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Taylor Couette instability in disk suspensions
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We study the stability of dilute suspensions of spheroids in Taylor Couette flow. We
focus on axisymmetric perturbations and on the limiting cases of thin disks and long
rods. It is found that in the non-Brownian limit, the rods have a negligible effect on the
stability, while the disks are destabilizing. The instability is driven by a tilting of the disks,
which draws energy from the base flow into azimuthal velocity fluctuations. The resulting
instability mode has a wavelength which is smaller than the unstable Newtonian mode.
These findings may serve to understand experiments using clay suspensions in the
literature.
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I. INTRODUCTION

Taylor Couette flow (TCF) is the flow between two concentric cylinders. When the outer cylinder
is fixed, and when the rotation speed of the inner cylinder � exceeds a critical value, corresponding
to a Taylor number

Ta = U�R

ν

√
�R

R1
(1)

of around 41, the flow undergoes a centrifugal instability and develops an array of axisymmetric
vortices [1]. Here ν is the fluid kinematic viscosity, U = �R1 is the velocity of the inner cylinder,
�R = R2 − R1 is the gap width between the cylinders, and R1 and R2 are the radii of the
inner and of the outer cylinder, respectively. A further increase of Ta induces bifurcations into
more complicated (wavy, oscillatory, etc.) vortices and eventually into a state of fully developed
turbulence. Owing to the connection with turbulence and the tractability by linear stability analysis,
TCF is the subject of a vast amount of literature.

There is particular interest in TCF instability for non-Newtonian fluids. For instance, predicting
experimentally measured onset conditions for instability provides a stringent test in the development
of constitutive models for complex fluids. In this context, most work has focused on solutions
of linear polymers. In inertialess flows, polymers induce an elastic instability, which is driven
by an inward force that results from the elastic hoop stress [2,3]. This instability counteracts
the Newtonian instability, which is driven by the outward centrifugal force [1]. These opposing
mechanisms explain how in inertia-elastic flows polymers may either induce a destabilizing
effect [3–7] or a stabilizing effect [6,8]. In addition, at higher concentrations, polymer solutions are
shear thinning, and the equations for shear thinning fluids predict a destabilization of the centrifugal
mode [9].

In this work, we study TCF instability of dilute suspensions of spheroids. Here, dilute means
that the fraction of hydrodynamically coupled fluid is smaller than unity. Since the coupled fluid
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is contained in the spheroid circumscribing sphere and since the radius of this sphere equals the
spheroid semimajor axis max(a, b), the dilute condition reads

cr−1
a � 1 if ra � 1, cr2

a � 1 if ra � 1. (2)

Here c is the spheroid volume fraction, ra = a/b is the aspect ratio, a is the polar radius, and b is
the equatorial radius. The cases ra < 1, ra = 1, and ra > 1 correspond to oblate spheroids (disks),
spheres, and prolate spheroids (rods), respectively. Previous numerical work on rods shows a 10%
increase of the critical Ta (stabilization) [10], while previous experiments on disks (clay) show a
75% reduction of the critical Ta (destabilization) [11]. Since the observed stabilizing effect for clay
exceeds that of a purely shear thinning fluid, fluid anisotropy is believed to play a role [11].

In this work, we theoretically study the TCF instability of spheroid suspensions. Our main goal
is to elucidate the stability behavior in suspensions of disks.

II. CONSTITUTIVE EQUATIONS

TCF is described in cylindrical coordinates, r, φ, z = 1, 2, 3, and is governed by the continuity
equation

∇ · u = 0 (3)

and the momentum equation

∂t u = ∇ · [−uu − pδ + ν(∇u + ∇uT ) + σ ], (4)

where u is the fluid velocity, p is the fluid pressure (divided by the fluid mass density), ν is the fluid
kinematic viscosity, and ∇u is the velocity gradient tensor, which in cylindrical coordinates reads

∇iuj =

⎛
⎜⎝

∂rur ∂ruφ ∂ruz

−r−1uφ r−1ur 0

∂zur ∂zuφ ∂zuz

⎞
⎟⎠.

The stress induced by the spheroids reads (see Eq. (4.25) in Ref. [12])

σ

ν
= 2α1s + 2α2s : aa + α3(s · a + a · s) + α4Dr

(
a − 1

3
δ

)
, (5)

where a is referred to as the microstructure tensor, s = 1
2 (∇u + ∇uT ) is the rate of strain tensor,

and Dr is the rotary diffusivity, whose relative strength is expressed by the Peclet number

Pe = U

Dr�R
. (6)

The material constants αi are linear in c and functions of ra . These functions are listed in the
Appendix and are plotted in Fig. 1. This figure shows that the scaling of the dominant material
constants follows

|αi | ∼
{
cr−1

a if ra � 1

cr2
a if ra � 1

, (7)

and by comparison with Eq. (2), we see that diluteness requires |αi | � 1. This means that the
equation for the spheroid stress σ [Eq. (5)] is valid only for cases when σ is small compared to the
Newtonian stress. This suggests that in its validity range Eq. (5) has a small effect on stability. This
is indeed observed for rods. For disks, however, we find a surprisingly strong destabilizing effect,
even under dilute conditions; see Fig. 5 below.

