNex N,
Then the marginal p.d.f. of an unordered eigenvalue of Hq ATH;HgAHI is given by

+ m n :
Ne o N oope TR AmEE-Newi-ig (2, /A
]. 7 n—m bq‘, D

N
o pITi2;(b; — by) ;j:Nk_pH I'(n — Ny, + j)I'(m — Ny, + j)

i, (3.25)

where m = max(Ny, N;), n = min(N¢, N;), p = min(n, Ni), by < by < --- < by, denote the
non-zero eigenvalues of B 2 AAT, and D; j is the (i, j)th cofactor of the matrix E whose (1, k)th entry
equals

[Elir=b"", for1 <L,k <Ny . (3.26)

Proof: See Appendix A.4. O

The following theorem presents the c.d.f. of the maximum eigenvalue of a matrix involving a product
of two independent complex random matrices, and it will be used for deriving the outage probability of

transmit beamforming systems in MIMO multi-keyhole channels.

Theorem 3.3 LetHl ~ CNNt,Nk (ONtXNk i I®I)’ H2 ~ CNN’V‘:Nk (0N7~><Nk ) I®I)’ and A S CN’C XNk.
Then the cumulative distribution function (c.d.f.) of the maximum eigenvalue of H; ATH£H2AHJ{ is

given by
p(p—1)

- (—=1)" =7 det(®(x))
B ) = 110, =) T (b — b))

(3.27)
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where m = max(Ng, N;.), n = min(Ng, N,.), p = min(n, Ni), by < be < -+ < by, denote the
non-zero eigenvalues of B 2 AAT, and ®(x) is an Ny, x Ny, matrix whose (1, k)th entry is given by

bl k< N, —p,
(@ ()] = l =k P (3.28)

9(x)1k, k> Np—p,

with

m4+qg—n—~k ¢
——k —n— T g—t—k+1 T
g(@)ig = Tlq =k + 1)b; 7778 = pYent E 2w Kk (2 V bl) :

t=0

Proof: See Appendix A.5. [

We now present a theorem which gives first-order expansion for the c.d.f. given in Theorem 3.3 when
n = 1, which will be used for deriving the diversity order, array gain, and asymptotic outage probability

of transmit beamforming systems in MISO/SIMO multi-keyhole channels.

Theorem 3.4 LerH, ~ CNNt,,Nk (ONthMI@I), H; ~ CNNme (ONTXNMI@)I)’ and A € CNe* Nk,
m = max (N, N,), n = min(NVg, N;.), p = min(n, Ni), d = min(m, Ny). Whenn = 1, the asymptotic
expansion of the c.d.f. of the maximum eigenvalue )\, ax of Hq A.TH;HQA.HI is given by

P\ (z) = %xd + o(z%) (3.30)
where
_ T(m=Ny)
T(m) T (N [T b: m > N,
1 [ vFvm)—nz | (1) det($?) _
R R ( TRCTPR v ALY T ) =N (33D
(=)™~ det(®*) m < N,

F(m)2 Hf\gj (bj _bi) )

where 1(+) is the digamma function [26], and ®3 and ®* are Ny, x Ny, matrices with entries

bév_17 k'Zl,"'7Nk—1,

(@) = . (3.32)
b, " Inby, k = Ng,
and
b, k=1, ,Ny—1,
@e=1 ' g (3.33)
b " Inby, k = Ny,
respectively.
Proof: See Appendix A.6. (I

The following theorem presents the exact c.d.f. expression of the maximum eigenvalue of a random

matrix involving a product of three independent complex random matrices. This will be used to analyze
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the outage probability of optimum combining system operating in interference-limited Rayleigh-product

channels.

Theorem 3.5 Let Hy ~ CAy, v.(On,xn., I ® 1), Hy ~ CNn. n,(On.xn,, 1 ® I) and Hs ~
CNn.N;ON, xn,, I ® I), N > N,. Define m = min(N,,Ns), n = max(N,,Ny), p =
max(0,m — Ny), ¢ = max(m,Ny). Then the c.df of the maximum eigenvalue of matrix
L HH] (H3H§) “UHLH, is given by:

1) When Ny < N, or N > N, > N,

T2, (—1)PNT (N + Ny — i + 1) det(A(z))

F. = 3.34
do8) = T D (N, SN, Tm =i DT =i DT — i 1 1) (3.34)
where A(x) is defined by
(_l)miNtilB(n+Z_.]7NI_NT‘+m—Z+.])a ng,
[A(z)]i,; = (3.35)

Bm+n+p—i—j+1,Nz—q— N, +i+j—1)— R(z), i>p,

with

q—1

S
R(z) = MF(NI—NT—p+z‘+j+k—1)U(NI—NT—p+z‘+j+k—1,z’+j+k—p—n—m,:cNS),
= T(k+1)

(3.36)
2)NtZNsZNr0rNsZNt2Nm
™ T(IV- —i41)det(®
fkmax(x): — Hz:l ( I+n L+ ) e( (:C)) (337)

[T7L T(Nz = + DT (n =+ D0(m — j + DT TV, =i+ 1)

where ©(x) is an N, X N, matrix whose entries are defined by

O@));; =T'(N;—i+1)[B(Ng+ N, —i—j+1,Ng =N, +i+j—1)—

Ni—i
t N k
F(ijj_)l)F(NZ—Nr—l—i—l—j+k—1)U(NZ—NT+i+j+k—1,i+j+k—NT—Ns,st)],
k=0
(3.38)
Proof: See Appendix A.7. (I

When Ny = 1 in Theorem 3.5, which corresponds to the interference limited keyhole scenario, the c.d.f.

of the maximum eigenvalue can be further simplified as shown in the following corollary.

Corollary 3.1 Let H; ~ CNNt,NS(ONthsyI & I), H, ~ CNNS,Nt(ONSXN”I & I) and
H; ~ CNn N, (On.xn,, I ®I), N; > N, Then the c.df of the non-zero eigenvalue of

25



~1
HEHI (H3H§> HH,; is expressed as

I(Nz +1)
=1 .
P () T(N)TC(N7 — N, + 1) (3.39)
N;—1 k
T
E ——I'(N7z — N, 1 N7 — N, 1,k — N, 1,x).
F(k+1) ( A r+k+ )U( z r+k+ 7k 7‘+ 7x)

The following theorem gives the p.d.f. of the maximum eigenvalue of of a random matrix involving a
product of three independent random matrices. This will be used to investigate the ergodic capacity of

optimum combining system operating in interference-limited Rayleigh-product channels.

Theorem 3.6 Let H; ~ CNn, v.(On,xn., I ® 1), Hy ~ CNn, N, (On.xN,, I ® I) and Hy ~
CNnN, n,(On, xn;, I ® I), N > N,. Define m = min(N,,N,), n = max(N,,N;), p =
max(0,m — N;), ¢ = max(m,N;). Then the p.df of the maximum eigenvalue of matrix
~HH] (HgHg) “UHLH, is given by:

1) When N; < N, or N; > N, > N.,

(1PN I, (N + Ny — i+ 1) Dt o1 det(Ag(2)

= 3.40
Pamar () [, T(Nz =N, +m—i+1)(m—i+ 1)T(n—i+1) (340)
where Aj(x) is an m X m matrix defined by
[A())i; =
[AG)]i s i#1,
NS(st)q_;fq(fﬁf)v”p““) UNz =Ny —p+j+qj—p—n—m+q+LazN,), i=lI,
(3.41)
2)Nt2NsZNr0rNsZNt2Nry
7 D(Nz+n—i+1) 3 det(©
f)\max(x) _ lel ( I+n—1+ )Zl:l e ( l(.]?)) (342)

17 T(Nz —j + D)T(n —j + D0(m —j + D) [V T(N — i+ 1)

where, ®(x) is an N, x N, matrix defined by

[©(x)];; =
gV TINNeTHID (N — N, + Ny + j)U(Nz — Ny 4 Ny + 5, Ny — N, — Ny + j + 1,zN,).  (3.43)

Proof: See Appendix A.8. ([
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3.2.3 New Random Determinant Results

We now turn our attention to the statistical properties of the determinant of certain random complex
matrix. The derived expressions will be used to derive tight ergodic capacity (or ergodic mutual infor-

mation) upper bounds or lower bounds in the following chapters.

Lemma 3.9 LetH ~ C./\/'myn (Opxn, IQT), and Q2 is an m x m positive definite matrix with eigenvalue

w1 > Wy > - > wyy, > 0. ais a positive real number. Then, the expected determinant of 1, + cHTQH

is given by
det (A
B {det (I, + aHiQH)} = — 4UA) (3.44)
i<j (""’j - w;)
where A is a m x m matrix with entries’
wlkfl, k<m-—n,
{A}Lk = - (3.45)
w T (I4+aw (n—m+k)), k>m-—n.
Proof: See Appendix A.9. ([

This lemma presents a new expression for the expected characteristic polynomial of a complex semi-
correlated central Wishart matrix. In prior work [82, 108], alternative expressions were obtained via a
different approach (i.e., by exploiting a classical characteristic polynomial expansion for the determi-
nant). Those results, however, involved summations over subsets of numbers, with each term involving
determinants of partitioned matrices. In contrast, our result in Lemma 3.7 is more computationally-
efficient, involving only a single determinant with simple entries. Moreover, it is more amenable to the

further analysis in this paper, leading to the following two important theorems.

Theorem 3.7 Let Hy ~ CN'n, n.(On, xn., I®I), Hy ~ CNn, n,.(On,xn,,I® 1), a and b being
positive real numbers. Define ¢ = min(Ng, N,.) and p = max(Ng, N,.). Then the expected determinant
of HIHI(I + aH,H)) " 'H,H, is given by

E {det (I + b HG (1 + aHQH;)ﬂHQHl) } = K det (E), (3.46)

where 2 is a q X q matrix with entries

a'= "9, _1(a), n <q— Ng,
}mn: 1(a) =~q (3.47)
’ a*="9,_1(a) + ba"T (Ny — q+n)VI.(a), n>q— N

[

{

witht=p—q+m+n, and

Yr(a) =T (1)U (r,p+4q,1/a) . (3.48)

2Whenm < n, {A}, , = wy " (14 aw; (n —m+1)).
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Proof: Utilizing Lemma 3.9, [84, Lemma 2] and (10.29) yields the desired result. U

Theorem 3.8 Let H; ~ CN'y, v, (On, x vy, IQT), Hy ~ CN N, N, (On, x v, , I®T), and A € CN XN,
Define m = max(Ny, N,.), n = min(NVg, N,.), p = min(n, Ng), and let by < by < -+ <
bn, denote the non-zero eigenvalues of B 2 AAT. Then the expected determinant of the matrix

I+ N%Hl ATHEHQAHJ{ (for some constant ) is given by

E {det <I + WHlATHEHQAHJ{) } - %, (3.49)
N [1:<;(b; — bi)

where A is an Ny, x N}, matrix with entries

bf_l, kSNkfpa

[Alor =19 b
b (1+%(m—Nk+k)(n—Nk+k))7 k> Ny — p.

(3.50)

Proof: See Appendix A.10. (|

Lemma 3.10 LetH ~ CNm,n (0 xn, IQT), and S is an m x m positive definite matrix with eigenvalue

w1 > wy > -+ > wy > 0. Define s = min(m, n), and

HIQH, m>n,
® = (3.51)
QH.HI, m<n.

The expected log-determinant of ® is given by

m

s Z det (Yk)
E{lndet (®)} =S ¢ (n— s+ k) + “=mstl , (3.52)
,; Hi<j (wj — wi)
where 1 (+) is the digamma function [26], and Y, is an m X m matrix with entries
j—1 ,
w; o, J 7é k,
{Yi},; = . (3.53)
' w!" lnw;, j=k.
When m = s, (3.52) reduces to
E{lndet (®)} = ¥ (n—s+k)+Indet () . (3.54)
k=1
Proof: See Appendix A.11. O

We note that the above expected natural logarithm of the determinant for m > n has been investigated
in [57], where the derived expression is rather complicated, involving summations of determinants whose

elements are in terms of the inverse of a certain Vandermonde matrix. We also note the m < n and
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m = n = s cases have been considered in [28, 108]. Our result, in contrast, gives a simple unified
expression which embodies all of these cases. Moreover, based on Lemma 3.10, we obtain the following

two important theorems.

Theorem 3.9 Let Hy ~ CN'n, n,(On, xn,,I1®1I), Hy ~ CNn, N, (On,xn,,I ® 1), a being positive
real numbers. Define ¢ = min(Ng, N,.), p = max(Ny, N,), s = min(Ng, ¢) and

H{QH,, ¢> N,
P 1Q 1 9= (3.55)
QH H{, ¢<N,.

where Q is a q¢ X q matrix with the same non-zero eigenvalues as H;(I + aHgH;)_ng. Then the

expected log-determinant of ® is given by

s q
E{lndet(®)} =Y ¢ (No—s+k) +K > det(Wy,) (3.56)
k=1 k=q—s+1

where Wy, is a q X q matrix with entries

1—7
(Wit = @ drala), n#k, (3.57)

§m+n(a)v n =k,

where T and ¥ _1(-) are defined as in (3.48), and

2q—t _ 2 —t ptq—i—2 1
la)=> ™" T(p+q—i-1) ( ; > <w(p+qi1) - Y a <a>> , (3.58)

=0 =0

where g,(-) denotes the auxiliary function

gi(z) = e"Epyq(x) (3.59)
with E) 1 () denoting the exponential integral function of order | + 1.
When q = s, (3.56) reduces to

q—1 4 25 2¢q—1-2
2q—1-2 .
( P )A(m,l,p,q)

p+q—k—2
xg24—1—2—kp (p+q—k—1) <¢ (p+qgq—k—-1)— Z 9m (1/a)> .

=0
(3.60)

Proof: See Appendix A.12. O

Theorem 3.10 Let H; ~ CNNt,Nk (ONthk,I X I), H, ~ CNN7-,Nk (ON,,.xNk>I ® I), and A €
CNeXNk | Define m = max(Ny, N,.), n = min(Ny, N,.), p = min(n, Ny,), and let by < by < --- < by,
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denote the non-zero eigenvalues of B 2 AAT Define

HIATHIH,AH,, p= N,
ATHIH,AH\H!, p=N,, (3.61)
H,AH, H{ATH], p=N,.

$2

The expected log-determinant of ® is given by

P P SN det(Yy)
E{lndet ()} = > w(m—p+s)+ Y v(n—p+s)+ =02t , (3.62)
s=1 s=1 Hi<j (bj - bl)
where 1(+) is the digamma function [26], and Y s is an Ny, x Ny matrix with entries
Wl ks,
[Yoe=9 (3.63)
b/ " Inb;, k=s.
When p = Ny, (3.62) reduces to
P P
E{lndet(®)} = Z Y(m—p+s)+ Z P(n—p+s)+Indet(B). (3.64)
s=1 s=1

Proof: The result can be obtained by applying Lemma 3.10 twice along with some algebraic manipula-

tions. O

3.3 Conclusion

This chapter has introduced two key mathematical tools employed in the thesis, namely, majorization
theory and finite RMT. The first section has given a brief introduction on majorization theory which will

be primarily used in Chapter 4 for the ergodic capacity analysis of MIMO Nakagami-m fading channels.

The second part presented one of the major contributions of the thesis, namely, a set of new random
matrix results, i.e., eigenvalue distribution, expectation of determinant and log-determinant properties,

which find direct applications in the capacity and performance analysis of various MIMO systems.

Specifically, the first crucial result was presented in Lemma 3.7, which gives a unified expression for
the p.d.f. of the unordered eigenvalue of a semi-correlated Wishart matrix. This convenient and nice
expression plays a key role in the derivation of the p.d.f. of the unordered eigenvalue of certain product
matrices shown in Theorem 3.1 and Theorem 3.2, which serve as the essential mathematical tools when
studying the exact ergodic capacity performance of MIMO dual-hop AF systems in Chapter 6 and MIMO

multi-keyhole systems in Chapter 5, respectively.

We then presented new results for the c.d.f. of the maximum eigenvalue of product matrices arising from

the analysis of MIMO multi-keyhole channels in Theorem 3.3, as well as its asymptotic first-order ex-
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pansion in Theorem 3.4. These expressions will be applied in the outage probability, diversity order and
coding gain analysis of the optimal beamforming scheme operating over MIMO multi-keyhole channels
in Chapter 5. In parallel with Theorem 3.3, Theorem 3.5 and Theorem 3.6 showed new expressions
for the product matrices emerged from the analysis of interference-limited Rayleigh product channels.
These results will be directly employed in Chapter 7 for studying the performance of optimum combin-
ing scheme, by deriving closed-form expressions for various important performance metrics of interest

such as ergodic capacity, outage probability, diversity order and SER.

In addition, new random determinant properties have been considered. Similar to the approach dealing
with the eigenvalue distribution, the first critical step was to derive simple and unified expressions for
the expected determinant and log-determinant of a semi-correlated Wishart matrix shown in Lemma
3.9 and Lemma 3.10, respectively. These results were directly invoked in the derivation of the expected
determinant and log-determinant of product matrices of interest. In particular, Theorem 3.7 and Theorem
3.9 provide new results for MIMO dual-hop AF systems, which will be utilized to investigate the ergodic
capacity upper and lower bound in Chapter 6. The expressions exhibited in Theorem 3.8 and Theorem

3.10 will be used in Chapter 5 to study the ergodic capacity bounds of MIMO multi-keyhole channels.
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Chapter 4

Capacity Bounds for MIMO Nakagami-m
Fading Channels

4.1 Introduction

Understanding the fundamental limits of multiple antenna wireless channels has gained enormous at-
tention from the research community since the invention of MIMO antenna systems. One important
area of research is to derive exact capacity expression or tight capacity bound, which provides efficient
means for evaluating the MIMO channel capacity. And this has been done for various statistical channel
models of interest, e.g., MIMO Rayleigh fading channels [14, 46, 82, 84, 89] or MIMO Rician fading
channels [6, 18, 36, 45, 63, 107].

Although Rayleigh and Rician fading channels are arguably the most popular statistical models for fad-
ing, a more powerful model, namely Nakagami-m fading, was proposed to capture a variety of physical
channel environments [71]. The generality of Nakagami-m fading channel model not only allows to
embrace both the Rayleigh and Rician fading scenarios, but more importantly, it has been found to be
a very good fitting for the mobile radio channel [90]. However, despite its generality, there has been
very limited works available on the capacity of multiple antenna Nakagami-m fading channels in the
literature. For a SIMO or MISO Nakagami-m fading channel, exact capacity expressions were obtained
in [110]. In the latest results of [24], Fraidenraich et. al derived exact capacity formulas for 2 x 2 and
2 x 3 Nakagami-m channels, with the fading parameter m being restricted to be an integer. This contem-
porary list of references indicates that despite the need to know the fundamental limits of Nakagami-m

MIMO channels, little is understood.

In this chapter, we investigate the ergodic capacity of MIMO Nakagami-m fading channels with arbitrary
real rn > 1/2 and arbitrary finite number of antennas at both ends. Two models are considered, namely,
conventional co-located MIMO (C-MIMO) and distributed MIMO (D-MIMO) systems. We derive tight
upper and lower capacity bounds for both models. In addition, a simple and concise ergodic capacity

upper bound is obtained in the high SNR regime, which enables the analysis of the impact of the channel



fading parameter m on the ergodic capacity. Moreover, we also look into the asymptotic behavior of the
ergodic capacity in the large-system limit when the number of antennas at one or both side(s) goes to

infinity.

4.2 System Model

In this section, we introduce the mathematical models for D-MIMO and C-MIMO antenna systems. The
D-MIMO model reflects the distinctive large-scale fading effects for each antenna-pair, making it useful
for analyzing a MIMO channel with the antennas distributed in a large area. On the other hand, the
C-MIMO model will be used for the analysis of a traditional point-to-point MIMO channel where the

antennas at either side are co-located, and have the same large-scale fading.

4.2.1 MIMO Systems

We consider a general D-MIMO system, where there are NV, receive antennas and L radio ports located
far apart, each with IV; transmit antennas.' The antennas at a given port are assumed to go through the
same large-scale fading, while the antennas at different ports undergo different large-scale fading (i.e.,
different path losses and shadowing effects). The received signal vector y € C™~ can be related to the

transmitted symbol vector x € CN* by

| P 1

where x has the covariance matrix of E[xxT] = Q, P denotes the total transmit power, { € CNr is the

complex AWGN vector with zero mean and the covariance matrix of E[¢¢T] = NoI, and

1 . [ 1y [l [l [l N,LxN,L
$2 —=(d —_ ... —_ ... —_ ... R t 4.2
Iag( D’i]7 b D’f’ b Dz’ b DE)E ( )

is a diagonal matrix accounting for the large-scale fading effect, in which the path loss is characterized by

D, for some exponent v (typically from 4 to 6 depending on the environments), {/;}%_, are independent
and log-normal random variables (i.e., with the corresponding means { y1; } and standard deviations {o; }),

with p.d.f. given by

pll) = e (43)

V2ro?l
where n = 1% ~ 4.3429, and H € CN-*MN+L js the channel matrix addressing the small-scale fad-
ing, and the elements of H = [h;;] are assumed to be i.i.d. with uniformly distributed phase and the

magnitude, x = |h;;|, following a Nakagami-m p.d.f.

2 m m
Pa) = o (%) 22 1e=(8)7° forz > 0andm > 0.5, (4.4)

I Different number of antennas for each port can be easily accommodated in the formulation.
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where I'(-) denotes the gamma function, m = \f:r[[af?]] ,and Q £ E[2?].

Note that in the above model, the overall channel between the transmitter and the receiver is expressed

as a product of the small-scale fading and the large-scale fading, as in [74, 75].

When L = 1, this D-MIMO model degenerates to the conventional C-MIMO system. In this case, we
focus only on the small scale fading effect and the large scale fading can be ignored, as it is identical for

every antenna pair. Hence, (4.1) can be reduced to

P
y = Hx+C (45)

4.2.2 Ergodic Capacity

We assume that CSI is known perfectly at the receiver, and that an equal-power allocation across the
transmit antennas is used, i.e., Q = / N%I. Therefore, for C-MIMO systems, the ergodic capacity can

be expressed as

P
=E |l I HH )| . 4,
C [odeet( NN )} (4.6)

04Vt

Similarly, for D-MIMO systems, we have

D=E [10g2 det (I + H®H' )} : (4.7)

LN, N,

In the following sections, we first develop exact capacity bounds for C-MIMO systems based on ma-

jorization theory, and then extend the analysis to the more general D-MIMO systems.

4.3 Capacity Bounds of C-MIMO Nakagami-m Channels

In this section, we derive ergodic capacity upper and lower bounds for C-MIMO Nakagami-m fading
channels, where only small-scale fading is considered. In addition, we study the high SNR regime, in
which simpler results can be obtained to gain insight on the system performance. The analysis we carry

out is mainly based on majorization theory. For convenience, we define
s £ min(N, Ny), (4.8)

t £ max(N;, N,.). 4.9)

4.3.1 Ergodic Capacity Upper Bounds

Utilizing majorization theory, we derive several upper bounds of the ergodic capacity for Nakagami-m

channels, which are now given in the following theorems.
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Theorem 4.1 The ergodic capacity of MIMO Nakagami-m fading channels is upper bounded by

1—tm,1,1
> : (4.10)

1,0

= S 1.3 P Q
< = 5 —_
c=G T'(tm) 1n2G3’2 < N:Nom

Proof: See Appendix B.1. ([l

Similar upper bounds can be obtained using different majorization relationships. Nevertheless, among

them, the upper bound C; is the tightest. This result is given in the following theorem.

Theorem 4.2 Ergodic capacity upper bounds Cy, Ca, Cs satisfy the following relationship:

C1 <Cy and C, < Cs, 4.11)
where
é B ¢ G1’3 P g 1—sm,1,1
7 T(sm)In2 32\ N,Nym 10 ’
7 1—stm,1,1 (4.12)
A, e ) U
5T I'(stm)In2 32\ sN;Nom 10 '
Proof: See Appendix B.2. O

All the three bounds are expressed in closed form and can be evaluated very efficiently using standard
softwares like Mathematica. Since the upper bounds involve the Meijer G-function, they do not offer
much physical insight on the capacity performance. In the following, we consider the tightest capacity

upper bound, C1, in the high SNR regime to derive simpler expressions for more insights.

Corollary 4.1 For MIMO Nakagami-m fading channels, in the high SNR regime, the ergodic capacity

upper bound C; can be approximated as

C1 = Chenr = slog, ( + 2 [@b(tm) —1In (%)} , (4.13)

P
NNy ) " In2

where () is the digamma function [26, (8.365.4)].

Proof: Athigh SNRs, log, (1 + 575-) can be approximated by log, (5. As such, we can have

tm
- s [ P (%) m
e 2L ptm—lem Gy 4.14
Ch 1n2/0 H<NtN0r) Tim) ¢ Y 19
tm
P s (%) e , m .
=3l - 2 \Q 1 tm—1 —ard 4.15
51082 (NtN()) T2 T(tm) /0 n(r)yr e dr (4.15)
P 5 m
= slog, <NtNo> t i3 {ip(tm) —1In (ﬁ)} , (4.16)
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where the following integration formula has been used [26, (4.352.1)]

/Oo £ lem " Intdt = G%F(v)[w(v) —Ina]. @.17)
0

Corollary 4.2 The ergodic capacity upper bound approximation, Cheny, is a monotonic increasing func-

tion of the channel fading parameter m.

