DOL 16100700208 01614203 Mathematische Annalen

@ CrossMark

On short time existence of Lagrangian mean curvature
flow

Tom Begley! - Kim Moore!

Received: 27 February 2015 / Revised: 23 February 2016 / Published online: 7 May 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com

Abstract We consider a short time existence problem motivated by a conjecture of
Joyce (Conjectures on Bridgeland stability for Fukaya categories of Calabi—Yau man-
ifolds, special Lagrangians, and Lagrangian mean curvature flow. arXiv:1401.4949,
2014). Specifically we prove that given any compact Lagrangian L C C” with a finite
number of singularities, each asymptotic to a pair of non-area-minimising, transver-
sally intersecting Lagrangian planes, there is a smooth Lagrangian mean curvature flow
existing for some positive time, that attains L as ¢ N\ 0 as varifolds, and smoothly
locally away from the singularities.

1 Introduction

A long-standing open problem in the study of Calabi-Yau manifolds is whether
given a Lagrangian submanifold, one can find a special Lagrangian in its homol-
ogy or Hamiltonian isotopy class. Special Lagrangians are always area minimising,
so one way to approach the existence problem is to try to minimise area among all
Lagrangians in a given class. This minimisation problem turns out to be very subtle
and fraught with difficulties. Indeed Schoen and Wolfson [14] showed that when the
real dimension is 4, given a particular class one can find a Lagrangian minimising
area among Lagrangians in that class, but that the minimiser need not be a spe-
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cial Lagrangian. Later Wolfson [20] found a K3 surface and a Lagrangian sphere
in this surface such that the area minimiser among Lagrangians in the homology class
of the sphere, is not special Lagrangian, and the area minimiser in the class is not
Lagrangian.

An alternative way of approaching the problem is to consider mean curvature flow.
Mean curvature flow is a geometric evolution of submanifolds where the velocity
at any point is given by the mean curvature vector. This can also be seen as the
gradient descent for the area functional. Smoczyk showed in [15] that the Lagrangian
condition is preserved by mean curvature flow if the ambient space is Kidhler—Einstein,
and consequently mean curvature flow has been proposed as a means of constructing
special Lagrangians. In order to flow to a special Lagrangian, one would need to show
that the flow exists for all time. This however can’t be expected in general, as finite
time singularities abound. See for example Neves [13]. For a nice overview on what
is known about singularities of Lagrangian mean curvature flow, we refer the reader
to the survey paper of Neves [12].

A natural question is whether it might be possible to continue the flow in a weaker
sense once a singularity develops and, in doing so, to push through the singularity.
Since all special Lagrangians are zero-Maslov class, and the Maslov class is preserved
by Lagrangian mean curvature flow, of particular interest is the mean curvature flow of
zero-Maslov class Lagrangians. In this case, the structure of singularities is relatively
well understood. Indeed Neves [11] has shown that a singularity of zero-Maslov class
Lagrangian mean curvature flow must be asymptotic to a union of special Lagrangian
cones. We note that in C? every such union is simply a union of Lagrangian planes, and
so the case we consider in the theorem below is not necessarily overly restrictive. In this
paper we consider the simplest such singularity, namely that where the singularities are
each asymptotic to the union of two non-area-minimising, transversally intersecting
Lagrangian planes. Specifically we prove the following theorem which serves as a
partial answer to Problem 3.14 in [8].

Theorem (Short-time existence) Suppose that L C C" is a compact Lagrangian
submanifold of C" with a finite number of singularities, each of which is asymptotic to
a pair of transversally intersecting planes Py + P> where neither Py + P> nor P| — P>
are area minimizing. Then there exists T > 0 and a Lagrangian mean curvature
flow (Ly)o<t<T Such that ast \( 0, Ly — L as varifolds and in Cf(’)% away from the
singularities.

We remark that the assumptions L C C”" and L compact are made to simplify
the analysis in the sequel, however since the analysis is all of an entirely local
nature we may relax this to L C M for some Calabi-Yau manifold M, and to L
non-compact provided, in the latter case, that we impose suitable conditions at infin-
ity.

In the one-dimensional case all curves are Lagrangian. [lmanen—-Neves—Schulze
considered the flow of planar networks, that is finite unions of embedded line seg-
ments of non-zero length meeting only at their endpoints, in [5]. They showed that
there exists a flow of regular networks, that is networks where at any meeting point
exactly three line segments come together at angles of 277 /3, starting at any initial non-
regular network. To do so they performed a gluing procedure to get an approximating
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family of regular initial conditions, and proved uniform estimates on the correspond-
ing flows, allowing them to pass to a limit of flows to prove the result. The proof here
is based heavily on their arguments, and many of the calculations we do are similar to
those in that paper. To prove the short-time existence, we construct a smooth approx-
imating family L® of initial conditions via a surgery procedure. Specifically we take
a singularity asymptotic to some non-area-minimising pair of planes P; + P, cut it
out and glue in a piece of the Lagrangian self-expander asymptotic to those planes
at a scale determined by s. For full details see Sect. 7. Each of these approximating
Lagrangians is smooth, and hence standard short time existence theory gives a smooth
Lagrangian mean curvature flow L} corresponding to each s. As s — 0 the curvature
of L* blows up so the existence time of the flows L guaranteed by the standard short
time existence theory goes to zero. Instead we are able to prove uniform estimates on
the Gaussian density ratios of L}, which combined with the local regularity result of
Brian White [19] provides uniform curvature estimates, interior in time, on the flows
L7, from which we obtain a uniform time of existence allowing us to pass to a limit
of flows and prove the main result.

There are two key components in the proof of the estimates on the Gaussian density
ratios. The first is a stability result for self-expanding solutions to Lagrangian mean
curvature flow. More specifically we show that if a Lagrangian is weakly close to a
Lagrangian self expander in an L? sense, then it is close in a stronger C ¢ sense. The
proof of this stability result depends crucially on a uniqueness result for zero-Maslov
smooth self-expanders asymptotic to transverse pairs of planes due to Lotay and Neves
[10] and Imagi et al. [6]. The second component is a monotonicity formula for the
self-expander equation, which allows us to show that the approximating family of
initial conditions that we construct in the proof, which are self-expanders in a ball,
remain weakly close to the self-expander for a short time. The combination of these
results tells us that the evolution of the approximating flows is close to the evolution
of the self-expander near the singularity. Since self-expanders move by dilation, we
have good curvature control on the self-expander, and hence estimates on the Gaussian
densities of the approximating flow.

Organisation The paper is organised as follows. In Sect. 2 we recall key definitions
and results. In Sect. 3 we derive evolution equations and monotonicity formulas for
geometric quantities under the flow. In Sect. 4 we prove the Stability result mentioned
above. Section 5 contains the proof of the main theorem which gives uniform estimates
on the Gaussian density ratios of the approximating family near the singularity. From
this we get uniform estimates, interior in time, on the curvature of the approximating
family which allows us to appeal to a compactness argument. Section 6 contains the
proof of the short time existence result itself. Section 7 details the construction of the
approximating family used in the proof of the main theorem. Finally the appendix, Sect.
A, contains miscellaneous technical results, including Ecker—Huisken style curvature
estimates for high-codimension mean curvature flow.
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2 Preliminaries
2.1 Mean curvature flow
Let M" C R"* be an n-dimensional embedded submanifold of R*t¥. A mean cur-

vature flow is a one parameter family of immersions F : M x [0, T) — R"** such
that the normal velocity at any point is given by the mean curvature vector, that is

dt

dF -

Of particular interest to us are self-expanders. These are submanifolds M c R"**
satisfying the elliptic equation .
H-xt=0,

where (-)* is the projection to the normal space. In this case one can show that
M, = /2 M is a solution of mean curvature flow.

A fundamental tool in the analysis of mean curvature flow is the Gaussian density.
We first define the backwards heat kernel oy, 1) as follows

. 1) 1 . |x —x0|2
X, )i = ——————exp|l—— ) .
P(xo,t0) (47 (10 — 1))"/2 p 40— 1)

Next, for a mean curvature flow (M;)o<;<7 we define the Gaussian density ratio
centred at (xo, fp) and at scale » by

O (x. fo, ) = / Doty (s o — rAH" (x)
2

n—r

1 lx — xol?
= /M Gl exp (— 2 dH" (x)
tofr

this is defined for 0 < tp < 7,0 < r < /iy and any xp € Rtk Huisken in (4]
proved the following monotonicity formula.

Theorem 2.1 (Monotonicity Formula) If (M;)o<; ¢, is a mean curvature flow, then

2

- xp — X))+ ,
- ( 0 p(xo,lo)(xvt)dHl(-x)'

2ty — 1)

d
= gy (6, DAH (x) = — /
dt Juy, "

In particular, it follows that ® (xg, fg, r) is non-decreasing in r. Consequently we can
define the Gaussian density as

O(xo, tp) := }1\1‘1(1) O (xo, to, 7).
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One can show that (xg, #9) is a regular point of the flow if and only if ®(xo, #p) = 1.
The following local regularity theorem of White [19] says that if the density ratios are
close to 1, then that is enough to get curvature estimates.

Theorem 2.2 (Local regularity) Let t > 0. There are constants gyo(n, k) > 0 and
Co(n, k, t) < 0o such that if dM; N By, = @ fort € [0, r2) and

O(x,1,p) <1+e p<ti, x € By(xo),  €[0,r?),

then
Co 5
|Al(x, 1) < — x € M; N By (x0), t € [0,7r7),

N

where A(x, t) is the second fundamental form of M; at the point x.

Finally, we introduce what it means for two manifolds to be e-close in C Lo Given
anopen set U C R"* and two n-dimensional submanifolds ¥ and L defined in U, we
say that ¥ and L are 1-closein cle(w) for any W C U withdist(W, dU) > lifforall
x € W, B1(x)NX and B (x)NL are both graphical over some common n-dimensional
plane, and if # and v denote the respective graph functions then [|u — v|[1.o < 1. We
then say that ¥ and L are e-close in W if after rescaling by a factor 1 /¢, ¥ and L are
1-close in e ~!'W for any W with dist(e~'W, e~ 1oU) > 1.

2.2 Lagrangian submanifolds and Lagrangian mean curvature flow

We consider C" with the standard complex coordinates z; = x; 4 iy;. We will often
identify C" with R*". We let J denote the standard complex structure on C" and w
the standard symplectic form on C", defined by

n
w= dei A dy;.

i=1

We say that a smooth n-dimensional submanifold of C" is Lagrangian if w|;, = 0. We
also consider the closed n-form 2, called the holomorphic volume form, defined by

Q:=dzi AN+ ANdzy.

