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Abstract

This online supplement contains the materials and proofs omitted from Kitagawa

and Tetenov (2019), “Equality-minded Treatment Choice.”

B Illustrative Example

In this section, we illustrate the properties of rank-dependent SWFs in comparison with the
utilitarian one in a simple setting with the Gini SWF, Wi (F) = [;°(1—F(y))?dy. We first
compare the welfare ordering on the parametric family of log-normal outcome distributions.
Second, we consider a simple treatment choice problem with binary X in order to illustrate
how the optimal rules fundamentally differ between the two SWFs.

First, consider the welfare ordering over the family of log-normal distributions of out-
comes, Y ~ log N(u,0?), ignoring the treatment choice problem. The mean of Y is given
by E(Y) = exp(u + 02/2). The Gini inequality coefficient for log N(u,0?) is given by
20 (0/V2) — 1 (see, e.g., Cowell (1995)), where ®(-) is the cdf of the standard normal
distribution. By (5), we have

Wi (11, 0) = 2 exp <u + %2> {1 ) (%H . (B.1)

This welfare function is increasing in p, whereas it is not monotonic in o. For instance, when
=0, Wgini(p, o) is decreasing in ¢ for o < 0.87 and increasing for ¢ > 0.87. See Figure B.1

for a plot of Wgini(p, o) over o € [0, 2] holding p = 0 fixed. The U-shape of the Gini social
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Figure B.1: Equality-minded welfare for log N (0, 0?).
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Figure B.2: Density of log N (0, c?).



welfare indicates that for o < 0.87, the negative contribution to the social welfare from an
increase in the Gini coefficient dominates the positive contribution from an increase in the
mean, while for ¢ > 0.87, this relationship reverses. In Figure B.2, we plot the densities of
the log-normal distributions for o = 0.25, 0.5, and 1. Since E(Y) is monotonically increasing
both in g and o, higher ¢ is always preferable in terms of the utilitarian social welfare. In
contrast, as shown in the welfare values plotted in Figure B.1, the Gini social welfare yields
the complete opposite welfare ordering over the three log-normal distributions in Figure B.2.

Consider now the treatment choice problem. Suppose there is only one binary covariate
X €{a,b} with Pr(X = a) = Pr(X =b) = 1/2. Consider the following parameterization of

the potential outcome distributions:

Vi[(X =a) ~log N(ttg, 04),  Yol(X = a) ~1og N(0,0.8%),

Yi[(X = b) ~ log N(p,03), Yo|(X =b) ~log N(0,0.8%). (B.2)

According to Theorem 2.1, it suffices to consider non-randomized rules to search for an opti-
mal one. We therefore consider ranking the following four policies: G = {0, {a}, {b},{a,b}} =
{Go,Ga, Gy, Gap }

Suppose o, = o0, = 0.8 and p,, 4, > 0. Then, in each subpopulation of X = a and
X = b, the distribution of Y; stochastically dominates the distribution of Y. Since the
rank-dependent social welfare is clearly monotonic in the first-order stochastic dominance
relationship, treating both {X = a} and {X = b} maximizes the Gini social welfare. This
optimal rule indeed coincides with that of the utilitarian welfare case. In general, when
stochastic dominance relationships between Y| X- and Yp| X-distributions are present for all
X, the optimal rule for the rank-dependent social welfare agrees with the utilitarian one and
can be obtained by solving the treatment choice problem separately in each subpopulation.

These results change drastically once we let o, # o,. Suppose we fix p, = p, = 0, while

we vary both o, and o}, over [0.6,1.2]. As the mean of a log normal random variable is
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Figure B.3: Optimal policies under the additive welfare. Log-normal potential outcome

distributions with p, = p;, = 0.
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increasing in o, the optimal treatment rule for the additive welfare is obtained by

Gy ifo, < 0.8 and o, < 0.8,

i} G, ifo,>0.8and g, < 0.8,
GAdd =
Gy, ifo, <0.8and g, > 0.8,

Gab if Oq Z 0.8 and Oy Z 0.8.

\

In Figure B.3, we plot the optimal treatment rule under the additive welfare at each grid point
of (64,04) € 0.6,1.2]%. Since the additive social welfare is separable over the subpopulations,
a treatment preferable for one subpopulation does not depend on the treatment assigned to
the other subpopulation. The regions in which different rules from G are optimal form a
quadrant partition, as shown in Figure B.3.

In Figure B.4, we plot the optimal policies in terms of the Gini social welfare. The regions
in which different rules from G are optimal are strikingly different compared with the additive
welfare case (G%,,) shown in Figure B.3. In the neighborhood of (o,,05) = (0.8,0.8), the
subpopulations to be treated under the Gini social welfare are the converse of those to be
treated under the utilitarian welfare. This is because the Gini social welfare is decreasing in
o in the neighborhood of ¢ = 0.8 (Figure B.1), while the additive welfare is monotonically
increasing in o. Another notable difference is that in contrast to the quadrant partition
observed in the additive welfare case, the partition in the equality-minded welfare case is
more complex. Some treatment rules are optimal in disconnected regions, e.g., G is optimal
in the south-west and the north-east regions of the plot. Furthermore, the region in which
(G, is optimal can border the region in which G, is optimal. On the border between these
regions, the policy maker chooses whether to treat X = a only or X = b only, rather than
whether to additionally treat the other subpopulation.

