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Abstract

A common question when studying a class of context-free grammars (CFGs) is whether
equivalence is decidable within this class. We answer this question positively for the class
of Clark-congruential grammars, which are of interest to grammatical inference. We also
consider the problem of checking whether a given CFG is Clark-congruential, and show
that it is decidable given that the CFG is a deterministic CFG.

1. Introduction

Given two context-free grammars (CFGs), the equivalence problem asks whether they rep-
resent the same language; this is well known to be undecidable in general [3]. In contrast,
the equivalence problem is decidable within some families of CFGs, such as determinis-
tic CFGs [14] and (pre-)NTS grammars [13, 2]. Thus, a reasonable question to ask when
studying a subclass of CFGs is whether equivalence is decidable for members of this class.

One subclass of CFGs of interest to grammatical inference consists of the CFGs con-
sidered in [9], which we refer to as Clark-congruential (CC) grammars. There it is shown
that, given an oracle called the “teacher”, an algorithm can infer a language known to the
teacher by posing questions about the language in a fixed format. In particular, one type of
question that the teacher can answer is an equivalence query, where the algorithm supplies
a CFG and asks whether it represents the language that the teacher has in mind. A similar
(if slightly less general) teacher can be used to infer regular languages [1].

In analogy to other classes of CFGs, one might ask whether the equivalence problem
for CC grammars is decidable; in analogy to regular languages, one might ask whether it
is in principle possible to implement a teacher that answers equivalence queries for a CC
grammar. Motivated by these questions, we investigate decision problems surrounding CC
grammars. Our main contribution is a proof that equivalence and congruence problems for
these grammars are decidable, based on arguments of that ilk for pre-NTS grammars [2].
We also show that it is decidable whether a deterministic CFG is CC.

The remainder of this paper is organised as follows. In Section 2, we recall some pre-
liminary notions. In Section 3, we discuss the congruence, equivalence and recognition
problems for CC grammars. We list directions for further work in Section 4. To preserve
the narrative, some proofs appear in the appendices.
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2. Preliminaries

A relation R C S x S is said to be Noetherian if it does not admit an infinite chain, i.e.,
there exist no infinite sequence (s,,),,cy such that for all n € N it holds that s, # 5,41 and
$n R spi1. R is confluent on S’ C S if it is transitive and when for all s,s’,s” € S’ such
that s R s’ and s R s”, there exists a t € S’ with s/ Rt and s” R t.

Words and languages We fix a finite set X, called the alphabet, and write 3* for the
language of words over . We write I' for another finite alphabet that contains X, and the
symbol $, which is not in ¥. The empty word is denoted by e. We write |w| for the length of
w € ¥*. We also fix an (arbitrary) total order < on ¥, and extend =< to an order on ¥* by
defining = < y if and only if either |z| < |y|, or |x| = |y| and x precedes y lexicographically.
A prefiz (vesp. suffiz) of w € ¥* is a w’ € ¥* such that there exists a y € ¥* with w'y = w
(resp. yw' = w); w overlaps with z if a non-empty suffix of w is a prefix of z, or vice versa.

A function h : ¥* — ¥* is a morphism when for w,z € ¥* it holds that h(wx) =
h(w)h(x). If we define a function h : ¥ — ¥*, then h uniquely extends to a morphism A :
¥* — ¥* by defining for ag, a1, ...,a,—1 € X that h(apay - - an—1) = h(ag)h(ar) - - h(an—1).
If for all a € ¥ we have that h(a) € X, we say that h is strictly alphabetic. When L is a
language, we write h~!(L) for the language given by {w € ¥* : h(w) € L}.

A semi-Thue system [7] is a reflexive and transitive relation ~» on ¥* such that if w ~ w’
and z ~ 2/, then wx ~ w'z’. A reduction is a Noetherian semi-Thue system. We say that
x € X* is irreducible by a reduction ~ if x ~ 2’ implies that z = 2’

A congruence is an equivalence ~ on ¥.* such that when u ~ v and w ~ x, also uw ~ vzx.
If ~ is a congruence on X*, we write [w]_ for the congruence class containing w € ¥*. A
congruence ~ is finitely generated if for some finite S C ¥* x ¥*, ~ is the smallest congruence
containing S; the set S is said to generate ~. Any language L induces a syntactic congruence,
denoted =, which is the relation where w =, « holds precisely when, for all u,v € ¥*, we
have wwv € L if and only if uzv € L. The language of contexts of w € ¥* w.r.t. a language
L, denoted L{w], is {ufv : uwv € L} (for a distinguished symbol £). It should be clear that
w =g, x if and only if Ljw] = L[z].

A language L is congruential [7] if there exists a finitely-generated congruence ~ and
a finite set 7' C ¥* such that L = (J,cp[t].. We say that L is regular if its syntactic
congruence induces finitely many congruence classes [11].

Decidability of congruence and of equivalence are closely related for congruential lan-
guages, as witnessed by the following lemma from [13].

Lemma 1 Let ~1 and ~o be congruences generated by finite sets S1, 59 C X* x X* respec-
tively, and let T1,T> C X* be finite. Let L1 and Ly be given by

teTr teTy
If we can decide L1 and Ly, as well as =p,, and =r,, then we can decide whether Ly = L.
Proof Observe that L; = Ly precisely when 77 C Ls and T3 C Ly, as well as ~1 C =,
and ~9 C =r,. The first two inclusions are decidable, since 77 and T3 are finite, and L

and Loy are decidable. The latter two inclusions are also decidable, for they are equivalent
to checking whether S; C =1, and S C =,. Thus, we can decide whether L; = L. [ |
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Context-free grammars A (context-free) grammar (CFG) is a tuple G = (V, P, I) where
V' is a finite set of symbols called nonterminals with I C V the initial nonterminals, and
P CVx(XUV)"is a finite set of pairs called productions. We denote (A, a) € P by A — a.
We use G to denote an arbitrary CFG (V, P, I), implicitly quantifying over all CFGs.