On any oriented Lagrangian a simple computation shows that |, = ¢/?vol; , where
voly is the volume form on L. We call ¢/%2 : [ — S the Lagrangian phase, and 6 the
Lagrangian angle, which may be a multi-valued function. We henceforth suppress the
subscript L. In the case that € is a single valued function, we say that the Lagrangian
L is zero-Maslov. An equivalent condition is [d0] = 0, that is, d6 is cohomologous
to 0. If 6 = 6) is constant, then we say that L is special Lagrangian. In this case L is
calibrated by Re(e~'%vol; ), and hence is area-minimising in its homology class.
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We also consider the Liouville form A on C" defined by

n
A= ijdyj — yjdx;.
j=1

A simple calculation verifies that dA = 2w. If there exists some function 8 such that
M| = dp then we say that L is exact. In this paper we will be more interested in local
exactness, that is when the Liouville form A only has a primitive in some open set. It
can be shown that any smooth Lagrangian is locally exact.

The following remarkable property of smooth Lagrangians relates the Lagrangian
angle and mean curvature vector (see for example [16])

H = JV6.

Consequently we see that the smooth minimal Lagrangians are exactly the smooth
special Lagrangians.

A Lagrangian mean curvature flow in C" is a mean curvature flow (L;)o<;<7 With
Lo Lagrangian. As proved by Smoczyk [15], it turns out that the Lagrangian condition
is preserved by the mean curvature flow.

3 Evolution equations and monotonicity formulas

In this section we compute evolution equations for different geometric quantities under
the flow, and then use these to prove a local monotonicity formula for a primitive of
the expander equation.

Lemma 3.1 Let (L;)o</<T1 be a Lagrangian mean curvature flow in C". The following
evolution equations hold.

D de’ = A6, where 0; is the Lagrangian angle for L;. Note that since only deriv-
atzves of 6; appear here, this does not require the assumption that the flow is
zero-Maslov.

(ii) In an open set where the flow is zero-Maslov and exact with B; a primitive for
the Liouville form, g = ABr — 206,

(i) (Lo 4 A —|H? — _|A - w0t ?
P(xo,10) Pxo.10) = 2o—1) | Pxo.10)

Remark In particular, from part (iii) we have

(dp(xo.to)

di + Ap(Xo,to)) - |H|2P(Xo,to) =0

Proof (1) Differentiating the holomorphic volume form €2 and using Cartan’s formula
we have
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s - .
- = L;Q=d(H.Q) =d(ie"" V6, wvoly,)
= ie'%d(V6,voly,) — €% de, A (V6,voly,)
= ie'%div(Ve,)voly, — ' db; A (V6, voly,).
On the other hand
d2 d /. . do d
o= (e’g’volL,) = ie’gfd—;volL, + EIQ’EVOILt.

Comparing real and imaginary parts we have (i).
(ii) Using Cartan’s formula again and denoting the Liouville form by A;, we have

d . .
d (%) = Ljn = d(H o) + Hod),

= d(H.\) + IV, 20
= d(HJ)\,) — 2d6,.

Hence

dg, -
d (d—; — Hoh + 20,) =0.

By possibly adding a time-dependent constant to S, this implies

dg. -
d—t’ = H_\ —26,.

Hence it only remains to show that H ahy = AB;. We first show that VB, = (J 0T,
Indeed we have dB;, = A,, thus for a tangent vector t

(VB T) = dBi(v) = hi(x) = (Jx, 7) = (D), 7).

With this in hand we now choose normal coordinates at a point x, and denote the
coordinate tangent vectors by {d1, ..., d,}. Then we calculate

ViViB = (Vi(Jx)T,8;) = 8;(Jx, 8;) — (Jx)T, Dy, 3;)
= (J&, ;) + (Jx, Dy, 8;) — (Jx)T, Dy d;)
= (3, 3;) + ((Jx)*, Dy, ;)
= (Jx, hij),

where h;; is the second fundamental form. Taking the trace of each side we have
AB: = (Jx, H) = H.h,.
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(iii)) We may assume without loss of generality that xo = 0 and 79 = 0, and we will
suppress the subscripts of p. We first calculate

ap no x| ap 9%p 8ij  xixJ
—_ = —— — -5 p —=—p n - =1 — + 3 pP.
ot 2t 4¢ ox! 2t oxtox/ 2t 4¢

Then we have

o L g (Dp) no_ WP + 'ff y 0
- v = —— — n -
o1 P 2 a2)’ ij—lp ox 9

n |x|2 ntk ij xixd
_(_Z_t 4t2) +z (Zt 4t2)p

2t 42 412’

where p'/ denotes the matrix of the projection onto T, M. We therefore calculate

d ap
A — Dp, H \%
(dt+ ) 8t+< o, H) + div(Vp)

ap . -
= +div(Dp) +2(Dp, H)

P 4 diviopy — |- 2 G T
= — iv — - —
ot p 2w | P A P P
I O
which establishes the claim. O

Remark From the above evolution equations we see that both the zero-Maslov con-
dition, and local exactness are preserved by the flow. Indeed that the zero-Maslov
condition is preserved follows easily, and for local exactness we observe

di;

=Lk = d(H ) + Hodhr

= d(H ) + I V6, 20
= d(H ) — 2d6;.
So by the fundamental theorem of calculus we have

U dhg
0 ds ’

)\.12)\.04-

where the right hand side is exact if Ag is.
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Let ¢ be a cut-off function supported on Bz with0 < ¢ < 1, ¢ = 1 on B; and the
estimates | D¢p| < 2 and |D?¢| < C. We then have the following lemma.

Lemma 3.2 Suppose that (L;) are exact in Bz and define oy := f; + 2t6;. Then

d -
—/ q&atzpdu < —/ ¢|12tH —xPpdu + C/ atzpd,u.
dt J, L LiN(B3\B2)

where C = C(¢).

Remark Note that it follows from Lemma 3.1 that

d
EO{; = Aﬂl‘ — 29[ + 20[ + 21‘A9, = A()l;.

This is the motivation for why we might expect «; to satisfy some sort of monotonicity
formula in the first place.

Proof We calculate

d ¢ .
(E — A) ¢) = E — d]VD¢ = —ARan) +tr(TL)J_D2¢ S CXB3\321

where yp,\ B, denotes the indicator function on B3\ B,. Then

d d d
(E — A) (pa}) = ¢ (E — A) of +of (E - A) ¢ —2(Vo, Vay)

d
< 2¢a, (E—A) @ —20|Va, > +Ca? x5, — 4 (V, Vay).

Using Young’s inequality we estimate the last term on the set {¢p > 0} as follows

4|Dg|?
—4a,(Vo, Vay) < 4|D¢|loy|| Ve | < |V, > + T“’z < ¢IVay|* + Ca} xpy\5,,

where we used that 5
D] 2
<2max |D“¢| < C.

This is true of any compactly supported smooth (or even C?) function. Thus we arrive
at

d
(d_t - A) pa; < —¢|Vail* + Cof x5\,
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We now just differentiate under the integral and use Green’s identity to get

d
[ saoin= / WD) 1 a2 |1 o p
tJL,

dt
d(¢a?)
dt

dp
= / paf Ap — pA(pa)dp + / p + i
L, L t

t

— |H* e} pd

d d >
- / (E _ A) (pa?) + ((E + A) o — |H|2p) podp

¢p|Vay*dp + C / o pdp.

L; LiN(B3\By)

So we are left with precisely the desired inequality since Vo, = Vf; + 2tV6, =
—2tJH. m|

4 Stability of self-expanders

In this section we prove a dynamic stability result for Lagrangian self-expanders.
More specifically we show that if a Lagrangian submanifold is asymptotic to some
pair of planes and is almost a self-expander in a weak sense, then the submanifold
is actually close in a stronger topology to some self-expander. Let Py, P, C C" be
Lagrangian planes intersecting transversally such that neither P; + P> nor P; — P, are
area minimising. We denote by P := P| + P,. We will need the following uniqueness
result, proved by Lotay and Neves [10] in dimension 2 and Imagi et al. [6] in dimensions
3 and higher.

Theorem 4.1 There exists a unique smooth, zero-Maslov class Lagrangian self-
expander asymptotic to P.

Theorem4.2 Fix R, r,t > 0, ®, &9 < 1, and C,M < 00. Let ¥ be the unique
smooth zero-Maslov Lagrangian self-expander asymptotic to P. Then for all ¢ > 0
there exists R > R, n, v > 0 each dependent on €y, ¢, r, R, T, @, C, M and P such
that if L is a smooth Lagrangian submanifold which is zero-Maslov in B and

(1) |[A| <M on LN Bj,
(ii) fL 0.0 (Vs —r))dH" <14 forallx and0 < r <,
d .12 n
(iii) fLﬂBk|H x—|"dH" <, ) ) -
(iv) The connected components of L N A(r, R) (where A(r, R) := Bi\B;) are in
one to one correspondence with the connected components of P N A(r, R) and

. —|x|?
dist(x, P) < v+ Cexp C ,

forall x € LN A(r, R);
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then L is e-close to T in C1+* (Eﬁ).

Proof Seeking a contradiction, suppose that the result were not true. Then there would
exist sequences v; \y 0, n; \y 0, R; — oo and L; such that each L; is a smooth
Lagrangian submanifold of C" that is zero-Maslov in Bg,, satisfying

(1) |A%]| < M on L; N Bg,,

@) Ji, Py —r2)dH" < 1+¢gpforallx and0 < r < T,

3) Jrnp, 1H =X PdH" <

(4) The connected components of L; N A(r, R;) are in one to one correspondence
with the connected components of P N A(r, R;) and

. —|x|?
dist(x, P) <v; + Cexp C

forallx € L; N A(r, R;),
(5) L; is not g-close to X in Cl""(BR,.).

By virtue of (1), (4), and a suitable interpolation inequality, it follows that for some
p > 0, outside of B, L; and X are both &/4-close to P in C L@ Hence, in order that
(5) is satisfied, we conclude that for large i, L; is not e-close to X in Cl""(Bp).