Proof: We prove the corollary by showing the first derivative of Chen, With respect to m is strictly greater

than zero regardless of s and ¢. This is done as follows.

déhsnr o s | (1) 1
=g [P~ 4.18)
s > 1
53 'Y e ‘m] @19
> 2 _ i 1 (4.20)
In2 (tm + k) tm+k+ 1) m ’
[ o
S 1 1 1
_ s _ 1 421
In2 t%(tm—kk tm+k+1> m] “-21)
-0, (4.22)

where from (4.18) to (4.19), we have used the derivative property of digamma function [26, (8.363.8)]

- 1
¢(n) (z) = (_1)n+1n! Z IR . (4.23)
k=0

O

Corollary 4.2 is quite intuitive since a larger m corresponds to a less severe fading environment, and the

ergodic capacity is anticipated to increase with m.

4.3.2 Upper Bound for Large Systems at High SNR

It was revealed in [15] that the ergodic capacity of a general MIMO fading channel grows linearly with
the minimum number of antennas at both ends in the large-system limit where the numbers of antennas
at both ends approach infinity. However, the asymptotic result when the number of antennas at only one
side goes to infinity is not available. Here, we derive such results for Nakagami channels through the

capacity upper bound approximation Chen-

Three cases are of interest: (i) N, — oo while N; being fixed, (ii) Ny — oo while N, being fixed,

and (iii) both N;, N;. — oo while keeping N o— = [ fixed. For convenience, we assume {2 = 1. In the
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analysis, the following approximation is used [4, (6.3.18)]

Y(x)~Inz, ifr — co. 4.24)
For case (i),
5 N, —oo P
Chsnr = Nlog, m + N¢logy Ny 4.25)

As such, asymptotically, the ergodic capacity increases logarithmically with the number of receive an-

tennas. Considering case (ii), we then have

—00 P
Chsnr Nt— Nr 10g2 (]V]V()) + Nr 10g2 Nt (426)
t
P

The result indicates that the increase in the number of transmit antennas does not provide any capacity
gain, which aligns with previous studies. Finally, for case (iii), we consider two separate cases, namely,

B <1land 8 > 1. When 3 < 1, we have

Chsnr Np—oo

P
1 — 1 -1 4.2
Nt Og? <NO > + Og2 ﬁ 9 ( 8)

which shows that a linear increase in the ergodic capacity is achieved as long as /V; and [V,. increase at

the same rate. On the other hand, when 3 > 1, we have

éhsnr N,—oo P
N, e (No) (4.29)

which is independent of 3, showing no capacity benefit from increasing N; beyond NV,..

The above asymptotic results not only agree with that in [15] which indicates the linear capacity increase
with the minimum number of antennas, but also provide additional insights on how the capacity grows
with the greater number of antennas. Besides, the above scaling law for Nakagami-fading channels
reveals the same asymptotic behavior as for Rayleigh-fading channels seen in [28]. From the scaling
results, we notice that in all the three cases, the ergodic capacity is independent of m, which is intuitive

as the increasing number of antennas helps to eliminate the effect of fading.

4.3.3 Ergodic Capacity Lower Bounds

In this subsection, our focus is on the derivation of ergodic capacity lower bound for the general

Nakagami-m fading channels based on majorization theory.

Theorem 4.3 The ergodic capacity of Nakagami-m fading channels is lower bounded by

1 . p q|lstmll
C>C, = Gy’ — . 4.30
==L 7 D(stm)In2 32 ( NiNom | (4.30)
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Proof: See Appendix B.3. ([

When s = 1, the channel degenerates to a SIMO or MISO system. The low bound C; becomes exact and
is the same as the upper bound Co. The lower bound is, however, not tight for a general MIMO channel

(i.e., when s > 1) as will be shown in the following high SNR analysis.

Corollary 4.3 In the high SNR regime, the lower bound C, can be approximated by

P 1 m
Ql ~ thnr = 10g2 (]W) + m [w(stm) —1In (5>:| . (431)
Proof: The proof is similar to the proof for Corollary 4.1 and is omitted. [

Using the high SNR approximation of the lower bound, C, ,,,, and further considering it in the asymptotic

large-system limit where s or ¢ (or both) approaches infinity, we get

s.t—oo NT‘P
Chone 1= log2< ) (4.32)

Ny

The lower bound shows no linear capacity increase with the minimum number of the antennas, which
does not align with the known results in the high SNR regime. Therefore, the bound, C,, is not tight at
least in the high SNR regime. Nevertheless, we shall show that this bound has an interpretation of a low

SNR approximation and may give a reasonably tight bound at low SNRs.

To see this, we assume that N; > N,. [[V; < N, can be dealt with similarly by using (10.156)], so

P ks P
) =
det (I+ , NOHH ) 1T (1 + NN Ak> , (4.33)

=1

where Ay, for k = 1,..., N,, are the eigenvalues of HH. Expanding the product at the right-hand-side

of (4.33), and ignoring the second and higher order terms in N% (for low SNRs), we get

P
> + ——||H|? .
C>E {log2 (1 NtNOH I )] , (4.34)

where ||H]|| is the Frobenius norm of H. The right-hand-side of (4.34) is exactly the ergodic capacity
lower bound C, . Therefore, C; should be reasonably tight in the low SNR regime, while it degrades with

the number of antennas, due to the significance of the higher order terms.

4.4 Capacity Bounds for D-MIMO Nakagami-m Channels

Here, we consider a D-MIMO channel which undergos composite Nakagami-m and log-normal fading,

and attempt to derive similar capacity bounds for this channel.

38



4.4.1 Ergodic Capacity Upper Bounds

Theorem 4.4 The ergodic capacity of a composite D-MIMO channel is upper bounded by

N, L N
D<Dy = ———"—— 4.35
=7 I'(N,m)In2 z:: z:: (4.39)
V20t+p;
where V;(t) = Gé ) ﬁ;%%% H oL pith {a;}}C, corresponding to the zeros of the

N-th order Hermite polynomial and {w; }évzl are the weight factors tabulated in Table 25.10 of [4].

Proof: See Appendix B.4. (|

In the proof of Theorem 4.4, Gaussian-Hermite quadratic integration has been employed to approximate
the infinite integral. While (4.35) can be used to compute the upper bound for the general composite
Nakagami-m and log-normal fading channels, the computation of Meijer G-function can still be time-
consuming at extreme low SNRs [e.g., < —15 (dB)]. A simpler expression is possible for the special

case such as the Rayleigh and log-normal composite channel, and is given below.

Corollary 4.4 The ergodic capacity of a composite Rayleigh and log-normal D-MIMO fading channel
(i.e., m = 1 and Q) = 1) is upper bounded by

L N
DRaerigh < D2 Z Z Cl] (436)
LNy DY Ng
V20it+u; _ v
where Tj(t) = ere” @ ffV:TO "Bt %) with E,, (x) denoting the exponential integral

Pe n
of order n [26], and {w;} and {a;} are defined in (4.35).

Proof: The outline of the proof is similar to that of the general Nakagami-m and log-normal composite
channel. Specifically, the proof requires the capacity expression in [82], and the Gaussian-Hermite
quadratic integration approximation. The accuracy of the Gaussian-Hermite approximation has been

studied in [74], which has shown that the approximation is very accurate for N > 4. (]
The above capacity bounds, though in closed form, are too complex to gain insights. It is thus of interest

to consider the high SNR regime for simplification, which we do in the following.

Corollary 4.5 For composite Nakagami-m and log-normal fading channels, in the high SNR regime,

the ergodic capacity upper bound D1 can be approximated as

Dy ~ Dyer = LN, log (I.J]V]j%) + if\;t [a/)(Nrm) 1n( )}

122“’

(4 37)
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Proof: See Appendix B.5. ([

The above result is quite informative. This clearly indicates the separate effects of small-scale and large-
scale fading on the channel ergodic capacity. (4.37) decomposes the ergodic capacity into two parts: The
first part accounts for the small-scale fading which is equivalent to a MIMO system with N; L transmit
antennas and [V, receive antennas operating in Nakagami-m fading channels, while the second part
explains the large-scale fading effect, plus the path loss effect on the ergodic capacity. The impact of

log-normal fading can also be seen from the mean fading parameters {; }.

4.4.2 Ergodic Capacity Lower Bounds

In this subsection, we derive a lower bound for the ergodic capacity of the composite log-normal and
Nakagami fading channels. To do so, however, the lower bound for the general D-MIMO system is not
available due to the lack of analytical p.d.f. of the sum of weighted i.i.d. gamma random variables. We

thus consider a special case when the number of ports is L = 1.

Theorem 4.5 For the composite log-normal and Nakagami fading channels, when L = 1, the ergodic

capacity is lower bounded by

N
1 1
D>D)=———— Ul(ay), 4.38
==t F(stm)anﬁ;w (a:) (4.38)
V2ot+tp
where U(t) = Gég (P]\e,tN(;’va}L ‘}BStm’l’l >, {w;} and {a;} have been defined in (4.35).
Proof: See Appendix B.6. (I

Corollary 4.6 For the composite log-normal and Rayleigh fading channels (i.e., m = 1 and Q = 1),
when L = 1, the ergodic capacity is lower bounded by

N
1
DRayleigh = Dy = —=—= Z w; Z(a (4.39)
n?2 f p
N¢NgD?V
V2ot+pu _
where Z(t) = e pe i ,ivto ' B ( tﬁga ) {w;} and {a;} are defined as in (4.35).
Proof: The proof is similar to that of Theorem 4.5, and is omitted. ([

4.5 Numerical Results

In this section, we present some numerical results to examine the tightness of various capacity upper and

lower bounds developed in the above sections.
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For the Monte Carlo simulation method used in the section, as well as those in the remaining chapters,
unless otherwise specified, it means that the simulation results are obtained by computing the desired
function with repeated random sampling input which follows certain distribution function. Moreover,
the desired number of samples and the distribution function are generally application dependent. For
this particular case here, we generate 100,000 complex matrix H with the element of H follows the i.i.d.
Nakagami-m distribution. For each sample, we compute the capacity according to Eq. (4.6) and the final
simulation result is computed by averaging over 100,000 sample results. As for various parameters such
as N¢, N, m and SNR range, they are randomly chosen according to two main principles: of practical
interest and reasonable computation cost. However, in some cases, the parameters are carefully chosen

to illustrate or verify certain properties.

Figure 4.1 plots three capacity upper bounds presented in Theorem 4.1 and Theorem 4.2 when m = 0.5
and Ny = 3, N, = 6. As we can see, all the three bounds are quite tight at the low SNR regime.
However, Cy becomes loose when the SNR increases. Also, we observe that C; is the tightest upper

bound, which agrees with the analytical result in Theorem 4.2.

40 T T T T T
Monte Carlo Simulation
— — — Analytical Upper Bound

“““““ Analytical Upper Bound

Al Nl Ny
M

Analytical Upper Bound

30

25+ 1

Ergodic Capacity (bps/Hz)

Average SNR T (dB)

Figure 4.1. Analytical upper bound C1, Co, C3 when m = 0.5, N; = 3, N,. = 6.

Figure 4.2 plots capacity upper bound C; and the high SNR approximation, Cye,, against Monte Carlo
simulation results when m = 0.5, N; = 3 and N,, = 1,3,6,12,30. As can be seen, the upper bound
C; always overlaps with the exact capacity results when s = 1, which is expected because when s = 1,
the overall MIMO channel reduces to a SIMO or MISO channel, and the upper bound (4.10) becomes
exact. In other words, our results include those in [110] as a special case. In addition, it is observed that
the upper bound is generally very tight, e.g., when s = 3 and ¢ = 6 or t = 12, and almost overlaps with

the exact results if ¢ = 30, with the only exception occurs when s = ¢, or N; = N,..

Figure 4.3 examines impact of fading parameter m on the ergodic capacity of the system for /V; = 2 and
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Figure 4.2. Ergodic capacity of Nakagami-m fading channel: Analytical upper bound versus simulation
results when m = 0.5 (one-sided Gaussian distribution).
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Figure 4.3. Ergodic capacity of Nakagami-m fading channel: Analytical upper bound versus simulation

results with m and N, as parameters.

N, = 2,4,8,16, 32 at average SNR of 5 (dB). We observe that, with the increase of NV,., the impact of

channel fading parameter m on the ergodic capacity decreases gradually. For instance, when N, = 2,

the ergodic capacity increases considerably when m increases from 0.5 to 3. However, when N, = 30,

the difference is inappreciable.

Figure 4.4 shows the analytical lower bound curve C; for different antenna configurations. It can be

observed that the lower bound is is reasonably tight in all case. In particularly, it performs very good

at the extreme low SNR regime (i.e. < —15dB). In addition, the tightness of the lower bound degrades

with the number of antennas, due to the significance of the higher order terms.
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Figure 4.4. Ergodic capacity of Nakagami-m fading channel: Analytical lower bound versus simulation
results when m = 2 for different antenna configurations.
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Figure 4.5. Ergodic capacity of composite Nakagami-m and log-normal fading channels with 0 = 8
(dB), Dy = 1000 (m), Dy = 1500 (m), D3 = 2000 (m), m=1/2, for different N,..

Figure 4.5 plots the ergodic capacity of composite Nakagami-m and log-normal channels against the
average received SNR per antenna, I',>. Figure 4.6 plots the composite Rayleigh and log-normal case.
In the simulation, we chose u; = 0, 0; = o, fort = 1,. .., L for simplicity. In both figures, we observe
that the upper bound becomes tighter when [V, is greater which is consistent with the Nakagami-m only

case.

Figure 4.7 investigates the performance of the lower bound. Similar to the lower bound of C-MIMO

2
o
2P, A PS 302 where S is the average path loss defined as S = % ZiLzl

1
No DY"
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Figure 4.6. Ergodic capacity of composite Rayleigh and log-normal fading channels with ¢ = 8 (dB),
D1 = 1000 (m), Dy = 1500 (m), D3 = 2000 (m), for different /V,..

channels, results illustrate that the lower bound is tight at low SNRs while it becomes looser at high

SNRs, particularly when the number of antennas increases.
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Figure 4.7. Ergodic capacity of composite Rayleigh and log-normal fading channels: Analytical lower
bound versus simulation results when L = 1, 0 = 8 (dB), D = 1000 (m), for different N;, N,..

4.6 Conclusion

In this chapter, by virtue of majorization theory, we have derived ergodic capacity bounds for C-MIMO
and D-MIMO fading channels. In C-MIMO, the capacity for Nakagami-m fading channels was inves-

tigated in detail, where we derived several tight upper bounds in terms of Meijer G-function, and in the
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high SNR regime, a simple closed-form upper bound was presented to gain insight on the impacts of the
system parameters, such as fading severity m, the number of antennas N; and N,., etc. We also derived a
tight capacity lower bound for the low SNR regime. The same capacity analysis was also performed for
D-MIMO channels undergoing the composite (long-term) log-normal and (short-term) Nakagami fading

where similar upper and lower bounds were derived.
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Chapter 5

Mutual Information and Outage Analysis of

Multi-Keyhole MIMO Channels

5.1 Introduction

The extraordinary gains of MIMO antenna systems have typically been demonstrated under the key as-
sumption that the scattering is sufficiently rich to ensure that the MIMO channel matrix describing the
channel gains between the transmitting and receiving antennas is of full-rank. However, it has also been
shown that when the scattering environment is not-so-rich, the channel may exhibit reduced-rank behav-
ior. In this case, the most commonly studied scenario is the single-keyhole (or pinhole) scenario, which
describes the extreme scenario with the channel matrix having unit rank. This phenomenon has been
validated theoretically [16] and experimentally [7, 8], and the performance of keyhole channels has been
extensively studied for various settings [29, 51, 68, 69, 78, 83]. However, in practice the extremely rank-
deficient behavior implied by the single-keyhole assumption may be too restrictive. This has motivated
the so-called multi-keyhole channel model in [52-54], which generalizes and extends the applicability
of the single-keyhole model. In fact, the multi-keyhole model provides a highly generalized channel de-
scription which embraces arbitrary rank behavior, and includes the conventional single-keyhole and rich
scattering Rayleigh MIMO channel scenarios as special cases. The multi-keyhole channel is closely re-
lated to the double-scattering channel model proposed in [25], with the two models becoming equivalent

when there is no correlation between the transmit and receive antennas.

In contrast to rich scattering MIMO channels, there are very few analytical results pertaining to the
multi-keyhole channel model. In [53], it was revealed that the asymptotic instantaneous capacity of the
multi-keyhole channel is described by summing the capacities of each individual keyhole. In [82], an
upper bound for the capacity was presented. In [25], some approximations were provided for the p.d.f.
of the eigenvalues of the channel correlation matrix, and these were used to study the performance of the
multi-keyhole channel. In [104], the asymptotic diversity-multiplexing tradeoff (DMT) was considered,

and [85] investigated the performance of orthogonal STBC (OSTBC) systems. Very recently, [37,112]



studied the performance of MIMO multi-keyhole systems with CSIT, considering the special case of the

multi-keyhole channel for which the power of each keyhole is unity.

In this chapter, we present a thorough investigation of multi-keyhole MIMO channels. Based on some
newly derived statistical expressions for a product of complex random matrices presented in Chapter 3,
we examine the mutual information and outage performance of MIMO systems operating over multi-
keyhole channels. We consider two important scenarios. First, we derive new exact closed-form ex-
pressions and simplified upper and lower bounds for the ergodic mutual information, assuming that the
transmitter has no access to the CSI but the receiver has perfect knowledge. We then present new per-
formance results for optimal transmit beamforming scheme assuming both the transmitter and receiver

have perfect CSI.

5.2 System Model

We consider a communication link with N, transmit and NV, receive antennas operating in frequency

non-selective channels. The received signals can be expressed in vector form as
y = Hx + n, G.D

where n ~ CN(0,02I), and x = [z1, 22, ...,2n,]T is the transmit symbol vector, with E, {||x||?} = P.
The matrix H represents the MIMO channel, which we model according to the multiple keyhole structure

as follows [53, 54]
Ny,

H = a;h,h], = H AH], (5.2)
k=1

where H, = [h,1,...,h, n. ], H; = [hy1,...,h; 5], and A = diag(aq,...,an,), with Ny de-
noting the total number of independent keyholes, and aj, representing the complex gain for the kth
keyhole. Moreover, H, and H; are mutually-independent matrices ~ CN n,. n, (On,.xn,,I ® I) and
~ CN N, N, (ON, x N, , I @ T), respectively. Let B 2 AA', We assume that channel is normalized such

that E{trace(HH')} = N,.N;, and therefore trace(B) = 1.

For a general multi-keyhole MIMO channel, when the transmitter has no access to CSI while the receiver
has perfect knowledge, the ergodic mutual information of a MIMO multi-keyhole channel is readily
given by

Z(y) = Eu, H, {log2 det (I + ]’\ZHTH> } , (5.3)

where v £ % is the SNR per transmit antenna.

For transmit beamforming system, the transmitted signal vector is X = Wgpz, with x representing
the information symbol, and wp: denoting the optimal transmit weight vector given by the dominant
eigenvector of HTH (i.e., the eigenvector corresponding to the maximum eigenvalue). At the receiver,

the signals on each receive antenna are linearly combined according to the MRC principle using the
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optimal receive weight vector (Hw,p) T to give
2 = Wopt HTHW e + Wope Him . (5.4)

This linear transmit-receive processing, commonly known as MIMO beamforming, maximizes the in-

stantaneous SNR at the receiver, which is given by
p = Wi H HwWope = Y Amax, (5.5)

where A\ ax denotes the maximum eigenvalue of H'H.

5.3 Ergodic Mutual Information Analysis

In this section, we study the ergodic mutual information of a general multi-keyhole MIMO channel.

(5.3) can be alternatively expressed as

I(v) = En, n, {10g2 det <I + %HI Af HiHTAHt> } (5.6)
t

— pEy {10g2 (1 + &A) } : (5.7)

where ) is an unordered eigenvalue of random matrix HH. Utilizing the p.d.f. expression presented in
Theorem 3.3, we derive a new closed-form expression for the ergodic mutual information, as given by

the following result.

Theorem 5.1 When equal-power allocation is employed, the ergodic mutual information of a MIMO

multi-keyhole channel is expressed as

i—1 1,4 ((vb; | Nu4j—1—m,No+j—1—n,1,1
N Ny, b ~'D; Gl (vbf, wri—1—m,Ny+j—1-n,1, )

log, € N, |1,0
IV = =x—" . . ;
TT:%;(b; — by) ;FNHH I'(n— Ny + j)I'(m — Nk + j)

(5.8)

where G4, (x) is the Meijer-G function [26], and and D; ; is the (i, j)th cofactor of the matrix E whose

(I, k)th entry equals
(Bl =0b"", for1 <1,k <Nj. (5.9)

Proof: The result can be proved by simply invoking Theorem 3.3 and performing a simple integral with

the help of [26, (7.821.3)]. O

Whilst Theorem 5.1 presents an exact closed-form expression for the ergodic mutual information, for the
extremely low SNR regime (e.g. v < —15dB) or when N, grows large, the evaluation of the Meijer-G
function can be computationally expensive. Hence, in those cases, it is better to use the bounds shown

in the following theorems or some asymptotic results in [53].
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Theorem 5.2 The ergodic mutual information of a MIMO multi-keyhole channel is upper bounded by

20) — log, [ 0eHA)
Z(v) < Z(v) = log, (vajj(bj bi)) . (5.10)

Proof: The result is obtained by applying Jensen’s inequality and then invoking Theorem 3.8. (]
To this end, we present the following lemma which will be used for simplifying the mutual information

upper bound expression given in Theorem 5.2 for special case n = 1.

Lemma 5.1 For distinct numbers {x;}, i = 1,...,t, let V; denote the Vandermonde matrix of {x;}
with entries

Viik =a;7", for1 <Lk <t. (5.11)

Likewise, define the matrix Xy j, for k =0,1,...,t =2, as

1 oxy - b g2 gt
1 Ty - SCé: I§+2 $§+3 . x’é
Xee=1| ) i i ) . (5.12)

Then, the determinant of X, j, can be computed as

det(Xt’k) = det(Vt)St,l,k(xl,...,xt), (513)
where S (1, - ,x+) is the elementary symmetric polynomial in t variables 1, . . . , x, defined by
A
Sip(@1,-++ ) = Z Ty Tig * ** T, - (5.14)

1<iy < <ip <t
Proof: See Appendix C.1. (]

Corollary 5.1 When n = 1, the ergodic mutual information upper bound I (-) reduces to

Z(v) = logy (1 +ym) . (5.15)

Proof: The result is obtained by using Lemma 5.1 and the assumption that Zf\i’“l b; = 1. (I

Corollary 5.1 indicates that for SIMO or MISO multi-keyhole systems, the number of keyholes does
not have a significant impact on the ergodic mutual information. This result is quite intuitive, since for
SIMO or MISO, the multiplexing gain is limited to unity, regardless of the number of keyholes. This is

in contrast to MIMO systems, in which case the number of keyholes may adversely effect the ergodic
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mutual information. This effect is most significant when the number of keyholes is less than the number
of transmit and receive antennas, in which case the number of keyholes limits the multiplexing gain of

the system.

Theorem 5.3 The ergodic mutual information of a MIMO multi-keyhole channel is lower bounded by

I(v) 2 Z(y) =
P P Ny
Y 1 ZS:Nk—p-i-l det(Ys)
plog, <1+exp<l Pm—p+s)+ ) Yn—p+s)+ ,
ey |2 2 [17%5(b5 = bi)
(5.16)
where Y s has been defined in (3.63).
Proof: Utilizing the result in [72, Theorem 1] and Theorem 3.10 yields the desired result. (]
Corollary 5.2 When p = 1, the ergodic mutual information lower bound Z(-) reduces to
Y det(Yn,)
Z(y) = log, <1 + ~—exp (w(m) +n)+ ——"— | | (5.17)
N Hi<kj(bj = bi)
Ifp= Ny =1, then
200) = o, (14 -ex0 ((m) + () ). (5.18)
t
Proof: The proof is straightforward and is omitted. O

5.4 Outage Analysis of MIMO-MRC system

In this section, we analyze the outage performance of MIMO-MRC system in multi-keyhole MIMO
channels, which is defined as the probability that the received SNR drops below some predefined thresh-

old, i.e.,

Pout(n) 2 Pr(p < ) - (5.19)

From Equation (5.5), it is clear that the performance of this optimal MIMO beamforming system is

determined by the statistics of Ay,ax. Invoking Theorem 3.3, we obtain the following result

Theorem 5.4 The outage probability of the optimal MIMO beamforming system in multi-keyhole chan-

nels can be expressed as

(~1)"7 det (@ (2))

P D(n—i+ 1) TIN5 (b — by)

Pout (1th) = , (5.20)
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and ®(x) is an N X Ny, matrix whose (1, k)th entry is given by

bk_17 k S Nk: - D
(@ (2)]1k = : (5.21)
9(x)1 g, k> Np—p,

with
2N kN 1 mranek g gt k1 =
=T(q—k+1)b " P7F —p 7"~ —2(bix) T Ky 2:/— -
9(@)1k (¢ +1)b; l ; T+ 1) (bix) q—t k+1< bl)
(5.22)
Proof: The proof follows directly from Thoerem 3.3. O

Theorem 5.4 is quite general and valid for arbitrary antenna and keyhole numbers. It only involves
standard functions and can be efficiently evaluated by mathematical tools such as Matlab or Mathematica.
However, the expression is too complicated to gain any insights. Therefore, we look into a special case,

where simpler expressions can be obtained.

Corollary 5.3 In the low outage regime, the outage probability of the optimal beamforming system in

MISO/SIMO multi-keyhole channels can be approximated as

Ny,
I'(m—Nyg) M)
I(m)T(Nj+1) TTik, bs ( ¥ ’ m > Ny,
N
n=1 ~ 1 N Yn B
Pou (’Yth) ~ T(m)T(m+1) I—Ii\gcl b; In (’Yth ( P , M= Nk, (523)

COmt de( @) (g™

T(m)T'(m+1) H?Zvj(bj_bi) (% y m < Np.

