The B.E. Journal of Macroeconomics

Contributions
2007 Article 9

Volume7?, Issuel

Nominal Debt Dynamics, Credit Constraints
and Monetary Policy

Liam Graham Stephen Wright

*University College London, liam.graham@ucl.ac.uk
'Birkbeck College, London, swright@econ.bbk.ac.uk

Recommended Citation
Liam Graham and Stephen Wright (2007) “Nominal Debt Dynamics, Credit Constraints and Mon-

etary Policy,"The B.E. Journal of Macroeconomicgol. 7: Iss. 1 (Contributions), Article 9.
Available at: http://www.bepress.com/bejm/vol7/iss1/art9

Copyright(©2007 The Berkeley Electronic Press. All rights reserved.



Nominal Debt Dynamics, Credit Constraints
and Monetary Policy

Liam Graham and Stephen Wright

Abstract

We construct a dynamic general equilibrium model in which household debt is sticky in nom-
inal terms and debtor households are credit constrained. Interest payments on debt contracts may
be at floating rates or fixed for the duration of the contract. A key result is that a simple static
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1 Introduction

Collateralised household debt in EU countries ranges from only 6% of GDP in
Greece, up to 65% in the Netherlands and 80% in the United Kingdom, with an
average for the EU-15 of 36%. The associated debt contracts are almost always
written in nominal terms, have quite significant associated transactions costs
and as a consequence are renegotiated relatively infrequently (for example, the
UK Council of Mortgage Lenders estimates the average length of a mortgage
before refinancing to be 5 years). In many countries a high proportion of the
interest payments on this debt are at a fixed rate, with the proportion ranging
from 80% in France to 30% in the UK down to zero in Portugal.!

Some of these features of the data have been investigated in the literature.
A number of papers have examined "financial" models of the business cycle
and the role of collateralised debt (for example Bernanke et al., 1999) and
some recent papers investigate the role of nominal debt (for example Aoki et
al., 2002, Iacoviello, 2005)). However the stickiness of debt contracts, and the
observation that fixed rate contracts are common, has still to be addressed.
Yet nominal debt stickiness is arguably easier to understand than product
price stickiness. A well-known criticism of the standard model of product
price stickiness is that the menu costs that ultimately must generate stickiness
are unlikely to be large. In the case of debt contracts, in contrast, the costs
of adjustment are larger, since typically they will involve re-assessment of
collateral or other features of creditworthiness.

In this paper we present a standard new Keynesian dynamic general equi-
librium model modified in two key respects to reflect the data features noted
above. Firstly, to model sticky debt in a tractable manner, we assume that
debt contracts adjust in a process very close to the widely used Calvo (1983)
model of product prices. This Calvo adjustment process also allows us to model
floating or fixed interest rates on the debt. Secondly these features of debt
contracts matter in our model because some consumers face binding credit
constraints. To simplify the analysis, we switch off the financial accelerator
channel by assuming that the real value of collateral is fixed.

We use this model to examine the impact of these features on the response
of an economy to an inflationary shock. Since debt is denominated in nominal
terms, an inflationary shock changes its real value. The response of monetary
policy to this shock changes the interest payment on the debt. The interac-

'Data on stocks of mortgage debt and proportion of fixed rates from Maclennan et al.
(1999); data on total UK household debt from Brierley et al. (2002); data on the duration
of debt from the Council of Mortage Lenders (2004). Debt renegotiation costs are described
in detail for the UK in Miles (2004)
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tion of these effects, and the response of financial institutions and consumers,
determines the behaviour of the economy following the shock.
Our main results are:

1. Since the direct effect of an inflationary shock on nominal interest rates
is strongly contractionary, the response of real interest rates necessary to
achieve a given contractionary response is initially small or negative in
economies where a significant proportion of debt contracts are at floating
rates. Many European countries fall into this category

2. The presence of sluggishly adjusting nominal debt contracts introduces
additional, long-lived dynamic responses, as optimising financial institu-
tions bring real debt levels back into line with real collateral, boosting
debtors’ consumption. As a result real interest rates need ultimately to
rise, and stay above steady state for a prolonged period.

3. These new features thus introduce an explanation for a sluggish response
of nominal interest rates to inflationary shocks that does not rely on any
assumption of interest rate smoothing on the part of the central bank.

4. Fixed rate debt reduces the responsiveness of the economy to monetary
policy and shifts the burden of adjustment to a shock onto those with
floating rate debt, as well as unconstrained optimising consumers. It
therefore requires a more aggressive response of real interest rates to
achieve a given contractionary response to inflation.

Both of the novel features of the model are crucial to these results. If the
level of indebtedness, or the nature of debt contracts, is to matter at all for
the monetary transmission mechanism, some households must face binding
credit constraints. Were this not the case, inflationary shocks would simply
cause small distributional wealth effects and the only impact of different debt
systems would then be at most a second-order one due to the differing risk
characteristics of different debt contracts (Campbell and Cocco, 2003). These
would completely net out in the perfect risk-sharing framework that underpins
the standard representative agent model.

But given our maintained assumption that credit constraints are binding,
the nature of debt contracts does matter for the transmission mechanism.?
We assume that debt is collateralised but that there are costs in measuring
collateral, so that contracts only adjust infrequently. This affects the response

2Since the issue of credit constraints has been widely addressed in the literature (see for
example Mankiw, 2000, and Gali et al., 2004) we do not examine it further here.
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of the economy in two ways: the response of optimising financial institutions
in offering new debt to constrained consumers after an inflationary shock; and
the impact of changes in the real value of nominal interest payments on existing
debt. The first of these will arise in any system where debt is sticky in nominal
terms; the nature of the second effect will depend crucially on whether debt
interest payments are made on a floating or fixed rate basis.

Some evidence suggestive of a combined role for nominal debt contracts and
credit constraints is the well-known and long-standing empirical correlation
between consumption and nominal (as opposed to real) interest rates (e.g.,
Blinder and Deaton, 1985, Fuhrer and Moore, 1995). Fair (2005) cites this
as one of the primary reasons why structural macroeconometric models and
unrestricted VAR models (Giordani, 2003) imply that inflationary shocks have
effects that are contractionary ex ante, rather than expansionary as implied
by standard models. Our model helps to provide a theoretical rationale for
these features.

There is much evidence that the monetary transmission mechanism differs
between countries (for example Angeloni et al., 2003). Our model implies
that institutional features could account for a significant part of these differ-
ences. Finding direct empirical support for this is complicated by the constant
structural change in European mortgage markets over the past 20 years. How-
ever Calza et al. (2006) present some preliminary econometric evidence that
supports this hypothesis.

In what follows, section 2 presents the model and describes how it is solved
and calibrated. Section 3 describes our results, Section 4 discusses implications
for monetary policy, and Section 5 concludes. Appendix A shows the linearised
system, and Appendix B contains derivations.

2 The Model

The model is, in most respects, a simple version of the standard dynamic
new Keynesian model common in the literature (e.g. Goodfriend and King,
1997). Households consume final goods, supply labour and hold financial as-
sets. Intermediate-goods firms produce differentiated goods which are imper-
fect substitutes in the production function of final-goods firms. Calvo pricing
on the part of intermediate-goods firms gives rise to a new Keynesian Phillips
curve. A monetary authority sets the real interest rate as in Clarida et al.
(1999).

The non-standard features are the presence of credit-constrained house-
holds, and of financial institutions who lend to these households by means of

Published by The Berkeley Electronic Press, 2007 3
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sticky nominal debt contracts.
Note that upper case letters refer to levels, lower case to their log-linearised
deviations from non-stochastic steady state values. Symbols without time sub-

scripts refer to steady-state values. Full derivations can be found in Appendix
B.

2.1 Households

Households consume, supply labour, lend or borrow and are endowed with a
single physical asset whose real value is exogenously given. All households
have infinite horizons and rational expectations. Following Iacoviello (2005),
we divide households up into two types: type 1 having a higher discount factor
than type 2, 5, > 5,. A household of type j maximises its utility given by:

Up = EtZBzu(Cjt+i7th+i) (1)
i=0

where the instantaneous utility function is

1—L 1
C., 1—N;)' o
U(Cjt,th): 1]_ti +’U( 1_])L

Oc On

(2)

where o, and o,, are the elasticities of intertemporal substitution of consump-
tion and of leisure.

