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Abstract 

Quantitative and accurate measurement of in vivo mechanical properties using dynamic 

elastography has been the scope of many research efforts over the past two decades. Most of 

the shear-wave-based inverse approaches for magnetic resonance elastography (MRE) make 

the assumption of isotropic viscoelasticity. In this paper, we propose a quantitative gradient 

method for inversion of the shear wave equation in anisotropic media derived from a full 

waveform description using analytical viscoelastic Green formalism and automatic 

differentiation. The abilities and performances of the proposed identification method are first 

evaluated on numerical phantoms calculated in a transversely isotropic medium, and 

subsequently on experimental MRE data measured on an isotropic hydrogel phantom, on an 

anisotropic cryogel phantom and on an ex vivo fibrous muscle. The experiments are carried out 

by coupling circular shear wave profiles generated by acoustic radiation force and MRE 

acquisition of the wave front. Shear modulus values obtained by our MRE method are 

compared to those obtained by rheometry in the isotropic hydrogel phantom, and are found to 

be in good agreement despite non-overlapping frequency ranges. Both the cryogel and the ex 

vivo muscle are found to be anisotropic. Stiffness values in the longitudinal direction are found 

to be 1.8 times and 1.9 times higher than those in the transverse direction for the cryogel and 

the muscle, respectively. The proposed method shows great perspectives and substantial 

benefits for the in vivo quantitative investigation of complex mechanical properties in fibrous 

soft tissues. 
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1. Introduction 

 

Over the past two decades, dynamic elasticity imaging (dynamic elastography) has emerged as a virtual 

palpation tool allowing for a semi-quantitative investigation of the in vivo mechanical response of biological 

soft tissue by the measurement of the viscoelastic mechanical properties of the organ under study. Classically, 

the three main steps of such methods are [Vappou et al. 2012]: 
 

(i)   The generation of  either harmonic or transient  shear waves in the organ under study, 

(ii)  The measurement of the displacement field using ultrasound ([Fatemi and Greenleaf 1998, Sarvazyan et 

al. 1998, Sandrin et al. 2003, Bercoff et al. 2004]) or Magnetic Resonance Imaging (MRE, [Muthupillai et 

al. 1995]), 

(iii) The identification of the mechanical properties (usually the shear modulus). 
 

This last step requires the development of specific algorithms coupling wave physics and biomechanics. 

The local viscoelastic parameters may be estimated through the displacement field resulting from the shear 

wave propagation [Catheline et al. 2004]. In a uniform, homogeneous, purely linear elastic medium, the wave 

equation is written as: 
 

𝜌
𝜕2

𝜕𝑡2 𝑼 − (λ + 2µ)∇2𝑼 = 0, (1) 
 

U being the displacement vector, t the time and ρ the density of the medium, F the body-forces, and λ and μ 

the first and the second Lamé coefficients, respectively. In MRE, algorithms such as the Local Frequency 

Estimation (LFE), the Phase Gradient (PG) method [Manduca et al. 1996, 2001] and the Direct Inversion (DI) 

of the shear wave equation [Oliphant et al. 2001] have been proposed for the identification of the mechanical 

properties from the displacement field. In 1999, [Van Houten et al. 1999] suggested to use a finite element-

based reconstruction operating on small overlapping subzones to determine elastic properties in a 

heterogeneous medium.   
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The inverse elasticity problem can be solved as a non-linear optimization problem. This approach aims at 

finding the distribution of mechanical properties (usually the shear modulus) that minimizes the difference 

between the measured and predicted displacement fields (computed with either an analytical formulation or a 

finite element method or a finite difference method). The gradient methods are quantitative and robust [Arnal 

et al. 2013]. The use of an adjoint method has been proposed in [Oberai et al. 2003] for identification of 

heterogeneous shear modulus maps in an incompressible isotropic medium using a finite element scheme of 

wave propagation and one of the components of the displacement field. More recently, a gradient approach 

has been adopted for breast tumor characterization using MRE [Wang et al. 2009]. 

Although many tissues (such as skeletal muscle, cardiac muscle, kidney or brain) exhibit anisotropic 

mechanical properties, i.e. properties being directionally dependent [Fung 1993], few in vivo studies have 

investigated the anisotropic behavior of biological soft tissues using elastography. Ultrasound shear wave 

elastography (SWE) has been used for anisotropic in vivo elasticity measurements of fibrous tissues, such as 

myocardium [Couade et al. 2011, Lee et al. 2012, Song et al. 2014, Correia et al. 2014], skeletal muscles 

[Gennisson et al. 2003, 2005, 2010], kidney [Amador et al. 2011, Gennisson et al. 2012], tendons [Brum et al. 

2013] or arteries [Shcherbakova et al. 2014]. However, the actual SWE techniques allow for shear wave 

propagation in two opposite directions only. Thus, the investigation of the anisotropic stiffness requires 

acquisitions with different orientations for the probe [Lee et al. 2012, Chatelin et al. 2015]. Most of the MRE 

techniques consider the organ as isotropic. First MRE anisotropic measurements have been proposed in 

[Sinkus et al. 2005] for breast tissue using optimization techniques to identify the principal axis of a 

transversely isotropic material model. Anisotropic viscoelasticity has also been investigated in [Papazoglou et 

al. 2006, Sack et al. 2009, Klatt et al. 2010] in human skeletal muscle by analyzing the directional dependence 

of the shear wave pattern assuming an incompressible and transverse isotropic model of elasticity. As discussed 

in [Bensamoun et al. 2006, Ringleb et al. 2007], MRE allows for the detection of differences in the orientation 

as well as of differences in the muscle fiber. Under the a priori knowledge of uniaxial alignment of fibers 

[Namani et al. 2009], the anisotropic elasticity has been investigated in a fibrin gel by generating shear waves 

either parallel or perpendicular to the fibers. Recently, studies have shown the major physiological role played 

by the mechanical anisotropy in fibrous tissues [Ringleb et al. 2007, Bensamoun et al. 2007, McCullough et 

al. 2011]. The possibility of coupling MRE reconstruction and Diffusion Tensor Imaging (DTI, providing 

estimation of the local fiber orientation from MRI of the constrained water Brownian diffusion) has been 

proposed in [Green et al. 2013, Qin et al. 2013] to investigate the anisotropic elasticity of ex vivo soft tissues, 

again under the assumption of one predominant fiber direction. It is worth noting that all of these approaches 

require either a local transverse isotropic modeling of the medium or complementary information on the fibers 

orientation in the tissue. These limitations are mainly due to the fact that, in all these approaches, the source 

for the generation of waves is insufficiently known.  

