
Asian Journal of Control, Vol. 00, No. 0, pp. 1–11, Month 0000
Published online in Wiley InterScience (www.interscience.wiley.com) DOI: 10.1002/asjc.0000

Sliding Mode Observer Design for a Parabolic PDE in the Presence of

Unknown Inputs

Y. Orlova, S. Chakrabartyb, D. Zhaoc, and S. K. Spurgeond

ABSTRACT

This paper considers observer design for systems modelled by linear
partial differential equations (PDEs) of parabolic type which may be subject
to unknown inputs. The system is assumed to have only one spatial dimension,
over which it is discretised to obtain what is referred to as the lattice system
which is a set of linear time invariant (LTI) ordinary differential equations
(ODEs) having a canonical Toeplitz-like structure with a specific sparsity
pattern. This lattice structure is shown to be particularly appropriate for step-
by-step sliding mode observer design which can reconstruct the state estimates
at the points of discretisation and estimate the unknown input. Simulation
results for both stable and unstable PDEs show that accurate state estimates
can be provided at the points of discretisation. An approach to reconstruct the
unknown input is demonstrated.

Key Words: step-by-step observer; sliding mode; partial differential equa-
tion; spatial discretisation; finite time estimation; unknown input
estimation

I. Introduction

Partial differential equations (PDEs) have been
commonly used to model various physical phenomena
distributed over time and space. Examples include
heat flow, diffusion and waves. Control of systems
modelled by PDEs continues to receive attention in the
literature [28], [29]. From the point of view of controller
implementation, using PDE models has some practical
disadvantages. A PDE model is representative of an
infinite dimensional system and thus a state feedback
controller designed based on the PDE model will
require measurements across the entire domain. The
advent of micro-electromechanical system (MEMS)
technology facilitates this (see [2] for details) but it
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may not be desirable or economically viable for some
applications. This motivates work to reconstruct the
distributed state of the PDE based on the available
measurements at individual points. Such measurements
are frequently located at the boundaries. In addition, it is
of interest to estimate a disturbance affecting the system
at one or more spatial position [11], for example for the
purposes of fault detection or condition monitoring.

For ease of exposition, observer design for a linear
reaction-advection-diffusion PDE in a scalar spatial
dimension is considered. Extension to higher spatial
dimensions and other classes of PDEs is possible but the
development is rather involved. The method presented
here contrasts to many existing PDE-type methods of
control/observation of distributed parameter systems
(DPSs) rooted in a specific plant equation where non-
trivial extensions are required to extend the approach for
alternative dynamic system representations. Previously
considered methods include the sliding mode approach,
backstepping method and active disturbance rejection
(see [18], [21], [13], and references therein).

Discretisation of the PDE along the spatial
dimension is undertaken to produce an LTI system of
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ODEs with a tridiagonal system matrix. Each diagonal
has the same entry throughout its length, apart from
the first and last elements of the main diagonal. In
a Toeplitz form, each diagonal has the same entries
along its length. The lattice system is thus not in
Toeplitz form because the first and last elements of
the main diagonal are different. For this reason, the
system matrix of the lattice system is said to be in
a Toeplitz-like form. Sliding mode observer design
for systems where the state distribution matrix has
lower Hessenberg form is considered. A step-by-step
approach to sliding mode observer design as in [3],
[19], [12] is particularly appropriate for systems in
this lower Hessenberg form. It is demonstrated that the
tridiagonal Toeplitz-like form resulting from the spatial
discretisation process belongs to the class of systems
with lower Hessenberg form and thus the proposed
sliding mode observer design can be directly applied to
the lattice system. The tridiagonal terms of the resulting
Toeplitz-like matrix accumulate the reaction-advection-
diffusion values. The proposed observer design method
does not require the state transformation typically used
for eliminating the advection term as used in the PDE
treatment of a scalar reaction-advection-diffusion PDE
(see, e.g., [16, Section 4.7]). This, in any case, is not
viable for coupled PDEs of the same type.

