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Abstract—This work presents preliminary investigations
into the use of power allocation for the multi-carrier non-
orthogonal spectrally efficient frequency division multi-
plexing (SEFDM) signalling format. SEFDM is utilized to
improve the spectral efficiency compared to conventional
orthogonal frequency division multiplexing (OFDM), by
violating the orthogonality condition and getting the sub-
carriers closer to each other. In this paper, subcarriers
within the same SEFDM symbol are allocated different
power levels. Results show that such power allocation is
beneficial to SEFDM from several perspectives: i) Overall
system stability enhancement; ii) a drastic complexity
reduction in SEFDM detector; iii) peak to average power
ratio (PAPR) performance improvement.

I. INTRODUCTION

One of the main challenges of future communi-
cation systems is to improve the spectral efficiency.
Many techniques were proposed for the purpose of
improving spectral efficiency relative to that of the
well known orthogonal frequency division multiplexing
(OFDM). Spectrally efficient frequency division multi-
plixing (SEFDM) was originally proposed in 2003 [1]
and the idea behind it is to pack more subcarriers,
relative to OFDM, in a given bandwidth to improve
capacity [2]. Orthogonality violation in SEFDM results
in inter-carrier interference (ICI) and creates an envi-
ronment with substantial distortion that will be severely
damaging if left uncompensated [3].

A key question is: Why hiring SEFDM if OFDM
signals spectral efficiency can be improved by simply
increasing the cardinality order of the symbols? In the
literature, it was shown that the use of SEFDM signals
enhances the error performance, when compared to
OFDM of the same throughput [4] [5]. Furthermore,
SEFDM peak to average power (PAPR) characteristics
are better than OFDM [6] [7]. The efficacy of SEFDM
was proven in experimental test beds for wireless [4],
optical/mm-wave [8], VLC system [9], very high speed
optical [10], [11] and the downlink for Internet of Things
(IoT) networks [12].

The use of power allocation in OFDM has been
excessively studied and shown to have advantages in im-
proving capacity and robustness to interference caused

by multipath channels ( see [13] and the references
therein). More recently, the non-orthogonal multiple
access (NOMA) technique has attracted substantial at-
tention, as it increases the overall system throughput
[14]. NOMA allows multiple users to share time and
frequency resources via power domain or code do-
main multiplexing [14]. Inspired by the power domain
multiplexing of NOMA, this work, and for the first
time, introduces a similar power allocation method to
SEFDM, where different subcarriers within the same
SEFDM symbol are allocated different power levels.
Such power allocation is beneficial to SEFDM from var-
ious aspects: First, the essential limitation of SEFDM is
in its correlation matrix (similar to the correlation matrix
in massive multi-input multi-output (MIMO) systems)
resulting from the interference between subcarriers. The
condition number of this matrix is substantially high,
especially with high compression level and/or relatively
high number of subcarriers, thus, the system becomes
ill-conditioned. Power allocation is capable of solving
this problem and enhances the system stability by reduc-
ing the condition number of the correlation matrix and
making it independent of the number of subcarriers [15].
The second advantage is the reduction of the detector
complexity. Finally, power allocation results in PAPR
reduction compared to conventional SEFDM and OFDM
signals.

In this work, we investigate the three aforementioned
advantages of power allocation, where two power lev-
els are allocated for different sets of subcarriers. The
detection of the SEFDM signal with power allocation
is processed through two stages. First, the information
transmitted on the subcarriers of high-power level is
estimated and the interference coming from these sub-
carriers to the rest of the subcarriers is calculated and
then cancelled. Second, The low-power level subcarriers
are detected using a unity level fixed sphere decoder
(FSD) [16].

The outline of this paper is as follows; we start with
introduction of SEFDM signals with power allocation in
section II. The advantages of power allocation utilization
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Fig. 1: A high level descriptive transceiver design of SEFDM signals with power allocation.

are investigated in section III. Finally, conclusions are
drawn in section IV.