Proof: This result is easily obtained by using Theorem 3.4, and noting that when m = Ny, the In  term

inside the brackets in (3.31) dominates the constant terms as x — 0. O

Corollary 5.3 indicates that the diversity order of MISO/SIMO systems is given by d = min(m, Ny).
Besides revealing the diversity order of MISO/SIMO multi-keyhole systems, Corollary 5.3 also shows
that the power distribution of the keyholes (the b;’s) affects the array gain of the system. To gain insights
into this effect, let us first consider the case m > Nj. To this end, it is convenient to apply tools from

majorization theory [62], which leads to the following result.
Corollary 5.4 When m > Ny, Pg‘il(%h) is a Schur-convex function with respect to b;, 1t = 1,--- |, Np.

Proof: The proof follows from the fact that Hf\i‘l b; is a Schur-concave function [73]. (I

The alternative case m < N}, is more difficult to analyze due to the determinant expression involving the
b;’s in (5.23). However, for the special case when N, = 2 (or m = 1, i.e., SISO multi-keyhole channel),

we have the following result.

51



Table 5.1. Power distribution among keyholes.

N, (b1,-..,bN,)
1 )
2 (0.4,0.6)
3 0.2,03,0.5)
4 (0.1,0.2,0.3, 0.4)
5 (0.05, 0.1, 0.2, 0.3, 0.35)
6 | (0.05,0.1,0.12,0.13, 0.25, 0.35)

Corollary 5.5 When Ny = 2 and m = 1, P () is a Schur-convex function with respect to b;, for
i=1,..., N

Proof: See Appendix C.2. ]

Both Corollary 5.4 and Corollary 5.5 indicate that as the power distribution amongst the keyholes (i.e.,

the b;’s) becomes “less spread”, the outage probability improves.

5.5 Numerical Results

In this section, we provide some numerical results to verify the analytical expressions derived in the
above sections. In all simulations, the power distribution among keyholes is given in Table 5.1, and the

simulation results are obtained based on 100,000 independent channel realizations.

Figure 5.1 plots the exact curve according to (5.8) against Monte-Carlo simulation curves for N; = 5,
N, = 3 with different N;. As observed from Figure 5.1, the analytical curves match perfectly with
the Monte-Carlo simulation curves for all cases, which confirms the correctness of the analytical results.
It is also observed that the mutual information of multi-keyhole channel is always inferior to that of a

standard MIMO channel with same N; and NV,..

Figure 5.2 compares the ergodic mutual information upper (5.10) and lower bound (5.16) with the exact
results in (5.8). We see that both bounds are very tight. Moreover, in the low SNR regime the upper
bound and exact results coincide, whilst in the high SNR regime the lower bound and exact results

coincide.

Figure 5.3 illustrates the outage probability for the optimal MIMO beamforming system in multi-keyhole
channels. We see that when the number of keyholes increases, the performance approaches that of a
Rayleigh MIMO channel. Surprisingly, we also observe that there is a crossover point, indicating that at
high outage levels (equivalently, at sufficiently low SNR), the performance of a multi-keyhole channel
can be superior than that of a Rayleigh MIMO channel. However, despite this cross-over point, for
outage levels of practical interest (eg. < 0.1), achieving a given outage level requires lower SNR for a

Rayleigh MIMO channel compared with multi-keyhole channels.
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Figure 5.1. Ergodic mutual information of multi-keyhole MIMO channels with equal-power allocation.
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Figure 5.2. Ergodic mutual information bounds for MIMO multi-keyhole channels.

Figure 5.4 compares the exact outage probability curves based on Theorem 5.4, low outage approxima-
tion curves based on Corollary 5.3, and Monte-Carlo simulated curves. Results are shown for a system
with Ny = 4, N, = 1, and different numbers of keyholes. It can be observed that the approximation
curves are very accurate in the low outage regime. We also see that the slope of the outage curves are

determined by the minimum of Ny and m; thereby confirming our diversity analysis.

Figure 5.5 illustrates the impact of the power distribution on the outage curves when N; = 4, N,. = 1,

and N = 2. Three curves are plotted according to the power distributions (b1, b2) corresponding to

(0.05,0.95), (0.15,0.85) and (0.45,0.55), respectively. Note that

(0.05,0.95) = (0.15,0.85) = (0.45,0.55),

53



10° s
107} E
102} E
> *
= v N
5 107 w0
810} N E
e
a \ ¥k \?\
[} _ e
g0’ ;g\ Wi 3
3 o *,
o . : : \* 2 N
100 MIMO Rayleigh N=5,N =3 \, *‘, 5&\ ]
— — —Analytical N=5,N =3,N, =2 \* :* x*\
IS N RN Analytical N=5,N =3,N =4 T
10 6| ) t r k \ - §K
‘‘‘‘‘ Analytical N;=5N=3,N =6 N
k0
*  Monte Carlo AR
1077 1 1 1 g -
-15 -10 -5 0 5

P/o’

Figure 5.3. The outage probability of the optimal MIMO beamforming system in multi-keyhole chan-
nels.

10 R T T
3 s Analytical
o 5\\ N — — — Approximation
10 ¢ N *  Monte Carlo
107}
=
S 3
8 10°}
<
a
Q .
2107}
=
(e}
10°F
10°}
107
-5 0 5 10 15 20

Figure 5.4. The outage probability of the optimal beamforming system in MISO multi-keyhole channels
for different number of keyholes with N; = 4, N, = 1.

which, from Corollary 5.4, implies that

P2 (9h) (0.05,0.95) = Plae (72h) (0.15,0.85) = Pt (Veh) 0.45,0.55) - (5.25)

The outage curves in Figure 5.5 confirm this analysis.

5.6 Conclusion

Multi-keyhole MIMO channels bridge the gap between single-keyhole and rich-scattering (full-rank)

MIMO channels. In this chapter, we have provided an analytical characterization of the statistical prop-
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erties of multi-keyhole MIMO channel matrices. In particular, we derived exact expressions for the p.d.f.
of an unordered eigenvalue, exact and asymptotic expressions for the distribution of the maximum eigen-
value, as well as closed-form expressions for the expected log-determinant and expected characteristic
polynomial. These results were applied to investigate the ergodic MIMO mutual information, and the
outage probability of optimal transmit beamforming in multi-keyhole MIMO channels. The findings
suggest that performance in multi-keyhole MIMO channels is generally inferior to that of rich-scattering

MIMO channels.
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Chapter 6

Capacity of AF MIMO Dual-Hop Systems

6.1 Introduction

Point-to-point MIMO communication systems have been receiving considerable attention in the last
decade due to their potential for providing linear capacity growth and significant performance improve-
ments over conventional SISO systems [23,94]. Recently, the application of MIMO techniques in a
cooperative communication setting [49, 50, 79, 80] has become a topic of increasing interest as a means

of achieving further performance improvements in wireless networks [12, 13, 70,99, 101].

A great deal of research works has been conducted to gain fundamental understanding of the capac-
ity of this class of systems [11,65,66,97,98, 105]. In [11], the ergodic capacity of AF MIMO dual-
hop systems was examined for a large numbers of relay antennas K, and was shown to scale with
log K. Asymptotic ergodic capacity results were also obtained in [97] by means of the replica method
from statistical physics. In [65, 66], the asymptotic network capacity was examined as the number of
source/desination antennas M and relay antennas K grew large with a fixed-ratio K/M — [ using
tools from large-dimensional RMT. It was demonstrated that for 3 — oo, the relay network behaved
equivalently to a point-to-point MIMO link. The results of [65,66] were further elaborated in [105]
where a general asymptotic ergodic capacity formula was presented for multi-level AF relay networks.
Recently, the asymptotic mean and variance of the mutual information in correlated Rayleigh fading was

studied in [98].

All of these prior capacity results, however, were derived by employing asymptotic methods (i.e., by
letting the system dimensions grow to infinity). There appear to be no analytical ergodic capacity results
which apply for AF MIMO dual hop systems with arbitrary finite antenna and relaying configurations.
In this chapter we derive new exact analytical results, simple closed-form high SNR expressions, and
tight closed-form upper and lower bounds on the ergodic capacity of AF MIMO dual-hop systems. In
contrast to previous results, our expressions apply for any finite number of MIMO antennas and for

arbitrary number of relay antennas.



Source Relay Destination

Figure 6.1. Schematic diagram of a MIMO dual-hop system, where there is no direct link between
source and destination.

6.2 System Model

We employ the same AF MIMO dual-hop system model as in [65, 66]. In particular, suppose that there
are ng source antennas, n, relay antennas and n, destination antennas, which we represent by the 3-
tuple (ns, n,,nq). All terminals operate in half-duplex mode, and as such communication occurs from
source to relay and from relay to destination in two separate time slots. It is assumed that there is no
direct communication link between the source and destination, as sketched in Figure 6.1. The end-to-end

input-output relation of this channel is then given by
y = HoFH;s + HyFn,, +n,, (6.1)

where s is the transmit symbol vector, n,,. and n,,, are the relay and destination noise vectors respec-
tively, F = y/a/ (n, (1 + p))L,, (o corresponds to the overall power gain of the relay terminal) is the
forwarding matrix at the relay terminal which simply forwards scaled versions of its received signals,
and Hy ~ CN,,, (0, xn., I®I)and Hy ~ CNy, 1, (05, xn,, I ® I) denote the channel matrices of
the first hop and the second hop respectively. The input symbols are chosen to be i.i.d. zero-mean circu-
lant symmetric complex Gaussian (ZMCSCG) random variables and the per antenna power is assumed
tobe p/n, ie., E {ss'} = (p/ns)L,,. The additive noise at the relay and destination are assumed to be
white in both space and time and are modeled as ZMCSCG with unit variance, i.e., &/ {nnr nI,,T} =1,
and E {n,,nj } =1I,,. We assume that the source and relay have no CSI, and that the destination has

perfect knowledge of both Hs and HoH;.

The ergodic capacity (in b/s/Hz) of the AF MIMO dual-hop system described above can be written
as [65, 66, 97]

C= %E {log, det (I+R.R, ")} (6.2)
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where R and R, are ng X ng matrices given by
R, = %H2H1HIH£
and
R, =1,, + oH,H]}
respectively, with
C o (L4p)
Using the identity
det (I+ AB) =det (I+BA),
(6.2) can be alternatively expressed as
C(p) = %E {log2 det (Ins + Z‘:H{H;Rnlﬂgﬂl) } .
Next, we utilize the singular value decomposition to write Hy = UQDQV;, where

D; = dlag {)‘15 EERE) A1nr1in(ngl,nr)}

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

is an ng X n, diagonal matrix, with diagonal elements pertaining to the increasing ordered singular

values, and Uy € C™¢* ™4 and V4 € C™*"r are unitary matrices containing the respective eigenvectors.

Since H; is invariant under left and right unitary transformation, the ergodic capacity in (6.7) can be

further simplified as

1
C(p) = §E {log2 det <Im + ZGHI‘I’HO } ;

where
A2 ;
M n
dlag { 1+al)\§ ) 1+a}7\“%1‘ } ’ ny < Ng,
v = 2 A2
. n
diag 1+al>\§""7 Ha;f?zd’O,...’O , Ny >Ng.
Npr—Ng

It is then easily established that

1 o~
Clp)=5E {log2 det (Ins + ZC‘H{LH1> } 7
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where I:'I]i ~ CN"S#J (O’ Ins X Iq), with ¢ = min (’I’Ld, 77,7.), and

L = diag {\}/ (1 +aX})}7_, . (6.12)

Equivalently, we can now write

C(p) = g/o log, (1+ Z“A) £ (V) dA, (6.13)

where s = min (n, ), A denotes an unordered eigenvalue of the random matrix HILH;, and £y (-)

denotes the corresponding p.d.f..

6.3 Exact Ergodic Capacity Analysis

In this section, we present new analytical expressions for the ergodic capacity of AF MIMO dual-hop

systems.

Theorem 6.1 The exact ergodic capacity of AF MIMO dual-hop systems can be expressed as

q+ns—l1 (q—‘r’r;s—l) aq+nsfl7i

Clp)=K> Y.

GriTi ks (6.14)
D k—g—et1 im0 L (ns —q+k)
where
q . ) —1
’C:(Hizlr(q—“‘l)r(p—ﬂrl)) : (6.15)
and
Jik = / togs <1 * ZQA> 67)\(1)\(2%+2k+piq7i73)/2Kp+q—i—1 (Q\F)\) dX . (6.16)
0 s

Proof: The above result can be obtained by substituting the p.d.f. expression of an unordered eigenvalue

derived in Theorem 3.1 in (6.13). O

The integral in (6.16) can be evaluated either numerically, or can be expressed as an infinite series
involving Meijer-G functions. To this end, we examine the ergodic capacity relationship of AF MIMO

dual-hop systems and single-hop MIMO systems in the following subsection.

6.3.1 Analogies with Single-Hop MIMO Ergodic Capacity

Let CSH-MIMO (5, "y ;. p) denote the ergodic capacity of a conventional single-hop i.i.d. Rayleigh fading

MIMO channel matrix H ~ CAN,,, . (05, xn,,I @ I), with ny transmit and ng receive antennas, and
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average SNR p, i.e..
CSH-MIMO (g p) = E {logz det (Ind + anHT> } . (6.17)

Here, we demonstrate four particular cases for which the AF MIMO dual-hop channel relates directly to

single-hop MIMO channels, in terms of ergodic capacity.

e As the number of relay antennas grows large, i.e., n,, — 00, the ergodic capacity of AF MIMO

dual-hop systems becomes

. _ I sH-MIMO P
n}linooC(p) = 2C’ g, N, T5pia) (6.18)

A proof is presented in Appendix D.1. Note that a similar phenomenon has been derived in [11],
for the special case ng = ng. Here, (6.18) generalizes that result for arbitrary source and destina-

tion antenna configurations.

e As the number of source antennas grows large, i.e., ns — 00, the ergodic capacity of AF MIMO

dual-hop systems becomes
lim C(p) = 1CSH*MIMO (ny,ng, o) — 1C’SH*MIMO Ny, Ny, ). (6.19)
Ng— 00 2 ’ 2 ’ 1 + 14
A proof is presented in Appendix D.2. Interestingly, we see that as p grows large, the right-most
term in (6.19) disappears, and the AF MIMO dual-hop capacity becomes equivalent to one half

of the ergodic capacity of a single-hop MIMO channel with n, transmit antennas, ng receive

antennas, and average SNR «.

e As the number of destination antennas grows large, i.e., nqg — o0, the ergodic capacity of AF

MIMO dual-hop systems becomes

1
lim C(p) = ~CSH"MIMO (. ). (6.20)

ng—00 2

The result is trivially obtained by directly taking A\? — oo in (6.11). We see that the AF MIMO
dual-hop capacity becomes equivalent to one half of the ergodic capacity of a single-hop MIMO

channel with n, transmit antennas, n, receive antennas, and average SNR p.

e As the power gain of the relay grows large, i.e., @« — o0, the ergodic capacity of AF MIMO

dual-hop systems becomes

1
lim C (p) = =CSH-MMO (5, 4 p). (6.21)

a—00 2

The result is trivially obtained by directly taking o — oo in (6.11). Thus we see the interesting

result that even as the relay power gain becomes very large, the capacity of AF MIMO dual-hop

60



channels remains bounded, and in fact becomes equivalent to one half of the ergodic capacity of
a single-hop MIMO channel with n4 transmit antennas, ¢ = min(n,,ng4) receive antennas, and

average SNR p.
We note that for each of the cases (6.18)—(6.21), closed-form expressions can be obtained by directly
invoking known results from the single-hop MIMO capacity literature (eg. see [82]).

In order to obtain further simplified closed-form results, it is useful to investigate the ergodic capacity in

the high SNR regime. This is presented in the subsection below.

6.3.2 High SNR Capacity Analysis

For the high SNR regime, we consider one important scenario where the source and relay powers grow

large proportionately.

Here we have o — o0, p — oo, with a/p = 3, for some fixed 3. Then pa — > and a — 3/n,, and

the ergodic capacity at high SNR reduces to

np s fﬂiﬁl) } , (6.22)

Sn’f‘

1
C (P poorafpep = iE {log2 det (Ins +

where L = diag {\?/ (1 + (8/n,) A?) };.121. We can express (6.22) in the general form [57]

ol
C (p)|a,p~>oo,,a/p:[3 = SOO <3ddf]:; - ‘COO) +o (1) ’ (623)

where 3dB = 10log,,(2). Here, the two key parameters are S, which denotes the high-SNR slope in
bits/s/Hz/(3 dB) given by

C _
Se = lim (P)lapc0.0/0=5 (6.24)
a,p—00 log,(p)

and L., which represents the high-SNR power offset in 3 dB units given by

aspmoc S

c _
Lo, = lim <log2(p)— G ”“’”*“’“/"—ﬁ). (6.25)

From (6.22), we can evaluate S, and L, in closed-form as follows.

Theorem 6.2 For the case o — 00, p — 00, with «/p = 3, the high-SNR slope and high-SNR power
offset of AF MIMO dual-hop systems are given by

S = g bit/s/Hz/(3dB) (6.26)
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and!

Loo(ns, np,ng) = log, (nn) B Z¢ (ns+k—s)+K Z det (Wy)|  (6.27)

I} s 1n2 oo
respectively, where Wy isa q X q matrix with entries
(2) "0 () nre
= . T—1\n ), N )
(Wil =9 V" " (6.28)
' Sm+n (%) ’ n=k.

For the case q = s (i.e. corresponding to min(ng, n,.,ng) = ng or min(ng, n,., ng) = n,), the high SNR

power offset (6.27) admits the alternative form

nen q—1 4 25 2q—1-2 2q—l—2
cmmmnr,nd):mgz( Sﬁr)—sm Zw Y T ( )

=0 j=0 =0 k=0

x A(i,,1,p, q) (nﬂ)%l2k1“(p+q—k—1)<1/)(]3+q— —1) qz: ( >>]

Proof: See Appendix D.3. (I

Interestingly, we see that the high SNR slope depends only on the minimum system dimension, i.e.
s = min(ng, n,, ng), whereas the high SNR power offset is a much more intricate function of ng, n,,

and ng.

It is important to note that Theorem 6.2 presents an exact characterization of the key high SNR ergodic
capacity parameters, S, and L (), for arbitrary numbers of antennas at the source, relay, and desti-
nation terminals. We now examine some particular cases of Theorem 6.2, in which these expressions

reduce to simple forms.

Corollary 6.1 Let n,. = 1. Then Soo = 1/2, and L (-) reduces to

ng—1
Lol i) =togs (%) - 115 [w () + (1) = 3 om (;)] NS

m=0

Note that, as ns grows large, ¥ (ns) = Inng + o(1) [4, (6.3.18)], where the o(1) term disappears as

ns — 00, and as such we have

ng—1

Note that here we explicitly indicate the dependence of the high SNR power offset on 75, 7., and ng.
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Corollary 6.2 Let ng = 1. Then So, = 1/2, and L (+) reduces to

n,—1
Lol 1) =togs ("5 — 5 [¢ )+ 00— 3 g (’;)]  6®
m=0

In this case, as ns grows large we have
n 1 n,—1 n
nhinoo Loo(ns,ny, 1) = logy (é) s l't/) (ny) — mz Im (ﬁr)] . (6.33)

Based on these results, we can easily examine the effect of the relative power gain factor 3 on the
ergodic capacity. In particular, noting that g; () in (3.59) is a monotonically decreasing function of
x in the interval® [0, c0), we see that increasing 3, whilst having no effect on the high SNR capacity
slope S, results in decreasing the high SNR power offset £ (+), and therefore increasing the ergodic

capacity in the high SNR regime.

Corollary 6.3 Let ny = n, = 1. Adding k destination antennas, while not altering S, would reduce

the high SNR power offset as
5(na k) = Loo (1,1,n + k) = Loc (1,1,70)

1 ng+k—1 1 1
LE )

Note that, to obtain this result, we have invoked the definition of the digamma function [26]. Since
gi(z) > 0 for x € [0,00), it is clear that the high SNR power offset Lo (-) in (6.34) is a decreas-
ing function of k, thereby confirming the intuitive notion that adding more antennas to the destination

terminal has the effect of improving the ergodic capacity.

6.4 Ergodic Capacity Upper Bound

The following theorem presents a new tight upper bound on the ergodic capacity of AF MIMO dual-hop

systems.

Theorem 6.3 The ergodic capacity of AF MIMO dual-hop systems is upper bounded by
1 _
C(p) < Culp) = 5 logz (K det()), (6.35)

where Z is defined in (3.47).

2This conclusion is easily established by noting that d/dz (g; (x)) = €® [E;41 (z) — E; (x)], and using [4, Eq. 5.1.17].
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Proof: Application of Jensen’s inequality gives®
1 .~
C(p) < 5log, E {det (I + "“H{LHl) } . (6.36)
Ns

The result now follows by using Theorem 3.7. U

The following corollaries present some example scenarios for which the upper bound (6.35) reduces to

simplified forms.

Corollary 6.4 For the case ns — 0o, Cy(p) becomes

1 _
lim Cu(p) = ; log, (Kdet(81)), (6.37)

ng— 00

where B is a q X q matrix with entries

{él}m,n =a'"9,_1(a) + pa' "I (a). (6.38)

Proof: The proof is straightforward and is omitted. (I

This result shows that in AF MIMO dual-hop systems, when the numbers of antennas at both the relay
and destination remain fixed, the ergodic capacity remains bounded as the number of source antennas

grows large. This is in agreement with the results in Section 6.3.1.

Note that for the scenarios n,, — oo and ng — o0, simplified closed-form results can also be obtained
by taking the corresponding limits in (6.37) or, alternatively, by using the equivalent single-hop MIMO
capacity relations in (6.18) and (6.20), and applying known upper bounds for single-hop MIMO channels

in [72]. We omit these expressions here for the sake of brevity.

Corollary 6.5 Let n,. = 1. Then, Cy(p) reduces to
Ny.= 1 1+p 1+
oy Yp) = 3 log, <1 + pnge &’ B+ (ap>> . (6.39)
When ng — oo, Cim="(p) becomes

. o 1
lim Cr='(p) = 5 logs 1+ p). (6.40)

ng— 00

When o — oo, Cp="(p) becomes

= 1
lim Cp='(p) = 5102 (1+p). (6.41)

a— 00

3Note that this inequality has also been applied in the ergodic capacity analysis of single-user single-hop MIMO systems (see
eg. [36,63, 108]).
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Proof: See Appendix D.4. ([l

This shows the interesting result that if a single relay antenna is employed, then when either the number
of destination antennas n, or the relay gain o grows large, the ergodic capacity is upper bounded by the

capacity of an AWGN SISO channel.

Corollary 6.6 In the high SNR regime, (i.e., as p — o) for fixed relay gain o, Cy;(p) becomes

lim Cy(p) = %logQ (IC det(é)) , (6.42)

p—00

where 2 is a q X q matrix with entries

= _ I'(r—1), n<q—ns,
{H}m,n B r'(r-1) ( no‘n (ns —q+n)(r— 1)), n>q-—ns. (643

Proof: The proof follows from the observation that when p — oo, then @ — 0, and that asymptotic

first-order expansion for confluent hypergeometric function U [4] can be expressed as

Ule,b,z)=2"°40(1), z— 0. (6.44)

6.5 Ergodic Capacity Lower Bound

The following theorem presents a new tight lower bound on the ergodic capacity of AF MIMO dual-hop

systems.

Theorem 6.4 The ergodic capacity of AF MIMO dual-hop systems is lower bounded by

q
C(p)ZCL(p):glog2 1+—exp Zw s—s+k)+K Z det (W) ,
k=q—s+1
(6.45)

where Wy, is defined as in (3.57).

Proof: See Appendix D.5. (I

The following corollaries present some example scenarios for which the lower bound (6.45) reduces to

simplified forms.

65



Corollary 6.7 For the case ng — oo, C(p) reduces to

q
lim Cp(p) = glogz (1 + paexp (ISC Z det (Wk)>> . (6.46)
k=1

Proof: When ng — 00, ¥ (ns — q + k) can be approximated as [4, (6.3.18)]

l/f(ns*quk)

~1In(ns —q+k)

ng— 00

~ Inng. (6.47)
Substituting (6.47) into (6.45) yields the desired result. ([l

Again, we note that for the scenarios n,, — oo and ng — o0, simplified closed-form results can also be
obtained by taking the corresponding limits in (6.37) or, alternatively, by using (6.18) and (6.20), and
applying known lower bounds for single-hop MIMO channels in [72].

Corollary 6.8 For the case n, = 1, Cr(p) reduces to

ng—1
Cr=t () = 3 log, (1 oy O (w (1) + 9 (na) =40/ 3 B <T)>>> |

ns(1+p =0
(6.48)
When ng — oo, C7"="(p) becomes
1 por nel 1+p
Jim C7r=t (p) = 5 logy (1 T, P (w (ng) — e H0)/e ; B (a>>> . (6.49)
When ng — oo, C77="(p) becomes
lim O (p) = Slogy (14 —L%—exp (1 (ne) + v [ 22 (6.50)
g —00 L p - 2 g2 Ng (1 +p) p s o . .
When o — oo, Cr,(p) becomes
P 1 B
ah—{%o Ci= (p) = §log2 1+ s (¥ (ns)) ) - (6.51)
Proof: See Appendix D.6. (|

As also observed from the upper bound in Corollary 6.5, this result shows that for a system with a single
relay antenna, when the relay gain « grows large, the ergodic capacity of an AF MIMO dual-hop channel

is lower bounded by the capacity of an AWGN SISO channel (with scaled average SNR).
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Corollary 6.9 In the high SNR regime, (i.e., as p — o) for fixed relay gain o, Cr(p) becomes

S «Q K 4 -
lim Cp(p) = >log, [ 1 & dt(W) , 6.52
Jim Cr(p) = Zlogy | 1+ ———exp | k:§+1 et (W (6.52)
where Wy, is a q X q matrix with entries
- rr-1, n # k,
(Wi} = (r=1) 7 (6.53)
m,n

Fr=1)Ynms—qg+n)+(r-1)], n==k.