The sliding mode approach is well established
as a robust approach to both controller and observer
design. The technique has received significant attention
from the points of view of both theoretical development
[26] and practical application [27],[30]. In the finite-
dimensional setting, sliding mode observers are
well established [7],[8],[14],[10],[22]. The step-by-step
observer is a particular sliding mode observer generally
employed for systems having special structural forms
[3],[19],[12]. Such forms typically allow successive
state estimation (of one state independent of the others,
and offer estimation of the states sequentially). In
finite time, all the states are estimated one by one.
This approach is known to be powerful when it is
required to estimate an unknown disturbance, which
can be considered as an unknown input to the system
[5], [12]. Specific extensions when the unknown input
is unmatched are considered in [31], [32] and [33].
Alternative observer approaches that can be used to
estimate unknown inputs are described in [1], [4].

In this work, the observer is designed for ODE
systems in the tridiagonal Toeplitz-like form, naturally
inherited from the PDE setting and also relevant
to the network setting [17]. It utilizes switched
injection terms traditionally used in sliding mode
controllers and observers, giving them the celebrated

property of inherent robustness [25],[9]. Since the
approach adopted here is one of spatial discretisation,
an observer designed using such a robust method
seems an appropriate choice as it can be expected to
ensure robustness against the approximation due to
discretisation. The contribution is to utilize for the first
time a robust step-by-step observer which can easily be
designed in an ODE setting for the state and unknown
input estimation problem of a corresponding PDE
system. This bypasses all methodologies of observer
design in the PDE framework, which are limited in
their nature as they work for a specific plant and
cannot be extended to other dynamic plants. Hence,
a design approach which is straightforward, scalable
and plant independent has been proposed for observer
design of significant classes of PDE systems. The
method can be applied to all systems of the form of a
linear reaction-advection-diffusion PDE and a similar
observer structure could be utilized for network systems
described using diffusion-reaction terms.

The paper is structured as follows: Section
2 introduces the class of PDE systems under
consideration and defines the boundary and initial
conditions. A spatial discretisation of the PDE is
performed to yield the tridiagonal Toeplitz-like ODE
system. In Section 3, a step-by-step sliding mode
observer is developed for a LTI arbitrary finite order
ODE system with a lower Hessenberg structure.
Conditions for finite time convergence of the state
estimates are presented and it is shown that unknown
input signals could also be reconstructed. A simulation
study is performed with the proposed sliding mode
observer for a system in the tridiagonal Toeplitz-
like matrix form used to model the lattice system.
It is shown that the state estimation errors go to
zero in finite time for different orders of the model.
Conditions for estimation of the unknown input are
also explored. In section 4, the proposed observer
design is applied directly to both a stable and unstable
PDE system. The simulation results show that the
observer reconstructs the state estimates at the points
of discretisation with high accuracy in both cases.
Performance in the presence of an unknown input
signal is explored. It is shown that good estimates can
be obtained at the points of discretisation and that it
is possible to determine useful information about the
unknown input from analysis of the observer injection
signals. In section 5, conclusions are stated and future
directions are highlighted.
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II. Generalized Heat Transfer Model
Consider a standard space-normalized heat transfer

equation in one dimension

Tt = k1Txx + k2T + k3Tx (1)

where Tt is the first partial derivative of T with respect
to (w.r.t.) time and Tx and Txx are respectively the
first and the second order partial derivatives of T w.r.t.
space (in the x-direction). Here T = T (t, x) denotes
the temperature at a particular time instant t ≥ 0 and a
space point x ∈ [0, 1], the positive parameter k1 stands
for the diffusivity, and k2 and k3 for the reaction
and advection, respectively. Let the above equation
be associated with the following Robin boundary
conditions and initial condition.

Boundary Conditions

Tx(0) = κ0T (0, t)

Tx(1) + κ1T (1, t) = q(t) (2)

Initial Conditions

T (0, x) = T0(x) (3)

where the parameters κ0 and κ1 are constants.
Throughout, the initial distribution T0(x) and heat flux
q(t) are assumed to be reasonably smooth functions
of their arguments to deal with classical solutions of
the boundary-value problem (1)-(3). This assumption
is made for a technical reason to ensure [6] that the
solutions evolve in the Sobolev state space H2(0, 1) of
continuous functions with square integrable derivatives
such that the Robin boundary conditions (2) are
satisfied. The boundary conditions correspond to the
case where one end (x = 0) is insulated from the
surroundings and hence there is no exchange of heat
flux at that position. The heat flux q(t) is supplied at
the other end but is unknown.

