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1. Introduction

Classical elasticity is based on considering materials whose idealised material points are structureless. Any possible
internal properties are neglected in the classical theory. A microcontinuum, on the other hand, is a continuous collection
of deformable materials points [1-5]. The characteristic aspect of the theory with microstructure is that we assume the
microelements to exhibit an inner structure attached to so-called directors, which span an internal three-dimensional space.
These can, for instance, rotate and deform. The most general case of this microcontinuum is the micromorphic continuum
which has nine additional degrees of freedom when compared with classical elasticity theory. These additional degrees of
freedom consist of 3 microrotations, 1 (micro) volume expansion and 5 (micro) shear deformations of the directors.
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Notation

1 Identity matrix

10 Deformation vector
¢ Rotation angle

u Displacement vector
a Rotation vector

F = V¢ = 1 4+ Vu Deformation gradient
Fj = 8;j + u;; = §;; + 0u; Deformation gradient in index notation

R = exp(X) Rotation matrix, microrotation

X Skew-symmetric matrix generating R

€ijk Levi-Civita symbol, €123 = 1 = —¢€313

— =T . . .

U=RF Non-symmetric stretch tensor, first Cosserat deformation tensor

F = RU = polar(F)U Classical polar decomposition

(Curl M);; = &js0-M;s Matrix curl

symM = (M 4+ MT)/2 Symmetric part of matrix M

skewM = (M — MT)/2 Skew-symmetric part of M

devM = M — tr(M)1/3 Deviatoric or trace-free part of M

A:B= (A, B) = tr(AB") = tr(A"B) Frobenius product of matrices A and B
I1X11? = (X, X) = tr(XXT) Frobenius norm of X

A special model arises when the extra degrees of freedom are reduced to rigid rotations. This means only 3 additional
microrotations are considered, in addition to the classical translational deformation field. This theory is often referred to as
Cosserat elasticity or micropolar elasticity and was originally proposed in full generality by the Cosserat brothers in 1909,
see [6]. In some ways, their work was ahead of their time and was consequently largely forgotten for many decades. Starting
from the 1950s interests in this theory increased and many advances were made since then [7-16].

We denote the microrotation by R = exp(X), where X is a one-parameter subgroup generated by the angle ¢ = ¢(x, t)
and the deformation gradient vector is related to the displacement vectoruas F = Vg = 1 + Vu. The deformation gradient
F can be written using the polar decomposition F = RU and we can express u as a function of ¥ = (X, t), see Fig. 1.

Once one can identify and collect the relevant energy functionals for the Cosserat micropolar elasticity, the equations
of motion for the system can be found through the corresponding Euler-Lagrange equation. Due to the highly nonlinear
nature of the system, various attempts were made to simplify the process under relatively weak restrictions and a simple
ansatz. Spinor methods were used in [ 17] to simplify the Euler-Lagrange equation and subsequent works appeared in[18,19],
with an intrinsically two-dimensional model studied in [20]. An investigation in optimisation of the Cosserat shear-stretch
energy in searching for the optimal Cosserat rotation is made in [21,22]. In [23], the polarity of ferromagnets gave rise
to the description of the defects in order parameters as the solitary waves under the external magnetic stimuli, followed
by the study in the elastic crystals as a micropolar continuum in [24], again with the description of soliton solution for
the topological defects. The reader may imagine an artificial discrete model where rotational discs connected by line and
torsional springs are coupled in chiral fashion as a mechanical realisation of the model. Variants of the geometrically
nonlinear Cosserat model are also used to describe lattice rotations in metal plasticity, see for instance [25].

In the recent paper [26], the dynamical Cosserat model was investigated by analysing the geometrically nonlinear and
coupled nature of the system, in which the linearised energy functionals are used to simplify the problem significantly. It
allowed the reduction of the coupled system of PDEs to a sine-Gordon equation, which in turn yielded soliton-like solutions
both in rotational and displacement deformations under the assumption that displacements are small while large and
multiple rotations are allowed.

In this paper, we present the solutions of elastic and rotational propagation of deformations in the complete dynamical
Cosserat problem. This involves the total energy functional given by

V= Velastic(Fa E) + chrvature(ﬁ) + Vinteraction(F7 E) + Vcoupling(Fv E) (]-])

We will start with exactly the same ansatz used in [26] such that the displacement deformation wave is a plane wave in the
form of v = g(z — vt) for some arbitrary function g with wave speed v. We expect to obtain a similar system of equations
but with additional nonlinear terms. It turns out that these will yield a double sine-Gordon type equation.

The primary mathematical interest in finding the equations of motion using the variational calculus come from the fact

that many terms in the energy functional contain quantities such as R curl R, ETpolar(F ), or R'F throughout the calculations.

