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Moments of L'(1/2) in the Family of Quadratic Twists

Tan Petrow

Abstract
We prove the asymptotic formulae for several moments of derivatives of GL(2) L-functions over
quadratic twists. The family of L-functions we consider has root number fixed to —1 and odd orthogonal
symmetry. Assuming GRH we prove the asymptotic formulae for (1) the second moment with one
secondary term, (2) the moment of two distinct modular forms f and ¢g and (3) the first moment with
controlled weight and level dependence. We also include some immediate corollaries to elliptic curves via
the modularity theorem and the work of Gross and Zagier.

The values of L-functions L(s, f) at certain special half-integral points are of central importance in number
theory, c.f. the Birch and Swinnerton-Dyer conjecture. Analytic methods have been used successfully to
study the behavior of these special values in some family of objects, but much remains unknown. In this
paper we study the central values of derivatives of L-functions of holomorphic GL(2) modular forms in the
family of quadratic twists. The mean value of this family has been studied successfully in the past by several
authors, notably Bump, Friedberg and Hoffstein [2], Murty and Murty [16], Iwaniec [10] and Munshi [14],

When f® x4 has even functional equation an asymptotic formula for the second moment of L(1/2, f ® x4)
was computed assuming the generalized Riemann hypothesis (GRH) by Soundararajan and Young [21]. Here,
we apply their techniques to several moment problems of comparable difficulty when the sign of the functional
equation is —1 and the derivative L'(1/2, f ® xq) is the correct object of study. The family of quadratic
twists with root number +1 as considered by Soundararajan and Young has even orthogonal symmetry in
the sense of random matrix theory, while the family we consider has root number —1 and odd orthogonal
symmetry. Surprisingly, we find that stronger results are possible in the odd case: the analogues of theorems
and [3 of are out of reach when the root number of f ® x4 is 1 and one studies the L-functions themselves.
As in Soundararajan and Young, our work is conditional on GRH, but we only use this hypothesis to obtain
a useful upper bound to the corresponding un-differentiated moment problem, see conjectures[[land 2 The
deduction of the necessary upper bounds from GRH is due to Soundararajan [20]. We restrict our attention
to holomorphic forms in this paper, but our results should carry over to Maass forms with only minor
modifications to the proofs.

Before stating our results, let us fix some notation and recall some standard facts which can be found in
chapter 14 of [I1]. We consider the space of cuspidal holomorphic modular forms of even weight x on the
congruence subgroup I'g(V) with trivial central character. Such forms have a Fourier expansion of the form

flz)= Z A (n)n=1/2 exp(27iz).

n>1

We fix a basis of newforms which are eigenfunctions of the Hecke operators and have A\;(1) = 1. From now
on, we assume all forms f which we work with are elements of this basis. The Hecke eigenvalues of f are
all real (by the adjointness formula and multiplicity one principle), and hence f is self-dual. We study the
family of twists of f by quadratic characters. Let d be a fundamental discriminant relatively prime to N,
and let yq(-) = (51) denote the primitive quadratic character of conductor |d|. Then f ® x4 is a newform on
[o(N|d|?) and the twisted L-function is defined for Re(s) > 1 by

L(s, f ® xa) ::ZAfT@Xd<n>: 11 (1_M+L> I <1_ Af(pgd(p)) |

s 25
n>1 ptNd p p p|N
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The completed L-function is defined by

As, f ® xa) = <|d|\/ﬁ> r <s+ Hg 1) L(s, f ® xd)-

2T

It has the functional equation

A(s, f @ xa) = i"nxa(=N)A(1 = s, f ® xa),

where 7 is given by the eigenvalue of the Fricke involution, which is independent of d and always =+1.
We denote the root number by w(f ® xa) := i"nxqs(—N). Note that if d is a fundamental discriminant,
then xq4(—1) = +1 depending as whether d is positive or negative. In this paper we work with positive
discriminants so that yqa(—N) = xa(N), but we could just as easily formulate our results with negative
discriminants.

We are interested here in the derivative of the L-function, which also has a Dirichlet series convergent in
a right half-plane:

L(s,fOxa)=—Y. Ww'
n=1

It also has a functional equation

AN (s, f @ xa) = =i"nxa(=N)A'(1 = s, f ® xa)

with sign opposite to that of L(s, f @ xa). When w(f ® xa) = —1, one has that L(1/2, f ® xq) = 0 and
L'(1/2, f ® xa) is the more appropriate object for study.

I would like to acknowledge the support of the number theory community at Stanford, and I would
especially like to thank Professor Soundararajan for many fruitful discussions.

1 Statement of Main Results

In the results of this section we assume the generalized Riemann hypothesis (GRH) for the zeta function,
the family of quadratic twists of f and g and the symmetric square of f and g. See also the comments
immediately before and after conjectures [l and [2] below. We use the notations (d,J) = 1 or D to denote
the sets of square-free integers or fundamental discriminants, respectively. Let F' : R>¢g — R>o be a fixed
smooth function with compact support closely resembling the indicator function of the interval [0, 1], and
let F(s) = Jo© F(x)z*~* dx denote its Mellin transform. We formulate our results for the subset of D of
integers which are 4 times a 2 mod 4 squarefree integer, but could have just as well picked out the other
congruence classes which together constitute D. The subscripts on the symbols O and < indicate that the
implied constants depend only on those parameters.

Theorem 1. Assume GRH, and let F () be a smooth approzimation to the indicator function of [0, 1] with
compact support. For any normalized cuspidal Hecke newform f with trivial central character, odd level N
and even weight k we have

S /25 © xsa) F(84/X) = S L(1sym? )2 (0,0)F(1) (% log® X + Ca(f) log® X)
(d,2NO)=1 g
w(f®xsa)=—1

+0, v (X (log X))

In the above

T(x/2 N ' 2 L 7%, ) |uo  F'(1
(”/)+1og£+~y+3 (L,sym?f) 722" (u,0)] 0 (1)

Ca(f) = I'(r/2) o L(1,sym2f) Z+(0,0) F(1) ,



v is Buler’s constant, and Z*(u,v) is a holomorphic function defined by @) and @) for Re(u),Re(v) >
—1/44 ¢ given by a sum of two absolutely convergent Euler products and is uniformly bounded in u,v where
it converges. Moreover, Z*(0,0) = 0 if and only if the root number w(f) =1 and N is square, in which case
the moment vanishes identically.

By the celebrated theorem of Gross and Zagier [6], theorem [[ also gives the variance of canonical heights
of Heegner points on an elliptic curve associated with f. Note that the analogue of theorem [l without the
derivative is the main result of Soundararajan and Young [21]. In this paper, we compute the main terms
in a slightly different manner than do Soundararajan and Young, and applying our technique to the second
moment without derivatives improves the error term there to <, . X (log X)%/?*¢. Nonetheless, shifted
moments are still crucial to the theorem of Soundararajan and Young, whereas they are not necessary here.

The next theorem is a moment for two distinct modular forms f and g. Theorem [l is particularly
interesting because the asymptotic formula for the analogous moment without derivatives is completely out
of reach by current techniques.

Theorem 2. Assume GRH, and let F(-) be a smooth approzimation to the indicator function of [0, 1] with
compact support. For any two distinct normalized cuspidal Hecke mewforms f and g with trivial central
characters, odd levels N1 and N, and even weights k1 and ko we have

Z LI(1/2, f® ng)Ll(1/2, g Xsd)F(Sd/X) = C(f, g)X 10g2 X+ Of)g)a (X(log X)H_E) .
(d,2N1 NoO)=1
w(f®xsga)=—1
w(g®xsa)=—1

In the above 1
C(f, g) = FL(LSym2f)L(1vsym2g)L(1vf ®g)Z*(070)F(1)7

where Z*(u,v) is a holomorphic function defined by @) and ([@) in Re(u),Re(v) > —1/4 + &, depending on
f and g, given by a sum of four absolutely convergent Euler products and uniformly bounded in u,v where
it converges. Moreover, Z*(0,0) = 0 if and only if either the root number w(f) =1 and Ny is square or the
root number w(g) =1 and Na is square. In either of these two cases the moment vanishes identically.