The non-additive Gini SWF can be locally approximated by an additive SWF in a neigh-
borhood of the baseline outcome distribution (Kasy, 2016) as follows. Let Fj be the baseline
outcome distribution. Then the Gini SWF evaluated at an outcome distribution F' local to

Fy is approximately
Weaini(F) = Waini(Fo) + / T (y; Waing, Fo)dF (y), (B.3)
0
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Figure B.5: Optimal policies under the additive approximation of the Gini welfare. Log-

normal potential outcome distributions with p, = p, = 0.

where I F(y; Wegini, Fo) is the influence function of Wi (+) at Fy (see, e.g., Wasserman (2006)

for the definition of the influence function)
Y
TF(y; Waini, Fo) = —2Weini(Fo) + 2/ (1 — Fo(9))dy.
0

We examine in the current example how policies derived from this additive approximation
differ from those maximizing the original non-additive Gini SWF. We set the baseline out-
come distribution Fy to log N(0,0.8?) (the outcome distribution of Yj in the population) and
then evaluate the additive approximation (B.3) for distributions yielded by each treatment
rule at different parameter values (o, 03).

Figure B.5 plots policies that maximize the additive approximation (B.3) to the Gini
SWEF'. Since the approximation is additive with respect to F', the treatment chosen for sub-
population with X = a does not depend on the treatment chosen for the subpopulation with
X =b. We hence obtain a quadrant partition similar to Figure B.2. The additive approx-
imation, however, applies a concave function to the outcomes and recommends treatment
only for subpopulations with o, < 0.8 (i.e., where Y;|X has a distribution with a lower
variance, albeit also a lower mean).

A comparison of Figures B.4 and B.5 shows that the optimal policies under the additive



approximation agree with those under Gini SWF in the neighborhood of the baseline distri-
bution, when both ¢, and o, are in [0.6,0.9]. On the other hand, when either of the potential
outcome distributions P(Y1|X = a) or P(Y1|X = b) sufficiently deviates from the baseline
distribution, the additive approximation no longer yields the same treatment preference as

the Gini SWF it is meant to approximate.

C EWM with Estimated Propensity Score

Unknown propensity score is common in observational studies. This section considers the
equality-minded EWM approach with estimated propensity scores and investigates the in-
fluence of the lack of knowledge on propensity scores on the uniform convergence rate of the
welfare loss criterion.

Let é(x) be an estimator for the propensity score Pr(D = 1|X = x). The empirical welfare
criterion of assignment policy {X € G} with the estimated propensity scores plugged in is

given by

Wi(G) = / " AE(y) v 0)dy,

(1-Dy)
n e(Xy) 2

T ax) N EGH WYk

The equality-EWM rule with estimated propensity score is defined accordingly as
Ge e Wi(@).
arg max Wx(G)

To characterize the uniform convergence rate of the welfare loss of @e, we first assume that

é(+) is uniformly consistent to the true propensity score e(-) in the following sense.

Assumption C.1. For a class of data generating processes P,, there exist sequences ¢,,, ¢,, —

oo as n — oo such that

1< 1 1
lim sup sup ¢,Epn |— — = < 00, C.1
n—>£)oPE7I7)e¢ F _n i—1 e(Xz) e(XZ)] ( )
1 & 1 1
li Epn |— — < 00,
R R O [ T 1—e<Xz>] x




1 B 1
e(X;) é(Xy)

)2] < oo, and (C.2)

e

lim sup sup Epn || ¢, max
n—oo PEP, l<isn

1 1
1—e(X) 1-é(X)

lim sup sup Epn || ¢, max
n—oo PEP, l<isn

hold.

When the class of data generating processes P, constrains the propensity score to a
parametric family with compact support of X, a parametric estimator é(X;) satisfies this as-

1/2

sumption with ¢, = &n = n"/*. When the propensity scores are estimated nonparametrically

1/2_ The rates of ¢, and ¢, for nonparamet-

instead, ¢,, and q~bn are generally slower than n
rically estimated propensity scores depend on the smoothness of e(-) and the dimension of

X, as we discuss further below.

Theorem C.1. Suppose Assumptions 2.1, 2.2 and 3.1 hold. For a class of data generating
processes P., if an estimator for the propensity score satisfies Assumption C.1, then

sup  Epn |sup Wy (G) — WA(@C)] <0 (qﬁnl Y, \/%) . (C.3)

PeP.NP Geg

Proof. See Appendix D.