Notation : Matrices are denoted by bold uppercase
letters, bold lowercase letters represent column vectors.
(.)" is the Hermitian operator, [.] is the ceiling function,
|.] is the slice function and ||.|| is the Euclidean norm.

II. POWER ALLOCATION METHOD FOR SEFDM

SEFDM is a multi-carrier modulation technique,
where symbols are generated similarly to OFDM.
The equation below represents the discrete SEFDM-
modulated symbol vector, x € C@*1 at the transmitter
side [8]
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where z = {z0,21,..,,2v—1} is the complex base-

band symbols to be modulated by N subcarriers of
the SEFDM symbol, ) > N is the total number of
samples per SEFDM symbol and 1/+/Q is employed for
normalization purposes. a € (0, 1] is the compression
factor, hence an SEFDM system saves (1 — a) x 100%
of bandwidth relative to an equivalent OFDM system,
where o = 1.

If the SEFDM signal in (1) were to be transmitted in
additive white Gaussian noise (AWGN), with zero mean
and variance 02 = Ny /2, where Ny is the noise power
spectral density, the SEFDM-received signal y € C@*!
can be presented by
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where w € C%*! consists of the AWGN samples.
A high level descriptive transceiver design of SEFDM
signals with power allocation transmission is shown
in Fig. 1. At the receiver, the demodulated symbol
2z € CNVX1 affected by the channel and contaminated
by ICI, is given by [8]
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where A € CN*V is the correlation matrix with a
diagonal of ones and non-diagonal elements (A, )
representing the interference from subcarrier n on sub-
carrier m and given by [17]

A(m,n) = exp(jra(m — n))x

sinc(a(m —n))
sinc (W)

For a detailed mathematical treatment of ICI in
SEFDM, readers are referred to [17].

The proposed power allocation method is charac-
terised by transmitting subcarriers at different power
levels. This is based on the fact that within the SEFDM
symbol, there are subcarriers that may be mutually
orthogonal. For @ = b/c where b and c are integers,
b < ¢ and for ¢ < N, there are [N/c] mutually
orthogonal subcarriers (|A,, | = 0) for a(m —n) € Z.
Thus, a subset of mutually orthogonal subcarriers will be
transmitted at higher power level (Pg) as the subcarriers
in this subset will not interfere with each others. The
rest of the subcarriers are allocated with the lower
power level (Pr). In order to have a fair comparison
with SEFDM signals without power allocation, it is
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Fig. 2: SEFDM signal spectrum with power allocation
for N =16, a =4/5,b=4 and ¢ = 5.
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Fig. 3: Condition number versus N for different values
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important to maintain the same total transmitted power
(i.e. P = xMx). Thus, the increase in power level in some
subcarriers results in a reduction of the power level for
the rest, such as the total power P remains unchanged;

P = Py[N/c] + Pr(N — [N/c]). )

The parameter p is defined as the ratio between the upper
and lower power levels Py /Py, and p optimum value is
a function of the system parameters (N and «). From
Fig. 1, prior to SEFDM modulation, the multiplication
of the complex symbol z, by one of the two weighting
factors will result in the desired power allocation.

A visual representation of power allocation is given in
Fig. 2, where the spectrum of an SEFDM symbol with
N = 16, a« = 4/5 is shown. In this case, b = 4 and
¢ = 5, which results in 4 subcarriers of power Py and
the rest of power Pr.