Lastly, theorem [3] below is a first moment in the twist aspect with controlled dependence on both the
weight « and level N. Again, the analogue of theorem Bl without the derivative is completely out of reach,
but would have interesting corollaries, see [13].

Theorem 3. Assume GRH, and let F(-) be a smooth approzimation to the indicator function of [0, 1] with
compact support. For any A > 0 and any normalized cuspidal Hecke newform f with trivial central character,
odd level N and even weight k we have

S (127 xsa) F(84/X) = C(f)X <log
(d,2NT)=1
w(f@xsa)=—1

XrkVN N o L'(1, sym* ) N Z*(0)
27 L(1,sym2f) = Z*(0)
X3/ (g N)A/T
X 1 X N 1/4"1‘8 I S A
+OA,€ ( ( 0g AR ) + (].OgXFLN)A ) ’

In the above _
F(1 .
Cu() = S L1, sym ) 2*(0)
and Z*(u) is a holomorphic function defined by (3) and () as a sum of two absolutely convergent Euler
products for Re(u) > —1/4 + e. Moreover, Z*(0) = 0 if and only if the root number w(f) =1 and N is a

square. If so, then the moment vanishes identically, and if not

loglog N

Z*(0 —_—
0) > G

uniformly in k.



Thus our methods break convexity in the dependence on x and N in the error term by an arbitrary
power of log. Using GRH once again, we obtain non-vanishing results. By applying the technique from [IT]
theorem 5.17 we have that

L'(1,sym?f)  Z*(0)
L(1,sym?f) + Z*(0)

These terms therefore may be subsumed into the error term in theorem In the same vein, by theorem
5.19 of [11] one has the bound

< loglogkN.

L(1,sym?f) > (loglog kN) ™'
From these estimates and theorem B the following corollary is obtained.

Corollary 1. Assume GRH. If the root number of f is 1 then assume also that the level of f is not an integer
square. For any A > 0 there exists an odd squarefree d relatively prime to N with d <4 kN/(logkN)A for
which

w(f ® xsa) = —1 and L'(1/2, f ® xsa) > 0.

If £/Q is an elliptic curve given by the Weierstauss equation y? = f(z), we may define the twisted elliptic
curve £7/Q by the equation dy? = f(z). By the work of Gross and Zagier [6] and the modularity theorem
[1] we have the following corollary.

Corollary 2. Assume GRH. Let E/Q be an elliptic curve of odd conductor N. If the root number of E
is 1, then assume also that the conductor N is not an integer square. For every A > 0 there exist odd
squarefree d relatively prime to N with d <4 N/(log N)A for which the curve E3?/Q has root number —1
and Mordell-Weil rank exactly 1.

One expects the convexity bound here to be a non-vanishing twist of size d <. (kIN)! "¢, see e.g. Hoffstein
and Kontorovich [9]. Our non-vanishing corollaries on GRH are, in fact, quite weak. As previously remarked
by many authors, the method of moments is an inefficient way to produce non-vanishing theorems. If one
is willing to assume GRH, the methods of Iwaniec, Luo and Sarnak [12], Ozliik and Snyder [17), [18] or
Heath-Brown [8] adapted to small nonvanishing twists should yield better results. We postpone carrying out
this line of research to a future paper, and moreover, we believe that the theorems [ 2 and [3 have interest
independent of the corollaries.

We do not use the full strength of GRH in theorems[I] [2 or Bl In fact, in the case of the first two all we
need is the following conjecture.

Conjecture 1. Let e > 0, and t be a real number with |t| < X and 1/2 <o <1/2+1/log X. Then

> IL(o +it, f @ xa)|* <nove X (log X)'E
deD

(d,N)=1

LRSS

Theorem Bl on the other hand is true if we assume than N is odd squarefree and conjecture Blin place of
GRH.

Conjecture 2. Let e > 0, and t be a real number with |t| < X and 1/2 <o <1/2+1/log X. Then

S |L(o +it, f © xa)| <= X (log XxN)Y/4+,
deD

(d,N)=1
ld| <X

The work of Soundararajan [20] shows that conjecture [ follows from the GRH for the Riemann zeta
function, the family of quadratic twists of f and the symmetric square of f. By keeping track of the
dependence on k and N in Soundararajan’s proof, one finds that the GRH for quadratic twists of f, the
Riemann zeta function, and the symmetric square of f implies conjecture Unconditionally, all that is



known towards conjectures [l and 2] is a bound of the form <. (X(1 + [t|))'*¢ due to Heath-Brown’s
quadratic large sieve [7]. It seems that obtaining the results of this paper unconditionally should not be
completely out of reach, but nonetheless, doing so requires additional ideas.

Let us briefly describe the main difficulties in proving the above theorems, some previous attacks on these
difficulties, and the new input in our work which allows us to overcome them.

Take for example theorem [Il After applying the approximate functional equation and pulling the sum
over d inside one encounters a sum of the form

Zd:Xd(mTQ)F (%)

for some cut-off function F', where x4 is the quadratic character modulo d. One wants to apply Poisson
summation to this sum, but the length of the sum U ~ X is comparable to the square root of the conductor
\/ning, so the dual sum that one obtains is of the same shape as the original. This is the familiar “deadlock”
situation described, for example, in the paper of Munshi [I4], or by multiple Dirichlet series, for example
in [4]. This deadlock has been broken in some ways before. Soundararajan and Young find that the second
moment of L(1/2, f ® xq4) is transformed by Poisson summation to the dual problem of finding an estimate
of the integral over shifts it; and ity of the same moment. They exploit this transformation using GRH to
obtain upper bounds on shifted moments to prove their theorem. Munshi observes in the paper [I4] that
taking derivatives amplifies the main term of moments but does not affect the error term. He uses this fact
to unconditionally obtain an asymptotic formula for the first moment of higher derivatives A (1/2, f ® x4)
with ¢ > 8 weighted by the number of representations of d as a sum of two squares (a situation with conductor
of similar length to ours). Munshi also solves a similar problem in [I5] obtaining an asymptotic for the first
derivative in the special case that f corresponds to a CM elliptic curve.

In our paper, we observe that taking a derivative concentrates the mass of L'(1/2, f ® x4) in the terms of
the approximate functional equation with small n. When we truncate U < X/(log X)1%° we gain something
from Poisson summation, and treat the tail separately. The idea behind bounding the tail is that

Ar(n n)log 14
L'(1/2,f@xa)~ Y it )Xsl(/Q) 5w,

n<ld|

so that when |d|/(log|d|)*° < n < |d| we have that the 0 < log|d|/n < loglog|d| are quite small. These
terms look essentially like the series for L(1/2, f ® x4), the moments of which are smaller than moments of
the derivative. We are then able to use Soundararajan’s upper bounds assuming GRH [20] to bound the tail.
The idea is that the dual sum of a moment of L'(1/2, f ® xq4) looks like a moment of the un-differentiated
L(1/2, f ® xa), which we exploit to obtain our results.

2 Approximate Functional Equation

We begin with a lemma which will be used in all three theorems.

Lemma 1 (Approximate functional equation). Let f be a A¢(1) = 1 normalized cuspidal newform on T'o(N)
with trivial central character and root number w(f) = i"n. Let Z > 0 be an arbitrary real number parameter.
Define the cut-off function

W(z) m i/ T(u+k/2) ( 2w ) 1_UIOgZdu.
(3)

2

2mi I'(k/2) 72N u
Then
Ar(n)xa(n) n\ ik Ar(n)xa(n) n\ _JLU(/2, f@xa) ifw(f @ xa) = -1
5 AT (g ) -irmat=30 3 20 (m>—{o ulr © i) =1



Proof. We follow Iwaniec and Kowalski [IT] Section 5.2. Take

1 1—ulogZ
1(Z = — A Zt——d
( 7f78) 27 @) (S+u7f®xd) u2 u
1 1—wulogZ
— Nefow s [ As+ufowz
T (—3) u

so that by a change of variables and an application of the functional equation we have
I(Z,f,s) = N(s, f ®xa) +i"nxa(=N)I(Z7", f, 1~ s).

