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The American mathematician Robert Jackson Adcock (1826-1895) is an obscure figure, hitherto
associated with the history of regression analysis and least-squares, whose identity and life is described
in Part Il of this work. In 1872, he self-published a pamphlet, Gravitation to the sphere and the two
ellipsoids of revolution: ratio of the axes of a rotating fluid mass, which seems to have been largely
ignored at the time. It effectively became lost thereafter, until a copy was recently discovered in the
Library of the Royal Society. In it, he determined the degree of flattening assumed by a rotating
homogeneous ellipsoidal fluid Earth with a uniform density, subject to gravitational attraction and in
hydrostatic equilibrium; a problem previously considered, but not solved, by Newton, Laplace, Gauss
and Dirichlet. Adcock successfully obtained an explicit solution for the potential of a homogeneous
ellipsoid and correctly calculated the flattening of such a model. Until now, this result was believed to
have first been obtained by a German engineer, Otto Heymann in 1935. Adcock’s pamphlet is
transcribed here with a commentary on its contents. It is hoped that recognition of his remarkable
achievement will enhance his reputation as a mathematician.

Keywords: Figure of the earth; dynamics; potential theory; physical astronomy; history of
mathematics.

INTRODUCTION

For many years, the name of the American mathematician, ‘R. J. Adcock,’ has been associated
with the history of regression, specifically, fitting a straight-line relationship, y = a + fx,
when both x and y are subject to error, and ideas associated with the eventual development of
principal components analysis.! An account of his life, so far as its details can now be
ascertained, is given in Part Il of this work.

The majority of his mathematical publications were short notes, mathematical
conundrums, or solutions to his own problems or to those set by others. These appeared mainly
in the journal The Analyst (1874-1883), but he also published in The Annals of Mathematics,
The American Mathematical Monthly, The Astronomical Journal and The Sidereal Messenger.
Unfortunately, his contributions, including the self-published work discussed here, were
sometimes marred by algebraic or arithmetic errors, both of his own making? or attributed to
the compositor.?



GRAVITATIONAL ATTRACTION AND THE FIGURE OF THE EARTH

In the late 1600s, the English scientist Robert Hooke (1635-1703) was thinking about the
orbital dynamics of planetary motions and concluded that:

All Coelestial Bodies whatsoever, have an attraction or gravitating power towards their own Centres, whereby
they attract not only their own parts, and keep them from flying from them, as we may observe the Earth to
do, but that they do also attract all the other Coelestial bodies that are within the sphere of their activity.*

Similar ideas had been considered by earlier investigators, including the French astronomer,
Ismaél Bullialdus (1605-1694), the Italian physicist, Giovanni Borelli (1608- 1679), and by
Hooke’s fellow-countryman, Isaac Newton (1643-1727), but it was Hooke’s suggestion

that all bodies whatsoever that are put into a direct and simple motion, will so continue to move forward in a
streight line, till they are by some other effectual powers deflected and bent into a Motion, describing a Circle,
Ellipsis, or some other more compounded Curve Line.®

which he applied to planetary motion around the Sun, believing that gravitational attraction
originated in periodic pulses (analogous to light and sound). His notion of compounding the
tangential velocity of a body with a radial velocity resulting from its attraction to a central body
(such as the Sun), proved immensely helpful to Newton’s consideration of the mechanisms of
celestial dynamics. In a subsequent letter to Newton in January 1679, Hooke revealed that he
supposed that ‘the Attraction always is in a duplicate proportion to the Distance from the Centre
Reciprocall,” ® i.e. that the force of gravity is inversely proportional to the square of distance.
By so-doing he precipitated a priority dispute with Newton who had arrived at the same idea
independently, based on a sound theoretical basis, which Hooke lacked, by 1669, but had not
published it.” However, in Newton’s Philosophiae naturalis principia mathematica
(Mathematical principles of natural philosophy), in Proposition LXXVI, Theorem XXXVI, he
states:

If spheres are in any way nonhomogeneous (as to the density of their matter and their attractive force) going
from the center to the circumference, but are uniform throughout in every spherical shell at any given distance
from the center, and the attractive force of each point decreases in the squared ratio of the distance of the
attracted body, | say that the total force by which one sphere of this sort attracts another is inversely
proportional to the square of the distance between their centres. . .. Hence, if many spheres of this sort, similar
to one another in all respects, attract one another, the accelerative attraction of any one to any other of them,
at any equal distances between the centres, will be as the attracting spheres. And at any unequal distances, as
the attracting sphere divided by the square of the distances between the centers.®

As shown by Chandrasekhar,® later in this Proposition, Newton proves that the (gravitational)
attractive force F between any pair of spheres i and j, with masses M; and M;, separated by a
distance Rjj is:
M;M;
F(M;,M;) = C—7
ij

where C is a constant of proportionality (which has since come to be known as Newton’s
gravitational constant). Ideally, if Mg is the mass of the Earth; Rgis its mean radius; the mean
gravitational acceleration at the Earth’s surface is g; and its mean density is pg; then:

gMg 39
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Although Newton had no ready means of determining its value, he foresaw that it ought to
be possible to do so experimentally. However, subsequent investigators initially focused on
pe- The first of these determinations was attempted by the French mathematician,
geophysicist, geodesist, and astronomer, Pierre Bouguer (1698-1758) and the geographer and
mathematician, Charles Marie de la Condamine (1701-1744) at Chimborazo in Peru in 1737-
40: If gn is the value of gravity measured on a plateau of height h above sea level, compared
with a value of go at sea level, and d is the density of the plateau then, ideally:

2h 3hd

In = o (1 B @ + Reapea)’
The rocks forming the plateau provide d; Rg is determined from astronomical observations,
and hence pg may, in theory, be found. Unfortunately, their pendulum-based gravity

measurements gave inconclusive results.

The next attempt to measure the ‘attraction of a mountain’ was made at Schichallion in
Scotland in 1744-6 by the Astronomer Royal, Neville Maskelyne (1732-1811) and
mathematician, Charles Hutton (1737-1823), using a plumb-line.}* This gave a mean density
of 4.5-5gcm=3. Similar results followed, but in 1797-8, the English natural philosopher Henry
Cavendish (1731-1810), using a torsion balance newly invented by the Rev. John Michell
(1724-1793; who unfortunately died before he could use it), found the Earth’s density to be
5.448 g cm™ which corresponds to € = 6.74x10-11 m3kgts2.'? The superiority in precision
achievable by this approach over pendulum measurements was evident and improved
instruments of this type have continued to be used into modern times.!® The present-day
designation of the gravitational constant by G (often referred to as ‘big G’ to distinguish it from
‘little g’) was introduced by Charles Vernon Boys (1855-1944) in 1894, who found its value
to be 6.658x10-1* m?® kgt s2.14 15

In his discussion of Proposition LXXVI, Newton had shown that for an object in a circular
orbit with a mean radius r around the Sun (or a planet) and a period T, if the central object is
spherically symmetric and has a radius R, then the mean density of the object p is:

P k() 7

where the constant k = 3?" 16 This tended to focus the aim of subsequent investigations on
determining the density of the Earth.t’

However, a second topic of interest had become apparent while Newton was preparing
successive editions of the Principia: namely, the shape, or ‘figure,” of the Earth. Between
January and April 1691, observations of the planet Jupiter by the Italian astronomer Giovanni
Cassini (1625-1712) had found its polar diameter to be shorter ‘by a fifteenth part’ than its
equatorial diameter. This was later confirmed by observations by the English astronomer,
James Pound (1669-1724) in 1719 using a ‘123 foot telescope and an excellent micrometer’®
who found it to be 1/13.° Then, in 1673, the French astronomer Jean Richer (1630-1696)
found the length of a pendulum beating seconds at Cayenne (4.9° N, French Guiana) to be
shorter than its previously measured length in Paris (48.9° N) by a ‘ligne %4’ 2° (0.56 mm).%t
The notion of a planet’s shape necessarily being that of a perfect sphere was no longer tenable.



