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We are interested in the numerical simulations of the Euler system with variable congestion encoded by
a singular pressure (Degond et al., 2016). This model describes for instance the macroscopic motion of a
crowd with individual congestion preferences. We propose an asymptotic preserving (AP) scheme based
on a conservative formulation of the system in terms of density, momentum and density fraction. A sec-
ond order accuracy version of the scheme is also presented. We validate the scheme on one-dimensionnal
test-cases and compare it with a scheme previously proposed in Degond et al. (2016) and extended here
to higher order accuracy. We finally carry out two dimensional numerical simulations and show that the
model exhibit typical crowd dynamics.

© 2017 The Authors. Published by Elsevier Ltd.

This is an open access article under the CC BY license. (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

In this work we study two phase compressible/incompressible
Euler system with variable congestion:

00+ V-(ov) =0, (1a)
8t(Qv)+V-(Qv®v)+Vn+Vp(QQ*> -0, (1b)
d:0*+v-Vo* =0, (1)
0<p <0, (1d)
m(*—0)=0 w=0, (1e)

with the initial data

0(0,%) = 00(x) =0, v(0,x) =vp(x), 0*(0,x) = 05(X), Qo < éESv)
2

where the unknowns are: o = o(t,x) - the mass density, v=
v(t,x) - the velocity, o* = 0*(t, x) - the congestion density, and 7
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- the congestion pressure. The barotropic pressure p is an explicit

function of the density fraction Q%

Y
2)\_(¢@ - 3
p(@*) (9) et ?

and plays the role of the background pressure.

The congestion pressure 7 appears only when the density o sat-
isfying (1d) achieves its maximal value, the congestion density o*.
Therefore o* can be referred to as the barrier or the threshold den-
sity. It was observed in [25], and then generalized in [15], that the
restriction on the density (1d) is equivalent with the condition

V.v=0in {0 = 0*}, (4)

if only @, v, o* are sufficiently regular solutions of the continuity
equation (1a) and the transport equation (1c). For that reason, sys-
tem (1) can be seen as a free boundary problem for the interface
between the compressible (uncongested) regime {o <o*} and the
incompressible (congested) regime {o = o*}.

The main purpose of this work is to analyze (1) numerically, i.e.
to propose the numerical scheme capturing the phase transition.
To this end we use the fact that (1) can be obtained as a limit
when € — 0 of the compressible Euler system:

o0+ V- (ov) =0, (5a)
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*

8t(QU)+V-(QU®U)+VNg+Vp(Q) =0, (5b)

00" +v-Vo* =0, (5¢)

with the singular approximation 7. of the congestion pressure:

g o
7TS<Q*>:8( Q*Q> . a>0. (6)
¢ G

The singularity of the pressure 7 implies that for every ¢ > 0 fixed
os <0*. Note that for fixed ¢ >0, m — oo when o — o*. Therefore,
at least formally, for € — 0, 7w, converges to a measure supported
on the set of singularity, i.e. {(x,t) € 2 x (0,T) : o(x,t) = 0*(x,t)}.
The rigorous proof of this fact is an open problem, at least for
the Euler type of systems. There have been, however, several re-
sults for a viscous version of the model, see [10] for the one-
dimensional case, [31] for multi-dimensional domains and space-
dependent congestion o*(x) and [15] for the case of congestion
density satisfying the transport equation (1c). The last of men-
tioned results requires a technical assumption « >5/2 for the 3-
dimensional domain. Intuitively, the value of parameter « indicates
the strength of singularity of the pressure close to o = o*. How-
ever, since taking the limit & — 0 magnifies this singularity, the
value of « >0 might be arbitrary small for sufficiently small .
An alternative approximation leading to a similar two-phase sys-
tem was considered first by Lions and Masmoudi [25], and more
recently for the model of tumour growth [32]. The advantage of
approximation (6) considered here lies in the fact that for each &
fixed, the solutions to the approximate system stay in the physi-
cal regime, i.e. ¢ <g*. This feature is especially important for the
numerical purposes, see for example [27] for further discussion on
this subject.

System (1) is a generalization of the pressureless Euler system
with the maximal density constraint

do+V-(ov) =0, (7a)
d(ov) +V-(ovev) + Vr =0, (7b)
0<p=1 (70)
m(e—-1)=0, 7=>0. (7d)

introduced originally by Bouchut et al. [8], who also proposed the
first numerical scheme based on an approach developed earlier for
the pressureless systems, see for example [9], and the projection
argument. The model was studied later on by Berthelin [3,4] by
passing to the limit in the so-called sticky-blocks dynamics, see
also [35], and a very interesting recent paper [30] using the La-
grangian approach for the monotone rearrangement of the solution
to prove the existence of solutions to (7) with additional memory
effects.

The pressureless Euler equations with the density constraint
were originally introduced in order to describe the motion of parti-
cles of finite size. Our model extends this concept by including the
variance of the size of particles. In system (1) o* is given initially
and is transported along with the flow.

One can also think of o* as a congestion preference of individ-
uals moving in the crowd (cars, pedestrians), which is one of the
factors determining their final trajectory and the speed of motion.
The macroscopic modeling of crowd is one of possible approaches
and it allows to determine the averaged quantities such as the den-
sity and the mean velocity rather than the precise position of an
individual. One of the first models of this kind based on classical
mechanics was introduced by Henderson [22]. More sophisticated
model was introduced by Hughes [23] where the author considers

the continuity equation equipped with a phenomenological consti-
tutive relation between the velocity and the density. For a survey
of the crowd models we refer the reader to [1,11,24,28,33] and to
the review paper [2].

As far as the numerical methods are concerned, the macro-
scopic models of pedestrian flow with condition preventing the
overcrowding were studied, for example in [34]. The influence of
the maximal density constraint was investigated also in the con-
text of vehicular traffic in [5,7]. The strategy that we want to adapt
in this paper, i.e. to use the singularities of the pressure similar to
(6) has been developed in the past for a number of Euler-like sys-
tems for the traffic models [5-7], collective dynamics [13,14], or
granular flow [26,29]. In our previous work [15], we have drafted
the numerical scheme for system (1) in the one-dimensional case.
We used a splitting algorithm at each time step that consists of
three sub-steps. At first, the hyperbolic part is solved with the AP-
preserving method presented in [14]. Next the diffusion is solved
by means of cell-centered finite volume scheme, and the transport
of the congested density is resolved with the upwind scheme.