We follow the growing convention in the literature of building a monetary
model without money (see McCallum, 2001). The maximisation is subject to
the real budget constraint®

1+ Rj

71, (Aji +Yje — Cjt) + Divjea (3)

Ajiy =
where C}; is consumption, Y} = W;;N;; + T}, is after-tax labour income (W
is the real wage, Nj; labour supplied and T}, a transfer from government),
Aj; the household’s stock of financial assets at the start of period t. Divji4
are dividends paid by intermediate firms and financial institutions. II;,; =
P,1/P, — 1 is the rate of inflation between periods ¢t and ¢+ 1, and Rj; the

3This can be derived from an asset evolution equation in nominal terms

Pi1Ajiir = 1+ R)P (Y — Cje + Ajt) + Py Divjp
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nominal interest rate, set in period ¢, and payable in period t + 1, given by

Rjt = Rt if Ajt >0 (4)
Ry = RPifA; <0 (5)

where R, is the short-term interest rate set by the central bank, RP is the
rate payable on borrowings which we consider in detail later. While financial
assets pay an interest rate that is “safe” in nominal terms since it is set in
period t, the real return is uncertain due to inflation.

Households face a further constraint

Ay > =D, (6)

where D, is the level of debt which financial institutions are prepared to lend
to households (the process determining this level of debt is described in Section
2.2).

Given the difference in subjective discount factors, the existence of a credit
constraint in some form is a necessary condition for the existence of a non-
stochastic steady state in which type 2s have non-zero consumption. To see
this, note that the Euler equation for a household of type j is

-+ L1+ Ry
Cp™ = BB, [Cym Tﬂm} + X1 (7)

where Y, is the Lagrange multiplier on the credit constraint. In the steady
state we assume below that R; = Ry, = R due to competition in credit markets,
and if consumption is non-zero for both types of household, (7) becomes

1=5, (1) + ©)

which, given 3; > 3, cannot hold for both types if credit constraints bind
for neither type, since this would imply both x,; and y, are zero.! However a
steady state can exist in which type 1s hold positive assets, so that (6) cannot
bind and y; = 0. This implies R = 1/5; — 1 and hence y, = 1 — 22 > 0,
so credit constraints must bind for type 2s in steady state. We assume that
deviations from steady state are sufficiently small that credit constraints bind

4Equivalently, any notional steady state in which C; was constant and credit constraints
did not bind would imply continuously falling Cs and hence ever-increasing indebtedness
which contradicts the assumption of a steady state. Inflation and/or real growth would not
affect this result.
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for type 2s in all time periods, and never bind for type 1s.
Thus for type 1 (unconstrained) consumers, setting y,;, = 0, equation (7)
can be linearised in standard fashion:

Cit = Et01t+1 — O¢ (Tt - Et7Tt+1) (9)

while the binding credit constraint means that type 2 (constrained) households
are at a corner solution and are not full optimisers. Their consumption is then
given by the budget constraint (3). Linearising (3) gives:

D

Cor = Yo — 0P + 8 (Adyyy + Tep1) + 5@ (

Yor — dyp — TtD) (10)
where 0 = C% is the steady-state debt to consumption ratio of type 2 house-
holds. The sum of the first two terms on the right-hand side is linearised
disposable income after interest payments. The third term represents the
change in nominal debt over the period: if banks offer new debt constrained
households accept it to fund consumption. The fourth term is the change in
interest payments due to debt deviating from its steady state value.

Although there is some evidence to support it (for example Lawrance,
1991), the assumption of differing discount rates is principally a device to mo-
tivate credit constraints. Another way of thinking about credit constraints
is within a life cycle model of consumption. For some households the opti-
mal level of consumption, out of current financial wealth and future lifetime
earnings, would imply a current level of debt greater than that which a finan-
cial institution would be prepared to lend, given that household’s collateral.
This might apply, for example, for households relatively early in the life cycle,
for whom future labour income (that cannot be collateralised) makes up a
significant fraction of total wealth.

Each type of household supplies a different type of labour. The linearised
first-order conditions for labour supply are standard:

1- N, 1
njt = 0p N, Wi — U—cht (11)

2.2 Financial institutions

Financial institutions make loans to households. Following Kiyotaki and
Moore (1997) we assume that lenders cannot force borrowers to repay their
debts unless they are secured. The optimal value of debt is then given by
some constant fraction (which we normalise to unity) of households’ collateral

http://www.bepress.com/bejm/vol 7/issl/art9 6
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K, which we assume constant across time and across households.” A financial
institution faces costs in deviating from this level. If it lends more than this
level, part of the debt is unsecured and there is default risk on this unsecured
portion. If it lends less, the cost arises from foregone profit opportunities.

Debt contracts are sticky in nominal terms. To capture this stickiness in a
tractable way, we progress by analogy to Calvo’s model of the aggregate price
level. We assume a constant probability ¢ that any given debt contract will
be adjusted in the next period, with complete adjustment towards its optimal
value if adjustment does take place. This simple model implicitly assumes
that banks face costs, analogous to the "menu costs" discussed in the price
adjustment literature, in measuring the creditworthiness of individuals. As a
result, households only re-mortgage infrequently.

When deciding the nominal value of a new contract Z;,; at time t the
financial institution’s problem is

Zt+1
Py

maXEt Z Gt’tﬂ- (1 — Qﬁ)l [(Rf+z - RtJri) - Qt+i (12)
=1

Zi+1

where 0,,4; is the stochastic discount factor of the owners of the financial
intermediaries (the unconstrained households):

1

O\ e
Oussi =ﬁa( g:;) (13)

and financial institutions charge a rate R; on a new contract, and raise floating-
rate funds from unconstrained households at the central bank’s target rate. €2,
is a cost, assumed to be quadratic, of deviating from the optimal value of debt

Ziii/Pi — K\
Qtﬂ-:w( t“/;; ) K (14)

where w is a scaling parameter. Since all households have identical collateral
this aggregate cost will simply be a scaling of the cost of debt deviating from

This switches off the "financial accelerator". The value of the collateral could be mod-
elled as time-varying by assuming that it provides a constant flow of services and its value
is therefore the present value of these services. We investigated this specification and found
our key results were unchanged.

6 As in the original Calvo model, this probability will be treated as exogenous. In reality it
will be in part endogenous, but is likely to be constant for any given stable monetary regime.
See Graham and Snower (2004) for an example of nominal contracts whose frequency of
adjustment varies with the steady state value of inflation.
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collateral for any individual household.
Deriving the first-order condition, then linearising gives

241 — Eipi = B {%ﬂﬂ} (15)

where F is the forward shift-operator (F'z, = z;,;) and B (F) = 1-3, (1 — ¢) F.
This condition gives the expected value of a new real debt contract at time ¢+1
in terms of the expected path of inflation. Note that the scaling parameter
in (14), w, has no impact on the dynamics of the system. If w increases, a
financial institution’s costs and marginal cost increase in the same proportion,
but the zero profit condition for financial institutions implies that revenue and
hence marginal revenue do too. So w cancels out of the equilibrium condition.

2.2.1 Aggregate debt

At time ¢ a proportion ¢ (1 — qﬁ)i of financial institutions have reset their con-
tracts ¢ periods earlier and have not had the opportunity to reset them since.
So we can sum over all contracts and all financial institutions to obtain the
real value of aggregate debt:

|-

d (1—¢) Zisi (16)

1=0

Dt:

")

t

Linearising this gives an expression for the evolution of the nominal value of
aggregate debt in terms of the value of individual debt contracts:

dy +pr = 2t (17)

A(L)

where A(L) =1— (1 — ¢) L and L is the lag operator (Lix; = x;_;).

2.2.2 Floating and fixed rates

The interest rate payable on debt can be either floating or fixed. We do not
attempt to model households’ decision on whether to hold fixed or floating
rate debt, though we will have something to say about the factors influencing
the decision.

On floating rate contracts financial institutions charge the nominal interest
rate plus a constant spread, which has no impact on the linearised dynamics,
so we set it to zero. For fixed rate debt, financial institutions choose the

http://www.bepress.com/bejm/vol 7/issl/art9 8
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(fairly priced) fixed rate on a particular debt contract, R;, according to a
no-arbitrage condition:

Et Z 9t,t+i (1 - ¢)l Rth == Et Z 0t,t+i (1 - ¢)Z Rtl-)‘rth (18)
i=1 1=1

which when linearised gives’

r{ = By [prip + (1 —¢)rf ] (19)

The average fixed rate R payable on fixed rate debt will then be

R =¢) (1-0)L)'R; (20)
=0
Linearising gives
ro=ori +(1—9)r, (21)

If there is some proportion ¥ of borrowers in fixed schemes the average rate
payable on aggregate debt will be

rP =Wrf 4 (1 -0)r, (22)

where we linearise around a steady state where R is constant so R” = R.

