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DEFECT MEASURES OF EIGENFUNCTIONS WITH
MAXIMAL L* GROWTH

by Jeffrey GALKOWSKI (*)

ABSTRACT. —  We characterize the defect measures of sequences of Laplace
eigenfunctions with maximal L growth. As a consequence, we obtain new proofs
of results on the geometry of manifolds with maximal eigenfunction growth ob-
tained by Sogge-Toth—Zelditch, and generalize those of Sogge—Zelditch to the
smooth setting. We also obtain explicit geometric dependence on the constant
in Hérmander’s L bound for high energy eigenfunctions, improving on estimates
of Donnelly.

RiESUME. —  Nous caractérisons les mesures de défauts de séquences de fonc-
tions propres de Laplace avec croissance L°° maximale. En conséquence, nous
obtenons des nouvelles preuves de résultats sur la géométrie des variétés avec une
croissance des fonctions propres maximale obtenus par Sogge-Toth—Zelditch, et
nous généralisons ceux de Sogge—Zelditch au cas lisse. Nous obtenons également
une dépendance géométrique explicite de la constante de Hormander L°° liée aux
functions propres de haute énergie, améliorant les estimations de Donnelly.

1. Introduction

Let (M, g) be a C* compact manifold of dimension n without boundary.
Consider the solutions to

(1.1) (—A, — )\?)u,\j =0, lux,|lz> =1

as A; — oo. It is well known [1, 11, 14] (see also [25, Chapter 7]) that
solutions to (1.1) satisfy

n—1
(12) ||U)\].||LOO(M) < C>\j2
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and that this bound is saturated e.g. on the sphere. Estimates for LP norms
of eigenfunctions improving on those given by interpolation between (1.2)
and [|uy, |2 = 1 have been available since the seminal work of Sogge [16].
Since there are examples where these estimates are sharp, it is natural
to consider situations which produce sharp examples for (1.2). Previous
works [2, 12, 19, 20, 21, 22, 23, 24] have studied the connections between
growth of L°° norms of eigenfunctions and the global geometry of the man-
ifold M. The works of Sogge [18] and Blair-Sogge [4, 5] study similar ques-
tions for low LP norms.

In this article, we study the relationship between L> growth and L? con-
centration of eigenfunctions (this direction of inquiry was initiated in [9]).
We measure L? concentration of eigenfunctions using defect measures, a
sequence {uy, } has defect measure y if for any a € CZ°(T*M),

(1.3) (a(x, hjD)un,,up, ) — /*Ma(x,f)du.

We write a(x, hD) for a semiclassical pseudodifferential operator given by
the quantization of the symbol a(z,£) (see [25, Chapters 4, 14]) and let
hj = )\j_l when considering the solutions to (1.1).

By an elementary compactness/diagonalization argument it follows that
any L? bounded sequence u; possesses a further subsequence that has a
defect measure in the sense of (1.3) [25, Theorem 5.2]. Moreover, a standard
commutator argument shows that if

p(z, hD)u = or2(h),
for p € S¥(T* M) real valued with
[Pl 2 e()" o [¢] > R,

then p is supported on ¥ := {p = 0} and is invariant under the bicharac-
teristic flow of p; that is, if G, = exp(tH,) : ¥ — X is the bicharacteristic
flow, (Gt)«pt = p, ¥t € R [25, Theorems 5.3, 5.4].

Remark 1.1. — We will usually write G;(q) for the bicharacteristic flow
applied to a point ¢ € T*M. However, it will sometimes be useful distin-
guish between the position and momentum of ¢ and in these cases we will
write ¢ = (x, &) and write Gy(x, &) for the bicharacteristic flow applied to
(z,§) e T*M.

Rather than studying only eigenfunctions of the Laplacian, we replace
—Ay— )\? by a general semiclassical pseudodifferential operator and replace
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DEFECT MEASURES AND MAXIMAL GROWTH 1759

eigenfunctions with quasimodes. To this end, we say that u is compactly
microlocalized if there exists x € C$°(R) with

Opn(1 = x(I&D)u = Os(h™[ull L2(ar)

where Opy, is a quantization procedure giving pseuodifferential operators
on M (see e.g. [8, Appendix EJ, see also Appendix A). For P € U™ (M) i.e.
an h-pseudodifferential operator of order m, we say that u is a quasimode
for P if

Pu=op2(h), llul|r2 = 1.

Remark 1.2. — Although v implicitly depends on h, we suppress this in
our notation to avoid overburdening the writing.

For wg € M, let ¥, := ¥ NT; M and define respectively the flow out of
Yz, and time T flowout of ¥, by

) T
Aoy = | Moors Aapr = | Gi(Zay):
T=0

t==—T

Remark 1.3. — Note that in the case that P = —hQAg -1, % = S*M
and ¥, = S; M

o :

Let H" denote the Hausdorff-r measure with respect to the Sasaki metric
on T*M or more precisely the metric induced on T*M by pulling back the
Sasaki metric on T'M (see for example [3, Chapter 9] for a treatment of
the Sasaki metric). Note that we choose to use the Sasaki metric on T*M
induced by the metric on M for concreteness, but any other metric on 7% M
will work equally well for our purposes. For a Borel measure p on T*M,
let pz, == pla,, 1€ pu(A) == p(AN Ayy). Recall that two Borel measures
on a set Q, p and p, are mutually singular (written p L p) if there exist
disjoint sets N, P C Q so that @ = N U P and pu(N) = p(P) =0.

The main theorem characterizes the defect measures of quasimodes with
maximal growth.

THEOREM 1.4. — Let P € U™ (M) be an h-pseudodifferential operator
with real principal symbol p satisfying

(1.4) Oep # 0 on {p =0}.
Suppose u is a compactly microlocalized quasimode for P with

(1.5) limsup b7 [|u L~ > 0
h—0
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and defect measure p. Then there exists xg € M and x(h) — xo so that

Zo?

(1.6) lim sup hnT4|u(m(h))| > 0, Hay = Pz + fAHY
h—0

where 0 # f € L'(Agy, HE)s pay L HE,

o’

and both fdH} , and p,, are

invariant under Gy.

One way of interpreting Theorem 1.4 is that a quasimode with maximal
L growth near xo must have energy on a positive measure set of directions
entering Ty M. That is, it must have concentration comparable to that
of the zonal harmonic. (See [9, Section 4] for a description of the defect
measure of the zonal harmonic.)

Theorem 1.4 is an easy consequence of the following theorem (see sec-
tion 2 for the proof that Theorem 1.5 implies Theorem 1.4).

THEOREM 1.5. — Let g € M and P € Y™ (M) be an h-pseudodiffer-
ential operator with real principal symbol p satisfying

9¢p # 0 on {p = 0}.
There exists a constant C,, depending only on n with the following property:
Suppose that u is compactly microlocalized quasimode for P and has defect
measure (1. Define p., L H} and f € L'(Ay,; HE) by

oy = P + FAME .
Then for all r(h) = o(1),

. n=1 v(H
limsup b2 [|ull oo (B(zo,r(h))) < Cn/ vV id p)‘dVOlzmo
h—0 DIFHN |8§p|g

where v is a unit (with respect to the Sasaki metric) conormal to ¥,
in Ay, voly,  Is the measure induced by the Sasaki metric on T"M, and
|0eplg = [O¢p - Ozly. Furthermore, fdH} is Gy invariant.

In particular, if py, L H7 , then

o’

1-n
1wl Lo (B(zo.r(n))) = o(h72 ).

Remark 1.6.

(1) We may assume without loss of generality that ¥ is compact. This
follows from the fact that u is compactly microlocalized. In partic-
ular, let x € C2°(R) have Opp(1 — x(|¢]))u = Os(h®°). Then u is
a quasimode for P = P 4+ NOp;,({£)™)Opn(1 — x(|¢])) and for N
large enough, {p = 0} is compact. Therefore, we may work with p
rather than p. This furthermore implies that we may assume X, is
a manifold since O¢p # 0 on X.

ANNALES DE L’INSTITUT FOURIER
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(2) Note that O¢p - 0, = dmH, where m : T*M — M is the natural
projection map. Therefore, O¢p- 0, is a well defined invariant vector
field. The appearance of this factor in Theorem 1.5 quantifies the
fact that bicharacteristics of H), are not tangent to vertical fibers.
It is precisely the tangency of these bicharacteristics which causes
a change of behavior when 9¢p = 0.

(3) Finally, observe that if one fixes geodesic normal coordinates at xg,
then the Sasaki metric on T, M is equal to the Euclidean metric
and hence, in these coordinates, d voly, = is the volume induced by
the Euclidean metric.

To see that Theorem 1.5 applies to solutions of (1.1), let h; = )\;1.
Writing v = uy; and h = hy,
(=h*A, — )u = 0.
Then, (—h?A, — 1) = p(z, hD) with p = [£|2 — 1 4 hr and therefore, the
elliptic parametrix construction shows that v is compactly microlocalized.
Since J¢,p = 29%7¢;, O¢p # 0 on p = 0 and Theorem 1.5 applies. In Section 2,
we use Theorem 1.5 with P = —thg — 1 to give explicit bounds on the

constant C' in (1.2) in terms of the injectivity radius of M, inj(M), thereby
improving on the bounds of [7] at high energies.