The extension of this method to two-dimensions is one of the
main results of the present paper. We also propose an alternative
scheme using different formulation in terms of the conservative
variables: the density o, the momentum q = pv, and the density
fraction Z = %:

h0+V.-q=0, (8a)
g+ V- ("j" + (DI + p(Z)I) ) (8b)
QZ+ V. (zg) —o, (8c)

with the initial data
0(0.x) =00(x), q(0.x) =qo(x), Z(0,x) = Zp(x), (8d)
where Zy = g—g, and q, = ogvp. I denotes the identity tensor. This is

a stricly hyperbolic system whose wave speeds in the x;-direction
are given by:

2(0,q1,2) = "51 - i@,

35(0.91.2) = % 9)

q zZ
A(0.q1.2) = El +./ EPS(Z),

where ps = p + me, and q; denotes the component of q in the x;
direction. Consequently, in region where the density o is closely
congested, i.e. Z is close to 1, the characteristic speeds of the sys-
tem are extremely large. This corresponds to the nearly incom-
pressible dynamics.

The paper is organized as follows. In Section 2 we present our
numerical schemes using the two formulations (1) and (8). They
are referred to as (o, q)-method/SL and (o, q, Z)-method, respec-
tively. In Section 2.1 we describe the first-order semi-discretization
in time and the full discretization for the (o, q, Z)-method. Then,
in Section 2.2, we discuss the second order scheme for the (o, q,
Z)-method. At last, in Section 2.3 we present the (o, q)-method/SL
for the system written in terms of the physical variables (1).
Section 3 is devoted to validation of the schemes on the Riemann
problem whose solutions are described in Appendix A. Finally, in
Section 4 we discuss the two-dimensional numerical results: in
Section 4.1 we present how these schemes work for three different
initial congestion densities, and in Section 4.2 we present an appli-
cation of (g, q)-method/SL to model crowd behavior in the evacua-
tion scenario.
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2. Numerical schemes

In this section, we first introduce a numerical scheme based on
system (8) using the conservative variables. In order to use large
time steps not restricted by too drastic CFL condition, implicit-
explicit (IMEX) type methods need to be designed. The scheme can
be solved through the following steps: first an elliptic equation on
the density fraction Z is solved, and then we update q and o, re-
spectively.

Such scheme is compared with an extension of the method in-
troduced in [15], where the congestion density is advected sepa-
rately from the update of ¢ and q. For the sake of completeness, a
description of the scheme is given in Section 2.3.

Note that the scheme is unable to deal with vacuum. In what
follows we require that gg >0 (vacuum is not allowed in the ini-
tial data). However, the effect of the background pressure (3) is to
smear out the vacuum regions.

2.1. The first order (o, q, Z)-method

Discretization in time. We adopt the previous work [14] to intro-
duce a method treating implicitly the stiff congestion pressure
7¢(Z). We consider a constant time step At>0 and o", q", Z",
o*™ denote the approximate solution at time t" = nAt, Vn € N. We
thus consider the following semi-implicit time discretization:

n+1 _ 4n
% + V. gt =0, (10a)
n+1 _ gn
% + V- (" 5’" +p(Z")I) + V(e (201 =
(10b)
Zn+1 _n nqn+1
At-i—VX-( o ):0. (10C)

Note that in the flux term in Eq. (10c), the momentum is taken
implicitly. Inserting (10b) into (10c), we obtain:

ZrH—l _7n qn
m*VX‘( "Qn>

z" q ®q n n+1
— AtV | —Vy- ZMI — V(e (Z™
t (gn ( o +p( )>+Q (e ( )))

This is an elliptic equation on the unknown Z"+1, that can be writ-
ten as:

Zﬂ
Z™ — A2V, (wvx(na(z"“))) =¢(". q".2"). (11)
where
¢". q".2")

z" T"eq"

2

s (o (12
The n-th time step of the scheme is decomposed into three

parts: first get Z™t! when solving (11), then compute g"t! using
(10b) and then @"t! from (10a).

Discretization in space. We only derive the fully discrete scheme in
the one-dimensional case; the two-dimensional formula are given
in Appendix B. We consider the computational domain [0, 1] and
a spatial space step Ax = 1/Nx > 0, with Ny € N: the mesh points
are thus x; = iAx, Vie {0,..., Ny}. Let of, qf, Z}!, of" denote the
approximate solution at time t" on mesh cell [x;, x;.1]. The spatial
discretization have to capture correctly the entropic solutions of
the hyperbolic system. To derive the fully discrete scheme, we thus

make the same algebra on the following fully discrete system:

+ p(Z")I))—At Vi - (Z"Z)Z).

n+1
—of 1
Ql A i ( ,T{I F,T;) =0 (12&)
qn+1 _ qn 1 T (Z"H) -7 (ZnH)
Tar A )T g =0 ()
Znﬂ Z”
i N + 7(Hn+l Hinj%l) -0 (12¢)

where the stiff pressure is discretized by the centered finite differ-
ence and the numerical fluxes F*t1, G", H™*1 (we denote implicit-
explicit fluxes by current timestep n+1 and fully explicit fluxes
by previous timestep n) are splitted into centered part and the up-
winded part:

1
EN =S (@i +ai) = Do),y (13)
1/(q )% (@)?
n i+1 n _ n
Gy =5(Tgr 7 FPEL) +PED) = O,y (14)
n+1 1 Zln+1 n+1 n+1
HH; —7 Q" qi+l +Eq (DZ)HI (]5)
i+1 i

The upwinded parts are given explicitly. They can be given by the
diagonal Rusanov (or local Lax-Friedrichs) upwindings:

W")

1
(Dw)?+% = ECL%(W?JA - Wi (16)

for any conserved quantities w, where c:?+1 is the maximal charac-

2
teristic speed (in absolute value):

v(ofar.zr).

k=1,2,3},
a7

n _ 0(n n n
Gy = max{|)‘k (Qm’ qi+1’Zi+1) ;

where )Lg are given by Eq. (9) with ¢ =0 (no congestion pres-
sure). These correspond to the eigenvalues of the hyperbolic sys-
tem taken explicitly in (10). One could also consider less diffusive
numerical fluxes like the Polynomial upwind scheme [17].

Like in the semi-discrete case, we now obtain the fully discrete
elliptic equation on Z by replacing the implicit momentum terms
appearing in the flux H (15) by their expressions given by the mo-
mentum equation (12b). We get:

At -
‘Ax ( Hinfl/Z)

_ AtZ l Z{}H (G _Gn > Z{Ll (Gn _Gr )
Ax22\ or "3 iz ) on Uiy Ting

A2 1 (7]
- () -
n

(@) @) ) =o.

