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ABSTRACT 
 
Wave breaking plays an important role in wave-structure interaction. A novel control volume finite element method with adaptive 
unstructured meshes is employed here to study three-dimensional breaking waves. The numerical framework consists of a ‘volume of 
fluid’ type method for the interface capturing and adaptive unstructured meshes to improve computational efficiency. The numerical 
model is validated against experimental measurements of breaking wave over a sloping beach and is then used to study the breaking 
wave impact on a vertical circular cylinder on a slope. Detailed complex interfacial structures during wave impact, such as plunging 
jet formation and splash-up are captured in the simulation, demonstrating the capability of the present method.  
 
KEY WORDS:  Breaking waves; volume of fluid method; three-dimensional simulation; Navier-Stokes equation; adaptive 
unstructured mesh. 
 
 
INTRODUCTION 

 

Wave breaking plays an important role in marine hydrodynamics, wave-structure interaction, air-sea interaction, 
surf zone dynamics, and nearshore sediment transport. Several comprehensive reviews of breaking waves and 
wave mechanics can be found in [1-3]. 
 
Wave-structure interaction is a key aspect in the safe and cost-effective design of coastal and offshore structures, 
and marine renewable devices. In order to roughly predict the hydrodynamic loads on structures, the Morison 
equation and potential flow theory have been widely used in the literatures. However, it is challenge to consider 
breaking wave impact on the structures by using these two approaches, especially when there are splash-up and air 
entrainment[4]. 
 
With developments of CFD (computational fluid dynamics) and increases in computer power, recent models for 
studying free surface flows, including breaking waves, solve the Navier–Stokes equations coupled with a free 
surface calculation (see Lin[5] for comprehensive modelling applications and methodologies for water waves and 
McSherry et al[6] for large-eddy simulation of free surface flows). There are several numerical studies on breaking 
waves in the literature based on one-phase flow model in two-dimension (2D)[7-10] and three-dimension (3D)[11,12], 



in which only the flow in the water is considered in the computations. The pressure in the air is taken as a 
constant, and the boundary conditions are approximately specified at the free surface. In order to take the effect of 
air phase into account for wave breaking, several 2D two-phase flow model, in which both flows in the air and 
water are solved, have been developed to study the details of breaking waves in the surf zone[13, 14], overturning jet 
during wave breaking[15] and the effect of wind on breaking waves[16, 17]. Several 3D two-phase flow models have 
also been developed to understand 3D breaking waves in a periodic space domain[18], over a plane beach[19] and 
over a complex topography[20], which have provided much insight into the kinematics and dynamics of breaking 
waves, including the overturning jet and the subsequent splash-up process. Previous investigations have greatly 
improved our knowledge of breaking waves, however, little attention has been given for the numerical study on 
the 3D wave action on a vertical circular cylinder over a slope.  
 
In this study, a 3D two-phase flow model with adaptive unstructured meshes is developed to investigate 3D 
breaking wave interaction with a vertical circular cylinder along a constant sloping beach, which can provide 
detailed information on the impact force during wave breaking. The usage of adaptive unstructured meshes is 
helpful to reduce the computational efforts in CFD simulations and is also easy to deal with the problems with 
irregular boundaries. The description of the mathematical model for the two-phase flow is described in next 
section. The numerical method is presented after that. Both 2D overturning waves and 3D breaking wave 
impacting on a cylinder are simulated in the results and discussion section. Detailed computational results of the 
water surface profiles associated with the adaptive unstructured meshes are shown and discussed. Finally, 
conclusions are drawn. 
 
 
MATHMATICAL MODEL 
 
A multi-fluid modelling framework has been developed based on the multi-component modelling approach with 

information on interfaces embedded into the continuity equations. In two-phase flows, let i  be the mass fraction 

of phase i , where 1,2i  , the density and dynamic viscosity of phase i  are i   and i , respectively. A 

constraint on the system is: 
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For each fluid component i , the conservation of mass may be denoted as: 
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and the equations of motion of an incompressible fluid can be written as: 
 

 
   p

t


    


             
 

u
u u u u g n  ,    (3) 

 

where where t is the time, u is velocity vector, p is the pressure, the bulk density is 1 1 2 2      , the bulk 

dynamic viscosity is 1 1 2 2     , g  is the gravitational acceleration vector,    is the surface tension 

coefficient,   n  is the interfacial curvature, n   is the interface unit normal, and   is the Dirac delta 
function. 
 
 
NUMERICAL METHOD 
 
In the present study, a transient, mixed, control-volume and finite-element formulation is used to discretise the 
governing equations (Eq. 2 and Eq. 3). A finite volume discretisation of the continuity equations and a linear 
discontinuous Galerkin (DG)[21] discretisation of the momentum equations are employed with backward Euler 



time stepping. Within each time-step, the equations are iterated upon using a projection-based pressure 
determination method until all equations are simultaneously balanced. The main numerical framework includes a 
finite element type P1DG-P2 (linear discontinuous velocity between elements and quadratic continuous pressure 
between elements) for multi-fluid flow problems, which ensures exact balance between buoyancy force and 
pressure gradient. The framework also features a novel interface capturing scheme based on compressive control 
volume advection method[21], involving a high-order accurate finite element method to obtain fluxes on the control 
volume boundaries, where these fluxes are subject to flux-limiting using a normalised variable diagram approach 
to obtain bounded and compressive solutions for the interface. The implementation of capillary/surface tension 
force in the framework using an unstructured mesh minimises spurious velocities often found in interfacial 
flows[22]. Finally, use of anisotropic unstructured mesh adaptivity[23] allows the grid resolution to be concentrated 
in relatively important regions, such as the vicinity of interfaces, while lower resolution can be used in other 
regions; this leads to a significant gain in computational efficiency without sacrificing accuracy. 
 
