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Abstract—In this paper, we provide joint subcarrier assign-
ment and power allocation schemes for quality-of-service (QoS)-
constrained energy-efficiency (EE) optimization in the downlink
of an orthogonal frequency division multiple access (OFDMA)-
based two-tier heterogeneous cellular network (HCN). Consid-
ering underlay transmission, where spectrum-efficiency (SE) is
fully exploited, the EE solution involves tackling a complex
mixed-combinatorial and non-convex optimization problem. With
appropriate decomposition of the original problem and leveraging
on the quasi-concavity of the EE function, the problem can
be efficiently solved. On the other hand, the inherent inter-
tier interference from spectrum underlay access may degrade
EE particularly under dense small-cell deployment and large
bandwidth utilization. We therefore develop a novel resource
allocation approach based on the concepts of spectrum overlay
access and resource efficiency (RE) (normalized EE-SE trade-
off). Specifically, the optimization procedure is separated where
the macro-cell optimal RE and the corresponding bandwidth is
first determined, then the EE of small-cells utilizing the remaining
spectrum is maximized. Simulation results confirm the theoretical
findings and demonstrate that the proposed resource allocation
schemes can approach the optimal EE with each strategy being
superior under certain system settings.

I. INTRODUCTION

The global mobile data traffic, thanks largely to the ever-
growing use of applications on smart devices, increased by
a tremendous 4k times in a decade from 2005 to 2015 and
is expected to further grow going into 2020 and beyond.
It is well-understood that the conventional cellular network
architecture using macro-cells only cannot possibly support
demand going forward. This trend has driven the wireless
industry to devise new technologies and standards for a new
fifth-generation (5G) mobile network. A promising enabler for
supporting user equipments (UEs) with increased density and
quality-of-service (QoS) requirements is to deploy different
types of base stations (BSs), thus forming what is referred to
as heterogeneous cellular network (HCN) [1]. The underlying
air interface technology for HCN in the downlink is orthogonal
frequency division multiple access (OFDMA) as specified in
modern cellular standards [2].

Meanwhile, spectrum-efficiency (SE), a measure of the total
amount of information transmitted per unit bandwidth, has
been used as a key performance indicator in the design and
analysis of cellular networks [3], [4]. On the other hand,
placing the focus solely on maximizing SE will lead to ever-
rising network power consumption, which goes against global

commitments for sustainable development jointly in terms of
energy cost and environmental factors. Energy-efficiency (EE),
defined as the total amount of information delivered per unit
energy, is widely recognized as an important measure for joint
spectrum- and energy-efficient cellular network design. The
EE optimization problem has attracted great interest in the
context of OFDMA-based HCNs [5]-[7].

In contrast to the previous works in [5]-[7] where the
impact of spectrum utilization is not considered, in this paper
we include bandwidth usage in the analysis by modeling the
dynamic circuit power consumption as a linear function of
the bandwidth [8]. As a result, the global frequency reuse
strategy may lead to higher circuit power consumption and
degraded EE performance. On the other hand, utilizing overlay
transmission, where the allocated bandwidth for the macro-cell
and the small-cells are exclusive, is considered a promising
strategy when it comes to densely deployed or bandwidth-
abundant HCNSs. In this paper, a fundamental study of EE in
the context of an OFDMA-based two-tier HCN consisting of
a macro-cell and multiple small-cells is provided. We consider
both underlay and overlay transmission strategies and provide
resource allocation schemes for maximizing EE subject to
satisfying QoS constraints.

II. PRELIMINARIES

We consider the downlink of an OFDMA-based two-tier
HCN comprising of a macro-cell and L small-cells. The set of
cells is denoted using £ = {0,1,2,---, L}, where indexes 0
and {1,2,---, L} correspond to the macro-cell and the small-
cells, respectively. In addition, we assume that there are K
macro-cell UEs (MUEs) and K; small-cell UEs (SUEs). For
simplicity, the index of the UEs (MUEs and SUEs) associated
with cell [ € L is denoted with ;. The HCN total available
spectrum, Wi, is divided into Ny, subcarriers with each
having a bandwidth of Wy = V]\‘ZOZ Specifically, the set of
all accessible frequencies is denoted with N (where V| =
Niot). We consider exclusive channel assignment, where any
OFDMA subcarrier can only be employed by at most one UE
in a given cell at a given time. Note that the UE-BS association
is considered fixed during runtime.