On the other hand, by (1) and (2) we may extract a subsequence of L; that converges
in Cllo’ca forall & < 1 to some limit Lo, a C!'! zero-Maslov Lagrangian submanifold.
The estimate (2) passes to the limit and tells us that Lo, has unit multiplicity every-
where, and bounded area ratios. Since L, is C L1 we can define mean curvature in a
weak sense, and (3) implies

/ |H — x12aH" = 0.
Loo

By standard Schauder theory for elliptic PDE, this immediately implies that L is in
fact smooth and satisfies the expander equation in the classical sense. Consequently
Lo is a smooth, zero-Maslov class Lagrangian submanifold, and (4) implies that L
is asymptotic to P. Theorem 4.1 then implies that L, = X, which contradicts (5). O

5 Main theorem

Suppose, as in the previous section, that P := P; + P, is a pair of transversely
intersecting Lagrangian planes such that neither P; + P> nor P; — P, are minimising,
and that ¥ is a zero-Maslov Lagrangian self-expander asymptotic to P. We assume
the existence of a family (L*)g<s<. of compact Lagrangians, each exact and zero-
Maslov in By satisfying the following properties. The existence of such a family will
be established in Sect. 7.

(H1) The area ratios are uniformly bounded, i.e. there exists a constant D such that

H"(L* N By (x)) < Dir" ¥Yr >0, Vse(0,c], Vx.
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(H2) There is a constant D, such that for every s and x € L* N By
10°(0)| + 18° ()] < Da(lx|* + 1),

where 0° and B° are, respectively, the Lagrangian angle of L® and a primitive
for the Liouville form on L.

(H3) For any « € (0, 1), the rescaled manifolds L* := (2s)~'/2L* converge in Cllo’g
to . Moreover the second fundamental form of L* is bounded uniformly in s
and without loss of generality we can assume that

lim@* + g5 =0
s—0

locally on L*. (Note that L* is exact in the ball By(25)-1/2 80 we can make sense
of B* in the limit.)

(H4) The connected components of P N A(rg4/s, 4) are in one to one correspondence
with the connected components of LS N A(rg+/s, 4), and each component can
be parametrised as a graph over the corresponding plane P;

L N A(rov/s,3) C {x +us(x)|x € PN A(rov/s, 3)} C L* N A(ro/s, 4),

where the function u; : P N A(roa/s, 3) — P+ is normal to P and satisfies the
estimate

= =2 —
g (O + 1] [Vatg (0| + ¢ PV (0] < D3 (12 o+ v/2se /2

where V denotes the covariant derivative on P, and b > 0.

We will denote by (L});c[0,7,) a smooth solution of Lagrangian mean curvature flow
with initial condition L*. For xo € R¥" and ¢ > 0 we define

D (x0, 1)(x) := (x,—1) = L e ol Yol’
x0, 1)(x) : X, X
0 P(x0,0) (47Tl)n/2 P 4t

We introduce a slightly modified notion of the Gaussian density ratios, which we will
continue to refer to as the Gaussian density ratios, of L] at xo, denoted ®7 (xo, r) and
defined as

1

lx—xnl?/4r2
i —(47-[’.2)11/26 [x—=xo[|*/4r dHn(X), (51)

07 (x0, 1) I=/ ® (xo, r2)dH" :/
7 L

t

defined for ¢t < T. The monotonicity formula of Huisken tells us that

% (x0,7) = O (x0, t + 12, 7) < O (x0, 1 + 72, p) :/ ®(xo, 1 + r2)dH",

LS
t+r27p2
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for all p > r. In particular choosing p> = t + r> we have
Ol < [ @G+ ran.
LX

We also define
LS
= l

Li V26 +10)

We will denote by (:);v (x0, r) the Gaussian density ratios of (Z§ ), that is

rs

C:)f(xo,r) ::/~ ® (xg, r)dH".
Ly

One of the primary reasons for modifying the Gaussian density ratios is that our new
ratios behave well under the above rescaling. Indeed we can calculate

;( r)—é“( all ! )
=\ AT V261 0)

The primary goal of this section is now to prove the following result.
Theorem 5.1 Let ¢y > 0. There are so, 5o and Tt depending on D1, Dy, D3, ¥ and rg

such that if
t <6, rzgrt and s < sp,

then
O (xo,r) < 1+

for every xo € Bj.

We start by proving estimates like the one in the above theorem hold for a short
time or far from the origin.

Lemma 5.2 (Far from the origin estimate) Let ¢g > 0. There are §; > 0, Ko < 00
such that ifr2 <t <8 ands > 0, then

©; (xo,r) = 1+ €0,

for all xo € A(Ko/2t, 1).

Proof We first claim that there is a Ko < oo such that if yg € R?" has |yo| > Ko,
then for any A > 0 and s we have

/ D (yp, DdH" <1+ 59/2.
A(LSNB3(0))
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Indeed if this were not the case, then there would exist sequences y;, A; and s; with
|yi| = oo such that

/ D (y;, DAH" > 1 + 59/2. 5.2)
Xi (LSiNB3(0))

First we note that A; must be unbounded since, for some universal constant C we have

1 2 2
®(y;, HdH" 5/ e~ Pl B 4 gy
/A,»(L"mB;(O)) ' 2 (L% NB3(0y) (4mr)"/?

—lyil?/8 n/ U 02 o
S e )\, —_—Fe ! dH
" JLsingy (4m)n/?

< Cale Wil BHerl yn 15 A By(0)),
S——

<D;3"

so it is easily seen that if A; were bounded then (5.2) would fail for large i. Next from
the estimate (H4) we have that

_n 2
Voul ()] < c(l + —Se—b""z/”),

|x|?
for every x € A(ro~/2s,4) and hence
Al =C (1 + Lebxlz/zé‘)
- V2s

1/2

on B3 N L%, since on BrO Jas We have |A| < C(2s)~ '/~ where C is a curvature bound

for 2. We rescale and define
L;:=MLY o = )Lizsi,

so that on l:,- we have the estimate

C 1 y — .
A=+ (l + ﬁebuz/zxfh) =C ()»i_l +o0; l/ze’b'x‘2/2"') :

Consequently |A| — O uniformly on compact sets centred at y;, so it follows that
locally L; — y; converges to a plane, but this contradicts (5.2).

We next observe that (H1) ensures that we may choose §; > 0 small enough such
that for any xo € B1(0) and [ < 2./8; we have

/ D (xo, DdH" < &09/2
LS\B3
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On short time existence of Lagrangian... 1487

By the monotonicity formula we have that for any r2, t < &

O3 (xo, ) 5/ D (xg, r> + t)dH"
LS

=/ @(xo,r2+t)dH"~|—/ @ (xq, > + 1)dH"
L5\ B3

LSNB;
580/2+/ CD(x—O,l)dH”
240~ 1(L°NB3) r24t

<1l+4¢o

provided that |xo| > Ko~/r2 + 1, so imposing the additional requirement that 2 < ¢
this gives precisely the desired result. O

Remark We observe that increasing Ko will only weaken the hypotheses, and so we
may do so freely if necessary without changing the conclusions. This will be important
in the next lemma, and also in the proof of the main theorem where we will assume
that K is at least 1.

Lemma 5.3 (Short-time estimate) Let &g > 0. There are s; > 0 and q1 € (0, 1) such
that if s < s1, rl < q1s andt < qis then

O;(x,r) < 1+ep, (5.3)

forall x € By.

Proof Fix a € (0, 1) and let g1 = q1(Z, €9, o) be as in Lemma 8.2. We may assume
without loss of generality that g; < 1. By Lemma 5.2 we need only prove the estimate
forx € By, - We fixa € (0, 1) and seek to apply Lemma 8.2 with R = KO\/q_Al—i— 1,
which we can assume is at least 2 by increasing Ko, and the rescaled flow L; :=
(2s)~V zList. This is a mean curvature flow with initial condition L*. By (H3) we
know that ¥ — ¥ in Cll.f . In particular, letting ¢ = e(gg, X, ) from Lemma 8.2, if
s is small enough we can ensure that LS ise-close to = in C1*(Bg(0)). The conclusion

of Lemma 8.2 then says that for P2 < grand x € BKquT we have

s
L 2st

@f(x,r)z/ <I>(x,r2)dH”:/ @ (2sx, 25r2)dH" < 1 + &,
L

or in other words
O} (x,r) < 1+ ¢,

for all r2,t < g5 and x € BKo\/ﬁ' However since t < ¢ps this holds for all
X € BK Jar O
0 !

The next lemma shows that in an annular region, and for short times, we retain
control on both the distance to P and the Gaussian density ratios that is uniform in s.
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1488 T. Begley, K. Moore

Lemma 5.4 (Proximity to P = Py 4+ P») There are constants C1, and ry such that
for any v > 0 there are 52, §2 > 0 such that the following holds. If s < sy andt < &,
then we have the estimate

dist(yo, P) < v+ Cre /€1 vy e LS A, (s + )73,
and if in addition r < 2, then
~ &
Of (yo.r) < 1+ 30 v Vyo € AGr (s + 1) 1/8).

Remark Note in particular that r; does not depend on v, which will be important later.

Proof We consider t < §, and s < s, (both 8, and s> to be chosen) and define

! $E0 . L

Yo T 26+

Clearly / < 1/2 and also from (H4) we have that if s, 6, are chosen small enough,
then = N A(rg, 3(s +1)~'/3) is graphical over P N A(rg, 3(s + 1)~ /%). Moreover
if v(,s is the function arising from this graphical decomposition then we have by
scaling the estimate of (H4) that

- =2
V(5,0 )] =+ ][ Vs, (0] + X2V v, ()]

V28 Cob(e 296
2 2b(s+t)|x|7/2s
SDs(\/2(S+t)|x| +(—2(s+t))e )

< Ds (\/2(s Tl + e—b'ﬂz) .