These findings prompted Newton in the second (1713) edition of the Principia?? to propose
that a homogeneous, once fluid, Earth would achieve a state of hydrostatic equilibrium.?® By
considering the behaviour of two fluid-filled hypothetical ‘canals’ or ‘columns,” which
extended from the centre to the surface of the body along the polar and equatorial semi-
diameters, and which he assumed to balance or weigh the same; the whole attracting according
to the universal inverse-square law, possessing a uniform density, and rotating about its axis of
symmetry (i.e. the N-S polar axis); he showed that it would take the form of an oblate ellipsoid
whose ellipticity is infinitesimal. Regarding the Earth’s mean density, he argued that:

Our globe of earth is of greater density than it would be if the whole consisted of water only, | thus make out.
If the whole consisted of water only, whatever was of less density than water, because of its less specific
gravity, would emerge and float above. ... The Earth, if it were not for its greater density, would emerge
from the seas, and according to its degree of levity, would be raised more or less above their surface. ... By
the same argument, the spots of the Sun, which float upon the lucid matter thereof, are lighter than that matter.
And however the Planets have been form’d while they were yet in fluid masses, all the heavier matter subsided
to the centre. Since therefore the common matter of our Earth on the surface thereof, is about twice as heavy
as water, and a little lower, in mines, is found about three or four, or even five times more heavy; it is probable
that the quantity of the whole matter of the Earth may be five or six times greater than if it consisted all of

water’. 24

He defined the degree of ellipticity (also known as flattening) as f = dEd;d”, where d is the
E
(mean) equatorial semi-diameter and d is the polar semi-diameter. Letting

_ ( centrifugal acceleration at the equator )
mean gravitational acceleration at the equator/’

he showed that if g is the acceleration due to gravity at the equator and gp is the acceleration
due to gravity at the pole, then:

gp _dg 1-4
ge dp 1-

and, for small f:

gp _ f_ _ _s
gE—1+5—1+f A,and so f = 24.

Contemporary measurements had found that ‘in the latitude of Paris [48° 50’ 10"'] a heavy
body falling in a second of time, describes ... 2173 lines’ and

a body in every sidereal day of 23" 56’ 4" uniformly revolving in a circle at the distance [R] of 19615800
[Paris] feet from the centre, in one second of time describes an arc [£] of 1433.46 feet; the versed sine of which
is [= #2/2R] 0.05236561 feet or 7.54064 lines. And therefore the force with which bodies descend in the
latitude of Paris is to the centrifugal force of bodies in the equator arising from the diurnal motion of the Earth,
as 2174 to 7.54064.%

The centrifugal force of bodies in the equator, is to the centrifugal force with which bodies recede directly
from the Earth in the latitude of Paris . . . in the duplicate proportion of the radius to the cosine of the latitude,
that is, as 7.54064 to 3.267. Add this force to the force with which bodies descend by their weight in the
latitude of Paris, and a body in the latitude of Paris, falling by its whole undiminished force of gravity, in the
time of one second, will describe 2177.267 lines. .. .And the total force of gravity in that latitude will be to

the centrifugal force of bodies in the equator of the Earth, as 2177.267 to 7.54064, oras 289to 1 [i.e. A = -

289
and hence f = ﬁ 1.2



Unfortunately, because of the abstruse way in which he expressed his arguments, as well as
omissions in his explanations, his theory ‘struck even the most reputable continental

mathematicians of his time as incomprehensible’.%’

Chandrasekhar?® and Miiller?® have reconstructed in some detail what Newton’s chain of
reasoning must have been. Nevertheless, despite the difficulties met with in understanding his
arguments, Newton’s conclusion prompted many years of practical investigations, conducted
in many parts of the world by the most capable scientists and astronomers of the time, to
measure both the length of a 1° arc of latitude and the force of gravity at different latitudes, so
as to determine the correct value of the figure of the Earth. Newton concluded, on the basis of
the evidence of the few pendulum measurements available up to 1704, that ‘the Earth is a little
higher under the equator than by the . . . calculus, and a little denser at the centre than in mines
near the surface’.®® Variable-density models were subsequently considered by Clairaut,
Legendre, Maclaurin and Laplace.®!

Remarkably, by assuming the Earth to be composed of a series of thin shells which gradually
became more spherical as one approached the centre, and that its density (4) decreased
outwards from the centre as a function of relative distance (0 <d <1),4 = S"‘(d—m‘” where m
is an empirical constant, Legendre determined that with 1 = _— and setting m = %, the
ellipticity at the surface would be - and at the centre __, giving ‘a flattening of the Earth

1
124
conforming to that which we adopt from pendulum measurements’ and a density at the centre
approximately seven times that at the surface.®?

By the 1870s, numerous
* publications  discussing
mathematical theories of
attraction and the figure of
the earth had appeared and
determinations of
flattening based on
gravimetric measurements
were converging on what is
now the accepted value
* (first established in the late
Fok ¥ * Geodetic 1950s using Earth-orbiting
® Gravimetric || satellites and  refined
A Satellite subsequently) of 1/298.24
O Other (Fig. 1).® Pratt’s book on
« the figure of the earth®

| : | ‘ ‘ ‘ : (with which Adcock was
1700 1750 1800 1850 1900 1950 2000  familiar,  see  below)
Year confirmed  that by

Fig. 1. Determinations of the flattening or ‘figure’ of the Earth using geodetic, assuming that the e|||pt|CIty
gravimetric (pendulum) and Earth-orbiting satellite measurements (‘other’ includes

purely theoretical calculations) since the time of Newton, expressed as inverse of Fhe StraFa dgcreased and
flattening values for convenience. Dashed line shows the currently accepted their denS|ty increased as
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of the Earth, and taking a mean density for the Earth of 6.66 g cm™ (based on the result obtained
by George Biddell Airy (1801-1892) from experiments at the Harton Pit coalmine in
Derbyshire, England),® the estimated flattening was -.% Pratt concluded that the

discrepancy between Newton’s estimate of an inverse flattening of 230 and one of
approximately 300 could therefore be explained by having an inhomogeneous Earth whose
density increased from the surface to the centre, rather than a homogeneous model.’

On 26™ August 1872, Adcock gave a paper at the 215 meeting of the American Association
for the Advancement of Science (AAAS) at Dubuque, lowa, titled The Force at any Point of
the Surface of a Rotating Fluid Ellipsoid of Three Unequal Axes, under the Action of the
Gravity of its own Particles and the Accompanying Centrifugal Force. He seems to have
regarded this work as being of major importance, as he had already gone to the expense of
paying for a written version, with the title Gravitation to the sphere and the two ellipsoids of
revolution: ratio of the axes of a rotating fluid mass, to be printed (see below) and he had sent
a copy of it to his local newspaper, the Monmouth Review, Monmouth, Illinois (IL), in the last
week of January 1872, as well as having announced it in a monthly church newspaper, the
Gospel Echo and Christian, Quincy, IL.*® Thereafter, for several months, he advertised it for
sale at a price of $2 (equivalent to about $40 today)*® in The Journal of the Franklin Institute
and The American Journal of Science and Arts. He also sent copies to the Library of Congress,
Washington; Transylvania University, Lexington, Kentucky; Yale University, New Haven,
Connecticut; the Washburn Observatory of the University of Wisconsin, Madison, Wisconsin;
and to The Royal Society in London, England.