COROLLARY 1.7. — There exists én > 0 depending only on n so that
for all (M, g) compact, boundaryless Riemannian manifolds of dimension
n and all € > 0, there exists \g = Ao(e, M, g) > 0 so that for \; > A and
uy, solving (1.1)

Cy ngt
||u)\j||L°° < W+€ )\j .
Theorem 1.5 is sharp in the following sense. Let P = —h?A, — 1 and G;

as above.

THEOREM 1.8. — Suppose there exists zg € M, T > 0 so that
Gr(20,8) = (20,§) for all (20,§) € S; M. Let p,, L. HJ be a Radon
measure on A, invariant under Gy and 0 < f € L*(A,, HZ,) be invariant
under G; so that

||f||L1(Azo,HQO) + Pz (AZO) =1
Then there exist hj — 0 and {up, }52; solving

(—R2Ag — Dyup, = o(hy),  |lun, |2 =1,

n—1 n
limsup h; * |lup,[|Le > (27r)1T/ \/?dVOIZZO
j—o0 S
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and having defect measure ji = p,, + fdvoly, .

Notice that we do not claim the existence of exact eigenfunctions hav-
ing prescribed defect measures in Theorem 1.8, instead constructing only
quasimodes.

1.1. Relation with previous results

As far as the author is aware, the only previous work giving conditions
on the defect measures of eigenfunctions with maximal L> growth is [9].
Theorem 1.5 improves on the conditions given in [9, Theorem 3]; replacing
H7, (Supp piz,) = 0 with the sharp condition ji,, L H7 . To see an example
of how these conditions differ, fix zy € M such that every geodesic through
g is closed and let {&}72, C S; M be a countable dense subset. Suppose
that the defect measure of {uy,} is given by

,u:Zak(S%, a >0
k

where v; is the geodesic emanating from (xg, ). Then supp piz, = Ay,
but pg, L HZ , so Theorem 1.5 applies to this sequence but the results

of [9] do not. (J)?urthermore, Theorem 1.5 gives quantitative estimates on
the growth rates of quasimodes in terms of their defect measures.

We are able to draw substantial conclusions about the global geometry
of a manifold M having quasimodes with maximal L* growth from The-
orem 1.5. The results of Sogge-Toth—Zelditch [19, Theorems 1(1), 2] and
hence also Sogge—Zelditch [20, Theorem 1.1] are corollaries of Thoerem 1.5.
For zy € M, define the map Ty, : 3;, — RU {oo} by

(1.7) Too (&) :=1inf{t > 0| Gt(x0,§) € Ty }-
Then, define the loop set by
Ly, = {€e Lo ‘ Tro(g) < 0o},
and the first return map 1z, : Lzy — Xz, by
Gr,, (&) (%0,§) = (70,7, (§))-

Finally, define the set of recurrent points by

¢ € (NrsoUror Gul@o, §) N5, )
N (ﬂT>0 Uist G-t(20,€) N Exo)

where the closure is with respect to the subspace topology on ¥, .

(1.8)  Ra, =1 &€,

3
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COROLLARY 1.9. — Let (M, g) be a compact boundaryless Riemannian
manifold and P satisty (1.4). Suppose that vols, (Rs,) = 0. Then for any
r(h) = o(1) and u a compactly microlocalized quasimode for P,

1—n

[wll oo (B(zo.r(n))) = 0(R7Z).

Moreover, the forward direction of [21, Theorem 1.1] with the analyticity
assumption removed is an easy corollary of Theorem 1.5. To state the
theorem recall that dvoly, ~denote the measure induced on X, from the
Sasaki metric on T*M. We define the unitary Perron—Frobenius operator
Usy : L?(Ray,dvoly, ) = L*(Ra,,dvols, ) by

where, writing

Gt(x()?f) = ($t($0,€)aﬁt($o,§))’

we have that
(1.10) Ty () = |det Detpelo=r, (o)|

is the Jacobian factor so that for f € L'(3,,) supported on L,,,

/U;Of,]xo §)dvols, /f )dvols,

See [15, Section 4] for a more detailed discussion of U,,. We say that zg is
dissipative if

(1.11) {f € L2(R,,,dvoly, ) ‘ Usy (f) = f} = {0}.

COROLLARY 1.10. — Let (M, g) be a compact boundaryless Riemann-
ian manifold and P satisfy (1.4). Suppose that xq is dissipative. Then for
r(h) = o(1) and u a compactly microlocalized quasimode for P,

1—n

[wll oo (B(zo.r(n))) = 0(h7Z).

The dynamical arguments in [22] show that if (M, g) is a real analytic
surface and P = —h2Ag — 1, then xy being non-dissipative implies that
xo is a periodic point for the geodesic flow, i.e. a point so that there is a
T > 0 so that every geodesic starting from (z,&) € S; M smoothly closes
at time 7.

TOME 69 (2019), FASCICULE 4
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1.2. Comments on the proof

While the assumption Pu = orz(h) implies a global assumption on wu,
similar to that in [9], the analysis here is entirely local. The global conse-
quences in Corollaries 1.9 and 1.10 follow from dynamical arguments using
invariance of defect measures.

We take a different approach from that in [9] choosing to base our method
on the Koch-Tataru—Zworski method [13] rather than explicit knowledge
of the spectral projector. This approach gives a more explicit explanation
for the L*° improvements from defect measures. In Section 4 we sketch
the proof of Theorem 1.5 in the case that p,, L Hj using the spectral
projector.

The idea behind our proof is to estimate the absolute value of u at xq in
terms of the degree to which energy concentrates along each bicharacteristic
passing through >,,. Either too much localization or too little localization
will yield an improvement over the naive bound. By covering A,, with
appropriate cutoffs to tubes around bicharacteristics we are then able to
give o(hPTn) bounds whenever p,, L H . The proof relies, roughly, on
the fact that if a compactly microlocalized function u on R™ has defect
measure supported at (yo, 7o), then |lu||z~ = o(h~™/?) rather than the
standard estimate O(h~™/2).

2. Consequences of Theorem 1.5

We first formulate a local result matching those in [19, 20] more closely.

COROLLARY 2.1. — Let g € M and P € U™(M) satisfying the as-
sumption of Theorem 1.5. Then there exists a constant C,, depending only
on n with the following property. Suppose that u is a compactly microlo-
calized quasimode for P, and has defect measure . Define p,, 1 Hj  and
fe Ll(AIU,”H" ) by

,LLJE() = pxo + deT_ZO
Then for all € > 0, there exists a neighborhood N (g) of xy and hy(g) such
that for 0 < h < hg(e),

lull e ey < B F / JF Navols, +e).
|8§ |9

ANNALES DE L’INSTITUT FOURIER
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Proof that Theorem 1.5 implies Corollary 2.1. — Let

A, =0, / NG U(Hp)dvolgwo
e |a£p‘g

and suppose that there exists € > 0 such that for all » > 0,

. 1-n e
(2.1) limsup h 2 ||'U,hHLoo(B(z0’r)) > AIO +e.
h—0

Fix 79 > 0. Then by (2.1) there exists © € B(zo,70), ho > 0 so that

n-1 ~ I
fun()g ™ > Auy + 5.
Assume that there exist {h;}N, and {x;}}L; so that
hjfl . n—1 ~ I
hj < 5 T; € B((E(),’l"02 ]), hj 2 |’U,({Ej)| > Aa:g + 5

By (2.1), there exists hy, | 0 and z3, € B(z0,702~ V1) such that
1-n ~ €
hk2 |uhk (xk)| 2 A$o + 5

Therefore, we can choose ky large enough so that hj, < hTN and let

(hn+1,2n+1) = (hig, 2k, ), Hence, by induction, there exists h; | 0, x; —
o such that

n—1 ~ £
hj2 ‘uhj(xj” >Awo+§’
contradicting Theorem 1.5. a

Proof that Theorem 1.5 implies Theorem 1.4. — Compactness of M
together with Corollary 2.1 with f = 0 implies the contrapositive of Theo-

1—n

rem 1.4, in particular, if ., L Hy, for all 2g, then ||ullp~ =o(h™=" ). O

2.1. Proof of Corollaries 1.9 and 1.10 from Theorem 1.5

LEMMA 2.2. — Fix g € M and suppose that u is compactly microlo-
calized with Pu = or2(h). Define py, L HZ and f € L'(Ayy; HE) by

Hao = Pay + fd/H;::Lo-
Then f|s, € L'(vols, ) and fls, (1 -1z, ) =0 almost everywhere.

Proof. — For & € ¥;, and € > 0 let B(&p,e) C £, be the open ball of
radius € and

V= U G(B(&o,¢))-

—20<t<29

TOME 69 (2019), FASCICULE 4
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Observe that by Theorem 1.5 the triple (Ay,, fdH] ,Gt) forms a measure
preserving dynamical system. The Poincaré recurrence theorem [6, Propo-
sitions 4.2.1, 4.2.2] implies that for fdH} a.e. (z,§) € V there exists
tt — 400 so that G+ (z,§) € V. By the definition of V, there exists st
with |sE —tF| < 24 such that G+ (z,£) € B(,¢). In particular, for fdH7

a.e. (z,8) €V,
22) () U GuznB&,e)#0, () U G-i(z.&n B(&,e) #0.