Let ¢ > 0 be a constant that will be chosen later. If s, (D3, ro, ¢) and 8(D3, rg, ¢) > 0
are small enough and r1 (P, ¢) > max{rg, 1} is chosen to be large enough then we can
ensure that

— 2
.0 @+ xVun (0] = Ds (V26 + Dl +e ) <e2 (54)

on A(ry, 3(s+1)"1/3). Indeed x € A(ry, 3(s+1)~/8) implies that |x|* < 9(s+1)~ /4,
and s0 /2(s + 1)|x|?> < 9v/2(s2 + 87)'/* can be bounded in terms of s, and 8». From
now on we fix some yy € L{NA (3r1 + 1, (s + 1)~ 1/8). Since yo+/2(s + 1) isaregular
point of (L7), the monotonicity formula implies

®(yo, DAH" =: 1+ J + K,
)

(s,t

1 < O%(yov/2(s +1), V1) = /
)
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On short time existence of Lagrangian... 1489

where

~
|

/ @ (yo, DdH",
SGE0\B

3s+n~1/8

/ D (yo, NdH",
560NB,,

K ::/ D (yo, HdH".
LEDNArL3(s+1)"1/8)

We first estimate 1. If |x| > 3(s + 1)~ '/8 > 3|yg| then

J

2|x|? |x|?
|x—szuﬁ—mmWerFzuF——;~HWF=7;+bm%
SO
d(yo, 1) = b s ;e—wmz/me—ulz/lzz
’ (4ml)n/? - (@rhn/?
= 3"/2¢~ 0P/l (0, 31).
Therefore by choosing C1 = C1(D1, n) we can estimate
I = / @ (yo, )dH" < 32~ ol /4 / @0, 30)dH"
E(S’I)\BB(S+t)71/8 2:(S,t)\B3(S+t)7l/8
< 3”/2e—'>’0‘2/‘”/ (0, dH"
(31)—1/22(5,0

2
< Cle—\)'ol /Cl’

since [ is bounded independent of s and ¢, and the estimate (H1) is scale invariant, so
in particular is satisfied by (31)~1/2x®1,
Next we estimate J. Similarly as before we find that for |x| < r; < |yo|/3 we have

2
|x—mﬁzuﬁ+9%<

Thus 2
®(yo, 1) < e P12 ®0,1) on By,

hence by possibly increasing C7 if necessary we have
J =/ ®(yo, HdH" < e—‘yolz/m/ ®(0, ) dH" < Cre Pl /C1,
260NB,, T6ONB,,

Finally we deal with K. We denote by a; the orthogonal projection of yg onto P; and
by b; the orthogonal projection of yg onto PZ.J-. We suppose without loss of generality
that
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1490 T. Begley, K. Moore

dist(yo, P) = |b1].

We will also denote by Ei(s’t) the component of 9 N A(ry, 3(s + 1)~1/3) that is
graphical over I1; :== P, N A(r1, 3(s + 1)~ !/%), and by vf”) the corresponding graph
function. Since we have that Py N P, = {0} it follows that for some ¢ = ¢(P) > 0 we
have that [b>| > c|yp|. Notice that since |ba| < |yo| we have that ¢ < 1. Suppose that

X € 25“), and denote by x’ the orthogonal projection onto P,. Then we have

lyo = x> = laz + b2 = x" = v{, y (&P = laz — x> + by — v, ().

Moreover by (5.4), if r; is chosen large enough (and in particular larger than 1),

2 / c C|y0|
|U(S,t)(x )| =< 5 = 5
SO | |
1Yo
b2 = v (D1 = [b2] = [, (D] = ==

Consequently, denoting by g;; := 8;; + Div(zs n-Dj v(zs 1y the induced metric on the
graph, we can estimate

Joi 00 Dare = | 1 —laz = ¥ — b2 — 2y DI
9 = eX
260 Yo o G p -

‘/det(gij)dx’

<C€—c‘2|yo|2/l6l/ ;e—|a2—x/\2/41dx/
- Py (47-[1)11/2

2
< Cle—lyol /Cl’

where we used (5.4) to estimate the gradient terms arising in the surface measure.
Combining this with the estimates for / and J we have that

un2
1< / D (yo, DdH" < / D (yo, DdH" + C) exp( 1Yol ) . (5.5
> (s.1) ZES’U Cl

Increasing r; for the last time if necessary, we can ensure that

—Iyol?
C|ex
1 €Xp ( Ci
Therefore we have that

! o) H by — vl 2
= / (yO7 l)d < ( Supexp(_¢ .
2 Eis,/) =

IA

1
5

m, 41
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On short time existence of Lagrangian... 1491

Therefore it follows that |b| — v(ls t)lz /4l is bounded on IT; independently of /, s and
t, thus we can estimate

a1 2
11 = vl _ (1 = b,
a -

on IT; where C is independent of s and 7. Moreover because the matrix (D,-v(ls "

D; v(lsy t)) has non-negative eigenvalues we have that ,/det(g;;) > 1, so we can estimate

d
41 (4r )y *

[0l =017\ exp(— ' — ar /4] ,

= C/Hl (1 — exp (— m aniy det(gij)dx
exp(—|x" — a1[?/4]) Sdy .
C(/n (4rly'/? Vdeta)ds’ - g SO0 DA

exp(—|x’ — ay|?/41) .
¢ </nl (4m1)n/? det(gij)dx" — 1) + C1exp(—|yol“/C1)

exp(—|x’ — ai|*/4) N / 2
= C/nl ()2 (\/de“Tﬂ— 1) dx’" + Crexp(—Iyol*/C1),

where we used (5.5). Next, from the Taylor expansions for square root and determinant,
we have /T4 x = 1 +x/2 4+ O(x?) and det(/ + A) = 1 +tr(A) + O(JA|?), which
implies

1 2
/ [V = D11" exp(—|x" — a1 |?/40)
Iy

IA

n 1/2
Jdet(gij) — 1 = (1 + D 1D P + O(Wvés,t>|4)) —1

i=1

IA

n — —
21V + 0V 1)

IA

cﬁvgs,,)ﬁ,

where the last line follows from the fact that ﬁv(ls n |isboundedon A(ry, 3(s+1)~ 1/8)
by (5.4). Putting the above two estimates together we find

dx’'

/ 0l = b11* exp(—[x" — a1 2 /41)
m, 4 ()2

o aexp(—l —a /4D
<c /n Vol PSR 4 Crexp(lyol?/ ).
1

Therefore since
2 1 1 2 1 2 1 2
b1 = (161 = vl |+ 1uh 1) =2 (161 = vl P + Il ).
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1492 T. Begley, K. Moore

we can estimate, by integrating both sides against (4771)"/? exp(—|x’ — a1|?/4l) over
I,

’ 2

P A4y + crexp(-InP/C.

(5.6)
Note that here we used the fact that the integral of (47 /2 exp(—|x" —a; |2 /4l) over
IT; can be bounded below by a constant, on account of the fact that / is bounded
independently of s and ¢, and the outer radius in the definition of I1; is bounded below
by 3(s2 + 82)_1/ 8 which, by choice of s, and §,, we can assume to be greater than 2r|
say. Since b is also constant we rearrange to obtain the above identity. We want to
now control the integral terms on the right hand side. First we observe that |a;| > ¢|yg|
for some constant depending only on P. This follows from the fact that we assumed
yo was closer to P; than P>, and hence lies in some fixed conical neighbourhood of
P1. Moreover for any 0 <[ < 1 we have for any x, a; € R2"

b < € /H (Il 2+ 901, )
1

2 1
2b|x + a1 + % = |x|? (E + 2b) +2la1?b + 4bx - ay

16bl+1 ,  32b% 5
|x|* = lai|
81 16bl + 1

Y 1 2
> x| E+2b +2|ay|°b —

x> 2blay|?
- 8/ 16bl +1°

Furthermore for x € I1; we have |x| > 1, so by (5.4)
_ — _ 2
Vol P < kPl 2 < € ((s +1)|x |2 4 e 20l ) :

Hence for some C; = C{(Dy, D3, P) we have

o1 23_‘)[/_“1'2/41 / ) 213"
Tl P <y [ (ot
/l'[] | v(s,t)' (47-[[)11/2 X = ]Al (s +D]" +e

e/ —al?/4l

/

Griy

¥ oW —arl?/4
(drl)n/?

—|x'?/41

§C](s—|—t)+C]/ e dx’'
Rn

—b|x’+a1\ze ’
<Ci(s+1)+C /Rne —(4nl)"/2dx

—1x'12
oIR8

—la1>/C
<Ci(s+1t)+Cie . (4nl)"/2dx

= C1 (G 1)+ ey,

In the first line we used the fact that integrating |x’|> against (47[)"/? exp(—|x’ —
ap |2 /40) over R" can be bounded in terms of the scale /, which we observed earlier is
bounded by 1/2. Similarly, using (5.4) again, we can estimate
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On short time existence of Lagrangian... 1493

2
|v(ls,t)|2 =G ((l +s)|x|4 + o 2blx ) )

So an entirely analogous calculation establishes the estimate

el vol/C
2 6y (s ).
~/Hl |U(s,t)| (4rl)n/? x=Ci(Gs ) te

Therefore from (5.6) we have
|b1|2 < C ((s +1)+ e—\yo|2/cl) ’

so choosing s> and &, depending on D1, Ds, P, rg, v and b we have that for all s < 57
and r < &, we have

Ib1| = dist(yo, P) < v + Cre~Pol/C1,

We next want to show that by possibly increasing rq, and decreasing s; and §; if
necessary, that we also have the estimate

~ e
O (yo,r) <1 +§+v
for any r < 2. We have

N 1 —|x — yol?
t

=/ 1 (—|x —«/2(s+t)yo|2)dHn

L @6 + 02 P\ T 8206+ )
= @5 (\/2(s + 1)y0, v/2(s + 1)r).

Applying the monotonicity formula we have

O (V2(s + 1)y0, V2(s + 0)r) < O (/2(s + 1)y0, V2(s + )12 + 1),

so we find, recalling that / = ¢/2(s + 1)

= 1 —|x — 2(s + D)yol? n
610002 [ G T e o ( 406+ 07+ )dH

:/ 1 ex —|x — yol? AH
son @2+ 0172 TP\ a0+

= / (v, [ + r2)dH".
»(s.0)
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1494 T. Begley, K. Moore

Therefore by splitting up the integral as before and estimating exactly analogously we
have

_ 2
0; (0, 7) < / L @001+ P + Cyexp (_'CyO' )
= 1

—lx'—ay[?
eXp( 4051) ) —[yol?
<[ — 2 T Jdet(gijdx’ + C —ol
_/H1 Gl T 127 et(gijdx + 1exP( 3l )

—|x'—a;]?
= eXp( pTE= ) —lyol?
<14C | |V, ——F—5dx' +C —
=17 l/rn| Yool G 2™t 1exp( Ci )

IA

—lx"—ay?
/ exp( ) ) —Iyol?
1+Ci(s +1)+C B R N VA +C —_—
1(s ) 1/n € (4r(l 1’2))"/2 X 1 exp Ci

,lx/‘Z )
exp (=
I+ Ci(s +1) + Cl/ o2l +ar? xp (4(l+r2)

. @ + 22
Y
+C1exp( |C}jo' )
1

We want to estimate the exponential terms and pull out an exponential factor in |a |
SO we estimate

x| ,8b(1+7%) + 1
> |x]
41 +r?) 4 +r?)
320%(1 +r?) )

16b(l +r?) +1,_ ,
S —

2blay ?
M)

2b|x + a1 +

T Teb 1) 11!
|x|? 2bla; |*
T8U+r2) T 16b(I D)+ 1
x| |a;|?