In Eq. (5), we have made use of the quadratic closure [13] to express the fourth-order moment,
〈nnnn〉 = ∫

�(n)nnnndn = 〈nn〉〈nn〉, of the distribution � of the spheroid orientation vector n
(Fig. 2), in terms of the second-order moment, 〈nn〉 = ∫

�(n)nndn, where the latter is referred
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FIG. 1. Absolute values of the dilute spheroid suspension material constants αi , divided by the spheroid
volume fraction c. These quantities are defined in Eq. (5), and they are functions of the aspect ratio ra . The
relations are taken from Ref. [12] and are listed in the Appendix. The black (gray) lines indicate positive
(negative) αi .

to as the microstructure tensor, a = 〈nn〉. The quadratic closure is exact for unidirectional � [13],
which is satisfied for thin rods and for thin disks, in the limit of vanishing Brownian motion: Pe � 1
[Eq. (6)]. The main finding of the present work concerns this limit (Fig. 6 below), which is therefore
not affected by the closure approximation. In the opposite limit of Pe � 1, however, the distribution
function is isotropic, and the quadratic closure is incorrect. Despite this, the computed stability is not
affected by the closure approximation, which correctly approaches the Newtonian limit for Pe � 1;
see Fig. 6 below. For intermediate Pe ∼ 1, the authors of Ref. [10] found no significant difference
between the quadratic closure and a more sophisticated closure in their TCF stability analysis of rod
suspensions.

The microstructure a evolves as (see Eq. (4.26) in Ref. [12])

∂t a = −u · ∇a + ∇uT · a + a · ∇u + (B − 1)(s · a + a · s) − 2Bs : aa − Dr

(
a − 1

3δ
)
, (8)

where

B = r2
a − 1

r2
a + 1

.

FIG. 2. Coordinate system r, φ, z, base flow field Uφ (r ), and particle orientation unit vector n.
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In Eq. (8), the cylindrical components of the tensor advection are given by

uk∇kaij = ur∂raij + uφr−1bij + uz∂zaij ,

where bij is given by

bij =
⎛
⎝ −2arφ arr − aφφ −aφz

arr − aφφ 2arφ arz

−aφz arz 0

⎞
⎠.

We compute the stability of the laminar solution to Eqs. (3)–(5) and (8), with regard to
perturbations that are harmonic functions of z, with a wave number k. We restrict the analysis to ax-
isymmetric perturbations. To that end, we decompose flow quantities q = Q(r ) + q ′(r, t ) exp(ikz)
into a base state, denoted by a capital letter Q, and a perturbation, denoted by a prime q ′ exp(ikz).
We thus write u = U + u′ exp(ikz), a = A + a′ exp(ikz), σ = � + σ ′ exp(ikz), etc.

The velocity base state U = Uφeφ and the microstructure base state A are governed by the
azimuthal component of the momentum equation [Eq. (4)],

(∂r + 2r−1)
{[

1 + α1 + 2α2ArφArφ + α3
1
2 (Arr + Aφφ )

]
G + α4DrArφ

} = 0, (9)

and by the equations for the rr, rφ, and φφ, components of the microstructure equation [Eq. (8)]

[−2BArφArr + (B − 1)Arφ]G − Dr

(
Arr − 1

3

) = 0, (10)

[
Arr − 2BArφArφ + (B − 1) 1

2 (Arr + Aφφ )
]
G − DrArφ = 0, (11)

and

[2Arφ − 2BArφAφφ + (B − 1)Arφ]G − Dr

(
Aφφ − 1

3

) = 0. (12)

The rz and φz components are zero, the zz component follows from normalization Azz = 1 − Arr −
Aφφ , and G is defined as

G = (∂r − r−1)Uφ. (13)

The perturbations are governed by the continuity equation [Eq. (3)]

(∂r + r−1)u′
r + iku′

z = 0, (14)

and by the linearized momentum equations [Eq. (4)]

∂tu
′
r = −∂rp

′ + ν
(
∂2
r + r−1∂r − r−2 − k2

)
u′

r + 2r−1Uφu′
φ + (∂r + r−1)σ ′

rr + ikσ ′
zr − r−1σ ′

φφ,

(15)

