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Abstract

In contrast to the symmetries of translation in space, rotation in space, and translation in
time, the known laws of physics are not universally invariant under transformation of scale.
However, a special case exists in which the action is scale invariant if it satisfies the follow-
ing two constraints: 1) it must depend upon a scale-free Lagrangian, and 2) the Lagrangian
must change under scale in the same way as the inverse time, ' /,. Our contribution lies in
the derivation of a generalised Lagrangian, in the form of a power series expansion, that sat-
isfies these constraints. This generalised Lagrangian furnishes a normal form for dynamic
causal models—state space models based upon differential equations—that can be used to
distinguish scale symmetry from scale freeness in empirical data. We establish face validity
with an analysis of simulated data, in which we show how scale symmetry can be identified
and how the associated conserved quantities can be estimated in neuronal time series.

Author summary

Considerations of the way in which a dynamical system changes under transformation of
scale offer insight into its operational principles. Scale freeness is a paradigm that has been
observed in a variety of physical and biological phenomena and describes a situation in
which appropriately scaling the space and time coordinates of any evolution of the system
yields another possible evolution. In the brain, scale freeness has drawn considerable
attention, as it has been associated with optimal information transmission capabilities.
Scale symmetry describes a special case of scale freeness, in which a system is perfectly
unchanged under transformation of scale. Noether’s theorem tells us that in a system that
possesses such a symmetry, an associated conservation law must also exist. Here we show
that scale symmetry can be identified, and the related conserved quantities measured, in
both simulations and real-world data. We achieve this by deriving a generalised equation
of motion that leaves the action invariant under spatiotemporal scale transformations and
using a modified version of Noether’s theorem to write the associated family of
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man famously described an intuitive example of why this is the case for a scale transformation
within a gravitational field. He asked the audience to consider a thought experiment in which
an intricate cathedral made of matchsticks was increased in size to the point where it would
instead be made of great logs, thus collapsing under its own weight. The scale dependence of
this system is further emphasized by his observation that:

“...when you’re comparing two things you must change everything that’s in the system. The
little cathedral made with matchsticks is attracted to the Earth. So, to make the comparison I
should make the big cathedral attracted to an even bigger Earth. Too bad-a bigger Earth
would attract it even more and the sticks would break even more surely.” [2]

Scale symmetries are therefore not universally applicable in the same way as translation in
space, rotation in space, and translation in time. However, there are known constraints (see
Materials and Methods) under which scale symmetries can arise in dynamical systems.

In 1918 Noether demonstrated that for every continuous symmetry of the action of a
dynamical system there exists a corresponding conservation law [3]. This theorem tells us that
it is by virtue of the symmetries of translation in space, rotation in space, and translation in
time that the corresponding quantities of linear momentum, angular momentum, and energy
are conserved, respectively.

It is the purpose of the present work to devise a method for estimating scale symmetries
and their associated conserved quantities in empirical time series.

Materials and Methods are presented in two sections:

In the first section, we introduce the principle of stationary action, the distinction between
scale freeness and scale symmetry, and Noether’s Theorem. We then show that an equation of
motion leads to a scale invariant action under the constraints that its Lagrangian: 1) is scale-
free, and 2) transforms inversely with time under change of scale.

In the second section, the main contribution of this paper is presented via the derivation of
a generalised scale-symmetric Lagrangian, in the form of a power series expansion, which can
be used to model time series from any scale-free system that follows the principle of stationary
action. We then use Noether’s theorem to write the expression for the family of conservation
laws associated with this generalised Lagrangian.

Results are presented in two sections:

In the first section, we demonstrate proof of principle by showing that the generalised
Lagrangian can be used to distinguish scale symmetry from scale freeness via simulations of a
classical particle.
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In the second section, using murine calcium imaging and macaque monkey fMRI datasets,
we show that neural systems support a neurobiologically-based quantity that is conserved by
virtue of scale symmetry.

Results

See Materials and Methods for all definitions, techniques, and equations.

We use two ground truth datasets in the form of (noiseless) particle trajectories that are
known a priori to be a) scale-symmetric, and b) scale-free. In Eqs (28) through (30) we show
that the scale-symmetric case arises when the particle experiences a force that varies inversely as
the cube of its distance from the origin, which in turn is known to result in an logarithmic spiral
trajectory [4] (Fig 1A, left). In the scale-free case we use an inverse square force law which is
known to result, for instance in planetary orbits, in an elliptical trajectory [5] (Fig 1B, left). Note
that we use a version of (34) in which we accommodate both an x and y coordinate, as shown in
the accompanying code, to allow for the particles to trace 2D trajectories (see S1 Text). This
means that the conserved quantity in (23) can be related directly to the geometric properties of
the logarithmic spiral in the scale-symmetric case (e.g. the polar slope and curvature).

We use Dynamic Expectation Maximisation (DEM) [6] to infer the latent states and esti-
mate the parameters (and hyperparameters; i.e. the precision components of random fluctua-
tions on the states and observation noise). Having applied the optimization to the full model
comprising a non-zero J (i.e. scale-free) in Eq (33) we subsequently use Bayesian model reduc-
tion [7,8] to estimate the evidence for the reduced model in which § = 0 (i.e. scale-symmetric).
We specify the reduced model by setting the prior variance over the 6 parameter to zero,
where § is also given a prior mean of zero.

Using Bayesian model inversion, followed by model reduction, we show that the correct
model is identified (Fig 1A and 1B centre). We subsequently use the posterior expectations of
the parameters for the full (scale-free) and reduced (scale-symmetric) models to show that the
Noether conserved quantity (or Noether charge) is constant in time for the scale-symmetric
(Fig LA, right), but not for the scale-free case (Fig 1B right). We then explore the way in which
the value of the Noether conserved quantity varies within the parameter space close to the pos-
terior densities in terms of 1) & vs. each of the expansion coefficients (Fig 1C); 2) the first two
expansion coefficients (Fig 1D, left); and 3) the first three expansion coefficients (Fig 1D,
right), with a rotating version shown in S1 Movie. Finally, we run the model forward to show
the behaviour of the pure equation of motion in the 6 parameter range —1.5<6<1.5, thus
showing the transition from scale freeness with <0, through scale symmetry (6 = 0), and back
to scale freeness with 6>0 (Fig 1E).