Since in general the elements R € SO(3) do not commute, their variations require a careful treatment in the calculations.
The plan of the paper is the following. In Section 2, after stating each energy functional in terms of F and R, we vary the

total energy functional including kinetic energy. We collect terms from the variations with respect to F and R in Section 3 to
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Ry Xk = R XK xq

X

Fig. 1. The set of directors {X, x } determines the inner structure of the microelement with centroids positioned at P and p in reference configuration and
spatial configuration respectively. This illustrates how the directors {X} in the original body 28, undergoes microrotations under R while the original body
B experiences displacements to become the deformed configuration body 2 in three-dimensional space under u.

obtain the complete coupled system of equations of motion. It turns out that if we impose the previous restriction, i.e. small
displacements, the newly generated nonlinear coupling terms in the complete description are indeed responsible for the
contribution in the additional terms of the sine-Gordon type equation, as shown in Section 4. This observation reduces the
problem to solving the so-called double sine-Gordon equation [27] of a single function of ¢ = ¢(z, t). In the final Section we
illustrate the effects of rotational and displacement propagations in the simple model of microcontinuum with additional
features of kink-antikink form of solutions and the profiles of the wave number k and wave velocity v relations.

2. The complete dynamical Cosserat problem

We introduce each energy functional for the full treatment of the geometrically nonlinear Cosserat problem in three-
dimensional space. We will subtract the kinetic energies from relevant energy functionals before deriving the equations of
motion. First, the energy functional for elastic deformations is

- —T 2 A —T 2
VetasclF. B = |symR'F — 1|+ S [tr(sym(R'F) - 1)] 2.1)
where A and u are the standard Lamé parameters. The microrotations are governed by the energy functional Veyvature defined
by
_ T _ 2 _r _ 2
Veurvature(R) = #1 H dev sym(R' CurlR) H s H skew(R' CurlR) H
T _72
+k3 [tr(R CurlR)]

where k; are the elastic constants for the microrotations.
An interaction between elastic displacements and microrotations is described by the irreducible parts of the elastic

. . . —T =T = . . =
deformations and microrotations, such as R F — 1 and R Curl R respectively to form the energy functional Viteraction(F, R)
defined by

- —T = =T
Vinteraction(F, R) = x1 tr(R* Curl R)tr(R F)

7 _r (2.3)
+x3(dev sym(R CurlR), dev sym(R F — 1)).
where x; and xs are the coupling constants.
Finally, we will consider the Cosserat coupling term which is given by
_ _r 2
Veouping(F, R) = tc | polar(F) — 1 (24)

where 1 is the Cosserat couple modulus.

The variations of the complete energy functional are quite involved. All required results are stated explicitly in the Ap-
pendix. Gathering all the variational terms (A.5), (A.13), (A.15) and (A.19), we will obtain the complete variational functional
of the theory for the dynamical case

(SV(F, E) = avcoupling(Fv E) + 8Vinteraction(Fv E) + 5Velastic(Fa E) + 5chrvature(ﬁ) (25)
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where

Verastic(F, R) = [M(RFTR FF)— (21 + 30R+ A tr(ETF)E] . SF

+ [uFﬁTF —Qu+3MF 4+ tr(ETF)P] R + pil u

Veurvature(R) = [(K1 - K2)<(Cur1R) (Curl(R)) + cUrl[E(Curl E)TE]) + (k1 + k2) Curl[Curl E]
(% ) (4 tr(R" Curl R) Curl(R) — 2ﬁ(grad(tr[ET Curl R]))*) + 2proti5] R
8Vinteraction(F, R) = { X1 — X?) (2 tr(R' F) Curl(R) + tr(R' Curl R)F — E[grad(tr[ETF])]*)

+ % (Curl(F )+ (Curl(E))ﬁT Fai FﬁT(Curl(E)) + CUFI(EFTE))} SR

+ { 1 tr(R' Curl R + 22 : (Curl( )+E(Cur1(§))TE) _ %tr(ET Curl(E))E} - 5F

2pc
det(Y)

The next step will be collecting the various expressions with respect to F and R to construct the field equations.

Svcoupling(F, E) = _ZMCE : 5E —

[RY(RTE - ETR)Y] : §F. (2.6)

3. Equations of motion and solutions
3.1. Displacements and rotations in one axis

Let us assume that the points in our continuum can only experience rotations about one axis, say the z-axis, which means
we can choose

cos¢p —sing O
R= (sin¢ cos ¢ O) ) (3.1)
0 0 1

The variation of this is simply

_ —sing §¢ —cospdp O
SR = ( cos¢ 8¢  —sing S¢ O)
0 0 0

In principle, the rotational and elastic waves can be either longitudinal or transverse in each case, hence four different
combinations are possible. Here, we consider solutions in which both waves are longitudinal about the same axis, the z-axis
in this case, so that we can write ¥ = ¥(t, z) and ¢ = ¢(t, z).