2.2.3 Ownership of financial institutions

Financial intermediaries are owned by unconstrained households. Since these
households have access to complete markets any idiosyncratic risk arising from
the resetting of the Calvo contracts will be eliminated at the level of the
representative household. Competition among financial intermediaries drives
expected profits over the life of the contract to zero so, if all debt is floating
rate, financial institutions will never earn profits. With some fixed rate debt,
profits will be earned on fixed rate contracts after unexpected shocks. This
profit is remitted in full to unconstrained households.

"Note that in both this expression and (15) the stochastic discount factor cancels out in
the linearization, just as in the standard derivation of Calvo price setting.

Published by The Berkeley Electronic Press, 2007 9
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2.3 Firms

In standard fashion we model two types of firms. Intermediate-goods firms
with market power produce Dixit-Stiglitz differentiated goods that are inputs
to the production process of final-goods firms who costlessly aggregate them
to produce a single consumption good.

Intermediate-goods firms produce differentiated goods by means of a tech-
nology in which the labour of the two types of households are imperfect sub-
stitutes. The cost minimisation problem is then:

min WltNlt -+ WZtN2t (23)

subject to the production function

Y = NNy, " (24)
giving first-order conditions
Y,
Wlt = MCtHN—It (25)
Y,
Wa, = MC, (1 — k) N—t (26)
2t

where MC; is real marginal cost.

The output of intermediate-goods firms are imperfect substitutes in the
production function of final goods firms which produce a single homogenous
consumption good using no other factors of production.

Calvo pricing by intermediate-goods firms allows us to derive a New Key-
nesian Phillips curve as the solution to an intertemporal profit maximisation
problem. But it is well known that the New Keynesian Phillips curve cannot
of itself generate observable degrees of inflation persistence, which (acting via
the nominal interest rate) plays an important role in our results. To generate
inflation persistence we follow Clarida et al. (1999) by adding ad hoc a term
in lagged inflation to obtain

Ty = N1 + ﬁl (1 — T]) Etﬂ—t—&—l + Ymcy + Ut (27)

where the parameter 7 captures the stickiness of inflation, =, a function of
the underlying parameters, measures the sensitivity of inflation to deviations
in real marginal cost mc; and u, is a white noise "cost-push" shock.® This

8Kozicki and Tinsley (2002) generate a New Keynesian Phillips Curve with a backward-

http://www.bepress.com/bejm/vol 7/issl/art9 10
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particular form form for the Phillips Curve is not crucial to our results, but
our specification has the attractive feature as discussed in Clarida et al. (1999),
that in reduced form inflation persistence is endogenous to monetary policy.”

Firms, like financial institutions, are owned by unconstrained households.
To simplify the model, we assume the existence of a government whose only
role is to tax away monopoly profits and remit the proceeds to households
lump sum in proportion to their (constant) shares of labour income. Given the
Cobb-Douglas technology this has the convenient property that the effective
shares of each type in total income are constant and equal to their respective
labour shares. We discuss the impact of relaxing this assumption, and allowing
profits to flow directly to the firms’ owners in Section 4.3.

2.4 Monetary policy

We characterise monetary policy by a simple rule for output

yr = (my (28)

Under standard assumptions, ¢ < 0 and the central bank leans against the
wind, choosing its policy instrument to contract demand when inflation is
above target. The transmission mechanism of the economy then gives a rule
for the policy instrument, in this case the real interest rate, of the form:

Tt — Etﬂ't+1 =T (L) Tt (29)

where 7 (L) is a polynomial in the lag operator.

In the standard model (as in e.g. Clarida et al., 1999) the transmission
mechanism is the economy’s optimising IS curve and 7 (L) is a constant, so
that there is a direct equivalence between a static output rule and a static real
interest rate rule. This in turn can be reparameterised as a Taylor Rule for the
nominal interest rate under other reasonable assumptions.'® In our model, the
nature of debt contracts determines the transmission mechanism and hence
7 (L) implies additional long-lived dynamics in both real and nominal interest
rates. In the short run however, with appropriate calibration of ¢, the resulting

looking component from an optimising framework with higher order lag polynomial adjust-
ment costs of changing prices.

9Exogenous inflation persistence could also be introduced straightforwardly with a stan-
dard New Keynesian Phillips Curve by setting n = 0 but allowing u; to be serially correlated,
without significant changes to our results.

10Clarida et al. (1999) show that demand shocks and inflation persistence can be incor-
porated straightforwardly into this framework.
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rule for nominal rates very closely resembles the static Taylor Rule.

Our results are not significantly altered if we allow monetary policy to
follow a Taylor Rule directly (see section 4.1); but our approach has the ad-
vantage of allowing us to focus on distributional consequences of inflationary
shocks by making outcomes for output and hence aggregate consumption in-
variant to the transmission mechanism.

2.5 Identities

Total output is given by
Y; = Oy + Oy (30)

and incomes of both types of household exhaust total output so
Y=Y+ Y (31)

While the economy also includes a central bank and firms the model implies
that they have zero net financial assets in each period. We can combine (31)
with the budget constraints for both types of households (3) and the binding
credit constraint (6) to give

Ay = Dy (32)

The assets of type 1 households will thus equal the liabilities of type 2 house-
holds at all times.

2.6 Solution method and calibration

The system of linearised equations describing the economy is shown in Appen-
dix A. We solve this system by the method set out in McCallum (1998).

We calibrate our model on quarterly data with the values shown in table
1 which correspond to those for the UK economy. With the exception of the
monetary policy parameter (, and ¥, the proportion of fixed rate contracts,
the qualitative nature of our results is insensitive to a wide degree of variation
in the assumed parameters.

There is considerable uncertainty as to the quantitative significance of
credit constraints: Campbell and Mankiw (1991) find the consumption share
of credit constrained consumers to be between 0.2 and 0.65. For simplicity
we assume equal labour income shares of one half for both types of consumer.
Along with other assumptions on debt and steady state interest rates, this in
turn implies that the consumption share of constrained consumers is just under

http://www.bepress.com/bejm/vol 7/issl/art9 12
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one half.!'! Brierley et al. (2002), using data from the British Household Panel
Survey, give debt to annual income ratios ranging from 4 among the lowest
income households to 1 among the highest. We take 9§, the steady state debt
to quarterly consumption ratio of type 2 households, to be 8.!2 We assume
that the expected life of debt contracts is given by the average frequency with
which individuals re-mortgage. For the debt reset probability, ¢, we choose
0.05 implying the expected life of a debt contract is ﬁ = 20 quarters or
5 years. This is shorter than the notional maturity of most mortgage debt,
but reflects the fact that such debt is generally renegotiated on a number of
occasions before maturity, most notably on moving house.

We describe monetary policy by an output rule rather than a Taylor rule to
make outcomes for output (and aggregate consumption) invariant to the trans-
mission mechanism so allowing us to focus on distributional consequences. To
calibrate (, the measure of how strongly monetary policy responds to inflation,
we first choose the proportion of fixed rate contracts to match that found in
the UK (¥ = 0.3). Then, given this transmission mechanism, we choose ( to
give the same impact response of the nominal interest rate as would be implied
by a simple Taylor rule of the form r, = 1.57; + .5y, (in section 4.1 we briefly
discuss the effect of directly implementing a Taylor Rule). We choose 7, the
coefficient on lagged inflation in the Phillips curve, to give a realistic degree
of inflation persistence given the other parameters.

As to the preferences of the households, the discount rate of unconstrained
households 3, is chosen to give an annual real interest rate of approximately
4%. For [, we follow Iacoviello (2005) in choosing a value of 0.95. We set
the elasticity of intertemporal substitution of consumption, . to % and the
elasticity of intertemporal substitution of labour, o,, to 2. 'We choose steady
state labour supply to match observed hours as in King and Rebelo (1999).