If the root number w(f ® xq4) = —1, we take s = 1/2 to find

L2, f@xa) =) %WWZ (%) +xa(-N) Y %Wﬁ (%) ,

n>1 | n>1

as in the statement of the lemma. On the other hand, if the root number of f®yg is 1, then A’(1/2, f®x4) = 0,
hence

I(Z, f,1/2) = i"nxa(=N)I(Z™, f,1/2) = 0.
Thus the lemma holds for both cases of root number of f ® xg4. O

In the proof of theorems [Ml and 2l we will use Z = 1 so that the approximate functional equation takes a
particularly simple form. Let N be the level of f. In the proof of theorem Bl we take Z = N'/2 to compensate
for the asymmetry in estimates in level aspect introduced from averaging over root numbers. Note that the
only difference in the approximate functional equation for L'(1/2, f ®x4) as opposed to that of L(1/2, f®xa)
is the sign of the root number, and the denominator of the integrand of W (z), which becomes u? instead
of u. Therefore, many of the calculations necessary for our results are identical to those in the paper of
Soundararajan and Young [21].

3 Proof of Theorem [

We prove theorem [ by splitting the sums in the approximate functional equation (lemma [J), and using
proposition [l below to compute the main terms.

Proof of Theorem[1l Let F' be a smooth, nonnegative, compactly supported function on Rsg, and recall
the definition of W (xz) = Wi (z) from the approximate functional equation (lemma [Il). For a parameter
U < X/(log X)'% define the truncated sum

o0

A (1/2, f @ xsaq) := (1 —i"nxa(—N)) Z WW (%) ’

and define the tail By (1/2, f ® xsa) by setting L'(1/2, f @ xsq) = Av(1/2, f @ xs84) + Bu(1/2, f @ xsa). Define
the sums

n=1

Iy(f) = > L'(1/2, f ® xsa)Au(1/2, f @ xsa) F(8d/X)
(d,2ND)=1
My (f) = > Au(1/2, f @ xsa)*F(8d/X)
(d,2ND)=1
My (f) = Z Bu(1/2, f @ xsa)*F(8d/X).
(d,2ND)=1



so that we have the decomposition

> L(1/2,f ® xsa)*F(8d/X) = 20y (f) — Ly (f) + Iy (f).

(d,2NO)=1

Using the below proposition [l we will be able to give asymptotic formulae for Iy (f) and Iy (f), and us-

ing conjecture [Il we will obtain an upper bound on IIIy(f) smaller than the main terms. Applying this

decomposition in Soundararajan and Young’s work improves the error term there to O (X (log X )1/ 2+5).
For N’ =1 or N, and h(z,y, z) some smooth cut-off function let

o0

S(N/,h) = Z Z Z )\f nl n2)xgd(N'n1n2)h(d,n1,ng).

(d,2NO)=1n1=1 no=1

Proposition 1. Assume GRH or conjectured. Let X,Uy,Us large, UUs < X2, and N odd. Let h(x,y,z)
be a smooth function on R:’;O, with compact support in x, having all partial derivatives extending continuously
to the boundary, satisfying

. g 2\ —100 U, y —~100 U, N
T yjzkh( J:k) (r,y,2) <ijk (1 + X) <log ?> (1 + Ul) log — - 14+ — i .

Set hi(y,z) = [y~ h(xzX,y,z)dx. Then

4X )\ '(nl)/\f(ng)
S(N',h AN AfT2)
(N',h) = = (ng)_l = 1l

N’n1n2:|:|

i i (n1,n2) + O ((U1U2) 14X 2 10g X))
p|Nninz

This proposition and its proof are nearly identical to the main proposition from the paper of Soundarara-
jan and Young [21] (see proposition 3.1 and the remarks in §5 of that paper) except for minor details of
generalizing from full level to arbitrary level N, so we omit the proof. The main idea is to use Poisson
summation (see lemmaf3]) to evaluate the sum over discriminants d, and conjecture [[l to bound the dual sum
thereby obtained.

We now proceed to the computation of Iy (f) and Iy (f). Let h(x,y,2) = F(8z/ X)W (y/U)W(z/8x). In
the notation of proposition [[] we have by the approximate functional equation that

Iy (f) =28(1,h) — 2i"nS(N, h).
For notational ease, set G(u) :=T(k/24+u)(k/2)" (v/N/27)" which, recall, appears in the function W (z).

Let F fo 2¥~ 1 dx denote the Mellin transform and set
Ar(n)Af(n2) p
Zni(u,v) = Z 2w 1/24v H 1
(nin2,2)=1 n L p|Nning
N’n1n2:D

Applying proposition [l and Mellin inversion, we find that

ly(f) = % (27;,)2 /1) /1) %quvﬁ(l +0) (Zy(u,v) —i"nZ1(u,v)) dudv+ O, n(X). (1)

We compute for either N’ =1 or N that Zy+(u,v) has the Euler product
1 —1
_ p_|1 A () ! As(p) !
ZN/(U’U) - H (1 + +1 5 <1 - p1/2+u + p1+2u 1- p1/2+v + p1+2'u

pf2N
OV I N N AU V() RS N U
+2 (1 + 1/2+u + plt2u 1+ 1/2+v + plt2v -1




p
12

p|N

1 Ar(p) \ Ap) \ 7 ord, (N") 1 M)\ 7 Ar(p) \ 7
92 <1 - pl/2+u 1- pl/2+v +(=1) 92 1+ pl/2+u 1+ pl/2+y - (2)
Hence we have that

Zn(u,v) = (1 +u+v)L(1 + 2u,sym? f)L(1 + u + v,sym? f) L(1 + 20, sym® f) Z . (u, v),

where Z% (u,v) and Z;(u,v) are given by some absolutely convergent Euler products and are uniformly
bounded in the region Re(u),Re(v) > —1/4+ ¢ in u,v,x and N. Set Z(u,v) := Zn(u,v) —i"nZ1(u,v) and

Z*(u,v) == Zn(u,v) —i"nZ; (u,v). (3)

A careful inspection of (@) and (&), using positivity of (14 A\f(p)p~'/2)~! shows that Z*(0,0) = 0 if and
only if ¢(f) = 1 and N is a square.

We now compute by shifting contours of (). Start the lines of integration at Re(u) = Re(v) = 1/10,
and begin the computation with shifting the v integration to the Re(v) = —1/5 line. We encounter poles
at v = 0 and v = —u. The remaining double integral on the lines Re(v) = —1/5 and Re(u) = 1/10 is
<L, N,e X‘l/lo*“f7 and the contribution from the simple pole at v = —u is <,y 1. The main term comes
from double pole at v = 0, giving
X F(1 L G(u)

Iv=25
T2

ﬁ’(l) L 7 (u,0)|p=
U*Z(u,0) [log X + G'(0) + =——= + 4
( )< B GO R T 2w
Now Z(u, 0) has a single pole and - Z(u, v)|,—o has a double pole. Combine these with u? in the denominator,
and we encounter a triple and quadruple pole. The residue of the triple pole of

0) du+ O, n(X).

Gu)

at u =0 is given by
1 I(k/2) VN L'(1,sym?f)  4LZ*(u,0)]u=0
L(1,sym?£)*Z*(0,0) | = log*U log —— 3= do logU + O, n(1) | .
(1, sym™f)"27 (0, )<2 o8 Ut T s o T3 sy Tz | 08U T Onn ()
The residue of the quadruple pole of
Gu), , d
7(] %Z(U,’U”U:O
at u = 0 is given by
1 I(k N
—L(1,sym?f)Z*(0,0) <glog3U—l— l (( //2)) +lo ggl log? U+O,<N(logU)>
By shifting the line of integration to Re(u) = —1/5, we find that the the remaining integral is <, n .
X ~1/5+¢ hence collecting the above terms coming from residues, we find that
X ~ 1 1 IV(xk/2) VN L'(1,sym?f)

Iy(f) = = L(1,sym?f)32*(0,0)F(1) | = log X (logU)* — = log® U log —— 3o
Um7ﬁmmﬁ<m<%¢gm> 108U |yt o G B

d r7x '

L 7*(u,0)]u=o 1F'(1)

du— 2 1 log X log U + = —=—(logU)* + Oy n(log X) | .