0 0 0 0
Y(z,t) 0 0 0,¥(zt)

Further, we collect the relevant terms with respect to F and R separately. Unlike the case of 4R, in which the variational
kinetic term is readily written with respect to R, the variational kinetic term from the interaction energy functional is written
with respect to §u. But the variation with respect to F can be restated as the variation with respect to u, hence with respect
to v as we will see shortly.

Collecting terms for 6F from (2.6) gives

(3.2)

A Ap O B B o
A Ay 0 )= [M (RF'R + F) — (20 + 3R + 1 tr(R F)R]
0 0 Asp

+ [ tr (R curtR) R+ 2> (curl R + RCurl RY'R) — D (R" curlR)R]

2 _ _

gt [RY (RTR — RTR) Y] , (3.4)

etY
where
1
An = 505|604 w—1+cosg) + (61 + 1a)iad + 310, |.
1
Ae = =3 sin¢>[—6k 6y + 61 COS ¢ + 60 COS P — Bpic + (6x1 + x3)05) + 3xazw], (35)
2
Ay = 2(—1+cose)+ (2;(1 . T) 8,6 + (0 + 200)0,.
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Now, the terms which appear in the variation with respect to F can be transformed into the variation with respect to Vu,
for any matrix A, as follow.

A:6F = AU(SFU — —8;A,-jé‘ui = —(01A31 + 02A3; + 03A33)8V, (3.6)
up to a boundary term. In this case, the contribution comes only from A;3; and we obtain
. 2x3
2% Sln¢ az¢ - 2Xl - T azzd) - ()‘ + zﬂ)azz‘/f Sl/f (37)
We now include the Kinetic variational term pii u = pd;y 8y to obtain the equation of motion for F
. 2
— A (0¥ — 20, sing) — 20,y + pOu Y + g(X3 —3x1)0z¢ =0. (3.8)
In the same way, we collect terms for SR to obtain

Bi1n B O . r r
“Biy B 0 | :=2poR+ uFRF — (20 + 30)F + A ti(R F)F — 2R
0 0 B3

+ (k1 — Kz)[(Curlﬁ)ET(Curlﬁ) + Curl (E(CurlE)TE)] + (11 + /cz)[Curl(CurlE)]

- (% - K3) [4tr(§T CurlR)CurlR — Zﬁ(grad [tr(ﬁT Curlﬁ)])*]

+ (X1 - %) (2 tr(R' F)Curl R + tr(R' CurlR)F — ﬁ[grad(tr(FET))]*)

+ % (CurlF + (CurlR)R'F + FR' (CurlR) + Curl(EFTE)) (3.9)
where

Bi1 = —2(A + 1t + ) + 6x1 €05* ¢ 9, + Ao, ¥

+ % cos¢[3(2/\ + 10) — 6pror(Bed ) + (1 — 3z + 2413 )0 + 20351 — x3)9:0(1 + azw)]
+ % sin¢[—6pmt8n¢ + 201 + 663)3260 + (Bx1 — Xg)azzv/],

Biz Z% Sin¢[3ﬂ + 610t (0 ) — (k1 — 3ic2 + 24K3)(3:0)° — 2(3x1 — x3)d:0(1 + 3z1/f)]
+ cos ¢>[—6X1 sin g 9,0 + % (—6rotdueh + 201 + 6k3)20p + (3x1 — Xg)azzw)],

Bas = — 2ptc + 21 cos (1 + 8,9) + %(1 + azw)[(exl — 23)9:¢ + 3(—2% — p+ (A + u)azlp)] .

Applying B : SR gives

B: R = tr[B"6R] = —(2B11 sin ¢ + 2By cos ¢)5¢p (3.10)
which is

[4(/\ o+ pe)sing — 200 4 0)sin2¢ — 24 sine 8,9 + 4orodeed

4 (5 +26) 020 —2 (31 = Z) 0w |59

Therefore, from (3.8) and (3.11), we obtain two equations of motion by varying the total energy functional with respect to F
and R, respectively, as follows

(3.11)

. 1 . 1. .
—(A+p+pd)sing + E(A +u)sin2¢ + 5)‘ SINPI; Y — Protdre

K
n (31 n 2K3) I + (% — %) Ity = 0 (3.12a)

. 2
— A (OzY — 20;psind) —2ud Y + Y + 5()(3 —3x1)0¢ = 0. (3.12b)

These can be written in component form as

Od\ _ ap (=9 0 ERON (9,0) (At ptuc) (sing) | A+u (sin2g
(&nﬁ) =M <Bzzw> + (—”i;“‘i’ f) ERY oot o |t E7 (3.13)
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where

M = <(K1 +6k3)/3pr0c (3x1 — X3)/6/)rot) ) (3.14)
2(3x1— x3)/3p (A +2u)/p

From this, we can see immediately that we will recover the result obtained in [26] if we assume the linearised energy
functionals which lead to the approximations suchas A¢ < 1and u¢ < 1, while the matrix elements M remain unchanged.