The initial condition gives a profile of the
temperature distribution at the various points x ∈ [0, 1]
when t = 0. It is assumed that the temperature at the
end x = 0, i.e., T (t, 0) is known by measurement for
all time t. Hence the system output is given by y(t) =
T (t, 0). For theoretical developments it is necessary that
the absolute maximum values of the temperatures at
each spatial position as well the absolute maximum
value of the input heat flux (at x = 1) are known and
bounded. To accommodate the case of unstable PDEs,
it is necessary to impose an additional assumption of
approximate observability [6] on the PDE system (1).
With this assumption, in the case of an unstable PDE,
a Luenberger observer can be first designed to ensure
boundedness of the system states as required for the
design of the step-by-step sliding mode observer.

2.1. Problem Statement

The system parameters are assumed to be known
and constant and the problem is to estimate the states
and the input heat flux from the output measurement
y(t) = T (t, 0). This is a state and unknown input
observer design problem for the system (1) based only
on the output y(t) = T (t, 0).

2.2. Spatial Discretisation

The PDE system in (1) is spatially discretized to
form a lattice system of (N + 1) equidistant divisions
along the length of the x-dimension with (N +
2) discrete points i ∈ {0, 1, . . . , N + 1}. Let T (t) =
[T1(t) T2(t) . . . TN (t)]T be defined as the state vector
for the lattice system, giving the temperature at each
spatial point of discretisation. The discretisation of Txx
at each lattice point can be obtained using the second
order central difference scheme [20] as

(Txx)i ≈
Ti+1(t)− 2Ti(t) + Ti−1(t)

h2
∀ i = {1, . . . , N}

(4)

where h = ∆x is the unit of spatial discretisation,
chosen such a that (N + 1)h = 1 where N ∈ N+.
For the discretisation of Tx, either the forward
difference scheme, the backward difference scheme or
the central difference scheme can be employed. Here
the central difference scheme which is a second order
approximation, with error h2, is employed whereas the
forward and backward schemes give error of first order.
The central difference discretisation scheme gives

(Tx)i ≈
Ti+1(t)− Ti−1(t)

2h
∀ i = {1, . . . , N} (5)

Lemma 1 If the system (1) is spatially discretised to
form a lattice system with (N + 1) equidistant divisions
along its length, the temperatures at the boundary
points of the system (1) satisfying the boundary
conditions (2) are given as

T0(t) =λ0T1(t)

TN+1(t) = λ1TN (t) + hλ1q(t)
(6)

where λi = 1
1+κih

.

Proof: It is evident that at the boundary x = 0, only
the forward difference scheme can be applied and at the
boundary x = 1, only the backward difference scheme
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can be used. This leads to

Tx(0) =
T1(t)− T0(t)

h
= κ0T0(t)⇒ T0(t) = λ0T1(t)

Tx(1) =
TN+1(t)− TN (t)

h
+ κ1TN+1(t) = q(t)

⇒TN+1(t) = λ1TN (t) + hλ1q(t)

(7)

where λi = 1
1+κih

.

Lemma 2 The lattice system for the PDE (1) using
the central difference scheme for spatial discretisation
results in a system of ODEs of the form

Ṫ (t) =



a1 a2 0 0 · · · 0
a3 a4 a2 0 · · · 0
0 a3 a4 a2 · · · 0
...

...
0 0 0 a3 a4 a2
0 0 0 0 a3 a5


T (t) +


0
...
0
a0

 q(t)

y(t) =
[

1 0 . . . 0
]
T (t)

(8)

where ai, i = {0, 5} are related to the system
parameters and the discretisation step (Table 1).

Proof: The proof is straightforward and is omitted.

2.3. Accuracy of the model approximation

It is important to verify the degree to which the
responses of the lattice system and the original PDE
system correlate. If an observer is to be designed
based upon the lattice system representation, the likely
mismatch between the responses of the actual PDE
system and the model used for observer design must
be quantified. The original PDE system is simulated
using the pdepe program in Matlab [15], which is
an inbuilt Matlab program to accurately simulate a
PDE system. In this paper, all the PDE simulations are
computed using pdepe. Simulation parameters are set
to the program defaults and system parameters selected
as k1 = 1, k2 = −0.5 and k3 = −0.5. The lattice system
is integrated using the Euler method with sample period
1e− 5 running Matlab codes written by the authors.
The parameters defining the dynamical system are
selected the same for both the pdepe program and the
Euler simulation. The initial states are assumed to be
unity for both the pdepe and the Matlab code. The
boundary condition is set to q(t) = 0.1e0.5tsin(t) with
κ0 = κ1 = 0. From Figure 1(b), the output responses of
the original PDE system in (1) and the lattice system
in (8) show good agreement when the number of

discretisation points is large (N = 99). There is some
mismatch between the corresponding responses when
N is relatively small (N = 4) as shown in Figure 1(a).
The level of mismatch exhibited for the most extreme
case, i.e. the case when the number of discretisation
points is only 4, is well within the bounds of uncertainty
that can be dealt with effectively using a sliding mode
approach.