7+(0,0) g X log 2F(1)( gU) .~ (log X)

The sum II; (f) is computed similarly, but with a different choice of h(z,y, z). As above, the main term
comes from the intersection of the two polar divisors © = 0 and v = 0. One finds

N0/ 1o, VgL Lame

y(f) = %L(l,smef)?’Z*(0,0)ﬁ(l) <% log® U +

I'(k/2) L(1,sym?f)
L 7*(1,0)] e
+% 10g2U+OH,N(10g U) .




We now give an upper bound for the sum IIl; (f) which, recall, involves By. We have

21 S

By (1/2,8d) = (1 — " nysa(N)) — /(2) O L2457 w0 (Wf_m) o

Recall that L(1/2+ s, f ® xsa) has root number —1 and vanishes at s = 0, therefore the integrand is actually
entire and we move the line of integration to the Re(s) = 1/log X line. On this line

‘w < log (8d/U),

uniformly in s, thus

o |G (s +it
log X 1 1 .
Bu(1/2,8d) < |logsd/u| [ LMY U (20 it f o vsa )| dt.
e ‘1 1X+it‘ 2 logX
og

Inserting this in IITy (f) we have that
Lo tity) G (i + it
Tog X 1 Tog X 2

1 : 1 :
Tog X + Ztl) (—logX + ltg) ‘

Iy (f) < (1ogX/U)2/O:O /O:o GE

1 1 1 1 (4)
L= —_ )t L= _— )t dty dts.
X E <2+10gX+217f®X8d> <2+10gX+227f®X8d)‘ 1 dta
(d,2ND)=1
0<8d<X

Use Cauchy-Schwarz to split the sum over d above in two, so that it suffices to bound

1/2
/OO ‘G(ﬁjwt)‘ 3 ?

_ 1 ;
o ’ (logX + Zt) ‘ (d,2N0)=1
0<8d<X

dt.

1 1
Ll -+ ——=+it
(2+10gX +1 7f®X8d)

We have that )
3

dt < loglog X,

1 .
1 .
o ‘m + ’f‘
and
2
e X (log X)'e

>

(d,2NO)=1
0<8d<X

1
_— )t
‘G <10gX H)

uniformly in ¢ by conjecture[Iland the sharp cut-off in |G(1/log X + it)| for large ¢. Bringing these estimates
together we find that

1 1
L—-+——+1t
<2+logX+Z 7f®X8d)

Iy (f) <env.e X(log X)) (log X/U)2.

Note that in contrast to the work of Soundararajan and Young, shifted moments are not necessary to prove
our theorem.
Finally, set U = X/(log X)'°°. Note that

2 1
(108X = 310807 ) tog? U = 3 log® X + Ox((1og X'+,



so that pulling together our evaluations of Iy (f), Iy (f) and Il (f) we find

I'(k/2) VN
T(x/2) +10g¥ +7

§ L'(1/2, f ® x84)*F(8d/X) = —)ZL(l,sym2f)3Z*(O,O)ﬁ(1) (% log® X +
T
(d,2NO)=1

L(Lsyn?f) | 2 (0o

T, sym2 f) Z+(0,0)

+ Fﬁv((ll))] 1og2 X + Ox ne(X(log X)1+5)> '

O

4 Proof of Theorem

We turn to the moment for two different forms f and g of levels N7 and Ns respectively. Set N = N1 Ns.
The proof of theorem 2 is a slight variation on the proof of theorem [l

Proof of theorem 2. Assume GRH or conjecture[l] and that U < X/(log X)1°°. We split the sum L'(1/2, f®
xsd) = Av(1/2, f @ xs84) + Bu(1/2, f ® xs84), where Ay (1/2, f @ xsqa) and By (1/2, f @ xsq) are defined at
the outset of Section Bl Take the decomposition

L'(1/2, f @ x8a)L'(1/2,9 @ xga) = L'(1/2, f ® x8a)Av(1/2,9 ® xsa) + Av(1/2, f @ x8a)L'(1/2,9 © X84)
—Av(1/2, f @ x84)Av(1/2,9 @ x8a) + Bu(1/2, f ® x84)Bu(1/2,9 ® Xs4)-

()
Summing over (d,2N0) = 1, we have the 4 sums which we denote by
To(fig):= >, L'(1/2,f®xsa)Av(1/2,9 @ xsa) F(8d/X),
(d,2ND)=1
(g, /)= Au(1/2,f®xsa)L'(1/2,9® xsa)F(8d/X),
(d,2ND)=1
Oy(fg) = >,  Av(1/2 f® xsa)Au(1/2,9 @ xsa)F(8d/X),
(d,2ND)=1
and
Oy (f,9) == > Bu(1/2,f® xsa)Bu(1/2,9® xsa) F(8d/X),
(d,2NDO)=1
so that

Z L/(1/27 f & X8d)LI(1/27g by XSd)F(Sd/X) = IU(f7 g) + IU(97 f) - IIU(fu g) + IIIU(f7 g)
(d,2NO)=1

We can compute precise asymptotic estimates for Iy (f, 9), Iv (g, f) and i (f, g), meanwhile I (f, g) can
be reduced by Cauchy-Schwarz to the sum Il (f) from the proof of theorem [Il Hence

Iy (f,9) <w,n.e X(log X)'Te.

We next state the proposition which allows us to compute the sums Iy (f, g), Iv (g, f) and Iy (f, g). Let
N’ be one of the four choices N’ = 1, Ny, Na, or N. Define

oo

As(n (n
Stq(N', ) = Z Z Z (1) 2)X&yl(N ning)h(d, ni,nz).
(@2ND)=1m=1np=1 V"

10



Proposition 2. Assume GRH or conjecturedl. Let X,U;,Us large, U1Us < X2, and N = N1No odd. Let
h(z,y,z) be a smooth function on Rio, with compact support in x, having all partial derivatives extending
continuously to the boundary, satisfying

o . —100 U —100 U —100
o on 105 (2 12 (s12) 0 2)

Set hi(y,z) = [y~ h(xzX,y,z)dx. Then

4X Ar(n1)Ag(n2)
Spo(N', I s A
J‘g( ) 7T2 (m;)_l /ning H

N’n1n2:D

“h(n1,n) + Opg ((U1U2)/4X1 /% (10g X))

p|Nninz

PropositionRlis a slight variation on proposition[I] so we omit the proof. The reader should take note of
the remarks following proposition [l as they apply just as well to proposition 2

Now we proceed to use this proposition to evaluate Iy (f, 9), Iy (g, f) and Iy (f, g). Take for example the
case Iy (f, g), for which we set h(d,n1,n2) = F(8d/ X)W (n1/U)W (n2/8d). By the approximate functional
equation (lemma[I) with Z = 1 we have that

Z L'(1/2, f ® x84)Au(1/2,9 ® xa)F(8d/X)
(d,2ND)=1 (6)

= Sf}g(l’ h) — imnfoyg(va h) — inzngsf}g(NZa h) + Z'm+ﬁ277f77gsflg(Nv h).

Likewise, Iy (g, f) and Iy (f, g) are evaluated the same way with h(d, ni,n2) = F(8d/ X)W (n1/8d)W (n2/U)
and h(d,ny,ng) = F(8d/ X)W (n1 /U)W (na/U), respectively.