We write S for the set YUV and define = as the smallest galation on $* such that for
all a,y € ¥* and B — § € P, we have aBy =g afy. For a € ¥*, the language of a in G,
denoted L(G, ) is {w € ¥* : a =, w}; the language of G, denoted L(G), is (7 L(G, A).
We say that L C ¥* is a context-free language (CFL) if L = L(G) for some CFG G.

As an example of a CFG, let us fix Gp = (Vp, Pp, Ip) as a CFG over the alphabet {[,]},
where Vp = Ip = {S}, and Pp contains the rules S — € and S — [S] and S — SS. The
language of Gp is the well-known Dyck language, which consists of strings of well-nested
parentheses, and which we shall use as a recurring example throughout this paper.

If L(G, «) is non-empty, we write J¢(«) for the <-minimum of L(G, «). Now, if L(G, a3)
is non-empty, then dg(af) = dg(a)dq(B). We define ~»¢ as the smallest semi-Thue system
such that whenever A — o € P and L(G,«a) # 0, also 9g(a) ~»¢ Ya(A). As an example,
for Gp we see that ¢, (S) = €, and hence ~»¢,, is generated solely by the rule [] ~»¢q, €.

We observe that ~»g is a reduction (regardless of G), and that for all A € V and
w € L(G,A) it holds that w ~»g ¥g(A4). We write Zg for the set of words irreducible
by ~»g. Note that Zg is regular: it is the complement of the regular language of words
containing the left-hand side of a rule defining ~>¢, and regular languages are closed under
complementation. For instance, it is not hard to see that Zg, = {1"["* : n,m > 0}.

We say that G is weakly w-reduced when for A € V' \ I we have that L(G, A) is infinite,
and for all productions A — « where L(G, A) is finite, we have that o € X*.

Lemma 2 ' Let G = (V,P,I) be a CFG, let R be a reqular language and let h : ¥* — ¥*
be a strictly alphabetic morphism. All of the following hold:

(i) We can construct a weakly w-reduced CFG G,, = (V,,, P, I,,) such that L(G,,) = L(QG)
and V,, C V; moreover, when A € V,, it holds that L(G,A) = L(G,, A).
(ii) We can construct a CFG G" = (V" P" I") such that L(G") = h™'(L(G)) and
VP C V; moreover, when A € V" it holds that h™'(L(G, A)) = L(G", A).
(iii) We can construct a CFG Ggr = (Vg, Pr,Ig) such that L(Ggr) = L(G) N R; moreover,
when A € Vg there exist A" € V and w € ¥* such that L(Gr, A) = L(G, A) N [w]_, .

Pushdown automata A pushdown automaton (PDA) is a tuple M = (Q,—,¢",F)
where @ is a finite set of states, ¢° € Q is the initial state, F C @ are the accepting states
and — C Q x (XU{e}) xI'xT* x Q is the (finite) transition relation. When (q,a, 0, p,q’) € —,

we write ¢ & U/’g q'. The set of configurations of M, denoted Cys, is Q x X* x I'*. We define
= as the smallest relation on Cps such that whenever ¢ M) ¢ and w € X* as well as

1. Details appear in Appendix B.
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7 € I'*, it holds that (g, aw,o7) = (¢, w, pr). The language of M, denoted L(M), is

{wes*: (w83 =i (¢.6,%), € F}

M is a deterministic PDA if, (i) for all ¢ € Q, a € ¥ U {e}, and o € T, there is at most
one p € I'* and at most one ¢’ € Q) such that ¢ M) q', and, (ii) for all ¢ € Q and p € T*
such that ¢ ﬂ) ¢, there are no ¢’ € Q, a € ¥ and p’ € I'* such that ¢ * "/p,) q’.

If M is a PDA and L a language such that L(M) = L, we say that M accepts L. It is
well-known that a language is a CFL if and only if it is accepted by a PDA [8]. A language
accepted by a deterministic PDA is said to be a deterministic CFL (DCFL). A CFG G
whose language is a DCFL is said to be a deterministic CFG (DCFG).

As an example of a PDA, consider Mp = ({¢},—Dp,q,{q}), where —p contains the
rules ¢ [,8/[% p 44 L [/IL p qandq M)D q. This PDA happens to be deterministic, and
it is not hard to see that it accepts the Dyck language, L(Gp); this makes Gp a DCFG.

3. Clark-congruential languages

We now turn our attention to Clark-congruential languages. These are context-free lan-
guages that are defined by grammars where every nonterminal has a language that is con-
tained in a congruence class of its grammar; more formally, we work with the following
definition.

Definition 3 G is Clark-congruential (CC) if for all A € V, there exists an x4 € X* s.t.
L(G, A) is a subset of [mA]EL(G). A language L is CCif L = L(G) for a CC grammar G.

As an example of a CC grammar, consider Gp. There, we find that if w € L(Gp, 5),
then w consists of a string of balanced parentheses; hence, if vwv € L(Gp,S), then uv €
L(Gp, S), and vice versa. Consequently, it holds that for w € L(Gp, S) we have w =p(q,,) €.

CC grammars can be seen as a generalization of pre-NTS grammars [2], which are
themselves a generalization of NTS grammars [5, 13, 6]. While the class of CC grammars
strictly contains the class of pre-NTS grammars, and thus the class of pre-NTS languages is
contained in the class of CC languages, it remains an open question whether this inclusion
is strict on the level of languages; likewise, the class of NTS grammars is contained in the
class of pre-NTS grammars, but the question of equal expressiveness remains open.

3.1. Congruence and equivalence

We now consider the question of deciding equivalence of CC grammars. Our strategy here
will be to verify the preconditions of Lemma 1 w.r.t. CC languages. Thus, our first task is
to show that all CC languages are congruential; this is indeed the case.

