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Abstract: A continuous stirred tank reactor (CSTR) is typical of equipment found in the process control industry. The dynamics
represent a wide class of second order nonlinear systems and thus as well as having specific industrial application, control of
the CSTR is frequently used as a benchmark problem for application and testing of new control algorithms. Due to the high
complexity of the CSTR system, the robust control design problem is challenging. This paper first establishes a mathematical
model of the system. A disturbance observer is then designed to estimate the disturbance and a corresponding asymptotically
stable sliding mode control is developed. Stability analysis is presented in terms of the Lyapunov method. Finally, based on
experimental data, the proposed method is validated using simulation experiments.

Key Words: CSTR, disturbance observer, sliding mode control

1 Introduction

The chemical industry is an important pillar of the national
economy, and the continuous stirred tank reactor (CSTR),
which has complex, time-varying and nonlinear character-
istics is a key element of equipment required to complete
chemical reactions. Research work investigating the ad-
vanced control of a CSTR thus has significant impact on both
control theory and application.

Numerous control methods have been applied for control
of the CSTR, such as PID control, fuzzy control and adaptive
control. However these control methods have many short-
comings, which may include poor performance, complex de-
sign or the requirement for the control to be implemented
with a human in the loop. In contrast, sliding mode con-
trol is known to possess inherent robustness properties. In
the sliding mode, the closed-loop response becomes totally
insensitive to a particular class of system uncertainty. This
class of uncertainty is called matched uncertainty and is cat-
egorised by uncertainty that is implicit in the input channels.
There are many research directions in the area of sliding
mode control [1], which include quasi-sliding mode control
[2], sliding mode control based on a reaching law [3], slid-
ing mode control for discrete systems[4], terminal sliding
mode control [5–7] and integral sliding mode control [8].
The paradigm is suitable for linear and nonlinear systems,
certain and uncertain systems, and more and more practical
implementations are being reported in diverse sectors, such
as robot control [9], aircraft control [10] and industrial pro-
cess control [11]. A key feature of the sliding mode con-
trol approach is the ability to specify desired plant dynam-
ics by choice of the switching function. A control law must
then be defined to guarantee the existence of a sliding mo-
tion i.e. to ensure the state or output of the plant is attracted
to the desired dynamics. For example, in [12], a terminal
sliding mode control is designed for uncertain systems, and
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good control performance is achieved. Defining the sliding
mode dynamics by selecting an appropriate sliding surface is
termed as solving the existence problem. A control to ensure
the desired sliding mode dynamics are attained and main-
tained is sought by means of solving the reachability prob-
lem. For time-varying, strongly non-linear reactor dynamics,
the sliding mode control paradigm is seen to be a good can-
didate for controller design given the inherent insensitivity
to parameter changes and uncertainty, which means that de-
tailed system identification is not required to obtain a highly
accurate model for the design purpose and robustness is ex-
hibited at implementation. The method can also ensure a fast
response [13].

For systems exhibiting external disturbances and param-
eter uncertainty, a variety of control methods [14–16] have
been developed to improve the robustness and performance
of systems. Among these methods, a disturbance observer
(DO) is widely used in the design of servo control systems
[17–19] due to its simple structure and ability to improve
tracking accuracy. Linear and nonlinear representations of
disturbance observers have been developed. The non-linear
disturbance observer (NDO) has been found to exhibit bet-
ter performance and has been widely used. NDO methods
include a fuzzy disturbance observer [20], sliding mode dis-
turbance observer [21] and neural network disturbance ob-
server [22]. In [23], a disturbance observer is designed for
a manipulator. Good disturbance approximation is achieved
and the disturbance effect is effectively reduced.

Inspired by the literature [24], this paper will establish a
CSTR dynamic model. Then, a disturbance observer will
be designed to estimate the external disturbance present in
the controlled CSTR system. Based on sliding mode control
theory, a new control algorithm is designed to realize dis-
turbance observation and asymptotic stability of the CSTR
system. Note that it is possible to design a sliding mode
controller without using the disturbance estimate. However,
a conservative control design will result; the switched con-
trol element would be required to have much higher gain in



Fig. 1: The model of the CSTR.

this case as the magnitude of the switch in the sliding mode
control would have to be selected to accommodate the worst
case disturbance signal characteristics.