∂tu
′
φ = ν

(
∂2
r + r−1∂r − r−2 − k2)u′

φ − [(∂r + r−1)Uφ]u′
r + (∂r + 2r−1)σ ′

rφ + ikσ ′
zφ, (16)

and

∂tu
′
z = −ikp′ + ν

(
∂2
r + r−1∂r − k2

)
u′

z + (∂r + r−1)σ ′
rz + ikσ ′

zz, (17)
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FIG. 3. Spheroid contribution to the effective viscosity �rφ/G, scaled by the value at zero shear να0

[Eq. (21)], as a function of the Peclet number Pe [Eq. (6)] for disks with ra = 10−3, computed by solving
Eqs. (9)–(12) and (20). The shear rate G is defined in Eq. (13).

and by the linearized microstructure equation [Eq. (8)]

∂t a′ = −u′
r∂r A

−u′
φr−1

⎛
⎜⎝

−2Arφ Arr − Aφφ 0

Arr − Aφφ 2Arφ 0

0 0 0

⎞
⎟⎠−Uφr−1

⎛
⎜⎝

−2a′
rφ a′

rr − a′
φφ −a′

φz

a′
rr − a′

φφ 2a′
rφ a′

rz

−a′
φz a′

rz 0

⎞
⎟⎠

+∇u′T · A + A · ∇u′ + ∇UT · a′ + a′ · ∇U − 2B(S : Aa′ + S : a′ A + s′ : AA)

+ (B − 1)
(
S · a′ + a′ · S + s′ · A + A · s′) − Dr a′, (18)

where the perturbed stress [Eq. (5)] reads

σ ′

ν
= 2α1s′ + 2α2(S : Aa′ + S : a′ A + s′ : AA)

+α3(S · a′ + a′ · S + s′ · A + A · s′) + α4Dr a′. (19)

III. EFFECTIVE VISCOSITY

The base state is a shear flow with an r-dependent shear rate G [Eq. (13)]. The ratio of the shear
stress νG + �rφ and G is referred to as the effective viscosity: νeff = ν + �rφ/G. This quantity is
found by inserting the corresponding velocity gradient

∇iUj =

⎛
⎜⎝

0 ∂rUφ 0

−r−1Uφ 0 0

0 0 0

⎞
⎟⎠

into the unperturbed version of the rφ component of Eq. (5),
νeff

ν
= 1 + α1 + 2α2A

2
rφ + α3

2
[Arr + Aφφ] + α4DrArφG−1, (20)

where Arr, Arφ , and Aφφ , are governed by Eqs. (10)–(12). The spheroid contribution to the effective
viscosity is plotted for disks in Fig. 3, as a function of the Peclet number Pe [Eq. (6)]. For Pe � 1,
the dynamics is dominated by Brownian motion and the viscosity is shear rate independent. The
spheroid contribution to this so-called zero-shear rate viscosity is denoted α0 and is found from

113903-5



J. J. J. GILLISSEN AND H. J. WILSON

Eqs. (10)–(12) and (20):

α0 = �rφ

Gν
= α1 + Bα4

3
. (21)

For Pe � 1, the disks align their normals in the gradient (r) direction, which results in the shear
thinning behavior in Fig. 3. Rods produce a similar shear thinning behavior (not shown).

In the present work, we consider dilute suspensions α0 � 1 [Eq. (21)]. As an effect, the spheroid
contribution to the effective viscosity is small, which is therefore only mildly shear thinning.

IV. ANALYTICAL SOLUTION

A. Approximations

Before numerically studying the TCF instability, we first employ a few simplifications, allowing
a transparent, analytical solution and thereby providing insight into the stability behavior for some
limiting cases. To this end, we consider the limit of the infinitesimal gap �R/R1 � 1, such that
∂r � r−1. We furthermore approximate

∂ru
′
r = ilu′

r , ∂ru
′
z = ilu′

z, ∂ru
′
φ = imu′

φ, (22)

where l is the radial wave number for the transverse velocity fluctuations (u′
r , u

′
z) and m is the

radial wave number for the azimuthal velocity fluctuations u′
φ . As shown in Fig. 8, the most

unstable mode corresponds to l ≈ 2π/�R and m ≈ π/�R. In addition, the velocity in the gap
Uφ = U (R2 − r )/�R and its radial derivative are approximated by

Uφ (r ) = U

2
∂rUφ (r ) = − U

�R
. (23)

B. Newtonian

Under the approximations listed in Sec. IV A, Eqs. (14)–(17) reduce to

ilu′
r + iku′

z = 0, (24)

∂tu
′
φ = U

�R
u′

r − ν(m2 + k2)u′
φ, (25)

and

∂t (iku′
r − ilu′

z) = ik

[
U

R
u′

φ − ν(l2 + k2)u′
r

]
+ νil(l2 + k2)u′

z, (26)

where R ≈ R1 ≈ R2, and we have eliminated the pressure p by combining Eqs. (15) and (17) into
Eq. (26). Equations (24) and (26) can be combined to give