III. Step-by-step observer design for systems in
lower Hessenberg form

Consider the following system in lower Hessen-
berg form:

ẋ(t) = Ax(t) +


0
...
0
a0

 q(t)
y(t) = Cx(t) =

[
1 0 . . . 0

]
x(t)

(9)

(a) N=4

(b) N=99

Fig. 1. Output responses of the lattice system discretised with the
central difference scheme and the original PDE system
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Table 1. Values of ai for the system in (8)

a0 a1 a2 a3 a4 a5
k1λ1

h + k3λ1

2 − 2k1
h2 + k1λ0

h2 + k2 − k3λ0

2h
k1
h2 + k3

2h
k1
h2 − k3

2h − 2k1
h2 + k2 − 2k1

h2 + k1λ1

h2 + k2 + k3λ1

2h

where the system matrix A is given by

A =



a11 a12 0 0 · · · 0
a21 a22 a23 0 · · · 0
a31 a32 a33 a34 · · · 0

.

.

.
.
.
.

a(N−1)1 a(N−1)2 a(N−1)3 a(N−1)4 · · · a(N−1)N
aN1 aN2 aN3 aN4 · · · aNN


(10)

The tridiagonal Toeplitz-like form of (8) is a special
case of this lower Hessenberg form. For system (9),
define the step-by-step observer

˙̂x(t) = Ax̂(t) + LC(x− x̂) +


ν1(x̃1 − x̂1)
ν2(x̃2 − x̂2)

...
νN (x̃N − x̂N )


(11)

where x̃j = x̂j + 1
a(j−1)j

νj−1,eq(x̃j−1 − x̂j−1) and the
output distribution matrix C is as defined in (9).
The terms νj(x̃j − x̂j) are the observer injection
terms which are to be designed so that the observer
states converge to the system states in finite time.
The associated terms νj−1,eq(x̃j−1 − x̂j−1) are the
equivalent injection terms, which will be described
later. The gain matrix L = [l1, l2, . . . , lN ]T is a
Luenberger observer gain selected to ensure (A− LC)
is stable. Initially x̃1 = x1 is defined. The observer (11)
is a sliding mode observer, where as is usual [12], the
sliding surface, s is defined to be the output error

s(t) = e1 = x1 − x̂1 = y − ŷ (12)

The proof of convergence of the observer will now be
developed.

3.1. State and Unknown Input Estimation

Let the state estimation error be e = x(t)− x̂(t).
Then the error dynamics is given by

ė = (A− LC)e+


0
...
0
a0

 q(t)−


ν1(x̃1 − x̂1)
ν2(x̃2 − x̂2)

...
νN (x̃N − x̂N )


(13)

The objective of the step-by-step observer design is
to make the errors go to zero successively, i.e., first
e1 = 0 is achieved, which brings about the condition
needed to make e2 = 0 and so on. This paradigm is
widely exploited in the literature [3],[19],[12] and is
now generalized for the lower Hessenberg form (13).

Theorem 1 If the observer injection terms are
designed as

νi(x̃i − x̂i) =Kisign(x̃i − x̂i)
K1 >((|a11|+ |l1|)|e1|m + |a12||e2|m)

Ki >(|aii||ei|m + |ai(i+1)||ei+1|m)

i = 2, . . . , N

KN >(|aNN ||eN |m + |a0|Um)

(14)

where |ei|m is the absolute maximum of the error
ei(t) of the system (13) and |q(t)| < Um ∀t, then the
errors become zero in finite time in the sequence i =
1, 2, . . . , N , i.e., the estimated states of the observer
(11) match the states of the system (9) in finite time and
converge sequentially. Also, the unknown input q(t) can
be reconstructed once all the errors become zero.

