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Summary. This is a survey on sum-product formulae and methods. We state old and new
results. Our main objective was to introduce the basic techniques used to bound the size of
the product and sum sets of finite subsets of a field.

1 Introduction

1.1 A Few Definitions

We define

A+B = {ge€ G: There exista € A,b € B such that g = a+ b}; and
A-B={ab:acAbecB}.

We let ryp(n) :==#{a € A, b€ B: n=a+b}, rap(n) :=#{ac A,b € B: n=ab}, and
note that 0 < ra;p(n) < min{|A[,[B|} since r41p(n) = [AN(n—B)| < |A| and ra;p(n) =
|BN(n—A)| < |B|. We write A(t) = Y qca e(at) where e(u) = e*™,

1.2 Multiplication Tables

We learnt to multiply by memorizing the multiplication tables; that is, we wrote down a table
with the rows and columns indexed by the integers between 1 and N and the entries in the table
were the row entry times the column entry.! Paul ErdSs presumably learnt his multiplication
tables rather more rapidly than the other students, and was left wondering: How many distinct
integers are there in the N-by-N multiplication table? Note that if we take A = {1,2,...,N},
then we are asking how big is A - A? Or, more specifically, since the numbers in the N-by-N
multiplication table are all < N2, what proportion of the integers up to N2 actually appear in
the table? That is,
Does |A-A|/N? tend to a limit as N — oo?

Erd6s showed that the answer is, yes, and that the limit is 0. His proof comes straight from
“The Book”.2 Erd6s’s proof is based on the celebrated result of Hardy and Ramanujan that
“almost all” positive integers n < N have ~ loglog N (not necessarily distinct) prime factors
(here “almost all” means for all but o(N) values of n < N): Hardy and Ramanujan’s result

'A.G.: In my primary school we took n = 12 which was the basic multiple needed for
understanding U.K. currency at that time.

2Erd6s claimed that the Supreme Being kept a book of all the best proofs, and only
occasionally would allow any mortal to glimpse at “The Book”.
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implies that “almost all” products ab with a,b < N have ~ 2loglogN prime factors, whereas
“almost all” integers < N2 have ~ loglog(N?) ~ loglogN prime factors! The result follows
from comparing these two statements.

1.3 The Motivating Conjectures

In fact one can show that |A - A| is large whenever A is an arithmetic progression or, more
generally, when A is a generalized arithmetic progression of not-too-large dimension. 3
This led Erd6s and Szemerédi to the conjecture that for any € > 0, there exists cg > 0
such that
IA+A|+]A-A| > celAPP7E. (1

Even more, the second author conjectured that if |[A| = |[B| = |C| then
|A+B|+|A-C| > ce|A]*E. 2)
Perhaps the most general version is
Either |A+B| > (|A||B])' ¢ or |A-C| > (JA||C|)!~¢

with no restrictions on the sizes of A,B and C. The thinking in these conjectures is that if
A+ B is small then A must be “structured”, more precisely that it must look like a largish
subset of a generalized arithmetic progression, and similarly if AC is small then logA must
look like a largish subset of a generalized arithmetic progression, and that these two structures
are incompatible.

2 Sum-Product for Real Numbers

2.1 Results Via Discrete Geometry

The second author proved (2) for € = 8/11 [27] (see Theorem 1 below). We now prove (2)
for € = 3/4. We begin by stating the

Szemerédi-Trotter Theorem. We are given a set € of m curves in R? such that
e Each pair of curves meet in < K| points;
e Any pair of points lie on < K» curves.

For any given set &2 of n points, there are < m+4xyn+ 4K K21/3 (mn)2/3 pairs (7,y) with
point T € & lying on curve Y € 6.

Székely provided a gorgeous proof of this result, straight from The Book, via geometric
and random graph theory. From this Elekes elegantly deduced the following:

3A generalized arithmetic progression is the image of a lattice, that is:
C:={ay+ainm+any+---+ang: 0<n; <N;j—1forl < j<k},

where N1, N,,..., Ny are integers > 2. This generalized arithmetic progression is said to have
dimension k and volume NN, ...Ny; and is proper if its elements are distinct.
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Theorem 1. IfA,B,C C Z then
1
A+Bl 14+l > 5 (] - DP4(BC)'. G)

Proof. If |A+BJ||A-C| > (%\BHCD2 then at least one of |JA+ B| and |A-C| is > 2%|BHC
and they are both > |A|, so that their product is > 2i4|A|3|BHC\. Hence |A+B|+|A-C| >
%|A\3/4(|BHC\)1/4, which implies the result. Hence we may assume that |[A + B||A - C| <
7 (|BIIC])>.

Let & be the set of points (A+ B) x (A-C); and € the set of lines y = ¢(x — b) where
b € B and ¢ € C. In the Szemerédi—Trotter Theorem we have k] = k» = 1 with

m=|B||C|] and n<N:=|A+B||A-C|,

since the set of points is U,c4 (a + B, aC). For fixed b € B and ¢ € C, all of the points {(a +
b,ac) :a € A} in Z lie on the line y = c(x — b), so that

#H(m,y):me Ponye€} > |Am.
Substituting this into the Szemerédi—Trotter Theorem we obtain
(|A| = 1)m < 4n+4(mn)*> < 4N +4(mN)?/3.

We assumed that N < m?/28, so that N < (mN)2/3/28/3 < (22/3 —1)(mN)?/3, and hence
(JA| = 1)m'/3 < 4(2N)2/3. This implies that N > (JA| — 1)*/2(|BJ|C|)!/?/16. O

Corollary 2.1. IfA C Z then
1
IA+A|+]A-A] > 5|A\5/4.

Next we give an argument that improves this. It is still not the best result currently known
in the direction of (1) but it uses the Szemerédi—Trotter Theorem only which has several
advantages. The most important advantage is that incidence bounds between points and lines
on a plane over any field K provide sum-product bounds in K. Even better, the point set where
the incidence bounds are needed have a special Cartesian product structure. For example on
the complex plane, C2, it is quite easy to give a Szemerédi-Trotter type bound (with the
same exponents) for lines and points of a Cartesian product like (A + B) x (A - C) above. The
incidence bound for this special case appeared in [26]. Another example is Vinh’s work [30]
who used a Szemerédi-Trotter type bound to obtain a different proof of Garaev’s sum-product
estimate in finite fields (See Theorem 3 below).

Theorem 2. [27] If A,B,C,D C Z with 0 & C then

A 1/4
A/ClIA+B[C+D| > <|A||cw>3/2<\3\|D\>‘/2min{1, %} .

Part of this follows from

Proposition 2.2. IfA,B,C,D C Z with 0 & C and |A/C| < |B||D| then

l4/CP (jA+BlIC+DJ)* > (IAllcD®(1BI1D)), )

b
2-1010
and 6
1 Al||C|)>(|B||D
‘ACP(|A+BHC+D|)4279 (|3 H |) (| H |)

107 log” (4min{|A,|C]})
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‘We note some consequences:

Corollary 2.3. If A,C C Z with O € C then

1
A/CPP JA+C® > s—5 (lAl[C]) Q)
2-10
and ;
|AC|3 ‘A+C|8>L (‘AHCD )
~ 10% log?(4min{|A,[C[})
Hence
3 8 A"
‘AA‘ |A+A| > 37;
log” (4/A[)

in particular if |A+A| < x|A| then |AA| > k~8/3|A|2/log(4/|A|).

