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Hidden Symmetries, Instabilities, and Current Suppression in Brownian Ratchets
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The operation of Brownian motors is usually described in terms of out-of-equilibrium and symmetry-
breaking settings, with the relevant spatiotemporal symmetries identified from the analysis of the equations
of motion for the system at hand. When the appropriate conditions are satisfied, symmetry-related
trajectories with opposite current are thought to balance each other, yielding suppression of transport. The
direction of the current can be precisely controlled around these symmetry points by finely tuning
the driving parameters. Here we demonstrate, by studying a prototypical Brownian ratchet system, the
existence of hidden symmetries, which escape identification by the standard symmetry analysis, and which
require different theoretical tools for their revelation. Furthermore, we show that system instabilities may
lead to spontaneous symmetry breaking with unexpected generation of directed transport.
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Motion at the nanoscale presents features very different
from those encountered in the macroscopic world. Noise is
a dominant process at such a scale, and may contribute
constructively to the dynamics rather than playing the usual
role of a disturbance. New mechanisms of transport emerge
at the nanoscale; in particular, directed motion may occur in
the absence of an applied bias force. Brownian ratchets
[1-3], the archetypal model system capturing the mecha-
nisms behind such a transport process, represent a key to
understanding several biological processes [4,5]; they also
have inspired a plethora of new nanodevices displaying
directed motion [6-21]. All these systems are usually
described in terms of operation away from thermal equi-
librium, with directed motion following from the breaking
of certain spatiotemporal symmetries, which are identified
from the analysis of the equations of motion for the system
at hand. Here we prove the existence of hidden symmetries,
which escape identification by the standard symmetry
analysis [2,3,22,23], and require different theoretical tools
for their revelation. The main assumption of the standard
symmetry analysis—i.e., that two trajectories connected by
a symmetry transformation carry the same statistical
weight, a reasoning that can be traced back to
Loschmidt’s paradox [24]—yields incorrect predictions
in these dissipative systems, failing to account for system
instabilities that lead to spontaneous symmetry breaking.

Results.—A large class of Brownian motor systems,
which includes particles in solution [8], vortices in super-
conductors [14], and atoms in dissipative optical lattices
[21], corresponds to a Brownian particle diffusing in a
periodic potential under the action of a driving force with
zero average. The particle’s motion is described by the
following Langevin equation:

mi = —yx + F(x, 1) + &(1), (1)
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where y is the friction coefficient, F(x, ) is a generic
deterministic force, and &(¢) is a fluctuating force, modeled
as a Gaussian white noise with autocorrelation
(E(n)&(F)) =2I°5(t — 1), with the noise strength I related
to the temperature 7 of the environment via the fluctuation-
dissipation relation I' = ykzT. The directed current is
defined as (v) = lim,_, (x(¢))/t, where the angle brackets
denote the average over noise realizations. For finite noise
strengths I' > 0, ergodicity implies (v) = lim,_x(7)/7. In
very small systems, from the nanoscale to the microscale,
the Brownian dynamics of small particles is frequently in
the overdamped regime, where inertia effects—the term mx
in (1)—can be neglected. This is the regime of interest here.

The standard symmetry analysis [2,3,22,23] relies on the
identification of transformations that leave the equation of
motion (1) unchanged and reverse the sign of the particle
momentum. Trajectories with opposite momentum are
equivalent, with a net null contribution to the directed
current, which thus turns out to be zero. We will show that
this picture does not fully capture the basic principles
behind the operation of Brownian ratchets. To do this, we
consider a more general approach [25], and regard the
directed current (v) as a generic functional of the driving
force F, thus using the notation v[F (x, 1)]. Several proper-
ties follow from symmetry considerations.

First, due to the vectorial nature of both the force F and
the current, the transformation x — —x yields the following

property:
v[=F(=x,t)] = —v[F(x,1)]. (2)

Second, an arbitrary translation along the x or ¢ axis does
not alter the current, i.e.,

v[F(x,1)] = v[F(x + x¢,1)] = v[F(x, 1+ 19)]. (3)
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Let us consider now a forced ratchet, ie., F(x,t) =
f(x) + F(t), where f(x) = —0U(x)/0x is a conservative
force and F(r) is a driving force.