Neuroimaging data

Here, we analyse murine calcium imaging [9] (rest and task) and macaque monkey fMRI [10]
(rest and anaesthetised) datasets, using the same techniques as with the particle simulations
described above. The fMRI datasets are taken from the Nathan Kline Institute Macaque Data-
set 1, in which twelve fMRI scans (each approximately 10 minutes long) are acquired in a sin-
gle monkey in an awake state and twelve in an anaesthetized state. The macaque monkey was
sedated with dexdomitor (0.02 mg/kg IM), ketamine (8 mg/kg IM), atropine (0.05 mg/kg IM),
and maintained at an isoflurane level of 0.75% following intubation. Pre-processing of the
murine calcium imaging [11] and macaque monkey fMRI [12] datasets were carried out as
described previously. We show all results obtained for the resting states in Fig 2.

The calcium imaging data were collected across an entire hemisphere of mouse cortex (Fig
2A & 2B). We perform Bayesian model averaging across n = 3 mice with 10 trials of 10s (200
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Fig 1. Simulations of a classical particle. A) In order from left to right: 1) the trajectory of a particle moving under
the influence of a force that varies inversely as the cube of position; 2) Approximate lower bound log model evidence
given by the free energy (F) following Bayesian model reduction for scale-symmetric (sy.) and scale-free (fr.) models;
3) Probabilities (p) derived from the log evidence; 4) Noether conserved quantity (N) as a function of time with low
noise; B) Same layout as A) but for a particle moving under the influence of a force that varies inversely as the square of
position; C) Noether conserved quantity values between negative and positive unity, as indicated by the colour bar, for
the four expansion coefficients (left to right) as a function of o.. The centred red cross indicates the posterior densities
in A); D) Left: Noether conserved quantity as a function of the first two expansion coefficients, with the posterior
density values obtained in A) shown by the red dot; Right: Noether conserved quantity as a function of the first three
expansion coefficients, with the posterior densities obtained from A) indicated by the centred red cross; E) The
equation of motion resulting from a forward generative model for different values of  as indicated by the colour bar.

https://doi.org/10.1371/journal.pcbi.1007865.9001

time points) duration each. We find that there is higher model evidence for scale symmetry, as
opposed to scale freeness, in a single region (Fig 2C, left). All other regions show either higher
model evidence for scale freeness, or else cannot be statistically classified either as scale-sym-
metric or scale-free—these regions are not coloured and appear white (Fig 2C, right). No region
emerges as scale-symmetric in the task state. We show a sample timecourse from the region
classified as scale-symmetric, together with the estimated data following model inversion (Fig
2D). We then run both the full (scale-free) and reduced (scale-symmetric) models forward,
with low noise in the absence of external inputs, in order to show the way in which the pure
equations of motion evolve in time (Fig 2E). We show the variational free energy (Fig 2F) and
associated probability (Fig 2G) of the reduced model for the scale-symmetric region and run
the model forward, with parameters furnished by posterior densities from the scale-symmetric
model to show that Noether’s conserved quantity N is constant in time (Fig 2H).

In the macaque monkey fMRI data, we observe higher model evidence for scale symmetry,
as opposed to scale freeness, in a single cortical network (Fig 2I). We show a sample
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Fig 2. Neuroimaging data. A) Wide-field calcium imaging over the left hemisphere of a head-fixed mouse, expressing
GCaMP6f in layer 2/3 excitatory neurons; B) Example z-scored (DF/F) activity averaged over a 10s trial length, shown
as standard deviation (s) of the signal from the mean. Cortical areas are aligned to the Allen Mouse Common

Coordinate Framework; C) Log variational free energy values corresponding to the colour bar, thresholded at F = 3 for
regions found to have higher model evidence for scale symmetry (left) and freeness (right); D) z-scored (DF/F) activity
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shown as standard deviation (s) of the signal from the mean from an example trial in one mouse in the scale-
symmetric region (blue), together with the estimated time series following model inversion (red), E) Normalized
timecourses of observable measurements (y) showing the evolution of the scale-free (blue) and scale-symmetric (red)
equations of motion with low noise and without driving inputs; F) Approximate lower bound log model evidence
given by the free energy (F) following Bayesian model reduction for scale-symmetric (sy.) and scale-free (fr.) models in
the calcium imaging data; G) Probabilities (p) derived from the log evidence in F); H) Noether conserved quantity (N)
as a function of time for the calcium imaging data; I) The region explaining the highest amount of variance defined via
temporal-concatenation probabilistic ICA, thresholded at z>>3; J) z-scored fMRI activity shown as standard deviation
(s) of the signal from the mean from an example scan in the scale-symmetric network (blue), together with the
estimated time series following model inversion (red). K) Approximate lower bound log model evidence given by the
free energy (F) following Bayesian model reduction for scale-symmetric (sy.) and scale-free (fr.) models in the fMRI
data; L) Probabilities (p) derived from the log evidence in K); M) Noether conserved quantity (N) as a function of time
for the fMRI data.

https://doi.org/10.1371/journal.pchi.1007865.9002

timecourse, together with the estimated data following model inversion, from this scale-sym-
metric network (Fig 2]). We also calculate the variational free energy (Fig 2K), associated prob-
abilities (Fig 2L), and Noether conserved quantity (Fig 2M) for this scale-symmetric network.
No network emerges as scale-symmetric in the anaesthetised state.