The revised results of [23] were stated in [1], in which case the longitudinal wave is expressed as U(x, t) along the x
axis with the rotational deformation ¢(x, t) about x axis. The equations of motion are described as a system of coupled
expressions,

0 2\ sin ¢
O O PN o\ , 2V (sing) , 2V + i (sin2¢
= N . e — .]
<attU axxU + _2()\4/ + 2M/ + K/)Sln¢ 0 axU + pO_] 0 + po_] O (3 5)
Lo
where a, A', i/, k' are isotropic material moduli used in [1] and
o
o
N= po N2+ | (3.16)
Lo

Since the matrix N is diagonal, we do not have second order coupling terms in the equations of motion. And under the
small displacement limit, the system is readily solvable using the conventional method for the one-dimensional d’Alembert’s
solution subject to the appropriate boundary conditions.

3.2. Solution for the double sine-Gordon equation

We assume that the elastic and rotational waves propagate with the same wave speed v and ¢ = g(z — vt), so that
satisfies 9,1 = v%3,,¥. Without this assumption we are not able to construct a solution. Now, we define vrzOt = M;; and
v2,s = M2, Then (3.12b) becomes

M>1 ) 2A
v2 2 # p(v2 —v2 )

— Velas elas

g”(z —vt) = 0V =

sing 9,¢. (3.17)

Integrating with respect to z once gives
'z — vt) = 9,0 Mo o6+ 2 cos ¢ (3.18)
— = = .
¢ =TT p(v? =gy

elas elas

in which we set the constant of integration to zero by imposing the boundary condition ¥ = 9,9 = 0asz — Zoo.
Substituting (3.17) and (3.18) into the remaining equation of motion (3.12a) gives

MM, A My 4Mya | .
e — |:vr20t + 22]] 020 — PR R |: - ! ] sing 9,¢
U™ = Velas 2(v? — Uelas) Prot (3.19)
A+ ) 22 A+ .
+wsm¢—[ — + M]stqﬁ:O.
Prot 2protp(V? — Vi) 2prot
Moreover, if we rescale z as
Mi>M 1/2 )
z= (vfot + 2“51) i (3.20)
U7 = Vgjas
then (3.19) reduces to the so-called double sine-Gordon equation
b

B — 3330 + msing + 3 sin2¢ = 0, (3.21)

where
A 1 22
R Gl e 0 B [2+(x+u)]. (322)
Prot Prot | p(V? — v5,)
The apparent singularity in b as v* approaches v2_; can be removed if we make the further transformation on v as
MM 1/2 A
v —> (vrzot + %) v. (3.23)
U™ = Vegjas
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We note that this transformation on v would not change our assumption on v along with the rescaling on z, since
atfw = Uzazzlp lmplles Bttlﬁ = 92322
The general solution of (3.21) is given in [27] as

¢ = 2 arcsin(X) (3.24)
where

X = u (3.25)

2
\/1 + %uz (1 + m2b+b) + %u‘l (1 - m2b+b)

in which u must satisfy two conditions

Al — dpu+ (m* +bju = 0,
(3u)® + (3u)? +(m* + b = 0.

The simplest solution is of the form with

[m? + b
U = exp % G-t . (327)

Now, we can write the solution ¢ using the identity arcsin(x) = 2 arctan ( X ) to obtain

14+4/1-x2
1 /mz-j—b 5ot 2 /mz-f—b 5_it
4 arctan[ie 12 O )] if eVi2 g

—fmb_joq 2 [mEEboge
4arctan[2e -0 ] if eV1-? >

(3.26)

b= (3.28)

This solution corresponds to the kink and antikink solutions of ¢ and the bifurcation into these two branches from the original
solution (3.24) arises quite naturally in translating the solution in terms of arcsin into arctan functions, see Fig. 2.
Next, we would like to put the rescaled variables {Z, v} back to the original variables {z, v}. In [26], we obtained

¢o = 4 arctan ethoz—vOEs (3.29)

where ¢y is the rotational propagation solution based on the linearised energy functionals with corresponding ko and mj
given by

kz _ Uglas —v? mz m2 — ﬁ (3 30)
07 4 — tr(M)v? + det(M) O prot '
Now, consider the quantity
my .
+ — (z—0t)x+$ (3.31)

for§ =In % We would like to see if this agrees with the argument of the exponential in (3.29). This can be done if we apply
the reverse rescaling (3.20) of z and inverse transformation (3.23) of v. After some calculations, we obtain

Vior + 52t (3.32)

+ko(z —vt) £ 6.