This theorem extends Theorem 2.5 (e) of Kitagawa and Tetenov (2018a) to the cases of
rank-dependent social welfare or unbounded outcome or both. The shown uniform conver-
gence rate implies that the parametrically estimated propensity score achieving ¢, = n'/?
does not affect the convergence rate property of the welfare loss. With nonparametrically
estimated propensity score, on the other hand, the uniform welfare loss convergence rate
can be slower than the one with the known propensity score obtained in Theorem 3.1. For
instance, if é(X;) is estimated by local polynomial regression (with proper trimming), then
for a suitably defined P., we have ¢, = NG5 and ¢, = logn - (log n/n)m, where

B, > 1is the parameter constraining smoothness of e(+) in terms of the degree of the Holder

class of functions and d, > 1 is the dimension of X. Since < %, the upper bound of

1
2+d$/185

the uniform convergence rate shown in Theorem C.1 implies
sup  Epn [sup Wi(G) — WA(ae)} <0 <n*24+di/ﬁe> , (C4)
PEPNP Geg
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as long as the VC-dimension of G is either constant or does not grow too fast as the sample
size increases. For a formal derivation of (C.4) and the precise construction of the local

polynomial estimator for e(-), see Appendix D.

D Additional proofs

Proof of (18) in Theorem 3.1. Similarly to inequalities (A.14) and (A.15) shown in Ap-

pendix A, the average welfare regret for the normalized cdf case can be bounded by

Epn [sup Wa(G) — WA(CA;R)] < 2|A’(O)|/ Epn {sup
Geg 0 Geg

FE) - Few| | ay. D)

FE() - Folo)| av
Let wg(Z;) be as defined in (A.16), and let

We hence focus on bounding fooo Epn {sup
Geg

Ang = {Fa(—00) < 1} = {n""Y we(Z) > 0}

denote the event that the normalizing term in ﬁg(y) at policy G is nonzero, and A ; =
{ﬁ(;(—OO) =1} ={n' X" we(Z;) = 0} be the complement of A, . Using the indicator

functions for A, ¢ and Ay, 5, ﬁg(y) can be written as

~

1 — .
Fiiy) = [1 - ng,il{yi >yb| - H{Ane +[1-Hy < 1%1£nyi}] -1{A5 g} (D.2)
=1 -

where

wB = we(Z;)
@ Y fa(Z) 4+ 1

By the triangle inequality,

fe(Zi) = wa(Z;) — 1. (D.3)

~ ~

Fi) = Foly)| < |F& ) - Fo)| + |Faly) - Foy)

1< , . ~
< - [wé; — we(Z)] {Y; >y} - H{Ane} + H{y < 1121211/;} WAL o+ | Faly) — Fa(y))| -
i=1 ==
(D.4)
Let
5= inf L3 u(2)
n — éeg n G 1/

i=1



= sup
Geg

anG

For § € (0,1) fixed, define

Qs = {Sn — Epn(Sn) < 6/2} = {—S0 > —Epa(S,) — §/2}.

By Lemma A.3, {fs : G € G} is a VC-subgraph class of functions with VC-dimension at

most v with Ep(fg) = 0 and an envelope || f¢|lo < *=%. Hence, by Lemma A.4,

1—k Jv

EP" (Sn) S C(1

K n

holds, where (] is the universal constant defined in Lemma A.4. Accordingly, for all n >

n(d,v) = (Cl(l_’i)> —Ep,(Sn)—0/2 > —1+46/2 holds. Since S,, > —S,, holds, €2, s being

Kk(1=9)
true and n > n(d,v) imply S, > —1 + ¢/2. Hence, on Q, 5 and for n > n(J,v), we have

0< wGZ < (2/0)wg(Z;) and

Zf@

On Q¢ ; and for G such that A, is true, we have 0 < w§; < n and

2
wéi; — wa(Z; S5 we(Z;) Sy (D.5)

1—/<o

‘wGZ—wg(Z)‘ <n (D.6)

K

Combining (D.5) and (D.6), (D.4) can be rewritten as

)ﬁg ) — Faly )‘

K 1

1{Y >yh- QN Ang)

=1

F1{y < min Vi) 1{90 0 A7 6} + 1y < min Vi) 1950 AL 6} + |Fa(y) - Fe(v)

1-—
ZwG DY >yt H{Q,sN At +n -

(D.7)

Note that {S, > —1} is equivalent to {éru; nt  wel(Z) > 0}, implying that A, ¢ is
S
true for all G € G. Hence, for n > n(0,v), Qs N Apg = Qns, and Q5 N A7 5 = () hold for

all G € G. By also noting wg(Z;) < % + T (D.7) can be further bounded by

10



n

2 1 D 1— D,
<—-Sn-—§ 4 | {Y; - 1{Q,
B N4 L ] o> yy -1l

11—k 1«
S oS TUHY > g 0 Aug

=1

+n
K

+1{y < min ¥i} - 1%, 0 45 6} + | Fely) - Fol)

g% Sp [P(Y1 > y) + P(Yo > y)] - {Qus}
R S P
. - iy % ‘nl 1{Y; >y} - {0} + ‘ﬁa(y) - Fc(y)) ,
g% S, [P >Zy) + P(Yy > y)]
308 A e
(D.8)
e LS s gy o)+ Fetn) - Fal)].