>_ -
~8(+r?) Cq

where we used the fact that/ and r are both bounded independently of s and 7. Therefore
putting this together we have

e XP/80+r%)

e —lyol?/C
- (4n(1+r2))n/2dx+C1e Y0 1

B (vo.r) < 1+ Ci(s +1) + Cre 1P/

A

14 Ci(s +1) + Cre /€1,

IA

Evidently an appropriate choice of ry, 52 and §, yields the required result. O

The following two Lemmas show that we have additional control in annular regions,
specifically on normal deviation, curvature, Lagrangian angle and the primitive for the
Liouville form.
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On short time existence of Lagrangian... 1495

Lemma 5.5 Let F* : L* — R?" be the normal deformation such that LY = FS(L%).
We also define F} = (2(s + t))_l/zFf so that L] = F}(L®). Then there exist ra, 83,
s3 and K < oo such that if t < 63 and s < s3 then

Fg(x) — Fts(x) < K whenever Fg(x) €A (rz, (s + t)_1/8/4) .

Proof By the proximity lemma 5.4 we may choose r» > 1, §3 and s3 such that if
t < é3and s < s3 then
O} (x,r) <1+¢go

forallr <22(s+t)andx € A (}’2«/2(.8‘ +1),vV2(s + t)3/8). Hence by White’s
regularity theorem (Theorem 2.2) we can find a C such that

dF} - C
‘ P < £
dt NG

whenever F (p) € A (2r23/2(s + 1), v/2(s + 1) (s + 1)~ /8/2). Therefore, choosing
a larger r, and smaller 53, §3 if necessary we obtain, by the fundamental theorem of
calculus,

e
IF5(p) — F§(p)| < /O Zeds =20VE,

whenever
Fy(p) € A (120 + )2 (s + )25 + 0714,

which establishes the result. |

Lemma 5.6 There are 54 > 0 and s4 > 0 such that for 0 <s < ssandt < 4
|A7 O 416 ()| + 1B/ (x)| < Dy Vx € L N A(1/3,3). 5.7

Proof The estimate is clearly true for ¢t = 0 by assumption (H2). Moreover, by (H4) we
can assume that for s sufficiently small, each of the L* is the graph of a function with
small gradient in the region A(1/4,4). Applying Lemma 8.1 we find that L* remains
graphical with small gradient in A(2/7,7/2) for some short time, which implies that
|67 | < C for 64 chosen small enough.

That | A} | is bounded follows from Lemma 8.1 and Corollary 8.4, since Lemma 8.1
implies small gradient for a short time, which allows us to apply Corollary 8.4 to get
uniform curvature bounds for some short time in A(1/3, 3).

Since |6| and | A}| are both bounded, we have from the evolution equations of B}
(see Lemma 3.1) that

dg;’ -
' Pl < |ux. )| + 2871 < .
dt
Hence for some suitable short time, |8;| also remains bounded in A(1/3, 3). O
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1496 T. Begley, K. Moore

The last of the technical lemmas in this section uses the monotonicity formula of
Sect. 3 to show that after waiting for a short time dependent on s, we can find times at
which the scaled flow L is close to a self-expander in an L? sense. We later use this
in the proof of the main theorem to get estimates on the density ratios via the stability
result.

Lemma 5.7 Let a > 1. Let q| be as given by Lemma 5.3, and set q := q1/a. Then
foralln > 0 and R > O there exist §5 > 0, s5 > 0 such that for all s < s5 and
qs < T <85 we have

1 aT N 10
. — |H — x12an"dt <.
(a—l)T/T /meBR

Proof Fix R > 0, n > 0. Suppose s < s5 and gs < T < §s, with §5 and s5 yet to be
determined. Furthermore, we set Ty := R2(s +aT) + aT. Throughout the proof, we
denote by C a constant which depends on a, R and ¢, but not on T or s. We estimate

1 aT N
—/ / |H — x12dH"dt
(a—=DT Jr Jisnsg

1 aT N
= —/ (s + 1))/ / 12(s + )H — x-|?dH"dt.
(a— l)T T LfﬂBRm
(5.8)

Now supposing that s5 and &5 are small enough we can ensure that Ry/2(s + 1) < 2.
Moreover on By /57y we have

2
(To — "2 po, 7y (x, 1) = ! exp (—L)
’ (4m)n/2 4Ty —1)

- R22(s + 1)
= @2 P\ am—n )

Since Ty —t = R*(s +aT) +aT —t > R*(s + aT) > R*(s + 1), it follows that

1 1
(To — )" po.y(x.1) > ———exp|—= ).
’ (42 2

Hence we can continue estimating (5.8) using the localized monotonicity formula of
Lemma 3.2 (¢ denotes the cut-off function given in that lemma which is 1 on B, and
0 outside of Bj3)
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On short time existence of Lagrangian... 1497

C aT N
(58) = — / (s + 1)~ DT — 1y 2 / $12(s + 1) H — x> po, 1, d H"d1

T LS

C aT

<2 / (s + )2 (1)~ )2 / 1B +2(s+0)8} 2po. ryd H"d
T LINA(2,3)
C
+ ?(s + )~ +2/2(, — T)"/Z/ BI85 + 2(s 4+ T)031% po. 7, d H".
Ly

(5.9)

Now using the localized monotonicity a second time we have the estimate

d
— / OIS +2(s + 107 * po, 1y dH" < C / 1B +2(s + 187 * po, 1y d H"
dt L LiNA(Q2,3)

SO
/ D185 +2(s + T)85* po, 1y d H" < / o185 + 25631 po, 1, dH"
L, LY

T
+ C/ / 1BS 4+2(s+0)67 1> po. 1y dH"d1t,
0 JLsnA@.3)

hence

C
(5.9) = T+ TRy — 1y / 12565 + B3I po.1yd H"
L

C aT
+ (s + T)" D212 / / 12(s+0)6; +B; > po.1,d H" dt.
T 0 JrLinaes

Now To — T < C(s 4+ T), with C depending only on R and a, so estimating the terms
in front of the integrals we have

C
(5.9 = —/ $12565 + B> po. 1, dM"
T(S + T) L.(V)

C aT
2(s + )0, + B> po.1,dH"dt
- T(s+T)/0 /L;Mm)' (s + 06 + B 17po.1

=: A+ B.
We first estimate B. Notice that by Lemma 5.6 we have
26 + 06 + B> < (26 +D16; |+ 18]1)° < C((s + 1) + D2
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1498 T. Begley, K. Moore

Hence, we can estimate

C T 1 2 aT
B < ((s +aT)+1) / / po.rodHd1
0 LiNA(2,3)

T(s+T)
C T 1 2 aT
< ((s+al)+1) / / % po o d HI dt
T(s+T) 0 $NA2,3)
C T 1 2 aT
_ CraD D) / (To — 17? / xlpo.rd " di
T(s+T) 0 (To—1)"V2(LINA(2,3))

Cc T)+1)?2 2
_ C+aD) + 1) 7 sup / |x|4exp(_ﬁ)dH,,
T(s+T) 1€[0,aT1J (To—1)"12(LSNA(2,3)) 4
(5.10)

We note that Ty < (R%(1/q +a)+a)T = CT, Ty < C(s+T)and Ty > R*(s +aT)
SO we can estimate

2
(5.10) < C(To + D*Ty  sup / Ix|* exp (-ﬁ) dH"
tel0,aT]J (To—1) 1213 NAQ.3) 4

< C(Tp + 1)’ Ty,

where we can estimate the supremum by a uniform constant because L; all have
bounded area ratios with a uniform constant. Moreover Ty < R285(1 /q + a) + ads
so that by possibly decreasing §5 we can ensure that B < /2.

We next estimate A,

A< ——— 12505 + B3 1% po.7,dH"dt. (5.11)
TG+T) Jyges, 0 00

First recall that if * is primitive for the Liouville form on some L*, then g} := [ —2ps
is primitive for the Liouville form on /~! L*. From here on we supress the subscript 0
of the B° and 6° since we only ever integrate over the manifolds L, and we instead
use a subscript [ to denote the rescaling factor of the 8°. We define

l:=2(s+T) o ::L

s+ T
then

Cs+T
i =8 +D 06° + B 2o, 1-27,dH" d1
T I=1(L§NB3)

< C/ lo6® + ﬁlslz,ooglszOdH”,
=1 (LN B3)
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On short time existence of Lagrangian... 1499

since T > gs, so we can absorb (s + 7))/ T into the constant. Define
F(s,T) := / loc6® + ﬂf|2,00,,_zn)d7-{".
=1 (L§NB3)

Notice that from the definition of 7p we can find C > 0 independent of 7 and s such
that [~2Ty € [C™!, C]. We want to show that by possibly again decreasing s5 and s,
we can ensure

F(s,T) <n/2.

Seeking a contradiction, suppose that this is not the case. Then we can find sequences
s; and T; both converging to 0 with ¢gs; < T; and such that

F(si, ;) > n/2.

After possibly extracting a subsequence which we don’t relabel, we may assume that
ll._zTo — T7. We split the rest of the proof into two cases.

Case 1 Suppose that (after possibly extracting a further subsequence) we have that
o; — o > 0. Then by (H3) we have

/2%

'L =0’ LY — o'%

in C12. Therefore we have

lim F(T;,s;) = lim lo;0% + ﬂfi"|2p0’ll__zT0dH"

i—00 i—o00 ‘Til/zif)imlf133

= lim o} / ) 6% + B 1 py -2, -1, dH" = 0,
Lin@si)~1/2B; %0

11— 00

because |6% + % | is bounded by D>(1 + |x|%) on B3(2;)-1/2, which means that since
I 2Ji_l To — o~ 'T; > 0 the contribution to the integral outside some fixed large ball
is small uniformly in i. Moreover by (H3) we have lim; o |0% + B% |?

so inside this large ball the integral can be made as small as desired.

