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SUBDIFFUSION WITH A TIME-DEPENDENT COEFFICIENT:
ANALYSIS AND NUMERICAL SOLUTION

BANGTI JIN, BUYANG LI, AND ZHI ZHOU

ABSTRACT. In this work, a complete error analysis is presented for fully dis-
crete solutions of the subdiffusion equation with a time-dependent diffusion
coefficient, obtained by the Galerkin finite element method with conform-
ing piecewise linear finite elements in space and backward Euler convolu-
tion quadrature in time. The regularity of the solutions of the subdiffusion
model is proved for both nonsmooth initial data and incompatible source term.
Optimal-order convergence of the numerical solutions is established using the
proven solution regularity and a novel perturbation argument via freezing the
diffusion coefficient at a fixed time. The analysis is supported by numerical
experiments.

1. INTRODUCTION
Let Q@ € R? (d > 1) be a convex polyhedral domain with a boundary Of.
Consider the following fractional-order parabolic problem for the function w(z,t):
Ou(z,t) — V- (a(z,t)Vu(z,t)) = f(z,t) (z,t) € Qx (0,7,
(1.1) u(z,t) =0 (x,t) € 092 x (0,T],
u(z,0) = up(x) x €,
where T > 0 is a fixed final time, f € L®°(0,T; L?*(Q2)) and ug € L?(f2) are given

source term and initial data, respectively, and a(z,t) € R¥*? is a symmetric matrix-
valued diffusion coefficient such that for some constant A > 1

(1.2) A7gl* < afa, )8 - € < Mg, VEERY, V(2,1) € Q% (0,T],
(1.3) [Ora(z,t)| + |Vea(z, t)| + |Vioa(z, t)| <e, V(z,t) € Qx(0,T].

The notation 9fu(t) denotes the Caputo derivative in time of order a € (0,1),
defined by [16, p. 70]

(1.4) ofu(x,t) = ﬁ/o (t — s)"“Osu(x, s)ds.

The literature on the numerical analysis of the subdiffusion problem is vast; see
[21, 11, 9, 15] for a rather incomplete list and the overview [10] (and the references
therein). The work [11] analyzed two spatially semidiscrete schemes, i.e., Galerkin
finite element method (FEM) and lumped mass method, and derived nearly opti-
mal order error estimates for the homogeneous problem. The inhomogeneous case
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was analyzed in [9]. See [15] for a finite volume element discretization, and [14]
for a unified approach. There are a number of fully discrete schemes, e.g., convo-
lution quadrature [36, 12], piecewise polynomial interpolation [33, 21, 2, 7, 35, 32],
discontinuous Galerkin method [26, 27]; and some of them have an O(r) rate for
nonsmooth data, with 7 being time step size. However, all these works analyzed
only the case that the diffusion coefficient a is independent of the time ¢. These
works mostly employ Laplace transform and its discrete analogue for analysis, which
are not directly applicable to the case of a time-dependent coefficient. Recently,
Mustapha [28] analyzed the spatially semidiscrete Galerkin FEM for (1.1) using
a novel energy argument, and proved optimal-order convergence rates for both
smooth and nonsmooth initial data (with a zero source term) based on certain
assumptions on the regularity of the PDE’s solution.

In this article, using a novel perturbation argument, we present a new approach
to analyze a fully discrete scheme for problem (1.1) based on the Galerkin FEM
in space and backward Euler (BE) convolution quadrature in time, covering initial
data and source term simultaneously. The main contributions of this paper are as
follows. First, we give a complete existence, uniqueness and regularity theory for
problem (1.1) in Theorems 2.1-2.3, which are crucial to the error analysis. Second,
we derive sharp error estimates for the spatially semidiscrete Galerkin FEM. This
is achieved by combining error estimates for a time-independent coefficient and a
perturbation argument in time. Third, we derive nearly sharp error estimates for
the fully discrete method. All error estimates are given directly in terms of the
regularity of the initial data and source term, under mild regularity assumptions
on the diffusion coefficient a(z,t) that are weaker than the assumptions in [28]; see
Remark 2.2 for the precise statement.

There are a few relevant works on standard parabolic problems with a time-
dependent coefficient [24, 30, 31, 19]. For example, Luskin and Rannacher [24]
proved optimal order error estimates for both spatially semidiscrete and fully dis-
crete problems (by BE method) using a novel energy argument, and Sammon [30]
analyzed fully discrete schemes with linear multistep methods. Our error analysis
relies crucially on a perturbation argument, using basic estimates given in Lemmas
3.1 and 3.2, which are of independent interest. Generally, the idea of freezing coef-
ficients and perturbation in time has been proved very useful in combination with
energy estimates [31] and LP estimates [1, 18, 20]. In this work, we have successfully
adapted the idea to the subdiffuion model.

The rest of the paper is organized as follows. In Section 2, we discuss temporal
and spatial regularity of the solution for nonsmooth problem data. Then in Section
3, we prove optimal-order convergence of the spatially semidiscrete Galerkin FEM
for both homogeneous and inhomogeneous problems. In Section 4, we present
the error analysis for the fully discrete FEM and prove first-order convergence in
time. Last, in Section 5, we present numerical examples to support the theoretical
analysis. Throughout, the notation ¢, with or without a subscript, denotes a generic
positive constant, which may differ at each occurrence, but is always independent
of the mesh size h and step size 7.

2. REGULARITY THEORY

In this section we investigate the regularity of the solutions of problem (1.1).
For any function f(xz,t) defined on Q x (0,7T"), we denote by f(¢) the function
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f(,t). Let —A : H(Q) N H%(Q) — L?(Q) be the negative Laplacian operator
with a zero Dirichlet boundary condition, and {(};, ¢;)} be its eigenvalues ordered
nondecreasingly (with multiplicity counted) and the corresponding eigenfunctions

normalized in the L?(€2) norm. For any 7 > 0, we denote the space H"(Q) = {v €
L2(Q) : (=A)zv € L?(Q)}, with the norm [34, Chapter 3]

2 r 2
”vHHr(Q) = Z >‘j ('Uv Spj) .
j=1

Then we have HO(Q) = L2(Q), H'(Q) = H}(Q), and H?(Q) = H*(Q) N H(Q).

2.1. Subdiffusion with a time-independent coefficient. First we recall basic
properties of the subdiffusion model with a time-independent diffusion coefficient,
ie., a(z,t) = a(x). Accordingly, we denote by A : H}(Q) N H?(Q) — L*(Q) an
elliptic operator, defined by
Ag(x) := =V - (a(x)Vo()),

and consider the problem
(2.1) Ofu(t) + Au(t) = f(t) t€(0,T], with u(0) = uo.
This problem has been studied in [3, 4, 23, 25, 29, 13]. The following maximal
LP-regularity holds [3].
Lemma 2.1. Ifug = 0 and f € LP(0,T; L*(Q)) with 1 < p < oo, then problem
(2.1) has a unique solution u € LP(0,T; H?(2)) such that Ofu € LP(0,T; L*(Q))
and

ull oo, 12(0)) T 108l oo, 02(0)) < ellfllzeo,7522(0))
where the constant ¢ does not depend on f and T.

By means of Laplace transform, the solution u(t) can be represented by [13,
Section 4]

¢
(2.2) u(t) = F(t)up + / E(t—s)f(s)ds,
0

where the solution operators F'(t) and E(t) are respectively defined by

1
(2.3) F(t):=— (2 + A) " de,

27T1 FG,S
1
2.4 B(t) = — **+A)Nd

( ) ( ) 27Ti 1_‘9,6 € (Z + ) Z?

with integration over a contour I'y s C C (oriented with an increasing imaginary
part):

Tos={2€C:|z| =4 argz| <O}U{z€C:2z=pet? p>4}.

Throughout, we fix 6§ € (3, 7) so that 2* € ¥,9 C g := {0 # 2z € C: arg(z) < 0},
for all z € ¥y. The next lemma gives smoothing properties of F'(¢) and E(t), which
follow from the resolvent estimate

(2.5) [(z+A) 7Y < colz|™', Vze D, Vo€ (0,7),
where || - || denotes the operator norm from L?(£2) to L?(2).
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Lemma 2.2. The operators F' and E defined in (2.3) and (2.4) satisfy the following
properties.
(i) tANE@) = D +IF(t) — Il <e, Vte (0,T];
(i) ' E@[ + | @) +t|AE®)| < e, Ve (0,T];
(iii) t*||AF(t)|| + =P A=PF'(t)|]| < ¢, Vte (0,T],B€]0,1].

