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Abstract

In this thesis we investigate different methods of proving best upper bounds for the
volumes of . central sections of the regular n-dimensional simplex.

In Chapter 1 we show, using probabilistic methods, that the 1-codimensional
central sections with maximal volume are exactly those sections that contain n — 1
of the vertices of the simplex. The proof uses results about logarithmically concave
functions on R. We note that there are both similarities and differences between
this proof and that for the case of the n-dimensional cube, and we also give an
intriguing reinterpretation of the result involving interpolation.

In Chapter 2 we examine the possibility of extending the 1-codimensional result
of Chapter 1 to sections of any dimension. We show that the problem will reduce
to a question about the position of the centroid of central slices of regular simplices
in one dimension lower.

In Chapter 3 we show that the maximal 2-dimensional central slices of the
regular simplex are those that contain 2 of the vertices. We prove this by obtaining
best upper bounds on the volumes of maximal ellipsoids in central slices of the

simplex. The proof involves making estimates on the determinants of matrices of

the form 37, 2; ® z; where (2;)%, is a sequence of vectors in R*.
Chapter 4 is a discussion of how our new results compare with those of P.Filliman,
who gave conditions that must be satisfied by critical central sections (with respect

to volume) of the regular simplex.
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Introduction

In this work we examine the problem of finding maximal central slices of the regular
n-simplex. Apart from the intrinsic geometric appeal of the problem, the question
1s interesting because results about volumes of sections provide estimates for den-
sities of sums of i.i.d. random variables. Moreover, the methods used here involve
estimating determinants of matrices of the form Y 7' ; 2;®z; for a sequence of vectors
(i)™, and this is a problem which arises in other areas of mathematics.

In 1979 Hensley [9] showed that if @, = [—3, ] is the central unit cube in R™
and H is an (n — 1)-dimensional subspace of R™ then Vol(H N Q) lies between 1
and 5. At about the same time, Vaaler [12] showed that the lower bound of 1 for
the volume holds for sections of any dimension. Hensley conjectured that the best
upper bound for the volume of central sections of the cube is v/2, and this result

was proved by Ball [1] in 1986. In [2] Ball generalised this result, showing that if

H is a k-codimensional subspace ,1 < k<n — 1, of R™ then,

Vol(H(1Qn) < (v2)"

This upper bound is the best possible for every k and is attained for some H if

n > 2k.



For the £, ball,

B:: {X: (ml,...,mn) € R":Ekz:,-]p S 1}
=1
Meyer and Pajor [10] showed that for 1 < p < ¢ < o0, if H is a k-dimensional
subspace of R* , 1 <k <n—1 ,then

Vol(HN By) _ Vol(H N By)
Vol(BE) = Vol(BE)

Taking ¢ = 2 gives us that the k-dimensional central sections of By have volume
at most that of B: when 1 < p < 2. Taking p = 2 gives us that the k-dimensional
central sections of By have volume at least that of B;‘ when ¢ > 2. The case
p = 2,q = oo is exactly Vaaler’s result.

It is an immediate consequence of the Brunn-Minkowski inequality, namely, for

measurable sets A, B C R¥,
Vol (lA + lB)% > lVal(A)% + lVoz(B)%
2 2 2 2
that if X is a convex, centrally symmetric body in R® and P is a k-dimensional
section of X, then the volume of P is at most the volume of the k-dimensional

section of X parallel to P and containing the origin. This is because if H is a

k-dimensional subspace and a a point in R™ then

(H+a)1X = A
(H-a)lX = -A

and by the convexity of X,

HNX2>(A-4)

N| =



S0,

Vol(H () X)% ztm(gA—ADI
> ?umﬁ+%wwﬁﬁ

Vol((H +a)() X)*

This means that the search for an upper bound on the volume of sections of a
centrally symmetric body may be restricted to central sections.

However this is not the case for nonsymmetric bodies, the most important of
which is the simplex. It is easy to see that the longest line segment in a plane
triangle is one of the sides. Brands and Laman [5] and Eggleston [7] showed in 1963
that the plane section of a tetrahedron ( not necessarily a regular tetrahedron ) with
largest area is one of the faces. Walkup [13] showed that the natural generalisation
of these results to higher dimensions does not hold, by proving that there is a 5-
dimensional simplex with a 4-dimensional cross section of greater volume than any
of the 4-dimensional faces of the simplex.

In [3] Ball,in response to questions from M.Klamkin and C.Greene, showed that
if S is a regular n-dimensional simplex of internal radius 1, then for each 1 < k < n,

the k-dimensional ellipsoids of maximal volume contained in S are Euclidean balls

n!n+1!

reay which lie in the k-dimensional faces of S.

of radius

The volume ratio of an n-dimensional convex body C is defined,

vdc)=(zzgg)%

where ¢ is the ellipsoid of maximal volume contained in C. Ball proved in [4],

7



that the simplex has largest volume ratio, so the result in [3] implies that the k-
dimensional sections of a regular n-simplex with largest volume are its k-dimensional
faces.

Since results of this type, about volumes of sections, provide estimates for den-
sities of sums of i.i.d. random variables, possibly a more interesting problem is that
of finding central sections of the regular simplex with maximal volume since this
will involve random variables with mean zero.

In Chapter 1 we prove, using probabilistic methods that the 1-codimensional
central sections of largest volume are those which are perpendicular to an edge
of the simplex. We note that there are similarities to the proof for the cube in
[1], but that the difficulties occur in different places and require a discussion of
logarithmically concave functions. A second proof of the result is given, using only
the abstract theory of logarithmically concave functions.

In Chapter 2 we discuss the problem of extending the 1-codimensional proof to
other dimensions of section by using induction on the codimension of the slice .We
reduce the problem to a question concerning the position of the centroid of central
slices , of regular (n — 1)-dimensional simplices.

In Chapter 3 we examine maximal ellipsoids in central slices of the regular sim-
plex and, using the volume ratio result in [4] derive a solution to the maximal slice
problem for 2-dimensional slices. The proof involves estimating the determinants
of k x k matrices of the form Y™ z; ® z; where ()%} is a sequence of vectors in

R* satisfying certain conditions, by firstly making estimates on the length of z; A z;



for each pair of vectors and then summing over all pairs 2 # 7 .