Remark. IfA={1,...,N} then |AA| < N2/(logN)? (loglog N)3/2 for some § = 1 — % =
0.08607.... Hence some power of log in the denominator in this last result is unavoidable.

Proof of Proposition 2.2. Let V (k) denote the set of m € C/A for which 2% < r /a(m) < 2K+
fork=0,1,2,... Consider ¢ = %} the set of lines y = mx -+ e with m € V (k) which contain at
least one point (x,y) € B x D. Each (x,y) € B x D lies on exactly |V (k)| lines of ¢} (as may
be seen by taking e = b — dm for each m € V (k)), so that

V(K)|BIID| < || +4|BI|D| +4(| %] 1BI|D|)*/

by the Szemerédi-Trotter Theorem. Hence either |V (k)| < 14 or %|V(k)|\BHD\ < |G|+
4(|%x||B||D])*/® which implies that

o1 1
i > min{ |V (})][BIID], 5= IV ()P (|BIID] 2}

Now [V (k)| < C/A| < |BID| so that [4] > % v (&) P/2(1BIID]) /2.

Now consider the set of points (A + B) x (C+ D). If y = mx+ e is a line in %} containing
the point (b,d) then it also contains the points (a + b,c+d) whenever ¢/a = m with a €
A,c € C. Hence each such line contains at least 2 points from (A + B) x (C + D) and the
Szemerédi-Trotter Theorem then yields 2%|%}| < |6}| +4|A + B||C+D| +4(|6||A + B||C +
D|)?/3. Hence

(2 —1)|%,| < max{80|A+B||C+D|,4.2 (|%||A+B||C+D)*?}

which implies that

|A+B||C+D| (|A+B||C+D]|)? } B 8O(\A+B||C+D|)2

< soman {2 B @17

where this last inequality follows since r¢/4 (m) < min{|A[,|C|} which implies that
(2K —1)* <reja(m)* <|A||C| < |A+B||IC+D.
Combining the deductions at the end of the last two paragraphs gives

102/3 (|A+B||C+D])*3

2
V= 60 o 2 i)y

©)
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Therefore

ok 4/3
Y repmm <y Y 291<33s Z 0 (|A+BHC+1I/)3D
Vc/A(m)ZZK k>K meV (k) k>K (|BHD|)
26 (A+Blc+D)Y?
K-z (BIDD'3

<670

and this is < 1|A||C| provided 2K > 671(|A + B||C + D|)*/3/(|A[|C|)(|B||D|)'/3. So select
the smallest K for which this holds, so that

(|A+B|[C+D|)*/?

1
~|Allc| < resm(m) < 2K|C/A| < 1342|c/A) 22T 2D
2 L e (JA[[Cl)(|BIDJ)1/3

c/a (m)<2K

and the first result follows.
Let us also note that, by the Cauchy—Schwarz inequality

ZrAc

2

(lAlic)? < |ACI Y rac(n)® = |ACI Y rca(m)* < 4|AC| YV (k)2%.
n m k

By (6), and the fact that 2 < /4(m) < min{|A],|C|} we deduce the second result. |

Proof of Theorem 2 when |C/A| > |B||D|. We may assume that
A+ Bl|C+ D < (JAllc)*?/(118(|B|ID])'/?),

else we obtain the result by multiplying through by |A/C>/* > (|B||D|)3/*.
In the proof of Proposition 2.2 we note that if V (k) > |B||D| then

4G _ 1y (A+BIC+D]?

V(k) < < ,
®) < T5ip) @ 13 [B/D)

so we obtain Y., <ok T/ (m) > 1|A||C]| provided

X (|A+B||C+D|)*? |A+B||C+D| |A+B||C+D|
2 > m 5 = )
(IAl[CI)(|BI|D)/3 " (|A||B[C||D])'/? (|A][B||c||D|)!/?

the last equality following from our assumption, and the result follows as in the proof of
Proposition 2.2. a
2.2 Some Easier Ideas

The multiplicative energy of two finite sets A, B is defined as

E. (A,B) =#{a|,a2 €A, by,bp €B: ajb =a2b2} = Z |aAﬂbA\.
a,beB

By the Cauchy—Schwarz inequality we have Ex (A,B)? < Ey(A,A)Ex(B,B). We also can

write
B) = ZrAB(’")2 =Y rasp(n) ZrA/A n)rg/p(n

m
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and hence, by the Cauchy—Schwarz inequality

2
(JA||B|)? = (ZrAB(m)) < |AB| Y. rap(m)* = |AB|E«(A,B). @)

Similarly (|A||B|)? < |A/B|Ex (A,B). Finally, if A NA; = 0 then T(A,uAy)B (M) = TaB(n) +
ra,5(n) and so, by the Cauchy—Schwarz inequality,

Ex(A1UAy,B) = Zr(Alqu)B(m)z

< 2Y(rap(n) +7a5(n)) = 2(Ex (A1.B) + Ex(42,B)).  (®)
m
Proposition 2.4. (Solymosi, [28]) If A and B are finite sets of real numbers, not containing
{0} then
Ex(A,B) < 12|A+A||B + B|log(3min{|A], |B|}), ©)

and hence, by (7),
|A+A||B+ B|min{|A/B],|AB|} > (A||B|)*/(12log(3min{|A|, |B[}).

Remarks. Note that there are examples with 0 € AU B where this bound cannot hold. For
example, if 0 € B then Ex (A,B) > #{a,d’ € A:a0 =0 =a'0} = |A|> whereas the bound in
Proposition 2.4 is smaller than |A|? if A and B are both arithmetic progressions with |B| <
|Al/log|A].

Note also that this bound is, more-or-less, best possible in any example with |[A+A| < |A]
and |B+ B| < |B| since, trivially, Ex (A,B) > |A||B|.

Proof. We begin by proving this result when A and B are both finite sets of positive real
numbers. Let m := min{|A[,|B|}. If m = 1 then Ex (A,B) = max{|A|,|B|} and the result is
easy, soO we may assume m > 2.

LetRp/4(¢) ={(a,b) €Ax B:b=1{a} which has size rg /5 (¢), and note that rg 5 (¢) < m.
Let L :={(: 2¢ < rp/a(l) < 2k+11 and K = [logm/log2] + 1. Then

K—1
Y Y rpa0)?= ;rB/Aw)z =E«(A,B),

k=0 teLy;
and
K-1 K—1 2K+2 2
2 16m
2 2k+2
k=0 (cL; k=0
|Le|=

Hence there exists k with |L;| > 2 for which
1 16m?
2
¥ ryalt? > ¢ (Baam) - 155,
leLy K 3
Let L = {¢1 < {lp < ...<{} with r > 2; we claim that the elements of

r—1
\J (Rga(ti) +Rp/a(li1)) CAXB+AXB
i=1

are distinct. For if i < j with a; +a;11 = aj+aj then
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Giai+Lipraiy < lip1(ai+ai) <Llj(aj+ajrr) < ljaj+Ljr1ajpr;
and if (a+d',0ia+¢;1d') = (x,y) then a and @' are determined, and so unique. Now, as
AXB+AXB=(A+A)x (B+ B), we deduce that

r—1
[A+A|[B+B| = [AxB+AXB| > Y rga(ti)rga(lis1)

i=1

,
(r—1)2% > 22k > = ZrB/A

[\

1 16m?
K (EX (A,B)— T) )

8log?2
E.(A.B)< =05
and then (9) follows for m > 2 after a little calculation, using the fact that |C +C| > 2|C| — 1.
Now if A only has positive real numbers, and 0 ¢ B then write B = B4 U B_ where
By ={beB:+b>0}. Now Ex(A,B_) = Ex (A, —B_) by definition so, by (8) and then the
case in which we have already proved (9), we have

I\/

From this we deduce that

16
|A+A|B+B|+ —mm{\A| |B|}?,

Ex(A,B) < 2E«(A,B})+2E(A,—B_)
< 12|A+A[(By + By | + |B— +B_|)log(3min{|A|.|B[})
which implies (9), since B+ + B and B_ + B_ are evidently disjoint subsets of B+ B (as
their elements are of different signs).