Note that, although we focus on neuroimaging data in this study, these tools can be used to
distinguish between scale symmetry and scale freeness in any dynamical system with measur-
able time series without restriction upon data dimensionality—provided that the system: a)
operates with scale-free dynamics and b) follows the principle of stationary action.

Discussion

In contrast to the symmetries of translation in space, rotation in space, and translation in time,
the known laws of physics are not universally invariant under transformation of scale. In fact,
as we show in Eqs (28) to (30) (see Materials and Methods), the only way for a classical 1D
time-independent Lagrangian to qualify as scale-symmetric is if its potential energy term var-
ies as the inverse square of position. More generally, we show that a scale-free dynamical sys-
tem that follows the principle of stationary action is only scale-symmetric in the special case
that its Lagrangian scales inversely with time (see Eq (12) in Materials and Methods).

This restrictive condition may explain why symmetries under change of scale are not usu-
ally discussed in the context of dynamical systems. Another reason could be that a symmetry is
often defined as being contingent on a Lagrangian remaining invariant, which would only be
possible in a scale transformation if the rescaling factors preceding the spatial and temporal
variables cancelled each other in every term. However, such a definition of scale symmetry
would only be compatible with Noether’s theorem if the Jacobian associated with the rescaling
of the temporal variable were equal to unity. In the case of a non-unity Jacobian, quantities
conserved by virtue of scale symmetry only exist if one redefines what is meant by scale sym-
metry to include a factor that cancels the Jacobian. No other definition leads to a conservation
law. In other words, instead of satisfying the sufficient but not necessary condition of an
invariant Lagrangian, we allow for the existence of scale symmetry via the sufficient and neces-
sary condition of an invariant action.

To demonstrate the practical applicability of the theoretical results, we derive an expression
for a generalised scale-symmetric Lagrangian in the form of a power series expansion (see Eq (16)
in Materials and Methods) and show that this can be used to distinguish scale symmetry from
scale freeness in ground truth models of classical particle trajectories. We then use Noether’s theo-
rem to write the family of conservation laws that arise under change of scale for this generalised
scale-symmetric Lagrangian. Assuming that neural systems operate with scale-free dynamics [13-
15] and evolve via a stationary action principle [16-18], we therefore establish a link between scal-
ing properties and conservative aspects of neuronal message passing (e.g. excitation/inhibition
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balance [19,20])-two fields that have thus far largely been studied in isolation in neuroscience.
When describing angular momentum one can turn to familiar real-world examples involving e.g.
an ice skater spinning faster upon retracting her arms. Yet, if asked to provide a similarly intuitive
understanding of the quantity conserved by virtue of scale symmetry, we would be hard-pressed.
We can, however, attempt to better understand this quantity by mapping the way in which it var-
ies with respect to different parameters (see Fig 1C-1E & S1 Movie).

In summary, our demonstration makes use of a generative model, allowing for the assess-
ment of scale freeness/symmetry directly from neuroimaging data collected at a single spatial
and temporal scale. We build an inference tool that allows for nonlinear effects with complex
noise to be identified in the context of a hypothesised scale free dynamical systems architec-
ture. Crucially, this solution to the inverse problem (from data to mechanism) enables us to
test for alternate scaling principles. We hope that our theoretical framework, as well as the data
and code we have made publicly available, will allow researchers to apply this methodology
across a broader range of datasets, in order to reveal clues as to the biological underpinning of
conservation laws arising by virtue of scale symmetries in neural systems

Materials and methods
The principle of stationary action

In the Lagrangian formulation of classical mechanics, the evolution of a dynamical system
along a trajectory from an initial time ¢, to a final time #;is associated with a number, known as
the action, which is calculated by integrating the Lagrangian function of the system’s position
and velocity along the trajectory. The action can be evaluated for any trajectory, but trajecto-
ries that satisfy the equation of motion and thus might be followed in reality are distinguished
because they render the action stationary. That is, a small variation of any trajectory that satis-
fies the equation of motion leaves the value of the action unchanged to first order [21]. This
principle of stationary action, also known as Hamilton’s principle, is a powerful mathematical
tool for investigating dynamical systems and has found ubiquitous use in the physical sciences.
Almost all of modern physics, including field-theoretic descriptions of electromagnetism,
gravity and quantum theory, can be re-cast in terms of the principle of stationary action.

In this work, we consider a Lagrangian with explicit time-dependence £(q, 4, t) to facilitate
the analysis of driven systems. The principle of stationary action tells us that the trajectory g(t)
followed by the system from any chosen initial point g; at time ¢, to any chosen final point gsat
time #;renders the action, given by:

sig)] = 12 (a0, ) . 0

i

stationary.
In other words, for any infinitesimal path variation 6q(t) satisfying 6q(t;) = dq(ty) = 0, we
must have:

Sla(t) + dq(t)] = Sla(1)] + O[(dq)"]- (2)

One can then use standard arguments [22] to show that any trajectory g(¢) for which the
action is stationary is a solution of the Euler-Lagrange equation:

oL _d (9L) _ 5
dq dt\og)

~
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Scale freeness

Scale freeness describes a situation in which different levels of magnification of a dynamical
system are indistinguishable to within a multiplicative constant [23]. Given the set of points (f,
q) lying on some chosen trajectory q(t), we define the corresponding scaled trajectory as the
set of points (,g,) = (A”t,1q), where A1 (>0) is a spatial scale factor and the time coordinate has
been rescaled by A%, where « is a system-dependent constant.