1 Given the production function and the impact of the lump-sum tax, the consumption
share of unconstrained consumers is given by A = k + HLR (1 =X) 4. On our calibration
A =0.537

12This matches well with UK aggregate data. In 2000 total annual consumption (ABPB)
in billions of GBP was 594.8 (blue book table 6.2). Financial Statistics Table 3.1G gives
total M4 debt for the household sector (sum of lending on property (AVHG), consumer debt
(95.1) and lending to unincorporated businesses (AVHI) as

481.8 +95.1 + 34 = 610.9

while total M4 deposits of the personal sector (VSCL) were very similar at 585.6 (ie the
household sector is a modest net debtor). Thus annual consumption is very close to to-
tal debt, which with a consumption share of constrained consumer of just under one half
confirms our choice of § = 8

Published by The Berkeley Electronic Press, 2007 13
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Table 1: Calibration
Description Value
k | labour income share of unconstrained households 0.5
5 steady state debt to consumption ratio 3.0
of constrained households ’
¢ | debt reset probability 0.05
¢ | coefficient in monetary policy rule -1.76
n | coefficient on lagged inflation in Phillips curve 0.75
coefficient on marginal costs in Phillips curve
ol . . . 0.75
(implying goods prices are fixed on average for one year)
B, | discount factor of unconstrained households 0.99
By | discount factor of constrained households 0.95
0. | intertemporal elasticity of substitution for consumption 0.5
o, | intertemporal elasticity of substitution for labour 2.0
N | steady state labour supply 0.2
3 Results

In this section we analyze the response to a unit "cost push" shock to the
Phillips curve (27) of four model economies: two where all debt is either
floating or fixed, and two mixed cases. While we consider the first two cases
principally for heuristic purposes, data reported in Maclennan et al. (2000)
suggests the purely floating case corresponds closely to Portugal and Finland.
In our mixed cases, we consider two economies, one with a relatively low (30%)
share of fixed rate debt, which corresponds roughly to the case of the UK, the
other with a relatively high (80%) share corresponding roughly to France.

To focus on the distributional consequences of changing the transmission
mechanism, we hold all other parameters constant across cases. In particular,
the specification of monetary policy is held constant across these cases so that
the response of output (and hence, from (30), aggregate consumption) is the
same in all cases: a 1.76% reduction on impact (since ( = —1.76) then a
gradually rise back to the steady state as inflation decays.

The dynamics of debt are independent of the proportion of fixed rate debt,
and the dynamics of inflation largely so. Before turning to our individual
model economies we discuss the processes for debt and inflation that underlie
all of them.
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3.1 The dynamics of inflation and debt

Inspection of the Phillips curve (27) shows there are potentially two sources
for dynamics in inflation: endogenous dynamics given by the parameter n and
the dynamics of marginal cost.

To illustrated, consider a simplified version of the model in which the
steady state real interest rate is zero. With this assumption, and given our
baseline calibration, marginal cost is proportional to output, in deviations

mey = (UL + 19) y; so the Phillips curve can be rewritten as

= nm—1 + B (1 —n) Bymr + Yy + wy (33)

where

5= (ic+19)7 (34

Then using the policy rule (28) it is straightforward to show that in this
special case inflation follows a first-order autoregressive process.

Ty = p (777 5/7 C) i1+ & (35)

where ¢; is a scaling of the "cost-push" shock, wu;, and gg > 0: the less
monetary policy leans against the wind, the more persistent will be inflation
(as in Clarida et al., 1999).

When inflation follows this autoregressive process, the process for the value
of a new debt contract (15) can be rearranged to give

51(1_¢>P2 -
1=B(1—9)p '

where the coefficient on inflation is increasing in p. If inflation is above its
steady state value, the more persistent is inflation, the higher the real value
of the contract chosen by financial institutions when they reset the contract’s
value in nominal terms since the faster it will be eroded.

In the actual model, without the simplifying assumption of a zero steady
state real interest rate, extra dynamics are introduced into the system due to
the dynamics of consumption affecting those of marginal cost. However these
effects are small (since the steady state real interest rate is small) and the
process for inflation remains very close to AR(1) in all our calibrations. As
a result an (appropriately calibrated) output rule is always close to a static
Taylor Rule.

Figure 1 shows the response of real debt to a unit inflationary shock. On

21 — Eipr = (36)
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impact, real debt falls, continues to fall for 5 quarters, then slowly rises back to
its steady state value. This path is the consequence of the interaction of two
effects. If the nominal value of debt were constant (¢ = 0), the real value of
debt would mirror the price level, jumping down by 1% on impact, then falling
gradually to a permanently lower long-run value (in the AR(1) case this would
be l%p% below its initial value). This is shown by the dotted line in figure
1. But financial institutions reset the nominal value of debt according to the
Calvo process described above, which ultimately brings the real value of debt
back to its steady state value. As can be seen from figure 1, on impact the
1% inflationary shock causes a 1% fall in the real value of debt since nominal
debt is set one period in advance. At first, the inflationary shock’s erosion
of the real value of debt dominates the debt adjustment process and real debt
initially falls. As the inflationary shock decays, the debt adjustment process
dominates and the real value of debt gradually returns to its steady state.

Figure 1: The dynamics of inflation and debt!?
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From (32) the assets of unconstrained consumers always equal the debt of
constrained consumers. Given that the real value of debt returns to its steady
state after a shock (which it must do since real collateral is fixed) the real
value of assets must do so too so there are no long run effects.

3.2 Floating rate debt

Figure 2 shows the response to an inflationary shock of an economy in which
all debt is floating rate (¥ = 0). The burden of adjustment to the inflationary
shock falls largely on constrained consumers (indeed on impact almost entirely

13Quarters after the shock on the x-axis, deviations from steady state values on the y-axis.
Note the x-axis here is longer than in subsequent figures.
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so). But the fall in aggregate consumption (in this simple economy identical
to the fall in output) is brought about despite an initial fall in real interest
rates that is not reversed for nearly two years. To understand the features of
the economy that lead to these responses it is useful to start by considering
constrained consumption.

Figure 2: All floating rate debt!*
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The consumption of constrained consumers is given by their linearised bud-
get constraint (10) which, since the steady state interest rate is small compared
to d, can be written approximately as:

Coyt = Yot — ) [TtD — (Adt—H + 7Tt+1)} (37)
5(1—N)

Cit — N [TF — (Adp1 + 7Tt+1)}

where the second line follows from our calibration and the log linearisation of
(30), which implies that yor = y: = Acye+ (1 —N)cat, where A is the steady-state

4 Quarters after the shock on the x-axis, deviations from steady state values on the y-axis.
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share of unconstrained consumption.
So there are three effects that determine the path of constrained consump-
tion

1. The output response. Since the central bank sets the real interest rate to
achieve a fall in 1, this reduces constrained consumption in all periods.

2. The response of the debtor rate, r”. With all floating rate debt, the rate
paid on nominal debt is (in deviations) equal to the nominal interest rate,
which is above its steady state value in all periods after an inflationary
shock even when the real rate is below steady state. So this reduces
constrained consumption in all periods.

3. The change in nominal debt between periods ¢ and t+1 (given by Ad; 1+
miy1). The behaviour of financial institutions means that in the period
after the inflationary shock and thereafter, they issue new nominal debt
to households to bring the real value of debt back in line with collateral.
Since constrained households immediately consume the additional real
resources from this new debt, this increases their consumption in all
periods.

In the simplest possible case, if constrained consumers had no debt (§ =
0), only the first effect would operate, and their consumption would simply
track the output response and hence (from the second line of (37)) that of
unconstrained optimising consumers. Since these in turn respond only to real
interest rates the economy would in this restricted case have the standard
feature that a negative output response to inflation would require a positive
response of real interest rates.

With non-zero debt (6 > 0) the response of constrained consumption will
differ from that of unconstrained consumption and output, the sign of the
difference depending on the relative magnitudes of effect (2) and effect (3), on
whether the nominal interest rate rises by more than the rate of increase of
nominal debt. While most of the impact of the shock on nominal interest rates
decays with inflation the adjustment of real debt is much more prolonged. As
a result, as can be seen from the impulse response functions in Figure 2, in the
pure floating rate case initially effect (2) dominates; but as the nominal interest
rate falls back, effect (3) increasingly dominates, with constrained consumption
rising above its steady state after nearly two years before gradually falling back
towards it.

This longer-term positive response to an inflationary shock is not a conven-
tional wealth effect due to the fall in the real value of debt shown in Figure 1,
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since constrained consumers are not intertemporal optimisers. The response
is instead driven by the optimising response of financial institutions. The fall
in the real value of debt causes them losses in the short term, that they simply
pass on to their owners, the unconstrained consumers. Then they optimise by
increased lending to bring the real value of debt gradually back in line with col-
lateral. Constrained consumers respond by simply spending these additional
funds.