Proof: Using the following approximation [4]
E,(z)=Lie*(140(1)) |z] 200 (6.54)
Sm+n(a) can be approximated as

§m+n(a)|p_>oo ~I(r-1Dy¢(r-1), (6.55)

which leads to the final result. O

6.6 Numerical Results

In this section, we verify our analytical expressions and examine the tightness of various upper and lower
bounds proposed in this chapter through Monte-Carlo simulations. The simulation results are computed

by averaging over 100,000 independent channel realizations.

Figure 6.2 compares the exact analytical capacity of AF MIMO dual-hop systems, based on (6.14) and
(6.16), with Monte-Carlo simulated curves for two different antenna and relay configurations. In both

cases, there is an exact agreement between the analysis and simulations, as expected.

Figure 6.3 illustrates the relationship in Corollary 6.3, where the high SNR power offset shift §(ng, k)
is plotted against ng, for k = 1, k = 2, and k = 4. As expected, for a fixed value of k, d(ng, k) is an

increasing function of ng4, approaching a limit of 0 dB as ng — oo.

Figure 6.4 compares the closed-form upper bound (6.35) with the exact analytical ergodic capacity based
on (6.14) and (6.16), for two different AF MIMO dual-hop system configurations. The results are shown
as a function of SNR p, with o = 2p. We see that the closed-form upper bound is very tight for all SNRs,
for both system configurations considered. Moreover, we see that in the low SNR regime (e.g., p = 5

dB), the upper bound and exact capacity curves coincide.

Figure 6.5 plots the closed-form upper bound (6.39), closed-form lower bound (6.48), and the exact
analytical ergodic capacity based on (6.14) and (6.16), for an AF MIMO dual-hop system with n,. = 1.
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Figure 6.2. Comparison of exact analytical, high SNR analytical, and Monte Carlo simulation results
for ergodic capacity of AF MIMO dual-hop systems with different antenna configurations. Results are
shown for a/p = 2.
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Figure 6.3. High SNR power offset shift, in decibels, obtaining by adding either (a) one antenna to the
destination, (b) two antennas to the destination, or (c¢) four antennas to the destination. Results are shown
forng =n, = 1land a/p = 2.

The results are presented as a function of the relay gain . We see that both the upper and lower bounds
are quite tight for the entire range of a considered. The asymptotic approximations for the upper and

lower bounds, based on (6.41) and (6.51) respectively, are also shown for further comparison, and are

68



14

12

Ergodic Capacity (bps/Hz)

=
o
T

[ee]
T

(2,4,3)

*  Monte Carlo
Exact Analytical |
— — — Upper Bound
— - — Lower Bound

15 20 25 30

SNR, p (dB)

Figure 6.4. Comparison of bounds, exact analytical, high SNR analytical, and Monte Carlo simula-
tion results for ergodic capacity of AF MIMO dual-hop systems with different antenna configurations.
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Comparison of capacity bounds, high o approximation, and exact analytical results for

different relay gains. Results are shown for n,, = 1, ns = 2, ng = 4 and p = 10dB.

seen to converge for moderate values of « (e.g. within a = 20 dB).

Figure 6.6 depicts the closed-form high SNR approximations for the exact ergodic capacity, as well as the

respective upper and lower bounds, based on (6.42), and (6.52) respectively. For comparison, curves are
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Figure 6.6. Comparison of capacity bounds, high SNR approximations, and exact analytical results.
Results are shown for a system configuration (3,4, 2) and o = 2.

also presented for the upper bound (6.35), lower bound (6.45), and the exact analytical ergodic capacity
based in (6.14) and (6.16). Results are shown for an AF MIMO dual-hop system with configuration
(3,4,2). Clearly, the analytical high SNR approximations are seen to be very accurate for even moderate

SNR levels (e.g., p = 20 dB).

6.7 Conclusion

This chapter presented an analytical characterization of the ergodic capacity of AF MIMO dual-hop relay
channels under the common assumption that CSI is available at the destination terminal, but not at the
relay or the source terminal. A new exact expression for the ergodic capacity, as well as simplified and
insightful closed-form expressions for the high SNR regime were derived. Simplified closed-form upper
and lower bounds were also presented, which were shown to be tight for all SNRs. The analytical results
were made possible by first employing RMT techniques to derive new expressions for the p.d.f. of an
unordered eigenvalue, as well as random determinant results for the equivalent AF MIMO dual-hop relay
channel, described by a certain product of finite-dimensional complex random matrices. The analytical

results were validated through comparison with numerical simulations.
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Chapter 7

Performance Analysis of OC in

Rayleigh-Product Channels

7.1 Introduction

Wireless communications systems are generally subjected to co-channel interferences. For multiple an-
tenna systems, OC scheme which maximizes the received SINR by exploiting the CSIin a SIMO antenna
system has been proposed in [100] to combat the effect of co-channel interference. Later in [103], the
concept of OC was extended to a MIMO antenna system in which the transmit and receive antennas are
jointly optimized to maximize the SINR by projecting the transmitted signal onto the strongest eigen-
space of the interference-inverted channel matrix in quadratic form. The performance of OC systems

have been extensively analyzed in the literature, see e.g., [27,44,47,59-61, 64, 81, 106].

While these prior research works are fundamental in nature and profoundly important in understanding
the performance of the MIMO OC systems, most adopted the assumption of a perfectly rich-scattering
environment that renders a full-rank MIMO channel matrix, Hence, these results tend to be overly opti-
mistic, and may fail to address practical environments such as keyholes [8] or the more general double-

scattering channels [25].

Motivated by this, in this chapter, we intend to provide an accurate account of the real performance of OC
systems operating in double-scattering channels. To allow useful results to be derived, we shall assume
that the transmit and receive antennas are uncorrelated and the scattering matrix in the double-scattering
model is identity, giving rise to a Rayleigh-product MIMO channel with co-channel interference. Fur-
thermore, as in [44], we shall adopt the interference-limited assumption so that noise can be neglected

and also the assumption that the co-channel interferers are of equal power and Rayleigh-faded.

In this chapter, we present the exact closed-form expression for the outage probability of the OP systems
in interference-limited Rayleigh product channel based on the new statistical results derived in Chapter 3.
To gain more insight, we apply these findings to develop further analytical results for the keyhole chan-

nel, an important special case of double scattering channel. In particular, the expressions in closed form



for the p.d.f. and c.d.f. (and their asymptotic expansions), the ergodic capacity, the outage probability

and the SER of the optimally-combined keyhole channel with co-channel interference are derived.

7.2 System Model

Consider a MIMO system equipped with N, antennas at the transmitter and [N,. antennas at the receiver,
and assume that there exist Nz co-channel interferers with Nz > N,.. The received signals in vector

form can be modeled as

Nz
y = VPoHtso + Y /Pohpsy +1 (7.1)
n=1

where s is the transmitted signal of the desired user, and s,, (n > 1) denotes the signals transmitted from
the nth interferer with E[|s,,|?] = 1 Vn so that { P,, } are the transmitted power of the users. Additionally,
7 is the complex noise vector with independent elements following CN(0,02), t € CN¢ denotes the
transmit beamforming vector of the desired user with |[t|| = 1, h,, € C" is the complex channel vector

of the nth interferer with independent elements following CA/(0, 1), and

b

H=
VN,

H,H, (7.2)

in which Hy ~ CN'n, v, (On, xn., I ®1I) and Hy ~ CN'n, n,(On, xn,,I ® I) are random matrices,
is the Rayleigh-product MIMO channel' between the transmitter and the desired receiver with N, being
the number of scatterers in the environment [104]. For ease of exposition, we define H7 £ [hy---hy,].

As a consequence, (7.1) can be re-expressed as

1
y = v P Htsg + HPZs7z 4+ 1 (7.4)
where Pz = diag(Py,..., Py, ), and sz = [s1 2+~ sy, 7.

In this model, the desired user’s channel is assumed to undergo double-scattering while the interferences
do not. This setting is particularly useful for an uplink space-division multiple-access (SDMA) system
in which the same spectrum is shared by a number of users within a cell. As a result, it can represent
the scenario where the desired user is at the boundary of the cell and the co-channel interferences (other
users) are much closer to the base station receiver. The double-scattering desired user link with single-
scattering interferers is therefore an important benchmark for the performance of MIMO-SDMA systems

using OC in the uplink.

To allow further analysis of the system, henceforth, we assume that the system is interference-limited,

meaning that the noise can be neglected (though the results of this paper will be examined numerically

'In the double-scattering model [25], the channel matrix in (7.2) would have been written as
1
V' Ns

where ® denotes the scatterer correlation matrix, and 3 and = denote, respectively, the spatial correlation matrices at the receiver
and the transmitter. Hence, the Rayleigh product model is the special case of the double-scattering model when ¥ = & == = 1.

H— SIH, ®TH,E? (1.3)
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in the presence of noise in Section 7.4). This assumption is particularly reasonable when the interference
to noise ratio (INR) is high. To make the analysis tractable, we also assume that Pr AP =P=-..=

Py, .

The OC for (7.4) with CSI has been well known [103]. In particular, the optimum receiver combin-
ing, which maximizes the output signal-to-interference ratio (SIR) (with noise being ignored) by left-

multiplying y with a vector r, is achieved by having
-1
r= (PIHIHQ) Ht, (1.5)
which gives the SIR, p, as

—1
p=t'H' (PrH,HL)  Ht

1 -1
- WtTH;H{ (HIHTI) H, Hot.

(7.6)

According to the Rayleigh-Ritz theorem [30], v is maximized by choosing t = Upmax, Where unmayx

denotes the eigenvector corresponding to the largest eigenvalue of the matrix

re lytgt (e HH 7.7
—ﬁgl Tilr 1112. ()

The corresponding maximum SIR is given by

Py
5 ‘maxy 7.
Pz)\ a (7.8)

pmax -

where A\mayx is the largest eigenvalue of F. Apparently, the performance of (7.4) depends directly upon

the statistical properties of Ay ax.

7.3 Performance Analysis of OC Systems in Rayleigh-Product

Channels

In this section, we study the performance of the OC systems in Rayleigh-product channels based on
a set of newly derived closed-form expressions of the c.d.f. and p.d.f. the maximum eigenvalue An.x

presented in Chapter 3.

7.3.1 Outage Analysis of OC Systems in Rayleigh-Product Channels

Outage probability is an important performance metric in communication systems, which is defined as
the probability that the system fails to achieve an acceptable SIR threshold, say, pi,. In this subsection,

we present the closed-form outage expressions of the OC systems in Rayleigh-product channels.
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Theorem 7.1 For interference-limited Rayleigh-product channels, the outage probability of the OC sys-
tems can be computed as

1) When Ny < N, or Ny > N, > N,

[T (—1)PMD(Ng + N, — i+ 1) det (A (22 )

3

P o l ) ; - ) 7.9
out [, T(Nz =N, +m—i+1)I'(m—i+1)I'(n—i+1) (7.9)
2) When Ny > Ny > N, or Ny > Ny > N,
[T, D(Nz+n—i+1)det (@ (%T))
Pou = (7.10)

[T/, D(Nz = j+ D)T(n — j + D)T(m — j + 1) [TV TNy — i +1)

where A(x) and ©(x) is an N,. X N, matrix whose entries are defined in Theorem 3.5.

Proof: Following the definition of outage probability, the desired results can be obtained by directly

invoking Theorem 3.5. U

The above theorem gives a complete characterization of the outage behavior of OC systems in
interference-limited Rayleigh-product channels. Although these expressions can be efficiently evaluated
by standard softwares, such as Mathematica, the expressions themselves are too complicated to gain
physical insights. In the following section, we consider a special case of Rayleigh-product channels,

namely keyhole channels, for which, we give a detailed performance investigation.

7.3.2 Performance Analysis of OC Systems in Keyhole Channels

In this subsection, we examine, in detail, the keyhole channel which is a special case of double-scattering
or Rayleigh-product channels discussed in Section 7.2. We first give the exact closed-form expressions
for the c.d.f. and p.d.f. when N, = 1, then derive the asymptotic expressions for the c.d.f. and p.d.f.,
which will enable us to reveal some insightful properties. Using these new statistical results, we also

derive the ergodic capacity, the outage probability and the SER of the keyhole channels.

When N, = 1, the number of scatterers in the channel is one and this channel is usually referred as the

keyhole, or pinhole, channel.

Corollary 7.1 When Ny = 1, the c.d.f. of the non-zero eigenvalue of F is expressed as

P (@) =1 I'(Nz+1) NS AT (N7 — Ny + k + 1)
AT T D(NOT(Nz = Ne 1) & T(k+1)
U(Nz — Ny +k+ 1,k — N, +1,2). (7.11)

Corollary 7.2 When Ny = 1, the p.d.f. of the non-zero eigenvalue of ¥ is given by

I'(Nz + 1)I'(Nz + Ny — N, + 1)
F(NI - Nr + 1)F(Nt)F(NT)

P () = N TIU (N7 + Ny — N + 1, N; — N, + 1,2). (7.12)
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The proofs of the above two corollaries are straightforward and thus omitted.

To this end, we derive the asymptotic expansions for the c.d.f. and p.d.f. of the non-zero eigenvalue of
F. The simple expressions obtained enable us to investigate the asymptotic outage probability later.
Theorem 7.2 The asymptotic expansions for the c.d.f. and p.d.f. of the non-zero eigenvalue of F are

given, respectively, by

Foaa (@) .=y = az® + Oz, (7.13)
Frmar ()

No—1 = asz®™' + O(x*), (7.14)

where s = min(N;, N,.) and

I'(Nz + Ny — N, + D)I(N, — N;)

F(NI - N, + 1)F(Nt + 1)F(Nr) Ny < N —1,

- (N7 + 1)[Inz + ¢(Nz + 1)] -

S P e T /)T (S R (7.15)
['(Nz + 1)T(N; — N,.)

P(Nz = Ny + 1D (Ne)L (N +1)

7Nt ZNT—’_l,

where 1 (+) is the digamma function which, for integer n, can be expressed as [26]
n—1 1
Yn)=-K+> -, (7.16)
p=1 P

where K =~ 0.57721566 denotes the Euler’s constant.

Proof: The asymptotic expansion of U(a, b, z) can be obtained from [4, (13.5.6)—(13.5.12)]. Utilizing
these results together with Corollary 7.2, we can get the first-order expansion for the p.d.f. of the keyhole

channel. The c.d.f. is obtained by an additional integration. [

7.3.2.1 Ergodic Capacity

Now, we present the ergodic capacity (b/s/Hz) of the MIMO OC system in keyhole channels with co-

channel interference. This is obtained by evaluating

P,
C = En,,. {logg (1 + OAmaxﬂ . (7.17)
Pr

Applying the result in Corollary 7.2 and after some mathematical manipulations, (7.17) can be expressed

in closed-form as presented in the following theorem.
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Theorem 7.3 The ergodic capacity of the interference-limited keyhole channel is given by

1,1,1 — N;,1— N,

. 1,14+ Nz — N,.,0
- , 7.18
I'(Nz — N, + DT(N)T(N,) (7.18)

Py

2,4
logy €G3 | 7

m,n
where Gpﬁq (x

le ’.'."":q" ) is the Meijer-G function defined in [26, (9.301)].

Proof: We start by expressing Hypergeometric function U (-, -, -) and In(1 + x) [76, (8.4.6.5)] in terms

of Meijer-G function, i.e.,

1 2,1 1—
Ula,b,) = 6T (w35
D(a)l(a—b+1) B2 \7[01=0 (7.19)
In(1+ az) = Gég (ax ‘}é)
The desired result can be obtained with the help of the integration formula [26, (7.821.3)]. O

Although the explicit equation given above can be used to compute the ergodic capacity efficiently, it
does not offer much insight about the system. Therefore, it is of interest to analyze the special case
which gives simplified expressions. The following two corollaries characterize the ergodic capacity of

the keyhole channel in the high and low SIR regimes.

Corollary 7.3 In the low SIR regime, for Nt > N,, the ergodic capacity in (7.18) can be expressed as

P
C~K|— 7.20
(2). (7.20)
where
N¢N,.
K= —7"-—. 7.21
N, N, (7.21)

Proof: At low SIRs, we can approximate the capacity formula (7.17) as C' = %E[)\max]. Then, utilizing

the integral formula in [26, (7.612.2)] yields

O~ P(Nz+DI(Nz+Ne =N, + 1) By
I(Nz = Ny + 1)I(N)D(Ny) - Pr

Py
K(zaz)’

where K has been defined in (7.21). For Ny = N, nevertheless, due to the capacity approximation at

/ +NMU(Nz + N, — N, +1,N, — N, + 1, z)dx
0

(7.22)
low SIRs, the integral in (7.22) diverges and such an approximation is not available. (I

Corollary 7.4 In the high SIR regime, the ergodic capacity in (7.18) allows the following expression
P
O~ logy 5+ (logy €) x [(Ny) + (Ne) — p(Nz — Ny +1)]. (7.23)
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Proof: At high SIRs, we approximate the capacity in (7.17) by C = E [log2 %)\max} so that

P d
C~ 1Og2 F; —+ (10g2 6) X EE)\max [)‘;ax]
7=0
P, Nz + )Nz + Ny — N, +1) d [
= log, F; + (logy e) x TNy Nt 1)1“(;\@)1“(]\7,,) E/o gNHTY(2)da

. (7.24)
7=0

which leads to the result of (7.23). Note 6(x) is defined in (7.32), and in (7.24), the identity that %)
¥ (x)T'(x) has been used.

O

The results show that the ergodic capacity is affected by three important parameters besides the SIR,
namely, N;, N,., Nz. First of all, when N7z = N, the ergodic capacity is a symmetric function of Ny
and N, and hence they have the same impact on the capacity. However, when N7 is strictly greater
than NNV,., we start with a system with N; = N,. and study the effect on the capacity by adding one more
antenna at either transmitter side or receiver side. In the low SIR regime, as we can see, increasing
the number of transmit antennas by one contributes to the increase of ergodic capacity by a factor of

NII\i ~—- In contrast, if the antenna is added at the receiver side, the ergodic capacity will be increased

N,

by —2z— —Ne_which is obviously greater than W

Nz—N,—1 Nz—N,

In the high SIR regime, it can also be
observed that it is better to deploy the additional antennas at the receiver than at the transmitter side in

terms of the ergodic capacity.

7.3.2.2 Outage Probability

According to Corollary 7.1, the exact outage probability of the keyhole channel can be found as

k
_ Pz py
I(Nz+1) Nil (%ﬁ“) .

= Prob(pmax =1-
Poue = Problpmar < pun) = 1= [0y E(Ny = N, + 1) 2= Tk + 1)

(Nz — N, + k+1)
k=0

P
U(NINr+k+1,kNr+1, ;p“‘>,
0

which, using the results in Theorem 7.2, can further be approximated, at high SIRs, as

P —S8
Pout & Prob(pmax < pth) = a (P 0 ) . (7.25)
T Pth

In [104], it has been shown that the diversity order of a double-scattering MIMO channel is upper-

bounded by % which is achievable only if the following condition holds

2max(Ng, Ng, N;.) +1 > Ny + Ny + N,. (7.26)

For the keyhole channel with co-channel interference that we consider here, it can be easily shown that
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this condition is satisfied and therefore

NtNr

Diversity Gain = max(N;, 1, Ny.)

= min(Ng, N,.), (7.27)
which coincides with the asymptotic result in (7.13). Intriguingly, note also that the diversity order does
not depend on the number of co-channel interferers N7 which turns out to affect only the coding (or
array) gain of the system. To exemplify this, let us focus on (7.15) for the case Ny < N, — 1. When the

number of interferers increases from, say, N7 to Nz = N7 + 1, then we have

a(Nz)
_ D(Nz+N; — N, + )T(N, — Ny)
[(Nz — N, + )T(N; + 1)I(N;.)
Nz + Ny — N, +1T0(Nz + N; — N, + 1)I(N, — N,)
N7 —N,+1 TI'(N7z— N, + DI(N, + DIT(N,)

> a(Ny). (7.28)

As aresult, a increases with the number of interferers, which in turn decreases the coding gain because

s

1
CODING GAIN = <> . (7.29)
a

In addition, (7.15) demonstrates that both the c.d.f. and the p.d.f. of A\, decay to zero more slowly for
N; = N, than for N; # N,., due to the term In z in the leading factor a.

7.3.2.3 SER

In addition to the outage probability, SER is also a common metric used to characterize the performance

of a communication system. For most modulation formats, the average SER can be evaluated as [75]

SER (g) =E, [aQ (\/M)] : (7.30)

where Q(-) is the Gaussian Q-function, and «, 3 are modulation-specific constants. For example, BPSK
requires « = 1,0 = 1; BFSK has a« = 1, 8 = 0.5 with orthogonal signaling or « = 1, 8 = 0.715 with
minimum correlation while for M-ary PAM, o = 2(M — 1)/M, 3 = 3/(M? —1).

Theorem 7.4 The SER of the interference-limited keyhole channel is given by

1- N, 1—N,,1

aG§’§ E250)
Py S\ 0,1/2,14 N2 - N,
SER( o | = (7.31)
Py 2/7(Nz — N, + 1)['(N,)['(N,)
Proof: Define
0(x) 2 U(Nz + Ny — Np + 1,N; = N, +1,2). (7.32)
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Making use of (7.8) and Corollary 7.2, the SER of keyhole channel can be evaluated as
Py /OO o 2P0
SER | — o 20—=x
ol (N7 + )I'(Nz + N; — N, + 1) /°° Py No—1
— 26— tT0 dr.
TN — N,  DENT(N,) fy [Q\ Y20« 0| de

Utilizing the relation that Q(z) = %erfc (%), where erfc(-) denotes the complementary error function

[26], we express erfc(z) in terms of Meijer-G function as [76]

Frme () d

(7.33)

1
erfe(v/z) = ﬁaig (v ’}WQ) . (7.34)

Now, applying (7.19), (7.34), and integrating using [26, (7.821.3)] yields the desired result. ]

7.4 Numerical Results

In this section, we provide numerical results to confirm the correctness of the analytical results we
have derived. In addition to that, various examples are also given to demonstrate how various system
parameters impact on the performance of a Rayleigh-product MIMO channel using OC. In particular,
we validate our two assumptions, namely, “equal power interference”, and “interference-limited”, we
show that the assumed model can provide very good performance reference to the real system. All the

simulation results are obtained based on 1,000,000 independent channel realizations.

Figure 7.1 plots the outage probability P, versus the normalized SIR (i.e., the SIR normalized by the
threshold) Py /(Pzp) for various number of scatterers Ny when N; = 3, N,. = 5, and N7 = 6. Results
in this figure indicate that the number of scatterers has a significant impact on the outage performance,
which agrees with the expectation that the number of scatterers should somehow link with the diversity
order of the channel which affects the outage probability. In addition, as can be seen in Figure 7.1, the

results for both the Monte Carlo simulations and the analytical formulae agree perfectly with each other.

Figure 7.2 provides similar results as in Figure 7.1 but for various number of co-channel interferers Nz
for two settings when (N, N,., Ng) = (3,4,1), and (N¢, N, Ng) = (3,4,5). It shows that a larger
number of co-channel interferers degrades the system performance and leads to an increase in the outage
probability. Also, intriguingly, it is observed that N7 affects only on the coding gain but not the diversity

order.

Now, numerical results in Figure 7.3 and Figure 7.4 are provided for the outage probability performance
when (N¢, N, Ng) = (3,4,7) under the case when the interference-limited system and equal-power
interferers assumptions are no longer true. In Figure 7.3, we compare the analytical results to Monte
Carlo results for the system with equal power interference % = 3 (dB) plus white Gaussian noise.

While in Figure 7.4, we plot the analytical results against the Monte Carlo results for the system with

unequal power inteference P; = 12\711 P7 and white Gaussian noise. A close observation from the results
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Figure 7.1. Outage probability P, versus the normalized SIR Py/(Pzpw) in decibels in Rayleigh-
product channels with co-channel interference for various number of scatterers Ny.
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Figure 7.2. Outage probability P, versus the normalized SIR Py/(Pzpw) in decibels in Rayleigh-
product channels for various number of co-channel interferers Nz with N; = 3, N, = 4 and for both the
cases Ny = 1 and N, = 5.

in the figures reveals that the gap between the analytical results and the Monte Carlo simulations closes
down if the number of interferers increases. In particular, when Nz = 16, the difference is inappreciable.
Very interestingly, it is also observed that the analytical results are more accurate for the case with

unequal-power interferers than the case with equal-power interferers for a given total interference power.
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Figure 7.3. Outage probability P, versus the normalized SIR Py /(Pzp) in decibels with equal-power
co-channel interferers and white noise.
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Figure 7.4. Outage probability P, versus the normalized SIR Py/(Prpy) in decibels with unequal-

power co-channel interferers P; = 2]’\711 Pz, fori=1,..., N7 and white noise.

