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The aim of this paper is to propose a method for solving 
head-on elastic collisions, without algebraic complica-
tions, to emphasize the use of the fundamental con-

servations laws. Head-on elastic collisions are treated in many 
physics textbooks as examples of conservation of momentum 
and kinetic energy:                                            

 
mvi  + MVi   =  mvf + MVf             (1)
                                                                                                         
   

            (2) 
vi and vf  are the velocities before and after the collision for the 
mass m, and Vi and Vf  are the velocities before and after the 
collision for the mass M. These equations are somewhat an-
noying to solve and produce the following final velocities:1

                                  (3)

   
                                  (4)

             
Other authors2 discuss the special case of one body initially at 
rest (Vi = 0) to get a simplified version of Eqs. (3) and (4):
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or use the well-known anti-conservation of the relative veloci-
ties

Vf – vf  = –(Vi – vi)                 (7)

to work solely with linear equations.2 
To contribute to a simple approach to these collisions, 

some proposals were made. Millet3 showed that both particles 
satisfy

vf  =  2vc – vi                                                     (8)

Vf  =  2vc –Vi ,               (9)

where vc is the velocity of the center of mass, and that this 
simple relationship can be used to make easy calculations. 
Later, Hu4 generalized this approach for non-elastic collisions 
and Funk5 pointed out the convenience of working in a frame 
where one of the bodies is at rest. These approaches intend to 

utilize easy-to-remember equations. However, it is common 
for students to solve this type of problem by mere manipula-
tion of the equations, which does not lead to a deep under-
standing of underlying concepts.6

The approach we propose here is to move to the center of 
mass frame, where total momentum is zero. This is a strategy 
that has been commonly used in particle physics to study 
the production of new particles in collisional processes. The 
reason to choose such a frame is that in the collision of a par-
ticle with a system of bonded particles, only the energy in the 
center of mass frame is available for breaking the bond.7 We 
will show that this approach presents some conceptual and 
algebraic advantages, and can be translated to simple collision 
problems in the classroom. Center of mass velocity is given by

             (10)

It should be emphasized that conservation of kinetic energy 
alone cannot guarantee that the collision is elastic. Why? Be-
cause conservation of kinetic energy is not a Galilean invari-
ant; that is, it can hold relative to one inertial frame without 
holding relative to other inertial frames. However, if the mo-
mentum is also conserved, then the kinetic energy is con-
served in all inertial frames if it is conserved in any one iner-
tial frame.8,9 In our case, the conservation of momentum is a 
fundamental law and it holds in all inertial frames; so conser-
vation of kinetic energy in the center of mass frame implies its 
conservation in all inertial frames.   

In the center of mass frame, Eq. (1) is (we use “cm” to indi-
cate velocities in the center of mass frame)

CM CM CM CM

                       
 (11)

A simple inspection of this equation shows that there are 
two obvious solutions. One of them is vf

CM =  vi
CM and  

Vf
CM = Vi

CM, which means that the collision does not occur. 
The other is  vf

CM = – vi
CM and Vf

CM = – Vi
CM, and corresponds 

to the collision. Note that this change in the sign of the veloci-
ties does not alter the kinetic energy, and then Eq. (2) is satis-
fied. Thus, in that system, the collision is very simple: each 
mass bounces back as if it had hit a perfectly rigid wall (Fig. 
1).10 Finally we return to the laboratory frame by adding the 
velocity of center of mass. 

Hence, the steps of our approach are:

1.  First we calculate the velocity of center of mass vc given 
by Eq. (10).

2.  Then, we obtain the initial velocity of each body in the 
new frame:
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 Conclusions
Working in the center of mass frame, conservation laws re-

sult in a simple reversal of velocities. To go back to the labora-
tory frame and get the final velocities, we simply need to add 
the velocity of the center of mass. We hope that this proce-
dure will help to focus the teaching and learning in concepts 
rather than calculations.  
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       vi
CM   =   vi

   –  vc             (12)
       Vi

CM  =  Vi –  vc  .          (13)
3.  The final velocities in that frame are simply the reversal 

of the initial velocities:
          vf

CM  =  –vi
CM            (14)

       Vf
CM  =  –Vi

CM.                                                                       (15)
4.  Finally, we go back to the laboratory frame by adding 

the velocity of the center of mass:
       vf   =   vf

CM  +  vc          (16)
       Vf   =   Vf

CM  + vc .                                                                (17)

Example (we use here the example of Ref. 5): A 5-kg car 
traveling at 6 m/s east strikes a 3-kg car traveling at 9 m/s 
west. If the collision is elastic, find the velocity of each car 
after the collision. In a frame fixed to Earth in which east is 
positive and west is negative, we have:

  
m1  =   5 kg,
v1   =   6 m/s,
m2  =   3 kg,  and
v2    =  –9 m/s.

The velocity of center of mass is:

     .
    
The initial velocities in the center of mass frame are:

               
 ,
 

    

CM

CM

and the final velocities in the center of mass frame are:

                                    .

.     

CM CM

CMCM  

Thus th final velocities in the frame fixed to Earth are:

                   
.    

CM

CM

Fig. 1. From the center of mass frame, both bodies simply invert 
their velocities after colliding elastically.