The scaled trajectory passes through the point:

q, = 4,
£, ="t

implying that g,(A%t) = 1q(#), or, equivalently that:

q(t,) = 2q(4"1,), (5)
from which it follows that:
dq (t ) T—o - —a
=) A77t). 6
L a2"t) ©)

We refer to the system’s dynamics as being scale-free if, for any path q():
Slq()] = w S[q,(x)], (7)

where « is a constant that may depend on the scale factor A but is independent of path.
More explicitly, using (1) and (7), we see that the system is scale-free if:

f;fﬁ (q(t), dzl—(tt) ; t) dt = xf;f,ffﬁ <q5(ts), dqd—gt) 4 ts> dt,. (8)

S

Assuming that g(¢) is a physical trajectory derived by applying the principle of stationary
action to a scale-free action, it follows from (2) and (7) that:

Sla.(t,) + dq,(t.)] = S[a.(£)] + O[(64,)"], 9)

for all infinitesimal path variations 6q(t;).

This shows that the scaled path described by (5) also renders the action stationary, i.e. if q(t)
is a possible physical trajectory then the same can be said for the scaled trajectory g4(t;) = Aq
(A7%%).

Scale freeness has been observed in a variety of physical and biological settings [24]. These
include neural systems across different species [25,26], in which evidence for scale freeness is
identified by signatures of critical neuronal dynamics [27,28], and is considered to offer func-
tional [29], developmental [30], as well as evolutionary [31,32] advantages. However, some
studies recognize the lack of sufficient orders of magnitude in spatial and temporal scale within
such studies in neuroscience [33]. Furthermore, there are known limitations inherent in indi-
rectly inferring scale freeness on the basis of proximity to power law behavior in neural cascad-
ing events [34] or in power frequency plots [35].

Scale symmetry

We say that a system is scale-symmetric if it is impossible to determine the magnification at
which its evolution is observed. In other words, scale symmetry means that a system is perfectly
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unchanged under transformation of scale, i.e. by setting x = 1 in Eq (8), such that:

Jic (q(t), dil—(tt) : t) dt=[.1c <qs(ts), dqd—gt) : ts) dt.. (10)

N

The condition for scale symmetry
We see via (5), (6) and (10) that:

o

.ft? £<q(t)7 q(t)7 t)dt = L/“t:f ‘C(/lq(/liats)ﬂ llixq(/liyts% ts)dts

(11)
=" [T L(2q(t), 2" *q(t), 2t)dt,
where, using (4), the integration variable on the right-hand side was changed from #,to ¢ =
A%,
Since the path of integration is arbitrary, it follows that the action is scale-symmetric if and
only if the Lagrangian satisfies:

‘Cs(qv q, t) = 'C(i% )‘17247 ;“at) = ii“'c(% q, t)a (12)

where the identity defines the scaled Lagrangian £_and the equality describes the condition
for scale symmetry.

We therefore see that scale symmetry can exist in scale-free systems if these can be
described by a Lagrangian that scales inversely with time. In other words, given a spatiotempo-
ral transformation in which g—Aq and t—A%, the system is scale-symmetric if the Lagrangian
transforms as £ — AL, implying that £ scales in the same way as ' /,.

A family of scale-symmetric Lagrangians

Here, we present the main contribution of this paper via the derivation of a generalised scale-
symmetric Lagrangian that can be used to identify scale symmetry in time series from any
scale-free dynamical system that follows the principle of stationary action.

We can write an expression for a Lagrangian £(q, g, ) as a sum over power terms:

‘C:(q’ q’ t) = Zx.y.zcxyquqytz7 (13)

where x, y and z are constants and C,, is an arbitrary expansion coefficient.
Using (12) we see that (13) is scale-symmetric if:

L(q.9,t) =L(2q, 274, X't) = 30, AT IEC g @ F = 27L(q,4, 1), (14)

and since A is arbitrary, this implies that:

x+ (1 —o)y+oz=—a, (15)

V x,9,2: Cyy 0.

We can use (15) to uniquely determine the value of x given o and the knowledge that a
non-zero term with specific values of y and z exists. This in turn means that we can replace the
triple summation in (13) with a double summation:

L(g.9,0) =q"%,.Cq™ YT, (16)

which describes a family of scale-symmetric Lagrangians.
We arrive in (16) at a general Lagrangian that satisfies the condition for scale symmetry for
a system with (z#0) or without (z = 0) external driving inputs. This means that one can use an
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expansion of this expression (to the desired number of terms) as a forward generative model.
This model is capable of creating data and also of applying an inverse procedure (fitting) to
recover key model parameters from arbitrary time series. This can be done for any dynamical
system (i.e., not necessarily neural systems), in order to determine the extent to which they can
be approximated by a scale-symmetric function. Note that one can in principle restrict the
allowed values of the exponents in (16) to be natural numbers in order to obtain an analytic
function. However, for the purpose of the work presented here we do not place such a restric-
tion, in order to allow for greater flexibility in subsequent time series analyses.

Noether’s theorem and scale symmetry

Beginning from the statement of scale symmetry (11), we set A = 1+¢, where € is an arbitrarily
small constant. This allows for any scale transformation to be constructed by sequentially
applying such infinitesimal transformations.

Working to first order in € we can write (11) as follows:

ffc q,q,t)dt = ffﬁ (1+6)g, (14 (1 —a)e)g, (1 + ae)t)(1 + oe)dt. (17)

Expanding the right-hand side and cancelling the e-independent terms we see that:

iy [ 0L oL oL
i e _aax i
ef; {q8q+(1 )qaq+octa + L} (18)
and since 4 = 5 + 524 + 424, this is equivalent to:
oL oL ac oL. 0oL,
i 1— o =
eft’{qaq—k( oz)qa +ol + t(dt aqq 8q )}dt 0. (19)

If we now stipulate that () is a physical path of the system, we can use the Euler-Lagrange
Eq(3) to ehmlnate from (19) in order to obtain:

d (0L oL ac oL
f _ el = 1 _ . i o= . -~ — 2
ef{ atq) p <aq)+( a)q8q+a£+atdt ottqaq}dt 0, (20)
which can be rewritten as:
d oL
fr = —ota) == —
h dt{(q 0tq) 94 + octﬁ}dt 0, (21)
from which we see that the quantity:
oL oL
N = (q—atq)a—qntoctﬁfa—qq—?‘lat, (22)

must have the same value at the (arbitrary) initial and final times ¢; and ¢; where the total
. o
energy, or Hamiltonian, H = g5z — L.
We therefore arrive at a special case of Noether’s theorem in (22) applicable to scale-sym-
metric systems.
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Conservation laws associated with a family of scale-symmetric Lagrangians

Using (22) we can now write an expression for the conserved quantities associated with the
family of scale-symmetric Lagrangians in (16):

N =aq " ty;(1 = y)C.q" V@'t + 4747 Y yC g™V I PE. (23)

which arise within a specific subset of functions (Fig 3):

We therefore arrive in (23) at an expression for all possible conserved quantities that arise
in a dynamical system that possesses a symmetry under transformation of scale, i.e. one that
can be modelled by (16).

