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Particle shape factors and fractal dimension after large
shear strains in carbonate sand

X. ZHANG*t, W. HU%, G. SCARINGIT, B. A. BAUDET} and W. HAN

Changes of grain shape and breakage under compression and shearing can affect the mechanical
properties of granular soils. In this work, a parametric study was performed through ring-shear tests on
carbonate sand, under ¢,, =600 kPa and v=6 mm/min, to evaluate the evolution of particle breakage,
fractal dimension and particle shape with the shear strain. Breakage mostly occurred for y <4000%,
with a consequent increase in fractal dimension. Under larger strains, only negligible breakage
occurred, while the particles became more rounded, and the fractal dimension increased only slightly.
Interestingly, the shape factors also tend towards similar values for particles of any size larger than
0-063 mm after large shearing. This indicates that these particles tend towards a self-similar form —and
hence scale invariance — when the grading reaches a fractal particle size distribution. Some tests were
also performed on soils with different median size and coefficient of uniformity, which showed that
larger particles and poorly graded soils are more prone to breakage, and are closer to a fractal
distribution after shearing. Conversely, the final particle shape did not seem to be affected by grading

and size significantly.
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NOTATION
A area of the particle’s image
AR  aspect ratio
B, relative breakage
C, coefficient of uniformity
Cx convexity
D fractal dimension
d particle size
d, sieve size through which x% of the particles by weight
will pass
median particle size
P perimeter of the particle’s image
S2P sphericity
s shearing distance
shear velocity
shear strain
normal stress

dS 0

On

INTRODUCTION
Soil grains can undergo extensive crushing due to com-
pressive and shear stresses (e.g. Miura & O-Hara, 1979;
Hagerty et al., 1993). Fragmentation can affect the material
properties and can play a role, for instance, in the long
runout of rock avalanches (Taboada & Estrada, 2009;
De Blasio & Crosta, 2015) and in their potential to gen-
erate debris flows (Caballero et al., 2014; Hu et al., 2017a).
Particle crushing increases with particle angularity and
the median particle size in one-dimensional compression
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tests (Hagerty et al., 1993). An ultimate grading — possibly
dependent on stress history (Miao & Airey, 2015) — is
thought to exist under very large compression (Hagerty
et al., 1993). Experimental studies suggest the existence of an
ultimate grading after large shear strains as well (Coop et al.,
2004), which depends on normal stress and initial grading.

The grading of many products of weathering or frag-
mentation follows a power law (Turcotte, 1986), creating
fractal sets (Mandelbrot, 1982). The fractal dimension, D, is
used to characterise ultimate grading in constitutive models
(Bolton & McDowell, 1997; Gajo & Muir Wood, 1999;
Muir Wood, 2007; Einav, 2007a, 2007b; Yao et al., 2008,
2009; Altuhafi er al., 2010). It can be estimated from the
mass-size distribution or from the number-size distribution
(Perfect et al., 1992; Hooke & Iverson, 1995; Altuhafi &
Baudet, 2011). For fractal distribution, the slope of the
cumulative mass distribution against the particle size in a
log—log plot is equal to 3D (Perfect et al., 1992; Rasiah et al.,
1993). Independent of the initial distribution, most granular
soils tend to D ~ 2-5 under compression only (Turcotte, 1986;
Perfect et al., 1992; McDowell et al., 1996). For carbonate
sand, Coop et al. (2004) evaluated an ultimate D = 2-57 after
compression and large shear strains. Miao & Airey (2013)
found that two distinct values of D can be evaluated for
carbonate sand over two size ranges (pseudo-fractal distri-
bution, Huang & Bradford, 1992), with a threshold of
around 75 pm for uniform and fractal gradings. Zhang &
Baudet (2014) also observed that a single D cannot be
obtained for gap-graded soils after large strains.

Although several works focused on changes of particle
size distribution due to compression and shearing, changes
of shape factors were often overlooked, even though they
can affect the soil behaviour significantly (e.g. Santamarina
& Cho, 2004; Cho et al., 2006; Rousé et al., 2008; Cavarretta
et al., 2010). The particle shape can be described by
shape factors, such as sphericity, convexity and aspect
ratio (Wadell, 1932; Krumbein & Sloss, 1951). The
shape can affect various physical and mechanical par-
ameters, such as small strain and large strain stiffness
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(Santamarina & Cho, 2004; Cho et al., 2006). The critical
state friction angle increases with angularity (Santamarina
& Cho, 2004; Cavarretta et al., 2010). Maximum and mini-
mum void ratios (Cubrinovski & Ishihara, 2002; Rousé et al.,
2008) and packing density (Cho et al., 2006) also depend on
angularity. The shape factors can be quantified through
digital photography and microscopy (Santamarina & Cho,
2004; Cho et al., 2006; Clayton et al., 2006; Rousé et al.,
2008). Dynamic laser image analysers are becoming increas-
ingly popular to scan large sets of randomly oriented
particles in short time (Fonseca & O’Sullivan, 2008;
Cavarretta et al., 2010; Altuhafi & Baudet, 2011; Altuhafi
& Coop, 2011). In this paper, such changes are shown and
analysed to illustrate the characteristics of self-similarity and
scale invariance comprehensively for the soil fraction larger
than 63 pm (e.g. Miao & Airey, 2013; Zhang & Baudet,
2014). The shear strain-dependent changes of particle shape
were investigated through ring-shear tests and were com-
pared with changes of particle size, breakage and fractal
dimension.