Results in Figs. 7.5-7.7 are provided for keyhole MIMO channels (i.e., Ny = 1). Figure 7.5 illustrates
the outage probability results for various number of transmit antennas N; when N,, = 5 and Nz = 6.
The results for the exact analytical expression (7.11), the asymptotic expression (7.13) and the Monte-

Carlo simulations are shown and compared. As we can see, the Monte Carlo and the exact analytical
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MIMO channels for various number of transmit antennas /N; for 1) the exact analytical expressions,
2) the asymptotic expansions, and 3) the Monte-Carlo simulation results. In this figure, the notation
(N, N,., N7) has been used.
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Figure 7.6. Ergodic capacity C' versus SIR P,/ Py in decibels for keyhole MIMO channels for different
numbers of transmit and receive antennas with the same total number of antennas. In this figure, the
notation (N, N,-) has been used and N7 = 6 is assumed.

results match perfectly together while the exact results converge to the asymptotic results at high SIR

values, which permits the asymptotic results to be used for the derivation of the channel diversity order
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[which equals s = min(N, N,.)].

Figure 7.6 plots the ergodic capacity of keyhole channels for various number of transmit and receive
antennas while the total number of antennas at both ends is kept to be 8 when N7 = 6. Again, the results
confirm that the analytical results are correct and match precisely with the Monte-Carlo results. On the
other hand, results demonstrate that it is preferable to deploy more antennas at the receiver side than the

transmitter side for maximizing the channel ergodic capacity.

Finally, Figure 7.7 plots the SER of keyhole channels for different antenna configurations when Nz = 5
and coherent 8-PSK modulation (o = 2, § = 0.146) is assumed. Results show a perfect agreement with

the analytical and the Monte Carlo simulation results.

7.5 Conclusion

In this chapter, an analytical characterization of the performance of Rayleigh-product MIMO channels
(a special case of double-scattering) using OC with co-channel interference was presented. With the
interference-limited assumption of equal-power interferers, we have derived new closed-form expres-
sion for the outage probability of the OC systems operating in interference-limited Rayleigh-product
channels. We have also developed a set of new results for an interference-limited keyhole MIMO chan-
nel, which includes the ergodic capacity, the outage probability and the SER, all in closed form. The
findings suggest that co-channel interference does not affect the diversity order of the system, but instead,

it degrades the outage performance by introducing a loss in the array gain.
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Chapter 8

Low SNR Capacity Analysis of General
MIMO Channels with Single Interferer

8.1 Introduction

A wide variety of digital communication systems (e.g., wireless sensor networks) operate in the low-
power region where both spectral efficiency and the energy-per-bit are relatively low. In [95], Verdd
proposed that the spectral efficiency in the low SNR (or wideband) regime can be analyzed through
two parameters; namely, the minimum Ej, /Ny (with E} denoting the average energy per information bit
and N being the noise spectral density) required for reliable communications, and the wideband slope
(denoted by Sp). These low SNR metrics provide a useful reference in understanding the achievable rate
at low SNRs, and have subsequently been elaborated in [39,41,56,77,93, 109], where the impacts of

Rician K factor, spatial correlation, transmit and receiver CSI were investigated.

On the other hand, due to spectrum scarcity, communication systems are anticipated to be corrupted by
interference. Therefore, it is of practical interest to investigate the low SNR capacity of MIMO systems
in the presence of co-channel interference. Prior works on this topic were very limited in that explicit
expressions for these two low SNR metrics were only derived for the interference-limited Rayleigh

fading channels, the corresponding results for MIMO Rician fading channels appear to be limited [93].

Motivated by this, in this chapter, we first investigate the MIMO Rician fading channels with arbitrary
mean matrix and K factor, in which we derive exact expressions for E,/Ny . and Sy in the presence
of both interference and noise. Based on these, we further study the special cases, namely, the Rician
MISO channels, the rank-one deterministic channels and the MIMO Rayleigh channels, in which simple
expressions can be obtained to illustrate the impacts of the number of transmit and receive antennas, the
Rician K factor, the channel mean matrix, and the INR on the capacity. Also, asymptotic results in the
large-system limit and high INR are developed. In addition, we provide the low SNR capacity analysis

for Rayleigh-product MIMO fading channels [25] with interference.



8.2 System Model

Consider a communication link with /V; transmit and NV, receive antennas, corrupted by interference and

AWGN. The received signals, y € CNr>1 can be expressed as!
y = Hx + hs + n, 8.1

where x € CNe*1 is the transmitted symbol vector satisfying E{||x||?} = P, s is the interference
symbol such that E{|s|?} = P;, n € CN*! is the noise vector with i.i.d. entries following CA/(0, Ny),
and H € CN~*N¢ denotes the MIMO channel between the transmitter and receiver while h € CV-x1

denotes the channel vector between the interferer and the desired receiver.

In this paper, we investigate the low SNR capacity properties of two important MIMO channel models,

namely: 1) Rician fading and 2) Rayleigh-product fading. They are described as follows:

e Rician MIMO channels—In this case, the channel matrix has the structure [20]

K 1
H=,/-—Hy+/——H 2
il otV rriow 8.2)

where K denotes the Rician K-factor, and H,, € CN~*N¢ is the channel matrix containing
i.i.d. zero-mean unit-variance complex Gaussian entries. On the other hand, Hy € CN~*N¢ de-

notes the channel mean matrix, which is normalized to satisfy

tr {HOHJ)} — N,N,. (8.3)

e Rayleigh-product MIMO channels—The channel matrix H can be expressed as [25]

1
H=—HH,, 8.4
v LH: (8.4)

where H; € CV-*Ns and Hy € CN+*Mt are statistically independent matrices containing i.i.d.
zero-mean unit-variance complex Gaussian entries, with Ny denoting the number of effective scat-
terers. By varying NN, this model can describe various rank-deficient effects of a MIMO channel,

e.g., it degenerates to Rayleigh fading if N; — oo, and a keyhole channel if Ny = 1.

We assume that CSI is not known at the transmitter side but perfectly known at the receiver. Thus, an

equal-power allocation policy is employed and the ergodic capacity is then expressed as [56]

P P -1
- t( ZLpnt
c E{lodeet <I+ NoNtH (Nohh +I) H)} (8.5)

!For mathematic tractability, we assume a single co-channel interferer.
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As pointed out in [56], with co-channel interference, it is more suitable to define the SNR as

s (P E{tr {H(p;hh' +T)""H}} o6
r= FO NtNr ’ ( ' )
where p; = % is regarded as the INR. This definition is different from the conventional one which

defines the SNR as the average signal power divided by the noise power. The reason is that in the
presence of interference, the noise is generally colored and SNR should be defined by averaging the

SNRs along each of the principal directions of the noise space.

Based on the above definitions, the ergodic capacity expression in (8.5) can be rewriten as

B pH' (p/hhf + 1) H
C(p) =E {1og2 det (1 + TE (v (HI (pyih1 + 1) HJJ ) | (8.7)

At low SNRs, it has proved useful to investigate the capacity in terms of the normalized transmit energy
per information bit, Ej, /Ny, rather than the per-symbol SNR, p. This capacity can be well approximated

for low E}, /Ny levels by the following expression [95]

B, Ey
No
C (No) ~ Splog, <Eb ) , (8.8)

No min

in which %min denotes the minimum energy per information bit required to convey any positive rate
reliably and Sy is the wideband slope [56, 95]. These are the two key parameters that dictate the capacity

behavior in the low SNR regime, and can be obtained from C(p) via [56]*

Eb NtN»,» 1

FOmin B E {tr {HT(pIhhT +I)-'H}} C,(O)v (8.9)
. 2
2 [0(0)}
Sp=———"In2, (8.10)
C(0)

where C (-) and O(-) represent, respectively, the first- and second-order derivatives taken with respect to

p- Note that C (%) implicity captures the second-order behavior of C(p) as p — 0.

2To facilitate the comparison to the interference free results, we adopt a slightly different definition of B

_ from that in [56].
min

Specifically, in [56], E} is normalized by the interference energy plus the noise energy while here E, is normalized by the noise
energy only. Therefore, the final result of 1]\% . differs by a factor of p; + 1.
min
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8.3 Preliminaries

Here, we present some statistical results that will be used frequently in the following sections. For

notational convenience, we define

Di(m,t) £tV (m,m,t "), (8.11)

Do(m,t) £t7™0 (m,m —1,¢t7"), (8.12)

where U(-, -, -) is the confluent hypergeometric function defined in [26].

Lemma 8.1 For any m x 1 vector h ~ CN(0,1), and positive number t, let A £ (thh + 1)~ Then,

we have

E{tr{A}} =m — 14 Di(m,1), (8.13)
E{tr{A’}} =m —1+ Ds(m,1), (8.14)
E{tr’ {A}} = (m —1)>+2(m — 1)D1(m, t) + Da(m,t). (8.15)

Proof: The result can be obtained by noting the unitary invariant of vector h, and using the integration

formula [26, (3.385.5)]. O

Lemma 8.2 For any m X n matrix H ~ CN(0,I ® I), m x 1 vector h ~ CN(0,1), and positive

constant t, we have

E{tr{H'AH}} = n(m — 1) + nD;(m, t), (8.16)
E{tr{(H'AH)?}} = n(m — 1)(n+m — 1) + (n*> + n)Dy(m, t) + 2n(m — 1) Dy (m, ), (8.17)

E{tr*{H'AH}} = n(m — 1)(mn — n + 1) + (n* + n)Da(m,t) + 2(m — 1)n>Dy(m,t), (8.18)

where A has been defined in Lemma 8. 1.

Proof: See Appendix E.1. (]

Lemma 8.3 When m — oo ort — oo, we have Dy(m,t) = Da(m,t) = 0. On the other hand, if

t— 0, Dl(m,t) = Dg(m,t) =1

Proof: See Appendix E.2. ([
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8.4 Low SNR Capacity Analysis of Rician MIMO Channels with

Single Interferer

In this section, we derive analytical expressions for Ey /Ny . and the wideband slope, Sy, for Rician

MIMO fading channels. The main result is given in the following theorem.

Theorem 8.1 For MIMO Rician fading channels with a single interferer, we have

Eb In2
- = 8.19
Nomin N, —14+ Ay’ (8.19)
2Ny(K +1)?
Sp = ————— 8.20
0 5K + By (8.20)
where Ag and By are, respectively, given by
Ao = D1(Ny, p1), (3.21)
and
) 212 (tr {(HOHg)Q} - NENT)
By = +2(Ny, = 1) | Di(N,,pr)

(Ny: = 1+ Dy(Ny, p1))? Ni(Ny +1)

K2 (tr {(HOH(T))?} + NENE)
NN, (N, + 1)

+ 1+ @ +2K)N, + Ds(Ny, pr)

K2 (e { (HoHJ)? b (N2 = N — 1) + N2N?)
N¢N, (N2 —1)

+(N, —1) | N, =14+ (1 +2K)N, + (8.22)

Proof: See Appendix E.3. (]

Theorem 8.1 is general and valid for mean matrix of arbitrary rank, Hg, and any possible N;, N,., K
and py. From (8.19), we observe that the Rician factor K and the structure of channel mean H, (as long
as tr {HOH(T)} = N;N,) do not affect £} /Nomin, while the values of NV, and p; have a direct impact.

Also in (8.20), we see that all the parameters will affect the wideband slope .Sp.

Based on (8.19), we can further investigate the impact of N, and p; on Ey /Ny, . as follows.

Corollary 8.1 The E /NOmin is a decreasing function of N, (i.e., when N, increases, E} /NOmin de-
creases) and is an increasing function of py (i.e., when py increases, E,/Ny.,... increases). Moreover,

the increase in Ey /Ny, ;. due to interference is upper bounded by % for N,. > 2.

Proof: See Appendix E.4. O
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Corollary 8.2 When p; — 0, Theorem 8.1 reduces to

Eb In2
- _ 8.23
Nowr N, (8.23)

2(K +1)?
SO - K2tr{(H0HT)2(} i ) ' (824)
—xenr (L4 2K)
In particular, if the channel mean matrix, Hy, is of rank-1, then Sy can be reduced to
2(K +1)2

So (K +1) (8.25)

- NN,

K2+ (1+2K) 5"
Proof: The results can be obtained with the help of Lemma 3, together with the fact that
tr {(HOH:S)Q} = N?N? when Hy is of rank-1. O

Corollary 8.2 corresponds to the results for Rician MIMO fading channels in an interference-free envi-

ronment, which generalizes the results in [56] where a rank-1 channel mean was considered.

To gain further insight, in the following, we look at three special cases: 1) Rician MISO fading channels,
ie., N, = 1, 2) Rician MIMO channels of rank-1 mean in the large K regime, i.e., K — oo and

H, = o' (with complex column vectors a, 3), and 3) Rayleigh MIMO channels, i.e., K = 0.

8.4.1 Rician MISO Channels

Corollary 8.3 For Rician MISO channels, i.e., N, = 1, we have

Eb In2
= - (8.26)
NOmin Dl(LPI)
2N:(K +1)2D1(1, pr)?
So = K+ DL (8.27)
2K + [L+ N(1+ K)?|Da(L, pr)
Proof: The result can be obtained by substituting /N, = 1 in Theorem 8.1. (I

Corollary 8.4 When N, = 1, Sy is an increasing function of Ny. When 0 < K < 1 — Dy(1, pr), So is

a decreasing function of K, while for K > 1 — Dy(1, pr), Sy is an increasing function of K.

Proof: See Appendix E.S. (]

In contrast to the interference-free case, where the increase of Rician factor K always improves the
wideband slope Sy when N, = 1, Corollary 8.4 reveals that the impact of K on Sy depends on the
interference level. Moreover, when p; — oo, Sy = 0 which aligns with the observations in [56]
for interference-limited Rayleigh fading scenarios. However, the general impact of p; on Sy is more

difficult to characterize, though simulation results indicate that Sy decreases when p; increases.
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8.4.2 Rank-1 Mean Rician MIMO Channels for Large K

Corollary 8.5 In the large K regime, for rank-1 mean Rician MIMO channels with a single interferer,

it can be derived that

E(, In2
— == 8.28
Nomin  Ne =1+ Ap’ (8:28)
2(N, + 1)(N, — 14 D1(Ny, pr))?
Sy = , (8.29)
Ny [Np(Ny = 1) 4+ 2(N, = 1) D1 (Ny, pr) + 2D2(Ny., p1)]
Proof: The desired results can be obtained by taking the limit X' — oo in Theorem 8.1. (]

Corollary 8.5 indicates that in the large K regime, for rank-1 mean Rician MIMO fading channels,
multiple transmit antennas are irrelevant in terms of Ej /Nomin and Sp. This is actually an intuitive
result. The reason is that the large K regime corresponds to the non-fading channel scenarios, and thus,
varying the number of transmit antennas for a fixed total transmit power will not increase the receive
signal energy and will not contribute to the capacity. In addition, [V, affects both E,/Ny, .. and Sy in

contrast to the interference-free case where N, is only relevant in terms of E/ No,in [56].

With the help of Lemma 8.3, we can further obtain the results in various asymptotic regimes:

e When p; — 0, Corollary 8.5 reduces to

Eb In2

— = 8.30

NO min Nr ’ ( )
Sy = 2. (8.31)

The above results correspond to the interference-free scenario, and conforms to those in [56].

e When N, — oo, Corollary 8.5 reduces to

Eb In2
— = — 8.32
NO min Nr - 1’ ( )
1
So =2 (1 — N2> ~ 2. (8.33)

Compared with the interference-free case, the above results suggest that interference degrade the
capacity performance by increasing Ej/Np,,;, and decreasing So. The loss in Ej /N, can be
explained by the fact that one receive antenna is dedicated to suppress the single-antenna interfer-

ence, while the rest, IV, — 1 antennas, contribute to normal communication.

e When p; — oo and N, > 2, Corollary 8.5 reduces to

Eb In2
il 34
N()min -Z\/v'r‘_]-7 (83 )
1
Sp =2 (1 - N2> . (8.35)
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Intriguingly, these results coincide with the case NV, — co. Nevertheless, it is worth mentioning
that the situations in application are very different. One is applicable for large NV, but arbitrary

interference power py, while the other is valid for large p; but arbitrary N,..

8.4.3 Rayleigh MIMO Channels

Corollary 8.6 For Rayleigh MIMO channels with a single interferer, we have

Eb In2
— = —— 8.36
NOmin Nr71+A0’ ( )
2N,
Sog=—— 8.37
=1y B (8.37)

where By is defined as

B é Nt(NT_1)+(Nt+1)D2(NT)pI)_Dl(NT?pI)2 (838)
! [N, — 1+ Di(N,, pr)]2 ‘ '

Proof: The results follow immediately by substituting K = 0 into Theorem 8.1. (]

Corollary 8.6 shows that the number of transmit antennas affects the capacity performance through Sy.

More insights can be gained by looking into the asymptotic regimes as follows.

e When p; — 0, we have

Eb In2
— = — 8.39
NO min N’l“ ’ ( )
2Ny N,
Sy = ———. 8.40
0= NI N, (8.40)

This scenario corresponds to the case for Rayleigh MIMO channels without interference, and the

results are consistent with those derived in [56].

e When N, — oo, we have

Eb In2
= -~ 8.41
NOmin N’r‘ - 1, ( )
2Nt(NT _ 1)
Sy = =7 8.42
0= N TN, 1 (8.42)
e When p; — oo and N, > 2, we have
FEy In2
= -~ 8.43
NOmin NT -1 ( )
2N¢(N, — 1)
So= ——7—>. 8.44
0= N AN 1 (8.44)

Similar to the case of rank-1 mean Rician MIMO channels with a large K, it is observed that

the results for N, — oo and p; — oo coincide. In addition, by comparing the above results
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to the interference-free results, we see that in Rayleigh fading, E;/No,;, and Sy for a MIMO
channel with a single interferer behaves like a channel with one less receive antenna operating in
an interference-free environment, which is different from the large K rank-1 mean Rician MIMO

channel case where S does not have this interpretation.

8.5 Low SNR Capacity Analysis of Rayleigh-Product MIMO

Channels with Single Interferer

In this section, we develop the low SNR capacity results for Rayleigh-product MIMO channels.

Theorem 8.2 For Rayleigh-product MIMO channels with a single interferer, we have

Eb In2
— = — 8.45
Nomin  Ne =1+ Ay’ (8.49)
2N; N
So= ——"7——, 8.46
=N IN. 1B (8.46)

where Ag has been defined in Theorem 8.1 and Bs is given by

By & Wr = DWVelNs + 1) + (N 4+ DO + Do pr) = (Ne + N)D1(Neyp1)* g 4
? [N, — 1+ Dy (N, pr)]2 B

Proof: See Appendix E.6. ]

Theorem 8.2 shows that the Ej, /Ny . for Rayleigh-product MIMO channels is the same as that for
Rician MIMO fading channels, although the two channels have very different information-carrying ca-
pabilities. As such, the results of Corollary 8.1 also apply for Rayleigh-product channels. Nonetheless,
this is not surprising as has already been reported in [95], and this is the consequence of the noise being
additive Gaussian. This explains that Ej/Ny, . is not sufficient to indicate the capacity performance
and motivates the need for higher order approximation of the capacity such as the wideband slope, S,
which is generally different for different channels. In addition, it is observed that N; and NN, affect the

capacity performance through the wideband slope Sy but not £, /N, .

Corollary 8.7 When Ny — oo, the wideband slope for Rayleigh-product fading with a single interferer

becomes the same as that for Rayleigh fading scenarios.

Proof: The corollary can be proved by noting that % |N, oo = Bi. (]

s

The above corollary indicates that the Rayleigh-product channels converges to a Rayleigh fading channel
when Ny — oo. This result is quite intuitive since the large N correspondes to a rich scattering

enviornment which is the scenario that fits well with the Rayleigh fading model.
The following asymptotic cases are looked at to gain further understanding.
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e When p; — 0, we have

— = (8.48)

B 2NN, N,
"~ N;N,+ N,.N,+ N;N, +1°

(8.49)

This scenario corresponds to the interference-free case for Rayleigh-product channels whose re-

sults have been derived in [85]. In addition, when N, = 1, we further have

2NN,
So = 8.50
7 (N +1)(N, +1) (8:50)
which provides the wideband slope for keyhole channels.
e When N, — oo, we have
Eb In2
— = 8.51
NO min Nr -1 ’ ( )
2N;Ng(N, —1
So N ) (8.52)

T NN, + (N, — (N, + Ny + 17

e When p; — oo and N, > 2, it can be easily shown that Ey /Ny .. and Sy are, respectively, given
by (8.51) and (8.52). In other words, the results for N, — 0o and p — oo coincide. Additionally,
similar to Rayleigh MIMO channels, the penalty of having an interferer is illustrated through a

reduction on the number of effective receive antennas by 1.

8.6 Numerical Results

In this section, we perform various simulations to further examine the derived analytical expressions.
All the Monte-Carlo simulation results were obtained by averaging over 10° independent channel real-

izations. For MIMO Rician channels, the mean matrix is generated according to [10]

L
Hy =Y Bio(br)e(brr)”, (8.53)
=1

where ; is the complex amplitude of the /th path, and a(6;;) and «x(6,;) are the specular array re-

sponses corresponding to the /th dominant path at the transmitter and receiver, respectively. The array

, €j27rd(N—1) cos(@)]T

response is defined as [1, ¢ 2mdcos(9) ... where d is the antenna spacing in wave-

lengths. In all simulations, we assume that d = 0.5 at both the transmit and receive sides.

For 3 x2 MIMO Rician channels, the mean matrix is constructed by assuming that there are two dominant

paths (i.e., L = 2), with the arriving and departure angles givenby 6.1 = 0,1 = § + 5, 0,2 = 0,2 =

5= %,3 respectively. The complex coefficient 3; is chosen such that tr{HOH(TJ} = N¢N,.. For rank-1

mean Rician fading MIMO channels, we assume L =1, 81 = land 0,1 = 0,1 = 3.

3These angles are randomly chosen for simulation purpose, and our results are applicable to arbitrary angles.
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Figure 8.1. Low SNR capacity versus transmit /N, for various INV,, when N; = 3 and p; = 0 dB.

Fig. 8.1 investigates the impact of N,. on Ej; /Ny, To isolate the effect of V., we have set K = 0 to
eliminate the possible impact from channel mean matrix Hy. From the results of Fig. 8.1, it can be seen
that the increase of N, helps to reduce the required Ej/ Nopmin, which confirms the analysis of Corollary
8.1. Moreover, we observe that when N, increases, so does the wideband slope Sy, which indicates the
double benefits of increasing /V,-. In addition, when compared with the Monte-Carlo simulation results,
the analytical results show very high accuracy in terms of E}/Ngpi,, and also the wideband slope Sy if

the SNR of interest is sufficiently low, i.e., below 2 bps/Hz of capacity.

In Fig. 8.2, results for the low SNR capacity approximation are plotted for 3 x 2 Rician MIMO channels
with K = 1. Results reveal a good agreement between the analysis and the simulations. We also see
that the increase in the interference power degrades the capacity performance by increasing the required
Ey,/Nomin, while the impact on Sy is not so pronounced. Furthermore, the increase in Ejp/ Ny i, from
a channel without interference to that with a 10 dB of INR is about 0.1, which appears to be very close

to the upper bound we obtained in Corollary 8.1 (In2)/(N, (N, — 1)) = 0.115.

Results in Fig. 8.3 are provided for the capacity of 3 x 2 MIMO Rician channels for different Rician-
K factors in the low SNR regime according to Theorem 8.1. The curves indicate the accuracy of our
analytical expression and that the range for a good approximation improves if K increases. In particular,
the approximation is very good for the capacity range from O to 10, when K = 100. Also, results
demonstrate that the Rician K factor affects the capacity performance through the wideband slope Sy
but not the E},/ Nopin, and more specifically, the wideband slope Sy increases when K becomes larger.
However, the increase is not very substantial. On the other hand, Fig. 8.4 plots the results for rank-1

mean 3 x 2 MIMO Rician channels in the large K regime both with and without interference. Results
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Figure 8.2. Low SNR capacity versus transmit Fy, /N, for various p;y when N; = 2 and N, = 3.
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Figure 8.3. Low SNR capacity versus transmit Fj /Ny for various Rician factor K when N; = 2,
N, =3 and p; = 10 dB.

confirm the correctness of the analytical results in Corollary 8.5.

Results in Fig. 8.3 are provided for the capacity of 3 x 2 Rician fading MIMO channels for different
Rician-K factors in the low SNR regime according to Theorem 8.1. The curves indicate the accuracy
of our analytical expression and that the range for a good approximation improves if K increases. In

particular, the approximation is very good for the capacity range from 0 to 10, when K = 100. Also,

95



5 T T T
Monte Carlo Simulation ,
45| — — — Low SNR approximation 7oA

251

Capacity (bps/Hz)

15

Transmit Eb/No (dB)

Figure 8.4. Low SNR capacity versus transmit £, /Ny for rank-1 mean Rician fading MIMO channels
when N; = 2, N,. = 3 and K = 100.

results demonstrate that the Rician K factor affects the capacity performance through the wideband slope
So but not the Ej/Nop,in, and more specifically, the wideband slope Sy increases when K becomes
larger. However, the increase is not very substantial. On the other hand, Fig. 8.4 plots the results for
rank-1 mean 3 X 2 Rician MIMO channels in the large K regime both with and without interference.

Results confirm the correctness of the analytical results in Corollary 8.5.

35
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Figure 8.5. Low SNR capacity versus transmit Fj, /Ny when N; = 3 and different N,. and p;.
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In Fig. 8.5, we provide the results for Rayleigh MIMO fading channels. Two system configurations
are investigated: one for 3 x 21 channels with a single interferer of p;y = 10 dB, and the other for
3 x 20 channels without interference. As we can see, the results of the two systems almost overlap with

inappreciable difference in the low SNR regime, which aligns with our analysis.