Next, we evaluate the main terms of the various Sy, in (@) by contour integration. We set Gy(u) :=
I(k1/2 + u)T(k1/2)" (/N1 /27)" to be the Mellin transform of Wj(z), and similarly for G,. For N’ =
1, N1, No or N define the Dirichlet series Zn-(u,v) by

, Ar(n1)Ay(n2) p
Zni(u,v) = Z 1/24u_1/2+v H p+1
(nimn2,2)=1 ny g p|Nnins
N/n1n2:|:’
One has therefore that
Sro(N',h U“X” 1 AN dud O, n(X). 7
V1) = 5 [ CRE X ) 2y dudo £ O (). (D)

Let xo,n, be the trivial Dirichlet character mod N; for ¢ = 1,2, that is to say,

o {1 N
XONPT= N0 it p| N,

Then the Euler product for Zx/(u,v) is given by
-1
p |1 Ar(p) 1
ZN/(UU)—H<1+— —<1— 1/2
’ +u 1+2u 1 2+v 14+2v
oy p+1]2 pY/ / p
LS.V I S W P V1) RS N U
+§ (1 + pl/2tu + plt2u 1+ 1/2+'u + plt2v -1

1 (1 _ M0 xom (p)>1 (1 _ M) XO,Nz(p>>

H p
>< —_
oy P+ 112 p1/2+u p1+2u p1/2+v p1+2'u (8)

ot L (1+ M(p) | xO,M(p))‘l (1+ Ao(p) xO,M(p))‘l],

p1/2+u p1+2u p1/2+v p1+21;

11



If ay(p) and By(p) are the local roots of f with ar(p) + B7(p) = A\;(p), then we define for Re(s) > 1

Lis. f@g) =] (1 - M) (1 . M) (1 . 6f<p>ag<p>>1 (1 . m@)m@))l |

. p® p? p® p?

and for Re(s) < 1 by analytic continuation. Then in any of the four cases N’ = 1, Ny, Na, or N, we have
that
Zni(u,v) = L1 +u+ v, f @ g)L(1 + 2u, sym? f)L(1 + 2v,sym?g) Zx (u, v),

where Z3, (u,v) is given by some absolutely convergent Euler product which is uniformly bounded in the
region Re(u),Re(v) > —1/4+¢. Set Z(u,v) = Z1(u,v) —i"'n; Zn, (u,v) —i"*ngZn, (u,v) + Zn(u,v), and
Z*(u,v) = Z7 (u,0) = ™ np Z3, (u, 0) = iy 2y, (u,0) + 8™ T2 npng Z3 (u, 0). 9)

A careful inspection of (@) and (§) using positivity of (14 \f(p)p~1/2)~! shows that Z*(0,0) = 0 if and only
if either root number w(f) or w(g) = 1, and the corresponding Ny or Nj is a square.

With this information about Zy-(u, v), one shifts contours of (@) as in the proof of theorem [l to compute
the various Sy 4. We find that

Iy(f,9) = > L(1/2,f ® xsa)Au(1/2,9 @ xsa) F(8d/ X)
(d.2ND)=1

X ~
= 2_21;(1, sym? f)L(1,sym?g)L(1, f ® g)Z*(0,0)F(1)log X log U + Oy ,(X log X),
T

and similarly for Iy (g, f). We also compute
Uy (f,g9) = > Au(1/2, f ® xsa)Au(1/2,9 ® Xsa)
(d,2NO)=1

X ~
S L(1,sym? [)L(1, sym®g) L(1, f  )Z°(0,0)F(1)og* U + Oy4(X log U).
Y

Finally, setting U = X/(log X)'% we obtain
> L(1/2,f @ xsa)L'(1/2,9 ® xsa)F (8d/X)
(d,2ND)=1

- ;(?L(l’ sym® f)L(1,sym®g) L(1, f © 9)Z*(0,0)F(1)1og” X + Oj,g.- (X (log X)"*¢).

5 Proof of Theorem

In this section, we apply the techniques of the previous two sections to the first moment of L'(1/2, f ® xs4)
over twists, keeping careful track of the dependence on both the weight x and the level N.

Proof of Theorem[3d We prove the theorem by splitting the sum into a main part and tail, and use the
asymmetric approximate functional equation (lemmal[ll) with Z = N /2 Assume GRH or conjecture 2 and
that both kN < X and U < X/(log XsN) % (A6 for A > 0 fixed. Define the main part

Av(1/2, f @ xs8a) = Z WWZ (%) —i"nxsa(N) Z WWZ71 (%) ,

n>1 n>1

12



and the tail By (1/2, f®@xsa) = L' (1/2, f ® xsa) — Av(1/2, f ® xs4) as in Section Bl Following Soundararajan
and Young again, we give the analogue of propositions [l and B for the first moment. Let N’ =1 or N, and
for h(z,y) a smooth function on R2 ; set

T(N'h) = Y ZA%)ng(N'n)h(d,n).

(d,2NO)=1n=1

We will use the following proposition with z equal to either Z = N'/2 when N’ =1, or Z~' = N~'/2 when
N’ = N.

Proposition 3. Assume GRH or conjecture 2. Let z > 0 be a parameter (c.f. the asymmetric approzimate
functional equation), and let X and U be large. Suppose that N is odd, and that UkvVNz < X2. Let h(z,y)
be a smooth function on R2>0 which is compactly supported in x, having all partial derivatives extending
continuously to the boundary, and satisfying the partial derivative bounds

- 100 UsN ~100
'y WO () < (1 + %) (10g Z ) (1 + ﬁ) .

Then, setting hi(y) := [y° h(zX,y) dz, we have

T(1,h) = % 3 Ar(n) II th(n)+O(X9/17(U/£\/Nz)4/17(10gXAN)ﬁ),

T (n,2)=1 \/ﬁ p\an—i_l

n=0

4X Ar(n P
TN == Y f/(ﬁ) I1 () +0 (Xl/z(UnN3/2z)1/4(1ogXHN)G).
(n,2)=1 p|Nn

Nn=0O
Proposition Bl is sufficiently different from proposition 3.1 of Soundararajan and Young that we give a
detailed proof in Section
Let hr(x,y) := F(8z/X)Wp1/2(y/U) and hg(z,y) := F(8x/X)Wyx-1/2(y/U) for “long” and “short”,
respectively. Recall for fundamental discriminants d > 0 that y4(—N) = x4(N), so that we have in the
notation of proposition [3] that the main part of the moment is

> Au(1/2,f ® xsa)F(8d/X) = T(1, hr) — i*nT (N, hs).
(d,2NO)=1

Recalling that Usv/ Nz < X? and taking z = N'/2 or N~/2 in proposition [§l we have that

> A2, @ xsa) FEiX) = s F1) Y AT P (B)

2
(d,2ND)=1 2 (n,2)=1 i P +1 U
X5 Af(n)n_ p n X18/17 (o N)A/1T (10)
FQ1 : ——Wy- (_) O, (2 M) )
+27r2 (1) Z nl/2 H pr1 N v\ + A( (log XrN) A )
(}\}’Q),El p|Nn

For N’ =1 or N define the Dirichlet series

, As(n) p
Zn(u) = Z nl/2+u H p+1
(n,2)=1 p|Nn
N'n=0

13



We compute from the definition of W (z) that

X = Ar(n) P n X ~ 1 / C(u+r/2) (270 \ " 1 - tulog N

—F(1 E II —W —)=—F(1)— S S S 7 d

o ()( L Vit N”Q(U) 2 F o s TL(w/2) \UN ) —=03 u,
n,2)= p|Nn

n=0

and in the same way that

X -~ As(n) p ny X ~. . 1 D(u+r/2) 20\ " 1+ fulog N

(n,2)=1 p|Nn
Nn=0O ( )
12
The Dirichlet series Zn/(u) also has an Euler product
—1 -1
_ p_|1 As(p) 1 1 At (p) 1
ZN'(“)—HHm 5(1_W+W T\t Tomm ) !
pi2N (13)
—1 —1
p 1 < Af(p) > ord (N’)1 < Af(p) >
T2 |2 (1- 2222 4 (—pyerdeWD 2 (4 S0P :
ngp+1 2 p1/2+u ( ) 2 p1/2+u

We have then that
ZN/(U’) = L(l + 2“’5 sym2f)Z;§,/ (U),

where Z%.(u) is given by some absolutely convergent Euler product in the region Re(u) > —1/4. Moreover,
inspecting the above Euler product, we see that

—— < Z7(0 loglog N
loglog N < Z1(0) < loglog

and
N™(/249) «_ 7%.(0) < loglog N,

uniformly in k.
With this information about Zy-(u), we shift the contours in (IIl) and ([I2)) to Re(u) = —4/17, and pick
up the residue from the double pole at v = 0. The double pole in () or (I2)) contributes

;(?ﬁ(l)L(l,symzf)Z}“w(O) <log U’;\;ﬁ + Zv Egi + O(n1)> .