∂tu
′
r = U[

1 + (
l
k

)2]
R

u′
φ − ν(l2 + k2)u′

r . (27)

By writing Eqs. (25) and (27) as

∂t

(
u′

r

u′
φ

)
=

⎛
⎝−ν(l2 + k2) U[

1+
(

l
k

)2]
R

U
�R

−ν(m2 + k2)

⎞
⎠(

u′
r

u′
φ

)
, (28)

the perturbation growth rates λ are found by computing the eigenvalues of the matrix in Eq. (28).
The maximum growth rate is real valued, i.e., nonoscillatory. The flow becomes unstable, when the
maximum growth rate passes through zero. The corresponding Taylor number [Eq. (1)] is plotted
in Fig. 4(a) as a function of the spanwise wave number k. The most unstable mode corresponds
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FIG. 4. (a) Taylor number Ta [Eq. (1)] in Newtonian flow, for which the maximum of the growth rates
[eigenvalue of matrix in Eq. (28)] equals zero, as a function of the spanwise wave number k. (b) Growth rates
λ [eigenvalues of matrix in Eq. (32)] as a function of the Taylor number Ta [Eq. (1)] for various concentrations
α1 of non-Brownian disks, using k�R/π = 1.

to the minimum of this function, which is found at a critical wave number of k�R/π ≈ 1, in
agreement with the exact result [1]. The corresponding so-called critical Taylor number equals
Ta ≈ π2

√
50 ≈ 70. The discrepancy with the exact result, Ta ≈ 41 [1], is due to the approximations

given by Eqs. (22) and (23). Nevertheless, the simplified model [Eq. (28)] predicts the correct scaling
relationship between the governing parameters at the critical point.

C. Rods

Non-Brownian rods are governed by the limits Pe → ∞ and ra → ∞, such that Dr = α1 =
α3 = 0 and B = 1. From Eqs. (10)–(12), we find the base microstructure A = eφeφ , which
corresponds to zero base stress: � = 0. From Eq. (18), it follows that the microstructure tensor
is neutrally stable ∂t a′ = 0, and the perturbed, spheroid stress [Eq. (19)] becomes

σ ′ = 2να2r
−1u′

r eφeφ, (29)

which in the limit of infinitesimal gap �R/R � 1 scales as ∼α2νu′
r/R. Under dilute conditions

α2 � 1, this stress is negligibly small, compared to the Newtonian viscous stress, which scales as
∼νu′

r/�R. Non-Brownian rods have therefore a negligible effect on the stability in the infinitesimal
gap limit: �R/R � 1.

D. Disks

Non-Brownian disks are governed by the limits Pe → ∞ and ra → 0, such that Dr = 0, B =
−1, and α3 = −2α1. From Eqs. (10)–(12), we find the base microstructure A = er er , which
corresponds to zero base stress: � = 0. From Eqs. (18) and (19), it follows that

∂t a′ = −iku′
r er ez, (30)

and

σ ′ = 2ν(α2 − α1)

⎛
⎝s ′

rr 0 0

0 0 0
0 0 0

⎞
⎠ + 2να1

⎛
⎝0 0 0

0 s ′
φφ s ′

φz

0 s ′
φz s ′

zz

⎞
⎠ + a′

rzνα1
U

�R

⎛
⎝0 0 0

0 0 1
0 1 0

⎞
⎠. (31)
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When the growth rate λ is sufficiently small, λ�R/U � 1, the third term of Eq. (31) dominates,
since a′

rz = −iku′
r/λ [Eq. (30)] and α2 ∼ α1 (Fig. 1). Adding Eq. (30) and the third term of Eq. (31)

to the equations of motion [Eq. (28)] gives

∂t

⎛
⎜⎝

u′
r

u′
φ

a′
rz

⎞
⎟⎠ =

⎛
⎜⎜⎝

−ν(l2 + k2) U[
1+

(
l
k

)2]
R

0

U
�R

−ν(m2 + k2) ikνα1
U

�R

−ik 0 0

⎞
⎟⎟⎠

⎛
⎜⎝

u′
r

u′
φ

a′
rz

⎞
⎟⎠. (32)

The two largest growth rates [eigenvalues of the matrix in Eq. (32)] are real valued, i.e., nonoscilla-
tory and are plotted in Fig. 4(b) as a function of the Taylor number Ta [Eq. (1)], using k�R/π = 1
[Fig. 4(a)]. For Newtonian flow (α1 = 0), the largest eigenvalue changes from negative to positive,
and instability sets in at Ta ≈ π2

√
50. For non-Newtonian flow (α1 > 0), on the other hand, the

matrix always has a positive eigenvalue that vanishes when Ta → 0. This result predicts that
non-Brownian disks destabilize TCF even at dilute conditions.