Free classical particle
Here we analyse what is perhaps the simplest example of a dynamical system, in the form of a

classical particle moving in the absence of applied forces. The motion of this free particle is
described by the following Lagrangian:
1

which, using (6), transforms under scale as follows:

1
L — L, =207 §mq2. (25)

. all

Il. lag.

ll. free

IV. pow.

Fig 3. Scale-symmetric functions. In order of decreasing size, the areas of the circles represent the space of I. All
possible functions; II. Functions that can be cast within a Lagrangian framework; IIL. Scale-free Lagrangians, IV. Scale-
free Lagrangians that can be expressed as a power series; and V. Scale-symmetric power series Lagrangians. It is for this
smallest subset of functions for which the quantities in (23) are conserved by virtue of scale symmetry.

https://doi.org/10.1371/journal.pcbi.1007865.9003
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This satisfies the condition for scale symmetry in (12) when:
2(1 — o) = —o=a =2, (26)

which, together with (22) and (24), shows us that the corresponding conserved quantity is
given by:

1 9 . . .
N= <§ mq® — mé]‘) 2t + mqq = mq(q — gt). (27)

Since, for a free particle, g is constant and g = g, + q(¢ — t,), we see that N is indeed con-
served along the trajectory.

Classical particle in a potential

We now consider the effect of adding a potential energy term to (24), such that the Lagrangian
is given by:

1
£ =it + ke (28)

where k and p are constants.
Using (4) and (6) we see that (28) transforms under scale as:

1
L— L, =70 ; mg® + kg (29)

From (12) we know that a scale symmetry exists if and only if £, = A™*L, implying that 2(1
—-a) = p=-oand hence thata =2 and p = -2.

To be scale-symmetric, the potential must therefore be an inverse square and the Lagrang-
ian in (28) must take the following form:

1
L= 5mqZ +kq . (30)

In other words, in order for a particle described by (28) to be scale-symmetric, it must be
acted upon by a force that varies inversely as the cube of its distance from the origin-a special
case that has been analysed previously [36,37]. We include a 2D generalization of Eqs (28) to
(30) in S1 Text, as is used for the particle simulations in Fig 1.

Using (22) and (30) we see that:

N = mqq — (mq*> — 2kq *)t, (31)
which can be simplified by noting from (30) that the system’s total energy, or Hamiltonian, is
given by H = Jmg” — kq?, which means that (31) can be re-written as:

N = mqq — 2Ht. (32)
One can then use Newton’s second law: m§ = —2k/q?, together with (32), to verify that

4 — 0. We therefore arrive at expression in (32) for the quantity that is conserved by virtue of
scale symmetry for a classical particle moving under the influence of an inverse-cube force law.

Classical particle simulations

Here we use Bayesian model inversion, followed by model reduction, to demonstrate face
validity by using Dynamic Causal Modelling (DCM) [38] to distinguish between datasets that
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are known to be a) scale-symmetric; and b) scale-free but not scale-symmetric—henceforth
referred to simply as scale-free.

We expand (16) to fifth order for a system with a time-independent Lagrangian and multi-
ply the resultant expression by g°, where & is a constant, such that:

L=q""y, Cq" Vg, (33)

thus allowing us to use § a measure of deviation from scale symmetry, i.e. we can use (33) to
describe the two cases in which the system is a) scale-symmetric when & = 0; and b) scale-free
when 87#0. Note that we have now re-defined o as the exponent required for the Lagrangian to
be scale-symmetric.

We then use the Euler-Lagrange Eq (3) to recover the equation of motion associated with
(33), to which we apply noise terms describing random, non-Markovian fluctuations [39]
within the Statistical Parametric Mapping (SPM) software. This means that we use (33) as a
state space model of observable measurements y by equipping the associated equations of
motion with random fluctuations w;and mapping the (latent) states to observable quantities
with additive observation noise w,:

4
— 4 (x)
X=q+w
%= qil 2;20 Cy(l —)’)((fl - 1))/ + 0 — Oc)q(“fl)}'ély
STy i

T off (34)
y=q+ o,

This furnishes a dynamic causal model in the form of a stochastic differential equation
(where the random fluctuations are assumed to be small). This is the form of the equation of
motion used for all analyses presented in this paper. Crucially, the parameters 6y= (,6,Co,Cs,
C;,C,) of this model can now be recovered from observations under the prior assumptions
that the underlying dynamics take the form in (34). The equation of motion in (34) can be
regarded as a normal form for scale-free systems that becomes scale-symmetric when & = 0.
This distinction affords the opportunity to assess the evidence for scale symmetry by compar-
ing models both with and without tight shrinkage priors on J, i.e. determining if 6 is non-zero.

Parameter estimation and model comparison

Model inversion is applied to the simulated and empirical datasets in order to estimate the
model parameters. We use a variational Bayesian inversion scheme which comprises a gradi-
ent ascent on the (negative) variational free energy F~In(p(D|m)), where D are the data, and m
is the model.