GRAVITATION TO THE SPHERE AND THE TWO ELLIPSOIDS OF REVOLUTION: RATIO OF THE AXES
OF AROTATING FLUID MASS BY R.J. ADCOCK

The text which follows is a transcription of the quarto-sized pamphlet which Adcock presented
to The Royal Society.*® Because of the wider page size, the symbol | is used here to denote the
end of each line in the original. His paragraph insets, type style, etc. are retained. The final
printed page consists of a list of 39 corrections of typographical errata and, for ease of reference,
these are given here as footnotes with the attribution RJA. In addition, we note several errors
which he appears to have missed. A commentary on his text follows the transcript.

Cover (Page 1)

GRAVITATION| TO THE| SPHERE AND THE TWO ELLIPSOIDS OF REVOLUTION;|
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Entered according to act of Congress, A.D. 1871,| BY R.J. ADCOCK,| In the Office of the
Librarian of Congress, at Washington, D.C.| ALL RIGHTS ARE RESERVED.|
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CIRCULAR||

ATTRACTION OF THE SPHERE AND THE TWOQ| ELLIPSOIDS OF REVOLUTION ; Ratio
of the Axes of a Rotating| Fluid Mass under the action of the gravity of its own| Particles. By
R.J. ADCOCK.| Printed by Wilstach, Bald-|win & Co.,| Cincinnati, Ohio.

For a Post Office Order of Two Dollars, drawn on or pay-|able at the Post
Office at Galesburg*, | propose to send| by mail the above work of eight
pages quarto, suitable generally| for Professors of Mathematics and
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solution of the latter prob-|lem which has employed so much thought and
expense, by indi-|viduals since the time of Newton.

Address,| R.J. ADCOCK,| Utah,! Warren Co., Illinois.|

Page 3%
ATTRACTION OF A CONICAL VOLUME.|

The attraction of matter concentrated to a point, being directly as its mass and inversely
as the square of its| distance from the attracted point. Let|
k, = the attraction of a unit mass concentrated at the distance of unity from the attracted
point.|
o = the density of the attracting material.|
do and r2d@ = the infinitely small surfaces spherical at the distances unity and r from the

center®® of a sphere.|
Then the attraction of the elementary volume r2d@dr for the center of the sphere is|

Skyr2dOdr
7'2

= 8k,dodr, (1.)|

which is independent of r, the distance of the attracting material from the attracted point.|

INTEGRATING EQUATION (1.)]

foe f::: Sk,dOdr = 68" k,6(r; —1,), (2) which is the attraction of a conical or
pyramidal frustrum for a| point at its vertex, and is independent of its distance from the vertex.|



ATTRACTION OF A SPHERE AND SPHERICAL SHELL.|*

Let & = the arc at a unit’s
distance from the center, and the| F
measure of the angle it subtends D

at the center of the arc = the| H
angle CBD [Fig. 2].| K\ g
d6 = the angle DBF | L C B

du = the elementary arc of
rotation of the plane CBD| about
BC as an axis. Then|

dOdu sined measures the
solid angle at B, the vertex of| the
pyramidal frustrum, described by
DGHF, through the angle| du about BC. Let|

DG = Ce = the distance through the attracting materiall.|

By formula (2.) 8k,Ce sine 6 cos. 68 d8du = the component| in the direction BC of the
attraction of the frustrum for the| point B. The double integral of which between the proper|

Fig. 2. [This figure had no figure number nor caption in the original
manuscript].

limits, fon foe 8k,sine 6 cos. 0 dOdu*> x Ce (3.)*6 is the general expression for the attraction

of any geometrical volume| of homogeneous density.|
For the sphere, let CL =7, CB = a >r. Then DK = Ce = (r? — a?sine #?)/?, and (3.)
becomes|

f0u=2n f09=sine a28k, (r? — a?sine?6)*?sine 0 cos. 8dOdu =

4ntS k'

f=sine’Z . . . 3
4k, | a(r2 — a?sine? §)/2sine | cos. B da = ?47(7‘2 — a?sine? 0)z +

0
__ AmSkr3

3a?
Differentiating, d
exterior point B.|

And by (1.) the attraction of the shell for an interior point is zero, the attractions of the
opposite elementary| frustrums being equal and opposite.

C

. 4 ..
, the same as its mass gnr36, concentrated in its center.|

4 nr38k, _ 4nSk,ridr
3 a2 a?

=the attraction of the spherical shell for the

PARTICULAR CASE OF THE ATTRACTION OF THE PROLATE ELLIPSOID|
OF REVOLUTION,|

The distance between the points in which the line y' — y = tan. 8(x — x’) intersects the
ellipse a?y? + b*x? = a?b? is|
_ 2ab(a’tan.26+b%-2x"y tan. H—y’z—tan.zex’z)l/z(1+tan.29)

Ce = a2tan.26+b2 (4]

Hence, for the prolate ellipsoid of revolution and exterior point, (x’,y"), on longer axis at
the distance h from the| center, where y’'=0 and x'=h, formula (3.) gives|

4mab (aztanzt9+bzcos.219—hzsine219)1/2 sine 8 cos. 6 d@ (5.)]4
a?sine?60+ b2cos.20 )

1/2

[ 28k, Ce sine 0 cos.0 d = [




Page 4 GRAVITATION| [running head]

in which, for the whole ellipsoid, the limits are 6 =0, 9=tan.‘1m. Let

(a? — h?)sine?0 + b?cos.2 0| =z%, then when 6=0,z=b, and when 0=

tan.”! ﬁ ,49 z = 0, and the integral of (5.) is|
_ 4mabz?dz _ 4ma’bSk, (1 bh bh+cz 50
Ok, szhz—czzz - c? (Z 2 ¢ lOg'bh—cz) +C, (6)|
z=b . amab?8k, h h+c . .
= J/7) 2nC, 8k, sine 6 cos. 6 df = 222 (1 - ~log.itS  (7.),51 which is the

attraction of the prolate ellip-|soid of revolution for an exterior point on the major axis, at a
distance h from the center.|

Differentiating (7.) with respect c,> >and h and 6 being constant]|

6=0 . 4 2—¢2)6k, h h+
Sk, f9=tan._1( : b2)1/2 2nDcC, dc sine 0 cos.0 df = Dc% (1 —-log. h—_Z) dc =
h<—-a

4mab?8k,dc
~tr—er @)l
which is the attraction of the prolate ellipsoidal shell, whose outer and inner surfaces are similar
concentric and simi-|larly placed, for a point at the distance h from the center on the major axis.|

A PARTICULAR CASE OF THE OBLATE ELLIPSOID OF REVOLUTION.|

For an exterior point on the minor axis of the oblate ellipsoid of revolution, in (4.) for 9,
m — 6 % must be| substituted, and formula (3.) becomes|

f#=tan.”?! a

(hz—b2)1/2 .
Jozs 2mabék,C, sine 8 cos.0 df =
0=tan._1(h2_:2)1/2 4mabSk,(a?cos.26—(h%-b?)sine?9)
Jo—o S e7oiiinoio X| sine 6 cos.0 df. (9.)

Let a®cos.? @ — (h? — b?)sine?d = z2, then the preceding equation becomes|

z=0 4mabSk,z%dz 4ma’bSk, ( ah 1 cz) ama’bSk, h _1cC
= — S = — Z — —tan. —)+C = 1 — —tan. - 10.
J-Z=Cl a?h?4c2z2 c? c ah c? c h/’ ( )

which is the attrac-|tion of the oblate ellipsoid of revolution for an exterior point on its minor
axis, at the distance h from the centre.|

Differentiating (10.) with respect to c, considering 22 6, and h constant, there results|

1/2

f=tan.”?!