1

n+1 n n
Zi - Zi Hz+1/2

where A" denotes the same expression as (15) where all quantities
are taken explicitly:

(7, 7
i = 2(9511 Gt gpl ) = Py

As explained in the introduction the main advantage of approxi-
mating the system (1) by (5) with the singular pressure (6) is that
it allows to keep the physical constraint Z<1 on each level of ap-
proximation. In fact, for & > 0 fixed, our numerical scheme provides
that Z <1 in the whole domain. For this to hold, we solve first this
elliptic equation with respect to the congestion pressure variable
Te:
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(0,9, Z)-method, order 1, time = 0.1

(0,49, Z)-method, order 2, time = 0.1

1.5}
1.0} \.
057
0.0}
-05f | —
10 T Omax
-Lof|
-1sp| 4
0.0 0.2 0.4 06 08 1.0
X
(0,9)-method/SL, order 2, time = 0.1
1.5}
1.0} l,
051
0.0}
-05 | —
10 T Omax
-Lof|
-1sp | 4
0.0 0.2 0.4 06 08 1.0

Fig. 1. Approximate solution to Riemann problem (25) at time t = 0.1. Numerical parameters: Ax=1x 1073, At=0.1Ax, ¢ =2, y =2, ¢ = 1072,

15]
Lof A\
05f
0.0l
~osf [ —
T Omax
-Lof|
-1sp | 4
0.0 0.2 0.4 0.6 0.8 1.0
x
(0,9)-method/SL, order 1, time = 0.1
15]
1.0} |
05f
0.0l
—1—1
—os| [ —
T Omax
-Lof|
-1sp | 4
0.0 0.2 0.4 0.6 0.8 1.0
x
At 1 /20
2 (@) - Jap (Gt [ - o]
i+1
AL
- Sl - o)) = g 4. 20 (18)
i—1

where the right-hand side is given by:

At - i
¢".q".2"); =27} - IX(HiZ—l/Z _Hin—1/2)

A1 (78 7
+AX22(Q£] (c;;%—c;g%)_g; (cg%_c;g%) . (19)

i-1

This equation is supplemented by periodic or Dirichlet boundary
conditions. After solving the equation for m., we take Z(m:) =

M as the inverse function of m.(Z), the non-linear equa-
+(7re /6) 1/
tion is solved using the Newton iterations.

The (n+1)-th time step of the algorithm thus consists in get-
ting Z™1 by solving (18) and (19) and then obtaining g**! from

(12b) and @™*! from (12a).

Stability. Since the singular pressure . is treated implicitly, the
scheme remains stable even for small ¢. The stability condition
only depends on the wave speeds of the explicit part of the
scheme, that is under the Courant-Friedrichs-Levy (CFL) condition:

AX

At < (20)

max A0, )|V
j:1,2,3;xe[0,1].te[O,T]{| 1( )|}
where A?, given by Eq. (9), denotes the eigenvalues of the hyper-
bolic system with no congestion pressure (¢ = 0). The scheme is
asymptotically stable with respect to ¢.

Discrete energy. Like in the viscous version of system ((5) and (6))
(see [15]), an energy is conserved in time. Due to the numerical
dissipation, our scheme does not preserve the energy at the dis-
crete level even for smooth solutions. However, we can point out
that, on discontinuous solutions, the local Lax-Friedrichs scheme
selects a viscosity solution of the system with a decreasing energy.

2.2. The second order (o, q, Z)-method

Discretization in time. The second-order discretization in time is
based on the combined Runge-Kutta 2/Crank-Nicolson (RK2CN)
method as described in [12]: it consists of replacing Euler explicit
by Runge-Kutta 2 solver and Euler Implicit by Crank-Nicolson
solver in semi-discretization (10). Note that the second order con-
vergence in time follows from the theory of partitioned Runge-
Kutta methods. Both methods are of second order and so called
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0,9, Z)-method, order 1, time = 0.1

0.1
0.0+
0.1+
—-0.2+
_03,
- 49
— gexact

04303 04 05 06 07 08
T

o1 (0, q)-method/SL, order 1, time = 0.1

0.0

—0.1l ) 4

-0.2+

—0.3}

— q
— gexact

04303 04 05 06 07 o8
X

0,9, Z)-method, order 2, time = 0.1

0.1
0.0+
0.1+
—-0.2+
_03,
- 4q
— gexact

04303 04 05 06 07 08
i

(0, 9)-method/SL, order 2, time = 0.1

0.1
0.0}
-0.1}
-0.2}+
—-0.3}
— q
— gexact

04303 04 05 06 07 o8
X

Fig. 2. Approximate momentum ¢ to Riemann problem (25) at time t = 0.1 and comparison with the exact solution. Numerical parameters: Ax =1 x 1073, At =0.1 Ax,

a=2,y=2 =102

coupling conditions are satisfied. We here only detail the semi-
discretized scheme. However, to be unambiguous, we will denote
by Dy, Dq, and Dy the numerical diffusion terms resulting from
the upwinding terms and the divergence operators will be replaced
by centered fluxes. We thus consider the following scheme:

First step (half time step): get o"+1/2, q"*1/2 and Z"*+1/2 from

Qn+1/2 _ Qn ni12 .
Az TV D=0 (21a)
n+1/2 _ gn n n
q 72 q Vi - (q 5:1‘1 + p(Zn)I> —DZ+VX(7T5(Zn+1/2))=O,
(21b)
Zn+1/2 _zn Zn s
Az (an” ! ) -D;=0. (21c)

Second step (full time step): get o"t!, ¢"+! and Z"*! from

AL 3 o (22a)

qn+l _ qn qn+1/2 ® qn+1/2 12 nil1/2
Ve Wm(z"+ ) | - D}

n+1 _ 4n n+1 n
QQ+VX_<¢I+‘I o

n n+1
I VX(T[S(Z)"';TS(Z)) —0, (22b)
Zn+1 _7n Zn+1/2 qn+1 +qn
T—i_VX. (Qn+l/22 —D;:O. (22C)

Like in the first-oder scheme, Eqs. (21b)-(21¢) and (22b)-(22c)
result in elliptic equations for 7. Solving this equation and invert-
ing the function 7z = 7. (Z) allows to find Z satisfying the restric-
tion Z<1. In practice, the scheme may fail capturing discontinu-
ities, in particular when small values of ¢ are concerned. Indeed,
the semi-implicit pressure (7¢(Z") + 7 (Z"1))/2 in (22b) is con-
strained to be larger than m.(Z")/2 preventing from having large
discontinuities in pressure. One way to overcome this difficulty is
to dynamically replace this semi-implicit pressure by an implicit
pressure 7, (Z"*!) as soon as the non-linear solver of the elliptic
equation detects a pressure lower than half the explicit one.

Discretization in space. To get second order accuracy in space, we
consider a MUSCL strategy. For any conserved quantity w, it con-
sists in introducing at each mesh interface left and right values w;
and wg:

1 .
Wit =W + 5 minmod(w; — Wi_1, Wiz1 — Wy),
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(0,9, Z)-method, order 2 space, time = 0.1
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(0,4, Z)-method, order 2, time = 0.1
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-05H | —
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N — z
sl | T4

0.0 0.2 0.4 0.6 08 1.0

X

o1 (0,9, Z)-method, order 2 space, time = 0.1

0.0

0.1+

—-0.2+

0.3}

- q
— gexact

—0-43 03 0.4 05 06 0.7 0.8
X

01 (9,4, Z)-method, order 2, time = 0.1

0.0+

—0.1}

—0.2}

—0.3}

— q
— gexact

—0.4 | . . . .
0.2 0.3 0.4 0.5 0.6 0.7 0.8

xT

Fig. 3. Approximate solution to Riemann problem (25) at time t = 0.1. Numerical parameters: Ax=1x 1073, At =0.1Ax, a =2, ¥ =2, ¢ = 104

1 .
Wigr =W; — i mland(W,' —Wij_1, Wjy1 — W,'),
where the minmod function is defined as:
minmod(a, b) = 0.5 (sgn(a) + sgn(b)) min(|al, |b|).