Proof: By assumption, the absolute maximum values
of each of the states are known, so the absolute
maximum of the error is also known for each state.
Denote these by |ei|m where i = {1, ..., N}. The proof
then proceeds stepwise as follows.

Step 1:

When x1 6= x̂1 (this is achieved by selecting x̂1(0) 6=
x1(0)), from the error dynamics (13), ė1 sub-system
becomes

ė1 = (a11 + l1)e1 + a12e2 −K1sign(e1) (15)

The well-known η-reachability condition [9] states that
if

e1ė1 < −η ‖e1‖ (16)

is satisfied, then e1 will be identically zero after a finite
time ts ≤ |e1(0)|η . It follows that with K1 > ((|a11|+
|l1|)|e1|m + |a12||e2|m), a sliding mode occurs on e1 =
0 in finite time.

The concept of the equivalent injection signal [9]
is used to estimate the unmeasured signal e2 while the
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system is sliding on e1 = 0. The signal ν1,eq represents
the average behaviour of the discontinuous signal
ν1(e1) and can be thought of as the injection signal
required to maintain e1 = 0, although the actual signal
supplied to the system is the discontinuous signal ν1.
This equivalent injection may be obtained by passing
the discontinuous signal ν1(x̃1 − x̂1) through a low pass
filter. From (15)

ė1 = (a11 + l1)e1 + a12e2 − ν1,eq(e1) (17)

with e1 = ė1 = 0 while sliding on the surface e1 = 0. It
follows from (17) that e2 can be obtained as follows:

e2 =
1

a12
ν1,eq(e1) (18)

Using (18), x2 = x̂2 − 1
a12
ν1,eq(x̃1 − x̂1) = x̃2.

Step 2 to (N-1):

As e1 = 0, x2 = x̃2 and the correction term appearing
in the dynamics of e2 from the error dynamics becomes
ν2(e2) = −K2sign(e2) with e2 given by (18). Thus
when e1 = 0

ė2 = a22e2 + a23e3 −K2sign(e2) (19)

With K2 > (|a22||e2|m + |a23||e3|m), sliding will now
take place on e2 = 0 in finite time while maintaining
the sliding on e1 = 0. As before, during the sliding, it
follows that

e3 =
1

a23
ν2,eq(e2) (20)

Thus x3 = x̂3 − 1
a23
ν2(x̃2 − x̂2) = x̃3. The correction

term in the e3 dynamics in the error dynamics (13)
becomes ν3(e3) = −K3sign(e3), with e3 given by (20).

Proceeding in a similar way, one obtains ei = 0
successively in each step (i = {3, N − 1}) by making
Ki > (|aii||ei|m + |ai(i+1)||ei+1|m) with

ei+1 =
1

ai(i+1)
νi,eq(ei) (21)

Step N:

From the error dynamics (13) with i = (N − 1), eN =
1

a(N−1)N
νN−1,eq(eN−1) and xN = x̃N . The correction

term appearing in the dynamics of eN in the error
dynamics becomes νN (eN ) = −KNsign(eN ). The
error dynamics is:

ėN = aNNeN + a0q(t)−KNsign(eN ) (22)

With KN > (|aNN ||eN |m + |a0|Um), one can ensure
sliding takes place on eN = 0 in finite time. Thus all

Table 2. Simulation parameters for the observer (11) applied to
the lattice System (8) without the unknown input

N K1 m KN δ
4 10 0.1 12 0.0025
99 10000 1000 60000 1

the errors become zero sequentially and the system
converges to the origin in finite time. When the system
is at the origin, eN = 0 and q(t) is given by

q(t) =
1

a0
νN,eq(eN ) (23)

3.2. Simulation - lattice system for stable PDE with
k1 = 1, k2 = −0.5 and k3 = −0.5

Noting that the Lattice system (8) for the original
PDE system (1) is a subclass of the Lower Hessenberg
form, the developed observer design approach is
applied. Discretisation using the central difference
scheme is used to determine the corresponding lattice
representation (8). Since the PDE is stable, the
Luenberger gain matrix is set to zero. For the purpose
of simulation, the switching terms are replaced by
high gain feedback terms, with the exception of the
final switching term, which is replaced by the sigmoid
function ( |eN ||eN |+δ ). This is justified as it is well-known
that a discontinuous feedback is equivalent to high-
gain feedback [23]. The high gains can be implemented
using the strategy found in [24]. The first gain K1

is set and the successive gains are determined by the
algorithm Ki+1 =

√
mKi, i = {1, N − 2} where m is

a design parameter. The gain KN is set separately. The
initial states of the resulting N -th order ODE system
are assumed to be all equal to unity, while the initial
observer states are zero.