Lemma 4 If L is a CC language, then L is congruential.

2. This definition is non-standard, in that upon acceptance the machine should be in an accepting state,
and the stack contains exactly $. A (D)PDA with this acceptance condition can easily be converted into
an equivalent (D)PDA with the standard acceptance condition, provided that its transitions preserve
the end-of-stack marker; this is the case for all DPDAs in this paper. We omit details for the sake of
brevity.
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Proof Let G be a CC grammar such that L = L(G) and choose ~ as the smallest congruence
containing ~»g. Obviously, ~ is finitely generated. We now claim that

LG = | W@l

A€, L(G,A)#0

For the inclusion from left to right, note that if w € L(G, A) for an A € I, then w ~»¢g Yg(A),
and hence w ~ 9g(A); thus, w € [¥g(A)]._. For the other inclusion, note that since G is
CC, ~ C =p(q). Hence, if w ~ Jg(A) with A € I, then w =) Ya(A), and thus w € L(G).
]

We use G to denote an arbitrary CC grammar, and set out to validate the second
assumption of Lemma 1, i.e., to show that if G is CC, then =) is decidable. To this end,
we observe the following; details are in Appendix B.

Lemma 5 The grammar transformations from Lemma 2 preserve Clark-congruentiality.

The algorithm that we describe to decide =p,) is essentially a generalization of the one
found in [2]. Before we dive into formal details, it helps to sketch a high-level roadmap of
the steps required to establish the desired result, in analogy with the steps in op. cit. We
proceed as follows:

(I) We argue that, when G is CC, ~»¢ is almost confluent: it can be used to decide
w € L(G) by reducing w using any strategy, until we reach an irreducible word.

(IT) We show that, for a given w € £*, we can use the transformations discussed earlier
to construct a particular CC grammar G,,, which has a number of useful properties.

(III) From G, we create a DPDA M,, accepting a language very close to L(G)[w]; this
DPDA exploits the almost-confluent nature of ~»¢, and the properties of G,,.

(IV) We argue that w =p ()  if and only if L(M,) = L(M,). Since the latter is decid-
able [14], we can decide the former.

Step (I): reduction is (almost) confluent If G is pre-NTS, then ~+¢ is confluent on
L(G), but not necessarily on ¥* [2]. For CC languages, this property is lost. As an example,
consider the CC grammar G’ with the rules S — aS, S — a, T — aaT and T — ¢, and
both S and T initial. We find that 9¢/(S) = a and Y (T') = €, and hence aa ~>¢ a as well
as aa ~>¢ €, but both a and € are irreducible in ~»¢g.

On the positive side, ~¢ is still useful in deciding membership of L(G):

Lemma 6 There ezists an A € I with x ~¢g Vg(A) if and only if x € L(G).

Proof For the direction from left to right, note that if z ~g Jg(A), then x =1(q) e (A),
and therefore z € [¥g(A)]= e Since ¥;(A) € L(G), also = € L(G). For the other direction,

note that if z € L(G), then x € L(G, A) for some A € I, and therefore x ~~g ¥g(A). [ |

Using Lemma 6, we can simply apply reductions (using any strategy) to w € ¥* from
~q, until we reach an irreducible word w,.. This process terminates, since ~~¢ is Noetherian.
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At that point, either w, = 9¥g(A) for some A € I, in which case w € L(G), or w, # Yg(A)
for all A € I, in which case w, ¢ L(G) (since w, € Zg), and since w =) wy, also
w & L(G).

As an example, consider the word [[][1], which can be reduced using ~~¢,, as follows:
(OO0O100 ~e, [0 ~gp, OO wa, O va, e =9¢,(5)

And hence [[J[1] € L(Gp). On the other hand, the word [[] can be reduced to [ only,
and therefore Lemma 6 allows us to conclude that [[1 ¢ L(Gp).

The (implicit) precondition that G is CC is necessary to establish Lemma 6. As an
example, consider the grammar G’ with rules S — a, S — b and T' — ab, with both S and

T initial. This grammar is not CC. If we assume that a < b, then ~~¢ is generated by the
rule b ~»¢ a. We then find that bb ~»g ab and Y¢(T) = ab, while bb ¢ L(G).

Step (II): construct G, We now proceed to construct a CC grammar G, from G. This
is done by progressively applying the CC-preserving transformations described in Lemma, 2.

First, we augment X by adding for a € ¥ the (unique) letter o, i.e., every letter gains a
“primed” version; this does not change L(G), or the fact that G is CC. We write X for the
original alphabet, and ¥, for the set of newly added letters. Moreover, let h : ¥* — 3* be
the morphism that removes the primes from w € ¥*, i.e., the morphism defined by setting
h(a) = a for a € ¥y and h(a') = a for o’ € ¥;. We write w’ for the “primed copy” of w,
i.e., the unique element of Xf such that h(w’) = w. We proceed to define G, in steps, as
follows:

e Let G' = (V', P, I') be such that L(G") = h~1(L(Q)).
o Let G, = (V,,, P, I,) be such that L(G),) = L(G') N Rw'R, where R = Zg N X{.

e Let Gy = (Vy, Py, I,) be such that L(G,) = L(G),), and G, is weakly w-reduced.

By Lemma 2, these grammars are CC. Without trying to get ahead of ourselves, we note
that L(G,) is already somewhat close to L[w]. After all, we know that L(Gy) = {uvw'v :
u,v € Zg,uwv € L}. The difference between Lw] and L(G,,) comes down to having # or
w’ separate the parts of the words, and whether those parts need to be in Zg.

Some analysis of G, now gives us the following.

Lemma 7 Let Aec . If L(G,,,A) NX§# 0 and w' # ¢, then L(G,,, A) = {Jc(A)}.