Given the time profile of the response of constrained consumers, the re-
source constraint implies that unconstrained consumption must respond on
impact by less than constrained consumption (indeed it barely falls at all),
but, with the real interest rate subsequently rising above steady state, un-
constrained consumption falls, and stays below its steady state for long after
the impact on inflation itself has disappeared. However, the overall burden
of adjustment borne by unconstrained consumers is unambiguously reduced,
compared to the cases where there were no credit constraints or constrained
consumers had no debt.!®

The pattern of falling, then rising real interest rates is consistent with the
finding (Clarida et al., 1998, among others) that, except in relatively recent
years, the historic response of real interest rates to inflation in some countries
has been close to zero or even negative. Rather than such behaviour being due
either to interest rate smoothing, or breaches of the Taylor Principle, our model
suggests that an initial fall in real interest rates may easily arise in economies
in which a significant proportion of households are credit constrained and hold
floating rate debt.'® We discuss this issue further below, in Section 4.2.

3.3 Fixed rate debt

Figure 3 shows the response of the economy to an inflationary shock in an
economy with only fixed rate debt (' = 1). While the aggregate output
response is (by construction) identical to the case with all floating rate debt,
the distributional effects on impact are almost precisely reversed. In this case
constrained consumption barely falls, so that the impact effect of the fall in
output is almost entirely borne by unconstrained consumers.

5 For a given desired output response to inflation on the part of the central bank, this
follows directly from (37) and the identity for output.
16Tt may also be optimal on a utility-based welfare criterion (see Wright, 2004).
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Figure 3 : All fixed rate debt!”
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To understand this response, again consider the three determinants of con-
strained consumption described above. Effects (1) and (3) are close to iden-
tical to the floating rate case since the output response and debt responses
are determined only by the process for inflation which (for reasons discussed
in section 3.1) is barely affected by the transmission mechanism. However
effect (2) is very different. Now the rate on debt is equal to the fixed rate r’,
given by equation (21) which is very insensitive to changes in nominal rates!®.
This means that effect (2) is dominated by effect (3) in all periods after the
shock, so that constrained consumption falls by much less than unconstrained
consumption and output on impact, and responds positively after only two
quarters. As in the previous case there is a prolonged positive response as
financial institutions restore real debt levels in line with collateral.

17Quarters after the shock on the x-axis, deviations from steady state values on the y-axis.
181t is doubly insensitive because the average fixed rate is a backward moving average of
the fixed rate on any given contract, which is itself a forward moving average of short rates.
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To achieve a given response of output to inflation, the resource constraint
means that unconstrained consumption must follow a steeply rising path, re-
quiring a large impact response of real interest rates.’

3.4 Two mixed cases

Figures 4 and 5 show the responses of the economy to an inflationary shock
in two economies in which there is both floating and fixed rate debt. Figure 4
shows responses with a relatively low proportion of fixed rate debt (¥ = 0.3,
roughly corresponding to the UK), Figure 5 when the proportion is relatively
high (¥ = 0.8, roughly corresponding to France). Now households can be
divided into three types: unconstrained households; constrained households
with floating rate debt; and constrained households with fixed rate debt. Since
the aggregate consumption response is identical in both cases, and the inflation
response almost so these are not shown in Figures 4 and 5.

Since the aggregate output and debt responses are again determined by the
path for inflation, and the interest rate on fixed rate contracts is very unre-
sponsive to short-term interest rates, the consumption response of consumers
with fixed rate contracts in both mixed cases is virtually identical to the case
in which all contracts were assumed to be fixed. The big differences between
the two cases therefore arise from the responses of constrained consumers with
floating rate contracts, and unconstrained consumers.

With a relatively low share of fixed rate contracts, as in the “UK” case,
Figure 4 shows that the overall response of constrained vs. unconstrained
consumers is quite similar to that in the pure floating rate case. As a result
this case displays the same pattern of an initial fall in the real interest rate
that is only reversed after 5 quarters. The only difference is that, with 30%
of constrained consumers largely insulated from the impact of the shock, both
constrained consumers on floating rate contracts and unconstrained consumers
have to bear a larger burden of the aggregate adjustment.

YNote that in this case, for a given output response, and hence a given inflation and
debt response, the approximation in (37) implies that the relative burden of adjustment
on constrained and unconstrained consumers is almost precisely pinned down by ¢, the
ratio of debt to constrained consumption. An increase in, for example, o, will raise the
responsiveness of unconstrained consumers to real interest rates. But this will translate
almost wholly into lesser rises in real rates in order to achieve a given output response. It
will have no other impact on the economy since constrained consumers are almost entirely
insulated from the impact of interest rates given the sluggish response of rates on fixed
contracts.
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Figure 4 : 30% fixed rate debt, 70% floating rate debt?’
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This latter feature is greatly accentuated in the “French” case shown in
Figure 5, in which 80% of constrained consumers are on fixed rate contracts. As
a result the burden of adjustment has to fall on the remaining small proportion
of constrained consumers on floating rate contracts, and on unconstrained
consumers. This in turn requires a distinctly more aggressive response of
monetary policy in terms of real interest rates. For floating rate consumers
the impact of this response on nominal rates implies over twice as large a fall
in their consumption as when all debt contracts are at floating rates.

Figure 5 : 80% fixed rate debt, 20% floating rate debt
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This suggests the presence of a network externality effect: as more house-
holds join fixed mortgage schemes, so the insurance benefit of a fixed rate
scheme increases, in comparison to floating rate schemes. The rise in real in-
terest rates required to satisfy the output rule (28) becomes larger, and as a

20Quarters after the shock on the x-axis, deviations from steady state values on the y-axis.
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result more of the burden of adjustment is passed on to constrained consumers
with floating rate debt. Other things being equal, it might be expected that
the existence of such a strong network externality effect would drive floating
rate debt out of existence. The fact that we do not observe markets in which
fixed rates are completely dominant therefore requires other things to be hap-
pening. The most obvious explanation is the existence of a term premium
which raises the cost of fixed rate mortgages.

4 Monetary policy

4.1 Taylor Rules vs. Output Rules

We have modelled monetary policy as an output rule so that aggregate effects
are held constant as we varied the transmission mechanism in the above sec-
tions. How would the results discussed above vary if we modelled monetary
policy directly as a Taylor Rule rather than by our assumed output rule? We
noted in section 3.1 that the dynamics of inflation and output mean that the
output rule we assume is very close to mimicking the impact of a simple static
Taylor Rule. But we also showed that as the proportion of fixed rate contracts
rose real interest rates needed to respond more aggressively to the inflationary
shock in order to achieve a given fall in output. By implication, if instead
we held the Taylor Rule coefficients constant the impact on output would be
reduced, and hence there would be less of a stabilising impact of monetary
policy. The effects are non-trivial: the implied output response on impact in
the case of 80% fixed rate debt with fixed Taylor Rule coefficients would be
only just over half that in the case of 30% fixed rate debt.?!

This implies that a monetary authority in a country with a high proportion
of floating rate debt (e.g. the UK) should be able to adopt a less aggressive
monetary policy in terms of real interest rates than one with a high propor-
tion of fixed rate debt (e.g. the US). However, empirical estimates for Taylor
rule coefficients for recent years are roughly the same in these two countries.
Our model suggests therefore that the Bank of England is more averse to
inflation than the Fed. This inflation aversion has significant distributional
consequences, with much of the burden of inflation stabilisation borne by con-
strained households with floating rate debt.

21 The entire profile with Taylor Rule coefficients of 1.5 and 0.5 in this case is extremely
close to the profile with an output rule as in (28), but with ¢ = -0.94, rather than the figure
of -1.76 we assume in our baseline calibration.
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4.2 Interest rate smoothing

Empirical estimates of Taylor rules, for example Clarida et al. (1998), typically
find a large coefficient on the lagged nominal interest rate, with gradual ad-
justment towards a target real interest rate. A number of explanations of such
"interest rate smoothing" can be found in the literature (Woodford, 2003, is
one example). With this feature monetary policy may satisfy the Taylor Prin-
ciple (Woodford, 2001) that real rates should ultimately rise in response to a
notional permanent rise in the inflation rate’* (i.e. in terms of our equation
(29) 7(1) > 0), even if real rates fall in the short-term (i.e. 7(0) < 0).

Our results show that this feature can arise without any assumption of
interest rate smoothing, solely due to the presence of sticky nominal debt
contracts, as long as the share of floating rate contracts is sufficiently high.
Notably however the “long-run Taylor Principle” that 7(1) > 0 still applies,
albeit with quite long lags.

