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Abstract. Recent verification of the analytical Interdependence model by a numerical 

solidification model (MatIC) confirmed the critical role of constitutional supercooling (CS) in 

achieving sufficient undercooling to trigger successful nucleation events. The location of the 

maximum amount of CS (TCSmax) is some distance from the interface of the previously 

growing grain and this distance contributes to the final as-cast grain size. The effect of the 

thermal gradient, G, on the size of the CS zone (CSZ) was neglected in that work. However, G 

is expected to affect the size of the CSZ (i.e. the length of the CSZ, x’CSZ, and the location of 

TCSmax, x’CSmax). This investigation assesses the effect of G on x’CSZ and x’CSmax. A range of G 

values is introduced into both the analytical and the numerical models to obtain a correlation 

between the value of G and the dimensions of the CSZ. The result of a test case from the 

analytical model shows that x’CSmax initially decreases rapidly and then decreases gradually 

approaching zero at very high values of G. Independent of the analytical model, the results 

from the numerical model replicate the trend obtained from the analytical model.  

1. Introduction 

The Interdependence model, which can predict the grain size of a casting, states that a new grain is 

nucleated when the amount of constitutional supercooling (TCS) of an already growing grain is large 

enough to activate an inoculant particle, which requires a certain minimum undercooling [1-4]. 

Equation 1 shows the key distances of the Interdependence model for a near-zero thermal gradient at 

large distances from the advancing solid-liquid (S-L) interface (for example TA1 in figure 1).  

                                                         𝑑𝑔𝑠 = 𝑥𝑐𝑠 + 𝑥′𝑑𝑙 + 𝑥𝑠𝑑                                                                                  (1)  

Here dgs is the predicted grain size, xcs is the growth radius of the already growing grain, x’dl the 

solute diffusion length ahead of the growing grain and xsd the separation distance of the inoculant 

particles. In the original model [4] the expression for xcs contains a ‘z’ term which sets the additional 

CS required for subsequent nucleation events where z is a function of the thermal gradient present in 

the system. However, no detailed analysis of the thermal gradient has been undertaken and z assumes a 

pre-set user-defined value. The most appropriate value of z can only be determined following a 

detailed analysis of the effect of thermal gradient on the CS zone (CSZ). Here the size of the CSZ is 
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described as the length x’CSZ ahead of the S-L interface where TCS is positive, as well as the position, 

x’CSmax, of TCSmax within this length. Note that x’CSZ is not equal to x’dl, the diffusion length as defined 

previously [4], in figure 1. x’dl is independent of G and thus x’CSZ can be smaller or larger than x’dl 

depending on the value of G. The prime symbol is used because x’ is the distance from the S-L 

interface whereas x (for example xCS in figure 1) is measured from the point of nucleation [4]. 

As a first step the Interdependence model is used to qualitatively study the effect of G on the size 

of CSZ. The qualitative analysis from the analytical model is compared with the results from the 

MatIC numerical model [5, 6]. Some preliminary results from this analysis are presented in this 

paper. 

Figure 1 shows the equilibrium temperature, TE, and the actual melt temperature, TA, ahead of a 

growing grain. TCS is given by (TE - TA) and TE changes along the length ahead of the growing grain 

governed by the solute diffusion from the growing S-L interface. In the case of zero thermal gradient, 

given by line TA1 in figure 1, TCS is simply TE - TA1. Note that when TA = 0 (i.e. TA1) x’CSZ is infinite. 

The point of maximum supercooling, TCSmax, is given by the distance from the S-L interface to where 

TE first attains its largest value. However, a thermal gradient is usually present in castings from the 

periphery to the thermal centre. The effect of the thermal gradient is usually studied in directional 

solidification experiments and numerical models. Within these, there are limited studies on the effect 

of thermal gradient on the nucleation of new grains. Dong-Lee [7] and Badillo-Beckermann [8] briefly 

mentioned the role of G in nucleation ahead of columnar grains in their study of the columnar to 

equiaxed transition (CET) and highlighted the importance of the influence of G on CS.  