Proof Suppose that y € L(G,,, A) N X§. First note that we can (without loss of generality)
find u,v € ¥* such that uL(G.,, A)v C L(G.,) € Rw'R. Consequently, there exist p,q € R
such that uyv = pw'q. Since w’ # ¢, this means that y is a substring of p or ¢, and thus
y € R. For the remainder, it suffices to show that y = 95(A), and L(G),, A) \ 3§ = 0.
First, note that y € L(G’, A), and so h(y) = y € L(G, A); thus, y ~¢g 9g(A4). Since
y € I, we have y = 9g(A). Also, suppose towards a contradiction that z € L(G,,, A) \ .
Then z contains at least one primed letter. By choice of u and v, we find that uzv €
L(G!,). Now uzv contains strictly more primed letters than uyv; since all words in L(GY,))

contain exactly |w’| primed letters, we have reached a contradiction. We conclude that
L(G,, A)\ X = 0. [ |

Since Gy, is the weakly w-reduced version of G, we can show the following:
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Lemma 8 Let A — a € Py, with L(Gy,a) # 0. Then Yq, (A) and Vg, (o) either contain
or share an overlap with w'; more formally, one of the following holds:

i) Vg, (A) = xaw), and Vg, (o) = W), for x4, 14 € X8 and w), a nonempty prefiz of w'’
w / w / 0 V4

i) 9¢q, (A) = wlys and Vg, () = W.ya, for ya,ya € X and w'. a nonempty suffiz of w’
w r w r 0 r

(iii) Ve, (A) = zaw'ya and I, (@) = ToW'Ya, fOT TA, YA, Tas Yo € Sp-

Proof If L(Gy, A) is finite, then A € I, (since G, is weakly w-reduced), and therefore
VG, (A),Va, (@) € L(Gy) C Zgw'Zg; thus, Yg, (A) and J¢,, («) satisfy the third condition.
Otherwise, suppose that L(G,,, A) is infinite. First, note that there exist x,y € ¥* such
that ©L(Gy, A)y C L(Gy). Thus, there exist u,v € Zg C X§ such that zd0¢q,, (4)y = uw'v.
Suppose, towards a contradiction, that ¥¢, (A) neither contains nor overlaps with w’. In
that case, ¥g,, (A) € ¥, and w’ # ¢; then, since A =¢, Y, (A), also A = VG, (A). By
Lemma 7, we have that L(G!,, A) is finite. But since L(G,,, A) = L(Gy, A) and the latter
is infinite, we have a contradiction. Therefore J¢, (A) must contain or overlap with w’.
Suppose V¢, (A) = zaw) for x4 € 3 and wj, a nonempty prefix of w’; other cases are
similar. Write w’ = wjw,. and y = w]v. By choice of z and y, we have zidq, (a)w,v =
zdq, (a)y € L(Gy) C Zgw'Zg. Therefore, 9¢, () = zow) for some z, € . ]

This lemma tells us something about ~~¢,: all of its generating rules overlap with w’,
and moreover each rule preserves w’. Thus, to decide whether uw'v € L(G,,), we can apply
the rules of ~»¢, as described above; since every step involves (and preserves) part of w',
we also know that reductions must be clustered around the locus of w'.

Step (III): creating a DPDA The above analysis allows us to construct a DPDA that
accepts {uffv : uw'v € L(Gy)}, by going through the following phases:

1. Read symbols and push them on the stack, until we encounter §.

2. From that point on, read from the stack or the input and apply reductions whenever
possible, but with # standing in for the part of w’.

3. When no reductions are possible (i.e., we have reached an element if Zg, ), check
whether the buffer corresponds to a J¢,, (A) for some A € I,,,.

In the second step, the state of the DPDA holds a buffer to the left and the right of , large
enough to detect any possible reductions. Since ~»¢g,, is Noetherian, this phase must end
after finitely many reductions; furthermore, since ~»¢,, is length-decreasing, we can choose
the size of the buffer appropriately. Formally, this DPDA is defined as follows:

Definition 9 We build the PDA M,, = (Q,—,qo, F) as follows. First, let N be the mazi-
mum length of Vg, () for A — a in Gy,. Also, Q and F' are the smallest sets satisfying
u,v € X lul,|v] <N Ael, Ya,, (A) = uw'v
q € Q uffy € Q ufv € F
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Furthermore, — is the smallest transition relation satisfying

a # 4 ufv € Q lu| < N uww'v € Ig, a#$
q0 bafba, q0 q0 bafa, i ufv AN aufv
uv € Q v < N ww'v € Ig, a=3%Vu =N

ufv M) ufvb

ufv € Q ww'v € Ig, uw'v ~q,, zw'y such that xy is <-minimal

ufv % zhy

The first two rules take care of the first phase, where input is read onto the stack until
we reach ff. The third and fourth rule are responsible for reading symbols from the stack
and from the input buffer respectively; the last rule applies reductions. The set of accepting
states makes sure that, upon acceptance, the buffer represents ¥, (A) for an A € I,,.

We note that M, is deterministic: if M,, is in state qg, then the input is either equal
to # (in which case the first rule applies) or not (in which case the second rule applies);
otherwise, we are in some state uffv, then either uw'v € Zg, (and so the last rule applies),
or the (mutually exclusive) third or fourth rule apply.

We can then show that M,, indeed accepts {ufv : uw'v € L(G,,)}. We give a sketch of
the proof below; details are in Appendix A.

Lemma 10 L(M,,) = {uffv : uw'v € L(Gy)}.

Proof sketch For the inclusion from left to right, show that every change in configuration
of M,, corresponds to a step in the reduction of the input according to ~»¢g,,, and that a
configuration where M,, accepts corresponds to this reduction reaching 9, (A) for A € I,.

For the other inclusion, first note that if ufv is such that uw'v € L(Gy,), we can let M,
read up to and including §, putting v on the stack. Subsequently, inspect the halting config-
uration reached by M, from that point on (which exists uniquely, for =5z, is Noetherian),
and show that it is a state where M,, can accept — i.e., that the remaining input and stack
is empty, and that the buffer corresponds to an accepting state of M,,. |

Step (IV): wrapping up Now we can show the following,.
Lemma 11 L(M,) = L(M,) if and only if w =) .