Proof. Parts (i) and (ii) have been shown in [13, Lemma 3.4]. By letting § = t~! in
Iy s and z = scos ¢ + issin ¢, using (2.5), we have (with |dz| being the arc length
Of Fe\g)

|AF(t)]| = H A2 A + A) T dz

To,s

< c/ eg“:(z)t\zﬁ‘_1 |dz|
To,s

oo [4
< C/ estc0505a71d8+c/ ecosg@éad@ < ot~
5 -0
Next, direct computation gives F'(t) = 5 frg , €'2%(2* + A) dz, and thus by the
estimate (2.5),

ROEY / PO 2 [dz] < et
0,6

which shows the assertion for ﬁ = O Meanwhile, by the identity 2%(z% + A)~1
IT—A(z*+ A)~1, we have F'(t) = 3= Jr., € N ez (2% + A)dz = — 5L fFe ) ZtA(z +
A)dz, and thus

[ AP <e [ ROz <t
Tos

This shows the assertion for 8 = 1. Then the desired bound on tlfﬁo‘HA’ﬁF’(t)H

in part (iii) follows by interpolation.

2.2. Regularity theory for subdiffusion with a time-dependent coefficient.
Now we develop the regularity theory for the case of a time-dependent diffusion
coefficient. The work [37] gave some interior Holder estimates for bounded mea-
surable coefficients. Recently, Kubica et al [17] showed the unique existence by
approximating the coefficients by smooth functions, and derived several regularity
estimates. We shall provide a different approach to derive regularity estimates in
Sobolev spaces, which are essential for the error analysis in Sections 3 and 4.
We define a time-dependent elliptic operator A(t) : H2(Q) — L*(Q) by

At)p = =V - (a(z,1)V9), V¢ e H*(Q).
Under condition (1.3), the following estimate holds:
(2.6) I(A(t) = A(s))vllz2() < cft = sllvlln2()

First we give the existence, uniqueness and regularity of solutions to problem
(1.1) with uo = 0.

Theorem 2.1. Under conditions (1.2)-(1.3), with ug = 0 and f € LP(0,T; L?(12)),

1/a < p < oo, problem (1.1) has a unique solutionu € C([0,T]; L*(Q))NLP(0,T; H2(Q))

such that 9w € LP(0,T; L*(12)).
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Proof. For any 6 € [0, 1], consider the following fractional-order parabolic problem
(2.7) Ofu(t) + A(Bt)u(t) = f(t), te€(0,T], withu(0)=0,
and define a set
D ={0 €[0,1] : (2.7) has a solution u € L”(0,T; H?(2))
such that 0fu € LP(0,T; L*(2))}.

Lemma 2.1 implies 0 € D and so D # ().
For any 6 € D, by rewriting (2.7) as

(2.8) ofu(t) + A(Oto)u(t) = f(t) + (A(Otg) — A(Ot)u(t), te (0,T],
with u(0) = 0, and by applying Lemma 2.1 in the time interval (0,%y), we obtain
108 ull L (0,t0;22 () + 1wl e (0,805 E2(02))
§CHf||LP(0,t0;L2(Q)) + cl|(A(6to) — A(et))“(t)HLP(O,to;L"'(Q))
(2.9) <c[| fllzr(0,t0;22(02)) + ll(to = )u®) | Lr (0,102 (22))
where the last line follows from (2.6). Let g(t) = ||u|\’£p(01t;H2(Q)), which satisfies
g'(t) = ||u(t)H€Iz(Q). Then (2.9) and integration by parts imply

to
olt0) < el o aarany ¢ | o =075/
to
= iy + e | (to = P a0

to
< Wy +< [ (B
which implies (via the standard Gronwall’s inequality)
9(t0) < cllf 7o 0u0z2(y): 1€ IullLootosmz()) < cllfllLeo,toir2@))-
Substituting the last inequality into (2.9) yields

(2.10) 107 ull Lo (0.t0:22 () + [l Lo 0,020y < €ll fllLo 0,022 (2))-

Since the estimate (2.10) is independent of § € D, D is a closed subset of [0, 1].
Now we show that D is also open with respect to the subset topology of [0, 1].

In fact, if 6y € D, then problem (2.7) can be rewritten as

(2.11)

O u(t) + A(Bot)u(t) + (A(Ot) — A(Bot))u(t) = f(t), te (0,T], withu(0)=0,

which is equivalent to
(2.12) 14 (02 + A(Oot)) "L (A(t) — A(6ot)) | u(t) = (OF + A(Bot)) 1 f(1).

It follows from (2.10) that the operator (92 + A(6ot)) 1 (A(0t) — A(6pt)) is small in
the sense that

(o7 + A(Qot))‘l(A(et) — A(aot))||Lp(07T;H2(Q))%LP(O,T;Hz(Q)) < c|f — 0]
Thus for ¢ sufficiently close to 6, the operator 1+ (95 + A(Oot))~H(A(Ot) — A(Bot))
is invertible on LP(0, T; H%(£2)), which implies § € D. Thus D is open with respect
to the subset topology of [0,1]. Since D is both closed and open respect to the
subset topology of [0,1], D = [0,1]. Further, note that for 1/a < p < oo, the
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inequality (2.10) and the condition u(0) = 0 directly imply u € C([0,T]; L*(Q2))
[13, Theorem 2.1], which completes the proof of the theorem. O

The following generalized Gronwall’s inequality is useful ([5, Lemma 6.3] and [8,
Exercise 3, p. 190]).

Lemma 2.3. Let the function p(t) > 0 be continuous for 0 <t <T. If
o(t) < at™ 1+a+b/ s) M Pp(s)ds, 0<t<T,

for some constants a,b > 0, a, 8 > 0, then there is a constant ¢ = ¢(b, T, o, ) such
that

o(t) <cat ™ 0<t<T.
Next we give the spatial regularity of the solution u for the case f = 0.

Theorem 2.2. Under conditions (1.2)-(1.3), with ug € H?(Q), 0 < g < 2, and
=0, problem (1.1) has a unique solution u € C([0,T]; L*(Q)) N C((0,T]; H*(£2))
such that 98w € C((0,T]; L*(Q2)), and

[u()||r2(0) < Ct_(l_ﬂ/z)a||U0HHﬁ(Q)-

Proof. The existence and uniqueness of a solution can be proved in the same way
as Theorem 2.1 based on the a priori estimate below. We rewrite problem (1.1) as

O u(t) + Alto)ult) = (Alto) — A(t))u(t) + f(t), t€(0,T], withu(0) = uo,
Then the solution u(t) can be represented by

u(t) = F(t:to)uo + / Bt — s:10)(Alto) — A(s))u(s)ds

(2.13) / E(t — s;t0) f(s)ds,
where the operators F'(¢;tg) and E(t;t0) are defined respectively by
1
F(t;t) :i= — e 2272 + Alto)) "t de,
27 Jr, 5
and
1
E(t;t — (2™ + A(to)) " de.
(10 = g [ Ao

In the case f = 0, applying A(ty) to both sides of (2.13) yields

Alto)u(t) =A(to) F'(t;to)uo + /0 Alto) E(t — s;3t0)(A(to) — A(s))u(s)ds.
Then conditions (1.2)-(1.3) and Lemma 2.2(ii) imply

[uto) | m2() < cllA(to) F(tos to)uollL2(q)

e / " A(t) E(to — s t0) 1 (Alto) — A(s))u(s) | z(ayds

0

to
< etg T o o + / (fo = ) (t0 = 9)llu(s) 120 s
0
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to
= ctg PP gl s +C/ [u(s)l| r2(0)ds, Vo € (0,T].
0

The desired estimate follows from the generalized Gronwall’s inequality in Lemma
2.3. It remains to show u € C([0,T]; L2(2)) N C((0,T); H2(£2)). Indeed, note that
(by fixing to = 0)

t
[[u(t) = uoll L2 (@) < [[F(t;0)uo = uoll2(a) +/ (t = 5)""sllu(s)] 2 ()ds,
0
which together with the bound on ||u(s)|| z2(q) implies

li t) —
Jim [u(t) — woll 120

t
m c/ (t =)t P2 lug|| o ) = 0.
0

< I F(t;0 — li
< lim [[F(#;0)uo Uo||L2(Q)+H10+

t—0+

i.e., lim,_,o+ u(t) = ug in L?*(Q). The rest of the assertion follows similarly. This
completes the proof. ([

To analyze the temporal regularity, we first give three technical lemmas.