Hence, we can express the solution of ¢ in terms of rescaled variables {Z, 9} or the original variables {z, v} with ko of (3.30)
and find

2
Mo (3-pt)+s

+ 52
=4 arctane Y '7? . (3.33)

¢o = 4 arctan eko@—vDE

For the current case, by following the same reasoning we find that the rescaled variables and original variables are
interchangeable by the expression

Im? +b
Lz —vt) kS =+ %(é—ﬁt)ia (3.34)
— v
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$(2,1)

Z

Fig. 2. Two branches of solution ¢ = 4 arctan e**#="0%3 of (3.36) are plotted where the orange solution is for +k and green is for —k solution. These two
branches meet at z = In4/(2k) + vt as indicated by the blue vertical dashed line. The overlap is essentially the solution of the form ¢ = 2 arcsin(X) as in
(3.24). We set k = 1.5, v = 0.1 at t = 7.0. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

where
v —? A
K2 = elas (mZ +b), m? = et Mc,. (3.35)
v4 — tr(M)v2 + det(M) Orot
Therefore, we can write the solution (3.28) of ¢ in terms of z and v as
¢ = 4 arctan e*h@ V0% (3.36)

with$ = In 1.

We must %otice that the matrix M used in (3.35) and (3.30) is the same as (3.14). The Lamé parameters A and u are brought
into play in the fully nonlinear case through the quantity m?, while those parameters are missing in mf) when considering
the approximations A¢ < 1and u¢ < 1. Consequently, we have to treat a more complicated form of k with an additional
contribution from b. And it is clear that we can recover the solution (3.33) if we apply the restrictions A¢ < 1and u¢ < 1,
which will effectively lead to b = 0 and m — m,.

For v, first we write X (hence u) in terms of z and v.

X = - , U = etkE—vnEs (3.37)
2
\/1 3w (14 ot ) + st (1- 225)

Plugging (3.36) into (3.17) gives,

4M21k2 e:tk(z_vt):kﬁ(eZ(:tk(z—yt)ig) —1)
Vias — V? (e2(FKz—vt)E8) 4 1)2
2A +k(m? + b)? (64e6(ik(z_vt):t5)m4 — 1024Fkz—v0E8) (2 4 b)z)
+ .
p(v? = vg) (64(11‘(2’“”*‘3)1714 + 16(m2 + b)? + 8e2(Fkz—v)x8)(m2 4 p)(m2 + 2b))2

If we put s = z — vt, then this becomes a second-order ordinary differential equation for g(s). We integrate twice with
respect to s using the boundary conditions y'(+00, t) = ¥ (%00, t) = 0 to obtain

4M 4 [ me
v = 7212 arctan e 0 4 — /14 — arctanh(Y) + C (3.39)
v2 ok(v?: — ) b

~ Velas Velas

(3.38)

g'z—vt)=

2 2 401 52k(z—vt)
8b° + 12bm* + m*(ze +4) if e _ 4
Y — 8+/b (m2 + b)3/2 (3.40)
802 + 12bm? + m*(4e™ T +4) L vy,
8«/5 (mz + b)3/2

The constant C is

(3.41)

42 m?2 <8b2 + 12bm? + 4m4)

C(=——————,/1+ — arctanh
pk(v? = v, b 8+/b (m? + b)*/2
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Fig. 3. For small values of k (the blue shaded wave, pendulums and beads), we observe the width of rotational/displacement deformation is broad, while
we observe narrow rotational/displacement deformations for large values of k (the green shaded wave, pendulums and beads). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Using the restriction A¢ <« 1and u¢ < 1, these solutions reduce to the one we obtained in [26]

¢o = 4 arctan ethoz—vOEs

4M5q
Yo = ———— arctan etholz—vt)ts

v2 —

(3.42)

Velas

In Fig. 3, the soliton solutions for ¢(z, t) and {/(z, t) are given at t = 0 with corresponding values of k. As the rotational
wave ¢(z, t) propagates with a speed v along the z-axis, the points of micro-continuum (displayed as pendulums along the
z-axis) experience microrotational deformations perpendicular to the axis. In the same way the longitudinal solution vr(z, t)
gives rise to the compressional deformation wave propagating with the same speed v, on the points of macro-continuum
(shown as beads) along the axis. As we vary the values of k, the widths of the soliton solutions are changed and this affects
the overall deformational behaviours both in rotation and displacement.

4. Properties of solutions

We notice that there might be possible singularity issues in the amplitude of y(z, t) in (3.39) as v? approaches vglas. In
order to resolve this problem, we would like to look closely at k as a function of v taking account of all nine parameters,
(K1, K3, X1, X3, P, Prots e, A, ). We consider only the positive roots of k? to understand the possible range of k for a
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Fig. 4. The dashed lines indicate the position of v, the dot-dashed lines are for vej,s and vyor. The positions of asymptotic lines vs, v4 are shown in dotted
lines. We put the values of parameters («1, k3, X1, X3, £, Prots Mcs A, ) = (0.7,0.5,0.5,0.1, 0.1, 0.1, 0.3, 1.0, 0.5) for type (a). For type (b), we alter one
value of parameters j. = 1.2.In this way, we obtain two distinct types of behaviours of v and k. This again determines two characteristic overall behaviours
of the soliton solution of Fig. 3.

given v. After putting all relevant parameters in (3.35), we obtain

3( 224 (42 — v2p)uc )”2
3(A + 21 — v2p)(k1 + 6k3) — Q2 pror(A + 21 — vz1 )2— (3x1 — x3)? 4.1)
3 ( W2+ pep(vdy, — v?) ) /

A/ P Prot v — (vzlas + Urzot)vz + (Uglasvrzot - M12M21)

Now, to determine whether k possesses any singularity, we compute the discriminant of the quartic of v in the denominator

regarding it as a quadratic equation for v?.