Monte Carlo Simulation
gl | — — — Low SNR approximation

No interferenc

Capacity (bps/Hz)

Transmit Eb/No (dB)

Figure 8.6. Low SNR capacity versus transmit £, /N, for Rayleigh-product channel when N; = 3,
Ny =6and N, = 2.
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Figure 8.7. Low SNR capacity versus transmit Fj /Ny for Rayleigh-product channel when N; = 2,
N, = 6 and different NV, and p;.
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Results in Figs. 8.6 and 8.7 are provided for Rayleigh-product MIMO channels. Results demonstrate
a good agreement between the analysis and simulations. Additionally, it is observed that the level of
interference increases the required Ej/ Ny, and reduces the wideband slope Sy. On the other hand,
Fig. 8.7 plots the results for two systems both with N; = 2 and Ny = 6: one with a single strong
interferer of p; = 20 dB and N,. = 3, and the other with N; = 2 in an interference-free environment.

Results for both systems overlap in the low SNR regime, which confirms our analysis.

8.7 Conclusion

This chapter has studied the capacity of Rician fading and Rayleigh-product MIMO channels with a
single interferer in the low SNR regime. Exact expressions for the minimum energy per information
bit, Ep/Nomin, and the wideband slope, Sy, were derived for both channels. Also, we showed that
interference degrades the capacity performance by increasing Ej,/Nopi, and reducing Sy. Moreover,
the impact of other system parameters, such as the number of transmit and receive antennas, Rician

factor K, the channel mean matrix Hy, were investigated.
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Chapter 9

Conclusions and Future Works

The theme of this thesis is on the capacity and performance analysis of MIMO antenna systems operating
over general and practical propagation channels. There are primary two key aspects in the thesis: the
first is to give a thorough investigation on the fundamental capacity limits of several important MIMO
channels, while the second is to analyze in details for some practical transmission methods over matrix
product channels. In the following, we summarize the main contributions and insights of this thesis, and

discuss some possible lines for future works.

9.1 Summary of Contributions and Insights

In Chapter 3, a host of new finite RMT results were derived, which provided the essential mathematical

tools for the performance analysis conducted in later chapters.

Chapter 4 presented a unified framework of developing capacity bounds for general MIMO Nakagami-
m fading channels based on majorization theory. By exploiting the majorization relationships between
the eigenvalues and diagonal elements of the random matrix of interest, we derived several capacity
upper bounds and lower bounds for both C-MIMO and D-MIMO systems. Based on these analytical

expressions, a number of insights were obtained:

e The ergodic capacity is a monotonic increasing function of the fading parameter m, i.e. if m
becomes greater, the ergodic capacity increases. This finding is quite intuitive since a greater m

corresponds to less severe fading, and the ergodic capacity is anticipated to increase with m.

e In the large system regime, the ergodic capacity of the system scales linearly with the minimum of
the antenna numbers, and is independent of the fading parameter m. This again is an intuitive find-
ing. Since whatever the value of m, the effect of channel fading could be completely eliminated

with the increasing antenna number.

e Both the path loss and shadowing effects affect the ergodic capacity of the system. The path loss

effect decreases the ergodic capacity as a function of the distance, while the shadowing effect



impacts the ergodic capacity through its mean fading parameter.

Chapter 5 considered the mutual information and outage performance of MIMO multi-keyhole channels.
The results for mutual information were derived by directly invoking the new marginal p.d.f. expression
of a product of random matrices (Thoerem 3.2), as well as certain random determinant (Theorem 3.8)
and log-determinant results (Theorem 3.10) from Chapter 3, while the exact and approximate analytical
outage expressions for MIMO MRC systems were obtained based on those maximum eigenvalue distri-
butions, i.e., Theorem 3.3, and Theorem 3.4. From these analytical results, we obtain the following key

insights:

e The mutual information of MIMO multi-keyhole channels is generally inferior to that of MIMO
Rayleigh channels, and the number of keyholes will significantly affect the mutual information.
For instance, when the keyhole number increases, the mutual information improves, and it gradu-
ally approaches the MIMO Rayleigh mutual information bound when the keyhole number is large

enough.

e For MIMO MRC systems, the outage probability of multi-keyhole MIMO channels can be superior
than that of MIMO Rayleigh channels at high outage regime (or equivalently, at sufficiently low
SNR regime). However, for outage level of practical interest, (e.g., j 0.1), achieving a given outage

level requires lower SNR for MIMO Rayleigh channels compared with multi-keyhole channels.

e The keyhole power distribution does not affect the diversity order of the system, while the number

of keyhole does.

e The impact of keyhole power distribution on the outage performance is characterized through
Schur-concavity, and the findings suggest that the more equally distributed keyhole power, the

better is the outage performance.

e By interpreting the keyhole power matrix as the correlation matrix, the results also apply to one-
sided correlated Rayleigh-product channels. And for MIMO MRC system, this indicates that the

higher the correlation of the channel, the worse the outage performance.

Chapter 6 investigated the capacity of MIMO dual-hop systems employing AF relay node. In contrast
to prior results which primary focus on the asymptotic large antenna regime, we aimed at the finite
antenna system. Therefore, the results are applicable for arbitrary number of transmit, relay and receive
antennas. Exact capacity expression was derived by directly invoking Theorem 3.1 along with some
basic mathematical manipulations, and tight capacity upper bound and lower bound were obtained based
on Theorem 3.7 and Theorem 3.9, respectively. Moreover, several special cases were studied in great
detail. From these analytical results, we see that the ergodic capacity of AF MIMO dual-hop systems is

intimately related to that of single hop MIMO systems.
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e The multiplexing gain of the system is one-half of the minimum of the numbers of transmit, relay
and destination antennas, where the one-half comes from the fact that two time slots are consumed

for the entire communication.

e When the number of relay antennas grows large, the ergodic capacity of AF MIMO dual-hop sys-
tems becomes one-half of that single hop MIMO systems with same transmit and receive antenna
numbers but a properly adjusted SNR. This equivalent SNR is always smaller than the first hop
SNR, which indicates that no matter how many relay antennas are employed and how much power
is used, the capacity is always smaller than one-half of that single hop MIMO systems with the

same transmit and receive antenna numbers with SNR being the first hop SNR.

e When the number of destination antennas grows large, the ergodic capacity of AF MIMO dual-hop

systems becomes one-half of that of the first hop MIMO systems.

e When the relay power grows large, the ergodic capacity of AF MIMO dual-hop systems becomes
one-half of that of a single hop MIMO systems with the same number of transmit antenna, but with

the receive antenna number being the minimum of the relay and destination antenna numbers.

Chapter 7 examined the impact of co-channel interference in Rayleigh-product channels. The exact
outage probability expressions for optimum combining systems were derived based on Theorem 3.5,
and a detailed performance investigation on the special keyhole channels was carried out. From these

analytical results, we have the following findings:

e The interference does not affect diversity order of the system, but it reduces the outage perfor-

mance by contributing in the loss of array gain.

e The number of scatterers will significantly affect the outage performance, and the outage perfor-

mance improves when the number of scatterers increases.

e For the special keyhole channels, the diversity order equals to the minimum of the transmit and

receive antenna numbers.

Chapter 8 studied the ergodic capacity of general MIMO channels with a single interferer in the low SNR
regime. For both Rician channels and Rayleigh-product channels, exact analytical expressions for the
minimum energy per information bit, E} /Ny ., and wideband slope, Sy, were derived. Several special
cases were investigated in detail and the impact of transmit, receive antenna number, Rician K factor,

channel mean matrix and INR on the ergodic capacity were analyzed. We gained the following insights:
e The minimum energy per information bit is the same for Rician channels and Rayleigh-product
channels, while their wideband slopes differ significantly.

e Increasing the number of receive antennas helps to reduce the minimum energy per information bit
required for reliable communication, while increasing the interference power requires more power

to ensure reliable communication, and this extra power can be upper bounded.
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e The structure of the channel mean matrix does not affect the ergodic capacity.

e For MISO Rician channels, the wideband slope is an increasing function of the transmit antenna

number for small K, but is a decreasing function for large K.

e For large K and rank-1 mean Rician MIMO channels, the transmit antenna number does not affect

the ergodic capacity.

e For Rayleigh-product channels, the number of scatters affects the ergodic capacity through the

wideband slope but not the minimum energy per information bit.

e For both scenarios where either the number of receive antenna is large, or the interference power
is large, the resulting capacity performance with one co-channel interference is equivalent to a
system with the same number of transmit antennas but one less receive antenna in an interference

free environment.

9.2 Future Works

In this section, we discuss several possible extensions of the problems investigated in this thesis.

A substantial portion of the thesis is devoted to the analysis of the newly emerged MIMO channels with
product matrix structure. While the contributions made in the thesis have enhanced our knowledge of the
fundamental limitations of the matrix product channels, nevertheless, much more theoretical works are
needed to gain a thorough and deep understanding of the nature of the MIMO matrix product channels.
We believe that matrix product channels will remain a fruitful area, and more important discoveries are

expected to be made. In the following, we discuss some interesting directions.

The first extension is to consider more general settings. In particular, the MIMO multi-keyhole channel
H=H, AH; studied in Chapter 5 is a special case of the more general model, referred to as the MIMO
double scattering channel where the channel matrix is given by H = <I>i/ ’H, ‘i';/ ’H, tI>i 2 1tis of
great interest to investigate the joint effect of transmit and receive correlation and rank-deficient phe-
nomenon on the fundamental capacity of the system, as well as on the performance of various practical

transmission schemes, i.e., OSTBC and transmit beamforming receiver combining systems.

Secondly, it is interesting to investigate the performance of practically appealing linear receiver system
(i.e., ZF or MMSE receiver), as well as certain low complexity non-linear receiver system(i.e., ZF-DF
or MMSE-DF receiver). While the performance of these simple receivers in a single MIMO Rayleigh
fading channels has been extensively studied and well understood, there has been no available results in
the literature for MIMO product channels. Therefore, it is important to look into this particular system,
analytically characterize its performance, and compare it with the single MIMO Rayleigh channel case

to gain more insights.
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In addition, the case where partial CSI (i.e., channel mean, or channel correlation matrix) is available
at the transmitter is also an important research topic. The partial CSI case has been well studied for
the single full rank MIMO channels, where optimum precoding matrix and optimal power allocation
schemes based on various performance metrics such as maximizing ergodic capacity, minimizing the
outage probability, or minimizing the mean square error, have been derived for various scenarios. Making
extension to the matrix product channels is therefore of great interest and importance, and it is expected

that the rank deficiency phenomenon will play a key role in designing the system.

While the partial CSI is a more realistic assumption in most of the cases, limited feedback schemes are
more attractive and practical, and it has received enormous attentions from the research community. In
such systems, instead of feedback the exact channel matrix, only limited number of bits is feeded back
to the transmitter, which greatly eases the demand and requirement on the feedback link. One particular
popular limited feedback schemes is the antenna selection schemes, and its performance has been studied
for two extreme cases, i.e., single full rank MIMO channels, degenerated single keyhole channels. To
bridge the gap, it is therefore important to investigate the case with multiple keyholes. Some interesting
questions arise naturally, i.e., how to select the transmit and receive antennas, whether it achieves the

maximum diversity offered by the multi-keyhole channels.

Another interesting area to look into is the multi-hop communication systems, which has attracted enor-
mous attentions from the research community due to its power saving and coverage extension advan-
tages. As the MIMO technology becomes mature, it is expected that MIMO will be incorporated into
the multi-hop system to form a MIMO multi-hop system. Therefore, analytical characterization of the
performance of MIMO multi-hop system is a very important topic. For MIMO multi-hop channels, in
essence, the effective channel of interest consists a product of multiple independent random matrices
which is a generalization of the double-scattering channel model studied in this thesis. So far, only very
limited asymptotic results are available in literature. It has been demonstrated that the asymptotic results
fail to accurately capture the finite cases, which provides great motivation to investigate the performance
of the system in the finite regime. The key challenge is to obtain the statistical properties of the resultant
random product matrices, and it remains to be seen whether the conditional approach developed in the

thesis can be applied in the general case.

In addition to the aforementioned point-to-point MIMO systems, another exciting area is the multi-user
scenarios. Some preliminary results have been developed in Chapter 7 and Chapter 8, where the impact
of co-channel interference is investigated. However, a number of questions remains to be addressed. To
name a few, what is the optimal transmit precoding strategy for each individual user, what is the optimal
power allocation scheme, what the the sum capacity of the system, and what is the optimality condition

for the beamforming transmission scheme, etc.

To sum up, the newly emerged MIMO product channel is an important class of channel model, and

considerable efforts are required to help improve our fundamental understanding of its performance.
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Appendices

In this Appendix, we provide all the proofs for the main theorems and corollaries appeared in the thesis
in detail. Specifically, Section A gives the proofs for the new statistical results of certain random matrices
presented in Chapter 3, while the remaining sections give the proofs for the key theorems and corollaries

appeared in Chapter 4, Chapter 5, Chapter 6, and Chapter 8, respectively.

A. Proofs for Chapter 3

A.l. Proof for Lemma 3.7

To prove this lemma, it is convenient to give a separate treatment for the two cases, m < nand m > n.
(i) The m < n Case

For this case, an expression for the p.d.f. f(\) has been given previously as [5]

m m ~
Z Z )\n—m—&-k—le—)\/ﬂl Dl7k
=1k

A\) = =lk=1 10.1
f( ) m det (L)n—m-l-l HZZI T (n —i+ 1) H'rn : ( )

i<j(Wj — wj)
where D, is the (I, k)th cofactor of a m x m matrix with entries
{D}W. =T(n—m+j)w ", (10.2)
After some basic manipulations, we can express this cofactor as
Pup = [T/2, T (n—j+1) det (Q)"—’”“Dl B (103)

T(n—m+k)  wprmit b

Substituting (10.3) into (10.1) yields the desired result.
(ii) The m > n Case
For this case, we start by employing a result from [88, (11)] to express the joint p.d.f. of the unordered

eigenvalues 71, . . ., v, of HTQH, as follows

) = det (A1) H?<j (v — )
T T i+ DI, (w0 —w)

1<j

(7,

(10.4)



where A; is the m x m matrix

1 wy - w{”—N—l w{n—n—le—:—i w{n_n_le_:%{
A= (10.5)
L B e I e e
The p.d.f. of a single unordered eigenvalue X is found from (10.4) via
FOV :/ / F s m) dyn - dyms
0 0 TYn=A
= 1 /W,,./Oodet (A1) det <7j_1>d71"'d7 L
H:‘L:1F(n—i+l)nﬁj (wj —wi) Jo 0 i n %:A,
(10.6)

where we have used [[;"_; (v; — i) = det (fyj _1) . To evaluate the n—1 integrals, we expand det (A1)

along its last column and det (’yf _1> along its last row, and then integrate term-by-term by virtue of [84,

Lemma 2]. This yields

m m

E Z ﬁlmfnfle—y/wzAm—n-&-k—lDl)k

. =1 k=m—n+1

where Dy, is the (I, k)th cofactor of a m x m matrix 2 = [A C], with entries

{A}iyj:wjfl i=1,....m, j=1,....m—n (10.8)

7

and

{C}, =T "™ i=1,...,m, j=1,....n. (10.9)

7

Then, it can be shown that

m n m
ST wprlervleym T tRID L= > det (Dy), (10.10)
=1 k=m—n+1 k=m—n+1
where Dy, is a m x m matrix with entries
i—1
Wf ) =1, ,m, .7_]-7 ,ym —n,
o . —n+ji—1 . . .
{Dk}iﬁ'i F(])Wzm S ) t=1...,m, ]:m_n+17"'7m7 j#ka
D e A U j=k,

(10.11)
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Hence, we can rewrite (10.7) as

m

> det (Dy)

. k=m—n+1
FN) = nIlm Tn—i+ )T (wj —wi)

After some basic manipulations, (10.12) can be further simplified as

f(A) 1 j;i An44n+k71 q (ij )
R A det (Dy
n]liz; (w; —wi) e F'n—m+k)
where Dy, is a m x m matrix with entries
Wit j#k,

{f)’f}i,j =

e Mwigpmml g — k.

Finally, we apply Laplace’s expansion to (10.13) to yield the desired result.

A.2. Proof for Lemma 3.8

)

The joint p.d.f. of the non-zero eigenvalues of matrix HH' a1, ..., o, is given in [34] as

_ iai q q )
floa, -+ ,0q) =Ke =2 Haf_qH(aj—ai) .
=1 i<j

K3

Recalling that
ws
Q; = )
1—aw;
we derive the joint p.d.f. of wy,...,w, from (10.15) by applying a vector transformation [67]
w1 w,
fwi, - wg) :f<1_an,~~~ ) l—Zqu) 1T ((a1,. .., 0q) = (w1,...,wq))],

where

Qa1 . Qa1

Owq Odwq
J((aa,...,aq) = (w1,...,wq)) = det

day day

ol Bt

From (10.16), we have

8ai__ 1
owi (1 —aw;)?
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(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)

(10.19)



Therefore the Jacobian transformation in (10.18) is evaluated as
g 1
J((al,...,aq)%(wl,...,wq))zni. (10.20)

Substituting (10.15) and (10.20) into (10.17) yields

1—awpq+2 l—aw; 1—aw;

- d ' _ 2
f(wr, ICH e ( et B ) . (10.21)
1 <j

Finally, simplifying using

T-awy T-aw) 35 \(1=aw)(l - aw) T (1~ aw) 2D ‘

1<j

yields the desired result.

We now derive the p.d.f. of an unordered eigenvalue w. According to [82, (42)], the unordered eigenvalue

p.d.f. of HHY is given by

i

i 25
ST AGL L p.g) ot e (10.23)

7=0 1=0

Q

fla) =

Q| =
-
I
[e=]

Recalling that w = a/ (1 + a«), the result follows after applying a simple transformation.

A.3. Proof for Theorem 3.1

We start by re-expressing the unordered eigenvalue p.d.f. of a semi-correlated Wishart matrix f(\) in

Lemma 3.7 as

1 z ANe—a+i—1

FO) = = e det (D), (10.24)
SHZ<7( )k:qz_;+1F(Ns_Q+j)
where Dy, is a ¢ X ¢ matrix with entries
- n—1 k
{Dk} = Cm n#k, (10.25)

e Mwma=Ne=l 'y — [,

Now, utilizing Lemma 3.8, we can evaluate the unconditional p.d.f. as

f) = Ea[f())]
1 q q )\Ns—q+k'—1

T )QH(I‘(q—i—&—l)F(p—i—i—l)) > mik (10.26)

i=1 k=q—s+1

107



where

- R T WPl T
z— [ aet DT (w; — ) T4 oy o
0§w1<~--<wq§1/a E J I:Hl (]. — awl)p+q q
= det(Yy), (10.27)
where Y, is a q X g matrix with entries
1/a gp—atmin—2 _ _ o
~ Te 1-ax dx, n # k,
Yidmn =9 7 a0t (10.28)

0 W€_145”€_k/$dw7 n=k.

Lett = 2/ (1 — ax). Utilizing [26, (3.383.5)] and [26, (3.471.9)], the integrals in (10.28) can be evalu-

ated, respectively, as'
1/a pP—atmtn—2 Y ) 9
/ ¢ " dr = / Pt mANT2 (1 4 1) 2T et
0 (1 — am) 0

=a? P (p—gq+m4n—-1)U(p—qg+m+n—1,p+q,1/a) (10.29)

and

1/a .p—Ns+m—2
T e
/ e e Mida
o (1—ax)

o0
— 67)\(1/ tpr3+m72 (1 + at)(H-Ns—m eftf)\/tdt
0

qg+Ns—m o
— o ha Z (q + Ns - m) qd+Ns—m—i / pHa—i=2,—t=\/t gy
i=0 ¢ 0

wHNeTm AN, —m . -
— 9p—Aa Z (q ; >aq+Nsmz)\(P+qz1)/2Kp+q_i_1 (2\5) '
=0
(10.30)

Combining (10.26)—(10.30) and then applying Laplace’s expansion yields the desired result.

A.4. Proof of Theorem 3.2

Due to the symmetry of the channel, we only deal with the case when N; > N,.. The case for N,, > N;
can be dealt with by simply exchanging N; and N,.. We find it useful to give a separate treatment for the

two cases: N,, > N and N,. < Nj. For convenience, we define Q = ATHEHQA.

(i) The N, > Ny, Case

Since Ny > N, > Nj, we observe that F has IV, distinct eigenvalues 0 < f; < --- < fn, < ooand Q

'Note that, by using the Binomial expansion, (10.29) can be alternatively expressed as

oo 2g—m—n )
/ pmatmIn T2 (1 pa)2T " e At = Y @' T(p—q+mtnti-1).
0 i=0
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has N}, distinct eigenvalues 0 < ¢; < -+ < gn, < co. We assume that 0 < by < --- < by, < oo. First
note that the non-zero eigenvalues of Q are the same as that of W £ HgAATH; Therefore, the joint

p.d.f. of the ordered eigenvalues of Q) is given by [46]

1 HqN deet( Nie— J)det (ef’%‘). (1031

fla, - an,) = N
; N,
[ T(N, —i+1)det(B N (blk _ b%)

Utilizing Lemma 3.7 and (10.31), the marginal p.d.f. of an unordered eigenvalue A of HiQHl can be

obtained as

Ny ANVe—Ni+s—1

AN=C ————det(Dy), 10.32
fN) 1;F(Nt7Nk+s) et(Dy) ( )
where
1
=S . P , (10.33)
N [LE T(Ny — i+ 1) det(B)Nr=Net ij(bj —b;)
and D, is an N; x N; matrix whose entries are defined as
b NMHRD(N, — Ny, + k), k+s,
[Dslik = Ny N A (10.34)
2(A\b) 3 (21 /E) k= s.
After some manipulation, we can then compute the determinant of Dy as
Ny,
det(D,) = [[T(V;: — Ny, + i) det(B)N" Nk det(D,), (10.35)
iz
where Dy is defined as
B pE-1 k4 s,
Dy]ik = : (10.36)

— _1_Nr+Ng
g Mgy e 1= K, (2 /%)’ k=s.

Substituting (10.35) into (10.32) and applying the Laplace’s expansion along the sth column of D, we

have
Nk 1Nt Ne  Ned Ny i B
fA) = . , i, (10.37)
Ny T (b = bi) = = ['(Ny = Ny + )T (N — N + )

where D; ; is the (4, j)th cofactor of an N, x Nj, matrix Z defined in (3.26).

(ii) The N, < Ni Case
When Ny > Ny > N, or N, > N > N,, the joint p.d.f. of the ordered N, eigenvalues 0 < ¢; < --- <
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gn, < oo of Qisin (10.4). Similar to the proof in the first part, we derive the p.d.f. as

N )\Nt—&-s—Nk—l
\) = C L det(E,), 10.38
Uy QszN TN, — Ny 1 ) () (10.38)
$=Np—N,+1
where
1
Cy = (10.39)
N TTE TN, — i+ D) TLE (b — by)
and E; is an N x N matrix defined as
b, k< Np— N,
Edir = by 'D(N, — Ny, + k), k > Ny — Nyandk # s, (10.40)
2bin_NT_l()\bl) NrgNt KNrfo, (2 /%) , k =s.

In the above, the integration technique for the product of the determinant of two matrices of different

dimensions given in [82] was used. After some manipulations, (10.38) can be further simplified as

1 N, ANi+s—Ne—1 B
JA) = det(E,), (10.41)
») N, T2 (b — by) S:N;NTH I'(N; = Ni + s)0(Ny — N, + s) (Ee)
where E; is an Nj, x N, matrix defined by
3 bk‘fl’ k # s,
AT . (10.42)

2bi7kaN7.fl()\bl) 2Nt KN,-*Nt (2 %) , k=s.

Finally, we apply Laplace’s expansion in (10.42) to yield

1 I R e e P I (S OV (2\/X)
fN) = N, Z - : - t & D j,
N T2 (0 = b0) = v T [(Ny = Ny + §)U(Ny — Ni. + j)

(10.43)

where D, ; is the (¢, j)th cofactor of an N}, x N}, matrix = defined in (3.26).

A.5. Proof of Theorem 3.3

Similar to the proof of Theorem 3.2, we only consider the case when N; > N, and give a separate

treatment for the two cases: N, > N and N, < Ng.