Lemma 2.4. Let conditions (1.2) and (1.3) be fulfilled, and u be the solution to
problem (1.1) with ug € L*(Q) and f = 0. Then there holds

d t
% /O E(t — s;to)(A(to) — A(s))u(s)ds|,_, llr20) < clluollzz(a)-
Proof. Let I = <& fg‘ E(t — s;t0)(A(to) — A(s))u(s)ds|t=t,. Then

to+e
I=lim E (/0 E(tg+e—s;tg)(A(to) — A(s))u(s)ds

e—0 &
(2.14) - /0 " Blto — s:t0)(Alto) —A(s))u(s)ds) —: lim A(e).
If € > 0, then
1 to+e
A@zg[ Elto + — 5:to) (A(to) — A(s))u(s)ds
N /0 0 E(to +e— S;toz — E(to — S;to) (A(to) B A(s))u(s)ds
(2.15) — L +1L.

By applying Lemma 2.2(ii), (2.6) and Theorem 2.2, we deduce
to+e
e ll2@) < e / [1E(to + & — s;t0) ||| (A(to) — A(s))u(s)l| L2 () ds
¢
(;50+5
§c€_1/ fto + & — 51t — 8| [u(s) | 2y ds

to

to+e
<0571/ [to + & — 5| fto — s[s™[|uol| L2()ds

to

to+e
<ce ! / [to + ¢ — s|a*1(5)t50‘\|u0||Lz(Q)ds < ety *uoll L2 (),

to
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and similarly,

to 1
Mg p2) = H /0 /0 E'(to + 0 — s;t0)(A(to) — A(s))u(s) dods

L2()

1 to
<ec / / (to + 62 — 5)*2(to — )||u(s)] 2y dsdld
0 0

IA

to
e [0 =) u(s) ooy ds
0

to
< C/ (to — S)a_ls_aHuOHLz(Q) ds < C||u0||L2(Q)-
0

If —ty <e <0, then

AE) :g—l/to Elto — 5:t0) (A(to) — A(s))u(s)ds

o—lel

to=lel Bty — sito) — E(to — |e| — sito)
+/0 - (A(to) — A(s))u(s)ds

=1_4+1II_,
and similarly, we obtain
IT-[[z2(0) < ce®(to + ) *[uollr2) and [[I-|r2(0) < clluollr2(o).-
Combining the preceding estimates yields the assertion. O

Lemma 2.5. Let conditions (1.2) and (1.3) be fulfilled, and u be the solution
to problem (1.1) with f € C([0,T); L3(2)), fg(t —8)* 7 f(s)l L2(ds < oo and
ug = 0. Then there holds

¢

t
/0 (t — ) uls) 2y ds < el FO)ll 2 + ¢ / (t— ) V£ (5)]| 2 ey .

Proof. By the solution representation (2.13) with ug = 0, we have
to
Alto)ulty) = / Alto)E(to — s:to) £(s)ds
0

+ /0 i A(to)E(to — s;t0)(A(s) — A(to))u(s)ds := T+ 1L

It follows directly from the definition of the operators E(s;tg) and F(s;tg) that the
identity A(to)E(s;to) = — L F(s;tg) = <-(I — F(s;t0)) holds. So upon changing
variables and integration by parts, we obtain

I= /O 0 A(to)E(s;to) f(to — s)ds = / 0 di(]— F(s;tp))f(to — s)ds

0 8
to d
= (Fltoito) = DFO) = [ (1= Flsito) 5 1 (to ~ )
0
where we have used the identity F(0;tg) = I. Thus, by Lemma 2.2(i), we obtain

to
W22y < cllf ()]l ey + / 17(3) 2y ds.
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Similarly, by Lemma 2.2(ii) and (2.6), for the term II, we have
to

to
[l r2(0) < C/ (to — )~ [to — s[l[Ato)u(s) | 2(yds = 6/ [ A(to)u(s)]|L2@)ds.
0 0

Let g(t) = fg(t — 5)* Hu(s)|| g2(a)ds. Then the last two estimates together give
t
ot) < [ (=9 (W Laey + M 1e(oy) ds

t s £
<e / (t— ) (1F(O) |2y + / 17 2 de + / (€) | 1r2(end€) dis
t

t
< ctO‘Hf(O)HLz(Q) +c/0 (t—S)aHf/(S)HL2(Q)dS+C/O g(s) ds,

where the last line follows directly from the semigroup property of Riemann-Liouville
integral and change of integration orders. Now Gronwall’s inequality gives

t
o(t) < et £O) 2y +e [ (=517 () paiards,
0
from which the desired assertion follows directly. O

Lemma 2.6. Let conditions (1.2) and (1.3) be fulfilled, and u be the solution
to problem (1.1) with f € C([0,T); L*(2)), fg(t =) f(s)lL2ds < oo and
ug = 0. Then there holds

||% /0 B(t — s;to)(Alto) — A(s))u(s)ds|,_, llr2(a)

to
<cllF(0)l 2y + / (to — )£ ()| 2y ds.
0

Proof. For any small € > 0, we employ the splitting (2.14). By Lemma 2.2(ii) and
(2.6), we bound the term I by

to+e
ol <0 [ B0 42— 5101 (A) ~ A (o)1= s

to

) to+e L
< e / to + & — 5| Jto — slllu(s) | =y ds

< .
to+e

< C/ lto + & — | H|w(s)| g2 () ds.
to

This estimate, Holder’s inequality and Theorem 2.1 directly imply lim._,o+ |11 ||z2() =
0. For the term I, Lemma 2.2(ii) gives

to 1
/0 /0 B/ (g + 0 — s:10) (Alto) — A(s))u(s) dods

MLl = '
L2(Q)

1 rto
< C/ / (t0+05—s)0‘—2(t0—S)||u(3)HH2(Q) dsdd
0 Jo

to
< [t =9 uls) o ds.
0

which together with Lemma 2.5 yields the assertion for € > 0. Similar estimates
hold for the case € < 0, and this completes the proof of the lemma. |
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Remark 2.1. Note that the bound on Il in Lemma 2.4 blows up for a« — 17:

to
/ (to — 5)* 's™*ds = B(a,1 — a),
0

and in view of the asymptotics B(a,1 —a) = O((1 —a)™1) as a — 17, it blows
up at a rate 1/(1 — «). Actually, this can be avoided by the following alternative
argument:

1ML [ 20

B H /o 0 /0 E'(to + 0 — sito) A(to) /2 A(to) /2 (1 — A(to) " A(s))u(s) dods

L2(Q)

1 to
< c/ / (to + 0 — )2 2(to — s)|| A(to) "/ *u(s)| 12 (o) dsdb
0 0
to
< [0 =9 (o) i oy ds
0

to
< c/ (to — 8)** L7 2||ug || 12y ds < c|luollr2(0),
0

where the first inequality is due to (2.6), Corollary 3.1 below and interpolation. The
same argument can be applied to the term II; in Lemma 2.6. Thus, the involved
constants are bounded for o — 1.

Now we can give the temporal regularity of the solution u.

Theorem 2.3. Let conditions (1.2)-(1.3) be fulfilled, and u be the solution to prob-
lem (1.1).

(i) Foruo € H?(Q),0< B <2, and f =0, then
I @l < et fugll s .

(ii) For ug = 0, f € C([0,T]; L*(Q?)) and fg’(t —8)* () L2 ds < oo,
then

¢
[/ (@)l 200y < et FO) ] p2e) + C/ (t =) () 22 (o) ds.
0
(iii) For up =0 and f € LP(0,T; L*(Q)) with 2/a < p < oo, then

w1 ) < ellfllze©.6029))-

Proof. The proof employs the solution representation (2.13). By Lemma 2.2(iii),
we have

d (1o
|57 F (& to)uo] g, || oy < et ™2 ol s -

This and Lemma 2.4 yield the assertion in part (i).
To show part (ii), differentiating (2.13) with respect to t yields

(2.16) u(to) = %/0 E(t — s;t0)(A(to) — A(s))u(s)ds

t=to

d [t
—|—&/0 E(s;to) f(t — s)ds

t=to
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In view of the identity

C(lit/tE(s;to)f(t—s)d E(t;to)f / E(s;to) f'(t — s)ds,

by Lemma 2.2(ii), we have

H / Esito) f(t — 5)ds

L?(Q)

< Bt t0) F(O) | 2o + / 1E(s5t0) /(¢ — 9)| g ds,

t
(2.17) < ct= ) £(0)| 2o + C/ s F'(t = 9)| L2 (q) ds.
0

This and Lemma 2.6 complete the proof of part (ii).
Last, for the choice 2/a < p < 0o, Lemma 2.1 implies

we LP(0,T; H*(Q)) N WeP(0,T; L*(Q)) < WP(0,T; (L*(9), H?(Q))1/2)
= We22(0,T; H' () — C([0, T}; H'(2)),

where (L*(Q2), H?*(2)),/2 denotes the complex interpolation space between L?(€)
and H?(£), and the last embedding is a consequence of [13, equation (2.3)]. Then
the proof of Theorem 2.3 is complete. O

Remark 2.2. In the error analysis, the work [28] requires the following conditions
on the coefficient a(z,t): a(z,t),0a(z,t) € L*®(0,T;WH>(Q)) and dZa(z,t) €
L*>(0,T; L>(Q)), which are more stringent than (1.3). Further, the work [28] has
assumed the following regularity on the solution u to the homogeneous problem:
for0<p<qg<2,

) ragey + e Oll oy < et~ @2 gl o -
In contrast, for the homogeneous problem, we proved the following estimates under
assumption (1.3):

B2 ()| 20y + ¢ (D) 2200y < elluollgo gy

and similar estimates for the inhomogeneous problem. It is worth noting that
unlike the argument in [28], the error analysis below does not need the regularity
[ (t)|l f72(q)> which allows us to relax the regularity assumption on the coefficient
a(z,t).