V. NUMERICAL SOLUTION

We numerically solve the r-dependent base state [Eqs. (9)–(12)] and the perturbations [Eqs. (14)–
(19)] using Chebyshev discretization on 30 collocation points [14]. We consider disks ra = 10−3

and rods ra = 103 and fix the Couette cell radius ratio to R2/R1 = 1.05, which was also used in the
experimental stability analysis of Ref. [11] and in the numerical stability analysis of Ref. [10].

The base state Q = (Uφ,Arr , Arφ, Aφφ ) is governed by the φ component of the momentum
equation [Eq. (9)] and the rr, rφ, and φφ components of the microstructure equation [Eqs. (10)–
(12)]. We denote these four equations as

N ( Q) = 0, (33)

and we solve them using Newton-Raphson iteration

Qn+1 = Qn − ω

(
δN
δ Q

)−1

Qn, (34)

where n is the iteration step and the iteration parameter is chosen as ω = 0.1. The linearized
equations of motion (δN/δ Q)δ Q read for the azimuthal momentum

(∂r + 2r−1)
{[

1 + α1 + 2α2ArφArφ + α3
1
2 (Arr + Aφφ )

]
δG

+ [
4α2ArφδArφ + α3

1
2 (δArr + δAφφ )

]
G + α4DrδArφ

} = 0 (35)

and for the microstructure

[−2BArφArr + (B − 1)Arφ]δG

+ [−2B(δArφArr + ArφδArr ) + (B − 1)δArφ]G − DrδArr = 0, (36)

[
Arr − 2BArφArφ + (B − 1) 1

2 (Arr + Aφφ )
]
δG

+[
δArr − 2B(δArφArφ + ArφδArφ ) + (B − 1) 1

2 (δArr + δAφφ )
]
G − DrδArφ = 0, (37)

and

[2Arφ − 2BArφAφφ + (B − 1)Arφ]δG

+ [2δArφ − 2B(δArφAφφ + ArφδAφφ ) + (B − 1)δArφ]G − DrδAφφ = 0. (38)
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FIG. 5. The critical Taylor number Ta [Eq. (40)] as a function of the concentration parameter α0 [Eq. (21)],
for disks with an aspect ratio of ra = 10−3 (solid line) and for rods with an aspect ratio of ra = 103 (dashed
line), and using a Peclet number [Eq. (6)] of Pe = 109, a spanwise wave number of k = π/�R, and a radius
ratio of R2/R1 = 1.05.

The perturbations q ′ = (u′, p′, a′) are governed by Eqs. (14)–(19). These equations including
the boundary conditions (u′ = 0 on the walls) are written in matrix form,

M1 · ∂t q ′ = M2 · q ′, (39)

and the growth rates are found by solving the corresponding generalized eigenvalue problem in
FORTRAN using the ZGGEV routine from the LAPACK library. For all cases discussed below, the
eigenvalue of the most unstable mode was found to be real valued, i.e., nonoscillatory.

The rotation rate � is varied to find the onset of instability, which correspond to a sign change of
the largest eigenvalue. The onset point is expressed by the effective Taylor number,

Ta = �
√

�R3R1

νeff
, (40)

where the effective viscosity [Eq. (20)] is evaluated at r = R1. The (effective) Taylor number is
related to the (effective) Reynolds number Re = �R1�R/νeff , via Ta = Re

√
�R/R1.

In the absence of spheroids, we find a critical Taylor number of Ta ≈ 42, at a spanwise wave
number of k ≈ π/�R. This Ta value is in agreement with the literature, for a gap ratio of R2/R1 =
1.05, which is slightly larger than the value for an infinitesimal gap, Ta ≈ 41 [15].

Figure 5 shows the critical Taylor number Ta [Eq. (40)] for disks and for rods as a function of the
concentration parameter α0 [Eq. (21)], using a spanwise wave number of k = π/�R and a Peclet
number [Eq. (6)] of Pe = 109. As explained in Sec. III, the concentration parameter α0 is defined
as the spheroid contribution to the relative, zero-shear rate viscosity [Eq. (21)]. For disks α0 ∼ cr−1

a

(see the Appendix), and the condition of diluteness [Eq. (2)] is therefore satisfied for α0 � 1.
In Fig. 5, we consider the range 10−3 � α0 � 1, and for the cases where α0 ∼ 1, hydrodynamic
interactions are expected to play a role. The corresponding results can therefore only be considered
qualitatively correct. For α0 � 1, the numerical method produces unphysical results, where the
velocity and microstructure profiles contain spurious waves with a wavelength of two grid spacings
(not shown).