In variational schemes, posterior densities over parameters 6y = (a,6,Co,C;,C5,C4) and
hyperparameters h = @'”, wf(f‘), o, in Eq (34) are obtained via an optimisation algorithm. Spe-
cifically, we use Dynamic Expectation Maximisation (MATLAB code spm_DEM.m from
https://www.fil.ion.ucl.ac.uk/spm/), which uses a mean field partition to obtain gradients for
three distinct sets of latents—namely the parameters 6 hyperparameters / and the states x, x, y.
This provides a probabilistic interpretation of the deterministic dynamics encoded in Eq (34).
Priors on model parameters 6yand hyperparameters h are set to 0 and 1/64, respectively. The
objective function F comprises a sum of log-likelihoods and Kullback-Leibler divergences
describing accuracy and model complexity, respectively. Therefore, every iteration of the
DEM algorithm should improve the fit, while retaining the most parsimonious set of
parameters.
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Finally, for model comparison we use a Bayesian model reduction approach by comparing
the evidence for models with and without constraints on &, where the constraints imply scale-
symmetric (with & = 0) or scale-free (with 67#0) dynamics. We compare these two models
using the log Bayes Factor F(J = 0)—F(67£0), which returns the relative evidence for scale sym-
metry over scale freeness. We then calculate the associated probabilities by normalizing F,

such that p(6 = 0) = ﬁ%
Ethics statement

All animal experiments were carried out according to the guidelines of the Veterinary Office
of Switzerland following approval by the Cantonal Veterinary Office in Ziirich.

Supporting information

S1 Text. Derivation of a scale symmetric Lagrangian in 2D for a particle moving in a
potential.
(DOCX)

S1 Movie. Variation of the Noether conserved quantity (indicated by the colour bar) within
the parameter space close to the posterior densities, in terms of the first three expansion
coefficients (c, 5, ¢3) in the generalised equation of motion.

(MOV)

Author Contributions

Conceptualization: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helm-
chen, Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Data curation: Yasir Gallero-Salas, Fritjof Helmchen.

Formal analysis: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helmchen,
Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Funding acquisition: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helm-
chen, Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Investigation: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helmchen,
Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Methodology: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helmchen,
Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Project administration: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof
Helmchen, Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Resources: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helmchen, Karl
J. Friston, Rosalyn J. Moran, Robert Leech.

Software: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helmchen, Karl J.
Friston, Rosalyn J. Moran, Robert Leech.

Supervision: W. M. C. Foulkes, Fritjof Helmchen, Karl J. Friston, Rosalyn J. Moran, Robert
Leech.

Validation: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helmchen, Karl
J. Friston, Rosalyn J. Moran, Robert Leech.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1007865 May 4, 2020 14/16


http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1007865.s001
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1007865.s002
https://doi.org/10.1371/journal.pcbi.1007865

PLOS COMPUTATIONAL BIOLOGY Conservation laws under change of scale in neural systems

Visualization: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof Helmchen,
Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Writing - original draft: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof
Helmchen, Karl J. Friston, Rosalyn J. Moran, Robert Leech.

Writing - review & editing: Erik D. Fagerholm, W. M. C. Foulkes, Yasir Gallero-Salas, Fritjof
Helmchen, Karl J. Friston, Rosalyn J. Moran, Robert Leech.

References

1. Wigner EP. Symmetries and reflections; scientific essays of Eugene P. Wigner. Bloomington,: Indiana
University Press; 1967. viii, 280 p. p.

Feynman RP. The character of physical law. Cambridge,: M.L.T. Press; 1965. 173 p. p.

Noether E. Invariante Variationsprobleme. Nachrichten von der Kéniglichen Gesellschaft der Wis-
senschaften zu Géttingen Mathematisch-physikalische Klasse. 1918:235-57.

4. Grossman N. The sheer joy of celestial mechanics. Boston: Birkhauser; 1996. xvii, 181 p. p.

Goodstein DL, Feynman RP, Goodstein JR. Feynman’s lost lecture: the motion of planets around the
sun. London: Vintage; 1997. 191 p. p.

6. Friston KJ, Trujillo-Barreto N, Daunizeau J. DEM: a variational treatment of dynamic systems. Neuro-
image. 2008; 41(3):849-85. Epub 2008/04/25. https://doi.org/10.1016/j.neuroimage.2008.02.054
PMID: 18434205.

7. Friston KJ, Litvak V, Oswal A, Razi A, Stephan KE, van Wijk BCM, et al. Bayesian model reduction and
empirical Bayes for group (DCM) studies. Neuroimage. 2016; 128:413-31. Epub 2015/11/17. https://
doi.org/10.1016/j.neuroimage.2015.11.015 PMID: 26569570; PubMed Central PMCID: PMC4767224.

8. Friston K, Penny W. Post hoc Bayesian model selection. Neuroimage 2011; 56(4):2089-99. https://doi.
org/10.1016/j.neurcimage.2011.03.062 PMID: 21459150

9. MadisenL, Garner AR, Shimaoka D, Chuong AS, Klapoetke NC, Li L, et al. Transgenic mice for inter-
sectional targeting of neural sensors and effectors with high specificity and performance. Neuron. 2015;
85(5):942-58. Epub 2015/03/06. https://doi.org/10.1016/j.neuron.2015.02.022 PMID: 25741722;
PubMed Central PMCID: PMC4365051.

10. XuT, Falchier A, Sullivan EL, Linn G, Ramirez JSB, Ross D, et al. Delineating the Macroscale Areal
Organization of the Macaque Cortex In Vivo. Cell Rep. 2018; 23(2):429—-41. Epub 2018/04/12. https:/
doi.org/10.1016/j.celrep.2018.03.049 PMID: 29642002; PubMed Central PMCID: PMC6157013.

11.  Fagerholm ED, Foulkes WMC, Gallero-Salas Y, Helmchen F, Friston KJ, Leech R, et al. Network con-
straints in scale free dynamical systems. arXiv:190806678 [physicsbio-ph]. 2019.