In Chapter 4 we compare our results to those of Filliman [8] , who gave condi-
tions that must be satisfied by critical sections.

Experience of these types of geometric inequalities tells us that the only easy
cases are those of 1-dimensional slices. This is certainly true for central slices of
the regular simplex. The following proof demonstrates the simplicity of the 1-
dimensional case and introduces a useful characterisation of the regular simplex in
terms of its boundary functionals.

Let S be the regular simplex in R™ :

S={zeR": <z,u><1 i=1,...,n+1}

where (u;)™] is a sequence of unit vectors satisfying
n+1
S =0
1=1
and
n+1
n
u @ui = I,
n+1 ;

where I, denotes the identity on R™.

Let z be a point on the boundary of S and r € R such that —rz € S. Then the line
segment [—rz, z] passes through the centroid of S, and we show that the length of
this line is at most n + 1.

We have 1 < ||z|| <n and forevery1 <:<n+1,

1
—— << z,u; ><L1
r



so,
n+l

1
Z(l—- < z,u; >) << T, u; > +;) >0

=1

Expanding this gives,

1 1 n+l n+1
nt +(1——)Z<m,u;>—z<m,ug>220
T T =1 =1
that is,
n+1
3 <zu > ntl
=1 T
or,
n+1 n+1
|l]|* <
n r
and so,

r|lz|]* <n
Therefore the length of the line segment [—rz, z] is

n
1+7r)z|| < +— 4+ ||z
(1 +)llell < o+l

and by the convexity of the function t — % 4t on [1,n] we have,

(1+7)lz]|<n+1

So any line through the centroid of the regular simplex S has length at most n+ 1,
and this upper bound is attained if and only if the line passes through a vertex.
The above characterisation of the n-simplex, in terms of a sequence of unit

vectors (u;)™ in R™, is particularly useful in Chapter 3.
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Chapter 1

In this chapter we will show that the (n—1)-dimensional slices of a regular n-simplex
passing through the centroid of largest volume are exactly the slices that contain
n — 1 of the vertices. We will describe two proofs of this statement, discuss the
merits of each, and note that the result has an intriguing reinterpretation involving
interpolation.

Since the n-simplex is not easily represented in R™ we will consider the natural

embedding in R™*t!. For t > 0 the set

n+l
S¢={x:(m1,...,mn+1)ERn+1;:z:,-ZO 1i=1,...,n+1 , Z“’i:t}
=1

is the regular n-dimensional simplex formed by taking the convex hull of {te;}}]

where {e;}71] are the standard basis vectors in R™' .
Let a = (a1,...,an41) be a unit vector in R™! and H the subspace of R™!
perpendicular to a. If ™! a; = 0 then HNS; is an (n — 1)-dimensional slice of

S¢ passing through the centroid. Our aim here will be to estimate Vol,_1(H N S1)

using probabilistic methods.

11



Define functions f : R — [0,00) and F : R*! — [0,00) by

0 otherwise
n+1l

F(x) = ]I f(=5)
7=1
Let H and a be as above with >*!a; = 0.

For a fixed t > 0, F is constant on S; and
Vol,_1(H[)S:) = t* Voln_1(H[) 51)

so a change of coordinates gives

n+1

/H F dVoly = fH I1 f(z;) dVolx

j=1

= ‘/(')00 e ?vntl Voln_l(Hn S,m) ds
- /o T eV (53/n 1) Vol,_y(H () S1) ds
= (n—1)!(n+1)"5Vol,_s(H() )

that is

Volo_1(H(S1) = (_:zn_+1)1' /H F dVoly

where Volg denotes Lebesgue measure on H.

We wish to estimate the integral fi; F' dVoly which may be interpreted as the value
at zero of the density of a certain random variable as follows. Consider a sequence
of i.i.d. random variables {X_,};’;"l1 each with density f. For any real sequence
{a;}34] with X714 a2 = 1 the density of the random variable 3% a;X; can be

7j=1 1=1

written

O(t) = /H . Fx)avoly

12



s0
G(0) = [ F dvoly
So our aim is to estimate G(0). In these terms, our theorem becomes, G(0) < ;%-,
with equality if and only if » — 1 of the a; are zero. The proof of the theorem
will divide into two parts , the first for |a;| < % for each 1 < 7 < n+1 and the
second for the case |a;| > 712- for some 1 < j < n+ 1. This is analogous to the
proof for the cube in [1]. We use the same approach for the first part and apply an
easier estimate than was required in [1], but for the second part , the easy part for
the cube, we need a different method. We now introduce some preliminary results

concerning logarithmically concave functions.

1. Preliminary Results

Definition 1.1 A function f : R® — R 1is called logarithmically concave if for any
X,y €ER* and 0 <A <1, fOx+ (1 =X)y) > f(x)F(y)>.

It is well known that if f : R* — [0,00) is log concave, then so is each of its

marginals, e.g. the function g : R*~! — [0, c0) defined by

g(z1,.. . Tno1) = /f(:z:l, ey Tn)dTy,

For a proof of this see, for example, [11]. Since products of log concave functions

are log concave, it follows that log concavity is preserved under convolution.
Results of the following type have been proved independently by many authors.

They seem to go back to Schur and Ostrowski or even further. A new twist is

provided here by the fact that G is not assumed to be decreasing.

13



Lemma 1.2 Let G: R — [0,00) be a logarithmically concave function and k > 0.

Then
G(0)" /0°° G(z)z* dz < T'(k +1) (/Ow G(z) d:z:)kﬂ

Proof

Without loss of generality we may assume that G(0) = 1 and that [5° G(z) dz = 1.
So write G(z) = e~%(%) where ¢ : R — R is convex and ¢(0) = 0. We need to prove
that f° G(z)z* dz < T'(k +1).

Note fha,t by the convexity of ¢, if u,v € R with 0 < u < v then ¢(u) < 24(v).

Let z € [0,00). If z < ¢(z) then

/:o G)dv < /:o e iy

— L de)

If £ > ¢(z) then

f:G(u)du > [ du

0

= %/:(z) e ™ du
> ./:e_“d'u,

because 1 [ e~ du is a decreasing function of z.