Case 2 Suppose now that after possibly passing to subsequence, which we do not
relabel, we have o; — 0. Then, with rg defined as in property (H4) of the family L*,
we find

= 0 locally,

lim |0:6% + By 17 0y 27, AH"
=00 Ji= (1 NByy s57) ' o

=lim [ |0i0% + B Py 27 dH"
i—00 | 12f% Ap i i 7T
% Loy Joi /2

T 2 NSi 2812 n __
= 11—1>II<;10 o /Si |6% + B pO,o;ll;ngdH =0,
LO ﬂBro/ﬁ
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1500 T. Begley, K. Moore

because |§S’ + ,3‘“' |2 — 0 locally, and p is bounded. So to estimate lim; .~ F (T3, s;)
we need only control the integral in the annulus A(ro+/0;/2, 31, 1. We first notice

that by (H4), provided i is large enough, [, YLSi 0 A(ro/oi /2,3l yis graphical over
P, and if v; is the function arising from this decomposition we have the estimate

[0 )+ 90 )+ [ PIT 0 ()] = Dy (5P + 0 Pt /200

In the graphical region, the normal space to the graph is spanned by the vectors
nj = (—gvij,ej) for j = 1,...,n where e; denotes the vector in R" whose jth

entry is 1, and all other entries are 0, and vij is the jth coordinate of v;. Then given an
orthonormal basis for the normal space vy, ..., v, we have v; = ZZ: 1 kN, Where
a i are fixed real numbers denoting the coefficients in the basis expansion of v; in
terms of the ny. It then follows that

n
=€ e np)l,
j=1

where C depends only on the o ;. Now

(x,nj) = <(x/, v (@), (Vv ej)>

=~ (¥, Vo] ) + v/ )
from which it follows that
I < € (I ()] + X1V (x)])

T'herefore
C,Bl = |X <C i|X + o . 5.12

Using this estimate we can control ,3;[_" independently of i on the annular region
A(roN/o7/2, 317" N 171 L% Indeed suppose that x € A(roy/o;/2, 37"y N7 'L,
then there is a corresponding x” € A(ro+/0i /2, 3117]) N P such that x = x’ 4+ v; (x’).

Define
o i OO X
PTV2 I

Note that x; of course depends on the original choice of x as well as i. We may now
define a curve in [, psi by setting

and  x; :=x] + vi(x)).

y(@) i=x] +1(x" —x)) +vi(x] +1(x" = x))).
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On short time existence of Lagrangian... 1501

By the fundamental theorem of calculus we can write
Si S ! d Si
B (x) =B (xi) + d—ﬂ,. (v (0)dt
1 1 0 t 1
1
< B () + /0 IV (re)lly 0)ldr,

and furthermore
Iy O] < |x" = x{| + [Vvillx" — x| < Clx|

SO

1/2

1
B0 < B )+ Clel [ bl 0 = )P 40,
0

< B(x) +C (zi Ix|® + a}/z) .

Now ,BISI," (x;) = U,-,BNS" (O’il/ 2)ci), moreover since |x;| is bounded independently of i or
the original choice of |x| we have from property (H3) of L* that

lim B% (ail/zx,-) + 6% (ai]/zxi) =0

i—00

uniformly in x. Thus
lim ,8;,” (xi) = — lim ;0% (Uil/zxi) =0
i—oo ! i—00

uniformly in x as 6% is bounded and o; — 0. Therefore we may bound the term
,B;i" (x;) by some sequence b; with b; — 0. Consequently we have the estimate

'i 2
1B 01 = € (e + 0 1x]) + by
on A (rO«/a,-/Z, 3li_1) ﬂli_lLsi,hence
lim F(T;,s;) = lim l0;6% + B 1 py -2 dH"
imoo” T e ;7 LinA(rovar2.3 ) ' it P04

= lim

i 12 n
| 1812y 27, dH
!—>00/ll.‘LSimA(rom,3li‘) i P04

< lim C (ll.2 Yo+ b,?) / (1x[0 + [x2 + Dpy 25 dH" =0,
i—00 I;IL’ri Y

where we again used the fact that [, 2To — T7 > 0, so that outside of some large ball
the contribution to the integral is very small. This limit being zero is a contradiction,
so we are done. O
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1502 T. Begley, K. Moore

We may now embark on the proof of Theorem 5.1. Changing scale, to prove the
main theorem it would in fact suffice to show the following (which is very slightly
stronger due to the bound on the scale of the density ratios),

Theorem (Rescaled main theorem) There exist so, §o and T such that ift < §y, rP<t
and s < sq, then
O (x0,7) < 1+¢o

for all xo with |xo| < (2(s + 1))~/

Let g; be defined as in Lemma 5.3, and recall that gy < 1. If wesett := ¢1/(2(q1 +
1)), then the rescaled version of Lemma 5.3 implies

Lemma (Rescaled short-time existence) If s < s, t < q15 and r2 < T then
O (yo.r) < 1 +e&o

Iyol < @(s +0)~"2.
Similarly the rescaled Lemma 5.2 tells us that

Lemma (Rescaled far from origin) If r> < t and q1s <t < &
O (yo.r) < 1 + &0

whenever Ko < |yo| < 2(s + 1))~ /2.

Thus to prove the rescaled main theorem, it suffices to show that for appropriately
chosen sq, 8¢ and t the following holds true: if <15 < s0,t < 8pandt > q1s
then 3

©;(yo,7) < 1+e&o

whenever |yg| < Ko. This is what we now show.

Proof of Theorem 5.1. For each s we define
Ty 1= sup {T16{ 0. 1) < 1+20 V2 < 7,1 < T, Iyol < Ko}

We now claim that we can find 89 > 0 and so > O such that Ty > &g for all s < s0.
Indeed, with 7 = ¢q1/(2(q1 + 1)) as above, we choose a > 1 witha < (1 4 271). Let
Co be the constant of White’s local regularity theorem (Theorem 2.2), and set

G oy TAE
Vaa=1)

We nextletrz := max{ro, 1, 2, 1}, where ro, r1, and r, are as in, respectively, the con-
struction of the approximating family, Lemmas 5.4 and 5.5.Let R := /1 + 2q1 Ko+73
and note that R > 2. Next fix « € (0, 1) as in the proof of Lemma 5.3, and
e = e(X, &0, o) as given by Lemma 8.2. We apply the stability result, Theorem 4.2

(5.13)
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On short time existence of Lagrangian... 1503

with R = R; r = r3; C = max{Cy, C} the constants from Lemma 5.4, and the
construction of the approximating family respectively; M = C;t=1;% =% and
¢ = ¢. Thus we obtain R > R,n > 0and v > 0 as in the theorem. Apply Lemma 5.7
with 7 = /2 and R = R. This gives s5 and 85 such that the lemma holds. Next apply
Lemma 5.4 with v to obtain s and §,. We now let sg := min{sy, s, 53, 54, 5} and
8o := min{dy, 82, 83, 84, 65}. We finally possibly decrease sg and §¢ slightly to ensure
that

(so + 80)_1/8 > 2R.

This will ensure that in the annular region A(r3, Ié) we have all of the estimates of
the intermediate lemmas of this section. We now claim that these so and §g are the
required constants. Specifically we claim that for all s < so we have T > §¢. Indeed,
suppose that this were not the case and that for some s < so we have 7y < §p. Our
goal is to show that the hypotheses of Theorem 4.2 are satisfied by I:f for some ¢
close to T, so that we can conclude I:f is C1% close to . Lemma 8.2 will then give
density ratio bounds for times past T, resulting in a contradiction. To this end we
define T := Ty /a, then since T < Ty we have forallt € [T, Tj)

O (x,r) < 14 o,

forallr2 <7andx € B Ko- In fact, as has already been observed, the same is true for
all |x| < (s +1)~ V8, soin particular for all |x| < 2R. Let ils denote the Lagrangian
mean curvature flow with initial condition I:ST. Leto? = 2(s + T), then we can write
ZST = a_lLST. Then we may write i; as

V2T +s+02l) -, -
Lysyony =V1+ 2lLbT+(721'
V2(T +5)

This implies the density ratio control

rs _ _—lgs _
L, =0 LT+021—

Of(x,r) < 1+ o,

forall/ such that T +o2l € [T, Ty), r2<tandx € B, 5. By White’s local regularity
theorem (Theorem 2.2) we get curvature bounds of the form

. C
|Af|§\7(} I <1, onByg,

or, scaled back to the original scale this means

Co

A < ,
|t|—m

(5.14)

onB_gforallt < TywithT <t <T+2(s+T)t = (1 +27)T + 27s. Notice in
particular that
Ty =aT < (14 2t)T + 275,
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1504 T. Begley, K. Moore

so the above estimate always holds up to time 7s. Let 7o := T (a + 1)/2. Then from

(5.14) we see
2(a+3) 2(a+3)
s Co cov2  CoyZimi  Coy T

I

ol = Jio—T Ja@a-DT J@a+tdT a+1D)

Recall that T > g;s and g1 < 1 so

2(a+3) ~
8 CO aa—l C
A% ] <

T V20 + q19) = V2@ + )

on B_j, where C is defined as in (5.13). Similarly, if r > 0 is such that fp + 1 < T
then .
Co Cov/2 C

JoF =T - Ja-DT+1 - Swotits

K
|Alo+l‘| =

In other words, for each ¢ € [fg, T;) we have

C
|Aj] < ——=—=== onB_j;,
ICET)

which implies that for each ¢ € [#y, T5) we have

|Af| <C on Bg.

This means that I:f satisfies condition (i) of Theorem 4.2 with M = C and R = R for
every t € [tg, Ty). Next, applying Lemma 5.7, we may select 7] € [y, T;) with

/ |I-7 — xtP2dH" <.
L’;l ﬁBE

So Z?l also satisfies condition (iii) of Theorem 4.2. Condition (iv) of Theorem 4.2
holds for Zfl by Lemma 5.4, and condition (ii) holds by definition of 7y as #; < Tj.
Hence Theorem 4.2 implies that Zfl is e-close to ¥ in C1-%(B #)- Redefine f,; to be

the Lagrangian mean curvature flow with initial condition i;’l. As before we know
that we can write

L? =1+ 21Lfl+2(s+fl)l'

Then Lemma 8.2 applied to i; says that
Of(x,r)<l+e 2 1<q
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On short time existence of Lagrangian... 1505

for |x| < R — 1. Since R > R = /T + 2¢1Ko + r3 and r3 > 1, this means that the
same is true for |x| < /1 4+ 2q; Ko. Rescaling, this is equivalent to

C

X r
fl+2(s+zl)z( Tk 1—|—21) <1+eo,

forr?, 1 < g1 and |x| < /1 + 2q1 Kp. Or in other words
OF (x,r) < 14 ¢,

forr? < q1/(1 +2q1) =7, |x| < Koand 1; <t < (1 + 2¢1)1; + 2q1s. However,
(1 4+2q1)t1 + 2q1s > aty > aT = T, which contradicts the definition of 7. O

6 Short-time existence
In this section we prove the following short time existence result using Theorem 5.1.

Theorem 6.1 Suppose that L C C" is a compact Lagrangian submanifold of C* with
a finite number of singularities, each of which is asymptotic to a pair of transversally
intersecting planes Py + P, where neither Py + P> nor P — P> are area minimizing.
Then there exists T > 0 and a Lagrangian mean curvature flow (L;)o<t<1 such that
ast \( 0, L; — L as varifolds and in C, away from the singularities.