Remark 2.3. Our discussions focus on the low regularity in space, i.e., u(t) € H?(),
which is sufficient for the error analysis of the piecewise linear FEM in Section 3.
These results cannot be further improved for ug € L?(Q2) or f € LP(0,T; L*()),
due to the limited smoothing properties of the solution operators (at most of order
two in space). For smoother problem data, one may expect higher spatial regularity
of the solution. For example, for the homogeneous problem with a time-independent
elliptic operator, there holds for any 8 > 0 [29]

Hu(t)||H2+ﬁ(Q) < Ctia”uO”HB(Qy t>0.

Naturally, one may expect similar estimates for the case of a time-dependent elliptic
operator, provided both the domain Q and the coefficient a(x,t) are sufficiently
smooth. Further, note that the regularity analysis extends straightforwardly to the
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slightly more general elliptic operators with the potential and convective terms,
provided that the coefficients in the lower-order terms have suitable regularity.

3. SEMI-DISCRETE GALERKIN FINITE ELEMENT METHOD

In this part we investigate the semidiscrete Galerkin FEM. Let 7; be a shape
regular quasi-uniform triangulation of the domain  into simplicial elements, and
h be the maximal diameter of the elements. Let S, C Hg(D) be the space of
continuous piecewise linear functions over the triangulation 7;. Then we define the
L?(Q) orthogonal projection Py, : L*(Q) — Sy, by

(Pap,x) = (p:x) Y€ L*(Q), VX € Sh.
The operator P, satisfies the following error estimate
P — @2y + RIV(Phe — ©)llL2) < ch?|@llma), © € HY(Q), ¢=1,2.

The spatially semidiscrete FEM for problem (1.1) reads: find uy(t) € Sy such
that

(31) (atauh(t%X) + (a(7t)vuh(t)7 VX) = (f(7t)a X)7 VX € Sh; te (O7T]7
with up,(0) = Prug. Then we define a time-dependent operator Ay (t) : Sy, — Sp, by
(Ap(t)vn, x) = (a(-,t)Vun, Vx), Yop,x € Sh.

Under condition (1.2), Ap(t) : S, — Sk is bounded and invertible on Sp, and
problem (3.1) can be rewritten as

(32) 8f‘uh(t) + Ah(t)uh(t) = th(t), Vte (O,T}, with uh(O) = Pyuyg.

3.1. Perturbation lemmas. In this part we give two crucial perturbation results.
We need a time-dependent Ritz projection operator Ry (t) : H}(Q) — Sj defined
by

(3:3)  (alt)VRA(t)e, V) = (a(-, 1)V, VX), Ve € Hy(Q),X € Sh.
The operator Ry, (t) satisfies the following approximation property [24, p. 99]:
3.4
|(|Rh)(t)<P—<P||L2(Q) +h|V(Bu () e =)l 2 () < chlllaae), ¢ € HY(Q),q=1,2.
Lemma 3.1. Under conditions (1.2)-(1.3), the following estimate holds:
11 = An(t) " An(s))onllz2 () < elt = slllonll 2y, Yon € Sh.
Proof. For any given vy, € Sy, let ¢, = Ap(s)v, and wy, = Ay (t) " 1pp. Then
(An(t)wn, x) = (on:X) = (An(s)vn, x); VX € Sh,
which implies
(a(-,t)Vwp, Vx) = (a(+, 8)Vop, Vx), VX € Sh.

Consequently,

(a(-, ) V(wp —vp), Vx) = ((a(+, s) — a(-,t))Vop, Vx), Vx € Sh.
Let ¢ € HL(Q) be the weak solution of the elliptic problem
(3.5) (a(- )V, VE) = ((a(-, s) — a(-,1))Von, VE), V&€ Hy().
By Lax-Milgram theorem, ¢ satisfies the following a priori estimate:

910 < cll(al-;s) —a(-,1))Vup|l2(o) < cft — s|llvallmr(@)-
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Thus, with the Ritz projection Ry, (¢), cf. (3.3), we have wy, — vy, = Rp,(t)¢.
By the error estimate (3.4) and the inverse inequality,

wn —vn = Bllr2(0) < chl|dllnr() < chlt — slllvnllar (@)
< cft = slllvnllL2()-
Thus, the triangle inequality implies
(3.6) lwh = vrllL2) < elt = slllvnllz@) + 9llL2()-
For any ¢ € L?(Q), let £ € H? (2) be the solution of the elliptic problem
=V (a(-,t)VE) = ¢.
Then (€|l g2y < cll¢llz2(). By substituting £ into (3.5), we obtain
(¢, )| = |(a(-, )V, VE)|
= |((a(-; s) — a(-,1)) Vg, V)|
= |(vn, V- (a(-,8) — a(-,1))VE)|
< cft = slllvnll2(0) €] H2(0)
<cft = sll|vnllz @) lell2@)-
This implies (via duality)
(¢, )]

2 = sup ———— <clt —s||lvnlr2)-

eer2() [ellz @)
Substituting the last inequality back into (3.6), we deduce
lwn = vallL2(0) < clt = s[l|vallL2(o).-

This completes the proof of Lemma 3.1. a

Remark 3.1. Note that the semidiscrete operator Ay (¢) is self-adjoint. Then Lemma
3.1 together with a duality argument yields

(I — Ah(S)Ah(t)_l)’UhHLz(Q) <clt— S|th||L2(Q), Youp € Sh.
Consequently,
1(A(t) = An(s))onll 20y < I = An(s)An () ™) An(t)onll 20
S C‘t — 5|||Ah(t)UhHL2(Q)-
Further, the interpolation between g = 0,1 yields
1AL () (T = AR(t) ™" An(9))vnll2() < clt — sl A7 (E)onll L2 (0)-

The following result is the continuous analogue of Lemma 3.1, and it is indepen-
dent interest.

Corollary 3.1. Under conditions (1.2)-(1.3), the following estimate holds:
I = AT A())wll ey < clt = slllvllrzi), Vo € Hy(Q).
Proof. For any v € H2(Q), there holds Ay (s)Ry(s)v = PrA(s)v [34, equation
(1.34), p. 11]. By the standard error estimates for Galerkin FEM,
1AR(8) " A () Ra(s)v — A(t) T A(s)vl| 120
=[I(AR(t) " Py — A1) A(s)vll 20
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<ch®||A(s)vll L2 ) < ch?||vll a2 (q)-
Then by Lemma 3.1 and the triangle inequality, we deduce
17 = A~ A(s))oll 2o
<L = An(8) ™ An(s)) R (s)vllz2(0) + ch?||v]l 2o
<clt — s|| Ru(s)vll 120 + ch®[|v] 20y
<clt — sl|vllz2() + clt = sl|Rn(s)v — vl r2() + ch®||v] m2(0)
<c|t = sll[vll2() + (|t = sl + R®|[v]l2(), Vo € HA ().

Then the assertion follows by letting A — 0 and noting that the space H?() is
dense in H} (). O

Lemma 3.2. Under conditions (1.2)-(1.3), the following estimate holds:
(3.7) (B (t) = Bi(s))vll 2y < ch®lt = sl|[v]l w2, Vo € HX Q).

Proof. By the definition of Ritz projection, cf. (3.3), the difference n;, = Ry, (t)v —
Ry (s)v € Sy, satisfies

(a(-, 89)Vnn, Vx) = ((a(-,t) — a(-,8))V(v — Rp(t)v),Vx), Vx € S.
Let n € H(2) be the weak solution of the elliptic problem
(38)  (a(,s)Vn,VE) = ((al(-,t) — a(-,5))V(v = Ry (t)v), VE), V¢ € Hy(Q).