T>0t=>T T>0t>2T

Let

ps,, = fls,, [V(Hp)l|s, dvols,

We next show that (2.2) holds for us, —a.e. point in B({p,e). To do so,
suppose the opposite. Then there exists A C B(&o,¢) with us, (A4) >0 so
that for each (z,£) € A, there exists T > 0 with

(233) UG o U|UG-9)| | (B, =0.

t>T t>T

Let

1)
As:= | Gu(4).

t=—5
Then As C V and for all (z,£) € As, there exists T > 0 so that (2.3) holds.
Moreover, invariance of fdH} under G; together with Lemma 3.4 implies
that
(fdHE,)(As) = 20ps,,(A) >0

which contradicts (2.2). Thus (2.2) holds for pux, =~ a.e. point in B(§p,¢).

Let {B(&,¢e:)} be a countable basis for the topology on X,,. Then for
each i, there is a subset of full measure, B;C B (&, i) so that for every point
of B; (2.2) holds with & = &, € = &;. Noting that X; = B;U(Zq, \B(&, 1))
has full measure, we conclude that imo = N;X; C Ry, has full measure and
thus, us, (Ra,) = ps,, (Xz,), finishing the proof of the lemma. O

Proof of Corollary 1.9. — Let u solve Pu = orz2(h). Then we can extract
a subsequence with a defect measure p. By Lemma 2.2, p,, = pg, + fdH],
with pg, L Hz and supp fls, C Ra,. Now, if volg, (Rs,) =0,

/ V fdvolg, =0.
210

Plugging this into Theorem 1.5 proves the corollary. (|

ANNALES DE L’INSTITUT FOURIER
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Proof of Corollary 1.10. — Let u solve Pu = opz(h). Then we can
extract a subsequence with a defect measure u. By Lemma 2.2 and The-
orem 1.5, fizg = pa, + fdHy, where p,, L Hi , supp fls, C Ra,, and
JdH}, is Gy invariant.

Let Ty, be as in (1.7). Fix T' < co and suppose

ACQr = {n € | To(n) <T}
Write (0,7 = | (8)( ; —¢e,T; + €] and

N(e)
Qp = |_| Qf, Q5 =T (T —e,Ti +€)).

Then, by Lemma 3.4 (using that in the case of —h%2A, — 1, |v(H))| = 2)
for any 0 < § small enough

1 n
/21Af01v01E 25/ U’ e f %Z/luiécmm@fd”ro

Next, using invariance of fdHj, under G, we have

1 " 1 .
a5 20 107 s P99 = 32 35 [ 1700
Then, by the definition of Qf, for ¢ € QF, |Ty,(¢) — T;| < € and
n
Z WUme aiann 56 12, Gitnacay fdHs, ae

In particular, by the dominated convergence theorem

3 1 n o __ 1 n
3%225/@2*3 Gu(anapf e, = %/1U‘iact<mm>>fd%$o

So, sending § — 0 gives

2/1,4de01210 = 2/1nm(A)deOIEIO

for all A C £ measurable. Taking 7' — oo then proves this for all A C L,
measurable. In particular, changing variables, using that supp f C Ry, C
L., and writing J,,(€) as in (1.10)

f(g)dVOIZmO (5) = f(nxo (5)) - Jag (g)dVOIZmo (5)

which implies U,,\/f = /f where U,, is defined in (1.9). Observe that
since 1z is dissipative and /f € L*(Ry,,dvols, ), (1.11) implies /f = 0.
Theorem 1.5 then completes the proof. (|

TOME 69 (2019), FASCICULE 4
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2.2. Spectral cluster estimates for —A,

Let (M, g) be a smooth, compact, boundaryless Riemannian manifold of
dimension n, p = [£|2 — 1, G; = exp(tH)) and

Aa; = ﬁ ( VOIETO (REO) )1/2
2 inffGRmO TZEQ (5)

where T, is as in (1.7) and C,, is the constant in Theorem 1.5. We consider
an orthonormal basis {u,, }32; of eigenfunctions of —A (i.e. solving (1.1))
and let

Hinats) := s (V —4y)-

COROLLARY 2.3. — Foralle > 0, zg € M, there exists § = d(xqg,€) > 0,
a neighborhood N (zg, ) of xy, and A9 = Ao(zg,€) > 0 so that for A > Ao,

(24)  ITpa o172 (1) Lo (A (200)

= s> )P < (A2, F N
YEN(20:) 5 e[\ A+4]

Note that since G¢|g+ pr parametrizes the speed 2 geodesic flow and there-
fore

. 1 ..
&El%f;,ﬂ T$0(€) = iL('TO’M) = an(M)’

L0, M) = inf {t >0 ‘ there exists a geodesic of length t} 7

starting and ending at z¢

and inj(M) denotes the injectivity radius of M. Therefore, we could replace
Az, in (2.4) by either of

o (Y1 (Rey) 1/2 o (YOl (Ray) 1/2
ro T\ 2+ L(zo, M) ’ zo = A\ T4 inj (M) :

to obtain a weaker, but more easily understood statement. Corollary 2.3 is
closely related to the work of Donnelly [7] and gives explicit dependence of
the constant in the Hérmander bound in terms of geometric quantities.

Proof. — We start from the fact that for U C M

(2.5) ||H[/\,>\+5]H%2(M)—>L°°(U):SUP Z |UA,-(1F)|2~
€Uy eMA+d]

For w € L*(M),
(2.6) (=g = M) osgswl 2 < 22Xy s swllze.

ANNALES DE L’INSTITUT FOURIER
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Suppose that for some € > 0 no 6, N(zp), and \g exist so that (2.4)
holds. Then for all § > 0, r > 0,

. l-n
hf\nsup)\ T T at61 |22 (M) = Lo (B(wo,r)) > Azy + E-
—00

Therefore, for all 0 < m € Z, there exists A, T 00 so that

1-n
(2.7) e Moxg o A tm-11 122 (a0 = Lo (B(zo,r)) > Ay + -

Moreover, we may assume that for m; < ma, Agm, > Ag,m,. Indeed, as-
sume we have chosen such Ay ,, for m < M. Then there exists Ay >
max (Mg m—1, Ak—1,m) S0 that (2.7) holds with m = M. By convention, we
let A_1,,, = 0. Now, for m; < ma,

I sy llz2an =2 (B@ory) < Iy s pmony L2 a0 — L (B0,

letting A\; = A;;, Ay = oo and

A M a2 = Lo (B(zo,r)) > Ao + €
By (2.6) for w € L?(M)
I(=X2Ag = DI, a1l 2 e = oA )Ty, 0-1jwll 22 5 22

Fix w; € L?(M) with ||w;|z2 = 1, so that

l-n
A vl zoe (o) > Az + € o= iy x4y

Then extracting a further subsequence if necessary, we may assume that v,
has defect measure p with p, = ps, + fdH}, and hence that Corollary 2.1
applies to v;. Furthermore, since ||v;]|z2 < [Jw|zz =1,

(2.8) /A fAHT <1

z0

By computing in normal geodesic coordinates at xg, observe that for
p=I[¢2—1, |v(H,)| = |0¢ply = 2. Thus, Corollary 2.1, implies the existence
of r > 0 small enough so that

1-n
(29) Ay +e< lign sup A, 2 [Jvil| oo (Bzo,r)) < Cn/z Vfd voly,
— 00 z0
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Finally, by Lemma 2.2 and (2.8), supp f C R, and Hf”Ll(Ame;O) < 1
Therefore,

Cp / Vfd vols,
Sug

1/2
1
<m<2/2 f|u<Hp>|dvolzw> (vols,, (Ray))"”
zQ

1/2
1 1/2
=C, - / fdH vols, (Ry
4-infeer, (T, (§)) Aaguintr,g Trg (© 0 ( 0 0))
_ on< vols, (Ra) )”2 .
=2 \linfeer,, (T (€)) o
contradicting (2.9). O

Compactness of M, the fact that voly, (Rs,) < vol(S"~'), and Corol-
lary 2.3 imply Corollary 1.7.

3. Dynamical and measure theoretic preliminaries
3.1. Dynamical preliminaries

The following lemma gives an estimate on how much spreading the geo-
desic flow has near a point.

LEMMA 3.1. — Fix o € M. Then there exists dpr, > 0 small enough
and Cy > 0 so that uniformly for t € [—dnr,p, Onr,p),

(31) 5d((0.60). (20, 62))~Cad (w0, 60), (w0, 2))”
< d(Gy(xo,£2), G, &1))
<2

d((zo, &), (20, &2))+Crd( (20, £1), (20, &)

where d is the distance induced by the Sasaki metric. Furthermore if

Gt(anfi) = (mi(t)vgi(t)>7
(3.2) dpr(z1(t), 22(t))< Cld(($0a§1)a ($0,52))5M,p

where dj; is the distance induce by the metric M.
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Proof. — By Taylor’s theorem

Gi(w0,&1) — Gi(x0,62)
= deGy(w0,82) (&1 — &2) + Oc= (Sug \dth(Q)Kfl - 52)2)
qe

Now,
Gt(x(h 6) = (an 5) + (85]7({17075)15, _awp(‘r(h f)t) + O(tQ)
SO
deGy(x0,€) = (0,1) + t(9Zp, —0%,p) + O(t?)
In particular,

Gi(wo,£1) — Gi(wo, &) = ((0,1) + O(1)) (&1 — &) + O((&1 — £2)7)

and choosing 6y, > 0 small enough gives the result. (|

3.2. Measure theoretic preliminaries

We will need a few measure theoretic lemmas to prove our main theorem.