2\1/2 2
Sk, x | (=22 o7t sine 6 cos. 6 dO x DcC.dc = pcirabil (1 —tan1 5) dc =
6=0 c? c h

4ma?bSk,dc
“etraen (12|

which is the attraction of the oblate ellipsoidal infinitely thin shell, whose outer and inner
surfaces are similar,| concentric and similarly placed, for a point on the minor axis at a distance

h from the center.|

2
4ma"bde i the volume of the shell. Ellipsoidal shells of any thickness having their surfaces

so situated, have| their attractions for a point interior to the inner surface zero. For if through
the point two opposite infinitessimal®*| cones be drawn, the distance through the material in the
opposite directions are equal, being the semi differences of two| cords, which are the projections
of two cords of the two circles of which the elliptic sections are the projections.| And, therefore,
by (1.), their attractions are equal.




DIRECTION OF THE ATTRACTION OF THE ELLIPSOIDAL SHELL.|

1/2 1/2
2ab(a?a?+b2+2x'y'—y'2-x'2a?) / (1+a?) /
a?a?+b?

The cord to the ellipse, C, = , (13)* inwhicha =

a
tan. ~ = the| tangent of the angle which C. makes with a.|
e

Differentiating C. with respect to ¢; %,a,x’,y’, being constant dC,

2ab(1+a’2)1/2dc 5 (14.)]
C(azaz+b2+2x’y’—y’2—x’20{2)1/2 - -
_ B¥S o, _ b, _ _a:%' _ b,
Puta = rop’ B = tan. 0= @ 6 = tan. C. b, = the line from (x’, y") to the axis

of x, bisecting the| angle between the two lines from (x’, y") to the foci.|
a, = semi major axis of the ellipse passing through the point (x’,y"), and having the same
foci as that whose| semi axis is a. Then|

1+ BT 2
dC. = 2abdc 1+68 _ | 57
e — 612 22z =
‘ “2(1@35) +b242xy' (oo 1185 Y’Z-x’z(fi}s)

1
2abdc (1+p*)(1+6%) 2
c (azﬁz+a262+b2+b26252—2x’y’ﬁ62—y’z—y’zﬁzé‘z—ﬁzx’z—x’262) 4 (15)|

from which the first power of s°® having disappeared, it follows that the differentials of cords
on opposite sides of b,| making equal angles with it are equal, and, therefore, by (2.) the

elementary attractions 8k,dC,sine 6 cos.6d0, |
Page 5 GRAVITATION]| [running head]

8k,dC,sine(—0) cos. (—60) d(—0) are equal, and the same being true for every section through
b,, it must be the| direction of the attraction. Therefore, the direction of the attraction of
ellipsoidal shells whose outer and inner sur-|faces are similar, concentric, and similarly placed,
for an exterior point, is that of the line bisecting the angle| between the lines drawn to the foci
on the longest axis of the ellipsoid. And is, therefore, perpendicular to the sur-|face of the
ellipsoid passing through the given point (x’,y") and having the same foci as that of the outer
surface of]| the shell.

ATTRACTION OF SHELLS,|

Let dN = the infinitely small thickness of a plane Iamina Then d—NG = C, = the distance

through it in any| direction 6. And by (3.) f1 2m6k, —sine 6 cos. 0df = 2mk,dN + C =

2ok, dN, (16.) = the attraction of| an mfmltely thm Iamlna, infinitely extended, for a point
at any distance, = the attraction at distance zero.|

2
By a formula on page 2,>° 4”6';—’2”" being the attraction of a spherical shell at the distance

a from the center,| 4ndk,dr is the attraction for a point on the exterior surface of the shell, and
is normal to the surface. The two| parts of a cord between the inner and outer surfaces being
equal, 2mék,dr is the attraction of all the parts of the| shell at the first or second intersection.
Therefore, the attraction of the part at the first intersection of the cord with| any double curved

10



lamina, whose two surfaces have a common normal at the point, is 2rzdk,dr, because it is
evidently| between those of the two spherical lamina of greatest and least curvature, each of
which is 2ndk,dr, dr =the thick-|ness. Hence the attraction, for a point on the exterior surface
of any closed shell, of an infinitessimal thickness,| which has the parts of any cord, passing
through the given point, between the inner and outer surfaces of the shell,| equal, is 4wék,dN.

That is, A being the attraction of the shell diN = 4nék,, (17.) at the limit.|

DIFFERENTIATING UNDER THE SIGN OF INTEGRATION,|

By the proposition that integrals and differentials are relatively free, it follows that the
integral of the differential| coefficient of the quantity under the sign of integration, with respect
to any quantity, equals the differential coefficient| of the integral with respect to the same

quantity. Giving when [ du = w, whether general or definite, |

[Dpdu= Dy =52, (18.)

POTENTIAL.|

Let the term potential = w, be the general integral of the elementary quantity of work of
forces directed to and| dependent on the distances to fixed centers from the attracted point.|

A level surface is that which has the potential at every point constant.|

And, consequently, perpendicular to the resultant of the forces at every point, for the
elementary quantity of| work, which is the differential of the potential, is zero in no other
direction.|

R =resultant of forces, and normal to the level surface.|

dN, = the distance perpendicular to both, between two level surfaces, infinitely close.|

dl = dN,(,, = the distance between them in the direction I. Then :—;’ =R (19.), and ‘;—‘;’ =

cos.
l

the component of| R in the direction I.

ATTRACTION OF THE CONCENTRATED ELLIPSOID.|

Let a, b, b, be the semi axes of the ellipsoid, a the greatest and b, the least.|
u = the angle which a plane through b, makes with a.|
a’ = the major axis of the section. And a’? — b? = ¢?, (20.)]

a’b* (21.) By (18) and (12.),

Then a?a'?sine?u + b%a'*cos.? u = a®b?, a'? = ——,
a%-c2cos.2u
28k;dua’?b,dc,
c/(c’2+h?)
at the distance h from the center,| comprehended between two planes through that axis making

the angle du with each other, and the angle u with| the longest axis.|
Since the outer and inner surfaces are similar, dc, = C’jc. By (20.), (21.) c¢2=

a?b2-a?b?+b%c%cos2u

a?-c2cos.2u

=| the attraction of a portion of an ellipsoidal shell for a point on its shorter axis

|60

1 1
Then 2 fu=57t 2dua’?b,dc, 5k, _ qu=§rr 2dua?b?b,dcSk, -y
u=0 cr(c2+h?) u=0 c¢(a?b2-a?b?+b?c?cos2u+a?h?-c2h?cos.2u)

11



Page 6 GRAVITATION [running head]

4ntSk,abb,dc

. . 1 1 :
. ,in which ¢, (a? —b?)z, (b?> —b?)z are the semi focal
c(b2-bZ+h?)2(a?—b?+h2)"?

distances of the ellip-|soid, and

4”‘”’;”“ is the volume of the shell. Let w = the potential of

4mabb,6k,dcdh
c(b2-b2+h2)"?(a2-b2+h?)
evident that shells, of the same foci, whose outer and| inner surfaces are similar and similarly
placed concentric ellipsoidal surfaces, have their potentials proportional to| their masses, and,
therefore, their attractions for any exterior point in the same ratio, since by proposition, page|
6,1 and equation (19.), the level surface of the shell is an ellipsoidal surface of the same foci.
Let these two ellip-|soids of the same foci be divided into the same number of similar shells,
the masses of the shells will be as the| masses of the ellipsoids of which they are parts, the
component in any direction of the attraction of a shell of one will| be to the component in the
same direction of the attraction of the corresponding shell of the other ellipsoid as their| masses,
as the masses of the ellipsoids, and, therefore, the sums of these components, or the attractions
of the ellipsoids| themselves in any direction, are as their masses. Hence, the attraction of the
ellipsoid of homogeneous density| equals the attraction of its mass concentrated into the ellipse
whose semi axes are the focal distances (a? — b2)v2,| (b? — b?)2. The density which

3P0 multiplied by the double ordinate of the| ellipsoid of

Cc
revolution whose major and minor axes are 2(a? — b2)"/2, 2(b% — b?)'/2.|

the shell, then by (19.) with respect to h,|

= w, from which it is

1/2

compressed mass at any point is

ATTRACTION OF THE PROLATE ELLIPSOID OF REVOLUTION.