By the definition of Ry(s), cf. (3.3), n, = Ru(s)n and by the error estimate (3.4),
there holds

1nn = nllL2(0) < chllnllm @) < chll(al-t) = al-, $)) V(v = Ru(t)v)| 12(0)
< Ch2|t — S|||U||H2(Q).
The triangle inequality implies
(3.9) InallLz) < ch®[t = s|l|vlla2@) + 7]l L2 @)-

Next we use a duality argument to bound |9 z2(q). For any ¢ € L*(2), let £ €
H?(Q) be the solution of the elliptic problem

=V (a(-,5)VE) = ¢.
Upon substituting £ into (3.8), we obtain
[(n, @)l = [(al:,5)Vn, VE)| = [((a(-, t) — a(-, 5))V (v — Rp(t)v), V)|
= (v = Rp(t)v, V- ((a(-, 1) — a(, 5))VE)|
< cllv = Ru(t)vll L2 |t = slliglz2 @
< ch?|Jo)l g2y |t = slllell L2,
which implies (via duality)
11l 22 () < ch®|[olla2(o)lt = 5.

Substituting the above inequality into (3.9) yields Lemma 3.2. ]
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3.2. Semidiscrete scheme and error estimates. By the discrete maximal LP-
regularity, one can show the existence and uniqueness of a FEM solution wy,(t).
We also have the following stability estimates. The proof is identical with that for
Theorems 2.1-2.3, using the estimates in Section 3.1, and hence it is omitted.

Theorem 3.1. Let conditions (1.2)-(1.3) be fulfilled, and uy be the solution to
problem (3.1).

(i) Foruo € H?(Q),0< B <2, and f =0, then
[ Anun (1)l 20y < et~ B2 g o g
s ()220 < et~ 0 g s

(i) Forug = 0, f € C([0.T]: Q) and Ji(t — )| f'(3)]|12(@y ds < oc.
then

| Anunl Lo o122 ) + 107 unll e 0,1522(0)) < el flloro,7:02(9))

t
[uh, ()]l L2 () < ™ F(0)]| 2o + C/O (t =) (s)] L2 ds,
t t
/ (t =) Anun(s) || L2)ds < ¢l F(0)llz2a) + C/ (t =) (9)ll L2 ds.
0 0
(iii) For ug =0 and f € LP(0,T; L*(Q)) with p € (2/a, 00), then
Jun (O a1e) < cll fllLr.622(0)-

Now we derive error estimates for the semidiscrete solution up. Problem (3.1)
can be rewritten as

Ofup(t) + An(to)un(t) = Puf(t) + (An(to) — An(t))un(t), te€ (0,71,
with up,(0) = Pypug, whose solution is given by
(3.10)

up(t) = Fi(t;to) Pruo + /O Ep(t — S;to)<th(8) + (An(to) — Ah(s))uh(3)>d57

where the semidiscrete solution operators Fj,(t;to) and Ep(t;to) are defined respec-
tively by
1

zt ja—1/_ « —1
— Ap(t d
2mi Tos ©F o+ Anlto)) ’

Fh(t, to) =

and
1

En(t;to) == o )i
6,5

e (2% 4+ Ap(ty)) ' dz.
Let ey, = Ppu — up. Then by (2.13) and (3.10), e can be represented by
en(t) =(PuF(t: to)uo — Fa(t: to) Phtg) + /Ot(PhE(t ~ sito) — En(t — s:10)Py) f(s)ds
+ /Ot(PhE(t — sito) — En(t — s3t0) Pu)(A(to) — A(s))u(s)ds

+ / Bn(t = 55 t0) (Pu(Alto) — A(3)u(s) — (An(to) — An(s))un(s) ) ds
0
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(3.11)
4
=: > T(t)
i=1

The terms I;(¢) and Is(t) represent the errors for the homogeneous and inho-
mogeneous problems with a time-independent operator A(tg), respectively, which
have been analyzed: [11, Theorem 3.7] implies

(3.12) ITa(to)ll 2 () < ety PR uoll oy, B € 10,2,
and by the argument in [9], there holds (with ¢, = log(1 + 1/h))
(3.13) o (to) |2 () < ch® 61|l Lo (0.1:22(2))-

It remains to bound the two terms I5(¢) and I4(¢), which are given below. We
shall discuss the homogeneous and inhomogeneous problems separately.

Lemma 3.3. Under conditions (1.2) and (1.3), for ug € L*(Q) and f = 0, for the
term I3(t), there holds

I3 (o)l 2(2) < eh®[luoll L2(a)
Proof. By the definitions of the operators E(t;to) and Ep(t;tg), we have

113 (o)l L2(0)
z(to—s) o -1
<c/ / e |H (2% + A(to)) " — (2% + An(to)) Ph||L2(Q)
95

x [[(A(to) — A(s))u(s)]| |dz|ds.
By condition (1.2), for any z € I'g 5, we have [6, p. 820]
[(z* 4+ A(to)) ™" — (2* + An(to)) ' Pal| < ch?,
where the constant ¢ is independent of z. Meanwhile, condition (1.3) implies

[[(A(to) — A(s))u(s)||lL2() < clto — s|l|u(s) || m2()-
Thus by Theorem 2.2,

to to
s to)ll 22y < ch? / (to — )" (to — 8)l[us) | 2y s < ch? / u(s) 172yl
0 0

to
(3.14) = Ch2/ 5™ Juo | L2(yds < ch®|luollL2(o)-
0
This completes the proof of the lemma. O

Lemma 3.4. Under conditions (1.2) and (1.3), for ug € L*(Q) and f = 0, for the
term 14(t), there holds

to
ILato)ll 2y < hlluoll ey + ¢ / len ()l 2 ds.
0

Proof. Let e, = Prpu — uy,. Using the identity P, A(s) = Ap(s)Rp(s) [34, (1.34), p
11] and the triangle inequality, we derive

Itz = | [ Bata = sito) () i) = A6t
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= (An(to) — An(s))un(s) )ds

L2 ()

< ] / " Bulto — s:10)(An(to) — An(s))en(s)ds
0

L2(Q)
to
‘|

[ Bnto = ssto) (An(to) (Ralto) — Pa)u(s)

— Ap(s)(Ra(s) — Ph)u(s)>ds

L2(9)
=:1,.1(t0) + Ls2(to)-
For the term I 1(¢0), by Lemmas 2.2(ii) and 3.1, we have

Lo (to) = \ [ Antt0)Buta — s510)(1 = Anto) (s (s)ds

L2(Q)

< / A (to) Butto — 5: o) |1 — An(to) " An(s))en(s)l| 2y ds

to

to
< c/ (to — s)fl(to — s)||eh(s)HL2(Q)ds = c/ llen(s)]l L2 (o)ds.
0 0

For the term I, 2(to), by the triangle inequality, we further split it into

Lia(to) < ‘ /0 " Bulto — 5:t0) An(to) (Ba(to) — Ra(s))u(s)ds

L2(Q)

n H [ Bt = sito)(Anlto) = An(s)(Ral5) ~ Pryucs))ds

L2(Q)
=: T} 5(to) + 17 »(to)-
Now by Lemmas 2.2(ii) and 3.2 and Theorem 2.2, we bound I ,(to) by

I} o(to) < /0 0 | En(to — s5t0) An(to) [l (R (to) — Ru(s))u(s)| p2(a)ds
< c/o °<t0 —8) Mty — S)h2||u(3)HH2(Q)dS

to
< ch2/ 5 uollL2()ds < ChQHUOHLZ(Q).
0

Likewise, by Lemma 3.1 and Theorem 2.2, we bound I} (to) by

4 (t0) = H /0 " A1) Bulto — s t0) (I — An(to) " An(s)) (R (5) — Payuls) ) ds

L2(9)
< /0 0 | An(to) En(to — s;to)||[|(1 — An(to) " An(s))(Ru(s) — Pu)u(s)|| p2(0)ds
< c/o O(to —5)"Y(to — 8)||(Rn(s) — Pu)u(s)| L2oyds

to

to
< ch2/0 llu(s)|| 2 (yds < ch2/0 s~ |uol| p2(0)ds < ch®||uo |l 12(0)-

The desired assertion follows by combining the preceding estimates. ([
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Now we can state the main result of this part, i.e., error estimate on the semidis-
crete solution uyp,.