Then all explicit terms in fluxes (13)-(15) depend on
(i Gip: Zig) and (01 . Giy 1227y instead of (of, qf.Z")
and (o}, 4.4} 1. Zf,). Implicit terms are unchanged in order to be
able to get the elliptic equation.

2.3. Congested Euler/semi-Lagrangian scheme ((o, q)-method/SL)

Discretization in time. We consider a scheme based on the non-
conservative form (1) of the congestion transport. This idea was
proposed in [14] in the context of constant congestion and in
[15] in the context of variable congestion. The time-discretization
reads:

n+l _ Hn
% + Ve g =0, (23a)
n+l _ an n® n n n+1
Tar Ve (q o Pl )1) V(G ) =0
(23b)

Q*n+1 _Q*n N qn+l
At Qn+1

Inserting (23b) into (23a) results in
Qn+1 _ At2 Ax(ne(Q"_H/Q*n))

V0" = 0. (23¢)

n

n n
:Qn—Ath~qn+At2Vx~Vx~<q jq +p(Qn/Q*n)1>.
(24)

This is an elliptic equation on the density ¢™t!. The n-th time step
of the scheme is decomposed into three parts: first get o"*! when
solving (24), then compute q"+! using (23b) and then ¢*™*! from
(23c).

Discretization in space. Like for the previous schemes, we re-
strict the description to the one-dimensional case. Finite volume
discretization is used for the spatial discretization of (23a) and
(23b) as in Section 2.1, see also [14]. A semi-Lagrangian method
is used to solve (23c) and thus update the congestion density o*.
The congestion density o;"* 1 at node x; and time t"*! is computed
as follows: first we integrate back the characteristic line over one
time step and then we interpolate the maximal density ¢*" at that
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time = 0.00
- /\/\/\/\
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0.5

0.0
_05 L — ‘g B

1 0 Qmax
_10l 7 |
—15} 4 ]

0.0 0.2 0.4 06 08 1.0

xT

Fig. 4. Reference solution at initial time (left) and time t = 0.05 (right). Numerical parameters: Ax=5x 1073, At =0.1Ax, y =2, ¢ = 1072,
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Fig. 5. L, errors for o, g, Z and ¢* as function of Ax. Numerical parameters: At =5 x 107 for first order scheme and At = 0.1 Ax for second order scheme, y =2, ¢ = 1072,
(o, q, Z)-method: (k-xt) k-th order in space and time. (o, q)-method/SL: (k-xt)(m-x/n-t) k-th order in space and time for the (g, q)-method and m-th order in space and n-th
order in time for the advection of ¢* by the semi-Lagrangian scheme. In dashed lines: first and second order curves.

point. Using Euler scheme for the first step, we obtain:
0" = [Mo™|(x; — qi/0; At)

where Ilg*" is an interpolation function built from the points
(%, Q;‘"). We here perform a Lagrange interpolation on the 2r + 2
neighboring points:

[HQ*]l[x;,xm] = HLagrange((va Qj), i-r+l<j<i+ T').

resulting in 2r + 1-th spatial accuracy. First (r = 0) and third (r =
1) order in space semi-Lagrangian scheme will be used. For more
details, we refer to [18].

The second order scheme. Extension of the full scheme to second
order accuracy in space is made using the MUSCL strategy for the
finite volume fluxes. Extension to second order accuracy in time
requires a Crank-Nicolson/Runge Kutta 2 method for (o, q) and
a second order in time integration of the characteric line for the
semi-Lagrangian scheme (with for instance Taylor expansion) com-
bined to a Strang splitting, see Appendix C.

3. One dimensional validation of the schemes
3.1. Riemann test-case

We compare the numerical schemes on one-dimensional Rie-
mann test-cases: the initial data is a discontinuity between two
constant states and the solutions are given by the superposition of
waves separating constant states. In Appendix A, we give the form
of these solutions with respect to the relative position of left and
right states in the phase space. In the case of colliding states, ex-
plicit solutions can be numerically obtained. We thus consider the
following Riemann test-case:

X _J(0e.qe,07) =(0.7,08,1.2), ifx<0.5,
(00(%), G0 (x), 25 (X)) = {(g,, gr.0) = (0.7.-0.8,1), if x> 0.5.
(25)

on the domain [0, 1]. The solution is made of two shock waves and
an intermediate contact wave, see (A.5). The CFL condition (20) can
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Fig. 6. Case 1: the comparison of (g, g, Z)-method (top) and (o, q)-method/SL (bottom) at time 0.025 (left), and 0.150 (right).

be estimated by:
Ax

max |v(x,t min o*(x, t '
xslome[oﬂl (x,t)] +/y/ming*(x,t)

For the current Riemann test-case with y =2 and « = 2, the time
step should satisfy At<0.4Ax.

At <

Comparison of the schemes (¢ = 10-2). In Fig. 1, we represent the
solution at time t = 0.1 with the different schemes using At =
0.1AX. The (g, q, Z)-method refers to the method introduced in
Section 2.1 for the first order and in Section 2.2 for the second or-
der scheme. The (o, q)-method/SL refers to the method described
in Section 2.3. For the latter scheme, we use the third order semi-
Lagrangian scheme for the transport of the congestion density o*.

We observe that all the methods correctly capture the exact so-
lution. The (o, q)-method/SL better captures the contact disconti-
nuity at x~0.487 since we use a third order accurate scheme for
the transport of *. Limiters could be used to avoid overshoot and
undershoot at this location.

Oscillations in momentum are brought forth at the discontinu-
ity interface of the shock waves. These oscillations are larger for

second order schemes due to dispersion effects. In Fig. 2, we pro-
vide a zoom on these oscillations and compare the approximate
solution to the exact one. The amplitudes of the oscillations are
larger for the (o, q)-method/SL method. This may be the counter-
part of the decoupling of the variables (o, q) and o*: in the com-
putation of the implicit pressure (see Eq. (24), left-hand side), o
and o* are not taken at the same time. We finally note that, when
running the simulation on large time, these oscillations do not in-
crease in magnitude nor in support: this is related to some L2 sta-
bility of the scheme.

Stiff pressure (¢ =10~4). With this value of &, the intermedi-
ate congested state has maximal wave speed equal to Amax ~22.
Hence, taking time step At equal to 0.1Ax does not ensure the
resolution of the fast waves.