The numerical framework has been validated and employed to study various multiphase flow problems[24-27]. The 
detailed modelling of three-dimensional bubbles, droplet and liquid films can be found in Xie et al[22, 28]. 
 
 
RESULTS AND DISCUSSION 
 
2D Breaking Wave Over a Sloping Beach  
 
In this section, we simulate a two-dimensional overturning solitary wave and compare quantitatively with the 
experiment[29] for a breaking solitary wave splash-up on a 1:15 sloping beach. We followed the same 
computational setup in our previous studies with a two-phase flow solver based on the finite volume method on a 
fixed grid[15, 20]. At the inlet, the solitary wave is generated by giving the water surface profile and the water 
particle velocities[15], whereas the no-slip wall boundary condition is applied at the sloping beach and zero-
gradient boundary conditions are applied at the top and outlet of the computational domain. 
 
Fig. 1 shows the evolution of zoom in region for the solitary wave before and after wave breaking. It can be seen 
that the development of plunging jet, jet impingement and generation of splash-up are reproduced in the 
simulation. Sharp air-water interface is captured by the adaptive unstructured mesh, with fine mesh in the vicinity 
of the interface and coarse mesh away from the interface. A detailed comparison of the plunging jet, at the time of 
wave overturning, between the simulation and experimental results is shown in Fig. 2. Good agreement is 
obtained in the present study in terms of wave shape and breaking location, demonstrating the capability of the 
present method in simulation wave breaking problems. 

 

 



 
Fig. 1 Evolution of a solitary breaking wave with / 0.45H D    along a 1: 15 sloping beach. Water and air and their associated fully 

unstructured mesh are shown in red and blue colors. 
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Fig. 2 Comparison between simulation and experimental measurements[29] for the wave surface profile during wave 
overturning on a sloping beach. 

 
 
3D Breaking Wave Impact on a Vertical Circular Cylinder 
 
A three-dimensional solitary breaking wave over a constant slope is investigated here. In the computation, the 
origin of the coordinates is located at the still water level in the centre of the toe of the slope and all lengths are 

normalized by the water depth 0.3048D   m. The computational setup is similar to the case for a 3D breaking 
wave without a cylinder[20], in which the slope is 1:15 and the incident plane solitary wave with the ratio of wave 

height to water depth is / 0.45H D  . A vertical circular cylinder with a diameter of / 0.33d D   is 

considered here and it is located at a distance of 12.5x D  from the toe of the slope. The computational domain, 

which has a length of 19.75D , width of 1.3D , and height of 1.75D , is discretized by an adaptive fully-

unstructured mesh, with minimum meshes of min / 0.02x D  , min / 0.02y D   and min / 0.05z D   in the 

streamwise, vertical and spanwise directions, respectively. 
 
Fig. 3 shows snapshots of detailed views of the solitary wave before, during and after wave breaking. Before wave 
breaking, it can be seen that the wave crest becomes steep due to the shoaling effect (Fig. 3(a)). A typical three-
dimensional overturning jet just ahead of the cylinder can be seen in Fig. 3(b) during wave breaking. The breaking 
wave impacts with the vertical cylinder and 3D complex plunging jet is developed in Fig. 3(c). The adaptive fully-
unstructured meshes are also shown in Fig. 3 and it can be seen that fine mesh is used in the vicinity of the 
interface and the region near the cylinder whereas coarse mesh is used away from the interface. This has the 
advantage of reducing computational effort without sacrificing accuracy. 
 



 
 
 

 

 
(a) before wave breaking 

 

 



 
(b) during wave breaking 

 

 

 
(c) after wave breaking 

 
Fig. 3 Detailed views of the water wave surface before (a), during (b) and after (c) wave breaking. Top pannel shows the water 

surfaces colored based on local values of /y D  and bottom pannel shows the fully-unstructured mesh corresponded to the top pannel 
along three slices. 

 
 
Fig. 4 shows the streamwise-component impact force on the vertical cylinder during wave propagation along the 
sloping beach. It can be seen that the force is very small when the wave is far away from the cylinder. It gradually 
increases and obtains the maximum value when the plunging jet hits the cylinder. Then impact force gradually 
decreases when the breaking wave passes by and there is some oscillation due to three-dimensional effect of the 
breaking waves. 



 
Fig. 4 Streamwise impact force on the vertical circular cylinder for the breaking wave along the sloping beach. 

 
 
CONCLUSIONS 
 
In this paper, a control volume finite element method with adaptive anisotropic unstructured meshes has been 
used for three-dimensional breaking waves, which can modify and adapt unstructured meshes to better represent 
the underlying physics of interfacial problems and reduce computational effort without sacrificing accuracy. 
 
The numerical framework has been validated for a 2D breaking wave over a sloping beach, in which a good 
agreement of the water surface profile between the simulation and experimental measurements is obtained. The 
present framework has been further employed to investigate a 3D breaking wave and its impact on a vertical 
cylinder along a slope. Development of plunging jet formation and complex interfacial structures during wave 
impact have been captured by the present method. The results presented here established with sufficient 
confidence that this method can be used to successfully model breaking waves and wave-structure interaction in a 
wide range of applications. 
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