Proof For the direction from left to right, suppose that L(M,,) = L(M,), and that vwv €
L(G). We can then find v/,v" € Zg such that u ~g v’ and v ~¢ v'. Now, since G is
CC and v =g v and v =) v/, we know that v'wv’ € L(G). Consequently, u'fv’ €
L(M,,) = L(M,), and therefore v'zv" € L(G), meaning that uzv € L(G). By symmetry,
urv € L(G) also implies uwv € L(G); this allows us to conclude that w =) .

For the other direction, suppose that y € L(M,,). Then y = ufv such that u,v € Zg, and
uwv € L(G). Since w =) , it then follows that urv € L(G), and thus y = uffv € L(M,).
This shows that L(M,,) C L(M,); the other inclusion follows symmetrically. [ |
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The above characterises the syntactic congruence of L(G) in terms of the equivalence of
two DPDASs, constructible from G, w and z. Since equivalence of DPDAs is decidable [14],
it follows that we can decide =p,). The main result then follows.

Theorem 12 [t is decidable, given a CFG G that is CC and w,x € ¥*, whether w =p(q) .
It is furthermore decidable, given CFGs G and G’ that are CC, whether L(G) = L(G").

Like in [2], M,, is one-turn, i.e., it processes input first in a phase where the stack does
not shrink (when it is still in ¢°), and subsequently in a phase where the stack does not grow
(in all other states). Thus, an algorithm to test equivalence of finite-turn DPDAs [17, 4]
suffices. Complexity-wise, this also helps: the equivalence problem for one-turn DPDAs
is known to be in co-NP [15], while the problem for general DPDAs is known only to be
primitive recursive [16].

3.2. Recognition

The recognition problem for a class of CFGs C asks, given a CFG G, whether G is in C.
This problem is decidable for NTS grammars [13], yet undecidable for a proper subclass of
pre-NTS grammars [19].3

Given that our earlier decidability proofs were based on proofs of the same statement
for pre-NTS grammars, one might ask whether we could extend the result from [19] to CC
grammars. This turns out not to be the case. The proof in op. cit. constructs, given a
Turing machine M and an input w, a CFG which is in the studied class if and only if M
does not halt on input w; this construction relies heavily on adding nonterminals with an
empty language. However, we can easily adapt the first construction from Lemma 2 to show
that we can remove all such nonterminals from a CFG G to obtain an (equivalent) CFG
G'; furthermore, G is CC if and only if G’ is CC. Thus, to decide whether a given CFG is
CC, we can assume without loss of generality that no nonterminal has an empty language.
Hence, the undecidability proof from [19] does not generalize to CC grammars.

We therefore turn our attention to finding a novel approach to the recognition problem
for CC grammars, independent of (un)decidability proofs of the recognition problem for its
subclasses. To this end, it is useful to introduce the following notion.

Definition 13 Let ~ be a congruence. G is ~-aligned if, for every A € V, there exists a
wa € X* such that L(G, A) C [wa].,

Note that, by definition, G' is CC if and only if it is = )-aligned. As it turns out,
~-alignment is decidable, provided that ~ is decidable.

Lemma 14 Given a decidable congruence ~, it is decidable whether a CFG G is ~-aligned.

Proof Without loss of generality, assume that all nonterminals of G have a non-empty
language; if this is not the case, we can create a CFG G’ that does have this property, and
which is ~-aligned if and only if G is. Since Vg : 3* — ¥* is computable, it now suffices to
prove that G is ~-aligned if and only if for all A — « € P, it holds that ¥g(A) ~ dg(a).

3. We note that the class of CFGs considered in [19] was originally claimed to coincide with pre-NTS
grammars [6], but this is not strictly true: Zhang’s class is a strict subclass of the pre-NTS grammars,
although the languages that they can express are the same.
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For the direction from left to right, we know that if A — a € P, then 9g(A),d¢(a) €
L(G,A) C [wa]. for some wyq € ¥*; hence, 9g(A) ~ wa ~ Yg(a). For the direction
from right to left, a straightforward inductive argument shows that for all o, 8 € $* such
that o =7, B, we have that dg(a) ~ Yg(B). Hence, if A =7 w, then we know that
Yg(A) ~ Y¢(w) = w, and thus it suffices to choose wy = Jg(A). [ |

As an application of the above, let ~ be the smallest congruence on {[,]}* such that
[1 ~ e. Without too much effort, we can then show that we can uniquely compute m,n € N
such that w ~ 1™ [™. Therefore, we can conclude that ~ is decidable: to decide whether
w ~ x, check whether the m and n computed for w are the same as the m and n computed
for . Thus, by Lemma 14, we find that we can decide whether a given grammar G over
the alphabet {[,]1}" is ~-aligned. Indeed, ~ turns out to be exactly =L(Gp)-

Lemma 14 would also show that the recognition problem for CC grammars is decidable,
provided that the congruence problem were decidable for arbitrary CFGs. Unsurprisingly,
this is not the case, as witnessed by the following lemma.

Lemma 15 It is undecidable, given a CFG G and words w,x € ¥*, whether w =rq) .

Proof We claim that L(G) = £* if and only if € € L(G), and for all a € ¥ it holds that
a =p(q) € First, suppose L(G) = ¥*; then € € L(G) immediately. Furthermore, for a € ¥
and u,v € ¥*, we have that uav,uv € L(G), and thus a =) €. For the other direction, let
w € ¥*. An argument by induction on |w| then shows that w =) €, and hence w € L(G).

Since it is decidable whether ¢ € L(G), the above equivalence tells us that we can
decide L(G) = £* if we can decide the congruence problem for G. Because the former is
undecidable for CFGs in general [3], the claim follows. [ |

Fortunately, some classes of CFGs do have a decidable congruence problem. This leads
us to formulate our main result regarding the recognition problem, as follows.