If the system is spatially symmetric with respect to a
certain point x,, then the potential satisfies U(x + xo) =
U(—x + xy). Without loss of generality, we choose the
coordinate’s origin such that x, = 0. Then —f(—x) = f(x),
which together with (2) yields a characteristic property of
spatially symmetric systems,

vlf(x) = F(1)] = —olf(x) + F(2)]. (4)

A shift-symmetric force is defined as F(t + t,) = —F(¢t)—
for periodic drives t, = 7/2, where 7 is the period,
F(t+ 1) = F(t). The direct application of properties (4)
and (3) yields no current for shift-symmetric forces in
spatially symmetric systems,

vlf(x) = F(0)] = o[f (x) + F(t + 10)] = v[f (x) + F(7)]
= —v[f(x) + F(1)]. (5)

This is a well-known result of spatially symmetric systems,
already captured by the standard symmetry analysis
[2,3,22,23]. However, our current approach reveals two
additional symmetries for overdamped one-dimensional
systems, which are not captured by the standard approach.
They are

vf(=x) + F(0)] = v[f(x) + F(2)], (6)
lf(x) + F(=0)] = o[f(x) + F(1)]. (7)

A proof of (6) and (7) based on the Smoluchowski equation
is given in the Supplemental Material [26]. The symmetries
(6) and (2), together with (3), yield the following property
for shift-symmetric potentials:

[f () +F(@0)] =v[f(=x) + F ()] = —v[=f(x) - F(2)]
=—o[f(x+L/2) = F(0)] =—v[f(x) - F(1)].
(8)

This is the same property as Eq. (4) and, proceeding as
before, it implies current suppression when combined with
a shift-symmetric driving force. Therefore, quite counter-
intuitively, in one-dimensional overdamped systems, the
condition for current suppression for systems with shift-
symmetric potentials—like the one shown in Fig. 1(b)—is,
despite being spatially asymmetric, the same as for spatially
symmetric potentials. Figure 1(c) confirms this unexpected
behavior for large enough frictions. In the underdamped
regime this property is not satisfied exactly. Nevertheless,
even in this regime the overdamped symmetry (6) identified
here has a lasting effect: The zero-current point determined
by the overdamped symmetry is displaced to a lower value
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FIG. 1. Shift-symmetric potentials act like spatially symmetric
ones in one-dimensional overdamped systems. (a) Ratchet po-
tential Uy, (x) = —Ug[sin(kx) + (1/4) sin(2kx)] with period
L =2x/k. (b) Shift-symmetric potential defined from U,,(x)
as Ug(x) = Uy(x) in the first half-period, and Ug(x) =
—Ug(x—L/2) in the second half-period. (c) Directed current
for a Brownian particle subject to the mixed potential U(x) =
U (x)(1 — @) + Ug(x)a and to a shift-symmetric force defined
by F(t) = g(t) = A[sin(wt) + (1/4) sin(2wr)] in the first half-
period, and F(t) = —g(t—7/2) in the second half, where
7 = 2x/w. Reduced units are defined such as m=L=10w=1.
Other parameters are A =4, Uy = 10/2z, and T" = 10. The
directed current vanishes in the overdamped limit (large frictions
y) for the shift-symmetric potential (¢ = 1) because of hidden
symmetries.

of the symmetry parameter a in the underdamped regime.
Thus, the overdamped symmetry (6) determines a current
reversal in the underdamped regime.

The discovery of hidden symmetries reported above does
not represent the only departure from the conclusions that
can be drawn from the standard symmetry analysis. The
presence of instabilities may also alter the picture, as
trajectories that are solutions of the equations of motion
with opposite momenta may have very different stability
properties, and, thus, result into a total nonzero contribution
to the system current. Such a scenario of spontaneous
symmetry breaking is best illustrated via a specific
case study.