Since, as just proved, the attractions of ellipsoids of the same foci are as their masses, the
attraction of the| prolate ellipsoid of revolution, for an exterior point, equals the attraction of
the ellipsoid, of equal mass, whose semi-|axes are the focal distance ¢ and zero. The quantity

of matter concentrated on 2c at any point being proportional to| ¢ — x2, x being the distance
ab?s
c

from the center, and the original density ¢ being increased by the ratio of ab? to c. So| that
ab?s  ab?8(c?-x2)

c c3
Hence,| the component, perpendicular to the axis of x, of the attraction of the prolate ellipsoid
of revolution for an exte-|rior point (x', y') is

being the density at the center, c? : ¢ — x? ::

= the density at the point x.

rnab?8k, px=c (c?-x%)y'dx nab?y’ [ (c?-x'?)dz 2x'zdz z2%dz
el M §:5k'(_ = ER 3= 5|+
"2+ (x"-x)%)2 (v'2+z2)z  (y"2+z%)2  (y'?+z?)2
_ _ mab%skyy’ (c?2-x"2)z _ 2x' n z _ ll (y’2+zz)1/2+z LC=
- c3 y'2(y'2422)1/2 (y'2+22)1/2 (y'2+22)1/2 2 0 T(y'2+z2)1/2-z _l
2 ’ 22,
mab®skyy’ [ (c?-x"?)(x'-x) n x'—x 1 (y +(x"—x) ) tX X +C|
c3 Y224 -0V T (24 -0DY2 2 T (24 (x -0V 2—x" +x
2\1/2
(x"2-c?)(x'c) '+ 4 110 (y’2+(x’—c) ) +x'—c
_ mab?8k, | y 22+ (x'-0)H)V2 T (y2+(x'-0)2)V/2 | 2 & (r'2+x'—c)?-x"+c 62
3 2\1/2 |
(x'2=c?)(x"+c) x'—c 1 (3"2"'(’5""6) ) +x'+c
YROHEHODTZ T (P +D2 T 2 O (y (xR e —c
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2 _ bi o2 2y _ cx"\? ' 2 _ 2, ¢2x" 2 2 th
Lety —a—lz(a,—x ) = a,+a—, —(x'+0) =al+———x — c?, then|

!

Y2+ ' +c)H)Y2 =q, + % and (y?+ (x' —c¢)®)¥2 =q, — % and|

o 1/2 an\1/2 x|y cx!
1 (y'2+(x'+c) ) +x'+c (y’2+(x’—c) ) -x'+c 1 art——+x'+c aj————x+c
—log.( X = ! X ! |

_ _10 . 7
2 @2+ (x"+0)2)/2—x"—c T (¥"2+(x'-c)2)V/2+4+x ¢ 2 8 a+E—x'—c  a _ﬂ_,_x
ar

2

(a/+c)2—(a,+c)2 ~

= log. 7 = log 2% = 2log, LU= g thatl
2 (al C)Z_(a/—C)Zx ar—c C—a,+b,

ar+c

2 -
[ mab Ok (Px)dx b6k, (Za’c —log. a’+Z) = the component perpendicular to the

—C C3(y’2+(x’—x)2)3/2 a—
major axis, of| the attraction of the prolate ellipsoid of revolution for an exterior point (x’, y'),
a, and b, being the axes of the level| surface passing through it.|

Page 7 GRAVITATION]| [running head]

The component parallel to the same axis|
a?b?x’ _ fc 4mab?bix'dcSk, _ 4nbk,ab%x’ (x’2+y'2)1/2 b?cda, |
dNe a?(aty'?+b}x ’2)1/2 — Yo arc(c?y’2+b}) N c3 a a?y'’?

4”‘11’25"195 f(x/z+y12) * (aF-x" )1/2a,da, __ 4mab?8k,x’ <(a,2—x’2—3/'2)1/2> —|

(a? _xz)i c? (ar=x"2)1/2
1 o (a,z—x'2)1/2+(a,2—x’2—y’2)1/ __4mab?8kx’ (i_ 1 a,+c) |
2% (a2-x'2)Y 2 4 (a2-x"2-y2)2 c3 a 2 a-c

The value of dw’ + dN, being obtained in the next problem.|
ATTRACTION OF THE OBLATE ELLIPSOID OF REVOLUTION.

By equations (12.) and (19.)|
ama®bdc dw

dk, X —— c7re?) — an
from the center on| the minor axis, w = its potential, and a?y’? + b?x'? = a?b?, the equation
of a section of its level surface through| (x’, y’) and the major axis a,. Since its level surfaces
have the same foci a,da, = b,db,. Let dN, =the infinitely| small perpendicular distance

1/2
dy'? ) 4.12\1/2 4%~ _
7 dx' = (aty'® + b}x'%) o =

= the attraction of the oblate shell for the point at the distance b,

between two level surfaces at (x’,y'). dN, = (

/2
2.0 b (az_CZ)l
dy' =L dx' =d (—' a? — x’z)l/z) 64 = d~—"—=—(a? —x"?)V? =
b2x' ar ar !
(a,z—cz)l/za,da, (a,z—x'z)l/za,da, |
a,(a,z_x,z)ﬂz (a,z—cz)l/za,
_ (a,z—cz)l/z(a,z—x’z)l/zda, _ (af-c? )1/2 'd' e _y'ab, | bidb,
af o (aj-c2)/?’ bix’ aty’ by afy'
b,y'db,
a? 2
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r (c2y"?+b})byx’ db, (c%y'?+b})db, dw % a?y' __4ma®bb,5k,y'dcgg -

dx aiy'?+bjx'? N, = bi(aty'>+bix'2)"?" dNe " (atyr2apix2) /2 c(c2y"+b})
1/2
. . . , . ary’ 67 _ a/(af-x"2-y'?) g2 ,
component in| directiony’, b, = Fx) =T G a, ="+ +
! !
C)2)1/2 + %(yrz + (X’ _ C)2)1/2,|
J (x' +c)dc (x' —c)dc (x' + c)dc (x' —c)dc
YT W 0D 207+ (-0 ex’y cx’
2(a, + 2(a, —
a, a,
a,cy'*dc . a,cy'*dc
- a;I- — 22 - CZyIZ + b;l- '
12, 12\1/2
Hence, fc 47ta2bb,’6k,3;’dc — ama’bbk, f(x +y ) bicday ¢q —
0 c(c2y2+p}) c3 0 aryr
4ma’bSk, f(x'2+y'2)1/2 ary’ a,(a,z—x’z—y’z)l/zl 70 o dar _ 4na2b5k,f z%dz
c3 0 (a,z—x’z)l/z alz_xrz)l/z ary' c3 z24y'2
1/2
4mta’bSk, 1z 4ma’b8k, 5 5 5 _q1 (a?—x"2—y'?)
C—3(Z — y'tan. ;) = (a? — x'? —y'?)¥2 — y'tan. i |

p — tan.”! bi) which is the component, perpendicular to the transverse axis, of
! !

the attraction of the| oblate ellipsoid of revolution.|
The component parallel to the transeverse’* axis equals|

__4ma®bSk,y’ (i

1/2
f dw % b?x' a? _ fc 4ma®bSk,dcdb, _ b/(aty'?+bix'?) / b?x'
dNe = a? (a;tylz_,_b;txrz)l/z 0 a?c (c2y'2+ b'%) a'?
a? |
(a;’y’2+b;*x’2)1/2 )
1/2 1/2
_ fc ama?bcdkx'dc 4na2b6k,x’f(x’z+y'2) / bicda, _ 4na2b6k,x’f(x’2+y’2) / ajy'’3
~ 0 aZc(c?y'2+byy) c3 a ajy'z c3 ar a,(a,z—x’z)3
1/2
a,(a?-x"?-y'?) day |72
(a2-x2)"/? afy'?