Theorem 16 It is decidable, given a DCFG G, whether G is CC.

Proof Let us write L = L(G). By Lemma 14, it suffices to show that we can effectively
obtain a decision procedure for =;. We employ a technique similar to the method we used
to decide =f, when G is CC: we reduce the problem to checking equivalence of DCFLs.

Without loss of generality, let ¥ = Yo U {t}, with § & 3, such that L C 3§. For w € ¥*,
we define the morphism g,, : ¥* — X* by setting g,,(#) = w and g(a) = a for a € X.

We now claim that L[w] = g;}(L) N X545%. To see this, suppose that uffv € L[w]; then,
since gy, (ufv) = uwv € L and ufy € Li%s, we find that ufv € g,'(L). For the other
inclusion, suppose that = € g 1(L) N X525, Since x € XiEX% we can write x = ufv for
u,v € X§. Since uwv = gy, (ufv) = g(x) € L, we find that ufv € Lw].

Since L is a DCFL, we have a DPDA M such that L = L(M). Furthermore, because
DCFLs are closed under inverse morphism and intersection with regular languages [10], we
can create for w € ¥* a DPDA M,, such that L(M,,) = L[w]. Since it is decidable whether
L(M,,) = L(M,) [14], we can decide whether L[w] = L[z], and hence whether w =7 z. R

10
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4. Further work

With regard to implementing a teacher for a given CC language, one detail remains to
be settled. The algorithm to learn CC languages from [9] assumes the presence of an
extended MAT, in which the representation of the language in the equivalence query need
not guarantee that the hypothesis language is in the class of languages being learned. More
concretely, this means that the algorithm might query the teacher with grammars that are
not CC, and thus the decision procedure outlined in this paper need not apply. Consequently,
we wonder whether the learning algorithm can be adapted to work with a (proper) MAT, or
alternatively, whether the decision procedure of this paper can be extended to accommodate
the class of grammars that can be produced by the learning algorithm.

One possible direction for generalization of the decision procedure is the setting of multi-
ple context-free grammars (MCFGSs) [12]. A notion corresponding to Clark-congruentiality
for MCFGs is already known, and the class of languages generated by such MCFGs is also
known to be learnable [18]. We conjecture that the decidability results can be lifted to
Clark-congruential MCFGs, and that such a lifting would employ n-turn DPDAs instead
of one-turn DPDAs.

Equivalence and congruence are decidable for both DCFLs and CC languages. To see if
the case for CC languages follows from the case for DCFLs, one would have to investigate
whether all CC grammars define a DCFL. For what it’s worth, the fact that we can decide
whether a DCFG is CC appears to at least not contradict this possibility, and we have been
unsuccessful in finding a counterexample thus far.

The question about the connection between CC languages and DCFLs can be seen as
analogous to the (open) question of whether all pre-NTS grammars define a DCFL [2]. Since
all NT'S grammars are pre-NTS, and all pre-NTS grammars are in turn CC, it follows that
every NTS language is a pre-NTS language, and in turn every pre-NTS language is a CC
language; whether this inclusion is strict remains an open question. It has been conjectured
that these families of languages coincide [9].

Acknowledgements We would like to thank the anonymous referees of LearnAut and
ICGI for their comments, which helped improve this paper.
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Appendix A. The language of M,

To analyze the behavior of M,,, we first note that if it is in a configuration with a state of
the form wufv, then all reachable configurations are related to that configuration by ~»q, .
In effect, this shows that M, proceeds according to ~~q,,.

Lemma 17 If ug, u1,v0,v1, %o, T1,Y0,y1 € X* s.t. (uoffvo, yo, o{'$) Enr, (uifvr,yr, z$)
then it follows that rouow'vozo ~a,, T1uIW V1Y

Proof There are three cases to consider. First, if uw’v is reducible, then ugw'vy ~¢q,
uiw'vy, as well as yo = y1 and zg = z1; the claim then follows. Second, if uw'v is irreducible
and xz( is non-empty, with |ug| < N, then z¢g = z1a and u; = aug, as well as yo = y; and
vg = v1; we derive that zgugw'voyg = x1auow'voyy = T1u1w'veyy = T1uiw'v1yr. Lastly, if
uw'v is irreducible and either xq is empty or |ug| = N, then ay; = yo and v; = vpa, as well
as xg = 71 and ug = uq; thus, rouow'voyy = Touow'voay, = rouow'viy; = r1uiw'viy;. M

With this in hand, we can show that M, accepts the desired language.
Lemma 18 L(M,,) = {ufv : uw'v € L(Gy)}.

Proof For the inclusion from left to right, suppose that = € L(M,,). We then know that
(90,2, 8) 3y, (uitvi, €, $) such that there exists an A € I with ¥¢g, (A) = wyw'vy. Thus,
T = upfvg such that (qo, uofivo, $) =y, <ﬁ,v0,u§$> Fhr, (uifvi,€,8). By Lemma 17, we
have uow'vg ~¢q,, v1w'vy = J¢g, (A). By Lemma 6, also ugw'vg € L(Gy, A) C L(Gy).

For the inclusion from right to left, suppose that u,v € ¥* are such that uw'v € L(Gy);
our aim is to show that ufv € L(M,,). By construction of M,,, this DPDA first processes
the input up to f to reach C* = <tt, e,v,uR$>.

Let C = <u1ﬁvl,y,zR$> be the unique halting configuration of M,, starting from C*;
this configuration exists uniquely, because every transition of M., either advances the input,
or performs a reduction using ~~¢,,. We then have that ujw'vy € Zg,,, otherwise C' would
not be halting. Now, we observe that (i) either z is empty, or |u;| = N — for otherwise M,
could pop letters off the stack into the left buffer, meaning that C' would not be halting,
and (ii) either y is empty, or |v1| = N — for otherwise M,, could consume letters from the
input into the right buffer, and so C' would again not be halting.