Measurements of the properties of muscle may shed light on the effects of pathologies that change muscle 

fiber composition, like hyperthyroidism [Bensamoun et al. 2007], and help improve our approach for treating 

individuals affected by these disorders. It is practical to start using MRE to answer specific clinical questions 

in pathologies that effect muscles. For example, MRE can be used to evaluate treatments for muscles altered 

by pathology (e.g., hyperthyroidism and stroke) and injured muscle (e.g., muscle atrophy caused by disuse). 

 

Mechanical properties may be an efficient biomarker for pathologies that affect the fiber structure of the 

organs. Measuring the mechanical anisotropy has been shown to be particularly interesting and relevant for 

diagnostic assessment and clinical treatment evaluation in different disorders that alter fibers, such as muscular 

atrophy (Ringleb et al 2007), poliomyelitis, paraplegia (Basford et al 2002), cardiac hypertrophy, 

cardiomyopathy, post-infarction remodeling (Lee et al 2012), renal fibrosis (Arndt et al 2010) and 

nephrocalcinosis (Shah et al 2004). The development of new robust tools for quantitative dynamic elastography 

in anisotropic tissues is therefore particularly relevant in the field of in vivo biomechanical characterization. 

In this study, we develop a new MRE protocol for elasticity imaging and identification in fibrous tissues 

combining two approaches, detailed as follows. 
 

(i)  First, shear waves are generated in a non-invasive manner applying a localized nearly-punctual source on 

the tissue. As in [Wu et al. 2000] and [Souchon et al. 2008], we associate the Acoustic Radiation Force (ARF) 

from a MR-compatible High Intensity Focalized Ultrasound (HIFU) probe as a source for remote generation 

of shear waves, with MRE for the measurement of the displacement wave field. By alternating emission and 

non-emission periods of the focused ultrasounds, the ARF is generated with a periodic square time-profile 

(with frequency f0). The resulting shear waves are pseudo-harmonic (with frequency f0). The mechanical 

excitation is synchronized on the MRE sequence. 
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(ii) Second, we develop a gradient-based data assimilation approach to solve the inverse problem in 

anisotropic viscoelastic soft tissues. The original solution proposed in this article to investigate anisotropy 

consists of converting the shear wave field from 2DCartesian to polar coordinates, restricting the 

displacement field to specific directions of space and then identifying the analytical description using the 

uniaxial viscoelastic Green formalism. The model is differentiated using an automatic differentiation (AD) 

tool to compute accurate gradients (Griewank and Walther 2008). The gradient method is applied for the 

identification of the shear elasticity in 36 angular directions of space from a single MRE acquisition of the 

displacement field. The use of a gradient-based data assimilation method together with AD shows a great 

potential for MRE reconstructions, even with no assumption about the mechanical anisotropy. 
 

This MRE protocol is first evaluated on numerical isotropic phantoms, and then on experimental MRE data 

(elastic hydrogel phantom, anisotropic cryogel phantom and ex vivo muscle). 

 

2. Material and methods 

In the present section, the formulation of the forward model and the inverse problem for shear wave 

propagation in anisotropic media are presented and assessed using simulated data. The experimental MRE 

protocol used on the gels and on the ex vivo muscle is presented. 

 

2.1. Formulation of the model 

In a bounded domain Ω, the small displacement field U in a homogeneous elastic compressible medium 

with no body-force satisfies the following equations: 
 

{𝜌
𝜕2

𝜕𝑡2
𝑼(𝒙, 𝑡) − (λ + 2µ)∇2𝑼(𝒙, 𝑡) = 0

𝑼(𝒙, 𝑡 = 𝑡0) = 𝑼𝟎 𝑖𝑛 Ω

 (2) 

 

where 𝒙 = (𝑥, 𝑦, 𝑧) , t, t0 and U0 are the Cartesian coordinates, the time, the initial time and the initial 

displacement, respectively, and λ and µ are the Lamé coefficients. Our approach is based 

on the identification of shear wave displacement profiles around the focal spot that can be seen 

as the source of shear waves. Equation (2) is first expressed in polar coordinates (r, θ), and then in the wave 

equation is restricted to a specific uniaxial direction θ = θ0. Equation (2) becomes: 
 

{
𝜌

𝜕2

𝜕𝑡2
𝑈(𝑟, 𝑡) −

(λ + 2µ)

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕

𝜕𝑟
𝑈(𝑟, 𝑡)) = 0

𝑈(𝑟, 𝑡 = 𝑡0) = 𝑈0 𝑖𝑛 Ω

 (3) 

 

where 𝑈(r, t) = 𝑈(r, 𝜃 = 𝜃0, t) is the unique component of the displacement vector, and r the nspace 

coordinate of the specific observation point from the source point.   

 

In a linear viscoelastic medium undergoing small deformations, the shear wave displacement field may be 

described analytically by means of the viscoelastic temporal Green formalism. To that end, we assume an 

infinite isotropic viscoelastic homogeneous medium. The exact Green functions provide a time-harmonic plane 

wave description from a source point (Aki and Richards 1980). Based on the extension to viscoelastic media 

from the purely elastic theory developed by Aki and Richards (1980), the isotropic viscoelastic expression 

used in the temporal domain for the forward problem has been proposed in three dimensions by Bercoff et al 

(2004). By adaptation to a uniaxial wave propagation, the calculation of the 1D displacement vector 𝑈(r, t) 

from one source point is written in the temporal domain by: 
 

𝑈(r, t) = ∑
F𝑙

4𝜋𝜌
{𝐺𝑘𝑙

(𝑃)(r, t) + 𝐺𝑘𝑙
(𝑆)(r, t) + 𝐺𝑘𝑙

(𝑃−𝑆)(r, t)}𝑙 , (4) 
 

where t is the time, r the 1D space coordinates of specific observation point from the source point, Fl the 

radiation force amplitude along the direction of propagation, ρ the density. The terms 𝐺𝑘𝑙
(𝑃)

, 𝐺𝑘𝑙
(𝑆)

 and  𝐺𝑘𝑙
(𝑃−𝑆)

 

correspond to the contribution of the P-wave (compression), S-wave (shear) and near-field term (between the 

P-wave and S-wave), respectively, and are written as: 

𝐺𝑘𝑙
(𝑃)(r, t) =

𝑔𝑘𝑔𝑙

𝑟𝑐𝑝√2𝜋𝜂𝑝𝑡
𝑒

−
(𝑡−𝜏(1))

2
𝑐𝑃
2

2𝜂𝑝𝑡 ,  

 