i=1
where the second inequality follows from the fact that S, < (1 — %) holds on §2,, 5 and for
n>n(6,v),and n=2 > 1andn=' Y1 | 1{¥; > y} > 1{y < min;<;<, ¥;} hold for all y. Since
FB(y) — Fa(y) ] can be bounded by

the second term in (D.8) has mean zero, Fpn [squeg

Epn {SUP ﬁg(y) - FG(?J)”
Geg
2 1—k 1< .
<2 B8] (P > )+ P > ) 40 B [F 3175 0y 1{Qn,5}]
< — . i=1 |
@) (i)
B s [Fot) — ot (D.9)
Geg

N /
-

(iii)
By Assumption 3.1 (TC) and Lemma A.4, the integral of term (i) in (D.9) can be bounded

as

& 4 1—
|y <2220 (D.10)
0

v
) K n

11



where we use Epn [S,] < O£ /% and [° P(Yq > y)dy < [;7/P(Ya> y)dy < T.
Consider term (ii); by the Cauchy-Schwarz inequality,

2

W 1—n RS

(i) <n - Epn (ﬁ Z HY; > y}) Pn(Qf’L,(S)
i=1

<n P >y)y /P2 ;)

Bernstein’s inequality (see, e.g., Theorem 12.2 in Boucheron et al. (2013)) implies that

(6/2)%n }

7 C 7 — — 5
P 5) <2P <—Sn — Epn(=S,) > 5) < 2exp {—2[2(2? - Ufc) 52

where X7 = Epn {ZuE%Z?zl fé(ZZ)} < (1—Tfe)2, 0} = séug%Z?zl Ep(f2(Z:)) < (1—75)2, and
S S

f =sup||fallo < =, Hence,
Geg

5n
Pr{Shns) < vZexp {_16[2(ch +02) + f5/2]}

62k*n
< Ve {_ I6[4(1 = #)? + (1 = K)0/2 }

< V2exp {—c1(8)r’n}

holds, where ¢;(0) = 6?/(64+80) > 0. The integral of term (ii) can be therefore bounded by

o 2v2(1 — k)Y

/ (i) dy < M -nexp {—c1(0)k’n} . (D.11)
0 K
As shown in the proof of equation (17) in Theorem 3.1, Lemma A.5 applies to term (iii)
to yield

o 2CT - T v
iii)dy < — D.12
|Gy < = (D.12)

Combining (D.1), (D.9), (D.10), (D.11), and (D.12), and setting 6 = 1/2, we conclude

Epn [sup Wi(G) — WA(@R)] < # [Cf\/%%— 4V 2n exp{ —CLEr>n}

Geg

for all n > n(1/2,v) = CE (1_—”)21), where CF = 160, + 4Cr, CE = ¢,(1/2) = 1/272, and

K

CE =42, 0

12



Proof of Theorem 3.2. We consider a suitable subclass P* C P, for which the worst case
welfare loss can be bounded from below by a distribution-free term that converges at rate
n~Y2. Specifically, we restrict distributions of potential outcomes to those whose sup-
ports are restricted to [0, Y]. Any such distribution satisfies Assumption 3.1 (TC), since
SN PEa>y)dy = [ /PYVa>y)dy < T.

To simplify the proof, we normalize the range of outcomes to Y € [0, 1]. We rescale the
ourcome to Y € [0, Y] in the final step of the proof by multiplying T to the regret lower
bound, as the rank-dependent SWF is equivariant to a multiplicative positive constant to
Y.

The construction of P* proceeds as follows. We restrict the range of outcomes to binary
Y € {0, 1}. By the definition of VC-dimension, there exists a set of v points in X, denoted
x1,...,T, € X that are shattered by G. We constrain the marginal distribution of X to be
supported only on (x1,...,z,). Let 7 € (0, 1] stated in the current theorem be given. We
put mass p = vTTl at x; for all i < v, and mass 1 — 7 at x,. The constructed marginal
distribution of X is common in P*. Let the distribution of the treatment indicator D be
independent of (Yp, Y1, X), and let D follow the Bernoulli distribution with Pr(D = 1) = 1/2.
Let b = (by,...,by1) € {0,1}""" be a bit vector used to index a member of P* ie.,
P*={P,:b € {0,1}""'} consists of a finite number of DGPs. For each j =1,...,(v—1),

and depending on b, construct the following conditional distributions of potential outcomes

given X = x;;if b; =1,

1 1
X =) Ber (S50 )L I =)~ Ber (57, (D.13)
and, if b; = 0,
1 1
Yo(X = ;) ~ Ber (%) Yi|(X = ;) ~ Ber (TW) (D.14)

where Ber(m) denotes the Bernoulli distribution with mean m and v € (0,1) is chosen
properly in a later step of the proof. For j = v, we set the distribution of potential outcomes
to be degenerate at the maximum value of Y, P(Yy =Y, = 1|X = z,) = 1. Clearly, B, € P
for every b € {0,1}"~'. We accordingly define P* = {F, : b € {0,1}""'} c P.

Note that when the outcome distribution is Bernoulli with mean g, the equality-minded

welfare function equals Wy = A(1 — p), which is a non-decreasing function of u. Hence,

13



given knowledge of B,, an optimal treatment assignment rule for the equality-minded welfare

coincides with that for the utilitarian welfare case,
G;:{.ﬁﬂj Ij<1},bj:1},

which is feasible, since G} € G by the construction of the support points of X. The maxi-

mized social welfare is accordingly obtained as

Wa(G) = A1 - u),

pw=plv—1) (HTW)nL(l—T*):T* (HTW>+(1—T*)7

which does not depend on b.