Fig. 3 shows the solution at time t = 0.1 using the (o, q, 2)-
method with second order in space accuracy. In the full second or-
der scheme, the scheme switches automatically to a first order in
time version of the scheme due to the large discontinuities in pres-
sure, see Section 2.2. We observe that the waves are well captured.
As previously, oscillations in momentum develop at schock discon-
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Fig. 7. Case 2: the comparison of (g, g, Z)-method (top) and (o, q)-method/SL (bottom) at time 0.025 (left), and 0.150 (right).
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L, error between the numerical solutions to Riemann problem (25) and exact solution at
time ¢t = 0.1. Numercial solution computed using the (g, g, Z)-method. Numerical parame-
ters: Ax=1x1073, At =0.1Ax, a =2, y =2.

o q z o*
£=10"2 Order2inx 8.66x10% 128x103 3.03x10*4 570x10~*
Order 2 1.17x103  352x103 589x104 577 x10*
£=10% Order2inx 975x104 211x103 370x104 571x10~4
Order 2 989x10% 3.04x103 384x10% 577 x10~*

tinuities and we observe that the second order in time version of
the scheme leads to large uppershoots. In Table 1, we report the
Ly error between numerical and exact solution: we point out that
the numerical errors are of the same order of magnitude indepen-
dantly of the value of ¢. Quite similar results are obtained using
the (g, q)-method/SL.

3.2. Numerical convergence test-case

We here consider the following smooth initial data:
Q0(x) =0.6+0.2 exp (— (x—0.5)?/0.01),

qo(x) = exp (- (x— 0.5)*/0.01),
05(x) =12+0.2 (1 —cos (87 (x - 0.5))),

on the domain [0, 1] and perdiodic boundary conditions. We com-
pute a reference solution at time t = 0.05 using the second or-
der in space (o, g, Z)-method with small space and time steps
Ax =5 x 107> and At = 0.1 Ax (see Fig. 4).

Fig. 5 shows the L; errors between approximate solutions and
the reference solution at time t = 0.05 when the space step Ax
goes to 0. For first order scheme, time step is set to At =5 x 1076
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Fig. 8. Case 3: the comparison of (g, g, Z)-method (top) and (o, q)-method/SL (bottom) at time 0.025 (left), and 0.150 (right).

while for second order schemes, time and space steps satisfy the
relation At = 0.1 Ax and both are varying.

We observe that all the schemes exhibit their expected con-
vergence rates. We point out that (o, q, Z)-method and (o, q)-
method/SL have the same level of numerical errors except for vari-
able o*: o* is better resolved with (g, q)-method/SL. This is all the
more the case when using the third order semi-Lagrangian scheme
(on the right two plots of Fig. 5).

4. Two-dimensional numerical results

In this section we present the results of the numerical simula-
tions in two-dimensions. As for domain we take the unit square
with the mesh size Ax=10"3 and the time-step At =10"%. In
the following we choose singular pressure (6) with the parameters
&=10"% «a =2, and the background pressure (3) with the expo-
nent y = 2, if not stated differently.

First part is devoted to comparison of (o, q, Z)-method and (o,
q)-method/SL described in Section 2. Second is an application of

(o, q)-method/SL to the evacuation scenario. Third order in space
semi-Lagrangian scheme is applied.

4.1. Collision of 4 groups with variable congestion

In the unit square periodic domain we specify 4 squares, with
the centers in points (xc, yc) = {(0.2,0.5), (0.5,0.2), (0.5,0.8),
(0.8,0.5)}. The length of the side I of each square equals 0.2 (for
every square we introduce the notation Square((xc, y¢), I)). We pre-
scribe the initial momentum of 0.5 pointing into the center of the
domain provoking a collision. We consider three test cases varying
in the initial congestion density, namely:

Case 1: o*(x,0) =1.0;

0.80 if x € Square((0.2,0.5),0.2)

1.20 if x € Square((0.5,0.2),0.2)

0.80 if x € Square((0.8,0.5),0.2) ;

1.20 if x € Square((0.5,0.8),0.2)

1.00 otherwise

Case 3: 0*(x,0) =1+ 0.05(cos(10mrx) + cos(24mx))(cos
(6ry) + cos(34my)).

Case 2: o*(x,0) =



Time: 0.000

Time: 0.500

Time: 0.000

Time: 0.000

ho

o,

04

o
i

Time: 0.000

-2

o 02 00 060
— e

The results of our simulations for these three cases are pre-
sented in Figs. 6-8, subsequently and in the Movies cl.mp4,
c2.mp4, and c3.mp4. We see that in case of constant congestion
density (Case 1, Fig. 6, Movie cl.mp4) the two schemes provide
almost identical outcome. The essential difference appears when
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Fig. 9. Stop-and-go behavior for the evacuation scenario, with o being constant, with linear slope in y-direction (29), step-function (28), and a random function.
congestion density (upper) the density (middle) and the velocity amplitude (bottom) at times t = 0 (left column) t = 0.5 (middle column), and t = 1.0 (right column).

0§ varies. We see in Fig. 7 (see also Movie c2.mp4) that the ini-
tial discontinuities of o* are significantly smoothened by the (g, q,
Z)-method, while the (o, q)-method/SL preserves the initial shape,
which basically confirms our observations from Section 3.2. This is

i —_2

33



34 P. Degond et al./ Computers and Fluids 169 (2018) 23-39

Time: 1.000

rho Iql (\
0. 0.3 0.6 0.9 1 0. 0.3 0.5 0.8 1. 0. 0.2 0.4 0.6 0.8

R T A

Time: 1.000

rho Iql vl
0. 0.3 0.6 0.9 1. 0. 0.3 1. 0. 0.2 0.4 0.6 0.8

TN AR TR VAR R r AL R RS R

Time: 1.000

rho Igl Ivi
0. 0.3 0.6 0.9 1. 0. 0.3 05 0.8 1. 0. 0.2 0.4 0.6 0.8

e e e el

Time: 1.000

rho Iql vl
0. 0.3 0.6 0.9 1 0. 0.3 0.5 0.8 1. 0. 0.2 0.4 0.6 0.8

e e L B R

Fig. 10. The evacuation scenario for oj being constant, with linear slope in y-direction (29), step-function (28), and a random function. The figures present the values of the
density o, the direction momentum |q| and the direction and values of the velocity v at time t = 1.0 for different test cases.
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even more visible in Fig. 8 (Movie c3.mp4), where the initial oscil-
lations of o* rapidly decay when simulated by the (o, q, Z)-method.

Another interesting observation following from Figs. 7, and
8 (Movies c2.mp4, c3.mp4) when compared to Fig. 6 (Movie
cl.mp4) is that the preference of the individuals o* is significant
factor to determine the density distribution even far away from the
congestion zone.

Moreover, comparing Fig. 7 (Movie c2.mp4) with Fig. 6 (Movie
cl.mp4), we see a clear influence of the density constraint on the
velocity of the agents. Indeed, for the Case 2, there is a signifi-
cant disproportion between the velocities in the x and y directions
at time t = 0.150 (see Fig. 7 right). This corresponds to the fact
that the agents moving toward the center along y axis have ‘more
space’ to fill since o* for those groups is higher than the one for
the groups moving in the x direction. This results in a certain de-
lay between collisions in two directions.