MATERIALS AND METHODS

A typical carbonate sand from the South China Sea was used
in this work. It is composed of corals, molluscs shells and
algal sediments. A typical scanning electron microscopy
(SEM) image of the grains before shearing is shown in
Fig. 1(a). The mineral composition was evaluated using an
energy dispersive spectroscopy system on a Hitachi S3400N
SEM apparatus. Calcium carbonate accounts for more than
98% of the total weight, with negligible amounts of other
minerals. Samples with different median size (dso) and
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Fig. 1. () SEM image of the tested sand before shearing;
(b) images of sand grains obtained with QicPic with aspect ratios
ranging from 0-3 to 0-8. The unit of the Feret-min is pm

coefficient of uniformity (C,=deo/djo) were prepared for
the tests. The particle size d was assumed equal to the
particle’s minimum Feret diameter, measured by a dynamic
laser image analyser (QicPic apparatus). Feret minimum is
the minimum distance between two parallel lines between
opposite sides of a particle in a two-dimensional image. The
Feret minimum distribution was shown to correspond to
particle size distribution obtained by mechanical sieving by
Altuhafi & Coop (2011) and Altuhafi ez al. (2013).

The tests were performed in a commercial IC-NGI-type
(Bishop et al., 1971) ring-shear apparatus (Wille Geotechnik
GmbH) with stress—strain servo-control and automatic data
acquisition. Specimens with 100 mm outer diameter, 50 mm
inner diameter and 25 mm thickness were used. The shear
strain y was defined as the ratio between the shearing
distance s and the initial specimen’s height.

The specimens were tested under water-saturated con-
ditions, consolidated under o,, =600 kPa. The stress value
(600 kPa) was chosen arbitrarily, to achieve crushing
after a suitable time/shearing distance. Shear rate is set to
v=6 mm/min. This shear rate should not produce any
significant pore pressure excess in the testing conditions
(e.g. Okada et al., 2004; Scaringi et al., 2017; Hu et al.,
2017b). Rate effects on the available strength are negligible
in sands, given their comparatively high permeability, and
are generally small (<10%) for any soil for v <10 mm/min
(e.g. Tika et al., 1996; Carrubba & Colonna, 2006; Saito
et al., 2006, 2007; Scaringi et al., 2013, 2017; Hu et al.,
2017a, 2017b). Okada et al. (2004), which referred to
crushable particles, in particular, did not find significant
pore pressure excess in tests carried out under the same shear
rate as in this study. Thus, the authors are quite confident
that their results are not significantly affected by excess
pore pressures. The specimens were prepared through the
moist tamping method: the particles were evenly divided by
weight and tamped in several successive layers. The prepared
specimens were submerged in water. Trapped air bubbles
were extracted through vacuum pumping for about 2 h,
until no more air extraction was observed. In this way, full
(or very close to full) saturated condition could be achieved.
Eleven tests were performed on specimens with the same dsq
(1:07 mm) and C, (1-3), sheared over different distances
from 0-1 to 25 m. Six tests were performed on specimens
with different dso (0-39, 0-54, 0-77, 1-07, 1-38, 180 mm)
but with the same C, (1-3), sheared over the same distance,
s=2 m. Finally, three tests were performed on specimens
with different dsq (0-90, 0-98, 1-07 mm) and C, (1-3, 1-85,
2:60) but with the same doy (118 mm), sheared over the
same distance, s=2 m.