The channel power gain from the cell-m BS to the cell-] k-
th UE over subcarrier n is denoted with A7 . The received

k,l,m
signal-to-interference-plus-noise ratio (SINR) at the cell-l k-th




UE over subcarrier n can be formulated as [9]
T = L8
T Dmen iy MiimPm + 97y
where p;’ is the transmit power of the cell-l BS over subcarrier
n and cr[’}w] is the noise power at the cell-! k-th UE over

subcarrier n. We thus can express the rate for the cell-l k-th
UE over subcarrier n and the total throughput in cell-/ as

(1)

Tiky = We logy (1 + 7{;2,”)- 2
Cr=73 > rharfa 3)
neN keK;

where pfj ; € {1,0} indicates whether or not the nt" subcar-
rier is assigned to the UE [k, !]. Considering that BSs are the
dominant sources of energy consumption in cellular networks,
we approximate the HCN overall power consumption using
the following linear power model [10]

P=(Pr+Pc “4)

where (, Pr and Pc denote the BS reciprocal of drain
efficiency of the power amplifier, transmission power, and
circuit power consumption, respectively. Motivated by the
approach in [8], the circuit power consumption is considered to
be proportional to the total utilized bandwidth for transmission.
Consequently, the total circuit power can be written as

Pc:Ps"’"yW o)

where P; is the static circuit power in transmission mode and ~y
is a constant corresponding to the dynamic power consumption
per unit bandwidth. As a result, the total power consumption
in the two-tier OFDMA-based HCN is defined as

P=>Y(cPy+ Pl (6)
lel

where Pg] and Pg} are the transmission power and the circuit
power at the cell-l BS.

Recall that EE is defined as the total number of successfully
delivered bits per unit energy. The two-tier OFDMA-based
HCN EE in the downlink can hence be expressed as

2 2ier G
- l 1
S Py + P
Here, we are concerned with the problem of achieving high
EE whilst guaranteeing the required QoS constraints in each
cell under limited bandwidth and transmit power resources.
Hence, we formulate an optimization problem for maximizing
EE under a series of (minimum) throughput requirements and

maximum power budgets. Accordingly, the EE optimization
problem for the two-tier OFDMA-based HCN is given by

(7
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where P#L]ax is the maximum transmit power of the cell-l BS
and d,nacro (0smair) correspond to the UEs minimum through-
put requirements in the macro-cell (small-cells), respectively.
Therefore, constraints (9)-(11) are used to guarantee the max-
imum power budget and the minimum throughput target in
each cell. In addition, the constraint in (12) corresponds to
the exclusive subcarrier assignment strategy in any cell.

The EE optimization problem here, which considers join
subcarrier assignment and power allocation in the presence of
inter-cell interference, is mixed-combinatorial and non-convex.
The solution is therefore nontrivial and cannot be obtained
directly. As a result, in the following sections, we develop
two different resource allocation approaches considering both
spectrum underlay and overlay access.

III. EE OPTIMIZATION IN OFDMA-BASED HCNS WITH
SPECTRUM UNDERLAY ACCESS

With spectrum underlay access, the small-cells share the
available radio spectrum with the macro-cell and hence in-
troduce inter-tier interference which renders the resource al-
location problem significantly more challenging to tackle. In
addition, the variables for subcarrier assignment and power
allocation are coupled together and hence the non-convex
optimization problem in (8)-(12) is extremely difficult to
solve. In this section, we provide a fundamental study for
energy-efficient design in OFDMA-based underlay HCNs. In
particular, a relationship between optimal EE and achievable
throughput is derived as in the following theorem.

Theorem 1. For any rate vector for the macro-cell and the
small-cells that satisfies the minimum throughput constraint,
C > 6, achieved with subcarrier assignment p'f}fﬁl] and power
allocation py', the maximum achievable EE, namely,

App(C) £ max  App (13)
Pk P
st. Y pp<pPl, VieL, (14)
neN
C>é6,VieL, (15)
oy =LYneNVieL, (16)
ke,
where C = [Cy C Cr]l and 6 = [dmacro
Ssmall * -+ Osmait), is strictly quasi-concave in C.