(5) 
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𝐺𝑘𝑙
(𝑆)

(r, t) =
𝑔𝑘𝑔𝑙

𝑟𝑐𝑠√2𝜋𝜂𝑠𝑡
𝑒

−
(𝑡−𝜏(2))

2
𝑐𝑠
2

2𝜂𝑠𝑡 , 

 

𝐺𝑘𝑙
(𝑃−𝑆)

(r, t) =
3𝑔𝑘𝑔𝑙−𝛿𝑘𝑙

(𝜏(2)𝑐𝑠)
3 {

√𝜂𝑝𝑡 2𝜋⁄

𝑐𝑝
[𝑒

−
𝑡2𝑐𝑃

2

2𝜂𝑝𝑡 − 𝑒
−

(𝑡−𝜏(1))
2
𝑐𝑃
2

2𝜂𝑝𝑡 ] +
𝑡

2
[𝐸𝑟𝑓 (

𝑡𝑐𝑝

√2𝜋𝜂𝑝𝑡
) −

𝐸𝑟𝑓 (
(𝑡−𝜏(1))𝑐𝑝

√2𝜋𝜂𝑝𝑡
)] +

√𝜂𝑠𝑡 2𝜋⁄

𝑐𝑠
[𝑒

−
𝑡2𝑐𝑠

2

2𝜂𝑠𝑡 − 𝑒
−

(𝑡−𝜏(2))
2
𝑐𝑠
2

2𝜂𝑠𝑡 ] +
𝑡

2
[𝐸𝑟𝑓 (

𝑡𝑐𝑠

√2𝜋𝜂𝑠𝑡
) − 𝐸𝑟𝑓 (

(𝑡−𝜏(2))𝑐𝑠

√2𝜋𝜂𝑠𝑡
)]}. 

 

where Erf is the error function. 𝜂𝑃  and 𝜂𝑆  correspond to the dynamic viscosity of the P- and S-wave, 

respectively. The travel times of the compressional P- and shear S- wave are respectively defined by: 

 
 

𝜏(1) =
𝑟

𝑐𝑝
 ,  𝜏(2) =

𝑟

𝑐𝑠
. (6) 

 

The polarization vector is defined by:   𝒈 = [

𝑔
1

𝑔2
𝑔

3

]. (7) 

 

We consider x and r as the polarization and propagation direction of the shear waves, respectively. The 

coordinates of the unit direction vector from the source to the observation point are denoted by  𝑔𝑚 = 𝑥𝑚 𝑟⁄  

for m = 1,…,3. 𝜆 = 𝜌(𝑐𝑃
2 − 2𝑐𝑠

2) ≈ 𝜌𝑐𝑃
2 and 𝜇 = 𝜌𝑐𝑠

2 are the first and second Lame coefficients, respectively. 

𝑐𝑃 and 𝑐𝑆 correspond to the celerity of the P- and S-waves. In the present study, we consider shear waves 

polarized along the x-axis and we focus on the identification of  𝜇. The displacement field 𝑈(r, t) is then 

convolved by a harmonic sinusoidal function with a frequency f0. It corresponds to the simulation of the profile 

resulting from the fundamental component of the experimental input force field F(x) at the frequency f0. 

 

2.2. AD-based gradient method for the inverse problem 

The objective of the inverse problem is to estimate the values of the stiffness 𝜇 from the measurement of 

the observed shear wave displacement field 𝑈𝑜. While different parameters of the wave propagation model 

can be identified, we focus in this study in the estimation of the stiffness µ. Consequently, the other mechanical 

parameters are fixed. The density  and the P-wave celerity are fixed to 1038.0 g.cm−3 and 1538 m.s−1, 

respectively. Since the medium is considered as purely elastic, dynamic viscosity is fixed to 0 Pa s. These 

parameters correspond to an incompressible medium with a Poisson’s ratio  close to 0.5 for typical stiffness 

values found in soft tissues. 
 

The shear wave displacement field 𝑈𝑜 is introduced into the identification process by means of the cost 

function J such that: 
 

𝐽(𝑈(𝜇)) = ‖𝛼𝑈(𝜇) − 𝑈𝑜‖2 (8) 
 

measures the misfit between the forward model 𝑈 and the data 𝑈𝑜. In Equation 8, α is a dimensionless constant 

amplitude factor corresponding to the ratio between the maximum values of the forward model and of the data. 

Let 𝜇∗ be the optimal stiffness parameter such that the solution of Equation 4 fits at best the data 𝑈𝑜
. Under 

the differentiability assumption, the solution 𝜇∗ of the minimization problem satisfies: 
 

𝐹𝑖𝑛𝑑 𝜇∗ ∈ 𝚳 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡

𝑚𝑖𝑛 (𝐽(𝑈(𝜇))) = 𝑚𝑖𝑛(𝐽 ∘ 𝑈)(𝜇) = 𝜇∗ (9) 

 

This problem can also be written as:   
 

𝐹𝑖𝑛𝑑 𝜇∗ ∈ 𝚳 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∇(𝐽 ∘ 𝑈)(𝜇∗) = 0 (10) 
 

∇(𝐽 ∘ 𝑈)(µ) is the gradient of 𝐽 ∘ 𝑈(µ) = 𝐽(𝑈(µ)) evaluated at point µ, ∘ being the composition operator. 
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Our method relies on the comparison between the simulated 1D observable U (equation (4)) and 

experimental data expressed in polar coordinates and restricted to specific directions i (equation (3)) in order 

to estimate the stiffness profiles for each direction around the focal spot. We also propose to implement the 

code for gradient calculations by means of AD. The proposed AD-based gradient approach presented in figure 

1 comprises different phases, as detailed below. 

(i) The experimental displacement field 𝑈𝑜  results from an experimental 2D harmonic shear wave 

propagation. The wave field is considered in a (𝑦, 𝑧)  plane from a punctual source point (coordinates 

(𝑦 = 0, 𝑧 = 0)) at a fixed time step 𝑡 = 𝑡0. This displacement field is converted from Cartesian coordinates 

to Polar coordinates. This allows to build 1D displacement fields for angles ranging from 0° to 360°. The 1D 

data profile along the r-axis for a fixed 𝜃 = 𝜃𝑖 angle and time t = t0 is denoted by 𝑈𝜃𝑖

𝑜 (𝑟, 𝑡0) = 𝑈𝑜(𝜃𝑖, 𝑟, 𝑡0).  