 

 
Figure 1. Schematic representation of the CSZ as described by the Interdependence model with 

varying degrees of thermal gradient, G. The approximate lengths of x’CSZ (where TCS is positive), and 

x’CSmax (corresponding to TCSmax) for TA4 are shown in the figure. 

Assuming that the inoculant particle separation distance, xsd, does not change in equation 1, the 

variation of the nucleation distance of new grains becomes a function of the sum of the first two terms 

only. Figure 1 shows this scenario conceptually for non-zero thermal gradients. The schematic 

representation shows that increasing G would decrease x’CSZ approaching 0 at high G values. x’CSZ is 

the total distance from the interface where TCS is still positive. The changing shape of TE(x) near the 

interface suggests that between the S-L interface and x’CSZ there exists a distance, x’CSmax, where TCS 

is at its maximum value TCSmax. Both x’CSZ and x’CSmax are shown schematically for TA4 in figure 1. To 

verify this, the effect of thermal gradient is studied in two ways. An analytical expression is developed 

which relates x’CSZ and x’CSmax to the thermal gradient, G. A numerical model, MatIC [5, 6], is also 

used to simulate the solidification of a grain in the presence of a thermal gradient and x’CSZ is 

estimated. Finally, the results from the analytical and MatIC models are compared. 
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2. Analytical solution 

Equation 2 shows the general form describing the equilibrium temperature, TE(x). This was derived by 

combining the expressions for TE and Cl(x) [4]. In the case of zero thermal gradient TCSmax is equal to 

Tliq (the liquidus temperature of the alloy) minus T* (the temperature at the S-L interface) at some 

distance from the interface where the solute concentration attains the alloy composition C0. In the case 

of non-zero thermal gradient, the length of positive TCS, i.e. x’CSZ, is equal to TE - TA, if TA is known. 

However, similar to TE, TA changes with distance, the general expression for which is given in 

equation 3. In these two equations, C0 is the alloy composition, m is the slope of the liquidus line of 

the alloy system in question, 𝐶𝑙
∗(𝑥′) is the solute concentration at the interface and G represents the 

general thermal gradient term. By determining TE(x’) – TA(x’), it can be shown that TCS is a function 

of distance, TCS(x’), as shown in Equation 4: 

                                        𝑇𝐸(𝑥′) = 𝑇𝑙𝑖𝑞 + 𝑚 {(𝐶𝑙
∗(𝑥′) − 𝐶0)𝑒−

𝑉
𝐷

𝑥′
}                                                                (2) 

 

                                                          𝑇𝐴(𝑥′) = 𝑇∗ + 𝐺𝑥′                                                                                        (3) 

 

                  ∆𝑇𝐶𝑆(𝑥′) =  𝑇𝐸(𝑥′) − 𝑇𝐴(𝑥′) = 𝑇𝑙𝑖𝑞 + 𝑚 {(𝐶𝑙
∗(𝑥′) − 𝐶0)𝑒−

𝑉
𝐷

𝑥′

} − 𝑇∗ − 𝐺𝑥′                        (4) 

By changing the [m(𝐶𝑙
∗(𝑥′) − 𝐶0)] term in equation 4 to (T* - Tliq), the following is obtained: 

                      ∆𝑇𝐶𝑆(𝑥′) =  𝑇𝐸(𝑥′) − 𝑇𝐴(𝑥′) = {(𝑇∗ − 𝑇𝑙𝑖𝑞) (𝑒−
𝑉

𝐷
𝑥′

− 1)} − 𝐺𝑥′                                       (5) 

Equation 5 states that for any value of G, TCS is zero when x’ is 0 (i.e. at the S-L interface) and for 

G = 0, TCS is (Tliq – T*) from x’dl to ∞. For G > 0, TCS = 0 at some x’ for a given value of G. x’CSZ 

can now be evaluated for values of G (>0) and is given by the distance between the points where    

TCS = 0. Furthermore, TCSmax corresponding to x’CSmax lies between the two extremes where         

TCS = 0. x’CSmax can be evaluated by mathematically maximizing the expression for TCS(x’) in 

equation 5 with respect to the distance x’. This is shown in equation 6. Note that T* has been assumed 

to be constant. 