Let G be an arbitrary treatment choice rule as a function of observations Z; = (V;, D;, X;),
i=1,...,n, and b € {0, 1}("_1) be a binary vector whose j-th element is Z;j = 1{z; € @}
Let pug be the mean of outcome Y when the treatment assignment rule G is implemented

for a given realization of the sample. Outcomes are binary for all P € P*, hence
pe = /APr(Yl = 1|X = x)dPx(x) —1—/A Pr(Yy = 1|X = 2)dPx(x).
G Gc

Consider 7 (b), a prior distribution for b, such that by,..., b, are iid and b; ~ Ber(1/2).

The welfare loss satisfies the following inequalities:

sup Epn {sup Wi (G) — WA(C/J\)} > sup Epp [WA(GE) — WA(@)}
pPecp Geg P,eP

> /b Epy [WA(G;;) - WA(G)} dr(b)

- /bEP{} A1 =) = A(1 = pg)] dn(b)
| B NG = i) = 1)) dx()

> IV [ By 0" = ng) d(o), (D.15)

v

where the fourth line follows since A(-) is convex and non-increasing. The fifth line follows
from the observation that for all P € P*, uo > 1 — 7* for any treatment rule G, therefore
N1 = pig)| = [N

Consider now bounding [, F Py [,u* — ,ué} dm(b) from below. Building on the lower bound

calculation for the classification risk of the empirical risk minimizing classifier in Lugosi

14



(2002), the proof of Theorem 2.2 in Kitagawa and Tetenov (2018a) considers bounding a
similar quantity, though the current construction of P* is different from the construction in
that paper. Therefore, in what follows, we reproduce the proof of Theorem 2.2 in Kitagawa
and Tetenov (2018a) with some necessary modifications.

Counsider

/bEp;; (W~ pgl dr(b) > 7/ Epn [Px(GEA@)} dr(b)

-----

.....

where each b(X) and b(X) is an element of b and b such that b(z;) = b,, b(x;) = b;,
and b(z,) = b(z,) = 0. Note that the last expression can be seen as the minimized Bayes
risk with the loss function corresponding to the classification error for predicting binary
unknown random variable b(X). Hence, the minimizer of the Bayes risk is attained by the

Bayes classifier,

~

1
G*:{.Z']ﬂ_(bjzlyzb,Zn>2§,]<v},

where 7(b;|Z1, ..., Z,) is the posterior of b;. The minimized Bayes risk is given by

'y/Z By min {7 (0(X) =1|Z1,.... Z,),1 — 7 (b(X) = 1|21, ..., Z,)}] dP"

- / Zp [min {7 (b; = 1|Z1,...,Z,),1 —n(b; =1|Zy,..., Z,)}| dP",
VIR A

.....

(D.16)
where P" is the marginal likelihood of {(Y;, D;, X;):i=1,...,n} corresponding to prior
m(b). Foreach j =1,...,(v—1) let

J

kr = #{i: X,=2;,1-Y,)D;=1or Y;(1-D;) =1}.

J

The posterior for b; = 1 can be written as

7T(b~:1|Zl,...,Zn): 149\ kS (1o \ks
’ PSS <1_i )k', ( iw) P otherwise.
(52)7 (52)7 +(52)7 (557)7



Hence,

1
= — 0 where ¢ = —— > 1. (D].?)
1+ a5 k| =7

Coarsen an observation of (Y;, D;) into Y; defined as

i 1 if ViD;+(1-Y)(1—D;) =1,
Y = (D.18)

—1 otherwise.

Since k — k; = DX, Y;, plugging (D.17) into (D.16) yields

v—1 1 ~ v—1 ,y . ~n‘z .
V;pEW ‘Ei:xi:zjf’i Zg;pEﬁn 5 Z J2 Xime; V1|

where Ez,(-) is the expectation with respect to the marginal likelihood of {(Y;, D;, X;),i =

1

i:X,L-:cc

1+a a

1,...,n}. The second inequality follows by a > 1, and the third inequality follows by
Jensen’s inequality. Given our prior specification for b, the marginal distribution of Y; is

Pr(Y; = 1) = Pr(Y; = —1) = 1/2. Hence,

2 in, ¥
0 X;=x;

holds, where B(k, %) is a random variable following the binomial distribution with parameters

n

== <Z)pk 1-p)"*E ‘QB(k, %) - k‘

k=0

Epn

k and % By noting

1.k 1 k\?
E ‘B(k, 5) - 5‘ < \/E (B(k, 5) — 5) (- Cauchy-Schwartz inequality)
_ L/
= T
we obtain
~ ¥, - n _ \n—k
Ep S ¥ < (1) a-nE




= E+/B(n,p)
< /np. (. Jensen’s inequality).
Hence, the Bayes risk (D.16) is bounded from below by

2
= gp(v — e @ DVIP (-] 4 g < e Va)
- %(U 1) TV, (D.19)
therefore
[ Brg b~ g ant) 2 (o e 5 (D.20)
b