(ii) The key-point is in the calculation of the gradient ∇(𝐽 ∘ 𝑈). We use the AD software TAPENADE 3.10 

[Hascoët and Pascual 2004] to differentiate the statements of the simulation code with respect to the 

parameters of interest. In the present case, we use the tangent linear mode of differentiation since the number 

of parameters to be estimated is small. This differentiation is independent from the angle and is carried out 

once for all. Note that the Erf function is not recognized by TAPENADE 3.10 software and should be 

differentiated separately (Charpentier and Dal Cappello 2015).  

(iii) For each angle  𝜃𝑖, 

(α) the data 𝑈𝑜( 𝜃𝑖) is compared to the simulated field 𝑈 (up to the scaling coefficient α) by means of a 

cost function 𝐽𝜃𝑖
; 

(β) we proceed to the iterative minimization of the cost function (𝐽𝜃𝑖
∘ 𝑈)(𝜇) by means of the L-BFGS-B 

(Limited-memory Broyden–Fletcher–Goldfarb–Shanno extended to aka Bound constraints) optimizer [Zhu 

et al. 1997] to determine the shear stiffness 𝜇∗(𝜃𝑖) in the direction 𝜃𝑖. 

 

 
Figure 1. General overview of the algorithm. 
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The numerical minimization algorithm (Equation 10) is solved by the use of the L-BFGS-B optimizer. By 

applying successively this protocol for  𝜃𝑖 = 0 to 360° by 10° steps, the method provides the anisotropic profile 

of the last computed stiffness 𝜇∗(𝜃) in 36 directions of space in the plane orthogonal to the ultrasonic push 

(focal plane). For the first angle step (𝜃𝑖 = 𝜃0 = 0°), the initial µ0 parameter is estimated using a local 

frequency estimation (LFE)-based algorithm [Knutsson et al. 1994, Manduca et al. 2001]. For the next angles, 

the resulting 𝜇∗(𝜃𝑖) value is successively used as initial parameters µ0 for the 𝜇∗(𝜃𝑖+1) estimation to prevent 

divergence of the minimization process. 

 

2.3. Assessment in a numerical anisotropic phantom 

 

The proposed method for the inversion of the 1D temporal Green functions is first applied on a numerical 

phantom. As numerical phantom, we propose an analytical description based on the 3D Green functions in a 

transverse isotropic elastic soft solid [Vavryčuk 2001]. The efficiency of this description to mimic shear wave 

propagation in muscular tissue has been shown for elastography in 2003 by [Gennisson et al. 2003]. Further 

details on the analytical description for numerical anisotropic tissue mimicking phantoms can be found in the 

Appendix. The resulting displacement corresponds to the wave front generated by a point-source. From 

Equation A3 in the Appendix, the components 𝑈k(𝐱, t) of the displacement field are then convolved by a 

temporal periodic square function (with f0 = 100 Hz frequency) to mimic the force signal generated 

experimentally by the harmonic acoustic radiation force transducer (as described in the next subsection 2.3.1). 

We assume this excitation results in harmonic nearly-sinusoidal shear wave field in the medium at f0 frequency. 

Since shear waves are mainly polarized along the x-axis, we consider the x-component of the displacement 

field, i.e. 𝑈𝑜(𝐱, 𝑡) = 𝑈1(𝐱, 𝑡). 

 

In this study, we consider the shear wave propagation in the (y,z) plane with the main anisotropy axis 

(longitudinal direction) aligned with the Y-axis and a medium twice stiffer in the longitudinal direction than in 

the transverse direction. The mechanical parameters implemented in the transversely isotropic numerical 

phantom are summarized in table 1. These parameters correspond to an incompressible medium with a 

Poisson’s ratio of  ν = 0.4999994. Noise was added to these numerical phantoms in order to simulate 

experimental MRI phase images. It has been shown that the statistical distribution of the noise in phase images 

with high signal-to-noise ratio (SNR > 2) could be considered as nearly Gaussian (Gudbjartsson and Patz 1995). 

A Gaussian-distributed noise is added on the simulated data, based on the SNR measured experimentally on 

MRE images. By considering the shear wave propagation in the (y, z) plane, the protocol presented in section 

2.1 is applied to the numerical phantom. The results are presented in terms of the shear stiffness μ as a function 

of the angle θ in the (y, z) plane (so that θ = 0 along the y-axis). 

 
 𝒄𝟏𝟏 [kPa] 𝒄𝟒𝟒 [kPa] 𝒄𝟔𝟔 [kPa] ρ [g.cm-3] 

Numerical input parameters 2,250.0 4.0 2.0 1,038.0 

 Table 1. Parameters used as input for the shear wave simulations in a transverse isotropic, 

homogeneous, incompressible numerical phantom using Green anisotropic formalism (see Appendix). 

 

According to the Christoffel equations, the identified anisotropic stiffness profile μ*(θ) is then fitted by 

the expression for μth(θ) (equation (12)) from a selected transverse isotropic distribution of the shear wave 

phase velocity cS(θ) to obtain an estimation of the c44, c66 parameters (longitudinal and transverse stiffness, 

respectively) and main fibers orientation θ0 (Royer and Dieulesaint 2000). The identification is performed 

using the Curve Fitting Toolbox of the MATLAB R2015A software (Mathworks, Natick, MA, USA). 

 

µ𝑡ℎ(θ) = ρ𝑐𝑆
2(θ) = c66𝑠𝑖𝑛

2(𝜃 − 𝜃0) + c44𝑐𝑜𝑠2(𝜃 − 𝜃0), (11) 
 

2.4. Experimental application 

2.4.1. Experimental MRE protocol description 

MRI and MRE acquisitions are performed on a 1.5 T MRI scanner (MAGNETOM Aera, Siemens AG, 

Erlangen, Germany), as presented in figure 2(A). The experimental protocol is successively applied on an 

isotropic gelatin hydrogel phantom, an anisotropic cryogel phantom and a fibrous beef back muscle embedded 

in gelatin hydrogel as presented in figures 2(B)–(D), respectively. 
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Figure 2. General and schematic views (A) of the experimental setup for MRE measurements in an isotropic gelatin hydrogel phantom 

(B), in an anisotropic cryogel phantom (C) and in ex vivo fibrous beef muscle embedded in gelatin (D).  