2 1o (x’2+y’2)1/2 2 12 . 12\1/2 2 1o 2
_ A4ma’bdk,x"y J‘ (a? — x y'?)%a,da, _ Ama®bSk,x'y f z%dz
B a B (z%2 +

C3 (aIZ _ xrz)z C3 yIZ)Z
Ama’bSk,x'y’ z 1 L Z
= 3 (_ 2 2yt o tan _/) |
c 2(z2+y'?) 2y y
4na2b6k,x’ 1 ) (alz _ le _ y12)1/2 (alz _ le _ y12)1/2y/
=——— | —tan. - 5
c3 2 y' 2(ar —x)
2ma’bSk,x’ ¢ bc
===\ )

In which a, and b, are the semi axes of the ellipsoid, passing through the attracted point (x’,y'),
and having the| same foci as that of the given ellipsoid.|

A ROTATING FLUID MASS.
A fluid mass, in the form of an oblate ellipsoid of revolution, rotating about an axis with
the proper angular| velocity, is in equilibrium.

First, when of homogeneous density, let R = the accelerative attraction when at rest, for
any point (x',y"), on| its meridian section, the latitude of which is I. o = the angular velocity,
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such that R’, the resultant of R and the| accelerative centrifugal force a?x’, may be
perpendicular to the surface.|
The ellipse gives the equations

2.7

b? . . R . _q a%y a’y’
y?==(a*-x?) (1), sinel= sine 73 = sine tan. o= PR NENTE 2.)|

a*cos.? 1 b*sine?l

12 . 2 — 4,
x (a?cos.2 I + b?sine?l) 3., y (a?cos.2 I + b?sine?l) (4.),
1
a* 2 ) 2
37 COs: l + sine“l
(x"? + y12)1/2 = 2 (5.),]74
b—zcos.2 [ + sine?l
Page 8 GRAVITATION]| [running head]
2.,/ 2 4
tan.l = Zzz" The formula for the attraction are, Z”acﬂ (tan.‘1 % — %) = Rcos.i (6.)]
2 14
W(g— tan.‘lg) = Rsine.i (7.), the components perpendicular and parallell”® to

the axis of rotation.| Since R’ is the resultant of the two forces R and a?x’, there results the

!

two equations, R :R':: sine}; : sine}; (8) R?=R%?+a*x"?-— 2a2x’Rcos.§, (9.)

, Rsinei 4na2b6k,(§—tan._1; ) 76 2
Hence R’ = o = e o smeT 11/ (10.).7¢ By (8.), (7.), (6., (2), (9), R"?=

2
16n2a4b262k,2y’2(%—tan._lg) aty'2+b*x'? _ am?a*p?62kPx"? _1c  bc\?
- X —m = : tan.

—1¢ bc
16m2a*b252k2y"? (¢ L o\2 4ma?b8k,x'?(tan." 12—
! (——tan. 1—) + a*x'? — ( )

, from which there results,|"®

c6 c3
C3(X2 . RI 12N\1/2
Sk, = — — b ——— = (11.). Since COS. (12 + y'"2)V/2 = cos. (l —
2ma b(tan. E—;)—Mrb (E—tan. E)
! p2 [ sinxatan2l  “cos2l+sine? L
_ _ cos. Ax—ztan. 32C0s-
tan. 1%) |79 = cos. (l — tan. 1;tan.l) = -+ a ;2 T ;80
2

4 3 4 3 /g4 ]
(1+b—4tan.21) (1+b—4tan.zl) (a—4cos.zl+sme2 l)
a a b

and  considering = ()" R L yy12q(x2 4 yr2yvz =

g - constant the Jy R’ cos. (x,z +y')2d(x'? + y'2)12 =
fob 4"“:;’6"’ (% — tan.”2 %) bdb = @(g — tan.™? %) x1b%,| (12) which is the sum of the
components in the direction of the center of R’ for all points on any line from the center| to the
surface. Hence the weights of all columns from the center to the surface are equal, and by
hypothesis the| resultant of all forces on any part of the surface is perpendicular to it, therefore
the fluid is in equilibrium at its| surface. And since the attraction of an ellipsoidal shell having
its surfaces similar, concentric, and similarly placed,| is zero for an interior point, all the points
of the homogeneous fluid ellipsoid are in equilibrium. And since it is| found, by tracing the
curve represented by (11.), when b + a and &k, are its co-ordinates, that b + a has only two|
values, it follows that there are only states of the equilibrium.

Second, When not of homogeneous density, let the ellipsoid of homogeneous density ¢ and
semi axes a and b| be surrounded by a shell of density 6, having the semi axes of its outer
surface a, and b, coincident with a and b| throughout their extent, and proportional to them.
Then the attraction of the ellipsoid and shell for any point| will be equal to the attraction of an
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ellipsoid whose density is 6" plus or minus the attraction of one whose density| =25 —

&', according as &' is less or greater than §. And the formula corresponding to (10.) is|

25 sl 2 ’

4amar“bi8 ky(c _1C ama“b(6-6")kr/ ¢ —1C

ama,br0 ki (€1_gqn, 1—’)1#(—%@ 16
c3 by b, c3

2

R' = ) " (13)8%. And the equilibrium of the

(a?cos.21+b2?sine?()1/2

column| is proved as for the ellipsoid of homogeneous density. From (10.) or (13.) :;,’, =

1

a?cos.2l'" +b?sine?1'"\2
( a?cos.2l' +b?%sine?l’ ) (14)|
) RIZ
b2 v . . . .
Hence = = — B + 1, (15.) which is the square of the ratio semi axes®? of a

sine?l’’ — R'? sine?l’
R'"2
rotating fluid mass| of any law of density, when in equilibrium.|

Since R’COS (R’ + 12)1/2d(x12+ 12)1/2 — R”COS (R” + 12)1/2 d(X”2+ 112)1/2
" xl2 y y . xlz y y ’

and d(x? +y"2)Y2 1 d(x"? +y")Y2| (k% +y2)V7: (x"2 + y"2) V2, it follows that

RI 1/2 17 1/2 .
R'cos. (x’z + y’z) (x"2 + y'2) = R"cos. (x’z + y’z) (x""%2 4+ y"2),| (16.) showing the®®

components toward the center at any two points on any surface similar to outside surface, are
as| the distances from the center.®*
If nand n' are the lengths of arcs of the meridian, whose extremities differ in latitude by a

2/3
2 n2/3_n'

small quantity,| say 1°, b—z =1—-e?=1- 5 which compared with (15.)
a n2/3sine?l’’ —n'3sine2!’
shows that the lengths of the seconds| pendulum are as the cube roots of the arcs of a degree,
when the figure is that due to a rotating fluid mass.|
The value of §k,, from (11.) substituted in (13.),% dividing both sides by aa? the equatorial
centrifugal force,| and making [ = 0, and denoting by R’e the equatorial force of gravity, there

-1¢€

" b
—1¢_bc
tan. b a2

-1€

fan b |86 87

bc | b?
—3a—2+2ﬁtan.

RI
results| a—a‘; =

The first member, from the equatorial radius, and the length of the| equatorial seconds
pendulum as given by Prof. Airy, equals 289| nearly. Then solving the equation fora ~ b, 1 —

a <+ b the ellip-|ticity equals about i 8 instead of ﬁ and ﬁ the results usually| given.®

COMMENTS ON GRAVITATION TO THE SPHERE

Adcock’s work is initially difficult to understand because it lacks an introduction, summary,
and final conclusions (abstracts appear to have been rarely used in scientific journal articles
before 1895).%° What is more, it contains no in-depth study nor comparison with existing work.
It appears to be the culmination of several contributions by him on gravitational attraction and
the flattening of the Earth, which he reported on at scientific meetings as mentioned, for
example, in his paper Equilibrium of a fluid mass in the form of an ellipsoid rotating about its
shorter axis.®! He seems to have considered the pamphlet transcribed here, which he refers to
as ‘my work on Gravitation’ % to be his principal legacy to science, otherwise it cannot be
understood why he went to the trouble of publishing it at his own expense and announcing it
wherever he might find an open ear.
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In what follows we consider his findings and comment on each page of his pamphlet. In
particular, we note what was known in his day and what his new contributions really were.