We must also bound the integrals

X ~ 1 D(u+k/2) (2 \ * 5 e, 1 — 3ulog N

53 F(l)Zm' /(_4/17) T(e/2) (UN) L(1 4 2u,sym?® f)Z7 (u) - du (14)
and .

X ~ 1 D(u+k/2) (27 " 9 e LA zulogN

52 F(l)Zm' /(_4/17) T(e/2) ( o ) L(1 4 2u,sym”f)Zx (u) - du. (15)

These two are treated a little differently. Let us begin with the simpler case of (I4)). We have the convexity
bound
L(9/17 + it,sym? f) < (K2N2(1 + |t 7 (log kN )2. (16)

by estimating with the approximate functional equation of the symmetric square L-function, and the Deligne
bound [3] for its coefficients (see for example, equation (5.22) of [T1]). Hence, the integral (I4) is

<4 XBAT(kN)YYT /(log X kN)A.

14



The integral (IT) is a little more delicate, and we need to use the decay of Z3} (u) with respect to N. When
Re(u) > —1/4, we have that

ZN(u) = H (1 + O(p—(2+4u))) H p)‘l-i_éi (1 + O(p_(1+2“))) H (1 + O(p—(1+2u))) 7

PIN pIN pIN
ord,(N) odd ord,(N) even
so that
—1/2—Re(u)
Z(u) < II » (log N)?.

ord, (N) odd

Assuming e.g. that N is squarefree, this shows that for fixed Re(u) Zy(u) decays as a function of N.
If one is willing to assume Lindel6f, it is unnecessary to use the decay of Z3} (u) with respect to N, and
hence the restriction to squarefree N may be omitted. Using this along with the convexity bound () for
L(1 + 2u,sym? f), we find that (T is

< XBATHMYTNT3 (log XkN)A <a X3/ (kN1 /(log Xk N)A,

so that these integrals are subsumed into the error term in the theorem.

Now set
Z*(u) = Zi(u) —i"nZy (u) (17)
so that we have from (I0) that
X . UkV/N = _L'(1,sym?f)  Z*(0)
. 2%;)_1AU(1/2,f®xgd)F(Sd/X) = 55 F()L(Lsym®f) 27 (0) (log o T syt T Z70)

X13/17(KN)4/17
+0p | ———F
(log XxN)A

By carefully inspecting ([I3]) and using that

1/2
I1 (1 + %) < 7(11?1]\[);
N b glog
we find that Z*(0) = 0 if and only if i"n := w(f) = 1 and N is a square and that if Z*(0) # 0, it is
> loglog N/(log N)'/2, uniformly in .

Now consider the tail
Z Bu(1/2, f @ xs4)F(8d/X).
(d,2NO)=1

Recall the notation G(u) = I'(k/2 4+ u)T'(x/2) "' (v/N/27)" from the definition of W (z), and that we have
set Z = N'/2. We have in similar fashion to the two preceding theorems that

(8d)* — U*

1 G
By (1/2,8d) = 5 / iS)L(l/Q-l-S, f®xsa) (Z2°(1 = slog Z) — i"nxsa(N)Z~°(1 + slog Z)) ds.
(2
The integrand is entire, and we may shift the contour to the line Re(s) = 1/log XxN. On this line we have

(8d)* — U*

. (Z°(1 = slog Z) — i"nxsa(N)Z (1 + slog Z)) < log X/U
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so that

> Bu(1/2,8d)F(8d/X) < [log X/U| ’ (mgxﬁNH)’

(d,2NO)=1 —0 71%)1“]\, + it‘
1 1
L{=-4+———+it dt.
8 Z <2+10anN+Z’f®X8d)‘
(d,2NO)=1
0<8d<X

Set U = X/(log XxN) % (A+6) Using conjecture Bl when ¢ is small and the cut-off in |G(1/ log X N) + it|}/2
when ¢ is large we have

G(1/log X&N) +it['/* >~

(d,2NT)=1
0<8d<X

1 1 . 1/4+¢
L{-+—— t dt X (log XkN .
<2+10gXKN+17f®X8d>‘ < X (log XkN)

We also have the estimate

dt < loglog X&N,

1
1 2|2
[ L2 ot )

— 0o

log )1(/<N + Zt’
so that pulling these estimates together we obtain
S Bu(1/2,f ® xsa)F(8d/X) <c.a X (log XuN)'/ 4+
(d,2N0O)=1

hence the theorem. O

6 Proof of Proposition

We treat the two cases N =1 and N’ = N somewhat differently. In the case N’ = 1, the dependence on N
in T'(1, h) appears only in the relatively prime condition, which we may we treat solely by Mobuis inversion.
In the case of T (N, h), the dependence on N is carried through the average over quadratic characters, but
there is one less inversion to preform, making the calculation a bit simpler.

Proof. The condition (d,2N0) = 1 has been introduced to the sum over twists to restrict 8d to lie in a large
subsequence of fundamental discriminants. However, this condition is awkward to work with and our first
task will be to remove it.

6.1 Preliminary simplifications, N’ =1 case

We start with the N/ = 1 case. We use Mobius inversion to remove both the squarefree and relatively prime
to N conditions from the sum over d,

Ar(n
ram= Y ) Youe) Y M hidadas, )
(a1,2N)=1 az|N (d,2)=1 (n,a)=1

Split the sums over a1 and as at Y7 and Y5 in to tail and main term. This splitting results in 4 truncated
sums:

T(1,h) =T1(1,h) + To1(1,h) + Taa(1,h) + Tos(1, h)

16



where we have defined

Tl(l,h) = Z u(al Z

@ > ¥ 2

1/2 XSdag( )h(da%a%n)a
(a1,2N)=1 as|N (d,2)=1 (n,a1)=1
a1§Y1 GZSYZ
h) := M) h(da?
Ta(Lh)= Y plar) D plaz) D Y e xsas(n)h(dataz,n)
(a1,2N)=1 az|N (d,2)=1 (n,a1)=1
a1<Yy az2>Yo
Ar(
Too(1,h) := Z p(ar) Z (az) Z Z f1/2 Xsdas (R)h(dataz, n),
(a1,2N)=1 as|N ,2)=1(n,a1)=1
a1>Y1 az<Y>
T23(1, h) =

Z u(al Z a2 Z Z /\f1/2 X8da2( )h(da%ag, n)
(a1,2N)=1

as|N ,2)=1(n,a1)=1
a1>Y az>Ys

The main term will come from the most difficult sum 73 (1, h). First, however, we estimate the other cases
Tgl(l, h), ng(l, h) and T23(1, h)

Lemma 2. Assume GRH or conjecture[d. We have the bounds
X 5
Tgl(l, h) < ?(IOgXIiN) N
2

X
Tos(1,h) < ?(log XEN)?,
1

Tos(1,h) <

X
log XkN)°.
1Y2( g )

Proof. Consider the case Ty (1,h) and write d = bbyf with (¢,2NO) =1, (by, N) = 1 and by | N. Group
the variables as ¢; = a1b; and ¢o = asbs to obtain

L= Y Y Y ae) Y ) Y Mmoo n).
(¢1,2N)=1c2|N ai|cy

as|csa (¢,2N0O)=1 (n,c1)=1

a1<Yy az>Ys

Let ﬁ22 denote the newform given by the quadratic twist f ® x.,, which is of some level dividing N2. Set
= [y h(z,y)y"~* dy, which by repeated partial integration can be estimated by

h(a,u) < (1+X) —100 (Uky/Nz)Retw)

Ju?(1+ [u])'
We then have by Mellin inversion that T (1, k) i

1
= Y Y Y wa) Y lan)— /Wus)

i 5(66%027U)L01(1/2+u5 fcz ®X85) du
(c1,2N)=1c2|N ai|ci azlca (£,2NO)=1
a1<Y1 az>Yo

where L., (1/2 + u, fe, ® xs¢) is the function formed from the same Euler product as

L(1/2 + u, fCQ ® XSf)a
but with those factors at primes dividing ¢; omitted. We have that

|Le, (1/2 4 u, fe, ® xse)| < d(e1)|L(1/2 + u, fe, @ xse)l,
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so that shifting the contour to the line Re(u) = 1/log X« N, we have that T (1, h) is

<loxady Y de)Y Y Y [ 0% (1+€C§(02)_100

(01,2N) 1 Cz‘N a1|cl a2|02 f2ND) 1
a1<Y7 as>Ys

" |L(1/2 4 1/log X&N +it, fe, ® xs0)|

dt.
(1+ e
Using conjecture [ (i.e. GRH) we find that

To(L,h) < X(logXsN)* Y Cl Z Z 3

(01,2N) 1 CQIN a1|cl a2|02

a1<Y71 ax>Ys

< X(log XkN)®.