                                          𝑥’𝐶𝑆𝑚𝑎𝑥 = −
𝐷

𝑉
ln {(

𝐺𝐷

𝑉
) .

1

𝑇𝑙𝑖𝑞 − 𝑇∗}                                                                     (6) 

 

 

Figure 2. (a) x’CSmax, the location of TCSmax, shown as a function of thermal gradient. At high G 

values, x’CSmax approaches zero. (b) TCS (=  𝑇𝐸(𝑥′) − 𝑇𝐴(𝑥′)) as a function of distance, x’, for 

different G. As G increases x’CSZ, the total distance of positive TCS, and TCSmax decrease. 
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Equation 5 was used to plot the change in TCS with distance for a given thermal gradient G, and 

equation 6 was used to assess the effect of thermal gradient on the distance at which TCSmax is 

attained. Table 1 shows the values used. Figure 2a shows x’CSmax corresponding to TCSmax as a 

function of the thermal gradient, G. As the thermal gradient increases, x’CSmax decreases exponentially 

due to the logarithmic term in equation 6: faster at low G values then decreasing gradually at higher G. 

At high G values, x’CSmax tends to 0. Figure 2b shows the variation in TCS with distance x’ from the  

S-L interface and confirms the observations made in the previous paragraph. The peak value of TCS 

within x’CSZ is TCSmax. As G increases x’CSZ decreases and so does TCSmax. 

3. Numerical solution: The MatIC model 

The numerical model was used to simulate a centrally placed single grain growing in a 5mm x 5mm 

computational domain with a left to right thermal gradient G (i.e. the temperature increases from left 

to right). Details of the model and its simulations are provided elsewhere [5-7, 9-11]. The alloy system 

modelled was Al-7%Si with an initial temperature of 887 K (614°C) at the left hand side. Five 

simulations were performed over a range of G, as given in table 1. The simulation time for each run 

was 86 s with a cooling rate of 0.3 K/s (calculated in the model as G.V where V is the pulling velocity 

in a directional solidification experiment). The time chosen was to ensure that the right hand side of 

the computational domain reached a temperature lower than the alloy liquidus, Tliq. Following the 

simulation the grain size and the solute diffusion length ahead of the growing grain was estimated at 

25, 50, 75 and 86 s.  

 

Table 1. Values used in equations 5 and 6. Note that the analytical model was used as a test case only 

for the purposes of this paper. The G values used in the numerical model are also shown. 

Item Description Value Units 

Tliq Liquidus of the alloy system 913 [K] 

T* S-L interface temperature 908 [K] 

G (analytical) Thermal gradient ~0 – 10000 [K/m] 

D (analytical) Solute diffusion in the liquid 2e-9 [m
2
/s] 

v (analytical) Interface growth rate 2e-6 [m/s] 

G (numerical) Thermal gradient in MatIC 0, 100, 1000, 2000, 5000 [K/m] 

* Note that the absolute values of Tliq and T* are not important in equation 5. 

 

Figure 3 shows the solutal profile ahead of the growing grain which shows an exponential decay 

with distance. Close to the interface, between G = 100 to 2000 K/m, the solute concentration is high, 

which decreases with increasing G values, i.e. CG=1000 < CG=100. At large distances, profiles from all G 

values attain the alloy composition of 7%. The solute concentration at any point was translated to an 

equilibrium liquidus temperature, TE, at that location. Similar to equation 4, the TCS related to the 

actual temperature can be obtained by subtracting the location dependent thermal gradient TA(x) from 

the CS governed equilibrium liquidus temperature at a given location. This is shown in figure 3b for G 

= 5000 K/m at t = 50 s. TE, TA and TCS are shown in the plot. The solute concentration is denoted as 

CE-C0. These operations were carried out for all the numerical simulation results. 