(i) The N, > Nj, Case
When N; > N, > Ny, the c.d.f. conditioned on ATH;HzA is given in [43]

1 det (qjvt’i“v (Nt —i+1, %))
Frowl®) = e T 1 (2 104
[LLHTWNe =i+ 1) LY g 1<k (qj—a)

To obtain the unconditional c.d.f., we need to average over the joint p.d.f. of the ordered eigenvalues of
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Q,ie.,
Fao (@) = /D Fa (@) F(Q)das g, (10.45)

where the integrals are taking over the region Dyrg = {0 < ¢1 -+ - < gn, < 00}

The integral in (10.45) can be simplified as

N (N —1)
2

(-1) det (\ill(x))

Fy () = Nk . N, . Np—Np+1
[L2 DNy =i+ 1) J[Z D(N: — i+ 1) det(B) k Hz<j( = bi)

,  (10.46)
where W, (z) is an N}, x N matrix with entries

(O, (2))ik = D(N; — L+ D)oy (N, — 1+ 1)—

N—l t
T Np—t—i41 [x
F(Nt —1 + 1) Z mz(bkﬂj) 2 = KN,‘—t—l-‘rl <2 bk) . (1047)

Further algebraic manipulations gives

(—1) ™3 det (¥, (x))

P () = : (10.48)
L% TN, — i+ D) T2 (0 - )
where the entries of ¥ (z) are defined as
—k N. k+1 i
_ G NL—k Ny—N,—1 Neotokdl z
(@ (2)]1e = b FD(N, — k1) = b]*~ Z D 2(byz) KN, —t—kt1 (2 bl) .
(10.49)

(i1) The NV,. < N, Case
When Ny > N > N, or N, > N; > N,, based on [112, Lemma 1] and (10.44), the c.d.f. of the

maximum eigenvalue of F conditioned on Q is given by

Nt i+1 ; z
1 det( (Nt*l+17qj>)
N, : a
Hi:l F(Nt -1+ 1) Hz 194; Hl<k (7 o é)

Fy (@) = (10.50)

Utilizing the joint ordered p.d.f. of the IV, eigenvalues 0 < ¢; < --- < gy, < oo of Q given in [88], the

unconditional c.d.f. can be obtained as

(—1) 75 det(@y(x)
[T TN — i+ DL TN — i+ DI () — bi)

Fy () = , (10.51)

where Wy (z) is an Nj, x N matrix with entries

_ by, k< Ny —N,,
(o ()| k = - (10.52)
R(z)],),. k> Np— N,
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in which [R(z)];,x is defined as

R(z))ip = b7 N DNy + Ny — N =k + )D(N, — k4 1)—

Ni—Np—1 M gat Ny—k—t+1 T
N TIN(Ng + N = N — k1) Y (@bi) ™ 7 KN—k—t41 | 24/ | -

pard L(t+1) b,
(10.53)
We can then further simplify (10.51) as
Np(Np—1)
-1 det(¥
oo (#) = )= detlBol@) (10.54)

Hﬁ\f;l (N, —i+1) Hf\i’“j(bj —b)

where the entries of W4 () are given as

bgcila kSNk_Nra
(Wo(z)|1x = (10.55)
u(x)lvk, k> Nk — NT,

where

w(@)y, =i N TN — k4 1)

N¢+Np—N,—k

2xt Np—k—tt1 z
Nig=Nr—1 Kn, 5 2, /=1. 10.
b > @ T K t+1< ,/bl> (10.56)

t=0

A.6. Proof of Theorem 3.4

We focus on deriving the first order expansion for the p.d.f. of A\.x. (The corresponding first order
expansion for the c.d.f. can be obtained by simple integration.) For the SIMO/MISO multi-keyhole

channel, we have n = p = 1, the p.d.f. of the maximum eigenvalue can be expressed as

det(®(z))
P (T) = =—g——— (10.57)
’ T12%; (b — b)

where ® () is an Ny, x N}, matrix with the (I, k)th entry equal to

_ b k=1, ,Np—1,
[@(2)]1,6 = mo1 Ny - Fm _ (10.58)
2072 b "2 K"”*l(?\/E) k= Ng.

T'(m) ’

To proceed, utilizing series representations of Bessel function K, (z) and I, (x) [4], we express the

elements of the last column in a series form as given in (10.59). Therefore, the elements of the last
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column can be expressed as

m—2

- 1 Fim—1-k) k2
B = o | 2~ rgrry (D

Part I
. oo z i\/k—m—k—lxm—o—k—l
=1) ,;) (m <bz> — vkt D) —v(m+ k)) Mt Oim <k |- 10
Part I1

In order to get the first order expansion, we need to find the minimum exponent of x in (10.59) such
that det(®(x)) # 0. To do this, we consider three separate cases: (i) m > Ny, (ii) m = N}, and (iii)

m < Np.

(i) The m > Ny case

Due to the multi-linear property of the determinant, we observe that, in Part I in (10.59), the minimum
exponent of x satisfying det(®(x)) # 0is Ny — 1, i.e,, for k = Nj — 1. Note also that since the
minimum exponent of x in Part Il is m — 1, so it can be omitted. Hence, for small x, we compute

det(®(x)) as
I'(m — N)aNe—1

det(®(z)) = det(®1), 10.60
where
1 bég_17 k:17'”7Nk715
[P ]k = (10.61)
(=1)Ne=tp 1 k= Ny.

After some mathematical manipulation, we can compute det(®?) as

Nk Nk
det(®") = [ o [ (85 — bo). (10.62)
i=1 i<j

Pulling (10.60), (10.62) and (10.57) together, we have the first order expansion for the p.d.f. of A ax

F(m - N;C)

Vet 4 oo(aNe T, (10.63)
(m)I(Ni) [T b @

P (¥) =

(ii) The m = Ny, case

In this case, the elements in Part I in (10.59) do not contribute to the determinant computation, and the

minimum exponent of x such that det(®(x)) # 0 comes from Part I when k = 0.

Hence, for small =z, we compute det(®(x)) as

(_1)m$m71

det(®(2)) = O

det(®?), (10.64)
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where

) b, k=1, Ny—1,
[®7T1k = ) (10.65)
(n () =) = wm) 5%, k= Ny,
det(®2) can be further simplified as
N Ng
det(®?) = (=)™ (Ina — (1) — p(m)) [[ o~ [[ (b — bi) + det(®?), (10.66)
i=1 1<j

where matrix ®3 is defined in Theorem 3.4. To this end, the first order expansion for the p.d.f. of Ay ax

can be expressed as

det(®3)
Hﬁv<kj(bj — b;)

Ny,
Prinar (T) = T(m)? ((_1)Nk_1(1nx — (1) — ¥(m)) ,Hbi_l n > 2™ 4 o(z™ L),

(10.67)
(iii) The m < Ny case

Similar to the case (ii), the minimum exponent of z such that det(®(z)) # 0 comes from Part IT when

k = 0. Hence, for small z, we compute det(®(x)) as

(71)mflxm71

det(®(z)) = Ty

det(®%), (10.68)

where matrix ®* is defined in Theorem 3.4. To this end, the first order expansion for the p.d.f. of Ay ax

can be expressed as

_ (_1)m71 det(®4) m— m—
Prmax (T) = T(m)? Hﬁvjj(brbi)w Lyo(z™h). (10.69)

A.7. Proof of Theorem 3.5

We first prove the first part of the theorem, while the second part follows similarly. For convenience, we

consider three separate cases.

(1) Ns § Nt S Nr
Define W £ H{(H3H) 'H;. It is easy to observe that both F = HiH| (HsHYL)'H; H, and W
have N non-zero eigenvalues 0 < A} < --- < Ay, < ooand 0 < ¢1 < --- < ¢n, < 00, respectively.
Utilizing the results in [43], the maximum eigenvalue of F' conditioned on W is given by

det (¥ (x))

Frmors (W) = , (10.70)
' det(Vy) [T, T(N; — i+ 1)

where V7 is an N, x N, matrix, with determinant of

N,
(1T o™ 1t
det(V,) = (1:[1¢ ) 11 <¢k_ ¢l). (10.71)

1<I<k<N,
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Also, Wy (x) is an Ny x N, matrix with entries given by

—i . zN,
(W1 (2)]i; =)y (Nt —i+1, qf) , (10.72)
J
where
x p—1 2k
v(p,x) = / et =(p-1)! [1—e™ > =12 (10.73)
0 k=0

is the lower incomplete gamma function. To obtain the unconditional c.d.f. of Anax 1, we must further

average (10.70) over the joint p.d.f of ¢1,. .., ¢, which is given by [48]

Ns
aW)y=Cr [Je M a+e) N I (6r— ) (10.74)
j=1 1<I<k<Ng
where N
o [l TV i+l — (10.75)
HJ;l I(Nz+Ng— N, —j+ 1)I(Ns —j+ DI' (N, —j + 1)
The unconditional c.d.f. of Ayax 1 can be obtained by
Prows @) = [ P (0 Wgn (W)W, (10.76)
wW
Substituting (10.74) into (10.76), we then have
C
Forpos () = ! Ly (), (10.77)

where
N
Li(z) = /W det (¥, (z)) det ([gb;-v‘“_i] i j) TT oY 11 + ¢;)~ Nz Neaw. (10.78)
i)

Now using the method proposed in [14], and applying (10.73) and [26, (3.383.5)], and after some math-

ematical manipulation, we have

Frnpes = C1 det (P (), (10.79)
where
(@) (2)]ij = B(Ns + Ny +1 =i —j,Ng = Ny +i+j — 1) = Ui () (10.80)
in which
Ny—1
_ \ (st)k
hle) = ;} T(k+1)

(N =N, +i+j+k—10UN;z =N, +i+j+k—1,i+j+k—N,— N, azN,), (10.81)

where B(, ) is the beta function [26, (8.380.1)].
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(i) Ny < Ny < N,

From [43], we can obtain the c.d.f. of the maximum eigenvalue of F' conditioned on W as

(=M NN det (B (x))

Frmaea (@ W) = ;
' det(Vo) [T, T(N; — i+ 1)

where V5 is an N, x N, matrix with determinant of
det(V3) = <ﬁ¢Nt> 11 (1 _ 1)
o i=1 ' 1<I<k<N, Pe D
and Wy (x) is an Ny x N, matrix with entries given by

Ng—N¢—i
(_%) ) iSNS_Ntﬂ

oty (N —i+1,25), 0> N, - N,

Wy(w)t; ;=

(10.82)

(10.83)

(10.84)

In this case, W has only /N, non-zero eigenvalues 0 < ¢1 < -+ < ¢, < 0o, with the joint p.d.f. given

by (10.74). The unconditional c.d.f. of Amay 2 can be obtained by

Frnwa () = / Frn s (2] W)g1 (W)W
W

Substituting (10.74) and (10.82) into (10.85), we obtain

Cl(il)Nt(stNt)
H;‘V:tl D(Ny —j+1)

f)\maxl(z) = LQ("E%

where Lo(x) = det(La(x)) and the entries of matrix Lo () are defined as

(=1)Ne=Ne=iB(N, +1i— j,Nz + Ny — N, —i +j), i< Ns— N,

[La(z)]:,; = , ,
I'(Ns; —i+1)D(x), i > Ns — Ny,
where

D(x)=B(2Ng+ N, — Ny —i—j+1, N+ N, — Ns— N, +i+j—1)
Ng—1i
= (NP

- ——=T k+ N Ny — Nys— N, —1

P F(k+1) (Z+]+ + Nz + Ny )

UGi+j+k+Nz+N— Ny,—Nr—1,i+j+k—2Ns— N, + Ny, xNy).

[}

@iii) Ny < N < N

(10.85)

(10.86)

(10.87)

(10.88)

In this case, W has only N, non-zero eigenvalue 0 < ¢; < --- < ¢n, < oo, Utilizing the result
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in [104], the c.d.f. of the maximum eigenvalue of F conditioned on W is given by

(=1)NeWNr=No) det (W 3(z))

fkmax 3(x|W) = ’
’ det (V) [TV, T(N; —i+ 1)

where V3 is an N,. x N, matrix with determinant of
oo f), 1, (53
L <I<h<N, Ok O
and W5 (z) is an N, x N, matrix with entries

N,.—N¢—i
(_i) ) { § Nr - Nta

gty (Nr i, fqﬁj) . i>N, - N,

The joint p.d.f. for the IV, non-zero eigenvalues of W is given by [48]

92(W 02H¢>N A+ g) NN ] (60— ék)

j=1 1<I<k<N,

where N
szrl F<NI + Ns _j + 1)

[} T(Nz — j + DN, — j + DN, —j + 1)

Cy =
The unconditioned c.d.f. of Amax 3 can be obtained by
Prowcs@) = [ P o W)ga(W)aW.
wW

Substituting (10.89) and (10.92) into (10.94), we get

Cy(—1)Ne(Nr=No)
IT2 (N — i+ 1)

Fmaes () = Ly(),

where L3(x) can be written in determinant form as L3(x) = det(Ls(z)) which is defined as

(=)N=NeTIB(Ng i — j, Ng —i+j), i< Ny — Ny,

[Ls(2)]i,; = , _
I'(N, —i+1)E(x), i> N, — Ny,

where

N,—i
T(Nz+ N, — 2N, +i+j+k—1
z% k+1 7+ N, +itjt+k—1)

U(Nz4 N; —2N, +i+j+k—1,i+j+k+ N, — 2N, — Ny, zNy).
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(10.90)

(10.91)
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A.8. Proof of Theorem 3.6

Using the fact that fy, _ (z) = dF),,, (x)/dz, and a classical formula for the derivative of a determinant,

the p.d.f. can be written as

(_1)pNt H111 [D(Nz + Ns —i+1) Z?imfNrkl det(A;(x))

= 10.98
P () e, T(N =Ny +m—i+1)T(m—i+ )l(n—i+1) (1098)
where A;(x) is an m x m matrix of z with the (4, j)th entries
[A@)]ig, i #1
[Ay(2)]i,; = ’ (10.99)
7d§%(:1:) i=1
€T ) 7

where [A(z)];; and R(x) are given in Theorem 3.5. Now, to make the notation simpler, we define
A2 N;—N,—p+i+jand B2 i+j—p—n—m. Also, we find the following differential property
of U(,,-) useful [4, (13.4.20)]

U'(a,b,z) = —aU(a+1,b+ 1,x). (10.100)

Using this result, we can express d};(m) as
X

dR(J?) d a1 (st)k
— — IT(A-1)U(A—-1,B,zN ) P(A+k—1DU(A+k—1,B N
T = |TA-DU(A-1,B.2 S)+;F(k+1) (A+k-1)U(A+k—1,B+kzN,)
A=t k=1 Nk
= ~N.I(AU(A,B+1,zN,) + Y [F(k) ST(A+k—1V)U(A+k—1,B+k,aN,)
k=
aF NE+1
- S T(A A+k B 1,zN,
_ Ny (zN;)9™" . . )
=T ir ) WV Nt it QUINT = N —ptjt g j—p—n—mtg+1aN;).
(10.101)

Substituting (10.101) into (10.99) yields the desired result.

A.9. Proof of Lemma 3.9

We will prove the lemma by giving a separate treatment for the two cases, m < m and m > n.

(i) m < n Case

In this case, we start by writing

E{det (I, + aH'QH)} = E {det (I, + «XHH')}

:E{H(l—i—a%)}, (10.102)
i=1

where 1, . . ., 7 are the ordered eigenvalues of QHHT with joint p.d.f. given in [14]. Using this result,
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we can express (10.102) as

E {det (I, + aQHH')}

Jpy, det (e /) [T, (L4 ayi) wi ™"y ™ det(y!")dyr - - dym
H?ill—‘(n_l—’—l) Hz<] (wj _wi) ’

(10.103)

where the integrals are taken over the region Doyq = {00 > 71 > - -+ v, > 0}. Applying [14, Corollary

2], (10.103) can be evaluated in closed form as

e, wr " Ldet (1)
E{det (I, + «QHH")} = — =1 , (10.104)
{det ( )} [ T(n—i+ )], (w0 —wi)
where =; is an m X m matrix with entries
(B}, =0 " (n—m+k)+aul (n—m+k+1)). (10.105)

Extracting common factors from the determinant in (10.104) and simplifying yields the desired result.

(i1) m > n Case

In this case, we use the joint eigenvalue p.d.f. (10.4) to obtain

E{det (I, + cH'QH)} =E {ﬁ (1+ a%)}

i=1
fD o Ll (14 ay;) det (Ay) det(y? ™ )dyy - - dyn

7 , 10.106
T T =it DI, @ — ) (10100

where ~1,...,7, are the ordered eigenvalues of HTOQH, A is defined in (10.5), and the integration
region is Doyg = {00 > 71 > -7, > 0}. Applying [84, Lemma 2], (10.106) can be evaluated in

closed form as

E{det (I, + cH'QH) } = .7 (n_?e: ()E 2) R (10.107)
where E; = [A; Ci] is an m x m matrix with entries
{Al}iyj:wgfl, j=1,...,m—n (10.108)
and
{Ci}y, =™ T G) +awl G+ 1),  j=1,...,n (10.109)

Extracting common factors from det (E3) and simplifying yields the desired result.
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A.10. Proof of Theorem 3.8

Due to the symmetry of the channel, we only deal with the case when N; > N,.. The case for N, > N
can be dealt with by simply exchanging N; and N,. The expectation can be computed in the following

way.

Em, m, {det <I + ]\WQH{ATHQHQAHO } ~Ew {EHIW {det (I + &HIWHl) }} 7
(10.110)
where W = ATHEHQA. The inner expectation is available in several forms from the literature, e.g.,
[82,107]. However, the final expressions are rather complex, making further manipulations difficult.

Recently, a simple and unified expression was derived in [38], which we use to get

Y 1ot >} ~ det(Ay)
E det (I+ LHIWH, |} = 2V 10.111

where A is a v x v matrix (v £ min(N,., N)) with entries

[Alh,k = qlk’_l <1 —+ %ql(Nt — v+ k)) , (10112)
t
where ¢y, . . ., g, are the v non-zero eigenvalues of W.

To proceed, it is convenient to consider two separate cases: NV,, > Ny, and N, < Nj.

(i) The N, > N;, Case
In this case, the joint p.d.f. of the N}, ordered eigenvalues of W is given by (10.31). Hence, we take the

expectation over W which gives
EH, H, {det (I + ;H{ATHQHZAHO } = C) det(Ay), (10.113)
t

where
1

Ci = Nn ; NN I
[LZ TNy — i+ 1) det(B)Nr=Ne L [ T35 (b — b;)

, (10.114)

and A is an N x N} matrix with entries

_ b
[Ag]y s = b MHRD(N, — Ny, + k) (1 + %(NT — N, + k) (N — Ny + k)) : (10.115)
t

After some manipulation, we can simplify (10.113) as

Y eyt eyt >}_ det(Ay)
Erg, 1, 4 det (I+ L HIATHIH,AH, ) b = —co0A2) (10.116)
H, ,H> { < Nt 1 2412 1 Hi\gj(bj — bl)
where A, is defined as
- b
[Ag)yy = b1 (1 + %(NT — Nj + k)(N; — Ni + k)) : (10.117)
t
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(i) The N, < Nj, Case
In this case, the joint p.d.f. of the N, ordered eigenvalues of W is given in [88]. Hence, we take the

expectation over W which gives

EH, H, {det (I + &H{ATH;HQAHO } = Cydet(As), (10.118)
where
1
Co=—x , , , (10.119)
T TN, — i+ DT (b — bi)
and
bt k < Ni — N,
[Aslie = k—1 b
bEIT(N, — Ny, + k) (1+ W(N, —Nk+l~c)(NT—Nk+k)), k> Nj, — N,.
(10.120)

After some manipulations, we simplify (10.118) as

det(A
EH, H, {det (I + ;HIATHEHQAH1>} = ]\75(73)’ (10.121)
¢ Hi<j(bj - bi)
where Aj is defined as
A béc_17 kSN}C_NT’
[As]ix = (10.122)

bt (1 + BN, — Ny + k)(N, — Ny +l<:)) . k> Ny —N,.

A.11. Proof of Lemma 3.10

To prove this lemma, it is convenient to give a separate treatment for the two cases, m < n and m > n.

(i) m < n Case

Now we need to calculate the expectation E {Indet (QHHT)}. The moment generating function

(m.g.f) of Indet (QHHT) is given by
M, (t) = E{det (QHHT)t}. (10.123)

Utilizing the joint p.d.f. of the eigenvalues 71, - - - ,7,, of QHHT, presented in [5, 14], we get

[, det (e7 /<) T A7~ Hwl " T, (v — vo)don -+ - doym
[TZ T(n—i+ DI, (w; —wi) ;

M (t) = (10.124)

where the integrals are taken over the region Forqg = {00 > 1 >+ -+ v, > 0}. Applying [14, Corollary
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2], (10.124) can be further simplified as

det (:3)

M (t) = H;’;lF(n—ZJrl)HKJ (wj —wi)’

where =3 is an m X m matrix with entries

o0
{Zaiy =i "_1/ eV T gy — O (= £ ).
0

From M (t), we get

E{Indet (QHH')} = %Ml (t)

t=0

3 det (3)
N H:?;1F<n—z+1>nz<j (wj —wi)’

where X is an m X m matrix whose entries are

wgilr(n_m+j)7 J#ka

{ k}z,] wf_lf(n—m+]) [w (n_m—i—j)—ﬁ-lnwz], J:k

where t(-) is the digamma function. Now, det (X) can be further simplified as

det(Ek—det( )ﬁ T (n—m+k)
k=1

where 3 is an m X m matrix with entries

j—1 :
il wi ’ .] 7&‘1%

B, =1 . .
& B W (n—m+j)+Inw], j=k

(10.125)

(10.126)

(10.127)

(10.128)

(10.129)

(10.130)

By using the multi-linear property of determinants, along with some basic manipulations, we can write

det (i}k> = (n—m+k)det (w{fl) + det (Y}).

Substituting (10.129) and (10.131) into (10.127) and simplifying yields the desired result.

(i1) m > n Case

We now evaluate the m.g.f. of Indet (H'Q2H), which is given by
Ms (1) = £ {det (H'QH)'}.
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Utilizing (10.4), (10.132) can be expressed as

1 n )
Ma (1) = == : o Ldet (Az) det(v! Ndy, . . ., dyn,
2() Hi:lr(nil+1)ni<j(wj7wi) /170rdi1:[171 ( 2) (’Yz ) et Tn
(10.133)
where Dopqg = {00 > v1 > -+, > 0}. Applying [84, Lemma 2] yields
det (54)
M (t) = =n . o 7 (10.134)
[ T(n—i+1) i<j (wj — wy)
where 4 = [A; C;] is an m x m matrix with entries
{Ag},;=w!™', j=1,...m-n (10.135)
and
{Co}y ;=T (t+j)w ™ j=1.  n (10.136)
From the m.g.f. (10.134), we can then obtain
t d
E {hldet (H QH)} = —Mos (t)
dt -0
Z det (Qk)
k=m—n+1
= —5 : - : (10.137)
[ T(n—i+1) H¢<j (wj — wi)
where €2, is an m X m matrix with entries
Wg_17 ]#k7 jzla"'7m_n7
{u}, ;= F(n—m—kj)wf_l, jtk, j=m-n+1,...,m,
W —m+ ) (n—m+j) +Inw), j=Fk.
(10.138)

By using the multi-linear property of determinants, along with some basic manipulations, we can obtain

the desired result.

(iii) m = s Case

In this case, starting with (3.52), we can write the determinant summation over & as

i det (Yg) = i Z sgn(a) lﬁ wg(il)l Inwe k) (10.139)
k=1

k=1 {a} i=1
where the second summation is over all permutations « = {a(1),...,a(m)} of the set {1,...,m},
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with sgn(«) denoting the sign of the permutation. We can further write

Zdet (Yi) = ngn(a) [H wi(il)] Zln Wa(k)
k=1 i=1 k=1

{a}
= Indet (diag {w;}.~) HKj (wj — wi)
= Indet (L) HKj (wj — wi). (10.140)

Substituting (10.140) into (3.52) yields the final result.

A.12. Proof of Theorem 3.9

We start with Lemma 3.10 and further take expectation on W by using Lemma 3.8 as

E {In det (&)} = Zsjw (No—s+k)
k=1

q

q
+ IC/ det (ﬁf_l) Hg (wi) Z det (Y )dwn - - - dwy, (10.141)
0<w1 < <wg<1/a

i=1 k=q—N,+1
where

uP—2e—u/(1—au)
g(u)= m. (10.142)

Using [84, Lemma 2], these integrals can be simplified to give

s q
E{lndet(®)} > ¢ (N —s+k)+K > det (Wk), (10.143)
k=1 k=q—N,+1

where W, is a q X q matrix with entries

1/(1 up7q+7n+n72 __u
~ 0 W@ 1=au du, n 7é k/’,
m.n - 1/(L up7q+7n+n72

—_—u
’ 0 W@ 1-au 1nudu, n=k.

(10.144)
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For the case n # k, a closed-form expression is given in (10.29). For the case n = k, we utilize [26,

(4.358.5)] and [82, (47)], to obtain

1/a up—q+m+n—2
__u
o (1—au)

= / Pt =2 (1 4 )T =t Int — In (1 + at)] dt
0

2g—m—n )
(2 —m — ,
= Z a2qm"l< ¢ m n) / tPTa= =2t Int — In (1 4 at)] dt
, ¢ 0
i=0
2g—m—n
(9 —m —
3 aQQ—m—"—l( e ”)F(p+q —i-1)

=0

X

prq—i=2 1
—i—1)—el/e Eq(-)|. @014
vptg—i—1)—e ; l+1<a)] (10.145)

Substituting (10.29) and (10.145) into (10.144) and (10.143) yields (3.54).

When g = s, we start with (3.54) and remove the conditioning on L to give

q

E{lndet (®)} =Y ¢ (N, —q+k)+ q/ooo f (@) In@dw (10.146)

k=1

where f (@) denotes the unordered eigenvalue p.d.f. of © (i.e., p.d.f. of a randomly-selected & €
{wi,--- ,wq}). Substituting this p.d.f. from (3.21) and integrating using (10.145), we obtain the de-

sired result.

B. Proofs for Chapter 4

B.1. Proof of Theorem 4.1

Let {\;}_, be the s eigenvalues of the matrix H,,,H/ ,. Now, we consider the function g(z) =
log, (1 + az), for a > 0. The second derivative of g(z) with respect to x is given by
d*g(z) —a%In?2

= . 10.147
dx? (1+ ax)? <0 ( )

Hence, g(z) is concave. Based on Lemma 3.1, we have the Schur-concave symmetric function

RN P
B(A) £ " log, (1 + N—tM)/\i> : (10.148)

i=1

Define the vector A £ [Afy),..., Ajg] and d®) £ [dff]), . df:])] , where {dfi)}le are the diagonal

elements of H,,;H!,. From Lemma 3.2, we have A = d(®). As a result, C = E[¢())] < E[¢p(d®)].

To evaluate this, the p.d.f.’s for {df;i) }¢_, are required, which we obtain by first noting that dff]) is actually

the sum of ¢ squared i.i.d. Nakagami-m distributed random variables. Then, it is also known that y = 72
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with r being a Nakagami-m distributed random variable, has the following p.d.f.