Since [3° G(v) dv = [3° €7 dv we have for any z € [0, 00),
/wG’(v) dv < /ooe“” dv=e"

14



hence
had k-1 b < e k-1 _—= —
./c; T /:c G’(’u)d’u_/0 z*te™® dz = T'(k)
that is
/oo G(v)v* dv < T(k +1) i
0

Lemma 1.3 Let f be a positive logarithmically concave function on R. Then

( / " Ha)e ™ da:) ( / * @)1 + ) da:) < ( [ f) da:)2

Proof
Define G(t) = €' f;[° e *f(u) du. Then G is the convolution of two log concave

functions and so is log concave. We have

/0 o)t dt = /0 Z fu)u—14e™) du
fo ~ G(t) dt fo " fw)(1—e ) du

I

Applying Lemma 1.2 with & = 1 and rearranging gives the desired result. a
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2. The Main Theorem

Theorem 1.4 Let S be a regular n-dimensional simplez with edges of length /2.
Then the volume of any 1-codimensional slice of S passing through the centroid is at

most @%—5 . This upper bound is attained when and only when the slice contains

n — 1 vertices of S.

Proof

We need to show, with F' and H as above, that [y F dVolg < % for any

vector a = (a1, ...,an41) with 374 a2 =1 and ¥ a; =0

The proof splits into two cases :

CAsE 1 |a,~|§71§- j=1,...,n+1

Denoting by ®y the characteristic function of a random variable Y,
n+1

‘I’Enﬂ X,-(t) = j];];@Xj(ajt)

i=1 aj

_H ol
B 1+ da;t

i=1

The standard Fourier inversion formula gives

G()——l—/mﬁ S
7 or Joeo ot T 10yt

Hence
oo N+l 1

fHFdVozH — G(0) = %/

We may now assume that all the a; are non-zero or the formula would reduce to

the (n — 1)-dimensional case, so

[ Fveln = —1-/"""11[1 =

21 J-o0 ;5 1 41058

16



dt

1 ol 1
< o [T
21 J-o0 ;25 |1 + 2ajt
Applying Holder’s inequality using the fact Y"1 a% =1

J=1"3

1 n+l 00
/ FdVoly < — /
H 27!' . —00

1=1
a?
1 % roo 1\ d J
= — t
27 j=1 /:oo (1 + a?tz)

Now using the fact that fora >0and 0 <y <1, (14 a)” <1+ ay we obtain the

1 2"15< 1
(1+aﬁ) T 143a

fora >0, 0<B<1,with equality only if 8 = , so that

1™ e ] g
FdVolg < — f — dt
/H Vol < 27r1.=1<_m1+§t2 )

1+ z'a,jt

inequality

1 n+1 a2
= -2—7;- ]I=11 (\/571') ’
1

with equality if and only if n — 1 of the a; are zero.
CASE 2 Forsome 1 <j<n+1, |a;| > 713

Without loss of generality assume a; > % As we noticed earlier, [y, ,, F' dVoly

ntl

11 a;X; and so can be written as (b * g)(t)

is the density of the random variable ¥

the convolution of A, the density of the random variable a,X;, and g, the density

17



of 7% a; X;. We need to estimate (h * g)(0).

j=2

(hx9)(0) = [ h(z)g(~a) ds

We shall estimate this using Lemma 1.3 so we need to know [;° yg(—a1y) dy and

Jo° 9(—a1y) dy. Since g is positive, using E to denote expectation,

oo _ 0 l
/0 yg(—ay) dy = f_w afg(y)dy

1 o0
2 /_ . yg(y) dy

1 n+1
= —=E| ) aX;
1 n+1
=~ > 4 E(X;)
1 1=2
S
— a:
af j=2 ?

1

v

a
oo 1 0
/0 g9(—ay)dy = %/_mg(y) dy

IN

a
As a convolution of log concave functions, g is also log concave and so applying

Lemma 1.3

(J5° 9(—ary) dy)?
Io? g(—a1y) dy + J5° yg(—ary) dy
(S5 9(—ary) dy)?
Joo 9(—ary) dy + -

/0 e ¥g(—ary)dy <

18
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3. Remarks

Using contour integration we can evaluate the integral

n+l

27r./ ]‘_Il—{—zaJ

explicitly as
'n+1

Z |ak| I;Ik ax —

This expression is more or less impossible to estimate as it stands, but in view of

Theorem 1.4 we have

Corollary 1.5 Let {a;}}* ™1 be a sequence of distinct non-zero real numbers with

la?=1and ¥}t a;=0. Then

n+l
0< Z II <v?2
|akl J#k ax —
with equality on the right hand side exactly when n = 1. o

If we write b; = a;l for each 1 < 7 <n + 1 and define

n+l

HE) =3

k=1  j#k

b—b

19



then H(br) = |bk| for all 1 < k < n + 1 and so H is the polynomial of degree n
interpolating f(z) = || at by,...,bst1. So Corollary 1.5 can be reformulated in
the following way,

Corollary 1.6 Let {b;}}}] be a sequence of distinct non-zero real numbers with

>0t = 0 and H(z) the polynomial of degree n interpolating f(z) = |z| at

j=1"j
2
0< H(0) < S b‘z ]

We will now give a second proof of Theorem 1.4 using only the abstract theory of

bl,. - ,bn+1. Then

log concave functions. This, although simpler than the first proof uses a variant of
Lemma 1.2 , and so is not an approach one could use in the problem of the largest

k-dimensional slice for general k.

Lemma 1.7 Let f : R — [0,00) be a logarithmically concave function and suppose

that [, f(z)z dz = 0.Then

f(0)? /_: f(z)z? dz < —;- (./::, f(z) dm)3

Proof

Define functions H; and H, as follows,
]_ oo
1 x
Hy(z) = mf_m £(t) dt

20



whenever f(z) > 0.