Theorem 3.2. Under conditions (1.2) and (1.3), for ug € L*(Q) and f = 0, there
holds

u(t) = un(t)]|L2(0) < ch®t|uol L2(q)-
Proof. Substituting (3.12) and Lemmas 3.3 and 3.4 into (3.11) yields
| Phu(to) — un(to)l 2y < cty “B>||luollz2(a)

to
+c/ |Pvus) — un(s)]l2ds, Vo € (0,7,
0

By Gronwall’s inequality from Lemma 2.3, we obtain
| Pru(t) — un(t)|r20) < ct*athuOHLz(Q), vVt e (0,T).
By the approximation property of P, and Theorem 2.2, we have
lu(to) = Puu(to)llL2(a) < ch?|uto)llnz(a) < ety “h?|luoll L2 (0)-

The last two estimates together imply the desired result. O

A similar error estimate holds for the inhomogeneous problem.

Theorem 3.3. Under conditions (1.2) and (1.3), forug = 0 and f € L>(0,T; L*(2)),
there holds

||u(t) — U,h(t)HLz(Q) < ChQE}QLHfHLoo(O,t;Lz(Q)), with £y, = log(l + 1/]7,)

Proof. The proof is similar to Theorem 3.2, in view of (3.13), and the following
estimates:

Ts(to)ll 2@y < k[ £l L= (0.t0522 ()

to
(Ls(to) Ml z2(e) < h®(| f]l Lo 0,t0:12(2) +C/ llen(s)llL2()yds,
0

which follow similarly as Lemmas 3.3 and 3.4. Actually, the first follows from (3.14)
and Theorem 2.1 by

to
||I3(t0)||L2(Q) < Chz/ ||U(3)||H2(Q)d5 < Ch2Hf||L°°(0,to;L2(Q))~
0

Similarly, the second follows from the expressions of I ; and Ij 5 in Lemma 3.4,
and Theorem 2.1. g

Remark 3.2. We have only discussed discretization by piecewise linear finite ele-
ments. It is of much interest to extend the analysis to high-order finite elements.
This seems missing even for the case of a time-independent diffusion coefficient
when problem data are nonsmooth, partly due to the limited smoothing property
of the solution operators [10].
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4. TIME DISCRETIZATION

Now we study the time discretization of problem (1.1). We divide the time
interval [0,7] into a uniform grid, with ¢, = nr, n = 0,...,N, and 7 = T/N
being the time step size. Then we approximate the Riemann-Liouville fractional

derivative
Ropp(t) = ——— /t(t—S)‘%(S)ds
¢ I'(l—a)dt /,

by the backward Euler (BE) convolution quadrature (with ¢/ = ¢(t;)) [22, 12]:
Roep( Zb P = 00", with Y biel = (1-¢)".
=0

The fully discrete scheme for problem (1.1) reads: find u} € S, such that
(4.1) 0% (uf —ul) + Ap(to)uy = Pof(t,), n=1,2,...,N,

with the initial condition u% = Ppug € Sy. Similar to the semidiscrete case, for a
given m € N with 1 <m < N, we rewrite (4.1) as

(4.2) 07 (upy —up) + An(tm)ujy = Puf(tn) + (An(tm) — An(tn))uj.

By means of discrete Laplace transform, the fully discrete solution u;* € Sy, is given
by

(4.3) up' = Tmuh+TZEm [Pnf(tr) + (An(tm) — An(te))uy],

where the fully discrete operators F,, and ET . are respectively defined by (with

- (&) = (1 =&)/7)

1
(4.4) Flo=o= | €0 (e ) (0:(e77T) + An(tm)) " dz,
’ 2mi Iy s
1
(45)  Bln=gm [ €O Aultn) b,
27 Jpr
with the contour I'j 5 := {2z € Ty : [S(2)| < m/7} (oriented with an increasing

imaginary part).
The next lemma gives elementary properties of the kernel §,(e™*7).

Lemma 4.1. For any 6 € (1/2,), there exists 8’ € (w/2, ) and positive constants
¢,c1, ¢ (independent of T) such that for all z € I'y 5

el < 18- S lsl, 8(e7) € T,
6, (e7*T) — 2| < er|2|?, 6, (e72T) — 2| < erz| T
By the solution representations (3.10) and (4.3), the temporal error €' = u}* —
up (ty,) satisfies
= (Fp(tm;tm)Prug — Ffmug)

m tr

+ (TZE:?7;kth(tk) - Z Ep(tm — s)P;Lf(S)dS)

k=1"tk-1

ZEmkAh m) — An(tr))uj,
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m tk

(4.6) S [ Bultn — 9)(An(tn) — An(s)) Zlm

k=1"1tk—1
For the first two terms, there hold [12, Theorem 3.5]

T |20y < erti' =2 |luoll oy, B € [0,2];

tm
115" | 22 (o) < CTt;L(l_a)||f(0)HL2(Q) + CT/ (tm — 3)a71||f/(3)||L2(Q) ds.
0
To estimate I3, we need two preliminary bounds on the operator E7

Lemma 4.2. For the operator E'"“’C defined in (4.5), there holds for any 8 € [0, 1]
H[TAB VET k / Aﬁ m) En(tm m) ds] H <er (b —tp +7)7 @=(=P)),
tr—

Proof. First we consider the case 8 = 0. By the definition of the operator Ep, (¢; ),
we have

tr 1 tr
/ Ep(tm — s;tm)ds = — (2% + Ap(ty) ! / e*tn=9) dsdz
th—1 2mi To.s th_1
1

= [ et (e 1) (2% 4 Ap(t) da.
271 To,s

This and the defining relation (4.5) yield

tr
TE:L;]C — / Ep(tm — s;tm)ds
t

k—1

:2i e (tm—tk) [T((s,r( —zr)a+Ah( )) 1 —2_1(€ZT—1)(Za+Ah(tm))_l] dz
1 ngé

1

— e*(tm=t) ;=1 (2 — 1) (2% + Ap(ty,)) ' dz = T+1L
27Tl FS,J\F;(;

For k < m, let 6 = (t,, —ty +7)" ! and z = scosp + issinp. By Lemma 4.1 and
(2.5), we obtain

|7(0-(e7" )% + Ap(tm)) " — 27 (€™ = 1) (2% + Ap(tm)) | < er?|2| 7T, Vz e IG5

Then the bound on the term I follows by

™ 0

Tsin 6
HI” < CT2/ es(tm—tk)coses—a+lds+CT2/ ecosgo(s—oz—&-Qd(p
8

-0
< CTQ(tm —t + 7')0‘72
Similarly, Taylor expansion of €7, (2.5) and Lemma 4.1 bound the term IT by

PR S—
T sin 6

o0
1L < CT/ |e*(tm=te) || 2|~ |dz| < CT/ eS(tm—ti)cosfg—a g
Ty s\I'7

oo
< C7_2 es(tm—tk)cosesl—ozds < CT2(tm _ tk)_(Q_a).
Tsino

For k = m, there hold

TEn0 6
1 < cr2/ sTMlds + ch/ 572y < er®,
5 —0
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o0

1) < c/ |z| 7> Hdz| < c/ 57 ds < et
s\I'g s Teino

The proof for the case 8 = 1 is analogous, and the intermediate case 8 € (0,1)

follows by interpolation. O

The next result gives the smoothing property of the operator ET,,
Lemma 4.3. For the operator E,. defined in (4.5), there holds
| An(tm) EF |l < c(tn +7)7Y, n=0,1,...,N.

Proof. Upon letting § = (t, + 7)~! in I'7 s and z = scosp + issin ¢, by (2.5) and
Lemma 4.1, we have

N 1
[AR(Em) 7l =

€L / At (5 (€T An(tn)) 2

27

TSino o
< c/ eStneostg + c/ e (t, + T)*ldcp < c(tn, + 7')*1
(tnt7) 1 -0

This completes the proof of the lemma. [

Below we analyze the scheme (4.1) for the homogeneous and inhomogeneous
problems separately.

4.1. Error estimate for the homogeneous problem. First we analyze the ho-
mogeneous problem. It suffices to bound the term I3* in the splitting (4.6).