This lower bound of the Bayes risk has the slowest convergence rate when ~ is set to be

proportional to n=/2. Specifically, let v = /“=t. Then for all n > 4(v—1)/7*, 7 < 1/2 and

T*
v—1"

since p =

¥ -1 e v—1
Zg(v - 1)@7%\/@ > %(v —1)e = % U?’LT* et = 5 VT —

Inserting this bound into (D.20) and multiplying by T provides a lower bound for (D.15).
This completes the proof. H

Proof of Proposition 4.1. Similarly to inequality (A.15) shown in Appendix A, the average

welfare regret of the capacity-constrained estimated policy satisfies

Epn [sup WE(@G) - wk (éK)] < 2|A'(0)] /0 " B [sup

R ) - £5G)|| v 021
Geg Geg

We hence focus on bounding Epn {sup
Geg

Expressing F& (y) and FX(y) as

R ) - 50|

~ 1 e _
Fg(y)zl—gzwé{,i‘l{ﬁ>y},
=1
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where
1—D K
§(Z)= —— +min< 1 ic(Z
oB(2) = Ty b L)
1— D,
oE = — ' in<d1 (7.
We 4 T e(X,) +m1n{ ' Pen(@) wa(Z;),

where wg(Z;) = [e(DX"Z_) - 1:—&1)} - 1{X; € G}. Note that ||wg||e < k™! Define

() =1- Y wb(2) 1> g}

=1

We consider

FE (y) = F& (), (D.22)

FE@) - FE )] < sw

sup
Geg

F&(y) — F&(y) + sup

~~ -~

(iv) (v)
and derive bounds for [~ Epn[(iv)]dy and [ Epn[(v)]dy.

J/

For term (iv), we have

F(y) - Fé((y)‘ < %Z @K, — wk (Z)] - 1{Y; > v}
-1 K K L&
< max{ K, Px,(G)} B max{K, PX(G)}‘ . EZ H{Y; >y}

i=1
n

< — 1Pxal@) = Px(G)] - 5 3" 1{Yi > )
= L |Pxa(G) ~ Px(@)] P(Y > y)
= Pxa(@) = (@) ST 1Y >y} = PV > ). (D23)

=1

Note that by Lemma A.4, Epn [sup|PX7n(G) - PX(G)|] < Ciy/v/n. By the Cauchy-
Geg

Schwarz inequality,

n

sup |Pxn(G) — Px(G)|- %Z [1{Y: >y} = P(Y > y)]

Epn

| \/P<Y > 91— P(Y > y))

n

(Sup Pya(G) — PX<G>|)2

Geg
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/P>y (D.24)

where the second inequality follows from

n

sup [P n(G) — Py (G < %2(1{)@. €G- Pe(G)? < 1.

Geg i—1

Hence, by noting 1 < /v,

[ o < 2ESDT (D.25)

Next, consider term (v). Let F@K(y) =1-ntY", 1:—&?) - 1{Y; > y}. We decompose

term (v) as follows:

|FE W) — FE )| <|(FE ) - B W) = (FE () = B W)| + 1B (v) - B W)

% ‘ we(Z;s) - WY; >y} — Eplwe(Z) - 1{Y > y}]

L > da(Z) - 1{Yi >y} — Eplia(2) - 1{Y > y}]|

n <
=1

+ B () = B ().

(D.26)

Hence,

/ Epn {sup
0 Geg
0
[ e [ W - R dy
0
T Jv ° ~
<20y 2 [ B (1R - FE W] o (D.27)
k\n 0

where the second inequality follows from Lemma A.5 with M = 2Y and F = k!, where Cr

FE) - FE )]

sup
Geg

L > ie(Z) - 1Y >y} — Eplie(Z) - 1{Y > y}]u dy

n <
=1

is the universal constant defined there.

To bound the second term in (D.27),

/oOOEP" [IF@K(y)—F@K(y)!] dy < /OOOJVW (% ‘
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[ el o]
< /OOO \/%Ep K%e()()) P(Y > y|X)}

<[ VPG> gy < 1 [° (D.28)

r/n

Combining (D.21), (D.22), (D.25), (D.27), and (D.28), and noting 1 < /v, we conclude

Epn |sup WE(G) — W,{((@K)} < (% + CKQ) \A’(O)]I\/Z,
Geg K k\Vn

where Cx1 = 4(Cy 4+ 1) and Cgy = 2(2Cr + 1). O

Proof of Theorem C.1. For any G € G, it holds

Wa(GQ) = WA(GE) < WA(G) — WE(G) — Wa(Ge) + W5(G9)
FWA(G) — Wa(G?) — WA(G) + WA (G?)

< 2sup [Wa(G) — WG| + 2sup [Wa(G) — Wa(G)|,  (D.29)
Geg Geg

where the first inequality uses Wj(@e) - Wj{’(G) > 0. The mean of the second term in the

right-hand side of (D.29) is O(n~'/2) as shown in equation (17) of Theorem 3.1.