LEMMA 3.2. — Suppose that piz, = pg, + fdH} is a finite Borel mea-
sure invariant under Gy and py, L Hj, . Then p,, and fdH}, are invariant
under Gy.

Proof. — Since p,, L H}, , there exist disjoint N, P such that p,,(P) =

Hy,(N) =0and A,, = NUP. Suppose A is Borel. Then the invariance of
Lz, implies

(33) /(1A o G,t - 1A)dpm0 = /(IA - 1A o G*t)dego

Now, if A C N then the fact that G; is a diffeomorphism implies that
it maps 0 Hausdorff measure sets to 0 Hausdorff measure sets and hence
Hy, (A) = Hy (Gi(A)) = 0. Therefore,

(3.4) Pao(A) = pae(Ge(4)),  ACN
In particular,
Pao(N) = Py (Ge(N)) = pag (Aay)-
Using again that for t € R, G} : ¥ — X is a diffeomorphism, we have
Pao (Ge(P)) = pag(Aag \ Gt(N)) = puy(Aay) = pue (Ge(N)) = 0.
So, in particular,

(3.5) peo(Gi(4)) =0, ACP.
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Combining (3.4) with (3.5) proves that p,, is G; invariant and hence (3.3)
proves the lemma. O

Let B(&,r) C X, be the ball of radius r around & for the distance
induced by the Sasaki metric on ¥;, and define

5
(3.6) T5(6,r) = |J Gil{(x0,%0) | & € B(&, 7))

t=—90

LEMMA 3.3. — Suppose 6 > 0 and p,, is a finite measure invariant
under Gy and p,, L Hj . Then for all € > 0, there exist {; € ¥;, and
r; >0,7=1,... so that

(37) T_;L—l <eg, Pz U T5 (gjv Tj) = Pzo (Axo,é)'

Proof. — Fix 6 > 0 so that
[_57 6] X Ezo B (t7Q) = Gt(Q) € Amo,S

is a diffeomorphism and use (t,q) as coordinates on Ay, 5.
We integrate pg, over A, s to obtain a measure on ;. In particular,
for A C ¥;, Borel, define the measure

(3.8) Pro (A) 5pxo<U Gi(A )

Then, the invariance of p,, implies that 0;p,, = 0, where for F €
C(=9,0) X gy, Ofpag(F) = pg(OF). In particular, for all F' €
C°(—9,0) X Xz,

/athme =0.

Now, fix x € C2°(—4,0) with [ xdt = 1. Let f € C°((—0,0) x X4,) and
define

:/f(tq)dt
Then f(t,q) — x(t)f(q) = O, F with

F(t,q) / F(5,9) = x(5)F(@)ds € C2((~6,6) x Ta,).
Therefore, for all f € C°((—6,8)xX,,) and x € C(—4,0) with [ xdt = 1,

/ £t @)dpas (t,9) = / O F(@)dpag (t.0) = / / £(5,0)dsx(t)dpeo (1, q).
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Now, let B C ¥,, be Borel, I C (—6,0) Borel, and f,(t,q) T 1;(t)15(q).
Then by the dominated convergence theorem,

pao(I % B) = /|f|1B (H)dpa(t. q).

Next, let x, 16 '1jg 5 with [ xn, = 1. Then we obtain
I
peoll < B) = W, (0.6] x B).

So, letting p,, (B) := d~1u([0,6] x B), we have that for rectangles I x B,
Pzo (I x B) = dt x dp,, (I X B). But then, since these sets generate the Borel
sigma algebra,

(3.9) o = At X Py

Now, notice that Hj = g(t,¢)dt x dvolg, where 0 < c < g€ C*®. In
particular, since

dt X pg, L dt x dvoly,

we have that p;, L dvolg, .
Thus, there exists N, P C X, so that p,,(P) = volg, (N) = 0 and
Yz, = N UP. Hence for any € > 0, there exist &; € X, and r; > 0 so that

Yot <e fu [UBE ) | = P (Sag)-
J J
The lemma then follows from (3.9) and invariance of py,. O

LEMMA 3.4. — Suppose that 0 < f € L*(Ag,, H2,) with fdH] invari-
ant under Gy. Then for §y > 0 small enough, write

[750360] X Emo > (t7Q) — Gt(‘]) S Aaco
for coordinates on Ay, s5,. We have
Flang o AHE = F(0)1=50,50)(t)dt x dvols,,
where
fq) = f(0,q)[v(Hy)[(0,9)

and v is a unit normal to ¥, € A, 5, with respect to the Sasaki metric.

Proof. — Observe that 14, , dHj, is the volume measure on Ay, s,-
Therefore, 14, ; dHi, < 1[_5,5,](t)dt x dvols, ~and in particular,

n

dH
dHy, = f(t, @) () 1[=s0,50) (t)dt x dvols, .

1
fla dt x dvols,,

z0,80
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Since fdHj, is invariant under Gy, it is invariant under translation in ¢ and
we have

dmz, .

f(%@m(ta q) = f(q)

is constant in time.

To compute f(q), we need only compute
dH2

7“)(0’ Q)~

dt x dvols, |

For this, observe that 15, ;H, is the volume measure on A, s with respect

to the Sasaki metric. Therefore, we have dvoly, = N.dvola, , where N

is a unit normal to X,,. More precisely, if r € C°°(Ay,,5,) has dr|s, (V) =

(N,V)g, where gs denotes the Sasaki metric and V' € Ts, Ay s,, then
v =drl[s,, is a unit conormal to ¥, and

dHy,

T x o, (00) = 19:00 Gole=oll) = I (Hy) (@) O

4. A proof of Theorem 1.5 for the Laplacian

One can use a strategy similar to that in [9] to prove Theorem 1.5 for
eigenfunctions of the Laplacian. We sketch the proof in the case pz, L Hj,
for the convenience of the reader. Following the arguments in Section 6.2,
replacing Lemma 6.2 with (4.10) it is possible to give a proof of the full
theorem in this way. Note however, that much greater care would be needed
to eliminate the dependence of the constant on M. We wish to stress that
the analysis in the next sections gives an effective geometric explanation
for the gains in L°° norms that is not available through use of the spectral
projector. Moreover, it shows that the structure of the L gains depends
only on quantitative control on the transversality of the flow to the fibers.

We start by constructing a convenient partition of unity. This partition
will also be used in the proof of the general case, so we write a careful
proof.

LEMMA 4.1. — Fix (2,&;) € £, andr; >0,j=1,... K <00, > 0.
Then there exist x; € C(T*M;[0,1]), j =1... K so that

supp x; N Azy C Tus(&5,215) N Agy a5, Hyx; =0 on Ay 35

(4.1) K
ZX]‘ =1on U Tas(&5,75) N Ay 36, 0< ZX]‘ <1, on Ag,
J j=1 J
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Furthermore, if
K

(4.2) U Ty5(&552r5) O Ay 35,
j=1

there exists x; satisfying (4.1) and

(4.3) > xi=10n Ay ss.
J

Proof. — Let X; € C2°(X,;,;[0,1]) satisfy

K
d Xi=t1on |JBE ), supp X; C B(&,2r;) N Xy,
j j=1
0<) %<l
j

Next, let 1 € C°(R; [0, 1]) with ¢» = 1 on [—34, 3] and supp ) C (—49, 49).
For § > 0 small enough, Gy : [—46,49] x X, — Ay, 45 is a diffeomorphism
and so we can define x; € C°(Ay,.45; [0,1]) by

Xj(Gt(z0,8)) = ¥(t)X;(0,§)

so that H,x; = 0 on Ay, 35. Finally, extend x; from Az, 45 to a compactly
supported function on T*M arbitrarily. Then x; j = 1,... K satisfy (4.1).

If (4.2) holds, then we may take X; a partition of unity on X, subordi-
nate to B(¢j,2r;) and hence obtain (4.3) by the same construction. O

Sketch proof for Laplace eigenfunctions. — Fix 6 > 0 and let p € S(R)
with p(0) =1 and supp p C [0, 2d]. Let

STM(v) == {(z, &) [|¢]. — 1] <}

and x(x,&) € C§°(T*M) be a cutoff near the cosphere S*M with x(z,§) =
1 for (x,&) € S*M(y) and x(z,&) =0 when (z,§) € T*M \ S*M (27).

Suppose that (—h?A, — 1)u, = 0, and uy, has defect measure p with
Mo L Hi, . Then

:

(4.4) up=p (hl { —h2A, — 1]) up,

(1) VA=l My (1 hDYuy, dt + O, (h™).

Il
>

R
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Setting V' (t,z,y, h) := (ﬁ(t)e“[v Rl (a, hD)) (t,,y), by propa-

gation of singularities,
- {(z7£ayan) | (‘Ta{) = Gt(y7n)a |‘€|T - 1| < 277t € [57 25]}

Let by (y,n) € CZ(T*M) have

(y,1) = Gi(x, €) for some (z, &) € S*M(3)
with das(x, zo) < 279, |t] < 460

supp bgy .y C {(ym)

with

(y,m) = Gi(z, &) for some (z,&) € S*M(Q’y)}

bpy~ =1 ,
o on {(y ) withd (z, z0) <7, [t] < 36

Then, by wavefront calculus, it follows that
(45) o) = [ V5 bags 0 hD un(0)dy + O (%),
where,
V(z,y,h):= /Rﬁ(t) (e”[\/TAfl]/hx(x, hD))(t,x, y) dt.