PAGES 1 AND 2

The only information as to the subject of his paper is given in its title. It concerns first, the
gravitational force between two masses of ellipsoidal shape; and, second, the ratio of the axes
of a rotating fluid body which is also ellipsoidal or, more precisely, a spheroid as a result of its
rotation about an axis. The latter problem concerns the ‘flattening’ of a celestial object, such
as Jupiter or the Earth.

The historical development of how to compute the gravitational interaction between
spherical objects, and how to predict the flattening of rotating bodies mathematically, is fully
described in the monograph by Todhunter.®® Such flattening has also been extensively
analyzed in the book by Klein and Sommerfeld,®* in which many references can also be found.

However, finding explicit formulae which describe the gravitational interaction between
ellipsoidal distributions of mass is more difficult. The dissertation by Schmidt provides a
clue.®®> Heymann®® states that Newton had attempted to find the gravitational field of a
homogeneous ellipsoidal body but did not succeed, and that much later Laplace®” reconsidered
the problem. Furthermore, although Laplace’s method was complex, it was not strict enough
and had to be improved later by Gauss and Dirichlet as part of their development of a general
potential theory.%

Although, in principle, Adcock could have had access to these publications, there is no
evidence that he was familiar with them other than the fact that, in a footnote, he states: ‘my
work on Gravitation . .. will . . . contain the only correct formula ever published for determining
the figure of the earth on the hypothesis of fluidity, whether that figure be an ellipsoid of three
unequal axes or two’.% In a later comment, made in reply to a critic of his pamphlet and quoted
in Section 5 (below), it appears that when his interest in this topic began, he was only familiar
with the works of Airy, Pierce, Todhunter and Pratt.1%

We believe that his findings were a truly original discovery which have become lost in
time. Particularly so because, many years after his death, Otto Heymann, an engineer working
at Siemens Apparate und Maschinen Gesellschaft in Berlin, also gave formulae for the
potentials for an ellipsoid, apparently unaware of Adcock and his work.%!

PAGE 3

Adcock’s exposition begins with an introduction to his cumbersome nomenclature and then
turns to analyzing the gravitational attraction in, and outside of, a (homogeneous) sphere, as
well as a spherical shell. His arguments are quite unwieldy and lack the elegance of modern
potential theory and vector calculus.’® Nevertheless, his final results for this case are correct:
To an outside (unit) test mass, the gravitational action of the sphere or spherical shell is that of
a mass of equivalent size situated in the center, and within a spherical shell there is no attraction
at all. However, these initial results are not new, as they can be found in Newton’s Principial®
or in Maupertuis’ work.*%*

17



Then follows the computation of the attraction by a prolate ellipsoid and an ellipsoidal
shell, where the test mass is situated at a distance h from the center of the major and minor
axes, respectively. Adcock’s results are confirmed by the formulae derived in the modern work
of Heymann and Schmidt.}%® Earlier versions of the same kind of analysis were given by
Maclaurin, D’Alembert, Legendre and by Laplace'® Suffice it to say that their work also was
not easy reading. As Todhunter remarked: ‘Legendre’s treatment of this particular case is
sound but very laborious; he leaves much work to be effected by the reader, the results being
given, but many of the intermediate operations being omitted. ... The student will find this
result is correct, but the verification will be tedious’. 1" Unfortunately Adcock’s analysis and
arguments on ellipsoidal attraction are not much easier to follow, even for those with some
background in this kind of problem. Nevertheless he seems to have been one of the very first
to give an explicit answer to the problem.

PAGE 4

The analysis of the prolate ellipsoid and ellipsoidal shell is completed and is then followed by
an analogous one for the oblate case. As noted above, when Adcock uses the symbol ‘log.’,
for example in Eqgn. (7), he actually means the natural logarithm (i.e., ‘In.”). It should also be
noted that the integration for the prolate case leading to Eqgn. (7) can be converted into the final
result for the oblate one, Eg. (12), by making use of the identity:

2 2

arctanz:i_ln“—!Z with z =& ~¢
21 1-1z r

!
R, Adcock seems to have adopted a nomenclature similar
X

pPpp

X'y'z
the three mutually perpendicular axes, called the axes of x,y, and z, . . .” 198

By using expressions such as ‘sine

to that used by Peirce in which: * . .. denote the angles which this motion makes with

PAGE 5

Adcock starts this page with a passage on the attraction between shells. The reason for this is
probably because only the attraction of a point-like test mass by ellipsoidal mass distribution
had been considered so far. He then prepares the reader for the notion of gravitational potential
(see Eqgn. 18). Because the mathematical power of vector calculus was not known to him, as
Wilson and Gibbs (1901) textbook%? had not yet been published, this is achieved in a very
crude way which can only be generalized to a general three-dimensional case (which he will
need later) with great effort. Moreover, from today’s didactic point of view, it is also
questionable why Adcock did not begin his exposition with the notion of gravitational potential
for an ellipsoidal mass distribution. As a matter of fact, the potential within, and outside of, an
arbitrary mass distribution can be found by solving the Poisson equation, which was published
over 50 years earlier.!®® It seems that this equation, and the corresponding more abstract and
fundamental meaning of gravitational potential, were unknown to Adcock, because he starts to
derive an expression for it from the more intuitive integral expressions for forces, which he
relates to the notion of work: ‘Let the term potential = @, be the general integral of the
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elementary quantity of work of forces directed to and dependent on the distances to fixed
centers from the attracted point.’

PAGE 6

This deals with the integration process involved in determining the attraction of prolate
ellipsoids for an arbitrary external point (in contrast to the previous situation, where it was
confined to a position along the plane through the equator). It ends with an explicit relation
for the force component perpendicular to the major axis.

2

2 2 2_.2
Note Adcock’s use of single and double colonsin ¢? : ¢ — x? :: abc 8,2k 5(;3 %) (for
example). The meaning of this notation, which was commonly in use in Europe from the mid-
18th century onwards, and in the United States until the beginning of the 20th century, is as
follows: ‘A : B =the ratio of Ato B;and A : B :: C : D = the separation of two equal ratios,

e.g.,3:12::2:8°110

PAGE 7

Adcock begins by concluding his analysis from Page 6, and finally presents the formula for the
component parallel to the major axis of the prolate ellipsoid. A similar analysis is then
performed for the case of an oblate ellipsoid. In fact, both cases could have been combined by
using the relationship relating arctan to In (cf. Comments, Page 4, above).

He finally turns to the problem of a rotating fluid mass in order to determine the degree
of flattening of self-gravitating bodies. He first shows that the rotation about an axis results in
an oblate ellipsoid of revolution, which he calls the equilibrium shape. Alternatively, he could
have said that this is the shape assumed by an incompressible self-gravitating rotating body
after a stationary state has been reached. His analysis seems clumsy in comparison with today’s
standards based on string-end continuum mechanics.!!