A reducible substring of zujw'viy must start at least N positions before the start of w’,
and end at most N positions from the end of w’ (by Lemma 8). Consequently, ~»¢, cannot
reduce (a) a substring overlapping z — otherwise |u;| < N and z # ¢, nor (b) a substring
overlapping y — otherwise |v1| < N and y # e. Thus, if zujw'v1y were reducible, then the
reducible substring must occur in ujw’vy; — but this is a contradiction, since ujw'vy € Zg,,;
hence, zujw'v1y is irreducible.

By Lemma 17, we know that uw'v ~¢,, zujw'viy; also, by (the proof of) Lemma 4, we
have that uw'v =g, ) zurw'v1y, and hence zujw'viy € L(Gy). By Lemma 6, it follows that
there exists an A € I such that zuyw'v1y ~¢, 9a, (A4). Consequently, Vg, (4) = zugw'v1y,

and so either |uj| < N, and thus z = €, or |u3|] = N, in which case z = € again, as
[YG, (A)] < N. By a similar argument, we find that y = e. But then ¥, (4) = uyw'vy, and
thus uifv; € F. We can conclude that ufv € L(M,). |
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Appendix B. Transformations of CFGs

Lemma 19 We can construct a CFG G,, using nonterminals of G, such that (i) if A is
a nonterminal of G, then L(G,,A) = L(G,A), and (ii) L(G,) = L(G), and (iii) G is
weakly w-reduced, and (iv) if G is CC, then so is Gy,.

Proof We choose G, = (V,,, P,,, I}, where V,, and P,, are the smallest sets satisfying
AeV  L(G,A) infinite Ael A—saeP A€V, dev(a)

AeV, AeV, A—d eP,

and in which v : 5% — 2(VeUX)" ig the substitution induced by setting for o € S

() = L(G,a) L(G,«) finite
YT {o} L(G, @) infinite

Note that G is a proper CFG; in particular, P, is finite, since if a € i*, then v(«) is finite.
We first argue claim (i), which immediately implies (ii). Let A € V,.

(<)

Let A = w for some n € N. The proof proceeds by induction on n. In the base,
where n = 1, we have A — w € P,,. By construction of P, there exists an A -+ o € P
such that w € v(«), i.e., such that a =§ w; thus, A =¢ w.

For the inductive step, let n > 0 and assume that the claim holds for n’ < n. We
then find o/ € (V,UX)" such that A =¢, o :>g:1 w, with A — o € B,. By
construction of P, we know that o/ € v(a) for some A — « € P. Let us write
a = agApa1 Ay -+ - Ap_1a;; we then know that o/ = agagaioq -+ - ap_1a; such that
for 0 < i < k it holds that A; =7 «; for n; < n — 1. We can then write w =
agwoaiwy - - - Wi—1ag such that for 0 < i < k we know that «; :>giw w; with n; <n—1.
By induction, we obtain that a; =7, w; as well. In total,

A =q apAoar Ay - Ap_1ap =6 ao0paiay - - Qp_10) =G AoWaI W] * - - Wr_10) = W.

Let A =¢ w for some n € N. We proceed by induction on n. In the base, where
n =1, we have A — w € P. It follows that w € v(w), and so A — w € P, thus
A= w.

For the inductive step, let n > 1 and assume that the claim holds for n’ < n. We
then find a € (V, UX)" such that A =¢ « :>g_1 w, with A = a € P. We can write
o = agAga1 Ay - Ap_1a; and w = agwpaiwy - - - wi_q1a such that for 0 < ¢ < k it
holds that A; =¢ w;. For 0 < ¢ < k, we now choose o; = A; if L(G, A;) is infinite,
and «; = w; otherwise. It follows that o/ = agapaiaq - - - ax_1ax € v(a), which means
that A — o’ € P,. Furthermore, note that for 0 < ¢ < k, it holds that «; =G, Wi
(where we apply the induction hypothesis for the case where L(G, A;) is infinite).
Consequently, A =g, o/ =, w.

As for (iii), note that if A € V,,\ I, then L(G,, A) = L(G, A) is infinite by construction.

Also,

if A— «a € P, and L(G,, A) is finite, then so is L(G, A); since a € v(a) = L(G, ),

also a € ¥*. We can thus conclude that G, is w-reduced. Lastly, for (iv), it suffices to

observe that for A € V, we have L(G,,A) = L(G, A) C [9a(A)]

EL(G) = [ﬁGw (A)]EL(GW)‘
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Lemma 20 Let h: X" — X* be a strictly alphabetic morphism.* We can construct a CFG
G" wusing nonterminals of G, such that (i) if A is a nonterminal of G", then L(G", A) =
h~Y(L(G, A)), and (i) L(G") = hY(L(Q)), and (i) if G is CC, then so is G".

Proof First, let us extend h to h:$* = 5% in the following way:

(o) = {h(a) aely

« acV

We construct the grammar G = <V, P, I>, where PP = {A 5 a: A — he P}. Note that
G is a proper CFG; in particular, P" is finite, since if a € i*, then there are only finitely
many o/ € £* such that h(a’) = a, since h is strictly alphabetic.

We now pursue two sub-claims, as follows.

e Let A € V, and suppose that A =7 ﬁ(ﬁ) for some n € N and § € i*; we claim
that A =7, B. The proof proceeds by induction on n. In the base, where n = 0,
we know that ﬁ(ﬂ) = A, and therefore A = f3; it immediately follows that A =(,, 5.
For the inductive step, let n > 0 and assume the claim holds for n’ < n. We find an
A — o € P such that o :>g_1 il(ﬂ) Let us write o = woAgw1 41 - -+ App—1w,, such
that wg, wy, ..., wy, € X* and Ay, Ay,...,Amn_1 € V. Since his strictly alphabetic, we
can write 3 as 2ofox151 - - - Bm—1Tm such that for 0 < i < m we have that A4; = fz(ﬁl)
for some n; < n — 1, and for 0 < ¢ < m we have that fz(:nl) = w;. By induction, we
have for 0 < 7 < m that A; = B;. Now, choose o = xgAgx1A1 - Apm_17,, and
note that ﬁ(a’) = a; consequently, A = o/ =t 20BoT181 - Bn—1Zm = B.