Figure 5 shows that for very small concentrations, α0 < 10−3, both disks and rods have no
effect on stability; i.e., the critical Taylor number is at the Newtonian value: Ta ≈ 42. For larger
but still dilute concentrations, 10−3 < α0 < 1, rods remain ineffective. This result is explained in
Sec. IV C, showing that under dilute conditions, α0 � 1, the perturbed stress of non-Brownian rods
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FIG. 6. The critical Taylor number Ta [Eq. (40)] as a function of the Peclet number Pe [Eq. (6)] for disks
with an aspect ratio of ra = 10−3 (solid line) and for rods with an aspect ratio of ra = 103 (dashed line), and
a concentration parameter [Eq. (21)] of α0 = 0.1, using a spanwise wave number of k = π/�R and a radius
ratio of R2/R1 = 1.05.

is negligibly small compared to the perturbed solvent stress. Disks, on the other hand, are strongly
destabilizing, even under dilute conditions. For instance, for α0 = 10−2, the critical Taylor number
is reduced by a factor of two.

Figure 6 shows the critical Taylor number Ta [Eq. (40)] as a function of the Peclet number Pe
[Eq. (6)] for disks and for rods. Here we have used a concentration parameter of α0 = 0.1 [Eq. (21)],
and a spanwise wave number of k = π/�R. In the Brownian limit, Pe � 1, the microstructure is
isotropic and both suspensions are therefore Newtonian, with a critical Taylor number based on
the effective viscosity νeff [Eq. (20)] of Ta ≈ 42. In the non-Brownian limit, Pe � 1, the rods
have a negligible effect on stability, which is explained in Sec. IV C. Non-Brownian disks, on
the other hand, are increasingly destabilizing, i.e., Ta → 0, as Pe → ∞, in agreement with the
analysis presented in Sec. IV D. In the intermediate regime Pe ∼ 1, the model predicts a few percent
increase in Ta for disks (stabilizing) and a few percent decrease in Ta for rods (destabilizing). The
intermediate regime Pe ∼ 1 is further analyzed in Sec. VI. We also note the ripple in the disk curve
at Pe ≈ 3 × 108. This feature does not seem to be a numerical artefact, as an identical curve was
obtained by increasing the number of collocation points from 30 to 40 (not shown).

Figure 7 shows the critical Taylor number Ta [Eq. (40)] as a function of the spanwise wave
number k�R/π for disks and for rods. Here we have used a Peclet number of Pe = 109 [Eq. (6)] and
a concentration parameter of α0 = 3 × 10−3 [Eq. (21)]. The suspension of rods behaves essentially
Newtonian, with a minimum critical Taylor number of Ta ≈ 42 at k�R/π ≈ 1, in agreement with
literature [1]. For disks, the minimum critical Taylor number is smaller and occurs at a larger wave
number, which for this case is k�R/π ≈ 1.4. This result is consistent with experimental observation
of a reduced size of the Taylor vortices in clay suspensions [11].

Figure 8 shows the velocity and microstructure components of the most unstable mode, in
a suspension of rods, using a Peclet number [Eq. (6)] of Pe = 109, a concentration parameter
[Eq. (21)] of α0 = 0.1, a spanwise wave number of k = π/�R, and a Taylor number [Eq. (40)]
at the critical value of Ta ≈ 42. Under these conditions, the suspension is essentially Newtonian
(see Fig. 5), with a negligibly small perturbed microstructure, and a velocity perturbation, which is
dominated by the azimuthal component, in agreement with previous theoretical work [1].

Figure 9 shows the velocity and microstructure components of the most unstable mode, in
a suspension of disks, using a Peclet number [Eq. (6)] of Pe = 109, a concentration parameter
[Eq. (21)] of α0 = 0.1, a spanwise wave number of: k = π/�R, and a Taylor number [Eq. (40)] at
the critical value of Ta ≈ 2.5. It is seen that the cross-stream velocity perturbations are dampened,
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FIG. 7. The critical Taylor number Ta [Eq. (40)] as a function of the spanwise wave number, k = π/�R,
for disks with an aspect ratio of ra = 10−3 (solid line) and for rods with an aspect ratio of ra = 103 (dashed
line), a Peclet number [Eq. (6)] of Pe = 109, a concentration parameter [Eq. (21)] of α0 = 3 × 10−3, and a
radius ratio of R2/R1 = 1.05. The vertical, dotted lines indicate the minima of the curves.

and there is a significant microstructure perturbation, which is dominated by the rz component.
These findings agree with the analysis presented in Sec. IV D.