The particle shape factors were measured by the QicPic
apparatus. QicPic includes a GRADIS system (i.e. ‘gentle
dispersion in free fall’) for dry particles and a LIXELL
system (i.e. “ultraflexible wet dispersion for disperse systems
in open or closed loops’) for wet particles. The GRADIS
system with a Camera M7 was used in this work, which has a
good shape recognition range from 90 to 3410 um, and a
good size recognition range from 10 to 10 240 um. The
aspect ratio, AR, is the ratio between the minimum and the
maximum Feret diameters. The convexity, Cx, is the ratio
between the area of the imaged particle, 4, and the area of its
convex envelope. The sphericity, S, is equal to 2v/zA/P,
where P is the perimeter of the imaged particle. Figure 1(b)
gives an example of aspect ratios, approximately ranging
from 0-3 to 0-8. To evaluate the breakage quantitatively, the
total breakage, the breakage potential and the relative
breakage (B,) were obtained following Hardin (1985). The
total breakage is the area between the initial and final
grading curves; the breakage potential is the total breakage
calculated assuming all particles had broken into fragments
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smaller than 0-063 mm; B, is the ratio between total
breakage and breakage potential.

RESULTS
Effect of shear strain
Figure 2(a) shows the changes of particle size after shearing
up to s =25 m for specimens with the same initial grading
(dso=1-07 mm, C,=1-3). Most of the crushing occurred
while s<1 m. The proportion of particles finer than
0-063 mm and B, are shown in Fig. 2(b) against s, and are
compared with D obtained for the same specimens. It can
be seen that B, and D exhibit a similar tendency to increase
with s, and most of the variation occurs while s<1 m.
(i.e. y <4000%). It should be noted that the fractal dimension
is calculated from the slope of particle size distribution
between size 0-063 mm and size of the largest particle
because there is a knee at size of 0:063 mm (Zhang &
Baudet, 2014). Miao & Airey (2013) also stated that two
fractal dimensions could be found in particle size distri-
bution curve from a size range of 0-063 to 2-36 mm. Coop
et al. (2004) also suggested that the final grading is reached
after shear strains of the same magnitude, with an ultimate
D =2-57. In this work, an ultimate D =2-56 was obtained.
Figure 3 shows the evolution of AR, Cx and S with s.
They all slightly increase with the shearing distance as the
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Fig. 2. (a) Soil grading after shearing over different distances;
(b) proportion finer than 0-063 mm, relative breakage B, and
fractal dimension D against the shearing distance s

particles tend to become smoother and more rounded.
Again, most of the variation occurs while s<1 m. However,
it is worth noting that Cx of the particles generated by
crushing is smaller than that of the parent, coarser particles,
while their S¢¥ is higher. This tendency is opposite to what is
found by Altuhafi & Coop (2011) on uniform sand after
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Fig. 3. The relationship between shape factors and particle size
after shearing over distances from 0-1 to 25 m: (a) aspect ratio,
(b) convexity, (c) sphericity. Only selected results are shown for
clarity
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one-dimensional compression under o, =30 MPa, possibly
because their material was initially more rounded and con-
tained less asperities. Conversely, Zhang & Baudet (2013)
did not find significant changes of shape factors after com-
pression up to o,=31 MPa of gap-graded granite grains,
possibly due to the negligible abrasion, which, instead, is
significant during shearing.

Although the soil after shearing tends to be well graded,
its cumulative mass-size distribution is not linear over the
whole size range. Thus, a representation as in Fig. 3, with the
particle size as the independent variable, might be mislead-
ing. An alternative representation is shown in Fig. 4. A point
on the curve represents the percentage of particles by mass
with a shape factor lower than a given value. With s
increasing, the curves representing AR slightly shift down-
wards, becoming steeper, reflecting that there are fewer
particles with low AR, and comparatively more particles
with high AR (Fig. 4(a)). The same observation can be made
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Fig. 4. The relationship between shape factors and cumulative
mass-size distribution after shearing over distances from 0-1 to
25 m: (a) aspect ratio, (b) convexity, (c) sphericity. Only selected
results are shown for clarity

for Cx and S2% (Figs 4(b) and 4(c)) which, in addition, tend
to linearise, meaning that the shape factor distribution tends
to be self-similar (i.e. fractal). Similar tests were also
conducted on completely decomposed granite (e.g. Zhang
& Baudet, 2013). This kind of grains is widely distributed in
Hong Kong and China. Consistent results were found in this
work, suggesting that the findings are not limited to a
specific tested material.