In the overdamped regime, from every solution x(¢), the
trajectory X(7) = x(—) +L/2 is also a solution of (1)
provided the potential is shift symmetric. It corresponds to
a transformed random force &(7) = —&(—t), which is
statistically equivalent to &(z), and a driving force
F(t) = —F(—1). Following the standard symmetry analy-
sis, no current is expected when antisymmetric driving
forces F(t + ty) = —F(—t + ty) are applied [3,22,23,41]—
an appropriate choice of the time origin yields ¢, = 0. This
prediction is correct in one-dimensional systems, as readily
verified by numerical simulations. However, the same
reasoning also predicts no current in the case of higher
dimensions, a result that is contradicted by our numerical
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FIG. 2. Breaking of symmetries (6), (7) in a 2D overdamped
system. The driving force is F(r) = Alcos(wt)e, +
cos(2wt + z/2)e,], i.e., a biharmonic drive split [42] in two
perpendicular  directions. The potential is U(x,y) =
Uy cos(kyx)[1 4 cos(k,y)], which is spatially symmetric in both
directions, and shift symmetric along the x direction. The current
is produced in the y direction only—due to the symmetry (5) in
the x direction—through the coupling with the dynamics in the x
direction. Though the driving force is antisymmetric, a nonzero
current is observed when k, and k, are comparable. Reduced
units are defined such that m = k, = @ = 1. Other parameters
are Uy =y = 50, A = 2y, and " = 0.1y2. The inset illustrates the
potential landscape for k, = 4k,, with L = 2x/k,.

simulations, as shown in Fig. 2 for a two-dimensional
potential and an applied split biharmonic drive, as well as
by independent results by Reimann’s group (see Ref. [43],
p. 16). The presence of instabilities is the key to under-
standing such an unexpected, spontaneous symmetry-
breaking behavior. The standard analysis fails to account
for the actual instability of the transformed solutions X(¢),
which makes them very unlikely. Even in the noiseless
limit, the above transformation maps stable oscillations
about the potential minima into highly unstable oscillations
about potential maxima [44]. We have verified via numeri-
cal simulations that, given a stable solution x(¢), the
transformed solution X(¢) is unstable and thus quickly
collapses onto x(#). This occurs both in one dimension as
well as in higher-dimensional systems [26]. Given that
instabilities destroy the mechanisms of current suppression
due to the contributions of a trajectory and the transformed
one, the observed suppression of directed transport in one-
dimensional systems must be associated to a different
mechanism. This suppression under antisymmetric forces
is actually a consequence of the symmetry (7), which yields
no current for systems—which include spatially symmetric
as well as spatially shift-symmetric systems of interest
here—satisfying the property (4)

[f(x) + F()] = -

A consequence of this analysis is that truly spatially
symmetric systems should also exhibit no current in
one-dimensional overdamped systems when antisymmetric
forces are driving the system. This phenomenon is illus-
trated in Fig. 3. It was already experimentally observed in
Ref. [45], but it remained unexplained until the present
Letter. These results are a confirmation of the validity of the
approach based on a more general symmetry analysis that
does not rely on the direct analysis of the solutions of the
equation of motion.

It is worth stressing that in the present discussion the
dimensionality of the system corresponds to the number of
spatial degrees of freedom taking part into the rectification
mechanism, and not necessarily to the dimensionality of the
potential landscape. The violation of the symmetries (6),
(7) in the above 2D overdamped setup is due to a
rectification mechanism taking place in the two
perpendicular directions. However, the symmetries (6),
(7) are not restricted to strictly one-dimensional systems;
they are still present in higher-dimensional overdamped
systems provided that the rectification mechanism involves
one spatial dimension only. For example, the dashed line in
Fig. 3(c) shows the suppression of current for antisym-
metric driving for the same 2D system shown in Fig. 2
when the biharmonic driving force is applied in the y
direction only. Additional examples are shown in [26].
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FIG. 3. Current suppression in one-dimensional overdamped
systems with a spatially symmetric potential and applied anti-
symmetric forces. The driving force has a biharmonic shape,
F(t) = Alcos(wt) + cos(2wt + ¢)]. (a) Spatially symmetric po-
tential U(x) = Up[cos(kx) + cos(2kx)]. (b) The driving force
F(t) is antisymmetric when ¢ = z/2. (c) Directed current as a
function of the driving phase ¢, for different levels of damping.
Reduced units are defined such that m = k = w = 1. Other
parameters are Uy = 20 and A = I" = 40. The dashed line shows,
for comparison, the current ((v,)) for the same driving force
applied in the y direction and a two-dimensional potential
U(x,y) = Uycos(kx)[1 4 cos(4ky)] in the overdamped regime
(y =Uy =50, A =2y, [ =0.197.
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Discussion.—The hidden symmetries identified in the
present Letter are of relevance to current experiments, and
they also allow us to recast known results within a more
general theoretical framework. This is well exemplified by
the two specific case studies that are presented below.