4.2. Application to crowd dynamics

In this section we investigate an influence of the variable den-
sity o* on a possible evacuation scenario. For this, we consider
an impenetrable room in the shape of unit square, initially filled
with uniformly distributed agents. There is an exit located at x ¢
[0.4,0.6], y =0 that allows for free outflow. The initial density
0o = 0.6 and the initial momentum is equal to 0. The desire of go-
ing to the exit is introduced in the system (5)-(6) by adding the
relaxation term in the momentum equation

aq+V- (‘”;’q +n8<5*>1+p<5*>1> = %(q—QW), (26)

where w is the desired velocity, and B stands for the re-
laxation parameter. The desired velocity is given by a unit
vector field, that points into the center of the exit, w=
(—x/((x=0.5)2+y%), —y/((x — 05)2+y%)) .

In the numerical scheme we apply splitting of the momentum
equation between the transport and pressure part, and the relax-
ation (source) part, with the intermediate momentum q*. After the
momentum is updated, we perform implicit relaxation step, for
given density o"t1,

q* _ qn qn ® qn Qn Qn+1
Al +Vx'(gn+p<g*n 1)+ V. me W =0,

(27a)

qn+l _ q* 1
—Ar — B(qnﬂ _ Q"HW),

We use the (g, q)-method/SL, which requires to solve the trans-
port equation for ¢*. This is especially problematic in the corners
of the domain, where the Dirichlet boundary condition is consid-
ered. This leads to oscillations of ¢ and o* close to these points.
Nevertheless, we may observe, see Figs. 9 and 10 (see also Movies
exit.mp4 and top.mp4), the so called stop-and-go behavior, namely
distinct high velocity regions in the domain, one in the vicinity of
the exit and the second one that propagates in the direction oppo-
site to flow.

This reflects an empirical observation that once a pedestrian ar-
rives to the space of high congestion, he or she slows down or even
stops until some space opens up in front. This kind of stop-and-go
waves have been described, for example, by Helbing and Johans-
son in [21]. For the description of the real evacuation experiments
we refer to [20], see also [19]. In the last of the mentioned pa-
pers the authors provide an experimental demonstration of the so
called faster goes slower effect. This means that an increase in the
density of pedestrians does not necessarily lead to a larger flow
rate. Our simulations show that when the parameter ¢* is low, the
outflow of the individuals is slower. This is especially visible in the

(27b)

third row of Figs. 9 and 10 presenting the evacuation scenario for
the initial barrier density in the shape of the step function

£(x.y) = 11 for 05<x<1,
QWXY)=109 for 0<x<05.

This observation can be also confirmed in terms of speed of evac-
uation. Indeed, we performed analogous simulations for 3 cases of
constant g equal to 0.9, 1.0. 1.1 show that the speed of emptying
the room is bigger the bigger value of gf. To see this, we have
measured the mass remaining in the room at time t =1 and it
is equal to 0.51030, 0.048037, and 0.457123, respectively. We have
moreover observed that evacuation speed of the room with indi-
viduals of the average congestion preference equal to 1 initially
can be improved by placing the individuals with higher o closer
to the exit. This is illustrated in the Figs. 9 and 10 the second row,
for which, the initial congestion preference o equals

o5(x,y) =1.1-0.2y. (29)

The random distribution of preferences of the individuals with ex-
pected value equal to 1, on the other hand, corresponds to the in-
crease of the evacuation time (see Figs. 9 and 10 the bottom row).

(28)

5. Conclusion

In this paper, we are interested in the numerical simulation of
the Euler system with a singular pressure modeling variable con-
gestion. As the stiffness of the pressure increases (¢ tends to 0),
the model tends to a free boundary transition between compress-
ible (non-congested) and incompressible (congested) dynamics.

To numerically simulate the asymptotic dynamics, we propose
an asymptotic preserving scheme based on a conservative formula-
tion of the system and the methodology presented in [14]. We also
propose a second order accuracy extension of the scheme follow-
ing [12]. We then study the one-dimensional solutions to Riemann
test-cases, their asymptotic limits and validate the code. We com-
pare the results with those obtained with the scheme proposed in
[15]. This latter scheme enables to better approximate the conges-
tion density (at the contact wave) as soon as we use high accu-
racy in the advection of the congestion density. On the other hand,
the former scheme seems to better preserve maximum principle
on that variable. On two-dimensional simulations, we finally show
the influence of this variable congestion density on the dynamics
and show that the model exhibit stop-and-go behavior.

The two schemes generate oscillations in momentum variable
at discontinuities between congested and non-congested domain.
This feature was already mentioned in [14]. This is all the more
the case for the second order accuracy schemes. Specific method
should be designed to cure this artefact. Another direction of im-
provement, that will be addressed in the future work, concerns the
treatment of the vacuum regions by the numerical scheme.
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Appendix A. Solution to the Riemann problem

The one-dimensional Riemann problem for the system (8) is the
following initial-value problem:

0r0 + 9xq =0, (Ala)
0rq + Ox ( 2 + Pe (Z)) (A.1b)
QZ + By (zg) —0, (Alc)
where p.(Z) = m:(Z) + p(Z), and

eanon- &0 5

The purpose of this section is to find possible weak solution to
(A1) and (A.2). We will also consider the limit of these solutions
as € —0.

As already mentioned in the introduction, the system (A.1) is
strictly hyperbolic provided p) (Z) > 0, see (9). The associated char-
acteristic fields are given by:

1
e _ zZ
1100.9.2)= | v- Epa(Z) ,
Z/o
! 1
£ £ Z
15(0.9,.2) = {g} 13(0.9.2) = | v+ /Ep;(Z) .
Z/o

where v = q/p is the velocity. The second characteristic field is lin-
early degenerate (since VA, -1, = 0). The two others characteristic
field are genuinely non-linear.

We now present the elementary wave solutions of the Riemann
problem.

Al. Elementary waves

Shock discontinuities. A shock wave is a discontinuity between two
constant states, (o, q, Z) and (8, 4, Z), traveling at a constant speed
o. We now fix the left (or right) state (,d,Z) and look for all
triples (o, g, Z) that can be connected to (8, §,Z) by the shock dis-
continuity. Across the shock, Rankine-Hugoniot conditions must be
satisfied meaning that:

l[q] = olel. [‘gws(l)]:a[q], |:Zgj|:a[2],

where [a] := a — @ denotes the jump of quantity a. Treating o as a
parameter, we check that the two admissible states are of the form

(e, qn.+ (@) Z(e)) With g .. = ovy .. (0) and

L 5 1 ~ Z0 5
= Z _Z - - e\ =~ - MPe Z )
v+ (0) = £sign(Z(o) )@\/(Q Q)(P (Q> Pe( ))

Z(0) =2

N
I[N e}

The shock speed therefore equals:

oy =D £sign(Z - Z)f\/l’e (Z.Q(/QQ) Q)ns (Z)

These solutions can also be expressed as functions of Z:

0(2) =

U (2) = Dk sign(Z - 2)\}5\/ (1 - g) (P @)~ pe(@)).