By a standard stationary phase argument [17, Chapter 5],

(4.6) V(x,y,h) =h =Y eFdu@n/ha (zy ) pldar(2,y)) + Oy (h),
+

where a4 (z,y,h) € S(1).
Then, in view of (4.6) and (4.5),

1—n .
(4.7) up(zo) = (2mh) =" Z/ eFi o/ g (xg,y, h)p(du (w0, y))
T Jo<|y—=mo|<26

brc,'y (ya hDy)uh (y> dy + O’y(hoo)'

Let x;, be as in (4.1) with Tus(&;,7;) satisfying (6.4) and Zr}l_l < e.
Define ¢ =1 — Zj X;- Then

up(zo) = 3 Ii + It + O, (h™)
+

ANNALES DE L’INSTITUT FOURIER



DEFECT MEASURES AND MAXIMAL GROWTH 1777

where
I. =:<2wh>L%ﬁJ/ eEidu @)/ (20,4, 1) p(dag (20, )
0<|y—z0|<28
(4 8) w(yvhDy)bzo,v(%hDy)uh(y) dy
m:Zwm%f D@D Mg (o, g, 1)p(dn (0, )
- 0<|y—zo|<28

J
X (Y hDy)bay (Y, hDy)up(y) dy.

An application of Cauchy—Schwarz to I gives

n—1
(4.9) limsuph = |I+] < Climsup ||¢(y, hDy)bsy ~ (Y, RDy)up|| 2.
h—0 h—0

Next observe that

lim sup lim sup |4 (y, Dy )bsg ~ (y, hDy)ul|3

v—0 h—0

:mw/\wmmmmu
S*M

Cu(supp ¥ N Ay a5)
Clig, (supp¢) < Ce.
Note that the first inequality follows from the fact that lim, b,y <

1A,, 45- On the other hand, by propagation of singularities, for each x; in
II,, we may insert ¢; € C°(M) localized to

<
<

m(Tus(&5,r5) N {6 < dum(z, z0) < 20}),

where m : T*M — M is projection to the base. In particular, replacing
X;(y, hDy) by ¢;(y)x;(y, hD,) and applying Cauchy—Schwarz to each term
of II, we have

. n_1 .
(4.10) limsuph = |II| < C Z lojllL2 imsup (| x;jbzo,~ (Y, ADy)un || 2.
h—0 J h—0

Now, since ¢; is supported on a tube of radius rj, [|¢;|L2 < C’rj(-”_l)/2.

Furthermore,

Tim Tim 1 (4, Dy )bag.(y, hDy Jull
= Ii 2 24y < 24,
N A [ P R

z0
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Thus, applying Cauchy—Schwarz once again to the sum in (4.10),

1 1/2

/2

lim sup hr |11 < C E 7’?71 / E X?du < Cel/2,
h—0 - -
J J

Sending £ — 0 proves the theorem. (|

5. L™ estimates microlocalized to A,

For the next two sections, we assume that u is compactly microlocalized
and Pu = or2(h) where P is as in Theorem 1.5.

LEMMA 5.1. — Suppose that P is as in Theorem 1.5, u is compactly
microlocalized, and Pu = orz(h). Then for q,a € S*(T*M)

ot kD)ae hD)ul = [ laflaPdu-+ o(0).
ot hD)Paler, kDYl = 1 [ | Hyaldn -+ o(1).
Proof. — First observe that since u is compactly microlocalized, there
exists x € C°(T*M) so that
u = x(z,hD)u + Og(h*).

Therefore, we may assume g, a € C°(T*M). The first equality then follows
from the definition of the defect measure and the fact that [a(z, hD)]* =
a(x,hD) + Orz2_12(h). For the second, note that

Pq(xz,hD)u = q(x, hD)Pu + [P, q(z, hD)]u
= q(x,hD)Pu + %{p, q}(x, hD)u + Op2(h?).

The lemma follows since Pu = orz(h). O

At this point, following the argument in Koch—Tataru—Zworski [13], we
work h-microlocally. The first step is to reduce the L? — L> bounds to a
neighbourhood of ¥ = {p = 0}.

LEMMA 5.2. — Suppose that u is compactly microlocalized and Pu =
or2(h). Then for xs € CX(T*M) with xs = 1 in a neighborhood of

(5.1) (1 — xs(z, hD))ul 1~ = o(h*F").
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Proof. — Since u is compactly microlocalized, there exists x € CS°(T*M)
so that

For xx € C*(T*M) with xx = 1 in a neighborhood of ¥, [p| = ¢ > 0 on

supp(l — xx)x. Therefore, by the elliptic parametrix construction, for any
q € S™®(T*M), there exists e € C°(T*M) so that

6(33, hD)P = (1 - XE)(JZ, hD)q(a:, hD)X(J?, hD) + OD/%S(hOO)
and in particular,
(5.2) (1 —xx)(z,hD)q(x,hD)u = or2(h).

The compact microlocalization of u together with (5.2) (for ¢ = 1) and
the Sobolev estimate [25, Lemma 7.10] implies

n 2—n
11 = x=n(z, hD))ullLe< Ch™2 (1 = xs(z, AD))ul L2 (ary = o(h=7). O

To simplify the writing somewhat, we introduce the notation uy :=
x=(z, hD)u.

5.1. Microlocal L*>° bounds near X

In view of (5.1), it suffices to consider points in an arbitrarily small
tubular neighborhood of ¥ = {p = 0}. More precisely, we cover supp xs by
a union U B; of open balls B; centered at points (z;,&;) € ¥ C {p = 0}.
We let x; € C§°(B;) be a corresponding partition of unity with

N
uy = ij (x,hD)ux, + Os(h™)
3=0

By possible refinement, the supports of x; can be chosen arbitrarily small.

Since the argument here is entirely local, it suffices to h-microlocalize
to supp xo C Bo where By has center (z9,&) € {p = 0}. Since we have
assumed Ogp # 0 in {p = 0}, we may assume that ¢, p(xo,&) # 0 and
O0erp(o,&o) = 0. Therefore, choosing supp x supported sufficiently close to
(z0,&0), it follows from the implicit function theorem that

px = e(z,§)(& — a(z,£))

with e(x, &) elliptic on supp xo provided the latter support is chosen small
enough. Thus,

Pxo = E(z,hD)(hD,, — a(x,hDy ))xo(x,hD) + hRxo(z, hD).
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Note that by adjusting R, we may assume that for each fixed xq,
a(z1,y, hD,) is self adjoint on Lj,. Therefore,

(h‘le - G(l’l, $/7 th’))qu(x, hD)’LL
= E~Y(x, hD)Pxoq(z, hD)u + hRixo(x, hD)q(z, hD)u.

In particular, from the standard energy estimate (see for example [13,
Lemma 3.1]) with (x1,2") € R™,

(5.3)  lIxoq(z, hD)us (21 = s,-)lIr2, @n-1)
< lxog(z; hD)us(x1 = t,- )|z, ro-1)
+ Ch™ s — t['/2(|| Pxog(z, hD)us|| L2 (r)
+ h|[Rixoq(z, hD)us||r2 ®n))-

5.2. Microlocalization to the flowout

Our next goal will be to insert microlocal cutoffs restricting to a neigh-
borhood of A, s for some ¢ > 0 into the right hand side of (5.3).
Let € € 0, Xe .z € C°(M;]0,1])) with

Xe,zo = 1 on B(zo,€), SUPP Xe,zy C B(xo, 2€).
Let b, ., € C(T*M;[0,1]) with

supp bz—:,:ro N {p = 0} C U Aw,Sé;
(54) z€B(x0,3¢)

supp be z, C {q } d(q,|p| <e) < 25},
(5.5) begz, =1on
{a]a(0. U2 o5 Gel(@. &) | Ip(@,0)] < e dlw,m0) < 26} ) <) }.

LEMMA 5.3. — There exists Cy > 0,g9 > 0 and U a neighborhood of
(20,&0) so that for all xo € C°(T*M) supported in U, 0 < ¢ < § < &g,
Xe,zos Dewo @S above, g € S®(T*M), and y1 € R

(5.6) [1(axz,20X0) (@, AD)us|ay =y, 12, 1)
< 265 2 ||be o (2, RD)g(, hD) xo (2, hD)us || 12

1
+ Codg Bt 1b¢ 5, (x, D) Pq(x, hD)xo(z, h.D)UEHLi(Rn) + 0c,5(1)
where 0 := 0|0¢p(x0,&0)|g and [0eplg := |0ep - Ozlg-
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Remark 5.4.

e In (5.6), the local defining functions x; depend on j, but we will
abuse notation somewhat and suppress the dependence on the in-
dex.

e Note that the constant Cy may depend on P and M in unspecified
ways. In order to remove this dependence in Theorem 1.5, we choose
0 sufficiently small when applying Lemma 5.3.