Finally, if 0 ¢ AU B, then (9) follows similarly from this last result by partitioning A as
A UA_. O

Remark. We can deduce bounds on Ex (A, B), when 0 € AU B, from Proposition 2.4, using
the following

If 0 ¢ A but 0 € B = ByU{0} then, by definition, Ex (A,B) = Ex(A,By) + |A|* and
B+ B = (By+ By) UB.

If0eA=AgU{0} and 0 € B=ByU{0} then Ex (A,B) = Ex (Ao, Bo) + (JA| +|B| — 1)2
withA+A = (A9 +Ap) UA and B+ B = (By + By) UB.

Corollary 2.5. If A is any finite set of real numbers then
Ex(A,B) < 12]A+A|*log(3|A]), (10)
and hence, by (7),
A+ A min{|A/A|,|AA]} > |A*/(1210g(3/A]).
Proof. Tf 0 ¢ A then our bound follows from setting B = A in (9). If 0 € A then we use the
information in the previous remark, together with (9), to obtain
Ex(A,A) = Ex(Ao,A0) + (2]A| = 1)* < 124 + Ao [*log(3|A]) + (2|4] — 1)

= 12(JA+A| — |A])log(3[A]) + (2] — 1)?

= 12|A+ A log(3]A]) + 1210g(3|A|) (JA]* — 2|A[|A +A]) + (2]A| — 1)?

< 12|A+A[ log(3|A]) + 1210g(3|A[) (2|A| - 3]A|*) + (2]A] — 1)?
as [A+A| > 2|A| — 1, which yields (10). |
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A similar bound for complex numbers was obtained by Konyagin and Rudnev in [21].
Very recently Konyagin and Shkredov announced an improvement on the sum-product bound.
They proved in [22] that

JA+A|+|A-A| > |A]¥/3+e

where ﬁ > ¢ > 0 is an absolute constant.

2.3 Small Product Sets

From Corollary 2.3 it follows that if the sumset is very small then the product set is almost
quadratic. The opposite statement is surprisingly hard to prove. It was Chang’s observation
[6] that one can use a powerful tool, the Subspace Theorem, to obtain such bound. For the
history and more details about the Subspace Theorem we refer to the excellent survey paper
of Yuri Bilu [3].

An important variant of the Subspace Theorem was proved by Evertse, Schlickewei and
Schmidt [8]. We present the version with the best known bound due to Amoroso and Viada

[1].

Theorem 2.6. Let K be a field of characteristic 0, I' a subgroup of K* of rank r, and
ai,ay,...,an € K*. Then the number of solutions of the equation

aizi+axzp+ -+ anzp =1 (11
with z; € I' and no subsum on the left hand side vanishing is at most
An,r) < (8n)4n4(n+nr+l).
We are going to use the following result of Freiman (Lemma 1.14 in [10]).

Proposition 1. Ler A C C. If |AA| < C|A| then A is a subset of a multiplicative subgroup of
C* of rank at most r, where r is a constant depending on C.

Theorem 2.7. Let A C C with |A| = n. Suppose |AA| < Cn. Then there is a constant C' de-

pending only on C such that
2

A+A]> 2 +Cn.

Proof. We consider solutions of x; +x; = x3 + x4 with x; € A. A solution of this equation
corresponds to two pairs of elements from A that give the same element in A 4 A. Let us
suppose that x| +x, # 0 (there are at most |A| = n solutions of the equation x| 4+ x, = 0 with
X1,X0 €EA.)
First we consider the solutions with x4 = 0. Then by rearranging we get
di2 (12)
X3 X3
By Proposition 1 and Theorem 2.6 there are at most s (C) solutions of y; +y, = 1 with no
subsum vanishing. Each of these gives at most n solutions of (12) since there are n choices
for x3. There are only two solutions of y; +y, = 1 with a vanishing subsum, namely y; =0
or y, = 0, and each of these gives n solutions of (12). So we have a total of (s;(C)+2)n
solutions of (12).
For x4 # 0 we get
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D42 5 (13)
X4 X4 X4
Again by Proposition 1 and Theorem 2.6, the number of solutions of this with no vanishing
subsum is at most s (C)n. If we have a vanishing subsum then x; = —x, which is a case we
excluded earlier or x| = x3 and then x, = x4, or x = x3 and then x| = x4. So we get at most
212 solutions of (13) with a vanishing subsum (these are the x; +x, = xp + x| identities.)
So, in total, we have at most 2n% + s(C)n solutions of x; 4+ x; = x3 + x4 with x; € A.
Suppose [A+A|=kand A+ A = {ay,...,0}. We may assume that o; = 0. Recall that we
ignore sums a; +a; = 0. Let

P={(a,b) eAxA:a+b=0oy}, 2<i<k.
Then
k
Z|P,| >n?—n=n(n—1).
i=2

Also, a solution of x| +x, = x3 4+ x4 corresponds to picking two values from P; where x| +
xp = ;. Thus

i=2

, koo k 2 (n—1)2
2n ‘I’S(C)nzizzi“)i‘ Zm Z‘Pl| Zk—il
by the Cauchy-Schwarz inequality. The bound for k = |A 4+ A| follows.

2.4 Upper Bounds in the Sum-Product Inequality

One obvious way to obtain upper bounds is to select A to be a largish subset of {1,...,x}
with lots of multiplicative structure. For example we could let A be the set of integers < x
all of whose prime factors are <y, so that |A| = ¥(x,y), |AA| < ¥(x?,y) and |A +A| < 2x.
Roughly ¥(x,y) = x((e +0(1))/ulogu)" when x = y*; so that |AA|/|A|* = (1/2 4 o(1))*"
and |A+A|/|A]? = (ulogu/(e+o0(1)))?* /x. We select u so that these are roughly equal, that

isu= Zlé(;%ggx (1 + 1;;15;1), and thus y < (logx)2. Therefore |A| = x!/22(1+0(1)# Hence

we have an infinite family of examples in which, if |A| = N then

log4+o(1)

max{|A +A|, ‘AA‘} < N27 ToglogN

We can obtain this result without using any “machinery”: Let A be the set of N := (* (}2”)
integers composed of no more than u not necessarily distinct primes factors <y. Then A C
[1,%] so that |A +A| < 2y", whereas |[AA| = ("()2:2”). We select u = [ey'/2/21ogy] so that,
by Stirling’s formula and the prime number theorem,

N (M)"eow/logw = (2312)" 009) — (ulogu)* Dy,

u

and therefore u ~ log N /loglog N. Now, by similar calculations we find that

_ log4+o(1)

|AA| and |A +A| = |A[? /22 +0(1)u0(u/logy) — N? Tloglog
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3 Sum-Product Inequalities over Finite Fields

The Szemerédi-Trotter Theorem does not hold over IF, which renders all of the above results
moot in this setting. However such results in finite fields are the most applicable, so we will
now pursue this. The first thing to note is that we must modify (1) when the set A is large,
hence Garaev conjectured that if A C I}, then

JA+A|+|A-A] > min{|A*/ /P, V/PIA} /|A]°D. (14)

Upper Bounds in F, We begin by showing that the lower bound in Garaev’s conjecture
cannot, in general, be increased:

Proposition 3.1. For any given integers I,J,N with 1 <N <I1.J < p and N < [1J/p], there
exist AC B,C C ), with |A| =N, |B| =J,|C| =1 such that

|A+B| <2|B|and |A-C| < 2|C|.
In particular, for any given N,1 < N < p, there exists A C Fp, with |A| = N such that
max{|A+A|,|A-A|} < min{|A|*,2\/p|A| +1}.