For the first term in the right-hand side of (D.29), following the inequalities shown in

(A.14), we have

WA(G) — WG] < [N(0) / " Fely) — Fely)ldy. (D.30)

For every y, the upper bound of ]ﬁg(y) — ﬁg(y)| uniform in G can be obtained as

Fa(y) — F&(y)]

1 — 1 1
= e e | P R e E)
i % £ 1= i(Xi) T Ty | T PN > X £ G
1 — 1 1 1 1 ]
nZelexy ~ é(X»' TR TR Bl s o wrrs ol RS
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1 1 1 1
o - P n - Yy — P(Yy;
n e(X;)  é(Xy) (Y1 >Z/)+nz (X))  o(%) [1{Yy; >y} (Y > )]
o (vii)
1 & 1 1
- — . P(Yo
+n; 1—e(X;) 1-—é(X;) (Yoi > y)
(vii)
1 " 1 1
n - 1Yo >y} — P(Yo: ~ D.31

=1
A

J

We derive the convergence rates of the integrated means of terms (vi) - (ix) in (D.31),

separately; by Assumption C.1,

/Ooo Epn[(vi)]dy < Epn %Z e(;(i) — é(iﬁ) T=0(5,")
/ " Epa(vii))dy < / " B | ax | M >0 - P(wa)]] dy

)2] l—loo \/p(yli >y)(1 = PMi>y)

_ 1
e(X;)  e(Xy)

Similarly, we obtain [ Epa[(viii)]dy < O(¢5") and [ Eps[(ix)]dy < O (?b; ' /\/ﬁ>.
These convergence rates for terms (vi) - (ix) and (D.30) imply that

Epn {sup
Geg

WA(G) - Wﬁ(G)H =0 (%1 + %)

Hence, by (D.29) and noting that &5; 12 converges faster than n=/2, we conclude

Epn {sup W(G) - WA(@e):| <0 ((gbgl +é, n?) v n_1/2> =0 (¢,' vn?).
Geg
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E Equality-minded EWM with Nonparametrically Es-
timated Propensity Score

In this appendix, we consider the equality-minded EWM approach with unknown propensity
score estimated nonparametrically by local polynomial regressions. We provide regularity
conditions under which the nonparametric estimator of the propensity score satisfies As-
sumption C.1 with an explicit characterization of ¢,, and ¢,,.

We consider the leave-one-out local polynomial estimator for e(+), i.e., é(X;) is constructed
by fitting the local polynomials excluding the i-th observation. For any multi-index s =
(51,...,84,) € N and any (z1,...,74,) € R%¥ we define |s| = Zfil Sy sl = 81! 8g, !,
e = a7 -y, and ||zf| = (2 + - 4+ 23). Let K(-) : R* — R be a kernel function and
h > 0 be a bandwidth, whose dependence on the sample size is implicit in the notation.
At each X;, 7 =1,...,n, we define the leave-one-out local polynomial coefficient estimators

with degree [ > 0 as
. X, — X \12 X — X,
0(X;) = argmeinz [Dj — 9Ty (%)} K (%) 7

where U (Xj ;X1> is the vector with elements indexed by the multi-index s, i.e., U (Xj ;X1>

<<Xj;Xi>s>| - With a slight abuse of notation, we define U (0) = (1,0,...,0)". Let A,(X;)
s|<

be the smallest eigenvalue of B(X;) = (nhdﬂ"y1 > U (%) Ut <XJ;XZ'> K <Xi;Xj>.

Accordingly, we construct the leave-one-out local polynomial fit for e(X;) by
&(X:) = UT(0)0(X;) - L{N(X,) >t} (E.1)

where t,, is a positive sequence that slowly converges to zero, such as t, x (log n)_l. This
trimming constant regularizes the regressor matrix of the local polynomial regression and
simplifies the proof of the uniform consistency of the local polynomial estimator.

To characterize P, in Assumption C.1, we impose the following restrictions, which are

identical to Assumption E.2 in Kitagawa and Tetenov (2018b).

Assumption E.1. (Smooth-e) Smoothness of the propensity score: The propensity score
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e(-) belongs to a Holder class of functions with degree 3, > 1 and constant L. < co. !

(PX) Support and Density Restrictions on Px: Let X C R% be the support of Px. Let
Leb(+) be the Lebesgue measure on R% and B(x,r) be the open ball centered at r € R

with radius r. There exist constants ¢ and ry such that

Leb (X N B(x,r)) > cLeb(B(x,r)) Y0 <r <7y Vo€ X, (E.2)
and Py has the density function %(-) with respect to the Lebesgue measure of R% that

dPx

7X(r) < px < oo for all

is bounded from above and bounded away from zero, 0 < Py <
reX.
(Ker) Bounded Kernel with Compact Support: The kernel function K (-) has support [—1, 1]d””,

Jpao K (u)du =1, and sup, K (u) < Kpax < 00.

Assumption E.1 (PX) is borrowed from Audibert and Tsybakov (2007), and it provides
regularity conditions on the marginal distribution of X. Inequality condition (E.2) constrains
the shape of the support of X, and it essentially rules out the case where X has “sharp”
spikes, i.e., XN B(z,7) has an empty interior or Leb (X N B(x,r)) converges to zero as r — 0

faster than the rate of r? for some x on the boundary of X.