We claim that H; is a decreasing function and H; is an increasing one, so

f(O)waa:/jf(t) dt de < /()”mf(m)/o“f(t) dt dz
that is
£(0) / f(z)dz < 2 / 2f(z) da / f(z)d (1.1)
and similarly,
70) [ c; o f(a)de<2 [ °°° ~of(e)de [ f(o) do (1.2)
Assume without loss of generality that
[ i@yde<s [ fa) d
Since we have [ zf(z) dz = [°,, —zf(z) dz, adding (1.1) and (1.2) gives
(0) f_ ‘: 2?f(z) dz < 2 /0 ” 2f(z) da /_ °:° f(z) do (1.3)
Applying Lemma 1.2 with k = 1, we have
10 [ fo)e do < ([ f(o) do)’
and so from (1.3) we get
ol : 2f(z) de < ( f(z) dm) [ °:° f(z) do

( f(:c) d:z:)"z ~ f(z) d=z

2
30 )
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which is the conclusion of the lemma.
We now show Hj is a decreasing function. Writing f(z) = e"#(®) where ¢ is a

convex function, we have that for any z < y and s > 0,

d(s+y)— d(s+z) > $(y) — $(z)

hence

e—¢(’+m)+¢($) Z e—¢("+y)+¢(y)

/oo e-¢(,+z)+¢(z) ds
0

() / ) gt

A%

/ * st +(y) g

0
) / * o8 gy
Y

v

that is Hi(z) > Hi(y). Similarly we may show H, is increasing which completes

the proof. O

Since the function G(t) = [, F(x) dVoly is a log concave density and

n+l n+1

/°° Gtytdt = E(Y a;X;)=a;=0
—o0 7=1 j=1
0 n+1l n+1l
/ G(t)t* dt = variance()_ a;X;) =) ai=1
ke i=1 i=1

we may now apply Lemma 1.7 to G to obtain

G(0)* <

N =

S0,

1

G(0) <

proving Theorem 1.4.
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Chapter 2

In this chapter we will discuss the problem of generalising the 1-codimensional
result of Chapter 1 to the case of k-dimensional slices for any 1 < k <n — 1.

We conjecture that the correct generalisation of the 1-codimensional result is,

Conjecture 2.1 Let S be a reqular n-dimensional simplez with edges of length /2.
Then the volume of any k-dimensional slice of S, passing through the centroid, is

at most \/ﬁ%. This upper bound is attained if and only if the slice contains k

vertices of S. O
We will show that this result would follow from the conjecture below, which

concerns the position of the centroid of central slices of a regular (n — 1)-simplex.

Conjecture 2.2 Let S be a regular (n—1)-dimensional simplez and T' a k-dimensional
slice of S containing the centre of mass. Then the distance from the centroid of T

to the centroid of S 1s mazimised when T contains k vertices of S. O

The codimension of the slices is reduced by 1 between Conjecture 2.1 and Con-
jecture 2.2 . This means that we have another proof of the 1-codimensional case

because when £ = n — 1 Conjecture 2.2 is trivial.

23



We attempt to prove Conjecture 2.1 by combining the methods of Chapter 1
with induction on the codimension of the slice. The result is trivial forn — k=0
( and in Chapter 1 we proved that the result holds whenn —k =1).

Suppose then that 1 < k <n —1 and that H is a (k+ 1)-dimensional subspace
of R™! that contains the point (1,...,1). If we take

nt1

St:{X':(a:l,...,:L'n+1)€Rn+1:(B{ZO z:l,,n—l—l ’ Zm;:t}
1=1

for each £ > 0, then H(S; is a k-dimensional central slice of the regular n-simplex
St. As in Chapter 1 we will estimate Vol(H N S1).
Define functions f : R — [0,00) and F : R*™! — [0, 00) by

f(a:):{e_z ifz>0

0 otherwise

n+1

F(x)= ]_1 f(<x,e; >)

For a fixed t > 0, F is constant on S; and
Volk(Hﬂ Se) = tholk(Hﬂ S1)

so a change of coordinates gives

n+1

/H F dVoly = /H gf(z,-) dVoly

= fo " eV Voly(H () S, mg1) ds

- / " eV (sy/n T 1) Vole(H () 5,) ds
0

= El(n+1)"5Voly(H()5)

24



that is

Yxs

Voly(H () 51) = f F dVoly

Our problem is to show that for any (k + 1)-dimensional subspace H in R™*!
containing (1,...,1),

1
F dVoly < ———n——
»/I; OH_\/'n,-k+l

We divide the proof into two parts. The first part generalises the use of Holders
inequality in Theorem 1.4. The second part uses the fact that F' is a log concave
function, and it is this part that we reduce to Conjecture 2.2 .

We begin by stating a result of Brascamp and Lieb [6] concerning the estimation

of convolutions.

Theorem 2.3 (Brascamp and Lieb) Let u,,...,u, be a sequence of unit vec-

torsin R* , m > n, and ¢y, ...,cn a sequence of positive real numbers satisfying

zciui®ui=-[n

1=1

where I, denotes the identity on R™. Then for integrable functions
fioooisfm  R* — [0,00),

/ Hf,(< u;,z >)% dz < H (/ f;)

=1
There is equality if the f; are identical Gaussian densities or if the u; for an or-

thonormal basis of R™. O
Let P denote the orthogonal projection of R™*! onto H and define
cj = ||Pejll®

25



u; = ——
V&
foreach 7,1 <7<n+1.
Then
n+l n+l
dYoau;®u;= ) Pe;® Pe; = Iy
i=1 =1

where Iy denotes the identity on the subspace H.
By the equality of the traces of these operators we have,

n+1
ch =k+1
1=1

If x € H then foreach 1 < ;7 <n+1,
< x,e; >=< X, Pe; >

so that,

n+1 n+1
/ II f(< x,e; >) dVoly = / II f(< x, Pe;j >) dVolg
Hj:l Hj:l

n+1l

= /HHf(< J&x, u; >) dVoly

Applying the Brascamp-Lieb inequality,

/H FdVoly < jfi[z ( /R f(VG2)5 dw)cj
= :ij::([)wej:? dz)cj
n+1 1
- )

=1
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Since S; spans a hyperplane H* which is perpendicular to the vector (1,...,1) and
H contains the line {(a,...,a): a € R}, the projection of any point of S; onto H
lies in H*. Therefore, foreach 1 <j7<n+1,

1

QZWU@NZZE:E

We note in passing that this fact is enough to show that the central slices of S}

are strictly smaller than the k-dimensional faces since

n+1

JFdvels < I (<)°

i=1
s

n+tl 1\ 2
< H (c’-‘ ‘)
Jj=1

and, using the AM/GM inequality,

fH FdVoly <

That is,

VEk+1
k!