Remark. If we have max{|A +AJ,|A-A|} > |A]>~°(1) for all sets A C F, of size N, then the
second part of Proposition 3.1 implies that N < pl/ 3-o(1),

Proof. Let C:={g',...,g'} where g is a primitive root mod p, and A, := C N By for each
x € F, where By :=x+{1,...,J}. Now

I J
YA =) Y #{xeF,: x=¢'"—j}=1J,
X i=1j=1

so that there exists x with |A,| > IJ/p. Let A be any subset of A, of size N, and B = By.
Therefore A+A CA+BCB+B={2x+2,....2x+2J},A-ACC-CcC{g?....¢%} so
that JA+A| <|A+B| <|B+B| <2Jand |A-A| < |A-C| <|C-C| < 2I, which completes the
proof of the first part. Now, taking / = J = [/pN| we find that |[A+A|,|A-A| <2[/pN]| — 1,
which implies the second part. O

A Little Cauchying Let us make note of a couple of inequalities, for characteristic func-

tions Of sets: By Cauchy we obtain
p P

(sh(2)s()) <z

2 2

)y

J

—plAl-plBl.  (15)

By Cauchy we obtain
kab g kab ?
y Ze(i) <Y1y Ze(i)
acAbeB \ P acA acAl|beB \ P
2
kab
> Ze()'ﬂAme (16)
acF, |beB \ P

by Parseval.
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Lower Bounds in IF,,

Theorem 3. (Garaev) If A,B,C C F), with 0 & C then

A A||B||C
A+B|JA-C| > 'LT'.min{M,zp}.
p

Remark. Taking I =J = [/pN] in Proposition 3.1, we obtain examples with [A+B| |A-C| <
4pl|A|. Therefore Theorem 3 is best possible, up to a factor of 8, when |A||B||C| > 2p®. In
particular for |A| = |B| = [C] > 2p?/3.

Theorem 3 and its proof remain valid, with suitable modifications, in F, X IF,, (chang-
ing both occurrences of p to ¢ = p? in the lower bound). If we select a set D C IF, such
that |D+ D|,|DD| < min{|D|?, p} then taking A = B = C = D x F,, we have |A + B|,|AC| =<
pmin{|D|?, p} = min{|A|>/p, p*} so that |A + A||AA| =< min{|A|*/q,4*}. Therefore Theo-
rem 3 is best possible up to a constant factor when ql/ 2< Al < q3/ 4. in this setting.

First by letting C — 1/C above, and then by taking A = B = C we deduce:

Corollary 3.2. IfA,B,C C F), with 0 & C then
A A||B||C
e Blase = A .mm{M,zP}.
p

IfACTF, withO & A then

3
A+A-AA,A+A~AA2@~min &,2 .
4 p P

If A is a multiplicative subgroup of ¥, then
[A+A| > min{&,p/Z} .
4p
Proof of Theorem 3. For any a € A,b € B,c € C we have a distinct solution to
u/c+b=v an

withu € AC,c € C,b € B, v €V = A+ B, where u = ac and v = a+ b. Hence |A||B||C] is no
more than the total number of solutions of (3.4), which equals

Y LY ¥ Lye(deerhon)

ueAC ceCheBveA+B P j=0 P

1p—]A . . o .
SR () B R )
PiZo \P P J ueAccec p
B||C||A + B||AC 1 k
BICIALBIACL, L | 5 5 (1)
UEAC ceC p

p P k#0
B||C||A + BJ|AC
< BIClA+BIAC] |/ BeTA+ BAC]

p

by (15) with A replaced by V, and by (16) with A replaced by AC and B replaced by 1/C, and
the result follows. a

B

()

)y

J#0

)
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Theorem 4. Suppose that A,B,C,D C F),, and C does not contain 0.
If|A+B||C+D||A/C|?|B||D| < p* then
A||C)?|B||D
A+ Bjcs by (AICDBIDI
4p

If|A+ B||C+D||A/C|?|B||D| > p* then
IA+B||C+Dl|A/C| > g\AHCL

Corollary 3.3. [f0 ¢ A C F,, and |A+A||A/A||A| < p?, then |A+A| > |A]}/2p.

If|A+A| < k|A| and |A| > p*/3 then |AA|,|A/A| > p/2x (by Corollary 3.2).

If|A+A| < k|A| and (2kp)'/? < |A| < p?/3 then |A/A| > p/2K? .
Remark. The first part is stronger than Garaev’s |AA||A +A| > |A|*/2p in this range.
Proof of Theorem 4. Let us look at solutions to u —b = m(v —d) with b € B,d € D,u €
U=A+ByveV=C+DmeM=A/C. For each (a,b,c,d) € Ax Bx C x D we have

the (distinct) solution (b,d,u,v,m) = (b,d,a+b,c+d,a/c), so there are at least |A||B||C||D|
solutions. On the other hand we can give an exact count via the exponential sum

152) (j(u—b—m(v—d))) _|B||D||U||V||M| + Error

Y e
p p
|Error| < max

bduvm P j=0
im\ o (—im\| (P G\ A —)
L) S GG
i#0 S\ p p =\ p
By Cauchy—Schwarz this gives
oG EF G ER G ERG)
p p p p
which is < p|D|p|V|p|U|p|B| by (15). Hence we have proved

B||ID||U|V|M]
lAllBlIClID < —,  trv |B[DIUV],

and the result follows. a

where

2

>

meM

2 p-1 2

|Error|? < Z B

meM

= =1

Theorem 5 ([17]). Suppose that A,B,C,D C F), and A,C do not contain 0.
If|A+B||C+D||B||D| < p? then

AC*|A +B||C +D| > (|A||C])*|BI|DI/p-
If|A+B||C+D||B||D| > p then
|AC||A +B||C+D| > plA||C|.

Remark. We claim that these bounds can be obtained trivially if |A||C|(|B||D|)* < p*: The
second case cannot hold since

|AlICI(B[|DI)* = |A|IBI|C||DI|B||D| > |A+BI|C +D||B||D| > p,

but then [AC|*|A+B||C+D| > |A||C| [A]*3|B|'/3 |C]*3|D|'/3 = (|A||C))*|BI|DI/p- (p*/ (IAIICI(|BI|DI)*)'/? >
(lAllcl)?(Bl1DI/p.
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Proof. There exists m € AC such that rac(m) > |A||C|/|AC|. Now in the set
{(u,v) € (A+B)x (C+D), (b,d)e BxD: (u—b)(v—d) =m}

we evidently have the distinct points ((a + b,c+d), (b,d)) for every b € B,d € D and a €
A,c € C with ac = m; a total of |B||D|rac(m) > |A||B||C||D|/|AC| points. To get an exact
count, write U = A+ B, V =C+ D, to obtain

Py ly(feten) ty, (emde)

bduv s PG P P p
duy IS ;

GG GG 5 57

The i = j =0 term ylelds —111/||B||V||D|, since there are exactly p — 1 solutions to rs =

If j =0buti+# 0 then ourﬁnal sum equals —1, so that the sum over i # 0 is - 7 \VHD|(|U||B\

p|UNBJ). Similarly with i = 0. Finally if i # 0 and j # 0 then the final term is < 2,/p in
absolute value by a well-known result on Kloosterman sums, and the total contribution is

therefore ) ) )
i S (J\ A
2 GG Bl G )
3/2l7é() () <p) j#0 p p
and by Cauchying the square of this is
i —i -\
o (el glr ()] £l ()] =swwmmiv
p p
Putting this altogether we obtain
AlIBIIC]ID] _ p+1
< —|U|IBI|V||D|+2+/p|U||B|[D]|V],
|AC| P

which implies the result. O

2

L

i

2

)y

J

v

LD

j

Corollary 3.4. Suppose that 0 ¢ A C F,. If |A+A||A| < p*/? then
[AA|IA+A| > |A]P//p.