The performance of the proposed observer is first
assessed without the unknown input. The simulation
parameters are as in Table 2 and simulation results
for N = 4 and N = 99 are presented in Figure 2. The
estimation errors at the points of discretisation show
the proposed sliding mode observer forces the errors to
zero in finite time. The performance is now considered
in the presence of the unknown input, considered as
q(t) = 0.1 sin 10t for the purpose of simulation. Note
that q(t) is not known to the observer. The simulation
parameters are presented in Table 3 and simulation
results for N = 4 and N = 99 are presented in Figure
3. It can be seen that in the presence of the unknown
input, the quality of the state estimates at the points
of discretisation degrade slightly. From Figure 4, the
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(a) N=4

(b) N=99

Fig. 2. Errors between the state of the lattice system (8) with k1 = 1,
k2 = −0.5 and k3 = −0.5 and observer (11) at the points of
discretisation in the absence of an unknown input

Table 3. Simulation parameters for the observer (11) applied to
the the lattice System (8) in the presence of the unknown input

N K1 m KN δ
4 100 0.18 120 0.0025
99 600000 10702 200000 0.7

unknown input is reconstructed to a high degree of
accuracy. The transient behaviour degrades for the case
N = 99 as may be expected from the fact that a large
number of equivalent injection signals (21) have to
converge to reach the sliding condition.

IV. Observer performance with the original
PDE system

The observer is now applied to estimate the
states of the original PDE system (1) at the points
of discretisation. Also, the unknown input q(t) is
estimated. The implementation of the observer is

(a) N=4

(b) N=99

Fig. 3. Errors (zoom plot) between the state of the lattice system (8)
with k1 = 1, k2 = −0.5 and k3 = −0.5 and observer (11) at
the points of discretisation with an unknown input

performed in the same way as discussed in sub-
section 3.2, except the errors are obtained by comparing
the states from the actual PDE system, which is
simulated using the pdepe program in Matlab [15].
The performance with both stable and unstable PDE
systems is considered.

4.1. Case 1 - stable PDE with k1 = 1, k2 = −0.5
and k3 = −0.5

The performance of the proposed observer is first
assessed without the unknown input. As the PDE is
stable, the Luenberger gain matrix is set to zero. The
simulation parameters are as presented in Table 4 and
simulation results for N = 4 and N = 99 are presented
in Figure 5. The errors between the values of the actual
states and the estimated states are presented at the
points of discretisation and it is clear that the proposed
sliding mode observer forces the errors to zero in finite
time. It can be concluded that the proposed observer is
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(a) N=4

(b) N=99

Fig. 4. Unknown Input Reconstruction for the lattice system (8) with
k1 = 1, k2 = −0.5 and k3 = −0.5

robust to the mismatch between the PDE (1) and the
lattice system (8) in terms of estimation of the state
at the points of discretisation. The errors are absorbed
in the equivalent injection signals which represent, on
average, the mismatch between the lattice system and
the actual PDE system. The impact of increasing the
number of discretisation points on the accuracy of
the state estimates at the points of discretisation is
negligible. The performance is now considered in the

Table 4. Simulation parameters for the observer (11) applied to
the PDE system (1) with k1 = 1, k2 = −0.5 and k3 = −0.5
without disturbances

N K1 m KN δ
4 100 0.18 120 0.0025
99 600000 10702 200000 0.7

presence of the unknown input, considered as q(t) =
0.1 sin 10t for the purpose of simulation. The simulation
parameters are as presented in Table 5. Simulation
results for N = 4 are in Figure 6. Comparing Figure

(a) N=4

(b) N=99

Fig. 5. Errors between the states at the points of discretisation for the
PDE system (1) with k1 = 1, k2 = −0.5 and k3 = −0.5 and
observer (11) in the absence of an unknown input

3 and Figure 6 it is clear that even in presence of the
unknown input, the estimation errors at the points of
discretisation due to spacial discretisation of the PDE
(1) are reasonable. The unknown input reconstruction
shows some degradation in the fidelity of the estimate.
It should be noted that the equivalent injection signals
(21) are at every step counteracting mismatched
disturbances (of order O(h2)). This impacts on the
performance of the unknown input estimation.