Lemma 4.4. Under conditions (1.2)-(1.3), for ug € L*(2) and f = 0, there holds

151122 () < emlog(L + tm /)t uoll 2oy + e > llekllz2a)
k=1
Proof. Let ef = uf —up(ty), and Q(t) = (Ap(tm) — An(t))un(t). Then we split the
summand of I5* into
tr

TE:?n;k(Ah(tm) — Ap(t))uf — Ep(tm — s;tm)Q(s) ds
te—1
=(TET R (An(tm) — Ap(ty))el) + (TETF / Ep(tm — s3tm) ds)Q(t)
tr
+ En(tm — s;tm)(Q(tr) — Q(s8)) ds =: Iy, + I, + III4.
th—1

It remains to bound the terms Iy, II; and III;. First, Lemmas 4.3 and 3.1 bound
the term ||Ik||L2(Q) by:
Tkl 20y = TN AR (tm) E7 (T = AL (tm) An(tr) e | 2 (o)
< er(tm =t +7) (1 = Ay (tn) An(te))erl 2 (o) < erller 2 ()-
Second, by Lemma 4.2 (with 8 = 0) and Remark 3.1, we bound the term II; by

ty

Lkl p2) < ITERF - En(tm — stm) ds|[|Q(tr)[ L2(0)

th—1

< e (b =t + 1) An(tm)un ()| 220



22 BANGTI JIN, BUYANG LI, AND ZHI ZHOU

and consequently, by Theorem 3.1(i), we deduce

Z||Hk||L2(n) <CT2Z m =t + 1) An(Em ) un (8| 2 (0

m

< er?lluollza() D (tm — te + 7)1, < elugl| 20
k=1

where the last line follows from the inequality
TZ —tk+70‘1ta<c
Last, for the third term HI;€7 Wlth k =1, by Lemma 3.1, we have
I ey < Bt — it Q) 200y ds + / Bt — 556)Q(5) 120 s
_ /OT A (b) B (b — 5 Em) A (fa) Q)| 2y ds
+ /OT AR (tm) En(tm — s;tm)Ah(tm)_lQ(s)HLz(Q) ds

< c/ (tm — 8) " H(tm — 7) + (tm — 5)) dslluol| 2 () < c7l|uol|L2(q)-
0

Meanwhile, for k£ > 1, we further split the term III; into
ty

M= [ Bt —sitn) | Q/(€)deds
ty

th—1

_ / Bt — i) / (An(tm) — An())dy(€) de ds

ty

tr
T Bt — sit) / AL (€)un(€) de ds =: TTTy.y + M.
ty

th—1

By Lemmas 3.1 and 2.2(ii), the term IIIj ; for any k£ > 1 can be bounded by

tk
1T oy < / 1 An () En(tn — 55 t)|

th—1

ty
[ = Ant) A (Ol d ds
tr tr
<o [ ttn=9 [ = OOl e d s

<e / " (t —9)! / Nt — )6 o] 2 dE ds,

te—1 s

where the last step is due to Theorem 3.1(i). Now we note the elementary inequality
tk tr t 13
[ =9 [Cn— g tgds = [ 96 [ (09 s
th—1 s th—1 te—1

< / (b — )t — &) e e = 7 / e

te—1 te—1
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Consequently,
ty
Mz < er [ €7 a6z
tr—1

and

tm

> a2 < er ¢V dé|Juo | 2y = crlog(tm /7).
k=2 T
Similarly, by Theorem 3.1(i), the term IIIj o for any k£ > 1 is bounded by

tr tr
Il 20 = / 1En b — 55 t0)] / 145, (E)un(€) | 2 A€ dis

tp—1

tr tr
< c/ (tm —s>a—1/ £ de dslluo 2
te—1 s

tr
< CT/ (tm — s)o‘*ls*a dslluol| £2 (),

th—1

where the last line follows from the trivial inequality f;k £Tode < 57 fst’“ d¢ <
s~ %r. Thus,

m

tm
D s 22 () < CT/ (tm — 5)* L5~ ds||uo | 2(q) < clluol L2 (q)-
k=1 0

Hence, there holds

Z Tk 220y < em (1 +log(ty /7)) l|uoll 2 -
=1

Combining the preceding estimates completes the proof of the lemma. O
Now we can state an error estimate for the homogeneous problem.
Theorem 4.1. Under conditions (1.2)-(1.3), ug € L?(Q) and f = 0, there holds
[uh! = un(tm)llL20) < erty, log(L + /7)) uol L2 (-
Proof. 1t follows from Lemma 4.4 that

lei 2 < er(t! +log(L+ tu/7))lluoll L2y +em Y lehllzz (o).
k=1

The desired estimate follows from a variant of the discrete Gronwall’s inequality
[34, p. 258]. O

Remark 4.1. The logarithmic factor log(1+t,,/7) is also present for the BE method
for standard parabolic problems with a time-dependent diffusion coefficient [24,
Theorem 2, p. 95]. For ug € H?(2), B8 € (0,2], it may be improved:

t;l(lfﬁa/2

g = wun(ta)ll 2oy < e7 ol o -

In fact, the argument of Lemma 4.4 (together with Theorem 3.1(i)) implies

tr tr
Mz < [ =) [ (= 051200 d s

te—1 s

tr tr
<e / (b — 5)-1 / (b — )8/ g 1y AE dis

te—1 S
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tr
<er g (1=pel2) d&luoll grs

te—1
and

tr tk
1T 2y = / 1En(tan — 5t)] / 145, (E)un(€) | 2 A€ s

te—1

tr ty
e (tm-9t [0 deds ol s

te—1 s

tr
< m/ (tm — 5)* s~ P2 ds g -

tr—1

Thus, for any B € (0, 2] there holds

b — St )(Q(tk) - Q(S)) ds

< CTHuOHHB(Q)'

t—

Then the desured estimate follows by repeating the argument for Theorem 4.1.

4.2. Error estimate for the inhomogeneous problem. Now we give the tem-
poral discretization error for the inhomogeneous problem.

Theorem 4.2. Under conditions (1.2)-(1.3), ug = 0, f € C([0,T]; L*(2)) and
fg(t —8)* | f' ()|l 2 (yds < 0o for any 0 <t < T, there holds

tm
o = un oo < or (= FO) o+ [ (= 51622 )

Proof. The argument is similar to Theorem 4.1, and thus we only sketch the main
steps. It suffices to bound the terms II; and III; in Lemma 4.4. By Theorem
3.1(iii), Remark 3.1 and Lemma 4.2 (with § = 1/2), the following estimate holds:

m

Z\\Hknm <c722 m = b+ )Y A () un (1) | 220

< er? Z — i+ 7)Y fll oo 0,602y < TNl oo (0,012 ()
Meanwhile, upon notlng tm < T, we have

tm
1l 0rzzn < 17Oz + / 17() 22 ds

t’IYL
<1£(0) |z +er / (b — )11 (9) ]| 2y ds.
0

Next, the two terms Il ; and III; 2 can be bounded respectively by

tr tr
Ml e [ =97 [ = Ol 20 d€ s

th—1 s

tr 3
¢ / (b — )1t (©) | 220 / (b — )" dsde

te—1 th—1

ty
<er / ) (6) | e .

tr—1
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and

tr tr
1T o oy < / 1En(tan — 5t)] / 145 (€)un(€) | 2 e A€ s

th—1

IN

¢ / "t — ) / AL (€)un ()] 2o d€ s

th—1 s

tr I3
= [ AUz [ (b= o) s

tr—1 te—1

scf/k (tm = )M AL un () 2 (@ dé.

tr—1

Then by Theorem 3.1(ii), we have

m t7n
SO T gy < e / et ()] 220yl
k=1

0
< er( /Otm [ £O)lz2(eds + /otm /03(8 =" Oz deds)

I
Q
3

([ 1 asct [ 1w [ asac)

< er (15O + [ =017 O 2.

and similarly, by Theorem 3.1(ii), we deduce

m tm
> M sl 20y < CT/ (tm — 8)* 7| AL (s)un(s) || 20 ds
0

k=1

tm
< er(I£ Oz + [ (= )" (2eyds).

These estimates and discrete Gronwall’s inequality complete the proof. O

Remark 4.2. The analysis in this part applies to other first-order methods, e.g., L1
scheme [21], and similar error estimates can be derived.

Remark 4.3. We briefly comment on the dependence of the constant ¢ in error
estimates on the fractional order «. At a few occasions, it can blow up as a — 17
see e.g., I3(¢p) in Lemma 3.3, I4 2(tp) in Lemma 3.4 and IIIj 5 in Lemma 4.4. This
phenomenon does not fully agree with the results for the continuous model. Such
a blowup phenomenon appears also in some existing error analysis; see, e.g., [28,
eq. (2.2)] and [32, Lemma 4.3], and it is of interest to further refine the estimates
to fill in the gap.