The cases Tha(1, h) and Ta3(1, h) are treated similarly. O

6.2 Averaging quadratic characters

We now turn to Ti(1,h). We quote two very useful lemmas from [I9]. The first is lemma 2.6 of [19], which
is the trace formula for quadratic characters.

Lemma 3 (Poisson Summation). Let F be a smooth function with compact support on the positive real
numbers, and suppose that n is an odd integer. Then

T (5)r(5)- £ () neramr ().

oo (54025, 5, 0(2)

a (mod n)

where

and

F(y) = / h (cos(2may) + sin(2may)) F(z) dx

— 00

is a Fourier-type transform of F.
The Gauss-type sum G (n) has the following explicit evaluation from lemma 2.3 of [19]:

Lemma 4. If m and n are relatively prime odd integers, then Gi(mn) = Gr(m)Gr(n), and if p® is the
largest power of p dividing k (setting o = 0o if k =0), then

0 if B <« is odd
o(p?) if B <« is even

Gr(p”) = _poia if B=a+1 is even
(ka)p“\/ﬁ ifB=a+1is odd
0 if B> a-+2.

Applying these lemmas to T1(1, k) we find that

na -y Y M s Mg 3 A S

(a1,2N)=1 az|N kEZ (n,2a1)=1
a1<Y1 az<Y> (18)

e 2rka X
i ——— | h(zX,n)dx.
X /0 (sin + cos) (2”@%@2 ) (xX,n)dz

18



6.3 The main term

The main term of T3 (1, h) is from the k& = 0 term of (I8]), which we extract and analyze. Call the k = 0 term
Tyo(1,h), and observe from lemmal[dl that Go(n) # 0 if and only if n is a square, in which case Go(n) = ¢(n).

Setting hi(n) = [~ h(zX,n) dz, we find
X w(az) Af(n) 1
e T o I (o [0
(a1,2N)=1 as|N (n,2a1a2)=1 pln
a1<Y; a2<Y> n=0

2)=1 plnN n,2)=1
n=0 n=0

so that using the bounds on & in the statement of the proposition we have
4X Af(n) 1 1
Tio(1,h O(X log Xk N
10(l,h) = — > 17 1T +1 hi(n) + v 'y (log XxN)*

(n, 2) 1 p|nN

n=0

6.4 Bounding the dual sum

2X Ar(n) P 1 d(n)
T(?)(mz nl/2 Hp+ 1(n) +0 X(yl }3)(2 —z (0]

(19)

We now proceed to the k # 0 terms of Ty(1,h), which we call T3(1,h). Our first task is to express the

integral in (I8) in terms of Mellin inverses.

Lemma 5. Let k #0, X > 1 and let h(x,y) be as in the statement of the theorem. Define the transform

// dsdu
h(s,u) (z,y)x

Then we have

> 2rka X 2az\’
/ (sin + cos) ( = > h(zX,n)dx = / / <na1a2>
0 2na?as X (27i)? @ o) k|

xT'(s) (cos + sgn(k) sin) (7) ds du.

Moreover one has the bounds
~ (UK\/N)RC(U)XRC(S)
h(s,u) < —5 o8 5
[ul2(1 + [u])?3(1 + |s])

(20)

Proof. Use the formulae for the Mellin transforms of sin and cos and Mellin inversion. See Soundararajan

and Young [21], Section 3.3.

O

Inspecting lemma [l we find that for odd n, Gi(n) = G4x(n), so that inserting the formula of lemma

in (8], one finds that

1 w(az) Ap(n) G4k
CUEEED DL =D Y S ()
(a1,2N)=1 az|N keZ (n,2a1)=1 ()
a1§Y1 a2<Y2

m|k|

nu
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Recall that we denote the set of fundamental discriminants by D. Now set 4k = klkgkg, where k1ks € D,
and (k1,N) =1 but k3 | N. Define the function

s by 5 G 1 k2 3(n)
Zl(a777q17q27k1k3) = Z Z f(n)xq (n) b ka 9 (21)

n®|ka|?v n
ka=1(n,2q1)=1

and set
H(s) :=T(s) (cos+ sgn(k) sin) (%S) (1- 21_25)71 < |s|Re(®)=1/2, (22)

Splitting up 4k in this manner and after a change of variables one finds that

1 pla1) p(az) Ckiks L Wl —suts
Tg(l’h)_2 Z a? Z as Z Z (=1) (27i)? /(1/2+a)/(a)h(1 ute)

(a1,2N)=1 az|N ks€D ki€D
a1<Y1 az2<Y> k3N (k1,N)=1 (23)

2 S
X ( 102 > H(s)Z1(1/2 + u, s,a1, a2, k1ks) duds.
7T|]€1k3|

To estimate T3(1, h) by contour shifting, we must analyze the Dirichlet series Z;.

Lemma 6. Let k1ks3 be a fundamental discriminant, where ks | N but (k1, N) = 1, and q1, q2 positive integers
where gz | N and (q1,2N) = 1. Denote by fr,q, the newform defined by the quadratic twist f @ Xkyq,, which
is of some level dividing N3. For the Dirichlet series defined by 1) one has

quqz (1/2 + «, fk3qz ® Xkl)
Ly g, (1 + 2, sym? f)

Zi(a, v, q1,q2, kiks) = Z7 (o, 7, q1, g2, ki ks),

where subscripts denote the omission of Fuler factors, and Z} is given by some Euler product absolutely
convergent in Re(a) > 0 and Re(y) > 1/2 4 ¢ and uniformly bounded in q1,qa, k1, ks, and N.

Proof. By lemma [ the terms of the Dirichlet series defining Z are joint multiplicative in n and ko, so that
we may decompose Z as an FEuler product. The generic Euler factor is given by

Z A7 (P")Xgz (0)" Gy kapra (")
pna+2vk2 pn

3

kg,nZO

and we must check the several cases where p divides the various parameters NV, q1, g2, k1, k3, or not. First,
we consider the generic case where p 1 2Nq1q2k1ks. By lemma H we find that the terms ko > 1 contribute
< p~(1429) "and the ky = 0 terms are exactly

A7 (P)Xksgo (P) Xk, (P)
pl/2ta ’

1+

so that these Euler factors match those in the statement of the lemma. Next, consider the cases p | ki,
p12Nqig2ks, or p | ks, p12q1g2k1. In either of these two cases we check that such an Euler factor is

2
1 As(p7) +O(p~ (129,

which again matches the Euler factor in the lemma. If p | N, but p { 2¢1g2k1 k3, then this Euler factor is

A (D) Xksgo (P) Xk (P -
1+ f( ) pi;;ia) 1( )—i—O(p (1-‘1—28))'

Observing that As(p?) = Af(p)? for primes dividing the level, the also matches the Euler factor from the
statement of the lemma. Finally, if p | ¢1¢2, then all terms n > 1 vanish, and the contribution of such an
Euler factor is 1 4+ O(p~(1129)), O
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We now return to (23)), and split the sum over k; at Uﬁ\/NszY;ﬂ/X. For the small k; terms, we
shift the lines of integration to Re(u) = —1/2+ 1/log XxN and Re(s) = 3/4, and for the large k; terms to
Re(u) = —1/2+ 1/log XkN and Re(s) = 5/4. Recall that H(s) < |s|R?(®)=1/2 and observe

|Lala2(1/2 + a, fksqz ® X’ﬁ)' < d(al)d(a2)|L(1/2 + a, fksqz ® Xkl)l'

Applying the result of Goldfeld, Hoffstein and Lieman [5], the small k1 terms are

d(a1
< (log X6N ) (UrVNz)V/A x4 / /
Z Vai Z 1/4 Z |/€3|3/4 (3/4) J(=1/241/ log X v N)