If[A+A||A| > p*/? then
|AA[[A+A[* > plAP.

This is only non-trivial if [A| > p!/2

4 Ruzsa-Plunnecke Type Inequalities

We begin with a key result of Ruzsa:

Proposition 4.1. If X, Ay, ..., Ay CIF, then there exists a non-empty Y C X such that

k A
[Y +A; +.. 4+ A <11 |X+A,|.

Y| 1 Xl
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Corollary 4.2. IfA,B,C C T, then

|A+C||B+C

|JA£B| <
[

Proof. We can define an injective map ¢ : (A—B) x C — (A+C) x (B+C) as follows, so
that the inequality |A — B| < [A+C||B+C|/|C| holds: If A € A—B fix ay € A, by € B such
that A = a; — b, and then define ¢(A,c) = (ay, +c¢,b), +¢). The map is injective since if
u=ay+candv=>by +cthen A =u—vandthenc=u—ajy.

For the other case take k = 2,A; = A,A, = B,X = C in Proposition 4.1 to obtain that
there exists non-empty ¥ C C such that

|A+C| [B+C|
IC| ICl

|A+C| [B+C|

A+B|<|Y +A+B| <
IC| Cl

Y[ < IC].

Corollary 4.3. If X Ay, ..., Ay C I}, then there exists Z C X such that |Z| > %\X| and

|Z+A+... + 4 - 2’<ﬁ X +A,]
\Z| i1 Xl
Proof. By Proposition 4.1 we know that there exists a set Z C X for which the inequality
holds, so let Z' be the largest subset of X for which this inequality is satisfied and suppose
that |Z'| < |X|. Apply Corollary 4.2 with X’ = X \ Z' in place of X. Noting that |X'| >
|X]/2, and each [X" 4+ A;| < |X + A;| we deduce that there exists a non-empty ¥ C X’ such
that |Y +A; +... + 4| < 2|7 |TT5, (IX +A;]/|X|). Now let Z = Z' UY so that |Z+A; +
AL S |Z AL A A+ Y AL+ A, which is < 2KTTE (X +A;|/[X]) times
|Y|+|Z'| = |Z|, and thus our inequality is satisfied by Z which is larger than Z’, contradicting
the hypothesis. a

Corollary 4.4. For any a,b € ]F; and A,B C IF, we have

|A+A||B+B|
A+bB| < —————
la = S aaneE
and
arspp < ATAIBLB

maxyeck, 'aA+bB (n) .

Proof. In Corollary 4.2 replace A by aA, B by bB, and take C = (x + aA) N bB for some
x € F,. We note that aA + C C x + aA + aA which has the same size as A + A and, similarly,
bB + C C bB+ bB which has the same size as B+ B. The first result follows taking x = 0.
Now |C| = rpg_aa(x), so writing x = —n and changing b to —b, we get our second result. O

Corollary 4.5. For any a,b € F}, and A,B C F), we have

|A+BJ?

A+pB| < 221

la G

and 5
A+ B < —ATE]

MaXyeF, F'aB+bA (n) '
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Proof. In Corollary 4.2 now replace A by aA, B by bB, and take C = (x+ bA) NaB for some
x € F,. We note that aA + C C aA + aB which has the same size as A + B and, similarly,
bB + C C x+ bB+ bA which also has the same size as A 4 B. The first result follows taking
x=0. Now |C| = rap_pa (x), so changing b to —b, we get our second result O

5 Lower Bounds on the Size of A +B
Lemma 5.1. IfA,B C F), with |A||B| > p then 44 =TF, U {c}.

Proof. As |A||B] > p and each of |A|,|B| < p hence |A|,|B| > 1 that is |A],|B| > 2. Hence
0= (a—a)/(by —by) and o = (a; —ay)/(b—b). If t # O then there are |A||B| > p numbers
a+tb so that two must be congruent mod p. Taking their difference implies the result. O

Remark. One might expect that if A,B C IF,, with |A||B| > p then AB+AB = ,,. However
if A=B={m (mod p): (m/p) =1} where p is a prime =3 (mod 4) then evidently 0 ¢
AB+AB (and here |A[,|B| = (p — 1)/2). Hence the best we can hope for is that if |A||B| > p
then AB+AB+AB =T, and perhaps AB+AB = F),.

Glibichuk [13] proved that if |A||B| > 2p then 8AB =T, (so that if |A||B| > p then 8AB =
IF,, since then |A +A||B| > 2p so that 16AB D 8(A+A)B =T, unless A is an arithmetic
progression, which can be handled).

LetT = % \ {0,00}. We are interested in the size of A+B when |A|,|B| > 1. Evidently
|A+1B| <|A| |B| with equality if and only if # ¢ T U{0}.

Let R(t) = R4 p(t) denote the number of solutions a,c € A, b,d € Bto a+1tb =c+1td.
We always have the the “diagonal solutions” where a = ¢ and b = d to a+1tb = c+1td, so that
R(r) > |A||B|. Equality holds, that is R(#) = |A||B], if and only if 7 ¢ T U{0}. Hence

|A+1B| = |A| |B] <= t ¢ TU{0} <= R(1)=|A|B|. (18)

There is a link between |A + ¢B| that holds no matter what, which is given by the Cauchy—
Schwarz inequality: Let r,(n) =#{a € A, b € B: n=a+tb} so that

2

(IA] Bl)z—( Y "t(”)) < |A+1B| Ry p(1), (19)
ncA-+tB

since Ry g(t) =X, 1t (n)2.

Proposition 5.2. For any finite sets A,B,S with 0 & S, there exists t € S for which

1
[A+B| > 5 min{|s|,|A] |B]}.

IfA,B € F), then we also have

1 A| [B| |S
|A+1B| >3 min{p,M}.
p
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Proof. Note that |A+0B| = |A| and R(0) = |A| |B|?. Since R(r) > |A||B| for all ¢ hence

Y (R(t)—|A|IB|) < Y (R(t)— |A||B|) =#{a,c €A, b,d €B: b#d and a+#c}
teS t#0

= (JA]* —|A])(IB* ~ |B)). (20)

Therefore there exists ¢ € S with

A2 —|A\(|B]*—|B A||B
R(r) < (Al | ||)S(\‘ il D—O—\A| \B\<2|A\|B|max{7| ‘!| ‘,1},

whence, by (19),
A||B
|A| |B| <2|A+1B| max{%7 1}
and so the first result follows.
When we are working mod p, we have

i (i/p) 2Bt/ p)* > @’

R(t) :Zr,(n

"E\'—‘

taking the j = 0 term, since every term is non-negative. If |A||B| > p then R(r) > |A| |B| and
soT =1, \ {0} by (18) giving another proof of the lemma above.
Now, rearranging (20) we obtain

X (o= )< 3 (e 585 =i (1= 1) (=),

so there exists t € § with
Al |B
|A| |B| < 2|A +1B| max{ p 1AlIB] }
ISl p
by (19), and the result follows. a
Corollary 5.3. Suppose that |A|,|B| > 2. If 4= 5 B =T, then there exists ay,ar € A,b1,by € B

such that )
[(a1 —a2)B+ (b1 — b2)A| > 3 min {p,|A| |B}.