4.3 Factor shares, stability and uniqueness

Gali et al. (2003) show that the presence of credit constrained consumers (who,
unlike in our model, are assumed to have no financial assets or liabilities at all)
can quite significantly alter the usual conditions for stability and uniqueness
which are otherwise automatically satisfied by the Taylor Rule. This feature
arises because in their model, as in ours, the real wage is procyclical due
to price stickiness and constrained consumption is driven by the process for
labour income. Without debt, and without the assumed role for government in
redistributing profits, a very similar feature arises in our model when monetary
policy is implemented as a Taylor Rule. However, with the redistribution
of profits these effects disappear since shares of both types of consumer in
total factor incomes are constant. While the issue of factor income shares
is potentially of some importance (and has been largely neglected in recent
research since it only arises when there are credit constraints) it is also quite
sensitive to other assumptions in the model (for example Fair, 2005, notes that
with wage rather than price stickiness real wages are counter-cyclical), so we
prefer to base our results on the simpler case of constant factor shares.

An analytical advantage of assuming an output rule rather than Taylor
Rule representation of monetary policy is that a sufficient condition for a
unique stable solution is that ¢, the parameter in (28) be less than or equal
to zero: i.e., that monetary policy “lean against the wind” in terms of output,

221t is notional because stabilisation always results in a stationary inflation rate so that
permanent shocks to the inflation rate are ruled out.
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in response to inflationary shocks. This condition is invariant to the share of
credit-constrained consumers as long as we have the redistribution mechanism
via taxation such that shares of total factor incomes are constant.

4.4 Policy frontiers

Clarida et al. (1999) note that cost-push shocks lead to a trade-off between
inflation and output stabilisation, and that this trade-off is worsened as the
persistence of inflation increases. In our model, persistence in inflation arises
from the backward looking term in the Phillips curve and the dynamics of
marginal cost. We show in Appendix B that marginal cost is given by

A— K

Oc

1
me;, = <_ + 19) Yt + v (coy — 1) where v = >0 (38)
o

[

As, U, the proportion of fixed rate debt, increases, more of the burden of
adjustment falls on unconstrained consumers and less on constrained so co; —cyy
increases in every period. This increases marginal cost in every period and,
through the Phillips curve, makes inflation more persistent.

To understand the nature of the trade-off note firstly that for a given
level of fixed rate debt, W, if the monetary authority becomes more averse to
inflation (¢ becomes more negative) the persistence of inflation is decreased
and secondly that the relation between output volatility and inflation volatility
can be derived from the output rule (28)

az = (%02 (39)

Then consider a particular level of output volatility. As ¢ increases this tends
to make inflation, and hence output more persistent, so to achieve a given
level of output volatility ¢ must become less negative. But ( becoming less
negative means from (39) that a higher level of inflation volatility corresponds
to each level of output volatility so the trade-off worsens.
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Figure 6 : Policy frontiers?

Figure 6 shows how the policy frontiers vary with 1 in the case of an
innovation to the Phillips curve with unit standard deviation. As 1 increases
the trade-off between inflation volatility and output volatility worsens. For
example, in our baseline calibration with all floating rates and ( = —1.76 the
monetary authority achieves output volatility of 1.7 and inflation volatility of
0.97. With all fixed rates, the level of inflation volatility corresponding to this
level of output volatility rises to 1.1%, and the policy parameter necessary to
achieve it rises to ( = —1.58. If the central bank is less averse to inflation,
inflation is more persistent and the effect of different levels of fixed rate debt
becomes bigger. With ( = —1.0 and all floating rates the central bank achieves
output and inflation volatility of 1.31 (the same by (39)). To achieve the same
level of output volatility in the all fixed rate cases requires ( = —0.75 and a
volatility of inflation of 1.75.

5 Conclusions

We started this paper with three observations about the data:

(a) Household debt is written in nominal terms

(b) Adjustments to such debt are costly

(c) In many countries a large proportion of interest payments on such debt
are at a fixed rate.

In the light of these features of the data we construct a simple dynamic
general equilibrium model in which sticky nominal debt contracts play an
important role. We use this model to analyze how different debt contracts

23Standard deviation of output on the x-axis, of inflation on the y-axis, both as ratios to
standard deviation of innovation.
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affect the monetary policy transmission mechanism. We show that a simple
static Taylor Rule can easily result in a prolonged period in which real interest
rates are cut rather than raised in response to an inflationary shock.

Our analysis of a mixed case consisting of households having both fixed and
floating rate debt suggests that the cost of adjustment to an inflationary shock
is shared very unequally between different types of households, the highest cost
being paid by constrained households with floating rate debt. This implies
that were a country with predominately floating rate debt (the UK) to join a
monetary union consisting of countries with a higher proportion of fixed rate
debt (France, Germany, Italy), other things being equal, it would subsequently
bear a large proportion of the cost of adjustment to inflationary shocks. It
would seem policy is anticipating this potential cost of monetary union, the
commissioning of Miles (2004) being one example.

Although we have, following convention, focussed on a positive inflationary
shock, the more relevant case in the recent past would arguably be a nega-
tive, or disinflationary shock. Our linearised model is of course symmetric,
implying that a temporary fall in inflation (or, prospectively, a period of de-
flation) should boost debtor consumption in a system like the UK where debt
is predominantly at floating rates. In the case of deflation this also requires
that the value of new debt contracts should fall, if financial institutions are to
bring real debt into line with collateral, raising the prospect of some degree of
asymmetry if cuts in debt cannot be enforced on recontracting.

The model we have presented is of course highly stylised. To simplify
our analysis we chose to switch off the financial accelerator mechanism by
assuming collateral is fixed. Endogenising house prices with a model such as
that in Aoki et al. (2002) would allow us to relax this assumption. We chose
the Calvo style model of debt contracts for its tractability, but, as with the
Calvo model of product prices, this is its principal merit. To draw quantitative
policy implications from the model it would be necessary to embed it in a more
sophisticated framework, with multiple shocks, so that the importance of the
role of debt contracts channel could be compared with that of other parts of
the transmission mechanism.
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A The linearised model

The linearised economy is given by a set of 15 equations in 15 unknowns, y;,
D .F
Clty Caty Tty 2ty iy Tty T4y Ty 5 770001, Niag, Wity Wat, MCy
Aggregate demand
The Euler equation for unconstrained consumers:

1
ciy = Eieyy — P (re — Evmrisn) (40)

C
The debt evolution equation for constrained consumers
D

Cot = Yt — (STtD + ) (AdtJrl + 7Tt+1) + (Sm

(yt — dt — TtD) (41)
where we exploit the fact that the redistributive nature of the tax on profits and
lump-sum transfers results in type 2 factor income being in constant proportion
to total income, hence 1o = .

The resource constraint (30) becomes

Yr = Ay + (1= A) ey (42)

Aggregate supply
The Phillips curve with a term in lagged inflation to generate inflation
persistence
T =nme1 + By (1 —=n) Emegr + ymes + uy (43)

Labour supply curves for type 1 and type 2 households, from (11)

1

Uny = wy — —cyy (44)
1

?9n2t = Wat — O__C2t (45)

C

1 _ _ 1-N
where 5 = 0, 5~

Labour demand for the two types of labour from (25) and (26)
Wit = Mey + Y — Ny (46)

Wap = MCy + Yy — Moy (47)

and combining these with the linearised production function gives an expres-
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sion for the firm’s marginal cost
me; = kwy + (1 — K) wy (48)

Financial institutions
The optimal nominal value of a new debt contract arising from the opti-
mising behaviour of financial institutions

1-B(1)]F
Ztv1 — Eiprin = By {%WH} (49)
a process for aggregate debt
Al
div1+ pey1 = ﬁzt+l (50)
the optimal rate on a new contract
ri = E; [¢7“t+1 +(1—9) er] (51)
the average rate on a fixed rate contract
ro=¢ri +(1—-9)r, (52)
the average rate on all debt
rp =Urf +(1-¥)r, (53)
Monetary policy
The monetary policy rule is
Yo = (my (54)

A conventional "dynamic IS-LM" model (such as that presented in McCal-
lum, 2001) comprises four equations: a forward-looking IS curve, a Phillips
curve, a rule for monetary policy and a resource constraint. Equations (40)
to (54) of our model correspond to this, though to enable us to focus on the
distributional effects of inflationary shocks we replace McCallum’s Taylor rule
with an output rule. We add three features to the model. Firstly, the presence
of credit constrained consumers whose consumption is given by their budget
constraint (44). This heterogeneity in consumption leads to heterogeneity in
labour supply so we have to consider the labour market in more detail in equa-
tions (44) to (47) Secondly, the presence of a level of a level of debt derived
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from the optimising behaviour of financial institutions (49) and (50). Thirdly,
the behaviour of the interest rate on this debt (51) to (53), again arising from

the optimising behaviour of financial institutions.