Therefore, Theorem I indicates that there always exists
a unique EE solution. On the other hand, the original EE
optimization problem is very challenging to solve due to the
multiple inequality constraints in (10)-(11). By extending the
Lagrange dual decomposition method for single-cell multi-
carrier systems [11] to our OFDMA-based underlay HCN
setup, the gradient ascent approach can be invoked to generate
Cl1=0,1,2,---, and

C(n+1) = [C(n) + pVApr(C(n))] " (17)



However, a closed-form expression for the gradient of this
vector does not exist, hence, it is impossible to employ (17)
in order to solve (8)-(12). Nevertheless, we can transform the
gradient ascent method in (17) using the following approach

C()(n + 1) = [Co(n) + MV/\EE(CQ(H))]+,

Cr(n+1) = [Cr(n) + pVApp(CrL(n))]".

As a result, the vector gradient can be alternatively decom-
posed into multiple scalar gradient, thus making the opti-
mization problem relatively easier to solve. Accordingly, we
propose an iterative resource allocation scheme to tackle the
EE optimization problem for two-tier OFDMA-based HCNS.
Similar to the gradient decomposition approach, by keeping
one minimum throughput constraint at a time and setting
all others as equality constraints, the problem with multiple
inequality constraints can be decomposed into a series of op-
timization problems with single inequality constraint. Specif-
ically, all other cells will be under equality constraints when
cell-l* is under inequality constraint (minimum throughput
requirement). Therefore, the EE problem is transformed into

(18)

max Agg (19)
Pl Pl
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where C; represents the optimal throughput (for all other cells
apart from cell [*) obtained from the previous iteration. Under
this setup, we can obtain the solution for cell I*, C;- by solving
the above single inequality constrained optimization problem.
Once we obtain the updated throughput Cj-, the next cell
is placed under inequality constraint (minimum throughput
requirement), i.e., V [* + 1 € L, while all other cells have
updated throughput values from the previous iteration. In
particular, we can rewrite the constraints in (20)-(21) as

C = Cl, Vie E\{l* + 1},

Z Z p7[1k7l*+1]rﬁc,l*+1] > Ops 41

neN kel 11

(23)
(24)

The current maximum EE value is stored in the buffer and the
corresponding optimal rate Cj- for cell [* 4+ 1 is updated.
This process is repeated for all cells until convergence, i.e.,
APL(n+1) — AL (n) < e. We provide a pseudocode for the
proposed iterative resource allocation scheme:

ey
2

Initialize [* as the first cell in £ with inequality constraint;
Tackle the problem in (19)-(22) and store )\OE”E(n) in the
buffer;

Modify the constraints using (23)-(24) and update the
corresponding rates;

Repeat steps (2) and (3) until convergence )\OEPE (n+1)—
Afp(n) <e.

The decomposed EE optimization problem in (19)-(22) has a

3
“

single inequality constraint. With a fundamental study of the
problem, we can arrive at the following theorem.

Theorem II. The maximum EE achieved with a throughput
for cell-1*, Cyj« > 6;«, subcarrier assignment pﬁﬁ,l], and power
allocation p},¥(l,n) € (L,N'), namely,

)‘*E'E(Cl*) £ nmax >\EE (25)
PlieyPl

st. C; = ég, Vie ﬁ\{l*}, (26)

Z Z pﬁi},l*]rﬁc,l*] = Cl* Z 61*7 (27)

nGNkE/CZ‘

> oy =LYneNVieL (28)

ke,

is strictly quasi-concave in Cpx.

The function quasi-concavity property guarantees the ex-
istence of a unique maximum, hence Theorem II proves
the existence of a unique EE solution. Moreover, the quasi-
concavity of EE optimization problem further indicates that
Apg(C)+) either decreases or first increases and then decreases
with Cj«. Thus, problem (25)-(28) can be solved through a
dual-layer decomposition method [12].