12. Fagerholm ED, Moran RJ, Violante IR, Leech R, Friston KJ. Dynamic causal modelling of phase-ampli-
tude interactions. Neuroimage. 2020; 208:116452. Epub 2019/12/13. https://doi.org/10.1016/j.
neuroimage.2019.116452 PMID: 31830589.

13. Breakspear M. Dynamic models of large-scale brain activity. Nat Neurosci. 2017; 20(3):340-52. Epub
2017/02/24. https://doi.org/10.1038/nn.4497 PMID: 28230845.

14. Palva S, Palva JM. Roles of Brain Criticality and Multiscale Oscillations in Temporal Predictions for Sen-
sorimotor Processing. Trends Neurosci. 2018; 41(10):729-43. Epub 2018/10/03. https://doi.org/10.
1016/j.tins.2018.08.008 PMID: 30274607

15. Zhigalov A, Arnulfo G, Nobili L, Palva S, Palva JM. Modular co-organization of functional connectivity
and scale-free dynamics in the human brain. Netw Neurosci. 2017; 1(2):143-65. Epub 2018/06/19.
https://doi.org/10.1162/NETN_a_00008 PMID: 29911674; PubMed Central PMCID: PMC5988393.

16. Feldman H, Friston KJ. Attention, uncertainty, and free-energy. Front Hum Neurosci. 2010; 4:215. Epub
2010/12/17. hitps://doi.org/10.3389/fnhum.2010.00215 PMID: 21160551; PubMed Central PMCID:
PMC3001758.

17. Friston K. The free-energy principle: a rough guide to the brain? Trends Cogn Sci. 2009; 13(7):293—
301. Epub 2009/06/30. https://doi.org/10.1016/].tics.2009.04.005 PMID: 19559644.

18. Friston K. The free-energy principle: a unified brain theory? Nat Rev Neurosci. 2010; 11(2):127-38.
Epub 2010/01/14. https://doi.org/10.1038/nr2787 PMID: 20068583.

19. Xue M, Atallah BV, Scanziani M. Equalizing excitation-inhibition ratios across visual cortical neurons.
Nature. 2014; 511(7511):596—-600. Epub 2014/07/22. https://doi.org/10.1038/nature13321 PMID:
25043046; PubMed Central PMCID: PMC4117808.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1007865 May 4, 2020 15/16


https://doi.org/10.1016/j.neuroimage.2008.02.054
http://www.ncbi.nlm.nih.gov/pubmed/18434205
https://doi.org/10.1016/j.neuroimage.2015.11.015
https://doi.org/10.1016/j.neuroimage.2015.11.015
http://www.ncbi.nlm.nih.gov/pubmed/26569570
https://doi.org/10.1016/j.neuroimage.2011.03.062
https://doi.org/10.1016/j.neuroimage.2011.03.062
http://www.ncbi.nlm.nih.gov/pubmed/21459150
https://doi.org/10.1016/j.neuron.2015.02.022
http://www.ncbi.nlm.nih.gov/pubmed/25741722
https://doi.org/10.1016/j.celrep.2018.03.049
https://doi.org/10.1016/j.celrep.2018.03.049
http://www.ncbi.nlm.nih.gov/pubmed/29642002
https://doi.org/10.1016/j.neuroimage.2019.116452
https://doi.org/10.1016/j.neuroimage.2019.116452
http://www.ncbi.nlm.nih.gov/pubmed/31830589
https://doi.org/10.1038/nn.4497
http://www.ncbi.nlm.nih.gov/pubmed/28230845
https://doi.org/10.1016/j.tins.2018.08.008
https://doi.org/10.1016/j.tins.2018.08.008
http://www.ncbi.nlm.nih.gov/pubmed/30274607
https://doi.org/10.1162/NETN_a_00008
http://www.ncbi.nlm.nih.gov/pubmed/29911674
https://doi.org/10.3389/fnhum.2010.00215
http://www.ncbi.nlm.nih.gov/pubmed/21160551
https://doi.org/10.1016/j.tics.2009.04.005
http://www.ncbi.nlm.nih.gov/pubmed/19559644
https://doi.org/10.1038/nrn2787
http://www.ncbi.nlm.nih.gov/pubmed/20068583
https://doi.org/10.1038/nature13321
http://www.ncbi.nlm.nih.gov/pubmed/25043046
https://doi.org/10.1371/journal.pcbi.1007865

PLOS COMPUTATIONAL BIOLOGY Conservation laws under change of scale in neural systems

20. Isaacson JS, Scanziani M. How inhibition shapes cortical activity. Neuron. 2011; 72(2):231-43. Epub
2011/10/25. https://doi.org/10.1016/j.neuron.2011.09.027 PMID: 22017986; PubMed Central PMCID:
PMC3236361.

21. Hamilton WR. On a general method in dynamics. Phil Trans Roy Soc. 1834:247-308.

22. Morse PM, Feshbach H. The Variational Integral and the Euler Equations. New York: McGraw-Hill;
1958.

23. Landau LD, Lifshitz E.M. Mechanics (third edition), VVol. 1 of Course of Theoretical Physics. Oxford:
Pergamon Press; 1976.

24. Bak P. How nature works: the science of self-organized criticality. New York, NY, USA: Copernicus;
1996. xiii, 212 p., 8 p. of plates p.

25. He BJ. Scale-free properties of the functional magnetic resonance imaging signal during rest and task.
J Neurosci. 2011; 31(39):13786—-95. Epub 2011/10/01. https://doi.org/10.1523/JNEUROSCI.2111-11.
2011 PMID: 21957241; PubMed Central PMCID: PMC3197021.