Effect of particle size

Figure 5(a) shows the particle size distribution of specimens
with different initial grading (039 <ds50<1-80 mm,
C,=1-3) after shearing up to s=2 m. The proportion of
particles with d<0-063 mm generated during shearing
increases with ds, increasing, and the larger the initial dso,
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Fig. 5. (a) Grain size distribution of specimens with different
initial grading (dashed curves) after shearing for s=2 m;
(b) curves normalised by the initial dsg; (c) relative breakage B,
and fractal dimension D of the specimens after shearing
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the better the grain size curve approximates a fractal
distribution (i.e. it tends to be linear in a log-log plot). In
Fig. 5(b), the same curves are normalised by their initial dso
to better highlight the relative changes in grain size. It is
interesting to note that the curves shown in Fig. 5(b) (same
shearing distance, increasing initial grain size) resemble the
curves shown in Fig. 2(a) (same initial grading, increasing
shearing distance). This indicated that breakage is gradually
increasing with the increase of initial dsy due to the average
tensile strength that decreases with increasing size of
particles (McDowell & Amon, 2000). Muir Wood (2007)
suggested that the slope of the particle size distribution could
be using a parameter grading parameter Gp instead of fractal
dimension, and only the particle size distribution reaches the
ultimate grading that the value of Gp is equal to the fractal
dimension. Finally, Fig. 5(c) shows B, and Gp of the various
specimens after shearing to the same distance under the
same vertical stress. With the initial dsy increasing, the
relative breakage increases and so does the fractal dimen-
sion. Larger particles are more likely to contain imperfec-
tions or cracks, so their average tensile strength is generally
comparatively smaller than that of smaller particles (Nakata
et al., 1999; McDowell, 2002; McDowell & De Bono, 2013).
However, Tsoungui et al. (1999) suggested that large
particles could be cushioned by the smaller particles
resulting in smaller particles suffering more breakage in
experimental or numerical tests. This is argued by McDowell
& De Bono (2013) that large particles could suffer breakage
when the smaller particle reaches the comminution limit.
Furthermore, McDowell (2002) found that the yielding
stress of specimens with different initial grain sizes is
different; hence, particles with different sizes could suffer
different breakage under the same stress.

Figure 6 shows the relationship between the shape factors
and the particle size. The values of AR, Cx and S7 of the
sheared specimens are slightly higher than those of the initial
ones. No clear dependency of the shape factors to the initial
grain size can be seen. However, the specimen with initially
larger particles (dso=1-38 mm) is characterised by slightly
lower values of the shape factors after shearing compared
with those of the specimens with smaller particles, possibly
due to the larger relative breakage (Fig. 5(c)), which resulted
in a larger number of angular particles being produced.

Effect of grading

Figure 7 shows the particle size distribution of specimens
with different initial dsq and C,, but with the same dq, after
shearing for s =2 m (y = 8000%). Breakage seems to increase
with the increase in C,, but the distribution of fine particles
(d<0-3 mm) is practically the same for all specimens. The
result is consistent with the findings of Nakata et al. (2001),
who observed that well-graded soils suffer less breakage than
uniform soils. This might be due to the higher coordination
number and, consequently, the smaller intergranular forces
acting in well-graded soils compared with uniform soils.
However, uniform soils have larger breaking potential than
well-graded soils. Thus, if computing B, for the specimens
shown in Fig. 7, values very close to each other can be found
(0-42-0-44), and the resulting fractal dimension is practically
the same (D ~2-58).

CONCLUSIONS

Most of particle crushing occurred for shearing distances of
up to 1 m (y <4000%) in uniform soil specimens (C,=1-3)
under g,, = 600 kPa. A good agreement was seen between the
trends of relative breakage and fractal dimension against the
shearing distance, with the grain size distribution tending

towards a fractal distribution after large displacements. The
shape factors increased slightly with the shearing distance, as
the particles tended to become rounder. Particles generated
by crushing had similar or slightly higher values of shape
factors compared with those of the parent particles. Hence,
the shape factors seem to tend towards a fractal distribution
too. Uniform soil specimens with increasing size showed
increasing relative breakage and fractal dimension after the
same shearing distance, and a better graded final grading,
which more closely resembled a fractal distribution. On the
other hand, the final shape factor distributions did not
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Fig. 6. Shape factors against the particle size: initial values and
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and (c) sphericity. The values in the legend are the initial dsq of
the specimens

Downloaded by [ University College London] on [18/06/18]. Copyright © ICE Publishing, all rights reserved.



78 Zhang, Hu, Scaringi, Baudet and Han

1001
[ Initial C, dgg =118 mm
- —&— 130
E L
= —— 185
2
> —0— 260
R
| :
5 .
= gt
s T IS
5 g/
£ S¢ 0
§ ;’ JI ll
£/ 00
! I 1
’lo 1 L 1 1 11l 1 1 <> . l
0-01 01 1

Size: mm

Fig. 7. Grain size distribution of specimens with different initial
grading (dashed curves) after shearing for s=2 m. The speci-
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exhibit significant differences. Well-graded soils suffered
larger (total) breakage than poorly graded soils after the
same shearing distance, while the relative breakage and
fractal dimension did not vary significantly.
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