Volk(H n Sl) <

which is the volume of a k-dimensional face of 5;.

However, our conjecture is the stronger inequality,

1
vn—Fk+1

We break the proof into two parts, the first for when for every 1 < j7 < n +1 we

/H F dVoly <

1
n—k+1

have < ¢;j £1, and the second for when ¢; < for some ;.

1
n—-k+1
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The break at ¢; = corresponds to the break in the proof in Chapter 1 at

k+1
a,~=\/;becausewhenk=n—lwehavecj‘=1—a§foreach1San—}-l.

CASE 1.

k+1 <c¢j<lforeachj=1,...,n+1.

We have,
n+l k +1

0<_—§;, <1

so by the convexity of the function f(t) = t* on [0, 1] we see that the product
n+1l .
1<

j=1

is maximised when k of the c; are equal to 1 and the remaining n — k + 1 are equal

to —— k+1 That is,
'ﬁ . 1
CC.JS______
j=1J n—k+1
so that
1
F dVoly < ——
/H OH_\/n—-k+1

Equality occurs in this case only if k of the c; are equal to 1. That is, Pe; = e; for

k of the standard basis vectors, meaning the slice contains k vertices of S;.

CASE2.;_1T_T§CJ-< for some 1 <j<n+1.

n-— k+1

Without loss of generality we may assume that

SC1<

n+1 n—k+1

This corresponds to the difficult a; > % case in Chapter 1. We will show that this

case will reduce to Conjecture 2.2 .
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Define functions G : R**! — [0, 00) and g : R — [0, 00) by,

n+1l

G(x) = 1:[2 fl<x,e;>)

g(t) - Aiﬂ{x:<x,e1 >=t} G(X) d\

where A denotes the Lebesgue measure on the set HN{x :< x,e; >=t} .
By changing variables we may write the following integrals over H as integrals

over [0, o).

/ FdVoly = e~tg(t) dt
H

1 oo

7
/.G avolx = i/mg(t) dt
H Ve Jo

/H O(x) < x,e, > dVoly tg(t) dt

Il

1 /°°
Since g is a positive log concave function on R we may apply Lemma 1.3 from

Chapter 1 and obtain,

(Jo° g(t) dt)”
Jo©g()(t+1) dt

/ T etg(t) dt <
0

That is,
(f4 G dVoly)?
Jz G(x)(< x,e; > +1) dVoly

Let P, denote the orthogonal projection of R"*! onto the subspace perpendicular

/ F dVoly < (2.1)
H

to e;.
As G does not involve the first co-ordinate of points in R"*!, the integral of G
over H is a simple multiple of the integral of G over P, H,

1
\/1 —C VP H

29

/H G dVoly = G dVolp



However, P H is a (k + 1)-dimensional subspace of R* = e; containing the point
(1,...,1), so we may interpret this last integral in terms of the volume of a k-
dimensional central section of an (n — 1)-dimensional simplex. That is we may
interpret the integral in terms of an (n — k — 1)-codimensional central section and

so apply our inductive assumption. Therefore,

1
G dVolp, g <
Y AV

and, .

1 1
Vi—avn—k

To complete the proof it would be sufficient to show that

/H G dVoly <

1
/H G(x) < x,e1 > dVoly 2 —— /HG dVoly

because then we would have, from (2.1),

(Ju G dVolg)®
Ju G(x)(< x,e1 > +1) dVoly
(Jz G dVolg)?
T (14 2Z5) Ju G dVoly
n—k

fH FdVoly <

so, by the inductive assumption,

n—k 1 1
n—k+1 Jl—c +Vn—k
vn—k 1

n—k+1 \/1—61

/ FdVoly <
H
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: 1
and since a1 < 5T

1
S F vl < -y
as required.

Therefore the problem has been reduced to showing
1
/ G(x) < x,e; > dVolg > ——/ G dVoly
H n—kJH

1
whenever ¢; < ;=5

Writing Pe; = (v1,...,Vnt1) We have,

) |

n+1

dovi =1

=1

n+1

S -«

1
=1
and

/;{ G(x) < x,e; > dVolg = /;I G(x) < x, Pe; > dVoly

nt1
= ;v,- fH G(x) < x,e; > dVoly
Therefore,
ntl
(1- '01)/HG(X) < x,e; > dVoly = JZ;'UJ-/HG(X) < x,e; > dVolg
so that,
] n#l
/HG(X) <x,e;> dVolg = — gzv,- /H G(x) < x,e; > dVoly
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1 \znt
- (1 — c1) ,-gvj -/;’1H G(y) <y,e; > dVolpn
(2.2)

When k& = n — 1 the problem is now trivial, since Py H = R™ and so, for each

2<j<n+],

G e, d[/ol = 1
/1 (Y) <Y, ) > P H
= /1 G(y) d[/olplg

Hence

3

1 2'n+1
/HG(x)<x,e1> dVolg = (1_61) Zvj/PHG(y)<y,e,-> dVolp,

i= A
1 ;— n+1
= ; G(y) dVol
(1—C1) j___Z;vJ-/I.’lH (y) ORH
1 n+1l
= 1= - Zvj/HG(x) dVoly
=2
- fH G(x) dVoly

When k£ < n — 1 the problem is not so straightforward, but may be reduced to
Conjecture 2.2 .