2D-MRE is performed in the coronal (y,z) plane. The shear waves are generated from a 256-elements MR-

compatible High Intensity Focused Ultrasound (HIFU) transducer driven at 1 MHz (Imasonic SAS, Voray-sur-

l’Ognon, France) immerged in degassed water as illustrated in Figure 2. A square profile of the radiation force 

corresponding to a mechanical excitation frequency of about 100 Hz is applied in the tissue by alternating 

periods of ARF application and periods of relaxation. The scanning parameters include the following: a spoiled 

gradient echo sequence with Motion–Sensitizing Gradients (MSG, 20 mT/m, 1 cycle) to encode the 

displacement in phase images at the same frequency as the mechanical excitation (namely 100 Hz), and 

displacement encoded in the slice X-direction; TE / TR = 12.12 ms / 20 ms at 100 Hz; slice thickness = 10 mm; 

acquisition matrix = 128 × 128; FOV = 300 mm x 300 mm; 1 slice. The experimental MRE data U0(y, z) are 

obtained in 2D Cartesian coordinates and then expressed in polar coordinates U0(r, ) using interpolation. The 

1D U (r, θ = i) 0 experimental data are used to identify the 1D U(r) model for the direction i using the AD-

based gradient method described in section 2.1. This process is reiterated for each direction i from 0° to 350° 

with a 10°step.  

The convention used here for the shear modulus μ as a function of the angle θ in the coronal (y, z) plane 

is that θ = 0 along the y-axis. All these profiles were fitted by a transverse, isotropic model. The anisotropic 

stiffness profile is therefore estimated using equation (12) to deduce the c44 and c66 parameters as well as the 

main fiber orientation θ0 (Royer and Dieulesaint 2000). It is important to note that our method does not make 

any assumption on the type of anisotropy, as it provides the actual profile μ(θ). We have chosen to fit such 

profiles by a transverse isotropic model since it is one of the most commonly accepted profiles of anisotropy 

for muscular tissues and it has also been previously shown to be relevant for the anisotropic PVA phantom 

used in this study (Chatelin et al 2014). 

 

2.4.2. Application of the method to an isotropic experimental phantom 

 

The homogeneous isotropic phantom is prepared from a 7 %wt gelatin powder (VWR International, Radnor, 

PA, USA) diluted in water at 50°C. After cooling at room temperature, 2 %wt agar-agar powder (AppliChem 

GmbH, Darmstadt, Germany) is added as scattering particles for the acoustic radiation force generation. An 

acoustic absorber is placed at the bottom of the phantom to ensure absorption and to avoid unexpected 

reflections of ultrasound waves, as illustrated in Figure 2 (B). MRE measurements are performed in the 

phantom as described in subsection 2.3.1. The method described in the subsection 2.2 is applied on the MRE 

data in order to estimate the anisotropic stiffness profile 𝜇∗(𝜃) and to compare it to the theoretical distribution 

µth(θ) that corresponds to a transverse isotropic profile. 

 

The mechanical properties of the isotropic gelatin phantom are measured using a rotational rheometer 

(Thermo Scientific HAAKE MARS III, Rheology Solutions, Bacchus Marsh, Australia). Small cylindrical 

samples (20 mm in diameter, 3 mm in height) are extracted from the phantom for a shear rotating dynamic 

mechanical analysis (DMA) in a parallel-plate configuration under controlled temperature (22.5 °C). Strain 
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sweep experiments are first performed to confirm the linear viscoelastic region (shear strain γ from 0.01 to 

0.5 at 1 Hz), followed by frequency sweep experiments (from 0.1 to 10 Hz at shear strain γ = 0.02 to ensure 

testing the sample in the linear domain). 

 

2.4.3. Application of the method to anisotropic media. 

 

The method has been successively applied to two different anisotropic media. 

 

2.4.3.1. In an anisotropic tissue-mimicking hydrogel phantom.  

A PVA cryogel phantom is prepared (5 %wt PVA solution (Sigma-Aldrich, St Louis, USA), 1.5 %wt non-

dissolved agar–agar powder (AppliChem GmbH, Darmstadt, Germany) and degassed distilled water) using a 

recently-described protocol aimed at inducing mechanical transverse isotropy in a cryogel PVA phantom 

(Millon et al 2006, Wan et al 2009), following the protocol described by (Chatelin et al 2014). The PVA 

phantom is embedded in 7%wt gelatin, so that the fibers are aligned in the (y, z) plane (figure 2(C)). An 

acoustic absorber as well as a 30 mm-thick gelatin hydrogel including agar–agar powder are added at the 

bottom of the phantom, as described in the previous subsection. MRE measurements are performed in the 

tissue-mimicking phantom as described in the section 2.2. The identified anisotropic stiffness profile μ(-) is 

then compared to the theoretical distribution μth(θ) that corresponds to a transverse isotropic profile. 

 

2.4.3.2. In an ex vivo biological anisotropic tissue. A fibrous beef back muscle is embedded in 7%wt gelatin 

(VWR International, Radnor, PA, USA) so that the muscular fibers are aligned in the (y, z) coronal plane 

(figure 2(D)). The muscle is positioned to form an angle of 30° between the muscular fibers and the y-axis. 

An acoustic absorber as well as a 30 mm thick gelatin hydrogel including agar–agar powder are added at the 

bottom of the phantom, as described in the previous subsection. MRE measurements are performed in the 

muscle as described in section 2.2. The identified anisotropic stiffness profile μ*(θ) is compared to the 

theoretical distribution μth(θ) that corresponds to a transverse isotropic profile. 

 

3. Results 

3.1. Numerical phantoms 

 
The harmonic shear wave displacement field obtained for the anisotropic Green formalism with noise as a 

numerical phantom is shown in figure 3(A). The wave length is found to be higher by a factor of √2 in the 

longitudinal direction when compared to the wavelength in the transverse direction. This is in agreement with 

the fact that the numerical phantom is twice as stiff in the longitudinal (y-axis) than in the transverse (z-axis) 

direction.  

The stiffness is successively investigated for angles θ ranging from 0° to 350° by 10° steps using the 

AD-based gradient method (θ = 0° corresponds to the y-axis, i.e. to the longitudinal direction). Less than 

two seconds are required for the computation time for the stiffness estimation for a single direction. The 

experimental stiffness profile is represented by blue squares in figure 3(B), with values ranging from 2140 Pa 

to 4079 Pa. This profile μ*(θ) is very well described by the theoretical selected distribution μth(θ). 

Following equation (12), the longitudinal and transverse stiffness values, and the longitudinal direction are 

estimated to be c44 = 4053 ± 116 Pa, c66 = 1912 ± 202 Pa, and θ0 = 0.02 ± 1.44° (orange line), 

respectively. The error is of 1.33%, 4.40% and 0.006% for c44, c66 and θ0, respectively (root mean square 

error, RMSE = 197.9, R2 = 0.949). As predicted by the transverse isotropic model, the stiffness profile has a 

hippopede shape. The small estimation errors are mainly due to the different Green formalism used for the 

computation of the numerical phantom and the one used for the resolution of the problem, as well as to the 

presence of the noise. 
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Figure 3. Shear wave front in the numerical anisotropic phantom (A). The stiffness profile 𝜇∗(𝜃) is estimated using the AD-based 

method (B, blue squares). This profile is identified by a theoretical selected transverse isotropic distribution (orange line).  