16
pl’Ot Uj
0
where we put v)z( = M. This is strictly non-negative, so that we can have four roots of v in the denominator of (4.1), which

will cause the singularity of k. We denote the four distinct roots as v;,i = 1, 2, 3, 4 and assume that v{ < v, < 0 < v3 < V4.
In particular, we write explicitly

(Uglas + Urzot)z - 4(U6231asvr20t — MpMy) = (Uezflas - vrzot)2 + (4.2)

1 16p
Uz = 5 (vglas + vrzot) + \/(vglas - vrzot)z + pmt vﬁ) . (4-3)

The square root of this gives the four roots of v; where two positive roots vs and v, are related to two negative roots v; and
1% by V3 = —Uy and Vg = —Vj.
It can be recognised immediately that the values of vej,s and vy are restricted by

V1 < —Velas, —Vrot < V2 and U3 < Velas, Urot = V4.
Also, we will have k = 0 if v becomes
2 _ (42 2
vy = (A7/piie) + Vs (4.4)

Now, we plot the profiles of v as a function of k, this is given implicitly by (4.1), and we consider only the positive values
of v for the simplicity. At this time, we only have two asymptotic lines of v; and v4 (again we assume v; < vg4). And we
assume that vejas > Vpot.

Two characteristic types of parameter ranges for v with various values for a set of parameters with relevant asymptotic
lines and the locations of vg, vel.s and vy are given in Fig. 4. The dominating set of parameters in determining the
characteristics is the set of constants {), &, u.} of the energy functional Vgj.sic. Notably, we observe that we only alter the
value of the parameter . to obtain the type (b) solution from the type (a) solution while keeping all remaining parameters
unchanged. The values of vej;s and vy are located inside (or on the boundary of) the shaded region surrounded by asymptotic
lines, which can be shown directly from (4.3). The threshold in transition from the type (a) to (b) is evidently the relative
positions between vy and vg4. If vy > v4 we will have the type (a) and if vg < v4 then the type (b).

In both types (a) and (b) solutions, there exist regions (the shaded regions) in which v cannot be defined for a given
k, solutions with such parameter choices do not exist. In case of type (a), the values of v are defined in v € [0, v3) and
v € (vg, vo]. The upper limit of v is bounded by vg and we can see that vy — oo as u. — 0 which is evident from (4.4), see
Fig. 5.
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Fig. 5. We indicate the modified profiles of the type (a) and (b) solutions as dot-dashed and dotted lines in the two limits of . — 0 and u, — oo. As
e — 0, the upper boundary vy, in the type (a) of Fig. 4, is pushed up to the infinity (left). In the limit u. — oo the lower profile of type (b) will shift to

infinity along the k axis (right).

®
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Fig. 6. For(c), we put(k1, k3, X1, X3, £ Prot» Mec» A, 1) = (0.7,0.5,0.5,1.5,0.1, 0.1, 0.3, 1.0, 0.5) so that 31 — x3 = 0 and we obtain vq4 = vej.s = 4.47214
and v3 = vy = 3.51188. For (d), we only altered value of parameter x; = 3.0 s0 that vejas = vrot = v3 = v4 = 4.47214.

On the other hand, for the type (b), the position of vy is v3 < velas < Vg < v4. Now, the line of vq acts as the role of the
boundary line along with vs in (b). So v takes the values in the region v € [0, v3) and v € [vg, v4). We must notice that for
type (b) solutions, the value of vy cannot be exactly ve;s due to the restriction (4.4), as long as we have nonzero A. We observe
that vg approaches vej,s as (e — oo, but the lower profile of v in (b) will be shifted to the right indefinitely, i.e. k — oo, see
Fig. 5. In the limit . — o0, it is clear that we will have a profile of type (b). Also we can see from (3.35) that m?> — mﬁ,
hence k* — ké. This suggests that b becomes negligible and we will be left with the soliton solution ¢ — ¢q of the form
(3.29).