We wish to show that
[.66x) <x,e1 > aVoly > 1 /. 6 aveln
H ’ “n—-—kJu
Writing

AJ' = -/1‘5’1H G(y) <Y,e; > dVOlle
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for each 2 < j < n + 1, we may write (2.2) as,

%n«l—l
/HG’(X)<x,e1 > dVOlH=( L ) Z’v,'A,;

1- a 1=2

where,

n+1

Z‘U{ = 1—61

1=2
n+1

Z ‘U? = C]_(l - Cl)
1=2

Also, using the same change of coordinates as earlier,

n+l n+1l
EA,' = »/I-JHG(y)Z <Yy,e > dVOlle

= n+1 =2 n+1
= f Hf(< Y€ >) (E <Yy,€ >) dVOlPlH
P H i—2 i—2

- /0 " e~V (sy/m) Vol(H () Suym) ds
_ /0 ” e oVR (sy/n)F*H Vol (H () S1) ds
= (k+1) /0 " eV (sv/n)* Vole(H () S1) ds

= (k+ 1)/PIHG’(y) dVolp,
Writing
A= G(y) dVOlle
P H
we have,
n+1l
Z A= (k + 1)A (2.3)
1=2
We now minimise
n+1
Z v; A;
=2
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subject to the conditions,
n+1

Z’U,’ = 1—61

=2
n+1

Z‘U‘? = Cl(]. ""Cl)
1=2

using Lagrange multipliers.
After differentiating with respect to each v;, 2 <2 < n+ 1, we have that the A;
and v; must satisfy,

A+ u+ 2 v; =0 (2.4)

for each 2 <1 <n+1, where A, € R.

Summing (2.4) over 2 <7 <n + 1 and rearranging, we have

b= —% ('_'ff A+ 22(1— cl))

i=2

so (2.4) can be rewritten,
1R 1
A= A=) (;(1 —e)— 'v,-) (2.5)

foreach2 <i<n+1.
Squaring each side of (2.5) and summing over 2 <z <mn+1,
nt1 ntl
nZAf—(ZA) ((n+1ec —1)(1 —c1)4)?
i=2 1=2

so that,

~ n YT A2 (E:‘jzl l)2
A= i\l CED BT
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Therefore from (2.5),

1 J(z:‘_“Az- (zx z-)z( L)

T =2 (n+1)c1—1)(1—c)
foreach2<i<n+1.

Multiplying (2.6) by v; and summingover 2 <:<n+1,

n+l n+1 n+1 n+1
o= 1 [P 4t 2Tz (ZA)

1=2 1=2 1=2 =2

so the minimum occurs when

n+4l n+l nt1 nt1
S ety = 12|35 4, nZA,?—(ZA)
1=2 1=2 1=2

ncy

1'—61

1—C1

~1

-1

Using

n+1

Y Ai=(k+1)A

i=2
and,

C1 1
l—c " n—k

we have

1 n+1 A2

e — — 2 _

/HG(x)<x,e1> dVolyr > e | (k+ 1)4 ng 2

If we could show that

'n+1A2 1 A2
>4 < (k+ )

35

(n+1

> A;

)|+

(2.7)

(2.8)



then from (2.7) we would have the required result, since,

1
lgy >
/HG(X)<x,e1> dVoly > (n—k)\/l———cIA
1
= — fH G(x) dVoly

Inequality (2.8) may be written as the following conjecture :

Conjecture 2.4 Let K be a (k + 1)-dimensional subspace of R® containing the
point (1,...,1), and let f : R —» R and G : R® — R be defined by

f(a:):{e_z ifz>0

0 otherwise

G(x) = [ (< x,e5 >)

j=1
Then

n

> ([ 6w <y dVolK)2 < (k+ = ) (Lo alvozK)2 o

=1 n-—

.,

This may be reinterpreted as a conjecture about the centroid of central slices of a

regular (n — 1)-dimensional simplex since, for each 1 <7< n

_ 1o ,
fKG(y)<y,e,> dVolg = \/ﬁ./o e (/I.{ﬂst <y,e; > dVOlKns,) dt

= % '/:o ettt Yi Volk(K n St) dt

where ¥; denotes the ith coordinate of ¥, the centroid of K N S;. Therefore,

fK G(y) <y,ei> dVolg = gi(k+1) /K G(y) dVolk
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for each 1 <7 < n, and the conjecture is,

Ey* = (k+1)2 (’“+ ank)

Equality is achieved if and only if K contains k vertices of S;, so the conjecture is
exactly Conjecture 2.2.

Again, when k = n — 1 the result is trivial because K(NS; is an (n — 1)-
dimensional central slice of an (n — 1)-dimensional simplex and so the centroid of

the slice is

giving,
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Chapter 3

In this chapter we will examine maximal ellipsoids in central slices of the regular
n-simplex. We will derive a complete solution to the maximal slice problem in the
cases k = 1 and k = 2. We noted in the introduction that the £ = 1 case is very
easy but we include a slightly different proof here as the method provides an insight

into the main result which states

Proposition 3.1 Over all 2-dimensional ellipsoids lying in the central sections of
a regular n-simplez, n > 4, the ones with largest volume are the mazimal ellipses

of the triangular sections of the simplez containing two of the vertices. m

Although this does not cover the simplex in 3 dimensions, by combining Proposition

3.1 with the volume ratio result in [4], and Theorem 1.4 we have,

Corollary 3.1 The 2-dimensional slices of a regular n-simplez through its centroid

with largest volume are those slices containing two of the vertices. O

We prove Proposition 3.1 by reducing it to a question about determinants of 2 x 2
n+1

matrices of the form Y™ z; ® z; where ()™ is a sequence of vectors in R? satis-

fying certain conditions. To estimate these determinants we firstly make estimates
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on the length of z; A 2; for pairs of vectors 2 # j, and then sum the expressions over
all pairs 1 <72 < 7 < n+ 1. Determinants of this type occur in various areas of
mathematics, so we hope that the techniques used here may be applicable to other

problems.

1. The Setup

Our aim in this section is to reduce the problem of calculating volumes of k-
dimensional ellipsoids in R™ to that of calculating the determinant of a k X k
matrix. It will be shown that the precise problem is to determine the least E(n, k)

such that

n+1 k
Det (Z z® z,-) < (n: 1) E(n, k)2

i=1
for every sequence (z;)7%} in R* which satisfies

n+1l
a0
=1

and

<z,z>+H|z||<1 i=1,...,n+1

for some z € R¥.