VI. COMPARISON TO LITERATURE

Figure 10 compares our results (line) to those of Ref. [10] (markers). The authors of Ref. [10]
conducted numerical stability analysis for TCF of suspensions of rods in semidilute conditions,
α0 � 1. In Ref. [10], interactions between the rods are accounted for, with a shear-rate-dependent
rotary diffusivity [16]

Dr = 6CI γ̇ , (41)

0 0.2 0.4 0.6 0.8 1
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FIG. 8. Most unstable eigenmode in a suspension of rods, using an aspect ratio of ra = 103, a Peclet number
[Eq. (6)] of Pe = 109, a concentration parameter [Eq. (21)] of α0 = 0.1, a spanwise wave number of k =
π/�R, a radius ratio of R2/R1 = 1.05, and a Taylor number [Eq. (40)] at the critical value of Ta ≈ 42.
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FIG. 9. Most unstable eigenmode in a suspension of disks, using an aspect ratio of ra = 10−3, a Peclet
number [Eq. (6)] of Pe = 109, a concentration parameter [Eq. (21)] of α0 = 0.1, a spanwise wave number of
k = π/�R, a radius ratio of R2/R1 = 1.05, and a Taylor number [Eq. (40)] at the critical value of Ta ≈ 2.5.

where CI is referred to as the interaction strength and γ̇ = √
2e : e is the scalar magnitude of the

strain-rate tensor e = 1
2 (∇u + ∇uT ). The present model, on the other hand, does not account for

interactions between the spheroids and employs a shear-rate invariant rotary diffusivity. Judging
from their Fig. 11, the authors of Ref. [10] also seem to include a spatial diffusion term in the
microstructure equation, and enforce a′ = 0 on the walls. These aspects are different in the present
model, which does not include spatial diffusion and associated boundary conditions for a′ (Fig. 8).

The comparison in Fig. 10 concerns rods with an aspect ratio of ra = 103 in a Taylor Couete
cell with a radius ratio of R2/R1 = 1.05 and a spanwise wave number of k = π/�R. The rod
volume fraction equals φ = 10−4, which corresponds to a concentration parameter of α0 = 2.35 [see
Eq. (21) and the Appendix], and the interaction strength is varied between 5 × 10−3 � CI � 0.2,
which corresponds to a Peclet number Pe = 1/(6CI ) of 0.8 � Pe � 33.

100 101 102
38

40

42
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FIG. 10. The critical Taylor number Ta [Eq. (40)] as a function of the Peclet number Pe [Eq. (6)], for
rods with an aspect ratio of ra = 103, using a concentration parameter [Eq. (21)] of α0 = 2.35, a spanwise
wave number of k = π/�R, and a radius ratio of R2/R1 = 1.05. Comparison between present result (line) and
results from Ref. [10] (markers). The dashed line indicates the Newtonian value of Ta ≈ 42.4.
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FIG. 11. The critical Taylor number Ta [Eq. (40)] as a function of the fluid index n [Eq. (43)], for disks
with an aspect ratio of ra = 3.1 × 10−3, using a Peclet number [Eq. (6)] of Pe = 1.4, a spanwise wave number
of k = π/�R, and a radius ratio of R2/R1 = 1.05. Comparison between present result (solid line) and results
from Ref. [11] (markers).

As shown in Fig. 10, the present model predicts a small (<10%) reduction in Ta (destabilization),
while that of Ref. [10] predicts a small (<10%) increase in Ta (stabilization). This discrepancy may
be attributed to the shear-rate dependent rotary diffusivity [Eq. (41)], or to the assumed artificial
diffusion and associated boundary conditions for a′ in Ref. [10], which are absent in the present
model.

Figure 11 compares the present model (line) with data from Ref. [11] (markers). The authors of
Ref. [11] measured the critical Taylor number [Eq. (40)] for aqueous suspensions of disk-shaped
clay particles. Instead of the clay concentration, the authors of Ref. [11] report the corresponding
fluid index n, which characterizes the effective viscosity of the suspension νeff/ν ∼ γ̇ n−1, where
n = 1, 0 < n < 1, and n = 0 correspond to shear-rate invariance (Newtonian), shear thinning, and
yield stress behavior, respectively. The fluid index can be expressed in terms of the slope of the
relationship between νeff/ν and Pe:

n = 1 + Pe
ν

νeff

∂

∂Pe

(νeff

ν

)
. (42)

The fluid index for dilute suspensions of disks is found by inserting νeff = ν(1 + α0Pe−m) into
Eq. (42), where m ≈ 5/8 (see Fig. 3), and by using that α0Pe−m � 1:

n = 1 − mα0Pe−m. (43)

The comparison in Fig. 11 concerns clay particles with a disk diameter of 2b = 320 nm and
an aspect ratio of ra = 3.1 × 10−3 in a Taylor Couette cell with an inner radius of R1 = 9.75 mm
and a radius ratio of: R2/R1 = 1.05, and we focus on the mode, with a spanwise wave number of
k = π/�R. For ra → 0, the rotary diffusivity equals (see the Appendix)