IV. SOLUTION BASED ON SPECTRUM OVERLAY ACCESS
AND RESOURCE EFFICIENCY

The inter-tier interference from the proposed underlay-based
approach may degrade EE especially under high through-
put requirements in densely deployed scenarios. In addition,
considering that the available bandwidth is fully exploited,
a higher circuit power consumption and hence reduced EE
performance may be incurred. Furthermore, although the pro-
posed iterative resource allocation algorithm is numerically
stable, its computational complexity depends on the number
of optimizing variables, which can be large if the number
of subcarriers or the number of UEs is large. Hence the
complexity of this scheme is comparatively high. Based on
the idea of spectrum overlay access and RE, we next develop
a low-complexity solution for the two-tier HCN.

A. Resource Efficiency Optimization for Macro-cell

In [12], RE is defined as a weighted EE-SE trade-off using
a normalizing factor g

s R np
ARE = P(l +677W)
where np and ny respectively denote the power utilization
and bandwidth utilization such that
A P A w
- ]Dtot7 e Wtot.

We modify the RE to a more generalized expression

(29)

np (30)

R R
)\REéaF+(1_a)TF
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where 0 < a < 1 and 7 = %. The generalized RE

tot
optimization problem in the downlink of the macro-cell can
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be mathematically formulated as

ZkGICo D onen pﬁc O]r[TILc 0] np
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Where PT — ZTLGN pg and PC = Ps +

YWe Y hek Donen Plie.0)- Problem (32)-(36) is mixed-
combinational and non-convex. In order to tackle this, the
subcarrier assignment and power allocation procedures are
separated. Specifically, we first analyze the fundamental
properties of the case with a given weight o and a given
subcarrier assignment set. The findings are summarized in the
following theorem. Note that for simplicity, here, we remove
the index from the macro-cell parameters, e.g., MUEs set is
changed from Ky to /C.

Theorem III. Considering a given weight o, subcarrier
allocation vector p and its corresponding UEs set
Sk(Vk € K), the maximum RE at a certain transmit
power, Pr, namely,

Zkelc ZRESk Tk,n

Arp(Pr) 2 max (a+(1—a)2)

Pk,n 20 ¢Pr+ Pc nw
(37)
subject to
SN =G (38)
neN kEESy
Y>> phn="Pr< P (39)
keEKX neS

has the following properties:
(i) Are(Pr) is a continuously differentiable quasi-concave
function with respect to Pr,
(ii) the derivative of Arg(Pr) meets the following condition

d\pp(Pr)  (a+(1- a)%)%ﬁﬂ —alApp(Pr)
dPr ¢Pr+ Pc
(40)
where R(P )
Aeg(Pr) = =2, 41

zx(Pr) ¢Pr+ Pc “1)

_ N B
R(Pr) & max R(Pr)= max SN e (42

keK neSy

represents the maximum sum rate under the maximum power
constraint and minimum rate constraint (38)-(39) meeting the
condition

dR(P Weogk.nl
(Pr) . Wogrnlogye (43)
Pr keK.neSy 1+ pg, 9kn

s |hg?

where gpn, = ‘2 and pj,(n € Si) are respectively
k ;
representing the channel-power-to-noise ratio (CNR) of the

k-th UE on the n-th OFDMA subcarrier and the optimal
allocated power on the n-th subcarrier to obtain R(Pr).

For the case with fixed transmission power Pr and subcar-
rier assignment vector p, we can rewrite the RE of the two-tier
HCN as

o Wiot B
Are(Pr) = R(=+(1- =wR(P
rE(Pr) nax, (P +(1-a) met) wR(Pr),
(44)
where w £ 2 4 (1 — a)%‘tﬁt. To derive the optimal power

allocation, we can extend the multi-level water-filling scheme
[12] to a HCN scenario as follows

- 1
Prn = (i — ——)", ¥n € S,

45)
9k,n
> Y Welogy(ukgrn) =Co,  (46)
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Prn = Pk + (10— — = Pra) ™, 47)
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where p, and p are used to denote the intermediate variables.
The multi-level water-filling approach consists of two steps.
Firstly, the power is allocated in order to satisfy the minimum
rate requirement of the macro-cell UEs, where the allocated
power in this step is Ps = >, Znesk Dk.n- Next, the re-
maining power is allocated in order to further improve the sum
rate. Since quasi-concave function guarantees the existence
of a unique maximum, we thus apply the gradient method
to search for the optimal power. In particular, for a fixed
subcarrier assignment set, gradient-based power adaptation
can be used with single-UE water-filling in (45)-(46), and
the multi-level water-filling in (47)-(48), where the power is
updated using the gradient of RE

dAre(Pr)
dPr

with ¢ being the step size. Since the quasi-concavity property
implies that A (Pr) either strictly decreases or first increases
and then strictly decreases with Pr, the proposed algorithm
will terminate with either convergence or Py = C;* (Sk, V&)
if Arg(Pr) is monotonically decreasing in [Py, Pyq.] and
Praz if Agg(Pr) is monotonically increasing in [Py, Praz]-