1 m\ ™ 1 _m
=— (= mTteT oY f >0 10.149
p(y) F(m)(Q) y" e ory >0, ( )
which is a gamma distributed random variable, = ~ (b, ¢), with the scale parameter b = % > ( and the
shape parameter ¢ = m > 0. Additionally, it is known in [19] that the sum of n statistically independent
gamma variables with the shape parameters {¢;}?_; and a common scale parameter b is also a gamma

variate with the parameters -, ¢; and b. Thus, the p.d.f. of dE;]) is

1 tm m
p(r) = —— (%) rtm=le= &7 for > 0. (10.150)

As aresult, the capacity bound can be evaluated as

_ o0 1 my tm m
<=—1[ m(1 - (7) tm—1,=%r g 10.151
C=G=13 ), n( * NtNOT) rem) \Q/) 7 ¢ ( )
S © 1.2 P 11 1 my\tm 1 —-m
S Bers (7) tm rd 10.152
m2 J, 22 (NtNor o) e @ r e~ "dr ( )
1—tm,1,1
S 1.3 P Q 7
_ L i 10.153
L(tm)In2 32 (NtNo mly ) ’ ( )

where in (10.152), we have expressed In(1 4 ax) in terms of Meijer G-function [76, (8.4.6.5)] and in
(10.153), we have used the integration formula [26, (7.813.1)]

) £,Q1 ey ap
/0 wre g (aalyligr) de = 007 G (; ) (10.154)
bq

ifp+q<2(m+n),|Zal < (m+n—3p—3iq)m 48] < Z,Re(bj —p) > —1,forj=1,...,m.

B.2. Proof of Theorem 4.2

We first derive another two ergodic capacity upper bounds, and then compare them with C;. Now, define

R 2 Z;l A, and vector 1, £ [%, ceey %] Noting that R is the trace of the resultant channel matrix,

R is the sum of st squared i.i.d. Nakagami-m random variables with the p.d.f.

p(r) = ['(stm) (%

stm m
) Potm=le= 87 for > (. (10.155)

With the help of Example 3.1 and following similar steps in the proof of Theorem 4.1, the bound Cs can

be easily derived and is given in Theorem 4.2.

To derive the capacity upper bound Cs, we use the determinant property [30]

det(IsXs + AthBth) = det(Itxt + BthAth)a (10156)
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and then the ergodic capacity expression (4.6) can be rewritten as

P
C=E [1og2 det (Im + NONtHixtsttﬂ . (10.157)

Define the vector d(¥) £ [dﬁ]), e dftt])] , where {dff])}gq are the diagonal elements of H' H,,,

which are the sums of s i.i.d. gamma random variables. Also define

A0 2 [)\[1],...,)\[5],0,...,0 , (10.158)
N———

t—s

where {);}5_, are the non-zero eigenvalues of HixtHSXt' From Lemma 3.2, we then have A" = d(®),

Following the similar steps as in the proof of Theorem 4.1, we get Cs in Theorem 4.2.

To show the relative tightness of the capacity upper bounds, we note from Example 3.1 that d(*) >
1,. Due to the Schur-concavity of ¢(-), we have ¢(d(®)) < (1), which leads to C; < C;. On
the other hand, with d¢) and d(¥) defined earlier, they constitute two different divisions of st gamma
random variables according to the rules in Theorem 3.3. Applying Theorem 3.3 and after some simple

integrations yields the result C; < C3, which completes the proof.

B.3. Proof of Theorem 4.3

In order to utilize the majorization theory result in Theorem 4.1, we need to find a vector which majorizes

the eigenvalue vector of the channel. From Example 3.2, we know that

lZ)\i,O7...,O] PV W (10.159)
i=1
Therefore, the ergodic capacity is lower bounded by

c>c (10.160)
P S

=E[logy [ 14+ —= >\ 10.161

o (1 5 ). oten

1—stm,1,1
) . (10.162)

1,0

__ 1 (P8
" I'(stm)In2 >2\ N,Nym

B.4. Proof of Theorem 4.4

As we know, the p.d.f. of the diagonal elements is required when majorization theory is applied to derive
the capacity upper bound. However, the diagonal elements of H®HT are weighted sums of i.i.d. gamma

random variables, of which the p.d.f. expression in closed form is unavailable. To circumvent this, we
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use the determinant identity (10.156) to rewrite (4.7) as

P 1 1
D = logy det (I :HHP: |. 10.163
0go e ( +LNtN0 ) ( )
Define W 2 &V/2HIH®'/2, and let {w, = w"}, fori = 1,...,L, j = 1,...,N; and
k = 1,...,LN,, be the diagonal entries of W. It is easy to see that w( D = El)l,x( 7 where $§j) is

the sum of NNV, i.i.d. gamma random variables and therefore w( )

is gamma distributed (£, mN,.).
According to Lemma 3.2, the capacity is upper bounded by

D

IN

Dy
XL: (e P L (10.164)
- B2\ T INNe DY) |

() is not needed anymore. The expectation in (10.164) is taken over both

where the superscript (j) for x;

l; and z;. Utilizing the results in (4.10), (10.164) can be expressed as

L Q 1—mN,,1,1
,D K3
L len?z/ (LNNODm

) J(l)dl;. (10.165)

1,0

Now, substituting (4.3) into (10.165), and changing of variables, namely, ¢; = WTW, gives

_ Nt
) e 10.166
" T(Nym)In2 ln2 \F | |

where V;(t) = Gég €

INNo D mlio . In general, the integration in (10.166) cannot be

expressed in closed form but can be efficiently evaluated by Gauss-Hermite quadratic integration [87].

To conclude, we have the capacity upper bound

L

_ N,
D<D = WZ ij (10.167)

where {a;}}_, are the zeros of the N-th order Hermite polynomial and {w; }}_, are the weight factors

tabulated in Table 25.10 of [4].

B.5. Proof of Corollary 4.5

At high SNRs, we approximate log, (1 4 ax) = log,(ax) to evaluate the capacity upper bound as

L
_ P
Dhsnr = 71:5 - NtE |:10g2 <Ijj\ft]\fo D;]xl):| = Il +IQ, (10168)
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where

+LNf, [w(Nrm) ln( )} NtUZIOgQ (10.169)

i = LN log, (LNNO) 2

and

L o0
7, = NtZ/ logy (1) £ (1;)dl;

o0 1 _(771"11 i)
/ln(li)—e 7 dl; (10.170)

%

ln2z\/%gb
IHQZ\fn/ (\[ozt—i—,uz) - dt = UIHQZM

In (10.170), we have used the following integration results

o0 2
/ ze ¥ dx =0,

o (10.171)
/ e~ dx = /7.
— 00
B.6. Proof of Theorem 4.5
When L = 1, the ergodic capacity formula (4.7) reduces to
D =log, det ( I+ LHHT (10.172)
— 08 N,NoDv ' '
Conditioned on the random variable [, we can then use the result of Theorem 4.3 to get
1 3 Pl Q 1—stm,1,1
D>D,=E G . 10.173
- [I‘(stm) 2 32 (NtNOD mly o ( )

We then use the Gauss-Hermite quadratic integration technique to evaluate (10.173) so that

N
1 1 o VEottp 2 1 1
D=tz | Ule 7 )etdt= g == ) will(ai), 10.174
=17 D(stm)In2 /7 /_OO (e ) c [(stm)In2 /7 ;w (ai) ( )

V2ot+u
where U (t) = G35 (P]\'}t]\,onm ol s ), and {w; } and {a;} have been defined in (4.35).
C. Proofs for Chapter 5

C.1. Proof of Lemma 5.1

We prove the lemma by induction. First of all, consider ¢ = 2, then we have k = 0. It is easy to verify
that
det(Xgo) = det(VQ)Sl(Z‘l,JJQ). (10175)
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Now, assume that the following is true

det(th) = det(Vt)St_l_k(l‘l, . ,th)

and consider

[ 1 X .Z‘If x’f+2 q;lf""?’ lﬂi x’i"‘l ]
1 @y oo oak o ZP?oght o g g
X1,k =
T R A SRR
| 1o b ok e o e ol ]

To compute det (X1 ), we can write

det(XH_l,k) = (—1)t+2 H (l‘l — $t+1) det(Zt),

i<t+1
where Z; is a t x t matrix defined as
k=1 k k+2 ¢
1 oz - 2 i (x1 + Tpy1) 29 R 1
k=1 k k42 ¢
1 zg -+ a5 x5 (T2 + Try1) X5 e xh
7, =
k=1 k k+2 ¢
1z - i (zy + Tpp1) T ceeab

Due to the multi-linear property of determinants, and also the assumption (10.176), we have

det(Zt) = det(Vt)($t+1St_1_k(l’1, [N ,11725) + St—l—(k—l)(xla N ,xt)).

With

where

we can verify that

St41)—14k) (155 Teg1) = o1 Se— i) (T15 - -5 T) + Ser1)— 14k (15 - -

Finally, combining (10.178), (10.180) and (10.183) yields
X1,k = det(Vig1) S — 4k (215 -+, Teg1),

which by induction completes the proof.
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C.2. Proof of Corollary 5.5

When N;, = 2 and m = 1, the determinant of matrix ®* can be computed as
det(®*) = Inby — Inb;. (10.185)

Therefore, to prove Corollary 5.5, we need to show that function f(z,y) defined as

Inz —1
flay) = 228, (10.186)
r—y
is a Schur convex function. It is easy to observe that f(x,y) is a symmetric function. Therefore, from

Schur’s condition [62], we only need to show that

> 0. (10.187)

g(z,y) 2 (z —y) (3f(83;y) B 8f(aa;,y)>

To this end, g(z,y) can be computed as

11 2
g(w,y) =~ +—-—
Ty r—y

InZ, (10.188)
y

which is symmetric. Hence, without loss of generality, we assume z > y and let t = %, and

e (t - 1) —Int. (10.189)
2 t
Then, we have
g(z,y) = xﬁyf(t)- (10.190)

The first derivative of f(¢) with respect to ¢ can be computed as

df(t) 1 1\ 1
g (1 " t2) >0 (10.191)

In addition, we have f(t)|;_1+ = 0. Hence, we can conclude that f(¢) > 0 for ¢ > 1. Therefore, we

have g(z,y) > 0, which completes the proof.

D. Proofs for Chapter 6

D.1. Proof of (6.18)

When n,, — oo, the ergodic capacity expression (6.11) can be expressed as

1 -~
Jdim € (p) = FE {10g2 det <Ins + n(ﬁcjrp)H{LlHJ } : (10.192)
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where L; = diag {\?/ (n, (1 +a)?)) }. Noting that ¢ = 14, by the Law of Large Numbers we have

H,H!
lim —2 =1, (10.193)
np—00 N
which implies that
A2
lim +=1, i=1,...,nq. (10.194)

Recalling (6.5), application of (10.194) in (10.192) yields
1
lim C(p) = SE {10g2 det (Ins + n(pa)HTH> } , (10.195)

Ny —00 l+p+a

where H is an ng X ns i.i.d. Rayleigh fading MIMO channel matrix. Applying the identity (6.6) to
(10.195) yields the desired result.

D.2. Proof of (6.19)

Using (6.6), the ergodic capacity expression (6.11) can be alternatively written as
1 ~ o~
C(p) = 5E {1og2 det (Iq i fL“H1H{L> } . (10.196)

By the Law of Large Numbers we have

i, 1]
lim —1 -1, (10.197)
ns—00  Ng
and hence (10.196) reduces to
. 1
lim C(p) = §E {log, det (I + paL)} . (10.198)

Substituting (6.12) into (10.198), after some simple manipulations we easily obtain

lim C(p) = %E {1og2 det (Iq +(p+1) aH;HZ)} - %E {log2 det (Iq + aH;HQ)} . (10.199)

ns—00

Substituting (6.5) into (10.199) and applying the identity (6.6) yields the desired result.

D.3. Proof of Theorem 6.2

We will consider the following cases separately; namely, ¢ < ns and ¢ > n.

(i) g < ng Case
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We start by applying the identity (6.6) to obtain the ergodic capacity, in the high SNR regime, as

1 3 .
CPlapoorasoms = 3 {q log, p — qlog, (nn> YE {1og2 det (LHlHD }} . (10.200)

The high SNR slope can be calculated as
Seo =1 bit/s/Hz (3dB) - (10.201)

Applying (6.25), the high SNR power offset is given by

Lo = glogQ < p > - %E {10g2 det (Eﬁﬁj)} . (10.202)

Sn’l‘

Invoking Theorem 3.9 and simplifying yields the high SNR power offset for case ¢ < n.

(i) ¢ > ng Case

In the high SNR regime, the ergodic capacity can be approximated as

1 3 o
C (D)lapoorafpms = 3 |15 1082 (0) = s log (nn) +E {log2 det (HlLHl) }} . (10.203)
In this case, the high SNR slope is
S = % bits/s/Hz (3dB) (10.204)
and the high SNR power offset can be obtained as

Lo = % log, (i) - %E {1og2 det (ﬂliﬁ{)} . (10.205)

The result follows by applying Theorem 3.9.

D.4. Proof of Corollary 6.5

Substituting n,, = 1 into (6.35) yields

) 1 - 1+
CrHp) = 5 logs (and {U <”d,nd +1, ap) +pnatl (nd Fhnatl J)D '

(10.206)

Using the following properties of the confluent hypergeometric function of the second kind [26]:
Ula,a,2) = e*2'7°E, (2) (10.207)
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and
U(a,a+1,2)=2"1 (10.208)

we get the final expression for C7" =" (p) in (6.39). Note that Cj"="(p) can be lower and upper bounded

as
Oy (p) < O™l (p) < iy (), (10.209)
with
cret(p) = %logQ <1 + pndlghrlndﬂ> (10.210)
and
() = %log2 <1 + pndwimi> , (10.211)

where we have used the inequality [4, (5.1.19)]. Taking ng — oo, we see that both (10.210) and (10.211)

converge to the same limit in (6.40). Taking o — oo and ultilizing [4, (5.1.23)], we obtain (6.41).

D.5. Proof of Theorem 6.4

We will use the lower bound derived in [72, Theorem 1] and consider the following cases separately;

namely, ¢ < ng and ¢ > ng.

(i) g < ng Case
Applying the (6.6) and [72, Theorem 1] to (6.11), we lower bound the ergodic capacity, conditioned on
L, as

1 - -
C (p) > qlog, <1 + exp (qE{lndet (LHlH‘;)})) . (10.212)

NNy
Now, using Theorem 3.9 yields the desired result.

(ii) g > ng Case

In this case, the lower bound can be written as

po 1 ~ =i
C (p) > nslog, <1 + o €XP (nsE {lndet (HlLHl) }>> . (10.213)

sTlr

Again, we use Theorem 3.9 to obtain the desired result.

D.6. Proof of Corollary 6.8

Taking ns — oo and using [4, (6.3.18)], we get (6.49).
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For the case ng — oo, we first apply [4, (5.1.19)] and [26, (8.365.3)] to obtain the following approxima-

tion

ng—1 1 1
() E () e ) () oo

=1

Furthermore, substituting (10.214) into (6.48) and using [26, (8.365.5)] and [4, (6.3.18)] yields (6.50).

Now consider the case o — oo. Utilizing the recurrence relation for the exponential integral [4, (5.1.14)],

the summation in (6.48) can be alternatively written as
n 1
1+p\ 1+p
E - F
1 1 el 1 1 1
« « — l « « «
ng—1
1 1 1
« — al «

where v = 0.577215. .. is the Euler’s constant. Note that, in deriving (10.215), we have applied the
Y g

+ % (na) +7

(10.215)

definition of the digamma function [26, (8.365.4)]. Using the series expansion given in [4, (5.1.11)],

1
7 (%)
e

when o« — o0, we get

1
ey —Tn (Z”) (10.216)

and therefore
ng— 1 1+ 1+
( p) (p> =0, (10.217)
«
1=1 s

Applying (10.215)—(10.217) in (6.48) yields the desired result.

E. Proofs for Chapter 8

E.1. Proof for Lemma 8.2

Utilizing the unitary invariant property of the distributions of H and h, conditioned on A, we have

E{tr{H'AH}A} =E {tr{H AH}|A} (10.218)
=E{(vec(H))"(I® A)vec(H)}|A} (10.219)
= ntr(A), (10.220)
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in which (10.219) comes from [67, Lemma 2.2.3]. Similarly, conditioned on A, E{tr{(H'AH)?}} can

be expressed as
E{tr{(H'AH)*}|A} = E{tr{(H'AH)*}|A} = tr*{T}tr{A?} + tr’ {A}tr{I}, (10.221)

where (10.221) comes from [85, Lemma 6]. Finally, conditioned on A, and with the help of [85, Lemma
5], we have

E{tr*{H'AH}A} = tr{I?}tr{A%} + t*{I}tr*{A}. (10.222)
The desired results can be obtained by further taking expectation on A with the help of Lemma 8.1.
E.2. Proof of Lemma 8.3

First, we note that the confluent hypergeometric function can be expressed in terms of exponential inte-

gral function FE,,(-) [102], so that

1 . 1
NG <m,m, t) =tm et B, <t> , (10.223)

1 t'rrL—Q 1 1 1
U lmm-—1,-]= etEn, 1| - m—1+-)—-1]. (10.224)
t m—1 t t

Moreover, the exponential integral function satisfies the following inequality [4, (5.1.19)]

1
YEp(r) < ——, 0. 10.225
x+n<e (w)_m+n71x> ( )
Then, we can establish the following two inequalities:
! < Dy(m,t) < L (10.226)
Trtm = Y ST m 1) '

1
tm — D[t(m —2) —1]°

0 < Dy(m,t) < (10.227)

For the cases m — oo and t — oo, it is easy to see that both sides of (10.226) and (10.227) ap-
proach 0 and therefore, we have Dy(m,t) = Dy(m,t) = 0. Now, consider the case ¢ — 0. It
is easily observed that both sides of (10.226) will approach 1 and hence, D;(m,t) = 1. However,

since — oo when ¢ — 0, the two sides of (10.227) diverge. To obtain the limit of

1
t(m—1)[t(m—2)—1]

Do(m,t), define a = % Utilizing the property of confluent hypergeometric function [4, (13.4.24)]

and [4, (13.4.21)], we have

a™¥ (m,m—1,a) = (1 —m)a™¥ (m,m,a)) — ™ty (m,m,a) (10.228)

= (1 —m)a™¥ (m,m,a) + ma™ W (m+1,m+1,a). (10.229)

Then, from (10.226), we have
a™¥ (m,m,a) =1, asa — oo. (10.230)
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Therefore, (10.229) reduces to

a™¥ (m,m—1,a)=(1—m)+m=1, asa — oo, (10.231)

which completes the proof.

E.3. Proof of Theorem 8.1

With the help of the following determinant property,

d

e Indet(I+ zA)|,—0 = tr{A}, (10.232)
X
d2

o Indet(I+ zA) |,—o = —tr{A?}, (10.233)
X

we compute the first and second derivatives of C'(p) at p = 0 as

C(0) = N, log, e, (10.234)
) N2E {tr { (HTAH)Q}} log, €
c(0)=— B2 (o (M AT} (10.235)

As a result, %min and Sy can be computed according to (8.9) as

B, N, In?2
il e — 10.236
Nown  E{tr (HIAH]} (10:230)
282 {tr {H'AH
g, = 2= 2}} . (10.237)
E{tr{(HTAH) }}
To proceed, we need to compute E {tr{H'AH}} and E{tr{(HAH)?}}.
Following similar steps as in [56], we have
E{tr (HAH)) = 2 g {er{HoH]A}} + L g {tr {H,H[A)). (10.238)
K+1 0 K+1 v
The first term of (10.238) can be computed with the help of [56, Lemma 3] as
K K 1 KN,
E HHTA}}:i— {HHT}E A}} = =L [Dy(N, N, —1
B (HOHIA L} = gt (HOHE LBt (A}) = 20 [Di(Nepr) + N, — 1],
(10.239)

where in (10.239), we have used the fact that tr{Hng} = N; N, and the result of Lemma 8.1. On the

other hand, the second term of (10.238) can be obtained directly from Lemma 8.2. As such,

E{tr {H'AH}} = N; [D1(N,,pr) + N, — 1]. (10.240)

Now, it remains to derive the expression for E{tr{(HT AH)?}}. Utilizing the zero mean property of H,,
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and after some basic algebraic manipulations, we have

E {tr {(HAH)?}) = ﬁE {er{(EELA) ]+ (KK+21)2E {tr { (HOHZ,A)Q}}

+ % (e {er (B AHHIA L} + B {or {H AR HIAHG ). (10241)

The first term can be easily obtained directly from Lemma 8.2. Therefore, here, we focus on the last

three terms. With the help of [56, Lemma 3], we compute the second term as

E{tr{(HOHE)A)Q}} = w (E{tr2 {A}} - ;,vnE{tr{AQ}}>

NEN? 1
N (E{tr{AQ}} -y Bl {A}}> . (10.242)

Similarly, the third and fourth terms can be obtained as

£ {tr {H, H} AH)H/A | | = NLE {or (L} B {or {HOH] A} | (10.243)
— NE {tr {HOHE)A?}} (10.244)
- %E {er{HoH]}} E{tr {A%}} (10.245)
= N7E {tr {A%}}, (10.246)
and
E {tr {HLAHMH(@AHO}} - NLE {tr {A}E {tr {HngAHOHL}} (10.247)
- ﬁE{tr{A}}E{tr{HwHL}}E{tr{H&AHO}} (10.248)
t4Vr.

= NE* {tr {A}}. (10.249)

As aresult,

1
K+1)2

K? (tr {(H0H5)2} - NENT)
NZ_1

E{tr {H'AH)?*}} = (

+ Nt] E{tr’ {A}}

K2 (NfNS —tr {(HOH3)2})
N.(VZ-1)

1
(K +1)2

2K N,

+ T 1)2E2 {tr {A}}.

+ (L+2K)NZ | E{tr {A®}}+

(10.250)

Finally, applying Lemma 8.1 yields the desired result.
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E.4. Proof of Corollary 8.1

Define the function f(N,.) £ N, — 1+ Ay. Hence, we are required to prove that f(NV,.) is an increasing

function of N, which we do by considering

J(Ne+1) = f(Nr) =1+ Di(Ny + 1, pr) = D1(Ny, pr). (10.251)

With the help of (10.226), we can bound f (N, + 1) — f(N,) > 0 by

1 1

No+1)— F(N) > 14 B 10.252
f( ) = f(N) 1+pr(N.+1)  1+p(N,—1) ( )
2,01
1 (10.253)
(1 + pINr)2 - p%
2p1
o1 >0, 10.254
= 1+4+2p; ( )

which completes the first half of the proof.

To prove the corresponding part for p;, we define another function g(p;) as g(p;) = D1(N,, pr) and
then show that g(p;) is monotonically decreasing. To do so, we compute the first derivative of g(pr)

with the help of the derivative formula of a confluent hypergeometric function [4, (13.4.20)]

g (p1) = Nepr NP U(N, + 1, N, + 1, 07") = Nppy VM U(N, N oY) (10.255)
1
<Nyp;'————— - Nyp;'——— =0 10.256
Pr 1+ pr N, P 1+ prN, ( :
Hence, g(p;) is a monotonic decreasing function. Therefore, we have
9(pr — o0) < g(pr) < g(pr — 0). (10.257)

With the help of Lemma 8.3, we have g(p; — 0) = 1 and g(p; — o0) = 0. As a consequence, the

increase in E} / No iy, is bounded by

In2 In2 1 1 In2
— =In2(—— = 10.258
N, —1+glps —00) N,—1+g(pr—0) (NT N,—1> N, (N, — 1)’ ( )
which completes the proof.
E.S. Proof of Corollary 8.4
The first derivative of Sy with respect to V; can be obtained as
/ 2(K +1)2D;(1 2(2K + Do(1

(2K + (14 Ni(K +1)2D2(1, p1)))?
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which has proved the first claim. Similarly, the first derivative of .Sy with respect to K is given by

 rer _ ANUE £ DDy (1) (K + Da(Lupr) ~ 1)
oK) = R+ (1 + NaK + 1P Da(Lpn )T (10:260

To complete the proof, we further have

1 oe] i, [e'e) [e'e)
Ds(1,pr) = ;/ e %1+ 2) 2dr :/ e (1 + prx) 2dx g/ e ®dr =1. (10.261)
I Jo 0 0

Because of the fact that 0 < Dy(1,p;) < 1, we have Sj(K) > 0if 0 < K < 1 — Ds(1,py) and

SL(K) <0if K > 1 — Ds(1, pr), which has proved the second claim.

E.6. Proof of Theorem 8.2

Following the same steps as in the proof of Theorem 8.1, for Rayleigh-product MIMO channels, it can
be derived that

E N, In2
b et (10.262)

NO min E{Nistr {H-‘Q—HIAHIHZ}} 9

. 2E2{N%tr{H;HT1AH1H2}} | 06

2
E {A}Sztr { (HiH{AHlﬂg) }}

First define W 2 HJ{AHl, conditioned on W, we get

E { Nistr {H;H{Aﬂlﬂz}‘ W} - N%E{tr {H;WHQ}‘ W} - %tr{W}. (10.264)

Similarly, we have

E{ ;2 tr { (H;H{Aﬂlﬂg)z}‘ W} = ];2E {tr{(HQWHQF}‘ W} (10.265)
= 13 (tr{I}*tr{W?} + tr*{W }tr{I}) (10.266)
_ ]\12 (N2t {W?2} + Nt {W}) (10.267)

S

With the help of Lemma 8.2 and further taking expectation on W in (10.264) and (10.267), the desired

result can be obtained after some basic algebraic manipulations.
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