Note that the maximal density (o* = ¢/Z) does not jump across a
shock discontinuity. Expanding (o(Z), gy +(Z), Z) around Z = Z, we
obtain

~ @
V4 =Z-2)=
0(2) - Z-2)=%,
0D (2) -0V = (Z—Z)gf/

+ zgsigna—Z)\/g\/ (1 - 2/2)(p:Z) — p: (2))
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~Z-2)%

+ ngign(z -2 ;Z p.(2)(Z-2)

l\])\

22 (9 /,/ 2)
5 5 027
Z7-72=0Z-2)==.
@=235

Note that (0(2),qp_(2),Z) is tangent at (8,4,2) to r1(0,4,2),
therefore v, _ corresponds to the 1-characteristic field, analogously
vy, corresponds to the 3-characteristic field. The graph of Z
v, _(2) (resp. Z — vy, (2)) is called the 1-Hugoniot curve (resp. 3-
Hugoniot curve) issued from (7, 2).

To check the admissibility of the discontinuity, we need to
check the entropy condition. If (#,Z) is the left state, the right
states that can be connected to it by an entropic shock wave are
those located on the 1-shock curve {(vy_(2),2):Z >Z} or the
3-shock curve {(vy,(2).2):Z <Z}. Indeed, on these curves the

associated eigenvalue is decreasing. If on the other hand, (,2)
is the right state, the left states that can be connected to it by
an entropic shock wave are those located on the 1-shock curve
{h-@).2):2 <2} or the 3-shock curve {(v),.(2),2):Z > Z}.
Indeed, on these curves the associated eigenvalue is increasing.

Rarefaction waves. The rarefaction waves are continuous self-
similar solutions, (o(t,x), q(t,x),Z(t,x)) = (0(x/t),q(x/t),Z(x/t)),
connecting two constant states (o, g, Z) and (g, 4, Z). They thus sat-
isfy the following differential equations:

Z(s)

q(s)=0(s) + o)

o'(s) =1, —SPe(Z(s), Z'(s) =Z(s)/0(s),

(A3)

= 0(s)¥; +(s) and parametrizing by o, we obtain:

7. (0) = %, / %pg ). Z(0) =2()/e.

From the first and third equation of (A.3), we have (0/Z(0)) =0
and so, 0/Z(0) = 0/Z(0). This means that as in the case of shock
discontinuities the maximal density ¢* does not jump. Denot-
ing 0* = 0/Z(¢) and making the change of coordinates v; . (Z) =
7; + (0) with o = ¢*Z, we thus have:

11

Hence, the states satisfy:

Ve (@) =% (E@) - EQ).

Denoting q(s)

v+ @)

(A4)

where F is an antiderivative of Z - } /Ql—,djfg ).

The graph of Z+ v;, (Z) (resp. Z+ v;_(Z)) is called the 1-
integral curve (resp. 3-integral curve) issued from (7,2). If (9,2)
is a left state, the right states that can be connected to it by an
entropic rarefaction wave are those located on the 1-integral curve
{(v,-‘_(Z),Z) 17 < Z} or the 3-integral curve {(v,-,_(Z),Z) 17> 2}.
Indeed, on these curves the associated eigenvalue is increas-
ing. If (,2) is a right state, the left states that can be con-
nected to it by an entropic rarefaction wave are those located on
the 1-integral curve {(v;_(Z).Z) :Z > Z} or the 3-integral curve
{(vL,(Z),Z) 17 < 2}. Indeed, on these curves the associated eigen-
value is decreasing.

Contact discontinuities. Since the second characteristic field is lin-
early degenerate, there are linear discontinuities that propagate at
velocity A, = 7. Let us write the Rankine-Hugoniot conditions:

(4] = ilo]. [‘5+p8<2)]=f»[q1, [zg]=ﬁ[21.

From the first relation, we obtain v = ¥ and then the second rela-
tion states that the pressure jump is zero. By strict monotony of
the pressure, it implies that Z=Z and the third equation is sat-
isfied. Along this discontinuity, the velocity and the pressure are
thus conserved. Note that every density jump is possible.

A2. Solution to Riemann problem

Let (o¢, q¢, Z¢) and (or, qr, Zr) be the left and right initial states
(A.2). The solutions to Riemann problems are determined as fol-
lows. First, in the (v, Z) plane, find out the intersection state (vp,
Zm) of the 1-st integral/Hugoniot curves issued from (v,, Z,) and
the 3-rd integral/Hugoniot curves issued from (v, Z;). Then, com-
pute the two densities gm, ¢ and om, r SO that the congestion density
across the two non-linear waves is conserved. Then we connect the
two distinct intermediate states by a contact discontinuity. We fi-
nally end up with the following solution:

shock, /rure faction

(Om,e. Om,eVm, Zm)
(Qm,ra Qm,rvms Zm)
(or. qr. Zr)

where om¢ = Zmo¢/Z¢ and om,r = Zmor/Zr. The nature of the non-
linear waves (rarefaction or shock) depends on the relative position
of the states (v, Z;), (vr, Zr) in the (v, Z) plane.

(0¢.9¢,Zy)

contact
—

shock/rare faction
—

(A.5)

A3. Limit e -0

We are now interested in the asymptotic behavior, when & — 0
of the Hugoniot l/hi and the integral curves v'? obtained in the
previous paragraph for the elementary waves. We have the follow-
ing result.

Proposition 1. The graph  of the  Hugoniot  curve,
{(ZU 2):Ze]o0, 1)} tends to the union of the set

{(Z @) :Ze]lo, 1)} and the horizontal half straight line
{(l,u) tvelvp (1), +o0) }.

The graph of the integral curve, {(Z, vﬁi(Z)) :Z €0, 1)}, tends to
the union of the set {(Z, vgi(Z)) :Ze|0, 1)} and the horizontal half
straight line {(1,v) :v e [V (1), +00) }.

The proof of this proposition uses the convexity of the pressure
and are similar to the one developed in [16].