We are now ready to investigate the subcarrier assignment
strategy. We assign each subcarrier to the MUE that would
achieve the highest SINR on that subcarrier.

Pr(n) = Pp(n—1)+tx (49)

e _ {1, if k = arg maxgeic vy, (50)

Pk 0, otherwise

Note that the proposed power allocation approach only aims
to solve the RE optimization problem (32)-(36) with fixed
normalizing factor a.. Let Agg(«) denote the objective value
of problem (32)-(36) with a given «. It is easy to see that
Are(1) denotes the maximum RE value of problem (32)-(36)
that only aims to maximize EE without taking SE into account.
On the other hand, Arg(0) corresponds to the case in which



SE is maximized without taking EE into account. Therefore,
based on this result, we further develop a bi-section approach
to numerically search for the optimal value of a.

By employing the proposed bi-section based subcarrier
assignment and power allocation approach, the optimal RE
can be obtained for a given bandwidth (given number of
subcarriers). As a result, starting from W,,;,, = KW¢ (i.e.,
each UE should be guaranteed at least one subcarrier), we
apply the proposed gradient-based power adaptation and the
subcarrier allocation policy to the current bandwidth setting,
and store the optimal RE value in the buffer Agg (V). Then,
we increment the bandwidth using W = W + We. The
proposed subcarrier assignment and power allocation approach
is performed again to obtain the maximum RE of the macro-
cell under the updated bandwidth. This procedure is repeated
for all possible bandwidth options, i.e., from W,;, to Wigt.
Hence, the optimal RE and the corresponding bandwidth of
the macro-cell is determined. The remaining bandwidth is then
dedicated to the small-cell operation.

B. Energy-Efficiency Optimization for Small-Cells

Once the RE of the macro-cell is maximized, the remaining
bandwidth is allocated exclusively to the small-cells. Since the
macro-cell and small-cells are not sharing the same spectrum,
there is no inter-tier interference. Moreover, considering the
maximum transmit power of the small-cells is usually low
(small coverage), and small-cells are geographically separated,
the intra-tier interference between small-cells is considerably
small. Therefore, considering the intra-tier interference as
noise, we propose a low-complexity suboptimal resource allo-
cation approach to maximize the EE of the small-cells.

Under this overlay-based setup, intra-tier interference is
suppressed. The SINR expression can thus be rewritten as

_ hiapr?

V) = (51)

k.1

As a result, the optimization problem in (8)-(12) can be
decomposed to a series of relatively isolated and simple
optimization problems. In other words, one only needs to solve
the EE maximization problem for each small-cell (I € £). This
can be formulated as

C

e, ol pll (52)

PPl (Pp + Py

st >y <P, (53)
neN kek,;
Z Z p[r;c,l]rﬁc’l] 2 6small7 (54)
neN kek,
Doty =LVneN (55)
ke,

The EE maximization problem in (52)-(55) is a special case
of the RE maximization problem in (32)-(36), and hence we
apply the proposed subcarrier allocation policy in (50) for the
remaining bandwidth, and then perform the multi-level water-
filling algorithm in (45)-(48) to obtain the optimal value. This
procedure is repeated for all the small-cells.

=6— Decoupled approach for EE maximization
=B~ Bi-section algorithm based on RE
—&— Resource allocation scheme from [13]
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Fig. 1: Comparison of different subcarrier assignment and power
allocation schemes in terms of EE.