The next lemma collects several properties of the local polynomial estimators that are
useful to prove the bound shown in (C.4). These claims are borrowed from Theorem 3.2 in

Audibert and Tsybakov (2007) and Lemma E.4 in Kitagawa and Tetenov (2018b).

Lemma E.1. Let P. consist of the data generating processes satisfying Assumption FE.1
(Smooth-¢e) and (PX). Let é(X;) be the leave-one-out estimator for the propensity score de-
fined in (E.1) whose kernel function satisfies E.1 (Ker).

(i) There exist positive constants co, c3, and ¢4 that depend only on (,, d., L., c, 7o, Py s

O
and any (8 — 1) times continuously differentiable function f : R% — R, we denote the Taylor expansion
7;/—7;)5

polynomial of degree (8 — 1) at point @ by fu(z') = > ;<51 (7Dsf(x). Let L > 0. The Hoélder class of

s!

Let D*® denote the differential operator D$ = . Let 3 > 1 be an integer. For any x € R%

functions in R% with degree 3 and constant 0 < L < oo is defined as the set of function f : R% — R that are
(8 — 1) times continuously differentiable and satisfy, for any = and 2’ € R%_ the inequality |f,(z") — f(z)| <
Lz —a'".
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and px, such that, for any 0 < h < ro/c, any cshPe < &, and any n > 2,
Pl (|e(x) — e (2)] > 8) < cxexp (—cznh®s?),

holds for almost all x with respect to Px, where P"~! (-) is the distribution of{(Yi7 D, Xi)?:_ll}.
(i)

s [ B [i0) = e @)l aPs() < 005 + 0 (o)

holds. Hence, a choice of bandwidth that optimizes the upper bound of the convergence rate

— 71 . . .
1s h o< n 28tz and the resulting uniform convergence rate is

sup /X Epoes [Je(x) — ¢ (2))] dPx (x) < O (n~ 75 ) (E.3)

PcPe

(iii)

3 h28e log n
sup Epn [(max [6(Xi) —e (Xz')\ﬂ <0 ( 72 ) 0 (nhdxtg)

PEPe 1<i<n n
holds. In particular, when the bandwidth is chosen as in claim (ii) of the current proposition,
the resulting uniform convergence rate is
2
sup Epn [(max le(X;) —e (Xl)|)2] <O (t;Q logn - n_2+dl-/ﬁe) . (E.4)
PEP. Isisn
Making use of Lemma E.1, the next proposition shows a propensity score estimator

constructed by suitably trimming é(X;) satisfies Assumption C.1 with an explicit character-

ization of the growing sequences ¢, and &Sn

Proposition E.1. Let P, consist of data generating processes that satisfy Assumption E.1
(Smooth-e) and (PX). Let é(X;) be the leave-one-out local polynomial estimator with degree
[ = (B, —1), trimming sequence for the least eigenvalue t, = (logn)™', bandwidth sequence

h o n72ﬁ‘el+dz, and whose kernel satisfies Assumption E.1 (Ker). Let
é(X;) = min {1 — ¢, max{e,, é(X;)}} € [en, 1 — €] (E.5)

with a sequence of trimming constants €, that satisfies €, = O(n=*) for some a > 0. Then,

é(X;) satisfies Assumption C.1 with ¢, = N5 and b, = (logn)=3/. T
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Proof of Proposition E.1. Assume that n is large enough so that ¢, < k/2 holds. Since
é(X;) = é(X;) whenever é(X;) € [%, 1— g] C [€n, 1 — €], the following bounds are valid

Hence,

1 1

e(Xn) é(Xn)

Epn

|

< %Epn|é(Xn) —e(X,)| + (key) ' P" <é(Xn) ¢ [E L= ED

1 n

1 B 1
e(Xi)  e(Xy)

By Lemma E.1 (ii),

sup Epnlé(X,) —e(X,)| = sup / Epn-1]le(x) —e(x)|] dPx(z) <O (n_2+di/ﬂe> .
PeP. PeP. J x

Furthermore, by Lemma E.1 (i),

P (e [pa-3]) = [r (sre [5a-3])ances

< cpexp (—%nhdz) (E.7)

holds for all n satisfying cyh’ < k/2, where ¢y, c3, and ¢4 are the constants defined in Lemma
E.1 (i). Since €, is assumed to converge at a polynomial rate, €,'P" (¢ (X,,) ¢ [5,1 — £])

converges faster than O(n~ TP ). Thus, from (E.6), we conclude sup Epn [£ 37 [6(X;) — e(X;)]] <

PeP.
S T 1
O <n 2+d:r/ﬁe), ie., ¢, =mn2td/be.

For the bounds for the mean of the squared maximum, we have

Epr (“ e&i) B é&i) )]
<o | (s o =) [t e ¢ 5.1 5)

By Lemma E.1 (iii) and (E.7), Epn [(maxlgign

_1 j—
e(Xi)  é(Xq)
ie., ¢, = (logn)3?. .

The other convergence rate bounds in Assumption C.1 can be shown similarly. O
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Combining Proposition E.1 with Theorem C.1 proves the claim made in equation (C.4).
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