B Derivations

B.1 Households
B.1.1 Type 1: Credit unconstrained

Households solve the problem

maxU = E, Z B4 (Chiri, Nigri)

i=0

where L L
U(C,N) = C__i 4ol _]_V)A i

subject to L "

PiiAy =1+ RE)Pt (W1yNve — Cyy + Ay + Thy) + Py Divggy
The first-order conditions are
Cy : O, =(1+RP)PA,
Ai\il . At == ﬁlAt—O—lRlP

Ny @ v(l—=Ny) 7 = (1+ RP)APWY,

~7e —o p P
A o O :Bclt+clRtT
t

Linearising the Euler equation gives

1 1
——cCy = ——Cyp1 + 1 — Eym
C C

SO
Cit = Et01t+1 — O¢ (7“t - EﬂTtH)

The labour supply curve is
_ 1 -L
v (]_ — Nlt) on = Cltac Wlt
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which when linearised gives

1 1 N
19711 = W1t — O_—cclt where 191 = O_—nm (65)

where wy; is the linearised real wage paid to type 1 households

B.1.2 Type 2: Credit constrained
The budget constraint (57) is

Pip1Air = (14 RP) B (Yo — Coy + Ay) (66)
where RP is the average nominal interest rate payable on nominal debt.

D1 (1+141) = (14 Ry) (O — Yoy + Dy) (67)

Using %: = —D; as the credit constraint binds. In the steady state this
gives
Cy =Y, — (R—T) D (68)

with zero steady state inflation IT = 0 so

Cy=Y,— RD (69)

Linearising this

(1 + H) (dtJrl + 7Tt+1> = CgCQt — }/ngt + (1 + R) D (Tt + dt) (70)
With II = 0,divide through by C,

0 (di1 + 1) = o — %?ﬁt*‘ (1+ R)o (ry +dy) (71)
From (69)
1+ R0 = Y (72)
Co
)
O(dpsr +mia1) =cop — (1 4+ RO) yor + (1 + R) 0 (ry + dy) (73)

ca = Yu — 0 (re+di) + 6 (dipr + Tig1) — RO (1 + diy — yar)
= yu — O0ry + 0 (dey1 — dy + 1) + RO (yor — 1y — dy) (74)
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Given this level of consumption, constrained households choose their labour
supply optimally, and a linearised first-order condition can be derived as for
unconstrained households

1 Ny 1

O_—n 1 N2 N9 = Wat — U—CCQt (75)

B.2 Financial institutions
B.2.1 Calvo debt contracts

When deciding the level of a new contract the financial intermediary’s problem
is

max [ Z 9t,t+i (1 - ¢)i Profiyi (76)
i=1

Zt+1

where 0;,,; is the stochastic discount factor of the owners of the financial
intermediaries (the unconstrained households)

O\
Orivi = 51 ( g:: ) (77)

Assuming financial intermediaries raise floating-rate funds from unconstrained
households at the central bank’s target rate profits are given by:

Profii = (R;ferz Rt+z) - Qiyi (78)

and €); is a cost of deviating from optimum value, assumed to be quadratic

Zyi1/Pori — K\ 2
Qt+z‘ZW< 1/ [t;z )K (79)

where w is a constant.
The first order condition is

R; ; — Ry (99 i
Etzeml— (”—” Zem 0 5y (80)
t+1

Assuming competition among large numbers of financial intermediaries elimi-
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nates expected profits over the life of the contract so
Et Z 0757,5_“‘ (1 — qb)z PTOft+i = 0 (81)

which, using the definition of profits (79) becomes

- i (th-i-z‘ - Rt+i) 1 N ‘
Et ; gt,t-i-’i (]_ — qb) Pt_H - Zt+1 Et zl: et,t-‘ri (]- - ¢) Qt-f—i (82)

so the first-order condition becomes

- i 0y )
E O i (1 — A — Qi | =0 83
t 21: ti+i (1 — @) ( t+1 071 t+ (83)
Qsyy A
Oy _w ( 41 1) (84)
0Zi1 Py \ Pk
SO
0 . Zt+1 B, (PftJrl 1
TE; Y 041 (11— ¢)' Zt:/Pt +_IK —0 (85)
1 - (Besfet) w
wE, i@,m (1— o) (Zt“ — K) = (86)
1 P
Noting that in the steady state
Opivi = 5 (87)
and 7
—=K 88
- (59)
we can linearise this to give
wky Zﬁl (241 = peyi) =0 (89)

Note that the stochastic discount factor drops out of the expression in exactly
the same way it does in the standard derivation of Calvo pricing as long as
steady state inflation is assumed to be zero.
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This can then be rewritten as

1

1

1—ﬁl<1—¢>zt“:Et{1—ﬁl

1.e.

B(1)

(1 _ ¢) Fpt+1

o= {5y

where B(F)=1—-p(1-¢)F.

To get the expected real value of this contract rearrange (91) to get

Zt+1=Et{1+ B(F)

SO
241 — Eypria = By {

B(1) - B(F)

and using the definition B(F)=1—-4(1—¢) F

B(1)=B(F) = 1-(1-¢)-1-F(1-¢)F

pt+1}

B(1) — B(F)
—BE) 7 “1}

= f(1-9¢)(F~-1)
= (1-B@Q)(F-1)
and
(F — 1) Pe1 = Dig2 — Dip1 = Tipo
SO
— B
21 — Eipepn = By { (F<1

- g {ipr

If inflation follows an autoregressive process

T = PT—1 + &t
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then

Zip1 — Eipry1 = {1 —ﬁﬁ(gl_—i)ﬁ) szﬂ-t}

= 6(1_¢)p22ﬁ<1_¢>7‘-t+i
i=0

_ B9 o

1-B8(1—=9)p

B.2.2 Aggregate Debt

Level The proportion of banks that still have the contract Z;,,_; set at time
t — 4 will be the proportion that actually reset in that period, ¢, multiplied by
the probability that they haven’t reset in the intervening time ¢ (1 — ¢)*, so
summing over all banks the total nominal debt will be:

PraDis =6 (1= ¢) Zigas (98)
0
Linearising
_ ¢ = i
div1+piy1 = > Z (1 - ¢) Zt+1—i
¢ ; (1—9) o
- ;
= i (1= 0) 241 (99)
1-(1-¢) o0
If we define
A(L)=1-(1-9¢)L (100)

(note A (1) = ¢) this can be written as

A(1)
(L)

Rate of change Substituting (95) into (101) gives

diy1 + pep1 = Zt+1 (101)

s

div1+ pry1 = % {Et {D_Zf(#ﬁtﬂ +pt+1}] (102)
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SO
A(L) (diy1 + pey1) =
¢ _Et { ! _BB(](*})) T4l +pt+1}
dt+1 +p1— (1 —9)(de +p) =
- B
¢ _Et { ! B (]%) Ti41 +pt+1} (103)
SO
A(L) (dig1 +pey1) = ¢ { 7Tt+1 +pt+1H
Adpyy + T = ¢ { 7Tt+1 + pt+1H — ¢dy — Opy
= ¢ { F + B() 7Tt+1} - dt} (104)
Note since B(F)=1—-(1—¢) F
1-BU)F+B(F)=f(1—-9)F+1-F(1—¢)F=1  (105)
SO .
Adyp1 + T = OF, {mﬂ'tﬂ} — ¢dy (106)

This gives the expected rate of change of nominal debt in terms of inflation
and the existing value of debt.

B.2.3 Fixed rate loans

If all debt is floating rate R” = R and r” = r,.
The fixed rate set at average of expected rates over expected contract
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duration

Rearranging

E Z;’il (1— ﬁb)i 7}+i

- t

> (1—0)
¢ - i

= 1_¢Et;[( _¢)F] Tt
- 52205 ja-g
. AQ
= Etmrt+l

1= =0)Flr; = ¢ri

i =1 =@)riy = o

So the average interest rate paid by fixed-rate borrowers is

Fo_
Ty =

Rearranging

So

ori+o(l—@)ri +¢(1—¢)riy,+ ...

63 (=) L)'r;

6 .
I—(1—¢)L"
AQ) |
AT

rf = (L= ¢)ry = ¢r]

Tt

e
3

Tt

If there is some proportion ¥ of borrowers in fixed schemes then
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P = Wl (1-0)r,

2
= w¢—Et

A0 +(1-0)|r, (112)

A(F)

B.2.4 Profits

Both interest earned and dividends paid by financial institutions are dated
t + 1 in real terms and are realised at the same time as Y;.1, II;,; etc.