2 CSTR Model Analysis

In this paper, the case of a CSTR with cooling fluid in the
jacket is studied. It is assumed that the volume of the contin-
uous stirred tank reactor is V and that unreacted material is
added to the CSTR with temperature Tf . The corresponding
concentration is CAf , the density is ρ and the flow rate is
q. In the tank, a first-order exothermic irreversible reaction
A → B + ∆H is assumed. After the reaction, the tem-
perature of the outlet material is T , the concentration is CA
and the flow rate is q . The temperature of the coolant in
the jacket is Tc and the flow rate is qc. The flow rate of
the coolant in the jacket qc is selected as the manipulated
variable or control, and the outlet concentration CA as well
as the temperature T in the reactor are selected as the two
state variables. The required reactant concentration CA and
the temperature T in the reactor are obtained by varying the
amount of coolant flow q.

Assume that the model can achieve the following require-
ments [25]:
(1) The total volume of the material in the reactor is un-
changed before the start and after the end of the reaction;
(2) The material in the reactor is thoroughly mixed;
(3) The reaction material has constant density and properties.

According to the conservation of material and energy con-
servation, the following CSTR dynamic model can be estab-
lished:

ĊA =
q

V
(CAf − CA)− k0CAe−E/RT

Ṫ =
q

V
(Tf − T ) +

(−∆H)

ρCp
k0CAe

−E/RT +

UA

ρV Cp
(Tc − T ) (1)

where k0 is the exponential factor, E is the activity energy,
R is the gas constant, T is the temperature, M is the mass,
Cp is the specific heat, ρ is the material density, ∆H is the
reflect heat enthalpy, U is the heat transfer coefficient and A
is the heat transfer area.

To transfer equation (1) into a general form for controller
design, the following change of variables is used:

a = q/V , b = UA/rV Cp, γ = E/RTf0,
b = ∆HCAf/CpTf0ρ, Da = k0 exp(−γ),
x1 = CAf − CA/CAf , x2 = (T − Tf0) γ/Tf0,
u = γ (Tc − Tf0)/Tf0, d = (Tf − Tf0)/Tf0

Using the above dimensionless formulae, the nonlinear
dynamic model of the CSTR system can be rewritten as

ẋ1 = −ax1 +Da(1− x1)eγx2/γ+x2

ẋ2 = −ax2 − bDa(1− x1)eγx2/γ+x2 + β(u− x2) + d

y = x2 (2)

The temperature x2 of the CSTR system is often selected
as an important indicator of the system output response in
practice.
3 Nonlinear Disturbance Observer

Uncertainties and external disturbances affect the CSTR
system. In order to reduce these effects and improve the
control performance, a nonlinear disturbance observer is de-
signed inspired by the work in [26] to estimate the uncer-
tainty and the disturbance. This nonlinear disturbance ob-
server has the advantage of having a simple structure, fast
response and very accurate tracking performance.

To facilitate observer design, the CSTR representation in
(2) will be rewritten in the following vector form:

ẋ1 = f1 (x1, x2)

ẋ2 = f2 (x1, x2) + βu+ d (3)

where

f1 (x1, x2) = −ax1 +Da(1− x1)eγx2/γ+x2

f2 (x1, x2) = −ax2 − bDa(1− x1)eγx2/γ+x2 − βx2
The state equation of the CSTR system can be conve-

niently rewritten as:

ẋ = F (x)2×1 +G(x)2×2u2×1 +D2×1 (4)

where from (3), x = [x1, x2]
T , F (x) =

[f1(x1, x2), f2(x1, x2))]T , D = [0, d]T , u = [0, uc]
T ,

G (x) =

[
0 0
0 β

]
.

Define the corresponding nonlinear disturbance observer
as:

D̂ = z + P

ż = −Lz − L(P + F (x) +G(x)u) (5)

where D̂ is the output of the disturbance observer, z is the
disturbance observer internal variable, P is a design func-
tion, L = diag[c, c] is a gain matrix and c > 0 is a real
number. Define the function P as follows:

Ṗ = Lẋ (6)

From (4) and (5) the disturbance observer error is defined as:

D̃ = D − D̂ (7)

Assume the disturbance is slowly varying so that Ḋ = 0.
Then the error dynamics are given by:

˙̃D = − ˙̂
D = −ż − Ṗ

= Lz + L(P + F (x) +G(x)u))− Lẋ
= LD̂ − LD = −LD̃ (8)



Therefore, for each controlled system state, the observer er-
ror equation is obtained as:

˙̃Di + LiDi = 0 (9)

Solving the ordinary differential equation (9):

D̃i(t) = D̃i(t0)e−Lit (10)

where D̃i(t0) is the initial value of D̃i(t). It is clear that
when time t approaches infinity, D̃i(t) is equal to zero and
the disturbance observer error D̃i(t) is asymptotically stable.