At the receiver, the mutually orthogonal subcarriers
are detected first, by taking a hard decision on these
high-power level subcarriers while the rest are set to
zero as shown below

v — 2.1, nmod(.::() ©)
0, otherwise,

where mod is the modulo operation. Thereafter, u €

CN*1 is used to calculate and cancel the interference
from the subcarriers with high-power on the rest of
the low-power subcarriers, as shown in (7). This in-
terference cencellation method is similar to the one
of [5], which was applied successfully with iterative
interference canceller and turbo equaliser in an SEFDM
satellite scenario. The resultant vector v € CN*1 is
the input to a second stage suboptimal low complex
detector.
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Fig. 4: E},/Ny required to achieve a BER= 1073 versus
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As a consequence of first stage interference cancella-
tion, the correlation matrix A is updated to A, where the
elements describing the interference already cancelled in
the first stage are set to zero, and this is given by

Amn: 0, nmod'c:O )
’ A n, otherwise

This adjustment to the correlation matrix results in
orders of magnitude reduction in its condition number as
will be shown in the next section, where the advantages
of assigning the power allocation method to SEFDM are
investigated.

III. POWER ALLOCATION ADVANTAGES
A. Condition Number Reduction

When the condition number of the correlation ma-
trix (A) is very large, then the matrix becomes ill-
conditioned and almost singular. The computation of the
inverse of an ill-conditioned matrix for a linear detector
will be prone to large numerical errors in such case. In
SEFDM, the condition number of A increases rapidly
with increasing the compression level and/or the number
of subcarriers [15].

Fig. 3 demonstrates the logarithmic value of the con-
dition number (log(cond)) versus N for different values
of a. The figure shows that the resultant correlation
matrix A has a drastic reduction in its condition number
compared to conventional SEFDM and it is independent
of N, similar to the OFDM case.

The reward of this correlation matrix adjustment is
highly significant for sub-optimal and low complex
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Fig. 5: A comparison of SEFDM signals BER performance with and without power allocation for M = 4,

o =4/5,2/3 and (a) N = 16, (b) N = 1024.

detectors that may be implemented in practice. For
instance the FSD, which will be used in the next section
as a second stage detector, requires an inversion of
the correlation matrix for an initial zero forcing (ZF)
estimate and it is crucial in determining the performance
of the system. If the initial estimate is compromised by
contributions of the ill-conditioned system then the de-
viations from the received statistics point will propagate
to the final solution.

B. Complexity Reduction

The FSD algorithm fixes the complexity of SD by
restricting the search within a limited subspace of the
problem. At every level (k), a fixed number of nodes, or
in other words tree width (T, = 2%), are examined. The
FSD estimate (Z,,;) is obtained from the minimisation
problem stated in [18]

iout = arg _ min HL(p - i>||2 S gv (9)

zZCH,ZeM
where z is a candidate SEFDM symbol within the search
subspace H, M is the constellation cardinality, L is
an upper triangular matrix defined by the Cholesky
decomposition as AHA = LHL and p is [18]
p=(A"A)"'Av, (10)

g is the radius of the search sphere, which corresponds
to the distance from the ZF estimate Zzr = |A~!v] and
is given by [18]

1)

From the above, it is noticed that the first stage detector

§=|lv— Az

affects both the ZF estimate Zzp and the correlation
matrix for FSD detection.

As mentioned earlier, the power ratio p depends on N
and «. The optimum p is the value that minimizes the
required energy per bit Ey, over Ny (E,/Np) value for a
given error performance. Numerical simulations are used
to find out the optimum ratio. Fig. 4 demonstrates the
E, /Ny value required to achieve a bit error rate (BER)
of 1073, using the two stages detector of Fig. 1, with
T, = 2 for the FSD. It can be noticed that the optimum
value of p shifts towards higher values for higher N
and/or lower «. Furthermore, the starting p value varies
as well, because it has been found that the BER curve
hits an error floor at values higher than 1073, as the
error caused by ICI is the dominant one in this region.