The first case study corresponds to the system of
ac-driven vortices trapped in a superconductor that was
experimentally studied in Ref. [14]. Here, interparticle
interactions provide an additional path to escape from
the symmetries (6), (7). Our results of Fig. 4 refer precisely
to the one-dimensional system of interacting Brownian
particles that was successfully used in Ref. [14] to explain
the multiple current reversals observed on ac-driven vor-
tices trapped in a superconductor. Despite not being strictly
satisfied, the influence of the symmetries (6), (7) is quite
noticeable, canceling the ratchet effect and most of the
current reversals in regions of the parameter space where
the appearance of a current is not directly related to particle
interactions.

For a second case study, we refer to the celebrated
flashing ratchet model [8-11,46,47], where the ratchet
potential is periodically switched on and off in the
absence of any additional additive driving F(z)—i.e., here
F(x,t) = —=0U(x, t)/Ox—and more specifically to the
known result [48] that a flashing shift-symmetric potential
cannot produce directed motion. The theoretical framework
and the related new symmetries that we introduce here
allow for a simple explanation of such a result.

U(x) Ux)-U(x+L/2)
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FIG. 4. Cancellation of transport, via the use of shift-symmetric
potentials, for the one-dimensional overdamped system of
interacting particles from Ref. [14]. The bottom panels show
the net chain current as a function of the number of particles per
period, n, and the potential depth U ,/E,, with the left panels
referring to the original one-particle potential U(x) (depicted in
the upper panel), and the right panels to a shift-symmetric
potential built from the former as Ug(x) =U(x)—U(x+L/2).
The interaction between the particles is accounted for by the pair
potential V;,(r) = —Ej In(r), with r the particle separation. The
system is driven by a single-harmonic force acting on each
particle, which is both shift symmetric and antisymmetric. The
parameters are the same as in Fig. 2 of [14].

In one-dimensional overdamped systems, the following
symmetry is generally satisfied [26]:

v[F(=x, —1)] = v[F(x,1)]. (10)

In two-state systems that are periodically switched, reversing
the direction of time has no effect, v[F (x, —1)] = v[F(x,1)];
this fact, together with (2), (10), and (3), yields no current for
shift-symmetric potentials,

v[F(x,0)] = —v[=F(=x.1)] = —v[-F(x, —1)]
= —v[-F(x,0)] = —v[-F(x + L/2,1)]
= —v[f(x, l)} (11)

Therefore, aflashing ratchet with a shift-symmetric potential,
regardless of whether it is spatially asymmetric, cannot
produce directed motion; this thus shows that in overdamped
systems shift-symmetric potentials behave like spatially
symmetric ones.

Conclusions.—The present Letter addresses the out-
standing issue of providing a general theoretical framework
for the identification of symmetries not captured by the
standard symmetry analysis, examples of which were
already given in previous works [44,48] with ad hoc
treatments. We have proven the existence in a prototypical
1D overdamped system of hidden symmetries, which
escape identification by the standard symmetry analysis
and require different theoretical tools for their revelation.
Though not rigorously satisfied in higher-dimensional
systems, the effects of hidden symmetries have been shown
to be still noticeable in them. Our results pave the way for
new mechanisms of manipulating transport. In fact, the
hidden symmetries determine current reversals, which can
be used to precisely control transport and implement
mechanisms for particle separation. Specific realizations
for optical tweezers and cold atom setups are discussed in
the Supplemental Material [26].
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