Consider now the case when there is a time varying exter-
nal disturbance, but the rate of change is limited, so that the
derivative of the disturbance is bounded:

|Ḋi| ≤ α (11)

Considering equation (8), the derivative of D̃ is:

˙̃Di = Ḋi − ˙̂
Di = Ḋi − Li ˙̃Di (12)

Solving the differential equation (12), it is obtained that:

D̃i(t) = D(0)e−Lit + e−Li

∫ t

0

Ḋie
Litdt (13)

When Ḋi ≤ α, it follows that:

D̃i(t) ≤ Di(0)e−Lit + e−Liα

∫ t

0

eLitdt

= (Di(0)− α

Li
)e−ct +

α

Li
(14)

and
D̃i(∞) ≤ α

Li
(15)

When Ḋ ≥ α, the following equation can be obtained:

D̃i(t) ≥ (Di(0) +
α

Li
)e−Lit − α

Li
(16)

and it follows that

D̃i(∞) ≥ − α

Li
(17)

Therefore, the estimation error is bounded. Define the bound
as: ∣∣∣D̃i

∣∣∣ ≤ ς (18)

where ς = α
Li

.

Lemma 1 By proper design of the matrix L, the nonlinear
disturbance observer error will converge exponentially into
a closed sphere of finite radius, and the radius of the sphere
can be made sufficiently small.

Proof: Choose the following Lyapunov function candidate:

V0 = 0.5D̃2
i (19)

Differentiating V0 with respect to time yields

V̇0 = D̃i(Ḋi − ˙̂
Di) = D̃i(Ḋi − LiD̃i)

≤ (Ḋi − LiD̃i)|D̃i|
≤ −(LiD̃i − α)|D̃i| (20)

Therefore, the disturbance observer error D̃i ≤ α/Li
is obtained, and the range of the observation error is suffi-
ciently small if the gain matrix L is reasonably designed.

4 Sliding mode control design

The integral sliding mode control (ISMC) approach ex-
hibits strong robustness, as effectively the reaching phase
present in classical sliding mode controller design is elim-
inated [27–29] and good results have been achieved in ap-
plications including servo motor control and robot control.
This paper adopts the integral form of sliding surface as in
the literature for the CSTR [30].

The dynamic equation of the CSTR system is taken from
(2) and the system tracking error e is defined as:

e = x2 − xd (21)

where xd is the desired system output.
Define the switching function as:

s = e+ λ

∫ t

0

e(τ)dτ (22)

By differentiating (22) with respect to time yields:

ṡ = ė+ λe

= −ax2 − bDa(1− x1)eγx2/γ+x2 + βu−
βx2 + d+ λe (23)

Assume a sliding motion has been reached and ṡ = 0.
The corresponding so called equivalent control ueq can be
obtained as:

ueq = − 1

β
[−ax2 − bDa(1− x1)eγx2/γ+x2 −

βx2 + d+ λe] (24)

where λ > 0 is a real number. The equivalent control repre-
sents the effective control action which is necessary to main-
tain the ideal sliding motion. It is not the control action di-
rectly applied to the plant but can be thought of as repre-
senting, on average, the effect of the applied discontinuous
control required to maintain a sliding mode. In the case of
the CSTR, the equivalent control as stated in (24) cannot be
applied as it is a function of the disturbance which is not
measured. In this paper the disturbance estimate from the
DO will be used in the equivalent control. An augmenting
switching control is defined as:

us = −ηsgn(s) (25)

where sgn(s) is the sign function and η > 0 is a real number.
The corresponding control law is chosen as:

u = ueq + us (26)

where it is important to note that ueq is computed using the
disturbance estimate.

Theorem 1 If the controller is consistent with (26) and the
disturbance estimate is in the form of (5), then the closed-
loop control system is asymptotically stable.