Proof. — Let

z1
A(xlaylam/; th’) = _/ a(S,lL’l, hDI/)dS

Y1

and w = xoq(z, hD)uy. Then
i ’ Z t
w(yhx') — o~ tAGYLT ’th/)w‘ml:t _ / e*ﬁA( w1,z hD,, ’)f(s z )dS
Y1
where

(5.7)  f(x) := E7Y(z,hD)Pxoq(x, hD)us + hRixo(x, hD)q(z, hD)us

Moreover, since we have arranged that a(s, ', hD,) is self adjoint for each

fixed s, e~ #Alsw1.2hD) g unitary.

Let g := 0|0ep(x0,&0)|g and ¥ € C°(R;[0,1]) with supp C [0, do] and
J 1 = 1. Then, integrating in ¢,

(5.8) wlyi,z /¢ Altansa’ WD) gl

t X ,
- / wlt) [ e ACIRD (s, 1) dscs
Yy
Now, let gg@ satisfy

(5.9) EE oo =1on
{a] (0.2 05 G {(@.0) | (. O) < =, d(@.m0) < 26} ) < =/2) .
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and have suppfl;wcO C {be,5, = 1}. This is possible by (5.5). We next aim
to prove

(510) XE,Iow(ylv x/)

- / w(t)Xs,mo ei%A(t’yhz/’th/) (EE,xo (177 hD)w) |m1:tdt

. t
i i T Y
— EXE,Eo/w(t)/ e~ w A1,z hD, )(bE,IO(:U,hD)f)(s,sc')dsdt
Y1

+ 0,5(1) e 12,

v1 T
To do this, we show that for q; € SY(T*M), s € [0, ]
(5:11)  Xeyao (yr,2')e™ FAGIT DL b 4, (2,hD))
Xo(@, hD)qi(z, hD)us, = oc(h)z.
Let ¢ € C*(R) with ¢ =1 on [-1,1]. By (5.2)
Xeo (g1, )e™ FACHEID (L b (2, D))
XO(Ia hD)ql (SC, hD)(I - <p(€72p(z, hD)))uE = OE(h)L2 .

x

Therefore, we need only estimate
(5.12)  Xe 2o (y1, x/)ei’i‘A(s’yhx/’th/)([ - gs,xo (z,hD))
Xo(z, hD)q1 (z, hD)go(e*zp(x, hD))us.

In order to estimate (5.12), we apply propagation of singularities for
e~ 74, Let Gy denote the Hamiltonian flow of & — a(x,¢’). We show that
for § small enough and |¢| < do,

(5.13) SUPD Xe,zo N ét(supp(l — 55,10)@(5_2])))(0) = (.

Since supp ¢ C [0, dg] propagation of singularities then implies that

(5.14)  (8)Xe,uo (y1, 2" ) FAEVL WD ([ (2 D))
q1(z,hD)p(e*p(z, hD))us = Oc(h™) 2.

We now prove (5.13). For p(yo, n0) = 0, if G¢(yo, mo) = (@1(t), 2’ (t),£(t)),
then G, (+) (0, m0) = (x1(t), 2'(t),£(t)). Since we assume that Og p(zo, o) =
0, O¢, p(xo,&0) # 0 we may choose U small enough so that for ¢ € U

2 3
319ep(0, &0)ly < 196,p(9)] < 510ep(0, &o0)lg-

Thus, for ¢ € supp xo,

2 0ep(e0, )yt + O() < |1 (Gi(a)) — 11()] < 5 10ep(0, o)yt + O()
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Now, suppose ¢ € {|p| < Ce?} N supp xo so that ét(q) € SUpp Xe o for
some [t| < dg. Then, there exists t € [-24,20] and C' > 0 such that

d(x(Ge(q)),x0) < e+ Ce2.

In particular, by (5.9), b. 5, = 1 in a neighborhood of ¢ and hence ¢ ¢
supp(1l — FEE?IO). In particular, this proves (5.13) and hence (5.14).

Together (5.12) and (5.14) give (5.11) and in particular, applying (5.11)
with ¢ = 1 for the first term in (5.8) and

q1 = E_l($7 hD)PXOQ(x7 h’D) + thXO('xa hD)Q(xa hD)
for the second term in (5.8) gives (5.10). In turn, (5.10) implies
[Xe,z0w(y1, - )HLi,(RH)
_ ~ Lo~

< 8y 2 |[be g (2, ADYw|| 12 ey + Co0F ™ |[be g (, AD) f || 12 () + 02,5(1).

Now,

q(z, hD)Xe woX0(2, AD)us = XezoXo (2, hD)q(x, hD)us

+ [Q(‘r7 hD)a Xs,moXO(% hD)}uE

Therefore, applying the Sobolev embedding [25, Lemma 7.10] in 1 dimen-
sion

H[q(xv hD)vXe,moXO(‘ra hD)]UE(‘Tlv ’ )”Li,(]R"*l) = OE(h1/2)7

we have the following L? bound along the section z1 = ; of supp xo C
Supp xs.

(5.15) ||CI(33»hD)Xe,mXO(fE»hD)UZ(yh')||L’;,(1Rn—1)
< 8 2o (@, BDYw] 2 )
+ C10y W [Besay (2, D) 13 ) + 02.5(1).
Observe that,

llbe,zo (x, hD) f|]
< ez (2, RD)E =" (2, hD) Pxoq(x, hD)us||
+ hl|be g, (z, RD) Ry x0(z, hD)q(z, hD)us||
< Csl|be,zo (, hD) Pxo(x, hD)q(x, hD)ux||
+ Cohl|be z, (x, hD)x0(x, hD)q(x, hD)us]| + 0e,5(h)
and

HbE,ﬂCo (xahD)w”Li(]R") < Hbe,zo(xth)X0<x7hD)Q(-T7hD)uEH + 05,5(1)'
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Taking €9 > 0 so small so that for § < e, C’1C25é/2 < 50_1/2, and letting
Co = C1C5 we have
(5.16) HQ(mth)Xs,ZQXO(xahD)uE(ylv')”Li,(R"—l)
< 2652 [be g (2, hD)x0(2, AD)q(, AD)us: | 1 e
+ CoBg/*h ™ b,z (@, D) Pxo (r, hD)q(w, hD)us || 2 en)
+ 05,5(1). O
LEMMA 5.5. — Suppose that for some § > 0, ¢ € S°(T*M) has ¢ = 0
on Ay, 35. Then for r(h) = o(1).
. n—1
limsup b2 |g(x, hD)us|| Lo (B(z,r(n))) = 0
h—0
Proof. — Observe that Lemma 5.3 gives for each j = 1,... N,

” (QXs,onj) (1'7 hD)uE |11:y1 HLz, (Rn—1)
< 285 2 ||be o (2, D) g(, hD) (2, hD)us | 12 (g

+ 00(505 ht ||b€,ggD (l‘, hD)Pq(x, hD)Xj(JJ, hD)uEHLi(Rn) + 05,5(1).

Observe that since r(h) = o(1), for h small enough, x¢ », =1 on B(xg,7(h)).
Hence, applying the Sobolev estimate [25, Lemma 7.10] and Lemma 5.1
gives

ml

lim sup A" (qx;) (2, AD)us || Zo (B(ay (1))

h—0

< 205 /Moth *(z, hD)x;dp

+Co50/be 2o (@, hD)|Hy(q(z, hD)x;)[*dps.

Sending ¢ — 0 and using the dominated convergence theorem proves the
lemma since p(T*M) =1 < oo, lime 002, < 1a,, .5, Hp is tangent to
Az, and so the fact that ¢ vanishes 1dentlcally on A, 35 implies the same
for Hyq. O

6. Decomposition into wave packets

We now choose a convenient partition x; and functions g;;, i = 2,...n
to prove the main theorem. The ; localize to individual bicharacteristics,
and ). ¢;,; will measure concentration in neighborhoods of each bicharac-
teristic. We then show that understanding the mass localization to finer and
finer neighborhoods of geodesics yields the structure of the defect measure.
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6.1. L°° contributions near bicharacteristics

We need the following version of the L>° Sobolev embedding.

LEMMA 6.1. — There exists C,,; > 0 depending only on n and [ so that
for allv € HY(R" 1) with | > (n—1)/2 and all e > 0

n—1
[ 7 < Cpah™ " <€”_1llviz +en Y (thi)leI%fz) :

i=1

In particular this holds if v is compactly microlocalized.