If% # T, then there exists ay,ap € A,by,by € B such that
(a1 —az+by —ba)B+ (b1 — b2)A| = |A] |B].
In other words, the elements (a; —ap +by —by)b+ (by —by)a with a € A,b € B, are distinct.

Proof. Foranyt € T, there existaj,ay € A, by,by € B, for which (ap —aj)+ (by —by)t =0.
The first case follows immediately from Proposition 5.2 by multiplying through by by — b5.
Suppose that 7' # IF;‘, Now T contains a non-zero element, say ¢, since A has at least two
elements. Moreover we may assume 1 <7 < p/2 since T = —T (as may be seen by swapping
aj and ap). Hence there exists ¢ € T such that# + 1 ¢ T. Therefore |A + (t + 1)B| = |A||B| by
(18) and the result follows by multiplying through by by — b;. a
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Lemma 5.4. Let I(A,B) := (B—B)A+(A—A)B.
(i) Ift € =4 then |I(A,B)| > |A+1B.
(ii) AB—AB C I(A,B), so that |I(A,B)| > min{p,2|AB| — 1}.

Proof. There exist aj,ay € A, by,by € B for which (a; —ay) + (b; — by)t = 0. Each element
of S = (by — by)(A+1B) can be written as (b; — by)a+ (by — by)th = (by — by)a + (a —
ap)b € I(A,B) and (i) follows. Also if aj,ay € A, by,by € Bthenayby —azby = (by —by)a; +
(ay —az)by € I(A,B), thatis AB—AB C I(A, B), and (ii) follows from the Cauchy—Davenport
theorem. O

Corollary 5.5. If |A||B| > p then there exists t € T for which |A+tB| > p/2. Hence |I(A,B)| >
p/2. We can rephrase this as: There exists by,by € B,ay,ay € A such that |(by —by)A+ (a; —
a)B| > p/2.

Proof. By Lemma 5.1 we know that % =1IF,. Taking § = T in Proposition 5.2 we deduce
that there exists € T with |A +¢B| > p/2. The result then follows from Lemma 5.4. O

Proposition 5.6. Let Ry(B) be the set of n € F, for which rg g(n) > k for 1 <k < |B|; note
that 1 € Ri(B). Let Gy.(B) be the multiplicative group generated by Ry (B), and then Hy(B) =
Gk(B)%. There existst € T for which |A+1tB| > min{k|A|, |Hy|}.

Proof. If H,(B) = % then the result follows from proposition 5.2 (since | B| > k). Otherwise
’g%g C Hy(B) so there exists g € Gx(B) and #y € T such that gty ¢ T. Now any g € Gi(B)
can be written as g = nyny...n; where each nj € Ri(B). Define t; = n;t;_; for each j, so
that fo € T and 1, = gty & T hence there exists t =¢;_j € T and n = n; € Ri(B) such that
nt =t; ¢ T. But then |A +ntB| = |A||B| by (18); that is the elements of A 4-n¢B are all distinct.
Now rg/p(n) > k by the definition of R (B), and so there are at least k values of b € B for
which nb is also in B, and hence A +¢B contains at least |A|k distinct elements. O

Lemma 5.7. Let B = B UB; be a partition of B where by /by & Gy for any by € By,b) € B,.
Then |B] HBQ‘ § (k* 1)|B]Bz|.

Proof. 1f s ¢ B /B, thenrg, /p,(s) =0.1f s € By /B, then s & G by hypothesis, so that s & Ry
and hence rg, /p, (5) < rg/p(s) < k. Therefore

2
(1B1] B (Zrm <s>) < BiBo| Y s, (5 = |B1Bal Y. iy, (5)°

|B1Ba|(k — 1)2/31/32(5) = |B1B2|(k —1)|B1]|B2|-

IN

Lemma 5.8. Let k = |B|?/100|BB|. There exists h # 0 for which |BNhGy(B)| > %|B\.

Proof. Let H be the set of cosets of Gy in ]F;. For any partition H = H; UH, let B; :=

Unen;(BNAGy)| for j = 1,2 so that By U By is a partition of B; note that by /b € (hy /h2)Gy

for some hy € Hy,hy € Hy so that hy # hy and thus by /by & Gi. Now |By|(|B| —|B1]) =
2

|B1||B2| < k|B1Bz| < k|BB| = % by lemma 5.7, and so either By | or [By| is > 2|B].

Now let H| be a maximal subset of H such that |B| < |B|/50. Therefore for any h € H,
we must have |B; U (BN hGy)| > |B|/50 and hence > %|B| by the previous paragraph, so
that |BN hGy| > % |B]. We deduce H; has no more than one element, and thus exactly one
element (since |B;| > 0). The result follows. ]
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Lemma 5.9. Let C C G, a subgroup of I}, with 1 < |C| < \/p. Then we have |G(C —C)| >
|C|3/% and |G| -|C—C| > |CP/2.

Proof. First note that |G(C —C)| > |G| and |C — C| > |C| so the results follow unless |C| > 2
and |G| < |C|*/2, which we now assume.
Now, GS is a union of cosets of G for any set S € %, so we can write

G(C—-C)={0}UU 4G,

where we order these cosets of G so that rg_g(f1) > rg_g(f2) > ... > rg—g(tm) (note that
r6—c(t;) takes the same value for any choice of #; inside a fixed coset of G). Since |G(C —
C)| = |G|m+1, the first result follows unless m < M := [|C[>/2/|G]].

If J < M then J|G|* < M|G|* < |G]|C/2 < |C|/2|CJ>/2 = |C|° < p?. Therefore

J
Jrg-g(ty) < ¥ ro_g(t) <4(J|G|)*> (€2))

i=1

by Lemma 5 of [15],4 and so

32
1 m
IG(C-C)[>m|G| = ¢ (Z rG—G(’i)) : (22)
=

For any fixed ¢ € C the solutions to i} —hy =t¢; with k1, hy € G are in 1-1 correspondence
with the solutions h3 — co = t;h4 with h3,hy € G, as may be seen by taking h3 = hjco/hy and
hyq = co/hy. Hence

r6-c(t) =Y, ro-c,(t) = Y, re_c,(0). (23)

tet;,G tet;G
We then deduce

m
Yroot)= Y re_q)=ICI-1,
i=1 te(C—C)G\{0}
and the first result follows from (22).
We now prove the second result, no longer assuming that m < M: Since rc_¢(t) <
rg—g(t) = rg_g(t;) forall r € 1;G, we have

Zrcc <rg_g(t:) Y re—c(t) <ro-ct) Y, Y, rc—a(t) <[Clrg—g(t:)*

tet;G tet;G coeCtet,G

by (23). Therefore, using (21) for the bound rg_g(t;) < 4|G|*/3/min{J,M}'/3, we obtain

Zrcfc erccz+i ZVCC

t#0 i=1te,G i=M+1tet;G
M m
<Y Clr_ct)*+ Y. ro-c(t) Y, re—c(t)
i=1 i=M+1 tet;G
M m
< || Y 16|GI*3i 2B 1 4|GPPM Y Y rec(r)

i=1 i=M+1tet;G
< 48|C||G|*P M +4|c]2|G]*PMm 1P < 52|cPP/?|G).