(a1,2N)=1 as|N @2 kgeD

a1<Y1 azSYg ks|N
y 3 |L(1 + u, fryas @ X&) ds du
[ea [2/4 (1+[s)%(1 + |u])®
|k1|<UKVN2Y?Y, 1/2/X
ki1€D
(k1,N)=1

Using conjecture[? i.e. GRH, we find that this is < (Uﬁ\/ﬁz)l/QYlY;/g (log XxN)b. Now consider the large
k1 terms. Similarly, their contribution is

(UkvV/Nz)3/4 1/4 / /
< (log XKN)P 22 d(ai)\/a az)a
( ) X1/4 Z ( 1)\/_1 Z 2 2 Z |k3|5/4 (5/4) 1/2+1/log XxN)

(a1,2N)=1 az|N
a<vi 42 <Y5 s

k1| >UrvVNzY2Y, 1/2/X |]€1|5/4 (1+ |S|)98(1+|u|)98
1

Again, by conjecture [ this is < (Urv/N2)/2V1Y;/%(log Xk N)S. Taking
X8/17

Y=Y, = —_—,

' ’ (UkV/Nz)4/17

we find that
T3(1,h) < XY (UrVN2)Y'7 (log XkN)°,

and drawing all error terms together we obtain the proposition for N’ = 1.

6.5 The N’ = N case

The proof in the T (N, h) case follows the same outline as in the T'(1, h) case, above. We need only Mébius
invert the squarefree condition and not the relatively prime to N condition, but we must keep careful track
of the dependence on N in the analogue of lemma [l We sketch the argument, omitting those details which
are similar to those of T'(1, h).

We begin by using M&bius inversion to remove the squarefree condition and split the resulting sum at Y.

Ar(
SCUIEI IS VRS ol FTURD ol ok TS
a<yY a>Y (d,2N)=1 (n,a)=
(a,2N)=1 (a,2N)=1
=: Ty1(N,h)+To(N,h).

By a slight modification of lemma [2, we find that

X
To(N,h) < ?(log XkN)S,
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and so we concentrate on T1 (N, h). Applying Poisson summation (lemma [3]), we have that

X a A GrL(Nn & . 2rkx X
Ti(N,h) = 5 MO(L?) Z(—l)k Z J\‘/(_) k]Efn ) / (cos + sin) <W> h(zX,n)dz.
a<y kEZ (n,2a)=1 0

Now we pick out from T7(N’, h) the main term, which is when k = 0, and call it T1o(N, h). By pulling the
sum over ¢ inside and computing as in Subsection [6.3, we find that

Tio(N, ) = ‘g 3 Af\/(g) IT 2 + o(éaogxmvf).

(n,2)=1 pINn
Nn=0O

Now we turn to the k # 0 terms of T7 (N, k) and call them T5(N, h). Define

M(n) [N\ Grypzrs(Nn)
Z ( 77q5k1k3 Z Z no <|k2|2> Nn . (24)

ka=1(n,2¢q)=1

Recall the definition of H(s) from (22)) and apply the inversion formula (20) for the weight function, to find
the analogue of formula (23]):

~ 2 s
Ts( Z ,u Z Z k1k3 h(1 —s,u+s) (L)
a<y ks€D ki€D (e) J(1/2+¢) 7| k1 ks3] (25)
(a,2N)=1 k3|N (kl,N):l

X H($)Zn(1/2+ u, s,a, kiks) ds du.

In order to use contour shifting, we analyze the Dirichlet series Zy, taking special care with the dependence
on N.

Lemma 7. Let k1ks be a fundamental discriminant, where k3 | N but (ki, N) = 1, and q positive integer
relatively prime to 2N. Denote by fi, the newform defined by the quadratic twist f @ Xk,, which is of some
level dividing N2. For the Dirichlet series defined by [24)) one has

LqN(1/2 + «, fks & Xkl)
Lyn (14 2c, sym?f)

ZN(O(,’Y,Q, klk?)) = ZX/(OG%(L klk?))u

where Z% < d(N)NRO=V2 uniformly in q, K, k1, k3, Re(y) > 1/2 + ¢, Re(a) > 0.

Proof. From lemma M we see that the summand is within a constant of being jointly multiplicative in n, kg,
so that we may write an Euler product. We use the notation p"||N to mean that r is the largest power of p
dividing N. Then Zy is given by

r+n)

n le k3p2k2 Gk1k3p2k2 (p
H Z na+2'yk2 H Z na+2'yk2 Y pr-i-n ’ (26)

pi2N ka2, n>0 p||N ka2, n>0

We must check all possible cases when p does or does not divide the parameters N, ¢, k1 and k3. Let us begin
with the generic p f N. Suppose first that p { 2¢gk;. We have that all of the terms where ko > 1 contribute
< p~(1429) "uniformly in all parameters. The ky = 0 terms are exactly

1+ )‘f (p)Xk1k3 (p)p7(1/2+a) )

which matches the proposed Euler factor in the statement of the lemma up to a uniformly bounded factor.
Now we consider the terms with p{ 2¢ but p | k1. In this case, the Euler factor is given by

Ar(p?) 1
1— plt2e +0 plt2e )’
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which exactly matches the Euler factor in the statement of the lemma up to a uniformly bounded factor in
N, i, ky. If p | 2¢, then the Euler factor is 1 4+ O(p~(1129)).

Now we turn to the terms where p | N. Inspecting lemma @] we find four cases depending on whether p
divides N to even or odd order and whether p | k3 or not. When r is odd the second product of (26) is

Ar A by
1l <X'“’“3 o+ S 0(p(”5))> I <_Mp“ y ), O(p“*zs))) :
\a pa v - pa pa Y

p HN p HN

r odd r odd

piks plks3

and when r is even this product is

H (1 n )\f(p>Xk1k3 (p) + O(p(1+25))> H <_p2’y1 +1— 11? _ ;‘?f(p2) + O(p(1+2s))) )

pa+1/2 200+1
p"||IN p"|IN
T even T even
ptks plks
If r is even then r > 2, so we have that Z% < d(N)NRe()=1/2, O

Now we return to T3(N, h), and split the sum over k; at UskN3/22Y?/X. When |k| < UsN3/22Y?/X,
shift the lines of integration to Re(s) = 3/4 and Re(u) = —1/2 + 1/log X« N, and for the tail &y, shift to
Re(s) =5/4 and Re(u) = —1/2+ 1/log Xk N. We have that

Zn(1/24u,s,a,k1) < |Lan(1+u, fry @ X, )|(log Xk N)2NRe()=1/2

10
< (log XkN)? H <1 + %> |L(1 + u, frg ® Xpy )| NREOI71/2

pla

unconditionally due to the work of Goldfeld, Hoffstein and Lieman [5]. We also have the estimate H(s) <
|s|Re(=)=1/2 50 that the small ki of T3(N, h) are

1 10 1
< (XUKVN2)YANY4(log XKk N)® —— (1 + _) —/ /
Z va E VP k;D |k3|3/4 (3/4) J(—1/2+1/log XK N)

a<Y
ks|N
1 du ds
X [L(1+u, frs @ Xky)] .
|k1<UnNZS/2zY2/X |k1|3/4 ’ ' (1 + |S|)98(1 + |u|)98
" k€D
(k1,1§/'):1

We have that by conjecture Bl this is < (UxN3/22)Y/2Y (log XxN)S. Similarly the tail k; terms are

10 1
< (UkVN2)3 X ~YVAN3*1og XkN)® Y Va (1 + _) _/ /
Z H VP k;D k31574 Ji572) J(—1/241) 108 X1N)

a<yY pla
k3N
1 du ds
X |L(1+uafk%®Xk1)| s
|k1>UnNZ3/2zY2/X a2/ (1+ s + |u])*®
k1€D
(k1,11\67):1

which is < (UsN3/22)Y/2Y (log XxN )% as well by conjecture @l Taking Y = X/2/(UxN?3/2)1/4  we find

T3(N,h) < XYV2(UrN?22)Y*(log XkN)S.
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