5. NUMERICAL RESULTS

Now we present numerical examples to verify the theoretical results in Sections
3 and 4. We consider problem (1.1) with a time-dependent elliptic operator A(t) =
—(2 + cos(t))A on the domain 2 = (0,1) and the following two sets of problem
data:
(a) ug(z) = x~Y* € HY/4=¢(Q) with e € (0,1/4) and f = 0.
(b) uo(z) =0 and f =e'(1+ x(0,1/2)(2))-
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Unless otherwise specified, the final time T is fixed at T' = 1.

We divide the domain € into M subintervals of equal length h = 1/M. The nu-
merical solutions are computed using the Galerkin FEM in space, and the backward
Euler (BE) CQ or L1 scheme in time. To evaluate the convergence, we compute
the spatial error e; and temporal error e;, respectively, defined by

es(tn) = llun(tn) = u(tn)|r2) and  ey(tn) = lup — un(tn)llze()-

Since the exact solution is unavailable, we compute reference solutions on a finer
mesh: for the error ey, we take the time step 7 = 1/10000 and mesh size h = 1/1280,
and for the error e;, take h = 1/100 and 7 = 1/10000, unless otherwise specified.

First we examine the spatial convergence of the semidiscrete Galerkin scheme
(3.2). The spatial errors for case (a) are shown in Table 1, which indicates a steady
O(h?) rate for the semidiscrete scheme (3.2), just as predicted by Theorem 3.2.
The O(h?) rate holds for all three fractional orders and different terminal times.
Since the initial data is nonsmooth, the spatial error es(tn) decreases with the
time ¢y, which is in good agreement with the regularity result in Theorem 2.2.
To further illuminate the precise dependence of the spatial error es(ty) on ty, in
Table 2, we present the error e; as the time txy — 0 for case (a). By repeating
the argument for Theorem 3.2, there holds e;(ty) < ct;,@_mamlﬁ||v||Hﬁ(Q), 0<
B < 2. For case (a), this estimate predicts an exponent 7« /8 for the dependence
on the time ¢, which gives the numbers shown in the bracket in Table 2. Table
2 indicates that the empirical rate agrees excellently with the predicted one, fully
confirming the analysis. Similar observations hold also for the numerical results for
the inhomogeneous problem in case (b), ¢f. Table 3. These results fully support
the error analysis of the semidiscrete scheme in Section 3.

TABLE 1. Spatial errors e for example (a) with 7 = 1/10000 and
h=1/M.

T N 10 20 40 80 160 rate
0.25 1.44e-5 3.62e-6 9.06e-7 2.26e-7 5.62e-8|2.00 (2.00)
1 10.50 1.02e-5 2.56e-6 6.40e-7 1.60e-7 3.97e-8|2.00 (2.00)
0.75 |5.18e-6 1.30e-6 3.25e-7 8.12e-8 2.02e-8(2.00 (2.00)
0.25 |6.26e-5 1.57e-5 3.93e-6 9.80e-7 2.44e-7{2.01 (2.00)
(2.00)
(2.00)

10731050 [2.12e-4 5.31e-5 1.33e-5 3.32e-6 8.24e-7|2.01 (2.00
0.75 5.99e-4 1.50e-4 3.75e-5 9.36e-6 2.33e-6|2.01 (2.00

TABLE 2. Spatial errors ey for example (a) with h = 1/200 and
N = 10000, at T = 10~

k

2 3 4 5 6 7 rate

0.25 2.40e-6 4.04e-6 6.58¢-6 1.05e-5 1.65e-5 2.66e-5|0.21 (0.22)
0.5 5.28¢-6 1.31e-5 3.36e-5 9.02e-5 2.40e-4 6.40e-4|0.43 (0.44)
0.75  19.95e-6 3.90e-5 1.70e-4 7.45e-4 3.26e-3 1.39e-2|0.64 (0.66)
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TABLE 3. Spatial errors es for example (b) at T = 1 with 7 =
1/10000 and = 1/M.

M

10 20 40 80 160 rate

0.25 [2.03e-4 5.06e-5 1.27e-5 3.16e-6 7.85e-7[2.01 (2.00)
0.50 [2.08e-4 5.19¢-5 1.30e-5 3.24e-6 8.04e-7|2.01 (2.00)
0.75 |2.13e-4 5.32e-5 1.33e-5 3.32e-6 8.25e-7|2.01 (2.00)

Next we turn to the temporal convergence, and present numerical results for
both BE and L1 schemes, cf. Remark 4.2. The temporal errors e; for case (a) at
two time instances are given in Table 4, which indicate an O(7) convergence rate
for both time stepping schemes. Further, the accuracy of both schemes is largely
comparable. The convergence is very steady for both schemes, and the convergence
rate is independent of the fractional order « and the final time ¢y (so long as
it is fixed). Further, it is observed that the error e; decreases with the time ty.
To show the dependence of the temporal error e;(ty) with the time ¢y, in Table
5, we present e;(ty) as the time ¢y tends to zero. In view of Remark 4.1, there
holds e;(tn) < crtj:,(l_ﬁa/z)Hu0||Hﬁ(Q), 0 < 8 < 2. This estimate predicts a decay

O(N—%/8) for case (a), which agrees excellently with the empirical rate (in the
bracket) in Table 5, thereby confirming the sharpness of the error estimate. These
observations hold also for the inhomogeneous problem in case (b), cf. Table 6.
These numerical results fully support the error analysis of the fully discrete scheme
in Section 4.

TABLE 4. Temporal errors e, for example (a) with h = 1/100 and
T=T/N.

T N 100 200 400 800 1600 rate
0.25 |5.43e-5 2.71le-5 1.35e-5 6.76e-6 3.38e-6|1.00 (1.00)
BE|[0.50 [9.49¢-5 4.73e-5 2.36e-5 1.18e-5 5.90e-6 |1.00 (1.00)
1 0.75 |9.0le-5 4.49e-5 2.24e-5 1.12e-5 5.59¢-6|1.00 (1.00)
0.25 |4.35e-5 2.17e-5 1.08e-5 5.41e-6 2.70e-6|1.00 (1.00)
L1|0.50 |6.33e-5 3.15e-5 1.57e-5 7.84e-6 3.92e-6|1.00 (1.00)
0.75 |5.12e-5 2.54e-5 1.26e-5 6.29e-6 3.14e-6|1.01 (1.00)
0.25 |2.00e-4 9.99e-5 4.99e-5 2.49e-5 1.25e-5|1.00 (1.00)
(1.00)
(1.00)
(1.00)
(1.00)
(1.00)

BE|0.50 |8.16e-4 4.08e-4 2.04e-4 1.02e-4 5.10e-5|1.00 (1.00
1073 0.75 | 7.58e-4 3.79e-4 1.89e-4 9.46e-5 4.73e-5|1.00 (1.00
0.25 1.69e-4 8.43e-5 4.21e-5 2.10e-5 1.05e-5|1.00 (1.00
L1]0.50 [8.08e-4 3.99e-4 1.98e-4 9.84e-5 4.90e-5|1.01 (1.00
0.75 [8.28e-4 4.11e-4 2.04e-4 1.02e-4 5.07e-5|1.01 (1.00
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TABLE 5. Temporal errors e; for example (a) with a = 0.5, h =
1073 and N =5, at T = 10~%.

o K 3 4 5 6 7 8 rate

0.5 BE|1.65e-2 1.06e-2 8.79e-3 7.45e¢-3 6.33e-3 5.39¢-3|0.07 (0.06)
L1|1.91e-2 1.41e-2 1.06e-2 8.95e-3 7.59e-3 6.46e-3|0.07 (0.06)

0.8 BE|1.61e-2 1.23e-2 9.52e-3 T.44e-3 5.84e-3 4.56e-3|0.11 (0.10)
L1[1.83e-2 1.40e-2 1.08¢-2 8.46e-3 6.64e-3 5.19¢-3|0.11 (0.10)

TABLE 6. Temporal errors e; for example (b) at T'= 1 with h =
1/100 and 7 = T'/N.

a N 100 200 400 800 1600 rate
0.25 3.26e-6 1.63e-6 8.15e-7 4.07e-7 2.04e-7|1.00 (1.00)
BE | 0.50 4.76e-6 2.37e-6 1.18e-6 5.92e-7 2.96e-7|1.00 (1.00)
0.75 2.76e-6 1.37e-6 6.84e-7 3.41e-7 1.71e-7|1.00 (1.00)
0.25 2.33e-6 1.17e-6 5.85e-7 2.93e-7 1.47e-7|1.00 (1.00)
L1{0.50 3.25e-6 1.64e-6 8.29e-7 4.18e-7 2.10e-7{0.99 (1.00)
0.75 1.85e-6 9.89e-7 5.22e-7 2.72e-7 1.41e-7|0.94 (1.00)
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