4What is this reference? HBK
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Hence

2
(I —|c)? = (Z rcc(r)> <lc—clY re_clt)? < |c—cllcP?|al,
1#0 1#0

and the result follows. a
Theorem 6. If |A| < \/p then |I(A,A)| > |A]/2.

Proof. We have |I(A,A)| > 2|AA| — 1 by Lemma 5.4(ii), and the result follows unless |JAA| <
|A|3/2, which we now assume.

Let k= |A|2/100|AA| > |A|/2), and define Ry (A), Gy (A), Hi(A) as above. By Lemma 5.8
there exists 4 # 0 such that if C = {g € G(A) : gh € A} = GxNh~'A, then

49
ICl = |ANKG(A)| = S |A].
50
Therefore, using the fact that H = G(A —A)/(A — A) we have
[H|+ 12 [G(A —A)| > [G(C — hC)| = [G(C —C)| > [/ > a2

by Lemma 5.9. The result follows by Lemma 5.4 and Proposition 5.6 since now |I[(A,A)| >
min{k|A[, |Hy|} > |AP/2. O

Theorem 7. We have

2 AP p
EX(AvA) S4‘A+A| max 73@ 10g|A|7
p

and 3
A
Ex(A,A)* <32/A +A\S|A\2max{u,2\A +A|} (log |A|)*.
p

If |A| < /p then |A]}/p < |A| < |A+A], so the above becomes Ex (A,A)* < 64|A +
A°|A[*(log|A|)*. This yields a sum-product bound which is non-trivial for all |A| < ,/p:

Corollary 5.10. We have

1/2
AP p B »p
E«(A,B) <4|A+A||B+B|log(|A||B (max{—,— maxq —,— ,

and

A 3
E.(A,B)® < 2'9(|A+A|/B+B|log |A||B\)8(\A\|B|)2max{—|p‘ ,2\A+A|}
B 3
Xmax{u,Z\B+B|},
p

which implies that if |A|,|B| < p'/? then

D

AB}(JA+A||B+B|)° > =512
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Proof. By the Cauchy—Schwarz inequality we have
2
B8 = (Lraiahrajn(n) ) < Erajalm? rjn(n)? = Ex(A.A)Ex (B.5)
n m n

and then the first two results follow from Theorem 7. Now, if |A|,|B| < p'/2 then |A|?/p <
|A| < |A+ A|. Therefore, by the second inequality and (7), we obtain our third and final
inequality O

If |A|,|B| > p*/ then by the first inequality in Corollary 5.10, and (7), we obtain

pIA[|B]
|A+A||B+B||AB| > -1
4log(|A||B|

which is weaker than Theorem 3.
Corollary 5.11. If4p* /|A|° > |A+A| > |A]? /2p and |A| < 2p°/° then
A|14
AP+ = A
AATHAT 56 10g ]
IfIA+A| <|AP/2p and p'/* < |A| < p/* then
All1/4,1/4
JAA[|A+ A > A p "
25/4log|A|
Proof. This follows by Theorem 7 and (7) with B = A, which gives

JA|* <|AA|E. (A,A).

Proof of Theorem 7. We begin by noting that

[log |A[]
Ex(AA)=Y Y laA N bA|

beA k=0 acA
2k <|aANbA| <2+

where the logarithm here is in base 2. Hence there exists 2F < |A| for which there is A] C A
and by € A such that
2k <laAnboA| < 2K

for every a € Ay, where |A; 2871 > E, (A,A)/(|A|log|A|).
By Proposition 5.2 with § = A there exists a € A such that

1 .
jad —boA| > 5 min{p,[A[*|A1]/p}:

and |aA — boA| < |A+A|%/|aANbyA| by Corollary 4.4. Hence

Ex(A,A A
A+A[2> x (4, )min{ P ,U},
4log [A| lALlAl" p

and the first result follows.
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If ﬁ: :ﬁ: =T, then by Corollary 5.3 there exists a1, ay,a3,as € Ay such that

|
(a1 —a2)A1 + (a3 —ag)A1| > 5 min {I% \Allz};
By Proposition 4.1 we have Y C byA such that

4
iA £ boA
[(a; —ax)A+ (a3 —as)A| < |Y +a1A —apA + azA — asA| < |Y|H%
i=1 0
4 JA+A]2 A+AJ3
< |bpA
= 1Al ] oA e o] < ap 2

i=1

using Corollary 4.4. Hence

A+AS >

(JA 2%
BT min {p/|Al,|A[},

and so E (A,A)* < 32|A+A[|A[ (log|A|)* max { 1,]A[*/p}.
If ﬁ: :ﬁ: # IF), then by Corollary 5.3 there exists aj,a,a3,a4 € Ay such that if Ay C Ay
then

(a1 —az)Az + (a1 —az +az —as)A1| = [A1] |A2].
By Corollary 4.3 there exists (a; —az)Az C (a; —az)A; with |Ay| > %|A1| such that
[(a1 —az)Az + (a1 —az)A; + (a3 —as)A, |
|A1 +A1‘ ) \(al —ag)Al +(a3 —a4)A1|
(a1 —a2)A| (a1 —a2)Aq|

Bounding the last term as above we obtain [A+A|” > (JA;[2K71)#|A|? /64, so that Ex (A,A)* <
64/A +A°|A|* (log|A|)*. O

Remark (A few ideas). In the case that H =T, we getin the above proof that there exists

ay,ap,as,a4 € A such that

> min{p. A"} <[(a) —ar)A+( )] < JpA [ A
= 1 a) —a a3 —da —_—
2 pIaly = Rar—a 3R =P AT A Al

Now note that ¥, pea |aA NbA| = Ex (A,A) > |A|*/|AA| so |aANbA| is |A|? /|AA| on average.
If we somehow get that, even with the loss of a constant (or even |A|?) for our |a;A NDA|
then our bound here would be |A +A[3|AA|* > |A|'! min {p,|A]*} which is what we get in
Corollary 5.11, but in a less complicated way. If we could take b = a; so we can replace
one term in our product by |A + A|/|A|. Then we would get the bound |A + A|”|AA]? >
|A|° min {p, |A|2}; this improves the exponent from % when [A| < /p to i—(l).

If 4= £ F, then we can change min {p, |A[>} to min{‘ﬁ‘ , |A|2} using the same
argument.

Combining all the results to this point, here are the results we obtained on sum-product
in finite fields:
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Corollary 5.12. IfA C T, then

VPIA| if1A] > p?*/3

2 0 2/3 7/13
o). JIAIF/v/P 7> A= p
max{|AALIA+A[} > (02D VG e 113 g plaves

‘A‘M/B ifpl3/25> |A|

As one can conjecture there is room for improvements. Indeed Rudnev recently published
[25] a new bound

max{|AA|,[A+A[} > (log|a|)?M) - |A|'>/M if p!/2 > (4],

More strikingly after completing this survey we have learned that Roche-Newton, Rud-
nev, and Shkredov announced [23] a fantastic bound

o/5 if p3/8 > |A|.