Taking the budget constraint (57) for j = 2, setting Ro; = RP, and, be-
cause our assumption of lump-sum taxes mean intermediate firms pay no divi-
dends, and since financial institutions are owned by unconstrained households,
Divyy =0

(1+ 1) Aseyr = (14 RP) (Ao + Yar — Coy) (113)
Financial institutions real profits are:
RP - R
Divyyq = M [Dy + Cop — You] — Qﬁrl (114)
I+ 114

where Q' is an aggregate of the cost 2 on all existing contracts. Whether
these costs are remitted to type 1 or type 2 households or some combination
makes no difference to the following derivation, so arbitrarily assuming they
are fully remitted to type 2 households and substituting into asset evolution
for j =1 we get

(1+1y) Ay = L+ Ry) (A + Yy, —Cy) +
(R — Ry) (Dy + Yy — Cyy) — Q! (115)

Adding the process for As;

(1 +T0y1) (Argr + Ager) = (1 + Rf)) (Ay + Yy —Cu) +
(Rf) - Rt) (Dy+ Yy — Cy) — Q?
+ (1+ RY) (A + Yo, — Coy) + € (116)

since Dy = —Ay and Y, = Yy, + Yo = Ciy + Oy
(14 Myp1) (Argr + Agegr) = (14 RY) (Axe + Az (117)

which gives Ay, = Ay, for all ¢t if A = D,.
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B.3 Firms

Firms’ cost minimisation is

min WltNlt + WQtNQt

subject to the production function
Y = NNy, "

Write a Lagrangian

L = (Wi Nig + WarNoy) — MCy (Y, — Nj Ny ™)

first order conditions

Y,
Wlt—MOtnN—;

Y,

Woy = MC, (1 — k) —~

o 4 ( )N%

So labour incomes are

Wi N = MCRY,

WaNoy = MCy (1 - Fé) Y,
And profits are:

Yy = WiuNyy — Wy Ny = Y3 (1 — MCy)

We can write real marginal cost as

N. 1-k
Wlt = MCt/-@ (N—Qt)

1t

1
Nlt 1 k—1
v W
Ny, <Mcm ”)

N. K
W2t = MCt (1 — K}) (N—lt)
2t
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(122)

(123)

(124)

(125)

(126)

(127)

(128)
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1 o1
WQt = MCt (1 — Ii) (—W1t> (129)
Atli
i 1 s /1
MC ™" = (—Wu) <—W2t) (130)
K 11—k
1 K 1 11—k
MC’t - (_Wlt) <—W2t) (131)
K 11—k
Linearising (121), (122) and (131) give respectively
Wit = MCt + Yp — Nt (132)
Wat = MCt + Yp — Nt (133)
mey = kwy + (1 — k) way (134)

B.3.1 Calibrating the supply side
From labour demand (121)

WltNlt = MCt/th (135)
WQtN2t = MCt (1 — /‘i) }/;5 (136)
Wy N-
; 2= (1—kr)MC (137)
Wi N-
L — kMC (138)

So, given our calibration, N; = N,, and in the steady state

MC = % (139)
Steady state profits are
PROF =(1-MC)Y (140)
PROF
= 1-M
v C
1
= = 141
: (141)
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By definition

&
A= —
Y
and if all profits go to unconstrained
Y;
Sy
SO
n_¢
i A
But we also know from the steady state budget constraint
i R
—=1——=0
Ch 1+ R
and
54 = i — égﬁ
Ci, DCyCy
1—A
— —=
A
Putting these together
R 1-X_ ¢
1+R A A

From (135) and (141)

Ty Tt
so k and A\ are related by
R K
7t 1— _e_"
A 1—|—R( Ao =¢ 9+
0 R
““ETT(A_TIEO_A)
R
= A——(1-=X)o
1+R( )
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°~ %

)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

41



The B.E. Journal of Macroeconomics, Vol. 7 [2007], Iss. 1 (Contributions), Art. 9

B.3.2 Marginal cost

To solve for the wage of unconstrained households equate labour supply (65)
and demand (132)

1
I (mey + yp — w) = wyy — - Cu (152)
_ Y (mee +ye) + ! (153)
=y T S )
and similarly
) 1
Wop = q9—~|»1 (mct + yt) + mCQt (154)
me; = kw4 (1 — K) wy
v (mee +y) + ! +
= k|——(mec ——c¢
I 1 t T Yt 06(19+1) 1t
(1= w) (o (meq ) +
— k)| —— (mec ——¢
I 1 t T Yt e (@1 1) 2t
v (mes + ) + K N (1—k)
= —— (mec ——c¢ —c
B S L I
1 0, K 1—k
i - - 155
S N LN R LN Vi 159
K 1—r
me; = —cyy + ——Ca + Jy; (156)
We can write this in terms of consumption as
K 1—k
mec; = —Cpip+ Cor + VYy
1
= - (ke + (1 — k) eo) + Jyy
1
= — (A + (L= X))o + (k= N) (c1p — cor)) + Dy
1 A—K
= (0_— —+ 19) Yt -+ ( ) (CQt — Clt) (157)
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where, from definition of A,

R

In the special case that R = 0, which implies x = A then

me, = (i + 19) " (158)

c

B.4 The Government

The government fully taxes monopoly profits of intermediate firms and remits
them lump sum to households in proportion to their labour income. Profits
and labour income exhaust output so

Yy = WiNiy + WaNoy + profe (159)
and from (121), (122) and (125)

Wi Ny, = MCykY; (160)
WoiNoy = MCy (1 — k)Y, (161)
profy =Yy — WyNyy — Wy Noy = Yy (1 — MCy) (162)
Define lump sum taxes
Ty = k.prof; (163)
Tor = (1 — k) .prof; (164)

Then after-tax factor incomes are

Yi: = WiNy+1y,
— kMG, + kY, (1 — MCy)
— WY (165)

Yor = WoNoy + Toy
(1= k) MCY, + (1= 1) Vi (1 — MCy)
(1-r)Y; (166)
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so when linearised
Yt = Y2t = Yt (167)

B.5 The process for inflation

If central bank adopts the following rule for output

Yr = (my (168)

where, on standard Clarida et al. (1999) assumptions ¢ < 0. This implies
(via the transmission mechanism) a particular rule for the real interest rate

Ty — By = 7 (L) (169)
The Phillips curve is
Ty = B (1 = n) Eempr + 01 + ymee + ug (170)

In the special case discussed in section (3.1) R = 0 and the relation between
marginal cost and output is given by (158) we can rewrite the Phillips curve
in terms of output:

7 = B (1 —n) By +nm1 4y + (171)
where

5= (i + 19) 5 (172)

c

Using the monetary policy rule

Yyr = (173)
to eliminate output gives
B(1—-mn) U 1
=—"F —_—T 174
my Te t7Tt+1+1_:y<7Tt 1+1—i§ut (174)
Assume the solution is of the form
Ty = PT—1 + &¢ (175)
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Substituting this in gives

_p—-n U 1
P11+ & = T /02 1+ 1 ’?Cﬂ—t_l—i_ 1_—%1& (176)
So p is given by
1—
=S5 1
p(—n) U _
1_—%P2—P+1_—%7Tt—1 =0 (178)
1 -3¢ B —mn)n
= —— |14+ ,/1 —4——— 179

Taking the smaller one (the larger is greater than unity)

o 1-%C B =mn
ST TR [1 \/1 4(1—1()2‘

I N PN Faearons
~ 28(1—n) [(1 7<) \/(1 76)" =48 (1 —n) 77] (180)

The error term becomes .
=717 :YCUt (181)

B.6 Time Line
Start of period ¢

1. Nominal Interest is paid on asset holdings and savings from the previous
period Rji_1(Aji—1 + Yjio1 — Cji—1)

2. Financial institutions pay nominal dividends relating to spread earnings
from last period:

Divj. Py = (Rgl - Rt—l) P,y [Di—y 4 Corq — Yo 4]

3. This gives nominal assets P,A;; which are predetermined

4. The shock happens
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5. Inflation, output,consumption, nominal debt in ¢ + 1, the nominal in-
terest rate (dated ¢, but to be paid in ¢t + 1), real interest receipts

1+R; . . )
T (At +Y; — Cjy), real dividends Divj,.are simultaneously deter-
R£1*Rt—1

= ) [Di—1 + Cat—1 — Yar_1]). Note real interest

receipts and real dividends are not predetermined.

mined (Divy, = <

6. Time passes

Start of period ¢t + 1
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