~

e Conversely, suppose that A =7, 8 for some n € N; we claim that A =, h(B). The
proof proceeds by induction on n. In the base, where n = 0, we have that A = ﬁ(ﬂ),
and therefore 8 = A; it immediately follows that A =7, 8. For the inductive step,
let » > 0 and assume the claim holds for n’ < n. We find an A — « € P" such
that A — il(a) € P and « :>g;1 5. Let us write o = woAowi41 -+ Am—_1Wm,
such that wg,w1,..., W, € 3* and Ag, A1,..., Apn_1 € V. We can also write § =
woBow1B1 -+ Bm—1wp, such that for 0 < ¢ < m it holds that A; :>gih B; with n; <n-—1.
By induction, we have for 0 <1i < n that A; =, ﬁ(ﬂi); thus, it follows that

A =G il(a) = il(wo)A()i‘L(’wl)Al s Am_liz(wm)
=6 h(wo)h(Bo)(wi)h(Br) - - h(Bm—1)h(wnm) = h(8)

From the above, claims (i) and (ii) follow quite easily.

As for (iii), it suffices to show that if A € V and w,z € L(G", A), then w =LGh) T
To this end, suppose that u,v € ¥* such that uwv € L(G"). In that case, h(uwv) =
h(u)h(w)h(z) € L(G). Since h(w), h(z) € L(G, A) by (i), h(w) =) h(z) by the premise

4. With a little effort, this proof can be adapted to work for general alphabetic morphisms; the trick is to
add a symbol that can generate all words over letters that are mapped to € by h, and to intersperse this
symbol in the right-hand sides of the productions of G".
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that G is CC. Consequently, h(uzv) = h(u)h(x)h(v) € L(G), and thus uzv € L(G").
Symmetrically, urv € L(G") implies that uwv € L(G"); we can thus conclude that w = LG
T. n

Lemma 21 Let R be a regular language. We can construct a CFG Gg such that (i) for
every nonterminal A of Gg, there exist A" € V and x € ¥* such that L(Gg, A) = L(G, A)N
[z]=,., and (it) L(GRr) = L(G) N R, and (iti) if G is CC, then so is Gg.

Proof For every congruence class [m]:R of R, pick a representative x; let C be the set of

these representatives. Note that C' is finite, by the premise that R is regular. We construct
the grammar G = (Vg, Pr, Ir), where Vg, Pr and Iy are the smallest sets satisfying

r € LG, ANC AeV re RNC Ael
A e Vg A* eIp
aprpaixl** Tp—-1a0n =R T A— aoA0a1A1 - A,_1a, €P

A — CLoAgoalA:fl s Azz&l an € Pr

Note that G is a proper CFG; in particular, Pg is finite, since C' and P are finite.
We now argue claim (i); more specifically, we claim that for A* € Vi we have that
L(GRr, A%) = L(G,A) N [z]_ . From this, claim (ii) follows immediately.

(C) Suppose that A® =g w for some n € N. We prove that w € L(G,A) N [z]_, by
induction on n. In the base, where n = 1, we have that A* — w € Pg, thus w =g x
and A — w € P by construction of Pr. Consequently, w € [z]__ and w € L(G, A).

For the inductive step, let n > 1, and assume the claim holds for n’ < n. We
then find that A =¢, o :>g;1 w for A* — a € Pg. By construction of Pg, we
know that a = agAj’al A" - - Aiilak such that agzoaiz1---2p_10; = = and A —
agAga1 Ay - - Ap_1a, € P. From this, we can derive that w = agwiaiwy - - - wi_1ax
such that for 0 <4 < n it holds that A" :>Z"R w; for some n; < n — 1. By induction,
we know that for 0 < i < n it holds that w; € L(G, A;) N [x;]— . From this, it follows
that A =7 w and w = apwoaiw - - - Wx—10) =R ATEAIT] - T—10) = T, Meaning
that w € L(G, A) N [z]

=R’

(2) Suppose that A =% w for some n € N and w =g « for « € C; it suffices to show that
A* = ¢, w- The proof proceeds by induction on n. In the base, where n = 1, we have
that A — w € P, and so A* € Vi and A* — w € Pg. Consequently, A* =G W

For the inductive step, let n > 1, and assume the claim holds for n’ < n. We
then find that A =¢ « :>g_1 w for A - a € P. In that case, we can write
a = agAga1 Ay - - Ap_1a; and w = agwoaqwy - - - wi_jay such that for 0 < i < k we
have that A; :>gf w; with n; < n — 1. For 0 < i < n, let us write x; for the unique
element of C such that z; =g w;. By induction, we find for 0 < 7 < k that Af" :>ER w;.
Furthermore, note that agzoaixy - rp_10r =R aowoaiwy -+ - - Wr_1a = w =g x, and
so we find that A” — agAy°a1 AT - Azk_’llak € Pg. In total, we have A® =7, w.
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As for (iii), it suffices to show that if A* € Vz and y, 2 € L(Gg, A"), then y =1, 2. To
this end, suppose that u,v € X* such that uyv € L(GRr). In that case, y,z € L(G, A)ﬂ[x]ER,
and thus y =p(q) 2 as well as y =g 2. Consequently, uzv € L(G,A) and uzv € R, and
thus uzv € L(GR). Symmetrically, uzv € L(Gr) implies that uyv € L(Gg); we can thus
conclude that y =1 2- |
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