Let S be the regular simplex in R" :

S={zeR': <z,u;><1 i=1,...,n+1}

where (u;)™] is a sequence of unit vectors satisfying

n+1

Zu,-=0

=1
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and
n+1

n
iQu;=1In
n+1§u X u.

where I,, denotes the identity on R".
Let
k
€= {mER":Za;Z <z—y,v;><1, <zv;>=0, k+1 San}
j=1
be a k-dimensional ellipsoid, where (v;)%_, is an orthonormal basis of R*, y € R®
and (@)%, is a sequence of positive real numbers.

We assume that ¢ lies in a slice of S containing the origin. This is exactly
the statement that y € span(v;)%_,. The problem is to find a best upper bound,
E(n, k), for the product [I5; ;.

For each 7, 1 <12 <mn+ 1 the point

k
i=1

(E;?:l o? < u;,vj >2)%

2 . ays .
a_,, < Ui, Vj > ]

z; =Y+

lies in €. Since € C S this means that for each ¢,

1

k 2
<ug,y >+ (Zaﬁ < Uj, Vj >2) <1

j=1
Define the map T': R* — R™ by
k
Tz= Zaj < 2,9 > v;

=1

Then for every 1,1 <1 <n+1,

<ug,y > +H||Tul| <1
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Let P denote the orthogonal projection of R™ onto .s'pcv,n(i)j);?:1 and write w; = Pu;.
For each 1,

Tu; = Tw;

and

<u,y >=<w;,y >

so the restriction of T to span(v;)5; is an isomorphism and our problem is to
estimate Det(T').

Rewriting everything in terms of the w; and using T to denote the restriction

)+ We have a sequence (w; )M of vectors in RF satisfying

T

span(v;

n+1

Zw,-:O

=1

and
n+1l

n+1 1 1 — 1k

1=1

a vector y € R* and a linear map T such that for eachz,1<i<n+1,
<w,y > +H||Twi| L1

and we wish to estimate Det(T).
The problem may be reformulated slightly by writing 2; = Tw; for each 7 and
z =Ty . Then

n+1
2 n

Z; ® z;
Py

n

and by the self-adjointness of T,
<w;,y >=< w;, Tz >=< Tw;,z >=< z;, >
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for each 7. The problem is then reduced to finding an upper bound E(n, k) such
that

n+1 k
Det (Z % ® z;) < (nT-H) E(n, k)?
=1

for every sequence (z;)™! in R* which satisfies the following two conditions,

(A) <zhz>+||#|| <1 1<i<n+1
n+l

(B) z Z; = 0
=1
for some z € RF.

2. Calculating E(n, k)

We now give values for the best upper bound E(n,k) when £k =1 and k = 2.

As mentioned earlier, the k¥ = 1 case is much simpler since it only involves the
calculation of the length of a straight line in S passing through the centroid, and
could be done more directly. However, the technique used here is similar to that

required in the more difficult result for & = 2.

Proposition 3.2 Under the conditions given above, for n > 1, E(n,1) = 2,

This bound is attained when the 1-dimensional slice of S passes through a vertez.

Proof When k = 1 the conditions above are,

(A) 6z; + |z:| <1 1<i<n+1
n+1

(B) dz=0
i=1
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for a sequence (z)Y in R, € R, and we show

SRy

=1 4n

Without loss of generality we may take § > 0 and split the proof into two cases,

n—1 n—1
G;S n¥l and.G;z ntl”

-1
CAsE 1. 6 < -:75

By condition (4),

n+1 n+1
Y2 < > (1-62%)
=1 =1
n+1 n+l
= (n+1)-20) z+6) 2}
ntl =
= (n+1)+6*) 2
1=1
by condition (B).
Therefore,
n+1
N n+1
r<
Z; A= 1
3
< (1)
- 4n

-1
CASE 2. 0 > ey

By condition (A), foreachi,1 <i<n+1

1
2z < ——

1+6
and so by condition (B) we also have for each 1,

n
5> ——

146
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Therefore,
nt1 n

> (= g+ i) <O

and so, after expanding this expression and using condition (B),

n+l
2 < n(n + 1)
Z Z = (1+6)

=1
(n+1)°

<
- 4in

In the extreme case 8 = ﬁ, with n of the z; equal to % and remaining z; equal
to ﬂ‘;;il, that is , all but one of the u; project to the same point of span(v,), so
the line must lie perpendicular to a facet of S. o

The approach to the 2-dimensional case is similar. The proof again splits into
two cases at 8 = —ﬁ In the case § > 2 T we use the fact that the determinant
may be written as a sum over pairs of vectors. Again we use inequalities obtained
by summing products of positive expressions, but the difference is that we now sum
over pairs 1 <2 < j < n+ 1 instead of summing over 1 < 7 < n + 1.In the case

6 < 2= ! when n > 5 we can use an easy trace estimate for the determinant. This

+
estimate is not sufficient when n < 5 but can be combined with an argument similar
to the first case to complete the proof for n = 4.

Using the above notation , Proposition 3.1 may be written,

Proposition 3.1 For n > 4, E(n,2) = ’1(’%1)-,/3—(';_&1). This upper bound is at-
tained only when € is the mazimal ellipse of a triangular slice of S containing two

of the vertices. O
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Before giving the full proof of Proposition 3.1 we will examine a special case to

show how the proof works.
When k = 2 the conditions may be written,

(A) bz; + /22 +y? <1 1<i<n+1

n+1 n+1

(B) Z;:::,-:Z;y,-=0

for a sequence of vectors {(z;,¥:)}4 in R?, 8 € R, and we show

Y« Yz (n+1)°
D = Det ( =i & i1 ) <
° T iy Yyl — 108(n —1)

The special case we consider is that of § = 1.In this case the condition (A) is,

zi+yz?+y2<1 1<i<n+1

SO

y? <1-2az; 1<i<n+l

Summing this inequality over 1 < ¢ <n + 1 and using condition (B) gives
n+1
Yyi<n+l

i=1

Hence

ntl  ntl n+1 2
p = S (Low)

1=1 1=1 =1
n+1 n+1l
2 2
< 2w v
=1 =1
n+1
<

(n+1) 2_; z (%)
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n+1

That is, we may estimate D from above when Y "% z? is ‘small’, and we now need

to find an upper bound for D when ¥*t! z? is ‘large’.