Proof: Choose a Lyapunov function candidate as:

V = 0.5s2 (27)



Differentiating V with respect to time yields:

V̇ = sṡ

= s(−D̂ +D − ηsign(s))

≤ −η|s|+ ς|s|
≤ −(η − ς)|s| < 0 (28)

Select the parameter η > ς so that the sliding condition is
satisfied, then the system state will reach the sliding mode in
finite time. After the system state reaches the sliding mode,
it will approach zero as time approaches infinity.
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Fig. 2: Comparison of the error curves between a PID con-
trol and the proposed sliding mode control system in the ab-
sence of any external disturbance
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Fig. 3: Comparison of the temperature curve between a PID
control and the proposed sliding mode control system in the
absence of any external disturbance

5 Simulation analysis

The proposed approach is now validated by using Mat-
lab/Simulink experiments and the corresponding simulation
results are analyzed. The dynamic equation of the CSTR is
described by (2), where the parameters a = 1.0, β = 0.3,
γ = 20, b = 8, Da = 0.072. In the simulation, the initial
value of the concentration is x1(0) = 0.5, the initial value of
the temperature is x2(0) = 3, and the output of the system
is expected to be yr = 4.

In the simulation analysis, the performance of the de-
signed control is compared with that of a classical PID con-
trol. Initially no external disturbance is applied. The results

are shown in Figure 2 and Figure 3. The performance in the
presence of disturbances is now considered and the designed
disturbance observer is first tested. Setting the external dis-
turbance to d = sin(5t), the output of the disturbance ob-
server is shown in Figure 4. Figure 5 and Figure 6 show
the temperature tracking and tracking error when the slid-
ing mode control is used without the DO and with the DO,
respectively.
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Fig. 4: The output of disturbance observer
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Fig. 5: Comparison of the error curves for the sliding mode
control with disturbance observer system and a sliding mode
control where the disturbance observer is not used and the
magnitude of the discontinuous element is used to counteract
the effect of the disturbance, Note that η is fixed

It can be seen from Figure 3 that compared to traditional
PID control, the sliding mode controller reduces the tem-
perature overshoot significantly and the speed of response
is greatly improved. It can be seen from Figure 4 that the
disturbance observer rapidly tracks the external disturbance.
From Figure 5 and Figure 6 it is seen that the closed-loop
CSTR system based on the disturbance observer is more ro-
bust. It should be noted that it is possible to increase the
value of η in the discontinuous control component to pro-
vide better performance when the DO is not used to esti-
mate the disturbance for use by the controller. However,
the corresponding control would be more conservative and
less energy efficient. Figures 7 and 8 compare the error and
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Fig. 6: Comparison of temperature curves between distur-
bance observer system and non-disturbance observer system
for fixed η

temperature trajectories when the sliding mode controller is
implemented with a disturbance observer and discontinuous
control gain of η = 0.1 and the sliding mode controller is
implemented without the disturbance observer and the dis-
continuous control gain is increased to η = 5. It is clear that
in terms of both the transient and steady state performance
the sliding mode controller and disturbance observer system
is superior. Figure 9 shows the corresponding control signal
and it is seen that use of the disturbance observer reduces
the required control effort and, as well as providing superior
tracking performance, also produces a more energy efficient
control strategy.
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Fig. 7: Comparison of the error curves for the sliding mode
control with disturbance observer system and a sliding mode
control where the disturbance observer is not used and the
magnitude of the discontinuous element is increased to coun-
teract the effect of the disturbance

6 Conclusion

A dynamic model of a CSTR has been described and
an asymptotically stable closed-loop control established by
combining a sliding mode controller and a nonlinear distur-
bance observer. It has been shown that by selecting appro-
priate design parameters, the nonlinear disturbance observer
can exhibit a rapid rate of convergence and reduce tracking
error. This disturbance observer is combined with an inte-
gral sliding mode controller and the stability of the resulting
closed-loop system is proved by using the Lyapunov method.

Simulation results show that the design approach exhibits
good disturbance rejection, exhibiting improved robustness
and reducing the tracking error when compared with a clas-
sical control design. Future work will consider the practical
implementation of the proposed design on an experimental
test facility.
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Fig. 8: Comparison of the temperature curves for the sliding
mode control with disturbance observer system and a sliding
mode control where the disturbance observer is not used and
the magnitude of the discontinuous element is increased to
counteract the effect of the disturbance
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Fig. 9: Comparison of the control signal for the sliding mode
control with disturbance observer system and a sliding mode
control where the disturbance observer is not used and the
magnitude of the discontinuous element is increased to coun-
teract the effect of the disturbance
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