  

3.2. Experimental results in the isotropic hydrogel phantom 

 

The T2-weighted image and the harmonic shear wave displacement field (MRE phase image) obtained by 

MRE at 100 Hz in the isotropic gelatin phantom are shown in figures 4(A) and (B), respectively (coronal plane). 

The stiffness is identified for the angles θ ranging from 0° to 350° by 10° steps. Less than two seconds 

are required for the computation time for the stiffness estimation for a single direction. As expected for an 

isotropic medium, no privileged direction is found. The identified stiffness profile μ(-) is found to have a 

mean value of 4449 ± 343 Pa over all the directions (figure 4(C)). The identification by the theoretical selected 

distribution yields c44 = 4395 ± 95 Pa, c66 = 4309 ± 86 Pa, and θ0 = −4.3 ± 43.3° (orange line).  

The shear DMA configuration is shown in figure 4(D). The strain sweep tests at f0 = 1 Hz frequency allow 

us to establish a limit higher than γ0 = 0.5 for linear elasticity, assessing that the MRE and frequency sweep 

DMA experiments are performed in the linear viscoelastic domain of the gelatin phantom. The results from 

the frequency sweep at γ0 = 0.02 strain are presented in figure 4(E) in terms of the magnitude of the complex 

modulus G = √(G’²+(ωη)²)) and viscosity η, assuming a Voigt model ( and G being the pulsation and the 

storage modulus, respectively). As expected, the dynamic viscosity decreases with frequency. The storage 

modulus is found to be significantly higher than the loss modulus (G’>80 * G’’), which means that the 

assumption of pure elasticity is valid for this hydrogel. Despite the fact that these results were obtained at 

different frequency ranges, the comparison between shear stiffness from extrapolated DMA and MRE are in 

good agreement (µMRE_100Hz = 1.08 x µDMA_3Hz). 

 

Figure 4. T2-weighted image of the isotropic gelatin phantom in the coronal plane (A). Phase image, in which shear waves are 

propagating circularly (B). By applying the AD-based method, the stiffness profile 𝜇∗(𝜃) is identified (C, blue squares). This profile is 

identified by a theoretical selected distribution (C, orange line). The mean mechanical parameters measured by MRE are then compared 

to classical DMA acquisitions (experimental configuration shown in D) in frequency sweep experiments (E). 
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3.3. Experimental results in the ex vivo muscle 

 

The results obtained in the two different anisotropic media are presented in this section and illustrated in 

figure 5. 

 

3.3.1. Experimental results in the anisotropic PVA phantom. The T2-weighted image and the harmonic 

shear wave displacement field obtained by MRE (phase image) at 200 Hz in the PVA anisotropic cryogel 

phantom are shown in figures 5(A) and (B), respectively (coronal plane). The stiffness is evaluated for angles 

θ ranging from 0° to 350° by 10° steps using the AD-based gradient method. The identified profile μ(θ) 

is shown in figure 5(F) (blue squares). Stiffness is found to vary between 4622 kPa and 9855 kPa. The 

identification by the theoretical selected distribution yields estimates of the longitudinal and transverse 

stiffnesses to c44 = 9037 ± 483 Pa, c66 = 4925 ± 224 Pa and a longitudinal direction of θ0 = 2.0 ± 1.4° 

(orange line) (RMSE = 823.0, R2 = 0.773).  

3.3.2. Experimental results in the ex vivo muscle. The T2-weighted image and the harmonic shear wave 

displacement field obtained by MRE (phase image) at 100 Hz in the beef muscle are shown in figures 5(D) 

and (E), respectively (coronal plane). The stiffness is evaluated for angles θ ranging from 0° to 350° by 

10° steps using the AD-based gradient method. Less than two seconds are required for the computation time 

for the stiffness estimation for a single direction (with a computation time depending on the initial parameter. 

The identified profile μ(θ) is shown in figure 5(F) (blue squares). Stiffness is found to vary between 3531 

kPa and 9116 kPa. The identification by the theoretical selected distribution yields estimates of the longitudinal 

and transverse stiffness of c44 = 8109 ± 361 Pa, c66 = 4166 ± 292 Pa and a longitudinal direction θ0 = −25.6 

± 4.5° (orange line) (RMSE = 783.4, R2 = 0.775). 

 

 

Figure 5. T2-weighted image of the anisotropic PVA phantom (A) and ex vivo beef muscle (D) in the coronal plane. Phase image, in 

which shear waves propagate circularly ((B) and (E), respectively). The stiffness profile 𝜇∗(𝜃)  is identified by applying the AD-based 

method ((C) and (F), respectively, blue squares). This profile is compared to a transverse isotropic distribution ((C) and (F), respectively, 

orange line). 

 

4. Discussion 

 

Quantitative measurement of in vivo anisotropic mechanical properties is one of the most challenging issues 

in elastography. By combining a precisely-located shear wave excitation using focalized ultrasound and an 

AD-based gradient method for specific directions of space, this paper proposes a novel MRE approach for 

shear wave elastography in fibrous tissues. The method was first assessed on a numerical transverse isotropic 
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phantom for stiffness estimation. The method was then tested on an isotropic gelatin phantom and the stiffness 

estimations were found to be in good agreement with measurements obtained by classical rheometry. The 

method was also tested in vitro on a fibrous tissue, the mechanical anisotropy of which was evidenced from 

the stiffness evaluation. 

 

An elastic material with transverse isotropy is described by five independent elastic constants (C11, C33, C44, 

C13, C66). While the C44 and C66 parameters are only related to shear wave propagation, the C11, C13 and C33 

parameters are mostly linked to the bulk modulus of the soft tissue (Royer and Dieulesaint 2000). Due to the 

limited FOV during experimental acquisitions (300 mm × 300 mm), the propagation of the compression wave 

(with wave lengths of several meters) is generally ignored. This limitation is common to most of the current 

dynamic elastography techniques. Since an estimation of the C11 coefficient is necessary, the material was 

supposed to be nearly incompressible and the propagation velocity of 1500 m.s−1 was used to fix the C11 

parameter to 2.25 GPa. The identification process is thus focused on the C44 and C66 parameters only.  