V. SIMULATION RESULTS

In this section, we present numerical results in order to
verify our theoretical findings and analyze the performance of
the proposed underlay and overlay approaches in terms of EE.
It is assumed that ten uniformly-distributed small-cells are in
the coverage area of a existing macro-cell, where ten and three
uniformly-distributed UEs are serviced in the macro-cell and
each small-cell, respectively. The radius of the macro-cell is set
to 250 m, and that of the small-cells is set to 50 m. It should
be noted that all results are obtained from various random
locations of the UEs with identical and independent Rayleigh
fading channels. The minimum throughput requirements for
macro-cell and small-cells are set to 100 Mbps.

In the first simulation, we evaluate the EE performance
of the different schemes with spectrum underlay and overlay
access. For comparison purposes, we compare the proposed
schemes against the joint subcarrier assignment and power
allocation scheme in [13]. The optimal EE is evaluated across
the 0-20 dB CNR range. As it can be seen from Fig. 1, the EE
achieved by the proposed overlay-based approach is very close
to that of the proposed underlay-based approach whilst being
much more efficient in terms of computational complexity. It
is important to highlight, however, that the performance gap
increases in high CNR region. This is because the overlay-
based approach treats the intra-tier interference as noise, and
will become dominant when the noise power diminishes at
high CNR regime; hence resulting in reduced EE performance.
Furthermore, both algorithms achieve higher EE compared to
the scheme in [13] which aims to maximize the sum rate.

The impact of the number of subcarriers on the optimal EE
is illustrated in Fig. 2. It can be seen that with a moderate num-
ber of subcarriers (small bandwidth), e.g., N < 1000, the EE
achieved by the proposed overlay-based approach is lower than
that of the proposed approach using underlay transmission.
However this trend is reversed when the system has a larger
bandwidth (e.g., N > 1000). The reason for this observation
is that the proposed underlay-based approach allocates all
available bandwidth to all cells. The excessive transmission-
associated circuit power, which is modeled as a linear function
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Fig. 2: Impact of the number of subcarriers on the EE performance.
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Fig. 3: Impact of small-cells density on the EE performance.

of the bandwidth, will reduce the EE performance in a system
with large bandwidth. On the other hand, the proposed overlay-
based approach allocates the exclusive spectrum parts to the
macro-cell and small-cells and hence is more suitable for in
the context of bandwidth-abundant HCNG.

Finally, the impact of small-cells density on the optimal
EE is investigated in Fig. 3. As shown in the figure, with
a lower small-cells density, e.g., L < 10, the EE achieved
by the proposed bisection-based approach is lower than that
of the proposed decomposed resource allocation approach.
However, for the case of dense small-cells, e.g., L > 10, the
EE achieved by the strategy using RE and overlay transmission
is superior. This is because when the small-cells density is low,
the inter-tier interference will have less impact resulting in
lower transmit power levels needed to satisfy the QoS targets.
Therefore, the underlay transmission strategy is suitable under
this setup. On the other hand, for the case of a dense deployed
HCN, e.g., with L > 10, the inter-tier interference will become
significant when spectrum is shared by the different tiers.
Hence, extra power is required to maintain the throughput
requirements of the UEs. Moreover, since macro-cell and
small-cells occupy the whole bandwidth at the same time, the

excessive transmission associated circuit power will further
degrade EE performance. Consequently, the proposed overlay-
based approach where different portions of the spectrum is
allocated exclusively to the macro-cell and the small-cells is
more suitable for dense multi-tier cellular environments.

VI. CONCLUSIONS

In this paper, we have addressed the EE optimization
problem for OFDMA-based two-tier HCNs consisting of a
macro-cell and multiple small-cells. Considering underlay
transmission, where macro-cell and small-cells are sharing the
available spectrum, we proved the relationship between EE and
achievable rate is a quasi-concave function. On the basis of this
property, we decomposed the original problem with multiple
inequality constraints into multiple optimization problems with
single inequality constraints, which can be efficiently solved.
On the other hand, the underlay approach may not be energy-
efficient due to severe inter-tier interference in a dense HCN
scenario. In addition, it will lead to a higher power con-
sumption in a bandwidth-abundant system and hence reduce
the EE performance. Therefore, we developed a novel low-
complexity resource allocation scheme based on the idea of
overlay transmission and RE. Simulation results confirmed
the theoretical findings and demonstrated that the proposed
algorithms can efficiently approach the optimal EE.
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