Proof. — Let ¢ € C2°([—2,2]) with ¢ = 1on [-1,1] and (. (z) = {(s 7).
Then

v(x) = (2rh) " /ei@’g)/hKe(\ﬁD + (1 = (€D Fr(v)(§)dE
Applying the triangle inequality and Cauchy-Schwarz, and letting w;(£) =
Y €

(6.1)
[V Fe <A72DE I I Fnoll7z + 11 = C)w 12z [wiFuv7e)

Now,
11— Cs)wfllliz =" (A = Q12
n—1
JunFiol3 = / Zs Fuol€)Pde = Y |1Fu(hDh ) 3.
i=1
Using this in (6.1) together with the fact that by Parseval’s theorem for
u e L2, || Foullz2 = (2mh) = ||uHL2 proves the Lemma. O

LEMMA 6.2. — There exists C,, > 0 depending only on n, 6; > 0 and
ro > 0 so that for 0 < 6 < 61 if (20,&) € Egp, 0 < 7 < 1o and x; €
C(T*M) with

supp x;j N Az C Tus(&5,7), Hyx; =0, on Ay, 35
where Ty5(&;,r) is as in (3.6). Then

(6.2) Timsup h"Hxjusl o (Bao.r(h))

h—0

1| 9ep(ao, €)1 / N

20,36
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Proof. — Let a;;(z1), ¢ = 2,...n so that & — a;,;(x1) vanishes on the
bicharacteristic emanating from (¢, £;). This is possible since we have cho-
sen coordinates so that Og p(zo,§;) # 0 and hence a bicharacteristic may
be written locally as

Y= {(‘rvg) | T € (_367 35)7 ' = x/(xl)v f = a(xl)}'

Let 20 > n—1and ¢;; = (& —a;(z1))". Then, using ¢ = ¢;,; in (5.6) gives
|(hDa, — ai(21)) Xz .00 X5 (T, hD)us (21, - Mzz, ®e-1)
< 280 /2||be oo (2, hD) g (2, hD) xj (2, AD)us|| 2 (i

+ Cody/>h ™|z o (2, hD) Pg; iz, hD) xj (x, AD)uss | 12 ey + 0c,5(1)

where |O¢plg = |0ep - Ozlg- Next, ¢ =1 in (5.6) gives
IXe.zoxiusllr2, < 265 /% |be 2y (2, RD) x (, AD)uss | 2 (s
+ Cody/2h ™|z g (2, RD) Pxjuss | £2 (mny + 02,5(1).

Therefore, letting w = e~ *@-ai @)/ Ry v with aj(z1) = (aj2(x1),
..., (x1)) we see that

—1/2
I(hDa,) w2, < 205 lbeszy X515 12 )
+ Co0y 2 h ™ be g Paj.ixjus | 12 ) + 02,5(1)

and

—1/2
lwllz2, < 2862 1be,mo X5t 12 )
+ 0053/2]7,_1|‘b€,$OPXjuZ||Lz;(Rn) + 05,5(1).

Applying Lemma 6.1 to w (with € = ) and using the fact that |w||pe =
IXe.z0 XjUs| Lo gives for any o > 0 and r(h) = o(1)

lim sup A" xjus | oo (2o o (h)
h—0

< Cpga™! (nr;l sup [ 405 bc s s 32 + 0§6oh-2||bs,wopxj~uz||%g})
—0

i—2 h—0

n
+ Cp a2t ( > limsup {450_1 1be,20 @5 XU |l72

+ Cgooh~? |be,zqug‘,z'XjuZ||2LgD
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In particular, applying Lemma 5.1,

limsup h" ™| x s |7 o (5o ,r(h)))
h—0

< Cpya™” /5x0(450 "2+ C3do| Hyx;[*)dp

a" e IZ/ 2 20 (400 G + C300lHpx 517 )dpe

Observe that by (5.4) together with 0 < b? < 1, we have

€,T0

lim 2 < 1,

g,T x(g,38 °
e—0 0 *o

Sending ¢ — 0 and using Hpx; = 0 on Ay, 35 (together with p(T*M) =1
to apply the dominated convergence theorem) we have

(6.3)  limsup "~ |[xjus|7 < (B r(n))

h—0

< Cr 4y tal™ 1/ Xjdu
Azg,36

n, o~ 20— IZ/ X] 450 qu+0060| szl

zg 38
Now, x; is supported on Tus(¢,7) (see (3.6)). Letting ~ be the bichar-
acteristic through (z, &), we have by (3.1) that for § < M” and r < C*
small enough
sup{d((z,&1),7) | (#,&1) € Tus(§,7) N Agy 35} < 3r
Hence, since H,(& — a;(z1)) = 0 on vy, Hpgji = 1(& — ai(x1)) " H, (& —

a;(x1)) vanishes to order [ on v and there exists Co > 0 so that

sup |Hqu,i| < OQTI.
Tus (&) Asq 35

Furthermore, by (3.1) for n € B(&,r), and (3.2)
|£i(Gt(x07 77)) - gl(Gt(x(J?é-)” < 2r + 0172:
|ai(z1(Gi(z0,m))) — ai(z1(Gi(20,¢)))| < C3C10r.
Therefore,

sup lgjil <rH(2+C1C38 + Cir)’
Tys5(&,m)NAsg,36

In particular,

N3 (405162, + C300 | Hyai i) < 12! [465" (24 C1Co6 + Cur) ™ 4 80C3C3 |\
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Thus, letting §; < min(C]'C5 ", (CoCqsup |35p|g)’1,g) and ro < C7 " we
obtain

X5(400 2 + C3dol Hpai j17) < 0 'r (14 427F1)x 3.
Using this in (6.3) that

lim sup hnil”XJ'U‘EH%OO(B(mO,T(h)))
h—0
< Cn,l(so_l/ X?(4an—1 + O[n—2l—1(n _ 1)(42l+1 4 1)7“2[)(1/,6.
A10,35

Choosing o = r and fixing | = n gives (6.2). a
We now find an appropriate cover of A, that is adapted to fiz,.

6.2. Decomposition of A,

Proof of Theorem 1.5. — Recall that

Hzo = Py T derzlo
where pg, L ’H;‘O and p, is invariant under G;. Therefore, by Lemma 3.2,
pz, and fdHj  are invariant under G;.
Fix 0 < € < § arbitrary. By Lemma 3.3, with § replaced by 49 there
exist ((z0,&;),75) € Xa, x Ry satisfying (3.7). Let K be large enough so
that

K
(64) Pxq Aa:0745 \ U Tys (gja rj) <e.
j=1

Let x; € C(T*M;[0,1]) satisfy (4.1) for ((zo,&;),75) j=1,... K.
Define ¢p = 1—3)" x;. Applying Lemma 6.2 (with { = &;, r =7, x = X;),
summing and using the triangle inequality, we have

. n-1
(6.5) limsuph = |[(1 — (2, hD))us| Lo (B(wo,r(h)))

h—0
K 1/2
<Cpp Y 02 (/ x?du>
j=1 A

1/2 1/2
<Chns [ D> r! / > X3du
- A -
J o g

< Chse P (Mg a6)
where in the last line we use 0 < x; < 1and 0 < ) x; < 1.

0o
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Next we estimate ¥ (x, hD)us. By the Besicovitch-Federer Covering Lem-
ma [10, Theorem 1.14, Example (c¢)], there exists a constant C,, depending
only on n and v9 = 70(Xs,) so that for all 0 < v < =g, there exists
€1, . EN(y) With N(y) < Cy' ™" so that

N(v)

Zzo C U fkv

and each point in 3., lies in at most C, balls B(&,y). Let ¢, k =
1,...N(7) satisfy (4.1), (4.3) (with & = &, 2r; = v, and K = N(v)).
Observe that applying Lemma 6.2 (with £ = £, 7 = v, and x; = ¥x),

11%1 sup W (a, RD) gy (2, AD)us |7 o (B(ag o (h)))
5

< Cob M Oep(r0,61)) / N

Aw0‘35

Notice that
> bk =1 on Agy s
k

and therefore Lemma 5.5 implies

‘wth {1—2%:5}@] = 0.

L (B(zo,r(h)))

lim sup T
h—0

So, applying the triangle inequality,

lim sup T
h—0

z,hD)u H
‘dj ]

1/2
g On,é Z (/ ¢Z¢27n1dpxo>
k Azg.35
(|
k

Azg .35

1/2
|0ep (0, &k) glwidf?v"lfd?l;‘o)

= Cpsl + 11

Use (6.4) to estimate

1/2
I <Oy T N( 1/2</ Zkadpzo)

Aeg,35
1/2

K
< Cpag | Maoss \ | Tus(&5,m)) < Ce'2.
j=1
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Now, using that fdH}, is G invariant and applying Lemma 3.4

1/2
1< @Z( /E |8gp(a:o,&)l;lwiw%”—lf(o,q)v(Hp)|<0,q>dvolzxo) :
k 0

Define for 0 < 0 € Ll(volgzo)
T’ye = Cn Z </ ‘8Ep(x0a§k)|;lw/%w2’7n_l
k Aa:O,Sé

1/2
e<o7q>|u<Hp>(o,q>dvolzm> .

Then,

n—1

T,0 < CuN (7873

1/2
(/Z |a§p(x07fk)|glwl%w29(oaQ)|V(Hp)|(07Q)dV01210>
k

<o)y

where C is independent of ~.

Now, suppose that 6 > 0 is continuous. For v small enough, C,; 14"t <
voly, (B(&k,7)) < C,,v"~ !, where C,, depends only on n. To see this, recall
that on any compact Riemannian manifold M of dimension n — 1, there is
C,, depending only on n and C' > 0 depending on M so that for all q € M

Vol (B(g,7)) = Coy" 1 < Cy™.