26. Scott G, Fagerholm ED, Mutoh H, Leech R, Sharp DJ, Shew WL, et al. Voltage imaging of waking
mouse cortex reveals emergence of critical neuronal dynamics. J Neurosci. 2014; 34(50):16611-20.
Epub 2014/12/17. https://doi.org/10.1523/JNEUROSCI.3474-14.2014 PMID: 25505314; PubMed Cen-
tral PMCID: PMC4261090.

27. Beggs JM, Timme N. Being critical of criticality in the brain. Front Physiol. 2012; 3:163. Epub 2012/06/
16. https://doi.org/10.3389/fphys.2012.00163 PMID: 22701101; PubMed Central PMCID:
PMC3369250.

28. FriedmanN, Ito S, Brinkman BA, Shimono M, DeVille RE, Dahmen KA, et al. Universal critical dynamics
in high resolution neuronal avalanche data. Phys Rev Lett. 2012; 108(20):208102. Epub 2012/09/26.
https://doi.org/10.1103/PhysRevLett.108.208102 PMID: 23003192.

29. Shew WL, Plenz D. The functional benefits of criticality in the cortex. Neuroscientist. 2013; 19(1):88—
100. Epub 2012/05/26. https://doi.org/10.1177/1073858412445487 PMID: 22627091

30. Reardon PK, Seidlitz J, Vandekar S, Liu S, Patel R, Park MTM, et al. Normative brain size variation and
brain shape diversity in humans. Science. 2018; 360(6394):1222—7. Epub 2018/06/02. https://doi.org/
10.1126/science.aar2578 PMID: 29853553.

31. Buzsaki G, Logothetis N, Singer W. Scaling brain size, keeping timing: evolutionary preservation of
brain rhythms. Neuron. 2013; 80(3):751-64. Epub 2013/11/05. https://doi.org/10.1016/j.neuron.2013.
10.002 PMID: 24183025; PubMed Central PMCID: PMC4009705.

32. Clark DA, Mitra PP, Wang SS. Scalable architecture in mammalian brains. Nature. 2001; 411
(6834):189-93. Epub 2001/05/11. https://doi.org/10.1038/35075564 PMID: 11346794,

33. Clauset A, Shalizi CR, Newman MEJ. Power-Law Distributions in Empirical Data. Siam Rev. 2009; 51
(4):661-703. https://doi.org/10.1137/070710111 WOS:000271983500002.

34. Beggs JM, Plenz D. Neuronal avalanches in neocortical circuits. J Neurosci. 2003; 23(35):11167-77.
Epub 2003/12/06. https://doi.org/10.1523/JNEUROSCI.23-35-11167.2003 PMID: 14657176.

35. Wink AM, Bullmore E, Barnes A, Bernard F, Suckling J. Monofractal and multifractal dynamics of low
frequency endogenous brain oscillations in functional MRI. Hum Brain Mapp. 2008; 29(7):791-801.
Epub 2008/05/10. https://doi.org/10.1002/hbm.20593 PMID: 18465788.

36. Henriksen RN. Scale Invariance: Self-Similarity of the Physical World. Germany: Wiley-VCH; 2015.

37. Banados M, Reyes |. A short review on Noether’s theorems, gauge symmetries and boundary terms. Int
J Mod Phys D. 2016; 25(10). Artn 163002110.1142/S0218271816300214. WOS:000383808100001.

38. Friston KJ, Harrison L, Penny W. Dynamic causal modelling. Neuroimage. 2003; 19(4):1273-302.
Epub 2003/09/02. https://doi.org/10.1016/s1053-8119(03)00202-7 PMID: 12948688.

39. LiB, Daunizeau J, Stephan KE, Penny W, Hu D, Friston K. Generalised filtering and stochastic DCM for
fMRI. Neuroimage. 2011; 58(2):442-57. Epub 2011/02/12. https://doi.org/10.1016/j.neuroimage.2011.
01.085 PMID: 21310247.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1007865 May 4, 2020 16/16


https://doi.org/10.1016/j.neuron.2011.09.027
http://www.ncbi.nlm.nih.gov/pubmed/22017986
https://doi.org/10.1523/JNEUROSCI.2111-11.2011
https://doi.org/10.1523/JNEUROSCI.2111-11.2011
http://www.ncbi.nlm.nih.gov/pubmed/21957241
https://doi.org/10.1523/JNEUROSCI.3474-14.2014
http://www.ncbi.nlm.nih.gov/pubmed/25505314
https://doi.org/10.3389/fphys.2012.00163
http://www.ncbi.nlm.nih.gov/pubmed/22701101
https://doi.org/10.1103/PhysRevLett.108.208102
http://www.ncbi.nlm.nih.gov/pubmed/23003192
https://doi.org/10.1177/1073858412445487
http://www.ncbi.nlm.nih.gov/pubmed/22627091
https://doi.org/10.1126/science.aar2578
https://doi.org/10.1126/science.aar2578
http://www.ncbi.nlm.nih.gov/pubmed/29853553
https://doi.org/10.1016/j.neuron.2013.10.002
https://doi.org/10.1016/j.neuron.2013.10.002
http://www.ncbi.nlm.nih.gov/pubmed/24183025
https://doi.org/10.1038/35075564
http://www.ncbi.nlm.nih.gov/pubmed/11346794
https://doi.org/10.1137/070710111
https://doi.org/10.1523/JNEUROSCI.23-35-11167.2003
http://www.ncbi.nlm.nih.gov/pubmed/14657176
https://doi.org/10.1002/hbm.20593
http://www.ncbi.nlm.nih.gov/pubmed/18465788
https://doi.org/10.1016/s1053-8119(03)00202-7
http://www.ncbi.nlm.nih.gov/pubmed/12948688
https://doi.org/10.1016/j.neuroimage.2011.01.085
https://doi.org/10.1016/j.neuroimage.2011.01.085
http://www.ncbi.nlm.nih.gov/pubmed/21310247
https://doi.org/10.1371/journal.pcbi.1007865