Consequently, the optimum p values are then used to
evaluate and compare the BER performance of the new
method to conventional SEFDM. Fig. 5 demonstrates the
BER results versus E,/Ng for M =4, a = 4/5,2/3,
for small and large number of subcarriers. The FSD is
of unity level for power allocation, however, the FSD
detector becomes more complex and of higher level
order for conventional SEFDM. From the results, it
can be noticed that the tree width of conventional FSD
(diamond marker in Fig. 5(a)) needs to be increased
substantially to achieve BER performance comparable
to the new method with power allocation and unity
level FSD. For instance, when N = 16, the tree width
increases to 16 and 32 for & = 4/5 and o = 2/3,
respectively, compared to 7T, = 2. For N = 1024
only the results with power allocation are shown, as for



TABLE I: Computational complexity (in terms of number of real operations).

Number of operations

First stage detector multiplications

First stage detector additions

4N?
4N?

Second stage (FSD) multiplications
Second stage (FSD) additions

Yo 2nen+ 1]+ 32N L T2m + 1]

w_ 2n2n — 1]+

n=1

2N 1 Tw2m — 1] + 4T, 2 (2N — w)

m=w-+1

TABLE II: A comparison of total number of operation between conventional FSD
and FSD with power allocation.
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Conventional FSD, T3, = 16 17250 44966
Conventional FSD, Ty, = 32 34274 143014
FSD with power allocation, Ty, = 2 3200 3566
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Fig. 6: PAPR distribution of SEFDM signals with different power ratios (p) and N = 16, M = 4, (a) o = 4/5,

(b) o = 2/3.

conventional FSD with high number of subcarriers the
correlation matrix is almost singular (refer to Fig. 2),
thus, FSD is not capable to detect such a signal.

A numerical representation of the proposed method
detector complexity, in terms of real-valued multiplica-
tions and real-valued additions, is summarised in Table
I. A detailed computation of FSD complexity can be
found in [18]. Table II calculates the complexity for
the simulated BER results of Fig. 5(a) using Table. I.
Clearly, the new method is orders of magnitude less
complex than the stand-alone FSD detector without
power allocation.

C. PAPR Reduction

In the previous work of [7], it was shown that the
PAPR is dependent of the compression factor (o) and
PAPR reduces by increasing the compression level,

compared to OFDM. Thus, SEFDM signals are less
prone to the non-linear effect when amplifiers are used,
which is considered as an added advantage of SEFDM
besides improving the spectral efficiency, specifically
for satellite communication systems. Recently, [19] and
[6] investigated the PAPR of multi-carrier faster than
Nyquist (MFTN), which is similar to an SEFDM case
with root raised cosine (RRC) shaped subcarriers [20].
The results agree with the previous conclusion of [7]
that SEFDM or MFTN have a better PAPR behaviour
than OFDM.

The PAPR performance is usually evaluated by
the complementary cumulative distribution function
(CCDF), which is defined as the probability that the
PAPR surpasses a certain value (PAPRy > 0). Fig. 6
shows the PAPR distribution for two different com-
pression values, given N = 16 and M = 4. From



the figure, we can notice that the PAPR perfromance
is improved by lowering « and/or increasing p. Thus,
power allocation has the advantage of reducing the
PAPR further compared to conventional SEFDM signals.

Methods introduced to reduce PAPR for OFDM,
SEFDM and MFTN, such as selective windowing
(SLW) [7], partial transmit sequence [19] and tone reser-
vation PAPR reduction algorithm [21] can be applied
here as well, for further PAPR reduction.

IV. CONCLUSIONS

This work proposes a new power allocation method
to SEFDM, where different subcarriers within the same
symbol are allocated different power levels. A new
system architecture based on double stage detection
techniques has been designed, and the presented results
prove that such power allocation is beneficial to SEFDM
from different perspectives: It solves the main limitation
of SEFDM signals, which relates to its ill-conditioning
nature resulting from ICI; it reduces the detector com-
plexity drastically compared to conventional SEFDM
without power allocation, for the same error perfor-
mance, with a particular case presented here for the
suboptimal FSD detector; and finally the use of power
allocation enhances the PAPR behaviour of SEFDM,
which is essential for non-linear systems. Further in-
vestigation of this proposed method is the subject of
ongoing work.
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