Next, we consider the limit

Prot vy
— o<1 (4.5)
o (velas - vrot)
In this limit, we can approximate the expressions of v3 and v,4 given by (4.3) as follows
2protv4 2;OrotU4
Vg A Velas | 1+ > ZX > , V3 N Upot [ 1 — > ; > (4.6)
p(velas - vrot)velas p(velas - vrot)vrot

Hence we can see that vej;s approaches vy and vy approaches vs for the type (a) parameter choice. In case of type (c) of Fig. 6,
we set v, = 0(i.e,, 3x1 — x3 = 0) to illustrate that vel,s = v4 and v = v3 and that the lines of vejas and vy play the role
of asymptotic lines. In this case, the matrix M of (3.14) becomes diagonal and the system looks similar to (3.15). Of course,
if we had assumed that ve;s < vror, then we would have vy = v4 and vejas = v3. We may obtain a similar observation in
the type (b) diagram by adjusting fi¢, but velas, vror — v3. Furthermore, in the same limit of v, = 0, if we set an additional
condition that velas = vror, then we will have one asymptotic line vej;s as shown in the diagram, type (d) of Fig. 6 and the
matrix M will simply become the identity matrix (up to the rescaling).
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Now, the amplitude of v in (3.39) is determined by two coefficients (the matrix element M, can be written in terms of
2 _
v, = Mu),
X

2
M and L . (4.7)
p(vz - U(glas) pk(v2 - Uglas)

The analytic investigation on the profiles of v as a function of k provides us the clue that the amplitude of ¥ cannot be

arbitrarily large. As k — oo, we have v> — v2__ but the statement that the value of v2,  approaches v? is equivalent to say

that v2 — 0, as we can see directly from (4.7). Hence the first coefficient in (4.7) is assumed to remain finite in this limit.

Similarly, the second coefficient cannot be arbitrarily large. This is shown in the type (c), or more extreme case, the type (d)

in Fig. 6.
5. Conclusion

We extended the previous study of the deformations considered in [26] to include the fully nonlinear model with
arbitrarily large rotations and displacements. This discussion gave us further insights into the nature of the nonlinear
geometry of Cosserat micropolar elasticity. The solution ¢ differs from ¢ via the different form of k in (3.35). On the other
hand, the displacements v and v, differ by additional nonlinear terms.

The soliton solutions for both rotations and displacements were obtained from the equations of motion and these
allowed us to understand the geometric interpretation of the deformation waves. The physically dominant parameters of
the complete model are the Lamé parameters {), u} and the Cosserat couple modulus .. This becomes evident by looking
at the k dependency, or equivalently m dependency, of the soliton solutions on these parameters.

The various values for k in the soliton solutions for ¢ and i give different overall behaviours while other values
of parameters are fixed. Regarding the microrotations, the effect becomes apparent for large values of k, which induce
high-frequency of localised energy distribution on the narrow width affected cross section both for the rotational and
displacement deformations, whereas small values of k induce gradual and broad energy distribution for the deformations
over the microcontinuum media. The role of k can be understood using a simple model of beads and pendulums as shown
in Fig. 3.

A consideration for the deformation waves of higher dimensions would be a natural extension of the procedure.
Some other candidates for further applications would include an investigation of domain walls in topological defects
(e.g. ferromagnets) in connection with micropolar deformation. Moreover vortices as topological solitons with a notion of
spontaneous symmetry breaking as a phase transition by Cosserat elasticity would be also be an interesting subject of study.
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Appendix. Variations of energy functional

We would like to vary each energy functional using some of the identities listed in Notation and the Appendix . First, for
Vielastic, We can expand the expression using the definition of || X||> = (X, X) = tr(XX")and symM = 1/2(M + M") as

— —T 2 A —T 2
Voasic(F, R) = s |symR'F — 1"+ 5[ rtsym® F) - 1)]

9 1 1 1 o o
(3u n 5)») +gutr (RTFRTF) + Sut(FFT) = 2 +33) (R F) + 3 [tr(RTF)] . (A1)
Variation of this is

Verastic(F, R) = [M(EFTE T F)— (2 + 30)R+ A tr(ETF)E] . SF w2

+[MFETF —(2u 4 3WF + A tr(ETF)F] . 6R.
If we want to study the dynamical problem, we must take the kinetic term into account in the elastic energy functional.
1.,
Velastic kinetic = Ep el (A3)
where p is the constant density and ¢ is the deformation vector. If we vary this term we will obtain

avelastic,kinetic = —p¢ 8§0~ (A-4)



122 C.G. Bohmer et al. | Wave Motion 84 (2019) 110-124

But, since V¢ = 1 + Vu implies §¢ = éu and ¢ = ii, the variation of elastic kinetic term can be rewritten as
8 Velastic kinetic = —pil Su and the variation of dynamical expression for the elastic energy functional becomes

SVerasiic(F, R) = [M(EFTE T F)— (2 +3MR+ A tr(ETF)E] . 8F

— _ _ (A5)
+[H,FRTF — (2p 4 30)F + A tr(RTF)F] : R + pil 8.
Similarly, for the curvature functional, we can expand it as
Verarune(R) = L —%2) tr[ET(cUrl RR (Curl E)]
2 (A6)