Proof For simplicity we suppose that L has only one singularity at the origin. The
case where L has more than one follows by entirely analogous arguments. By standard
short time existence theory for smooth compact mean curvature flow, for all s € (0, c]
there exists a Lagrangian mean curvature flow (L})o<;<7, with Ty > 0. We claim
that there exists a Tp > 0 such that Ty > Ty for all s sufficiently small, and that
furthermore, we have interior estimates on | A| and its higher derivatives for all ¢ > 0,
which are independent of s. By virtue of Lemma 8.1, we can apply Corollary 8.4 on
small balls everywhere outside By,3 to get uniform curvature bounds outside of B2
up to time min{7y, §} where § > 0 is independent of s. Uniform estimates on the
higher derivatives then immediately follow by standard parabolic PDE theory.

To obtain the desired bounds on B, we use Theorem 5.1. Let &9 > 0 be the
constant of Brian White’s local regularity theorem. Then Theorem 5.1 says that there
exist 5o, 8o and t such that for all s < s¢, t < §p, r?2 < 7t and X0 € B12 we have

O (x0,r) = O (x0, 1 + 1%, 7) < 1 + &0.

This implies that for all s < sg, t < §p and r2 < 7t we have O (xp,t,7r) < 1+ .
We now fix s < s9, 7o < min{dg, 7}, and p < min{1/4, \/7p}. Then it follows that
B>, (xg) C By, and furthermore that

O (x,t,r) <1+¢o
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1506 T. Begley, K. Moore

forall r < r,oz, and (x, 1) € By,(xp) x (o — p2, tp]. Then it immediately follows
from White’s theorem that

|A7 ()] <

C
Vit —to+ p?

for all (x,7) € By(x0) x (to — ,02, to], where C depends only on t and &p. These
estimates are then uniform in s for s < sg. Moreover, these curvature bounds, along
with those outside of the ball By 2, imply that 7y > min{4, do}.

Because the estimates are independent of s, they pass to the limit in the varifold
topology when we take a subsequential limit of the flows and so we obtain a limiting
flow (L;)o<¢<T,, for which L; — L as varifolds.

Note that away from the singularities, we can obtain uniform curvature estimates
on |A| thanks to Corollary 8.4, so it follows that (L;) attains the initial data L in Clioc
away from the singular points. O

7 Construction of approximating family

In this section, we consider a Lagrangian submanifold L of C" with a singularity
at the origin which is asymptotic to the pair of planes P considered in Sect. 4. We
approximate L by gluing in the self-expander ¥ which is asymptotic to P at smaller
and smaller scales in place of the singularity. We will show that this yields a family
of compact Lagrangians, exact in B4, which satisfy the hypotheses (H1)-(H4) given
in Sect. 5 which are required to implement the analysis in that section.

Since L is conically singular we may write L N By as a graph over P N By (possibly
rescaling L so that this is the case). We may further apply the Lagrangian neighbour-
hood theorem (its extension to cones was proved by Joyce, [7, Theorem4.1]), so that
we may identify L N B4 with the graph of a one-form y on P. Recall that the man-
ifold corresponding to the graph of such a one-form is Lagrangian if and only if the
one-form is closed.

Moreover, since we have assumed that L is exact inside By, there exists u €
C®°(P N By) such that du = y. Since we know that y must decay quadratically,
we can choose a primitive for y which has cubic decay, i.e.,

IVFu()| < Clx)P7*. (7.1)

We saw in Theorem 4.1 that there exists a unique, smooth zero-Maslov self-expander
asymptotic to P. We may also identify the self-expander outside a ball of radius rg
with the graph of a one-form over P and, since a zero-Maslov class Lagrangian self-
expander is globally exact, there exists a function v € C°°(P\B,,) such that the
self-expander is described by the exact one-form ¢ = dv on P\B,,. Further, Lotay
and Neves proved [10, Theorem 3.1]

Iollck(prs,y < Ce™ forall r = ro. (7.2)
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We will glue X := +/2sX into the initial condition L to resolve the singularity. Our
new manifold, L*, will be the rescaled self-expander ¥° inside B ro/2s? the manifold L

outside B4 and will smoothly interpolate between the two on the annulus A (ro«/ﬁ ,4).
To do this, we will glue together the primitives of the one-forms corresponding to
these manifolds, before taking the exterior derivative. This gives us a one-form that
will describe L* on the annulus A(r()\/ﬁ ,4), which ensures L* is still Lagrangian and
is exact in B4. We will then show that this family satisfies the properties (H1)-(H4).
Leto : Ry — [0, 1] be a smooth function satisfying ¢ = 1 on [0, 1] and ¢ = 0 on
[2, 00). Consider the one-form given by, for ro«/Z_s <|lx|<4,0<s<c

7o) = dug () = d [ (s~ N 2s0(e/v/29) + (1 = o~ ). (7.3)

where we have that ro«/ﬂ < s/ < 251/% < 4 holds for all s < c¢. Notice that
in particular we must have ¢ < 1. Then ys(x) = ¥(x) = \/ﬂw(x/\/ﬂ), the
one-form corresponding to the rescaled self-expander X for [x| < s'/4 and y, = y
for |x| > 2s!/%. Notice that since y; is exact, it is closed and therefore its graph
corresponds to an exact Lagrangian.

We define the smooth exact Lagrangian L® by

.LsmBromzzsﬂBmma
o L* N A(ro/2s,4) =graph y;,
o LS\B4 = L\B4

We will now show that L® satisfies (H1)-(H4).
For (H1), notice that both the self-expander and the initial condition individually
satisfy (H1), and so for the rescaled self-expander, we have that

H" (2, N Br) = H"(V25%) N Br) = (2)"*H"(Z N By, 5;)

R n
< (25)"/*Dy (— — D|R".
- V2s

Since L* interpolates between X and L on a compact region, L* satisfies (H1).

We see that (H2) is satisfied because the Lagrangian angle of the initial condition
L and the self-expander X are bounded, as is that of the rescaled self-expander X
by Lemma 3.1 (i) and the maximum principle, since the Lagrangian angle of P is
locally constant. When we interpolate between the two, we may consider the formula
for the Lagrangian angle of a Lagrangian graph, as seen in [1, p. 5]. This tells us
that a Lagrangian graph in C" (over R") given by (x1, ..., x,,, u1(x), ..., u, (x)), where
u:R" - R u;:= g—;, has Lagrangian angle

0 = Z arctan A;,

where the A;’s are the eigenvalues of the Hessian of u. Since the eigenvalues of the
Hessian of u are some non-linear function of the second derivatives of u, if the C2
norm of u is small we have that the Lagrangian angle of the graph is close to that of

@ Springer



1508 T. Begley, K. Moore

the Lagrangian angle of the plane that u is a graph over. So we can uniformly bound
the Lagrangian angle of the graph. Since in our case, the Lagrangian angle of y; is
given by the sum of arctangents of the eigenvalues of the Hessian of the function wy,
and, as we will show when we prove (H4), the C 2 horm of w s 1s small, this means that
we can uniformly bound the Lagrangian angle of the graph y;, and so the Lagrangian
angle of L*.

On the initial condition, since A = Jx, we have that df; = A|, = (Jx)T.
Therefore, f; is bounded quadratically, and so is the primitive for the Liouville
form of L*\B(2s'/4). On the self-expander, applying the maximum principle to
Lemma 3.1 (ii), we have B, (the primitive of A|x,) is bounded by Bp, and so
1B°(x)| < |Bp(x)| < C|x|* for |x| < s'/4. So it remains to check this still holds
where we interpolate. We perform a calculation similar to that in the proof of Lemma
3.1 (ii). We have that, for L§ the manifold described by the graph of the one-form
tdwsg,

d
EML}T =: ‘CJVU)X)\'|L‘§ = d(]szJML}r) + vast)\.|L;.

Since dA = w and J Vw, .o = dw, and possibly adding constant to 8] dependent on
s and ¢, we have that

dg;

= 2w G V),

where d ;] is equal to the restriction of the Liouville form A to graph of ¢ ;. Integrating,
we find that

1
B = Br — 2wy +/ (x, sz)'L‘,‘ dz,
0

where Bp is the primitive for A on P. Now, w; is bounded independently of s by
D(1 + |x|2), using (7.1) and (7.2), as is (x, Vwy), using Cauchy—Schwarz and the
estimates (7.1) and (7.2) so we find that 8° is bounded independently of s on the
annulus A (sl/ 4 251/ 4). Therefore, we have that

165 (X)| + B (x)| < Da(lx[> + 1).

and so (H2) is satisfied.

To show that (H3) is satisfied, recall that we define L® as L* N BrO Vs = Zs N
B, /35> L*\ B4 = L\ B4 and we interpolate smoothly between the two, which exactly
happens when s'/4 < |x| < 2s!/4. Therefore when we rescale by 1/+/2s, we have
that L* N B,, = . So it remains to check convergence outside this ball.

On the annulus ro < |x| < 4/+/2s, L* is identified with the graph of the following
one-form

?sm=d[<o(s‘/4|x|)v<x>+(1 wis'x |))”W—")}
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From this expression, noticing that

3/2.3
u(\/22sx) - C(2s)2 X _c ,—2”’
S s

we see that as s — 0, ys — dv = i, the one-form whose graph is identified with X.
This says that, outside B, LS —> Sass — 0 smoothly. Therefore we actually have
stronger than the required Cllo’éx convergence.

Finally, we check that the second fundamental form of L* is uniformly bounded
in s. We have that the second fundamental form of ¥ must be bounded, and if A
is the second fundamental form of L, rescaling L by 1/ +/2s means that the second
fundamental form scales by A/2s. Since +/2s < 1, we can uniformly bound both
second fundamental forms so that I:“, which is a combination of both ¥ and 1/ V2s L,
has second fundamental form uniformly bounded in s.