PAGE 8
Finally, Adcock gives an expression which allows him to calculate a value for the flattening:

f :1—%, ﬁ:%>1, where a is the equatorial axis and b the polar axis of the rotating

spheroid. Of paramount importance in the calculation is the value 289 taken for the ratio
between the gravitational and the centrifugal acceleration at the equator, as given in a paper by
Airy!2:

m/(G2) _eg
aw’ '

where m denotes the mass of the fluid mass subjected to self-gravitation, rotating at an angular
speed w; and G is the universal constant of gravitation. It serves as input on the left hand side
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of Adcock’s last formulae on this page. In fact, writing Adcock’s formulation in modern
terminology:

R, _m/(Ga’)
ad®  aw®

Note that his original equation is faulty and should be replaced by the final equation in
his errata list.2® Its subsequent evaluation can only be performed numerically. If evaluated
using a modern software tool such as Mathematica,!*® the flattening comes out to be 1/232.186,
which agrees exactly with the value given in the last item in Adcock’s list of errata.®
Comparison with the other two estimates given in the penultimate line of his corrections
suggests that he must have obtained it by means of an iterative calculation.

Is his result for the flattening really physically significant? Consider the simple formula
originally obtained by Newton, who found the ratio between the gravitational and the
centrifugal acceleration to be:!

m/(Ga’) s

a?  Af

By replacing the left hand side of this expression, the ratio between the gravitational and the

centrifugal acceleration at the equator, by Airy’s experimentally-determined value 289, one
5

4x289 231.2°

the theoretical result derived by Miiller:?°

m/(Ga®) 3 (1+24%)arccos(4)-3A1- 2’

aw’ 2 (1_ 22 )2

obtains f = which is not much different from Adcock’s result. Moreover, if

and comes somewhat closer to Adcock’s

is evaluated numerically, one finds f =
231.99

value. However, experimental findings indicate that the true flattening value for planet Earth
. 1 . : : :
is f= >98.24 (Fig. 1).33 In other words, the Earth looks much less like a ‘jelly donut’ than is
predicted from the fluid model. It is stiffer because it also contains solid layers and, in fact,
this makes the whole controversy as to which value is correct a purely academic argument.

A CONTEMPORARY CRITIC

Anonymous criticism of Adcock’s work, presumably by an early purchaser of his pamphlet,
appeared in the Chicago tribune (30 March 1872, p. 4):

It has long been believed and taught that the flattening of the earth in the polar regions is due to the fact
that the force of gravity at the equator is partially counteracted by the centrifugal force generated by the daily
rotation of the earth on her axis. It is also held that this flattening, which amounts to about one part in 300,
shows that the centrifugal force of the equator is equal to about one part in 289 of the force of attraction there.
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Mr. R.J. Adcock, of Monmouth, Ill. has written a pamphlet, the object of which is to prove that these
conclusions are erroneous. He shows, by a formidable array of quantities, stated in the language of the
Calculus, that the ratio of these two forces is between 373.12 and 373.76 instead of 289, and that, therefore,
either the earth has not the form due to a rotating fluid mass, or that the lengths of its equatorial and polar
diameters have not been ascertained.

The comment in the first paragraph above regarding centrifugal force refers to Newton’s
deduction (see above) that: 1 = % Adcock replied in a letter to the same newspaper (15 April,
1872, p. 5):

I have to say it is definitely known . . . that, the form of the surface of the earth not being that of an exact
water-level of equilibrium, the tendency of gravity, including centrifugal force, together with the dissolving
effects of the fluids on the surface, is to produce that exact form of equilibrium of the surface; and, that the
equatorial diameter of this surface of equilibrium will be greater, other things being the same, with centrifugal
force than it would be without rotation. Then the flattening, or a part of it, is either due to, or maintained or
increased by, rotation, according as the surface differs from one of equilibrium.

The one part in 300, and the one part in 289, are both deduced by correct methods from actual observation
and measurement, and therefore | do not undertake to dispute these results. What | have proved is, that the so
universally affirmed proposition, that the agreement of these two results with the hypothesis that the earth has
the approximate form due to fluidity, is not the case.

Your conclusion that the flattening of about one part in 300 shows a ratio of one part in 289 of the
centrifugal force to gravity, is certainly very wild: since, except in the case of fluidity, the rotation between
the flattening and this ratio could not be determined theoretically, even in the case of the perfect equilibrium
of the surface, without knowing the internal constitution of the earth. And, in the case of perfect fluidity, |
have shown - from formulae . . . that this flattening of one part in 300, and the ratio of 289, are widely
inconsistent with the condition of fluidity.

Now, as to my object in writing the treatise: It is to show for the benefit of science and myself, the
accomplishment of what is mentioned in the title-page, to find the “Attraction to the sphere and the two
ellipsoids of revolution,” and to find the “ratio of the axes of a rotating fluid mass” under the action of the
gravity of its own particles, according to the universal law of Newton.

When | adopted my method of treating attraction, | was acquainted only with that given in Professor
Pierce’s [sic.] Analytical [sic.] Mechanics,!*® which | thought might be rendered more elementary; and, after
examination of Professor [I.] Todhunter’s, J.H. Pratt’s and Professor Airy’s methods, I considered mine, if not
shorter, at least more easily understood, original to some extent, and American, accomplishing by direct

integration what J.H. Pratt said was “impossible to integrate by any known method of direct integration” 't

And, after correctly solving the problem of the form and ratio of the axes of a rotating fluid mass under the
action of the gravity of its own particles, | was convinced that this problem, though attempted by Newton, and
held since [Clairaut] 1743 to have been solved by Clairaut, Jacobi, Laplace, Bowditch, Airy,'*® etc., etc., was
correctly solved for the first time, though | was not able then, and not until quite recently, to show what was
the error in the reasoning of others on this subject, which is simply in violating the axiom that, in the same
calculation, it will not do to use as equal two different units of measure of the same or similar quantities . . .
[these] are two differing measuring units of force, - one the attraction of a unit of mass at the unit of distance,
the other the centrifugal force of a unit of mass revolving with a unit of velocity in a circle of radius unity.

Adcock completed the arguments for his proof that ‘a fluid mass, in the form of an ellipsoid,
rotating about its shortest axis, under the action of the attraction of its own particles and their
centrifugal forces, is in equilibrium; and this is the only form of equilibrium’ in a short note
(which contains no numerical results) published in December of that year.!'® However, his
publications on the topic appear not to have attracted attention subsequently. It is probable that
his pamphlet appeared too late to be included in Todhunter’s definitive survey of publications
on ‘the figure of the earth’ (since its preface is dated July of 1873).3! In any case, by that time
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interest in the problem had essentially lapsed. His pamphlet became effectively lost thereafter
and is transcribed here for the first time. See Miiller (2018) for a modern view of the subject.?®

CONCLUSIONS

Adcock’s (1872) paper on the figure of the earth gives a complete, if somewhat crude,
derivation of the solution of a problem first considered, but not solved, by Newton, Laplace,
Gauss and Dirichlet: namely, finding the gravitational field of a rotating self-gravitating
homogeneous ellipsoidal fluid mass. After lengthy calculations, all the more remarkable as
they were undertaken without the benefits of potential theory and vector algebra, he obtained
a formula which, until now, was believed to have first been derived by Heymann (1935). Using
Airy’s (1856) value for the ratio between the gravitational and centrifugal acceleration at the
equator, Adcock obtained a value for the inverse flattening of 232.19, which is very close to
the ‘exact’ value of 231.99, obtained using modern analytic techniques applied to a model of a
self-gravitating sphere made of an incompressible fluid which starts spinning about a fixed axis
at a constant angular velocity and which, a result of centrifugal accelerations and internal
friction, finally reaches a state of axisymmetric deformation in which it assumes the shape of
a spheroid.?® The numerical value Adcock hand-calculated for the flattening achieved under
the model is extremely close to that obtained using Wolfram’s Mathematica software today.
Curiously, he concluded his paper with the comment: ‘the ellipticity equals between —— and

232.016

—5=5 Instead of -~ and _- the results usually given’ without pointing out that his work applied

232.698

to an entirely theoretical model, and that the difference between his result and the real-world
observed value of 298.24 for the Earth is accounted for by the fact that the latter has a more
complex interior structure.
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