+(K]2;’<2) tr[(Curl R)'(Curl ﬁ)] - (% - /c3> (tF[ET(CUFI E)])z-

This is a functional dependent only on R, but the actual variation will involve rather complicated quantities such as § CurlR
multiplied by a tensor. To overcome this problem, we introduce the following identity. Let A(R) and B(R) be two matrix
valued functions depending on the rotation R. Then, by direct calculation, one can show that an identity for any second order

tensors A and B,

tr(A)B : §(Curl R) = —[B(grad tr(A))*] - 5R + tr(A) Curl B : 6R (A7)
where

(grad tr(A)); = ey tr(A). (A.8)
The identity (A.7) can be shown if one uses the convention Curl B = €jsBjs re; ® ¢ = —B; X e;. In particular, if we putA =1
then (A.7) reduces to

B : 8(CurlR) = CurlB : 8R. (A.9)

And this will play an important role in simplifying the calculation of variation of the energy functionals significantly. For
example, the first variational term in (A.6) would be

5 (tr[ﬁT(Curlﬁ)ﬁT(Curlﬁ)]) = z[E(Curlﬁ)TE] - 5(CurlR) + 2(Curl R)R (CurlR) : 6R

(A.10)
-2 (Curl [E(CurIE)TE] + (Curl R)R' (Curl E)) SR,
In this way, we find the variation of curvature term
Veurvature(R) = [(Kl _ lcz)((Curl R)R' (Curl(R)) + Curl [E(Curl E)Tﬁ]) ¥ (k1 + 2) Curl[Curl E]
— (% — K3) (4 tr(ET Curl R) Curl(R) — 2§<grad (tr[ﬁr Curl E]))*)] : 8R. (A.11)
Again, for the dynamical case, we need to include the kinetic term defined as
Veratresinetc = ProtIRI? = pror tr(RR) (A.12)
with variational form given by §Veuwature kinetic = —2pmti : 8R. Therefore, the variation of dynamical expression for the
curvature energy functional can be written as
SVeunatare(R) = [ (k1 = kz)((Curl RIR' (Curl(R)) + Curl[R(Curl RYR]) + (1 + kz) Curl | Curi ]
- (% - Kg) (4 tr(R' Curl R) Curl(R) — 2R<grad (tr[ET Curl E]))*) n 2pmti5] . SR, (A.13)
For the interaction energy functional, we expand terms dev sym(ET CurlR) and dev sym(ETF — 1) to write
Vinteraction = (m _ %) tr(R" CurlR) tr(R'F)
+ ? (tr[(Curl E)TF] + tr[ﬁT(Curl E)ETF]) . (A.14)

The variation of this involves the quantity § Curl R as in the case of Veyrvature, SO We use the identity (A.9) to obtain
8Vinteraction(F» R) = [(X1 _ %) (2 tr(R'F)CurlR + tr(R" Curl R)F — E[grad(tr[ﬁﬂ)] )
+ % (Curl F + (Cutl R F + FR' (CurlR) + Curl(ﬁﬂﬁ))] . 6R

i [ X1 tr(R' Curl R)R + % (Curl R+ R(Curl E)TE) _ % tr(R' Curl E)E} . 5F. (A.15)
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Lastly, we write the coupling energy functional as

— —T 2 —T
Veoupling(F, R) = ¢ |R polar(F) — ]1” = 2uc(3 — tr[R polar(F)]). (A.16)

We note that this depends on R and R = polar(F), hence depends on R and F. Therefore, the variation of coupling energy
functional is of the form

Veoupting(F» R) = —2u4cR : 8R — 2p1c [% (tr[ETR])] - 5F. (A17)
The term in the brackets in the second term can be written as

9 (tr[RTR]> - (d—R) 9 [tr(ETR)] - (d—R) R [RY(RTR —_ RTR)Y] (A.18)

oF dFn dR dFn det(Y)

where Y = tr(U)1 — U. In the first step, we used the chain rule and in the second and last steps we used the identities given
in the Appendix . Then the variation of coupling energy becomes

— - 21 —
8Veoupling(Fs R) = —241cR : 6k — det(;) [RY(RTR _R R)Y] . SF. (A.19)
We list some useful matrix identities below.
d ad
— tr(F(X)) = [f(X)I" —t(X) =1 A2
X 1(F(X)) = [f(X)] X tr(X) (A.20)
ad d
— tr(XA) = AT — tr(AXB) = ATB" (A.21)
X aX
d T d T
d—x(tr(XX ) =2X d—X(tr(XA)) =A". (A.22)
Here f stands for the scalar derivative of F. Moreover
d
H(tr(AXBX)) = ATXTBT 4+ BTXTAT (A.23)
dg(R(F dR (dg(R)\" dR [ dg(R
B(R(E)) _ .| 4R (deg(R)\"| _ dR (dg(R)) (A24)
Fi dF dR dFy dR
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