At G = 5000 K/m the concentration ahead of the interface is low. Figure 4b shows the time varying 

grain growth for G = 5000 K/m. It shows that at t = 50 s grain growth is in its very initial stages and, 

hence, the interfacial solute concentration is much lower than that for other G values. On the other 

hand, at G = 0, the concentration is very high adjacent to the S-L interface which then exponentially 

decreases. Figure 4c shows the growth of a grain at t = 50 s with increasing G from left to right. At    

G = 0 the growth is much more advanced than at higher thermal gradients. The reduced growth with 

increasing thermal gradient can be explained by the higher temperatures close to the interface when G 

is high. These higher temperatures ahead of the S-L interface also significantly reduce the growth of 

the dendrite along the +x’ direction. 
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    The TCS profile ahead of the growing grain in figure 3b follows that of the analytical model 

with a convex-up shape. See figure 1 for a schematic representation and figure 2 for analytical results. 

 

Figure 3. (a) Plot of the solute profile ahead of a growing grain for different G values at t = 50 s.       

(b) The corresponding TCS over distance x’, evaluated as TE - TA. 

 

 
Figure 4. (a) The temperature field at t = 0 s for G = 5000 K/m. (b) Grain growth with increasing time 

for G = 5000 K/m shown in a CS field. (c) The dendrite size at t = 50 s (also in CS-field) for 

increasing values of G from left to right. As G increases the time required for a given amount of grain 

growth increases. In both figures (b) and (c), the higher temperatures on the right hand side reduce the 

amount of growth in the x’ direction. The scale bar shows the TCS values ahead of the growing 

grains. As t increases or G decreases TCSmax increases. 
 

4. Discussion and conclusions 

x’CSmax calculated from the numerical simulations as explained above is plotted for different G values 

in figure 5a. This is done for two times, t = 40 s and 50 s. As G increases, x’CSmax decreases.               

At G = 5000 K/m, the result for t = 40 s does not show any value as no solidification had commenced 

by that time. At 2000 K/m the x’CSmax values for the two times are almost the same. At lower G values 

(1000 K/m or lower), there is already significant growth by t = 40 s (cf figure 4 which shows lower G 

values produce larger dendrites).  

Comparison between the analytical and numerical results is presented in Figure 5b. It shows that 

the general trend of the analytical and the numerical models are similar with good agreement between 

the two at high G values. With increasing G the x’CSmax corresponding to TCSmax decreases 
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exponentially. Moreover, the numerical model shows a decrease in TCS with increasing G. Thus, the 

conceptual representation in figure 1 is confirmed by both approaches. The analytical solution may 

overestimate x’CSmax particularly at low G values, possibly due to the assumption of a constant 

interfacial temperature T*. This effect is confirmed by plotting the data for a lower difference between 

Tliq.- T* (i.e. 2K in equation 5) in figure 5b, which shows a better agreement with the numerical 

solution compared to Tliq.-T* = 5 K. Moreover, with grain growth, the S-L interface moves and its 

position changes with respect to x’. Thus, further development needs to calculate changes in T* rather 

than assuming it to be a constant as is done here. 

 
Figure 5. (a) x’CSmax corresponding to TCSmax at t = 40s and 50s from the numerical model, evaluated 

as TE - TA. (b) Comparison of analytical and numerical models. The general trend is similar although 

the analytical model shows much higher values of x’CSmax. 

 

The decrease in x’CSZ and x’CSmax represents a decrease in the size of the CSZ with increase in the 

thermal gradient. This is due to a greater increase in the temperature ahead of the growing interface. 

Moreover, a very steep gradient (see TA5 in figure 1) may result in no nucleation ahead of the interface. 

This is seen as x’CSmax → 0 in the analytical solution in figure 2b. On the other hand, the results from 

the numerical model in figure 4 show that the degree of supercooling, TCS, may also be a function of 

the time of solidification. Depending upon the amount of grain growth, x’CSmax may not be fully 

developed (e.g. G = 5000 K/m, t = 50s) and, therefore, the supercooling achieved may be insufficient. 

Indeed, the analysis has shown that an increase in the amount of grain growth results in a proportional 

increase in x’CSmax. The implication of this is that the potent particle distribution may assume a critical 

role in the subsequent nucleation events. From qualitative analysis, in general, a system with a steeper 

gradient with fully developed growing equiaxed grains may require a higher density of potent particles 

to trigger sufficient nucleation for a fine equiaxed grain structure.  
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