In their proof they use incidence bounds in “Elekes style”. Misha Rudnev [24] used a
result of Guth and Katz on point-line incidences in space (see in [14] and in [20]) to obtain
an unexpectedly strong point-plain incidence bound in K3 for arbitrary field K. This beautiful
result led to new sum-product bounds in IF, even for composite p.

max{|AA|,|A+A|} > |A

5.1 Getting the Full Field
We now give a result of Glibichuk discussed at the start of this section:
Theorem 8. If |A||B| > 3p/2+ /p then 8AB =T,

Proof. Suppose |B| > |A|,letBy ={beB:—-beB}andB_={beB: —b¢B}U{beB:
1<bh< %} By definition B is symmetric (b € B4 < —b € B ) and B_ is anti-symmetric
(b€ B = —b & B_). Let B, be the larger of the two. By a simple counting argument we
know that |B,| = max{|B.|,|B_|} > max{28=L 2|B|— p}. Note that |A||B.| > [A|- 2E-L >
p+2.

Noting that a+tb = ¢ +1td iff a—td = ¢ —tb we have R(t) = R(—t) in Proposition 5.2
so there exists # # 0 such that R(¢) = R(—t) < |A||Bx«| + |A|*|B«|*/(p — 1) so that

A|2|B. |2 A|2|B.|?
A+ 1B.|,JA—eB,| > ACIB [A°|B- |

= TR0 AIB AP G -1 P2

as |A||Bs] > p+2. If B, = B then I(A,B) = A(B+ B) + B(A+A) C 4AB and so, by
Lemma 5.4(i), we have [4AB.| > |[(A,B4)| > |A+tB4| > p/2, and thus 8AB, =TF),
by the pigeonhole principle. If B, = B_ then, by the pigeonhole principle, there exists
ay,ap € A,by,by € B_ such that aj —th; = —(ap —th;) so that t = (a; +az)/(b1 + b2)
(and by + by # 0 as B_ is antisymmetric). But then |[4AB_| > |(b; +by)A + (a1 +a2)B—| =
|A+1tB| > p/2, and thus 8AB_ =T, by the pigeonhole principle.

The result follows. O

Corollary 5.13. If |A||B| > 3p/4+ /p then 16AB =T,
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Proof. Suppose |B| > |A| so that |A||B+ B| > |A|(2|B| — 1) > 2|A||B| — +/|A||B| > 3p/2+
/P- and the result follows by applying Theorem 8 with B replaced by B + B, so that 16AB C
8A(B+B)=TF,. O

We now give a result of Hart and losevitch [16]:

Theorem 9. If [T7 [A;]|Bj|/p > (p — 1) then L' AiB; 2 F). In particular; if |A[|B| >
p(p—1)"/™ then mAB D Fy,. If T, |Ajl|B)l/p > (p—1)* then X A;B; D F ),

Proof. Let r(t) be the number of representations of ¢ as Y./ | a;b;, so that

r)=Y lZe (k(ziaibi*t)) _ L |AillBil N Error7
aiGAip k )4 P p
b,eB;

where, by the Cauchy—Schwarz inequality, and writing u = k/I (mod p)

L re(F)m g et )\2

a:€A; k20 j b;eB; p

<zlemE ()

a,‘EA,‘

Mg (0 x ()

|Error|> =

i ai kJ#0 i bjb
Il L (") E oo
u,l#0 j  bjubeB;

Assume, for now, that r # 0. If u # 1 then the sum over / equals —1, otherwise it equals p — 1.
Hence the above is < (p — 1)TT; |Ai| - TIj pXo,e8, 1 = (p — 1)p" I1; |Ai||Bi|. We deduce that
pr(t) > T1: |Ail|Bi| — ((p — 1) p™ I1; |A:||Bi])/? and the result follows.

If £ = 0 the sum over / is p — 1 and it is feasible that ub; € B; for all u, j, so the above is
< (p—1)2p™I1;|Ai||B;| and the result follows (one can also prove this bound more directly
using (16)). g

6 Helfgott’s More General Bounds

Theorem 10 (Helfgott’s Theorem). Let G be a group and I be an abelian group of auto-
morphisms. Let S C I' with the property

Ing:gforsomegEG,GGSilStheng:lorG:I. (24)

Then for any A C G we have one of the following:

(i) There exists g € A such that |Ag5| = |A| |S|
Or there exists c € A'A and A # T € S such that

(ii) There exists b € AUA™" such that {(ab®)%c®(ab®)™* : a € A, 6 € S} contains
|A| |S| distinct elements.
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Or (iii) There exists € SUS™! such that {a*(c")°a=* : a € A, ¢ € S} contains |A| |S]
distinct elements;

or (iv) {a*c®a=* : ac A, o € S} contains > I min{|A[|S],|0|} distinct elements, where €
is the union of the orbits of elements of A under the two maps a — ba for any b € AUA™,
and a — a" foranyn € SUS~.

Proof. Define U := {g € G : There exist A # T € § such that g * € A~!A}. Forany g € G
define ¢ : A x S — G by ¢,(a,0) = ag®. Note that ¢, is injective if and only if ¢ ¢ U, and
in this case |[Ag5| = |A| |S].

Next define 0y, .(g) = ¢ for g € G, for each A # 7 € S. This is always injective, for if
Slﬁr(g]) = 51,1(5’2) then (gflgz)/lrl = gflgz, and so g; = g5 by (24). Hence if g € U then
|5,1’T(Ags)\ = |A| |S|. We observe that

)rfl c(ff/l)af/l

8).1(ag®) = (ag®)" " =a'g , 25)

using the fact that I is abelian.

Suppose that & ¢ U. By following how the orbits are created from A by applying the two
maps, we consider the first element of & that is not in U. Then one of the following must be
true:

(i) There exists g € A such that g ¢ U;
(i) There exists u € @ NU such that g = bu & U with b € AUA™!;

(iii) There exists u € @ NU such that g = u" ¢ U with € SUS~!, where

In case (i) we have that ¢ is injective so that [Ag5| = |A| |S].

In cases (ii) and (iii) we have u € &' NU and so there exists A #7 € Sand c € A~1A such
that u®™* = .

In case (i) we then have g** = (bu)™* = b™u™*b~* = bTcb~*, and so 0y 7(ag®) =
(ab®)%c® (ab®)~* by (25) and the commutativity of I". Hence

{(@b®)°c%(ab®) ™ : ac A, o €8} =8 .(Ag5)
which has size |5 ;(Ag%)| =|A| |S].
In case (iii) we then have g’“"’L =421 = M and so, proceeding as above,
{a*(cMa: acA, oS} =25 .(As%)
which has size |6;L,T(Ags)| = |A| |S].
Now suppose that & C U and define Ry :={a,b €A, A #7€S: agh = bg"}. Note these

are disjoint for if (a,b,At) € Rg MRy, then g°* = b~'a = h** which is impossible as 0y 1
is injective. Therefore,

: 1 (1A1Is])?
min|R,| < —#{a,bc AL #T€S} < ———
gGU‘ 8| = |U| { # } |ﬁ|

and, since

Y rags(n)* =#{a,b €A, A, TS agh =bg"} = |Ry| +|AllS],
n

we deduce that for some g € U,
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2 2
ARISP = (ZrAgsm)) < 1A Y rags () < JAE°] (%+ |A||S\)

by the Cauchy—Schwarz inequality. As g € U, there exists A # 7 € S and ¢ € A~ A such that
gT"1 = ¢, and s0, by (25),

{a’c®a?: acA ces}= 617T(Ags)
which has size

Allsilel 1
AISIOL S 1 ingalis). o).

8 (A% = A% > e >
182.¢(A8")| = 48" = Tn e >
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