This follows from computing in geodesic normal coordinates. In fact, C
depends only on bounds on the curvature of M.
Using this, we have

1
T.0 <C, 1pe.
" / 2 o) <|agp<xo,sk>|gvolzmo<B<§k,fy>>

1/2
/ 6(0, g)|v(H,)|(0, g)d volss,, > dvoly,,
B(&k,v)

Now, as discussed in Remark 1.6, we may assume X, is compact. Then,
since 0, the metric, g, and p are continuous, they are uniformly continuous.
In particular, for any €y > 0 there exists v small enough so that for all
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5 S Exo and qo € 3(537)7

1/2
1
<|85p<xo,5>|gvolzm< 5E s w9(0’q””(Hp)'(O’q)dVOIE”)

0|v(Hp)|
‘a§p|g

C/ Olv(H dvolg +C,e0.
|85p|g

Next, let #,, > 0 continuous with 6,, — f in L'. We may assume by
taking a subsequence that 6,, — f a.e. Fix g9 > 0. Then since va + b <

Va+ /b,

€0

(q0) +

VOIEI0

Thus,

T f I S TS = Ol + Ty < CILF = Ol + T 0
Form > M, C| f - 9mH < o and hence
|T fl<eo+ T,0.m,

Now,

/ 9m|V(Hp)| dVOlZ
|8§p‘g o
:/ max(6,,, 1)|v(Hp)| dvols
‘a§p|g o

Onlv(Hy)| [Iv(H,)|
+ [ 1g,,> — dvoly, .
/ ’ N [0eply Oeply |

Observe next that max(f,,,1) — max(f,1) a.e. and by the dominated
convergence theorem,

max (0, 1)|v(H,)| max (f, 1)[v(H,)|
/[\/ |0eplg ]dmlz”“_)/[\/ |0eplg ]dVOIE
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Next,

Om|v(Hp)|  [flv(Hp)]|
|/16m>1 [\/ |0cply \/ |0cplg ]d o,

| frn o DT,
\/|aip N

<Cl0m — fllr-

In particular, this proves that

/ MdvolzwO —>/ Mdvolzwo :
Depl, 1Deply

Therefore, for m > My,

[0,lv(H,)] / Flv(
dvoll—&—s
/ |agp|g |agp|g Feo TEO

Let m > max(M, M7) and choose v small enough so that

C / m|V dVOlg +€0
|35P|g
Then,
H
T,f <eo+T)0m <20+ Cy Md vols, +Cheo.
\3§p|g 0

In particular,

H,
lim sup II = lim sup T,.f <Cy / Md vols, .
=0 =0 |0cplg 0

Therefore, sending h — 0 then v — 0 and finally ¢ — 0 proves the
theorem. g

7. Construction of Modes - Proof of Theorem 1.8

Proof of Theorem 1.8. — We apply the construction in [19, Lemma 7].
Let p = %(|§|£27 —1) and Gy = exp(tH)) so that G¢|g~s is the unit speed ge-
odesic flow. Let gy € L*(S3 M) have |g1|* = f sz M and g1c € C> (853, M)
have ||g1. — 91||L2(S;0M) <e. For A C S7 M Borel, define the measure

ﬁzo( 5pz0 ( U Gt > .

t=—0
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Let go.. € C(S5 M) have |g2 -[*dS, — Pz, as a measure where Sy is the
e—

surface measure on S"~!. Finally, define g. = g1  + go.c.
We apply the arguments [19, Section 2.3.1] to see that there exists . ;
such that

[(~h28g = 1)Oeyllis = O0.(h),  C+Ou(hy) > [eyllse > e+ O (hy).

and, in normal geodesic coordinates at zg, we have

L O P A
bey(a) = (2ey) 7 [ g (L) (o,

where xg € C°((0,00);[0,1]) with xg = 1 on [1, R], suppxr C (0,2R)
and
(7.1) /XR(a)a"_lda =1
The remainder of the proof consists of analyzing this oscillatory integral.
Choose ¢; —+ 0 so slowly that
jlggo [(=h3Ag — 1%, jllL2h; " — 0,

20 = limsup || P, ;| z2 = liminf ||®.; ;]2 > ¢/2.
i J—00

j—oo
Then,
[(=h38 = DPe, ;2 = o(hy[1Pe, ;1]12).
Fix N > 0 to be chosen large and ¢; — 0 slowly enough so that

(7.2) sup sup |8“"|g€j|hj — 0.
lal<N S2, M

Under this condition, we compute the defect measure of ®., ;. Note that
since || ®., ;|| is uniformly bounded, we may assume by taking subsequences
that the defect measure exists. Let b € C2°(T* M) supported in

As :={x ] < |dm(z0,2)| < 20}

where d)y is the distance on M. Then, letting ) € C°(R\ {0}) have ¢y =1
on [0, 20],

b(.’L‘, th)(bsj,j

= (2nty) 2 [ Lo ED My, 0y,

>

<|| w16 d0dyde + Opa (k).
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Performing stationary phase in the (y, ) variables gives

b(l‘, th)(I)ej,j

= (27h;) /ei<wv%>/’” [b( |Z|> + hye(z, 9)} 9e;

(i) xa6Da0 + O (457

where e € C°°(R?") has suppr C supp b and is independent of ¢.

(b(z, hy D) R Em

'L L i_i 9
(27hy) / / hj 11 lel >gg ()
As 7\ 10|

[b( ) et e, (1) xr0) et av
+O(h).

We write the integral in polar coordinates r = r¢, § = a©, and w =
BQ. Since |r| > § on As, we may perform stationary phase in Q and ©.
Using (7.2) with N > n + 2 together with the remainder estimate [25,
Theorem 3.16] to control the error uniformly as j — oo, gives

/Sn / (9=, (8)12b(rd, ) + |ge, (— ) [*b(rd, —o)

+c1e* Mg, (8)ge, (—d)b(rd, )
+ ce QZT/th]' (_¢)g€j (¢)b(r¢, _Qs)]anilﬂnil
xr(a)Xr(B)Y(r)dadBdrdSs + o(1)

Integration by parts in r then shows that the second two terms are lower
order and yields

/ / 92, (6)2b(r . &) + |4z, (—6) 2b(r, )]
sn-1 Jr3

a”fl6”*1XR(Q)XR(ﬂ)dad5drdS¢ +0o(1)

Sending j — oo gives

(/000 XR(O‘)O‘“dO‘>2 /R /SM b(r¢, ¢)(dpz, (¢) + |g11°dSs)dr

_ /A b(x, €)(dps, + fd Voly.,)

20

ANNALES DE L’INSTITUT FOURIER



DEFECT MEASURES AND MAXIMAL GROWTH 1795

where we use (7.1).
Using that the defect measure of @, ; is invariant under G then shows
that @, ; has defect measure

p=dpz, + fdvoly, .
This implies that for y € C°(T*M) with x =1 on [{|, < 2,
<X(:L‘7 th)(I)Ej’j, q)sj,j>L2(M) — 1.

Now, since (—h3A, — 1)®., ; = or2(h;), an elliptic parametrix constr-
uction as in (5.2) implies (I — x(x,h;D))®.; ; = or2(a(h;) and hence
12, 5l — 1.

Next observe that

1n 0
s(e0) = 1) % [ ., () xalo)a0

= o) % [ (010, (0)+ 920, (045,

Since p,, L dvolg, and \gg,ej\zdSti, — Dz, 8s a measure, for any § > 0,
there exists A € S~ ! so that

/ |92.¢,12dSy — 0, / dS, < 6.
Aec A

Therefore,

1/2

1/2 /
/ 92, (¢)d5¢’ <C </ |92,aj|2d5¢> + (/ |927Ej|2d5¢) 51/2
Sn—1 Ac Sn—1

so, for all § > 0,

lim sup
Jj—o0

/ 92,¢; (¢)dS¢' < 051/2.
Sn—l

In particular,

lim g2.c;(¢)dSy = 0.

Jj—o0 Sn—1

Finally, using that g1 ., — g1 in L? and hence also in L!

=2 1-n
lim u;(z0)h;? = (QW)T/ g1(4)dS,.
J—00 Sn—1
Letting u; = ®., ;/||®, j||z> then proves the lemma. O
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Appendix A. Semiclassical notation

We next review the notation used for semiclassical operators and symbols
and some of the basic properties. Recall that for a compact manifold M of
dimension n, we write
S™T*M) :={a(-;h) € C=(T*M) : [080a(x,& h)| < Cap(1+1€)™ 171}
and S>®(T*M) = U,, S™. We write W™ (M) for the semiclassical pseudo-
differential operators of order m on M, (M) = J,, ¥ (M) and

Opp : S™(T*M) — ¥™(M)

for a quantization procedure with Opy (1) = id +Op/_ ¢~ (h*) and for u
supported in a coordinate patch, ¢ € C°(M) with ¢ = 1 on suppu we
have

Om(a)ule) = g [[ €49 pla)ata, uiwcdy + Oprosm (1)

We will often write a(x, hD) for Opy,(a).
There exists a principal symbol map
o U"(M) — S™(T*M)/hS™ (T* M)
so that
OphOU(A) :A+O\I/m—1(h), Ae ™,
coOpy =m:8™— S™/hS™ !,
where 7 is the natural projection map. Moreover, for A € U™ B € U2
e 0(AB) = o(A)o(B) € S™itm2 /pgmitma=l
o([A, B]) = %{U(A),U(B)} € hSmitma=1 /p2gmitme=2
where { -, -} denotes the poisson bracket. For more details on the semiclas-
sical calculus see e.g. [25, Chapters 4,14] [8, Appendix E].
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