Table 5. Simulation parameters for the observer (11) applied to
the PDE system (1) with k1 = 1, k2 = −0.5 and k3 = −0.5 in
the presence of an unknown input

N K1 m KN δ
4 100 0.01 100 0.0025
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4.2. Case 2 - unstable PDE with k1 = 1, k2 = 0.05
and k3 = −0.5

To further test the applicability of the proposed
observer to an unstable PDE plant (1), the reaction
parameter k2 is set to a positive constant and a
corresponding observer (11) is designed. Choosing
k2 = 0.05 allows the instability to escape sufficiently
slowly so that finite observation of the states can occur
within an observation window of 0 to 10 seconds. The
Luenberger gain matrix is parameterised so that the
poles of (A− LC) in (13) are specified to be as for
the open-loop poles of the lattice system considered
in Subsection 4.1. The performance of the proposed
observer is first assessed without the unknown input.
The simulation parameters are selected as for the stable
PDE as presented in Table 4 and simulation results for
N = 4 andN = 99 are presented in Figure 7. The errors
between the values of the actual states and the estimated
states are presented at the points of discretisation and
the proposed sliding mode observer forces the errors

(a) Error plot

(b) Unknown input reconstruction

Fig. 6. PDE system (1) with k1 = 1, k2 = −0.5 and k3 = −0.5 and
observer (11) of order N=4 in the presence of an unknown input

(a) N=4

(b) N=99

Fig. 7. Errors between the unstable PDE system with k1 = 1, k2 =
0.05 and k3 = −0.5 and observer in the absence of the unknown
input

to zero in finite time even in the unstable case. The
performance is now considered in the presence of the
unknown input, considered as q(t) = 0.1 sin 10t for
the purpose of simulation. The simulation parameters
are as presented in Table 6. A zoomed plot of the
errors between the values of the actual states and the
estimated states is shown in Figure 8. The performance
of the observer is not affected by the instability of
the PDE system. The maximum magnitude of the
error signals is consistent with that observed in the
experiments presented for the stable case in Figure 6(a).
The unknown input reconstruction is shown in Figure 9
where the degradation in the fidelity of the estimate is
similar to that observed in the simulation testing of the
stable PDE (Figure 6(b)).

V. Conclusions

A step-by-step sliding mode observer is designed
for an ODE system in a lower Hessenberg form that
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Table 6. Simulation Parameters for Observer of Unstable PDE
System with Disturbance

N K1 m KN δ
4 100 0.2 100 0.0025

Fig. 8. Zoom of the errors between the unstable PDE system k1 = 1,
k2 = 0.05 and k3 = −0.5 and observer of order N=4 in the
presence of the unknown input.

Fig. 9. Unknown Input Reconstruction for the unstable PDE system
with the observer of order N=4.

is shown to be particularly appropriate in the lattice
setting. A reaction-advection-diffusion PDE is spatially
discretised and approximated as an arbitrary finite order
ODE system which is consistent with the structure of
the proposed sliding mode observer. The observer is
found to successfully estimate the states of the system
at the spatial points of interest without having to build
an infinite dimensional observer for the PDE system.
The accuracy of the state estimates at the points of
discretisation has been confirmed for both the lattice
system and the original PDE system. It is also observed
that estimation at a particular spatial point of interest
does not depend on the discretisation order, as long as
the point of interest is in the set of discretised points.

The observer can also track unknown inputs at
one end of the spatial dimension when measurements
are available at the other end. Perfect reconstruction
is achieved for the lattice system and the property is
independent of the chosen number of discretisation
points. However, simulation studies have demonstrated
that the accuracy of the estimate degrades when the
observer is applied to the actual PDE system. This is
expected as the equivalent injection signals represent,
on average, the mismatch between the ODE system and
the PDE system.

The proposed observer design, which is based
on the approximation of the PDE by an appropriate
ODE, appears to be universal in the sense that it is
naturally in an implementable finite-dimensional form.
The approach can be readily extended to higher spatial
dimensions and to other PDE types.

The paper provides a framework for practical
estimation of the states of a PDE system at particular
spatial points and provides a mechanism to estimate
any unknown input. Further work is needed to develop
the design algorithm and this should be undertaken in
tandem with study of significant practical applications
such as the study of tumour growth.
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