Regarding the Riemann problem in the limit € — 0O, the intersec-
tion point of the 1-st integral/Hugoniot curves issued from (v, Z;)
and the 3-rd integral/Hugoniot curves issued from (v, Z;), denoted
by (v5,Z5), has either a limit (v3,29%) with 0 <Z% <1 or tends
to a congested state (¥, 1). Then finding a solution can be divided
into the following steps:

(1) compute the intersection (v, Z%) of the 1-st integral/Hugoniot
curves and 3-rd integral/Hugoniot curves;

(2a) if Z9, < 1, the solution is as described in the previous section,
it is a usual Riemann solution of the hyperbolic system with no
congestion pressure;

(2b) if Z8 > 1, then the congested state is given by the following
proposition.
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Proposition 2 (Case Z0 > 1). The solution consists in three waves:

shock contact shock

(©0.qe.Z0) =" (0;.0;0.1) "= (0f, 0/, 1) "= (0r.qr. Zr)

where the intermediate velocity v and pressure p satisfy:

V=uv,— \/g\/(l —Zy)(p— Po(Ze))
=Ur+ \/Z\/(‘1 —Z:)(Pp— po(Zr)).

the intermediate densities are given by:

O =0¢/Z2 =0;, Or=o0r/Zr =05,

and the shock speeds o_, o, are given by:

o; =
o=V — |—=t /b —po(Z),
‘ oc(0f — 00) P~ po(Z)

&% /b po@)

or(of — or)

This proposition can be proven using similar arguments as in
[16].

Below, on Fig. A.11 we present two different solutions to the
Riemann problem (A.1) and (A.2). Depending on the initial location
of the left and right states, the intersection state (vyn, Zy) might be
a congested state or not.

O'+:Ur+

Appendix B. Fully discrete scheme in dimension 2

We consider the computational domain [0, 1] x[0, 1] and
spatial space steps Ax=1/Nx, Ay =1/Ny >0, with Ny,Ny e N:
the mesh points are thus ¥; ; = (iAx, jAy), V(i, j) € {0,..., N} x
{0,...,Ny}. Let Qlﬂ_j, ql’.fj, Z,!?]., Ql*? denote the approximate solution
at time t" on mesh cell [iAx, (i+ 1)AX] x [jAx, (j + 1) Ax].

The two-dimensional version of (12) reads:

ofi' ol 1 1
ij Lj b opn+l _ pntdl L oEn+l _ Entl _
ar P axFey Filip) t ay oy ~ ) =0
(B.1)
a; -a; 1 1 = -
A+ A ity ~ Clcag) + fy(c(i,j+%) = Gij-1)
+ (Ve (Z™1));; =0, (B.2)
n+l_zn. 1 1
ij L b oegn+l _opgn+l L ogn+l o gn+l _
At + AX (H(H%J) H(i*%.j)) + Ay (H(i.jJr%) H3,(f.]'*%)) =0.
(B.3)

where fluxes F**1, G, H™*1 (in the first spatial direction) are de-
fined:

1
+1 _ +1 +1 _
Filin =73 (@i T ads) — @iy (B4)
1
3 =5 (Flp + Fip) = Py - (B.5)
1,2 n.
n+l 2 LT ontd TLJ ontl _ n
Hitin=3 <Q;1+”q1,<i+1,f> T ql.(LJ)) (D2)i, s (B.6)

with

n_ | (@DH*+p@E")
=] Ve |

Fluxes F**1, ", H™ in the second spatial direction are defined
by:

~ 1

+1 _ +1 +1
Fisty =3 (@0 + 431i5) — Do)y (B.7)
~n 1 ~n ~n
Gaijry = 5 (Fajen +Fap) = o),y (B8)
~ 172 VA

n+l 2 Tij+1 onga b gntl _ -
Hisen =3 <Qir,'j+l XU 0r; qz’(i‘j)) B2)ijey: (5:9)

with

7o |09 ‘
(@5)*+pZ")
The upwindings Dy, Dgq, D; are defined similarly as for the one-
dimensional case (sse (16) and (17)).
The implicit pressure in (B.2) is discretized by the centered dif-
ference:

m @) @)

n+1yy, . 2Ax
(Vrr.(Z"))i e (Zln;r_:l) — 7. (Zln;r_ll)

2Ay

Inserting Eq. (B.2) into (B.3), we obtain:
Zi 2 %(H?H%J) B H?H%.j)) + %(H?H%.j) - ﬁfw%,n)
_ Aitzl(zlnﬂj( no_gno )

Ax2 2 anﬂ,j (i+3.0).1 i+,

VA
S AT AN
__Ae 1(2311,1 @, =G )

AxAy2\gf, ;N @it 1 =)
72?71,j (“’n_ - 75,,_ o ))

Qinftj (i=1.j+3).1 (i-1,j=3).1
_ Aitzl(zirfjﬂ (Nn_ ' _5,1' ' )

Ay? 2 o' (ij+3).2  Tj+3).2

Zn -
a g:nj:ll (G?i,j—%).z - Gr(li,j—%).z))
AP 1<ij+1( n o )

AxAy 270}, (i+3.j+1).2 (i-1.j+1).2
_z?j—l( noGh ))

Qr!?j—l (i+3.J-1).2 (i-3.j-1).2

2 no_.

- s (gt )

n

VA
(e @y - me2)))

i1
At? 1 erjj-*-] n+1 n+1
T Ay Z(Q{’M (e (Z11) - 7 (Z1)
-
- 2L () - m @) ) = o.
ij-1

where terms H" and ﬁn have the same expressions as (B.6)-(B.9)
but where all quantities are taken explicitly.
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Appendix C. Second order in time (g, q)-method/SL

The second order accuracy scheme for the (o, q)-method/SL is
based on a Strang splitting between advection of congestion den-
sity and advection of (g, q). It consists in the following steps:

1. Compute o* "t1/2 by solving the advection over At/2

Q*n+1/2 _ Q*n n

wM__

2. Compute (o™t1, g™1) with the RK2CN scheme as proposed
in [12]: First step (half time step):

n+1/2 _ An

Q At/z Q + Vx . qn+1/2 _ Dg =0,
n+1/2 _ gn " q"

: At/Zq Vi (q Q"q +p(Z”)I>

_ Dg + Vx(ffs (Qn+1/2/Q>s«.n+1/2)) =0.
Second step (full time step):

n+1 _ 4n n+1 n
HWX-(“*")—Dg:o,

At 2
qn+l _ qn qn+1/2 ® qn+1/2 12 12
T+Vx~ W+p(zn+/)l - Dyt
n A n+1/2 n+1/H%,n+1/2
+Vx(ng(9 /e )+2na(e /e )) “o

where Dy, Dgq denote the numerical diffusion coming from fluxes.
3. Advection of ¢* on At/2 time step

#N+1 *N+1/2 n+1
- q

Q Q n 1

At/2 ont

A second order in time version of the semi-Lagrangian scheme

has to be used. We here consider the second order Taylor approx-

imation of the caracteristic line whose one-dimensional version

reads:

. VxQ*I‘H—]/Z -0.

#n+1 *1 Atz
0" =[] x,-—u,-At+a,-viT .
where v; =q;/0; for all i and g; is an upwind finite difference
approximation of the first derivative of the velocity: a; = (v; —
vi_1)/Ax if vi>0 and a; = (v —v;)/Ax if v;<O0.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at 10.1016/j.compfluid.2017.09.007.
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