To see (H4), first notice that since we can write LS N A(rom ,4) as a graph over
PN A(rom ,4), we have that L* has the same number of connected components as
P in the annulus A(rom , 4). We now must estimate y;. Firstly, note that we have

VKO /V25))] < 1@5)H2(VR0) (e /V25)] < C(2s) 2 PP/ (7.)
where we have used (7.2).
We will need different estimates on 2s Vv (x/+/2s) and 25 V3v(x /+/2s), which we

find as follows.

125V20(x/+/25)] < CebP/2s C—ZS 1Al e b /2s

[x] +/2s
_ 2s —b|x|2/2s x| —b|x|?/2s ~V2s —b|x|2/2s
—cY=, Ll B <cY¥=, . (15)
[x| V2s |x]

where b = b/2 and C = Ce_l/z/\/E, since the function y +— ye_by2/2 is bounded
independently of y (by e~'/2/4/b) on R, and so C is independent of s.

A similar calculation, this time noticing the uniform boundedness of the function
y > ye /% for y > 0 we can show that

V2
12sV3v(x/v/25)| < cl_se—blxﬁ/zs,

e (7.6)

where we make C (which remains independent of s) larger if necessary and b smaller
(which does not affect the previous estimates).
We have, using the definition in (7.3),

sl = [V = 19/ (s~ 4 x D253 400 //25) + (s~ 42 )25 VIv(x /+/25)]
— s (s x hu ) + (1= (™A x D)V (x)],
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and, using that §3/4 = ﬁs1/4 < J/ssince s < 1, (7.1) and (7.4) imply that

lys| < v/25Ce P12 4 /a5Ce WP /2s 1 ox3! 4 Clx)?
<cC [«/2se_h|x‘z/zs 4 |x|2] , 1.7)

where we have made C larger.
Now consider

IVysl = V2wl = 19" (s 4 1x25 20 (x /v/25) + ¢ (s 74 x D AsY AV [v(x /v/29)]
+ (s x)2s VA u(x /v28)] — s 720" (s T4 x Dulx)
— 2574 (VX Vi (x) + (1 — o(s ™4 x ) V2u(x))|

Using that on the support of ¢’ and ¢” we have (s < 1) /5 < s'/* < V24/25/|x|,
and applying the estimates (7.4) and (7.5)

V2s A28 25y _ B
Vs CI T et ) P A R
< | Y2 bt | %)

B |x]

Finally, performing a similar computation to those above and combining (7.4), (7.5)
and (7.6) we find that

V2s e—b|x|2/2s

Vi < C
| y&l = |)C|2

+1]. (7.9)

Combining (7.7), (7.8) and (7.9), we have that
2
[vel + 11971+ 52192y < D3 (112 + v/2se 72

where Dj3 is a constant independent of s. Therefore (H4) is satisfied.
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Appendix

We collect in the appendix a few technical results about Mean curvature flow in high
codimension that were used throughout the paper. The first is a graphical estimate.
Specifically, if the initial manifold can be written locally as a graph with small gradient
in some cylinder, then the submanifold remains graphical in a smaller cylinder and
we retain control on the gradient. To state this more rigorously we first introduce
some notation. The notation and statement of the result are as in [5]. Given any point
x € R"* we write x = (%, ¥), where % is the projection onto R” and & is the projection
onto R¥. We define the cylinder Cg(xg) C R"* by

Cr(x) = {x e R"™ ||£ = %o| <r, X —Zo| <r).

Furthermore, we write B” (xo) = {(%, %0) € R" || — %o| < r}.

Lemma 8.1 Let (M}')o<;<1 be a smooth mean curvature flow of embedded n-
dimensional submanifolds in R"™* with area ratios bounded by D. Then for any
n > 0, then there exists ¢, § > 0, depending only on n, k, n, D, such that if xo € My
and My N Cy(xp) can be written as graph(u), where u : BY (xo) — R¥ with Lipschitz
constant less than &, then

M, N Cs(xp) t€[0,8*)N[0,T)

is a graph over By (xo) with Lipschitz constant less than n and height bounded by né.

The proof can be found in [5]
Next we prove that if an initial manifold M is close to some smooth manifold ¥ in
C1@, then one gets estimates on the density ratios that are independent of M.

Lemma 8.2 Let X be a smooth manifold with bounded curvature and let (M;)se(0,T)
be a solution of mean curvature flow. Fixeg > 0, < 1. Therearee = ¢(X2, g9, &) > 0
andqy = q1(X, €9, @) > Osuchthatforevery R > 2,if Myise-closeto X in Ccl*(Bg)
then for every r>,t < qi and y € Br_1 we have

Oi(y,r) <1+ &o.

Proof This follows immediately from Lemma 8.1. Indeed the curvature bound on ¥
means that there is a uniform radius » such that for any x € X, ¥ N C,(x) is (after
maybe rotating) a graph with small gradient over the tangent plane to X at x. By
requiring that ¢ is small enough we can therefore ensure that any M( which is e-close
to ¥ in C1¥(B,(x)) is also a graph with small gradient. It only remains to apply
Lemma 8.1. O

Local curvature estimates for high codimension graphical MCF

In [2] Ecker and Huisken proved celebrated curvature estimates for entire graphs
moving by mean curvature in codimension one, they then localised these in [3] to
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prove interior estimates for hypersurfaces moving by mean curvature flow. Analogous
results in higher codimension have been proved by Mu-Tao Wang in [17] and [18]
respectively. In light of examples of Lawson and Osserman [9] one needs to assume an
additional ‘K local Lipschitz condition’, such a condition is in fact satisfied by any C
manifold at small enough scales, so for our purposes there will be no problems applying
the estimates. We would like to use the estimates derived in [18] without the time
localisation, so we will briefly outline the changes to the proof, though all calculations
remain analogous to those used by Wang or Ecker-Huisken. We first introduce the
notation used by Wang in [17,18]. We consider a mean curvature flow (M;)¢(0,7) and
suppose that locally M, is given by the graph of some function u; : U C R* — RF
over R”. As shown by Wang, if we define %2 to be the Jacobian of the projection of
M; onto R”, then one can calculate that

1 1
Q= = ’
\/det(cS,-j + Dju; - Djuy) \/H;l:l(l + )le)

where A; are the eigenvalues of v/ (du;)T du;. Moreover, for ¢ > 0 small (depending
only on the dimensions n and k), we have that if

det(a,-j + Dju; - Dju,) <1+e,

(this is precisely the K local Lipschitz condition of [18] with K = 1/(1 4 ¢)) then
x€2 satisfies the evolution inequality

d 1 5
—xQ>AxQ4+ - xQIA|".
dt 2

Indeed this follows immediately from calculations in the proof of Theorem B in [17].
To simplify notation slightly we define n := *£2, then one can estimate (following

[17]) p
4 o»p po (P _ _ PIAR
i > Ang +(2 p(p 1)n8)n [Al”.

We also recall the evolution of the second fundamental form under mean curvature
flow yields the differential inequality

d
d—t|A|2 < AJA? = 2|VI|AI? + ClAl%,

where C is a dimensional constant. We see that these estimates precisely tell us that
we are in the correct setting to apply Lemma 4.1 of [18] with the choices 4 = |A| and
f = n?. Following the proof of Lemma 4.1 we find that with ¢ defined as

p(x) == x/(1 —kx)
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with ¥ > 0 to be determined, we have the following evolution inequality for g =
o)A

d 2K
— —A)g<-2Ckg®? — ———— |V P’g — 200’V . Vg.
(dt )g_ K8 (I_Kn_zp)zl nP17g = 20"V g

We then introduce the cut-off function & := (R% — r)? where R > 0 is a fixed radius
and r(x, t) satisfies

(G-2)r

then following [3] we arrive at

<c(n, k) |Vr]* <cn, b,

d
(— — A) g& < —CkEg”> — 2(pn°P Vi P +£71VE) - V(gt)

dt
1 2
+cn, k) |1+ — Jr+R7)¢g.
Kkn—=P

It is possible now to also localise in time as in [3], which would get us to the estimates
in [18], but for our purposes this is unnecessary, so instead we now suppose that
m(T) 1= Supg;<7 SUP(rem, |r(x.r)<k2) & 1S attained at some time 79 > 0, then at a
point where m (T') is attained we have

1
Crkég® < c(n, k) (1 +— ) R%g.
Kkn—<P

Multiplying by £/ Cx we have

m(T)SM(l-F ! )Rz.
Ck

Kkn~—2p

We now choose

inf n’P.

1
K==
2 (xeM,|r(x,t)<R2 t[0,T1}

We also fix 6 € (0, 1) and observe that in the set {x € M;|r(x,t) < ORZ, 1 € [0, T1}
we have ¢ > 1 (since n_zl’ >1and & > (1 — 0)2R* so

c(n, k) 1
AP = 0)°R* < g€ < —— (1 + xn—ZP) R,

Finally as 727 > 1 and k < 1/2 we have that (1 4+ 1/kn~27) < 2/k, so the estimate

AP < 0B _ctnb wp —r

T KIRY(1-6)2 RY(1—-6)? {xeM;|r<R2 1€[0,T1}
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holds in the set {x € M;|r(x,t) < OR% ¢ € [0, T1}. The preceding discussion
establishes the following theorem

Theorem 8.3 (High codimension interior estimate) Let R > 0 and suppose that
Kgr2 = {(x,1) € M{r(x,t) < R?} is compact and can be written as a graph over
some plane for t € [0, T]. Suppose further that if the graph function is denoted by u,
that

det(8;; + Dju - Dju) < 1+e¢,

where ¢ > 0 depends only on n and k. Then foranyt € [0, T]and 6 € (0, 1) we have

A 2 —2p
sup |A|> < max % supn~*P,  sup Iﬂﬂ# . 8.1)
Kor2 R(1-0) K2 {xeMy|r<R?} (1-0)

If we denote by -7 projection onto the plane over which M; is graphical, then it’s
easy to see that
d A Ix'1=0
Z x| =
dt

for x = F(p, t) some point in M;. Therefore, defining r(x, t) := |x

(G-2)r

IVr2 = 4T 21V T 12 < e(n, byr.

|2 we have

=2/(Vx)T 1> < c(n, k),

With this choice of  we have the following corollary

Corollary 8.4 Under the assumptions of Theorem 8.3, with the particular choice

r(x, 1) = |xT|? we have the estimate
, k A 2 —2p
sup |A|> <min —2c(n ) 5 sup n~4P, —| Foln 3 ) ,
Bor (50) x[0,T] R2(1 = 0)7 Br(yo)x[0.7] Broyx(oy) (1 —6)

8.2)
where Bg(yo) denotes a ball centred at yy with radius R in the plane.
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