 

As observed in previous studies, the use of a gradient method for elasticity inversion using a least-squares 

formulation increases the robustness and decreases the sensitivity to the information loss (such as noise) in 

comparison to common inversion methods (Arnal et al 2013). The originality of our approach is to use a 

gradient method for elasticity inversion coupled with an AD method and L-BFGS-B optimizer in one 

dimension for specific directions for the characterization of tissue anisotropy. The low computation time is 

one of the significant advantages of the method. It allows the identification of a large number of parameters 

using a limited amount of computer memory and, consequently, time. In our study, only one parameter of a 

simple 1D Green model was identified per direction, since tissue was considered to be purely elastic (one 

stiffness value μ per direction θ). The advantages of using an AD and a L-BFGS-B optimization process 

over a conventional approach are not significant in such a simple case. However, this study demonstrates the 

potential of using such an approach to evaluate mechanical parameters and pave the way to the simultaneous 

identification of a large number of parameters of more complex models of wave propagation. For instance, the 

identification of isotropic analytical models, heterogeneous finite difference models (FDMs), finite element 

models (FEMs) (Rouze et al 2013, Qiang et al 2015), and viscoelastic parameters are part of our ongoing 

research. 

 

The comparison between the mean stiffness measured by DMA and the one measured by the proposed 

method in the gelatin phantom confirms the ability of the method to identify elasticity in a quantitative manner 

(figure 4(E)). However, due to technological limitations, the frequency range investigated using DMA cannot 

be extended to the MRE frequency and the assessment of the values can only be carried out by extrapolating 

the results from the frequency sweep experiments. The variations in the measurement of μ(θ) in the isotropic 

phantom (figure 4(C)) can be explained either by the presence of noise in the MRE images, by heterogeneities 

in the gelatin phantom or by spatial irregularities in the generation of the shear waves. The tangent linear code 

generated with AD allows for gradient computations at evaluation time. Data are thought to be impacted by 

the Gaussian noise resulting from MR image acquisition and processing. Gaussian noise is added on the data, 

which is relevant to the proposed least squares method. Convergence is also improved by identifying unknown 

parameters, one for each angle, and by the use of the identified value as an initial guess for the optimization 

with the next angle. We have demonstrated the ability of the method to identify the anisotropic profile both in 

the transversely isotropic phantom that has been characterized in the literature (Chatelin et al 2014) and in the 

anisotropic beef muscle tissue in vitro.  

 

Our gradient method is currently limited to anisotropic uniform media under the assumption of local 

homogeneity around the focal zone. The presented unidirectional Green formalism does not allow the 

identification of mechanical properties in a non-uniform medium. This limitation can be overcome by 

including heterogeneous mechanical parameters and by using a different shear wave propagation model, for 

instance a FEM or FDM of shear wave propagation in a heterogeneous medium (Rouze et al 2013, Qiang et al 

2015). This would extend the scope of the proposed method to anisotropic, heterogeneous media. 

 

The application to the evaluation of anisotropic stiffness is made possible by the use of a circular wave 

whose origin is precisely identified. Currently, two techniques allow us to generate point-source circular shear 

waves. As proposed in 2006 by Chan et al and afterwards adapted for real-time MRE in interventional 

radiology, the first approach consists of using a vibrating needle inserted in the tissue (Chen et al 2006, 2014, 

Zhao et al 2008, Corbin et al 2015). In this study, we use a noninvasive approach, which consists of the use of 
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an acoustic radiation force. As proposed by Wu et al (2000) and Souchon et al (2008), its synchronization with 

the MRE sequences provides an imaging of the shear wave field, as shown in figures 4(B) and 5(B) and (E) 

(phase images). 

 

The shear wave is pseudo-harmonic, but it would be also possible to generate transient circular shear waves, 

to visualize them using MRI and to identify the mechanical properties using the impulse Green formalism 

(Bercoff et al 2004, Chatelin et al 2015). As shown in figures 3(B) and 5(C) and (F), the stiffness profile 

obtained by our method in a transverse isotropic medium is similar to a theoretical selected distribution (Royer 

and Dieulesaint 2000, Wang et al 2013), with higher stiffness in the longitudinal than in the transverse direction. 

It is worth noting that our method is not restricted to transverse isotropy. While solving directly the inverse 

problem in two dimensions in Cartesian coordinates would involve assumptions about the sort of anisotropy 

(for instance transverse isotropy) in the forward model, the identification by our method allows us to identify 

a stiffness profile without any assumption about the nature of anisotropy. While the transverse isotropic model 

is most commonly adopted for the muscles in the literature (Gennisson et al 2003, 2005, 2010, Bensamoun et 

al 2006, Ringleb et al 2007, Namani et al 2009, Green et al 2013, Qin et al 2013, Chatelin et al 2015), it is 

difficult to certify that the muscular fibers are oriented all through the sample. We have shown that the 

transverse isotropic model is well suited for the PVA phantom. The variation obtained in the identification of 

the transverse isotropic profile in the muscle can be explained by the complex fibrous architecture of the tissue 

resulting in spatial variation in the main fiber direction. Our approach is limited to a bi-dimensional 

investigation of the mechanical anisotropy since we assume the muscular fibers are aligned with the imaging 

plane. The anisotropy evaluation is restricted to bi-dimensional anisotropy tensors (i.e. the transverse isotropic 

tensors restricted either to the focal plane or to a plane parallel to the focal plane (y, z) of the ultrasonic probe). 

 

In this study, the application of the AD-based method has been limited to the investigation of the anisotropic 

stiffness, under the assumption of pure elasticity. The influence of the viscosity was neglected. Consequently, 

these parameters can be identified independently without any link with the convergence or stability of the 

identification process (Charpentier and Roux 2004). Identifying the viscosity in addition to the stiffness will 

not result in any modification of convergence or stability compared to the identification of the stiffness only. 