Dr = 9

16

kBT

ηb3
, (44)

which gives Dr = 5.5 × 102 s−1. Here η is the dynamic viscosity of water and kBT is the Boltzmann
energy. The corresponding Peclet number at a critical Taylor number of Ta ≈ 42 is found by
combining Eqs. (1), (6), and (44),

Pe = Ta
16

9

η2b3

ρkBT

√
R1

�R5
, (45)
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which gives Pe = 1.4, where ρ is the mass density of water.
Figure 11 shows that with increasing clay concentration or decreasing fluid index n, the

experimentally measured Ta decreases drastically: up to 75% for n = 0.05. The modeled Ta, on
the other hand, increases slightly: up to 5% for n = 0.77, which corresponds to α0 = 1, which is
the maximum value before the numerical solution develops unphysical wiggles.

This discrepancy may be attributed to (hydrodynamic and electrostatic) interactions between
the clay particles; see, e.g., Ref. [17]. In the model, these interactions are absent, and at Pe = 1.4,
the Brownian motion randomizes the particle orientations, resulting in nearly Newtonian behavior.
In the semidilute experiments, on the other hand, particle interactions prevent this randomization,
promoting the suspension anisotropy [18], which is presumably driving the instability.

VII. CONCLUSIONS

We have theoretically demonstrated the destabilizing effect of dilute suspensions of disks in
Taylor Couette flow (TCF). The instability is driven by anisotropic viscous forces that result from a
tilting of the disk normal vector away from the neutral r direction and toward the z direction. This
tilting allows the disks to transfer energy from the base flow into azimuthal velocity fluctuations.
The wavelength of these fluctuations is smaller than that of the Newtonian instability mode.

The instability mechanism involves an anisotropic microstructure, which requires a sufficiently
large Peclet number, Pe � 1. Available experimental work, however, is concerned with Pe ∼ 1 and
semidilute concentrations [11]. The experimentally observed instability seems therefore affected by
interactions between the disks, which counteract the randomizing effect of the Brownian motion,
providing the required anisotropic microstructure [18]. Reproducing the experimental findings of
Ref. [11] therefore requires including these interactions in the constitutive equations, which to
our knowledge has not yet been done. It is noted that interactions between rods, which have
a randomizing effect on the orientations [19], have been modeled as rotary diffusion; see, e.g.,
Ref. [10].

Finally, we would like to recommend the experimental characterization of TCF instability in
dilute suspensions of non-Brownian disks. As indicated by Eq. (45), non-Brownian conditions
(Pe � 1) are realizable using large disks and a large solvent viscosity.
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APPENDIX: MATERIAL FUNCTIONS FOR SPHEROID SUSPENSIONS

Adopting the notation of Ref. [12], the material functions of Eq. (5) are given by
[Eqs. (3.6)–(3.12) in Ref. [12]]

α1 = 5

2
cQ1, α2 = −5c

4

(
3Q2 + 4Q0

3

)
, α3 = 5cQ0

3,

and

α4 = 5
2cN.

The rotary diffusivity is given by

Dr = kBT

VpηKr
⊥

,
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where kBT is the Boltzmann energy, η = ρν is the solvent dynamic viscosity, and Vp is the spheroid
volume,

Vp = 4π

3
ab2.

Furthermore,

Q1 = 1

5α′
‖
, Q2 = 2

15α′
‖

(
1 − α′′

‖
α′′

⊥

)
, Q3 = 1

5α′
‖

[
ra (α‖ + α⊥)α′

‖(
r2
aα‖ + α⊥

)
α′

⊥
− 1

]
,

Q0
3 = Q3 − 1

2
BN, N = 2

(
r2
a − 1

)
5
(
r2
aα‖ + α⊥

) , Kr
⊥ = 2

(
r2
a + 1

)
3
(
r2
aα‖ + α⊥

) , B = r2
a − 1

r2
a + 1

,

α⊥ = r2
a

r2
a − 1

(1 − β ), α‖ = 2

r2
a − 1

(
r2
aβ − 1

)
, α′

⊥ = ra

(r2
a − 1)2

(
r2
a + 2 − 3r2

aβ
)
,

α′
‖ = r2

a

4
(
r2
a − 1

)2

(
3β + 2r2

a − 5
)
, α′′

⊥ = r2
a(

r2
a − 1

)2

[(
2r2

a + 1
)
β − 3

]
,

α′′
‖ = r2

a

4
(
r2
a − 1

)2

[
2r2

a + 1 − (
4r2

a − 1
)
β
]
,

and

β =

⎧⎪⎨
⎪⎩

acosh(ra )

ra

√
r2
a −1

if ra > 1

acos(ra )

ra

√
1−r2

a

if ra < 1
.
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