The identification process for these two parameters can be done either independently or hierarchically in the 

case of highly viscous tissue (G″ higher than five to ten times G′) by adapting the cost function. In any case, 

the priority will be given to the identification of the stiffness. At this point, the identification of the viscosity 

requires improving the phase-to-noise ratio of our experimental MRE data. The next steps of this study will 

then consist in applying and validating the AD-based gradient method for the evaluation of both stiffness and 

viscosity profiles in either anisotropic analytical (Vavryčuk 2007, Chatelin et al 2015) or FEM-based (Rouze 

et al 2013, Qiang et al 2015) numerical phantoms. Some previous studies have proposed preliminary 

approaches in this way (Manduca et al 2001, Arnal et al 2013). The proposed method was originally developed 

to provide reliable in vivo, preclinical quantitative measurements on animals. Extension of this method to a 

clinical use requires thorough investigation of the specifications of our excitation device. It would be necessary 

to develop and calibrate (with respect to Food and Drug Administration (FDA) requirements) specific MR-

compatible ultrasound probes, and careful measurement of the pressures and temperatures generated by the 

ultrasonic probe will be necessary to ensure compliance with FDA requirements in terms of mechanical index, 

spatial-peak time average intensity (ISPTA) and thermistance. The use of a gradient-based data assimilation 

together with an AD-based method shows a great potential for MRE reconstructions. This method exhibits 

substantial benefits for quantitative investigations of complex mechanical properties, such as anisotropy, and 

opens up numerous perspectives both for clinical use and for in vivo biomechanical testing. 
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Appendix 

The medium is assumed to be semi-infinite, anisotropic, elastic and homogeneous. The stiffness tensor C 

is required to locally describe the stiffness along each direction of the space and is defined by: 

 

𝝈 = 𝐂 𝜺 (A1) 
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where 𝝈 and 𝜺 are the stress and strain tensors respectively. In the specific case of transverse isotropy, the 

representative matrix of the Christoffel stiffness tensor can be simplified by using the Voigt notation as: 

 

𝐂 =

[
 
 
 
 
 

𝑐11 𝑐11 − 2𝑐66 𝑐13

𝑐11 − 2𝑐66 𝑐11 𝑐13

𝑐13 𝑐13 𝑐33

0  0   0
0  0   0
0  0   0

0         0               0
0         0               0
 0          0               0

𝑐44 0 0
0 𝑐44 0
0 0 𝑐66]

 
 
 
 
 

       where:      𝑐13 = √𝑐33(𝑐11 − 𝑐66) (A2) 

 

The calculation of the displacement vector from one point source in the temporal domain is expressed using 

the transversely isotropic elastic Green formalism in Equation A1. The terms 𝐺𝑘𝑙
(𝑃)

,  𝐺𝑘𝑙
(𝑆𝑉)

,  𝐺𝑘𝑙
(𝑆𝐻)

,  𝐺𝑘𝑙
(𝑆𝑉−𝑆𝐻)

 

and 𝐺𝑘𝑙
(𝑃−𝑆𝑉)

 correspond to the contribution of the P-wave, SV-wave, SH-wave, near-field term between P-

wave and SV-wave and near-field term between P-wave and SH-wave, respectively (Equation A4 to A6). For 

more details on these coefficients, the reader is referred to [Vavryčuk 2001]). 

 
 

𝑈k(𝐱, t) = ∑
𝐹𝑙

4𝜋𝜌
{𝐺𝑘𝑙

(𝑃)
(𝐱, t) + 𝐺𝑘𝑙

(𝑆𝑉)
(𝐱, t) + 𝐺𝑘𝑙

(𝑆𝐻)
(𝐱, t) + 𝐺𝑘𝑙

(𝑆𝑉−𝑆𝐻)
(𝐱, t) + 𝐺𝑘𝑙

(𝑃−𝑆𝑉)
(𝐱, t)}𝑙 , (A3) 

 

where 𝑡 is the time, 𝐱 = (x, y, z)  the Cartesian coordinates of specific observation point, ρ the density and (k,l) 

the direction index numbers of the displacement and the source, respectively. 

  

The other parameters of the exact formula for the Green functions are: 

 

𝐺𝑘𝑙
(𝑃)

(𝐱, t) =
𝑔𝑘

(1)
𝑔𝑙

(1)

𝜏(1)√𝑐11
3

𝛿(𝑡 − 𝜏(1)), 

 

  𝐺𝑘𝑙
(𝑆𝑉)

(𝐱, t) =
𝑔𝑘

(2)
𝑔𝑙

(2)

𝜏(2)√𝑐44
3

𝛿(𝑡 − 𝜏(2)),   

 

𝐺𝑘𝑙
(𝑆𝐻)(𝐱, t) =

𝑔𝑘
(3)

𝑔𝑙
(3)

𝜏(3)𝑐66√𝑐44
𝛿(𝑡 − 𝜏(3)), 

 
 

𝐺𝑘𝑙
(𝑆𝑉−𝑆𝐻)(𝐱, t) =

1

√𝑐44

𝑔𝑘
(3)⊥

𝑔𝑙
(3)⊥

−𝑔𝑘
(3)

𝑔𝑙
(3)

𝑅2 ∫ 𝛿(𝑡 − 𝜏)𝑑𝜏
𝜏(3)

𝜏(2) , 

 

𝐺𝑘𝑙
(𝑃−𝑆𝑉)(𝐱, t) =

3𝑔𝑘
(1)

𝑔𝑙
(1)

−𝛿𝑘𝑙

𝑟3 ∫ 𝑟𝛿(𝑡 − 𝜏)𝑑𝜏
𝜏(2)

𝜏(1) . 

(A4) 

 

The travel times of the compressional P-, shear SV- (i.e. parallel to the fibers) and shear SH- (i.e. orthogonal 

to the fibers) wave are respectively defined by: 

 

 𝜏(1) =
𝑟

√𝑐11
 ,  𝜏(2) =

𝑟

√𝑐44
 ,  𝜏(3) =

𝑟

√𝑐66
√𝑁1

2 + 𝑁2
2 +

𝑐66

𝑐44
𝑁3

2 . (A5) 

 

The polarization vectors are defined by: 

 

𝑔(1) = [

𝑁1

𝑁2

𝑁3

] ,    𝑔(2) =
1

√𝑁1
2+𝑁2

2
[

−𝑁1𝑁3

−𝑁2𝑁3

𝑁1
2 + 𝑁2

2
]  ,    𝑔(3) =

1

√𝑁1
2+𝑁2

2
[

𝑁2

−𝑁1

0
],    𝑔(3)⊥ =

1

√𝑁1
2+𝑁2

2
[
𝑁1

𝑁2

0
]. 

 

(A6) 

where r = √x1
2 + x2

2 + x3
2 and R = √x1

2 + x2
2   are the distance from the source point to the observation point 

and the distance from the focal axis to the observation point, respectively. 𝑁𝑚 = 𝑥𝑚 𝑟⁄  is the unit direction 

vector from the source point to the observation point. 𝑐11 = 𝜌𝑐𝑃
2, 𝑐44 = 𝜌𝑐𝑆𝑉

2  and 𝑐66 = 𝜌𝑐𝑆𝐻
2  are the coefficients 
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of the Christoffel stiffness tensor  𝐂 (cP, cSV and cSH correspond to the celerity of the P-wave, SV-wave and 

SH-wave, respectively). 
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