By condition (4) , for each 3, 1 < i < n+ 1, we have z; < L so for any pair

0 < (yi +v;)° (% - a:,-) (% - mi)

After summing over all pairs 1 < ¢ < j < n+ 1 then applying condition (B) this

1<1<3<n+1,

gives,
n+1 n+1 3 n+1
-2 ) mmiyy; < T Zyt >zl -
1<i<j<n+1 1=1 1=1
We then apply this inequality to D,
n+1 n+1 n+1
D= 3 el 3 wi— ) miu — 23wy
i=1 i=1 i<y
n— 1 n+1 n — n+1 n+1 n+1l n+1
< Z ? -~ Zwty.+z Zy‘—22w
i=1
Also,
n+1 n+l

—D< E z:yz

so adding these final two inequalities we have

1 n+1 _ 3 1n+1
nt D<Z ( n2 m;—2m?+n: >l (1)
=1 j=1

We next show that the bracketed termin (1) is positive so that we may use condition
(A) to remove the y;s from the estimate completely .

For each 1 < j <n+1, z; < %, so by condition (B),



Since the quadratic

(2) = n—l n—3 n®—2n—-1,

z z— z

? 2 n?

is positive on the interval [—3, 2] we have, for each 1 <j <n +1,

2
_ _ 2 _9n—1
n41+n23zzi_n__:"_(zwi) >0 )

i#j n i#j

By the Cauchy-Schwarz inequality,

mtlsas (s ) ®
1#] 1#7

Adding (2) and (3),

n—-1 n-3 n+1
4 +T§” (Z-"’) ——2 2 20
1#£3 1#] 1#]5

that is, for each j,

n—1 n-3 n+ 17!
1 — 5 z; + - Z;m —2m >0

as required.

Applying condition (A) to (1) gives

n+1D§4’§m?+(n—5+@)'§$?+(n+l)(n-l) "

n =1 4

=1
so we need to estimate Y7 2 from above.
Again, since for each %, z; < , condition (B) gives

n—1

2

T +T; 2 —
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for every pair 1 <1< 7 <n+1, and so

n—1 1 1
(g +ete) (5-2) (-2) 20

After expanding this expression and summing over all pairs 1 <: < j <n+1, we

have
nin+1)(n—-1) 3 ntl 9 ntl 3
—2n — 2 _ 3 >
16 4(n 1);“’; Z_‘;m,_o

which when applied to (4) gives

E_Z_].D (n+1)Z(n—1)_(n+1?rL(n—1)’§$?

1=1
_ n+1
D < n(n + 12(11, 1) (=13 a2 (44)
1=1
From earlier we have
n+l
D<(n+1)Ya? (+)
=1

so combining (*) and (%) ,
(n+ 1) — 1)

8
(n+1)°
108(n — 1)

IA

with equality if and only if n = 5. ]
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In this section we will prove Proposition 3.1 for n > 5, leaving n = 4 for the final
section of the chapter. The technical part of the proof of Proposition 3.1 is taken

care of by the following theorem which generalises the special case of § = 1 above,

Theorem 3.3 Let n > 3, § > 2=L and let ()™}, (v:)™! be sequences in R
’ =1 q

n+l 1=1
satisfying
fz; + /2 +y? <1 1<i<n+1
and
. n+1 n+1
Yozi=) =0
1=1 =1
then,
>R > SR WHLES L A
Det ( ?=+11 ZY; E?=+11 y? - 4(1 + 6)? ((n+1) (n—3))

The Proof of Proposition 3.1

We have two sequences (z;)™2}, (v:)2 in R and 6 € R satisfying

(4) Oz; +¢Jz?+9y? <1 1<i<n+1
n+l n+l

(B) dozi=2 %=0
=1 =1

and show that

Yl z? Yz ) (n41)°
D = Det ( =1 : <——— 7
“\ Trizy iy ) 108(n—1)

As in the proof of the k£ = 1 case we may take § > 0 and the proof breaks at

— n-1
0= oy
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CASE 1.0595%

By condition (A), for each 4,1 <i<n+1

y? < (6% —1)z? — 20z; + 1

so summing over 2 = 1,...,n + 1 and using condition (B) gives
n+1l n+1l
DY@ -1 e+ (n+1)
i=1 =1

Therefore,

ntl  ntl nt1 2
p = FaSi-(Tom)

=1 i=1 =1
n+1 n+1
< Yet) yl
i=1 i=1
n+1 2 n+1
< (*-1) (Zz?) +(n+1)) af
1=1 i=1
Maximizing the right hand side of this final inequality with respect to 37! z2, we
have
(n+1)°
<At
b= 4(1 — 6?)
andsinceOSGSﬁ,an;,
(n+1)°
D<o =1
CASE 2. § > 23
By Theorem 3.3
(n+1)*(n—1)
D< 10— (n—3
< Cr 2 (19 - (- 3)
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and this function attains its maximum at 6 = —("_F—fl so that

(n 1 1"
EERTTIC)

as required.
Equality occurs in Proposition 3.1 if and only if 8 = _(?2 and the sequence

{(z:,9:)}7T™ consists of n—1 vectors of the form (3—(';1_17), 0) and 2 vectors (— 22, 2\/-)
and (—282, —%) This occurs when all but two of the u;s project to the same point
when projected onto the subspace spanned by €. That is, the subspace spanned by

€ is perpendicular to an (n — 2)-dimensional face of S. 0

3. The Proof of Theorem 3.3

Let (z:)i0, (3:)idi be sequences in R and 6 > 271 satisfying

=1

(A) Oz; +4Ja? +9y? <1 1<i1<n+1

n+1 n+1
(B) XY m=>y=0
1=1 i=1

We show that

ntl 2 n+1 1)? 1
D=Det( L Ao )s(”l'(l)fg) J((n+1)6 - (n - 3))

By condition (A), for every:,1<i<n+1,

L

<
w‘-1+0

so for any pairz, 7, with1 <:<j3<mn+1,

1 1
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After expanding this expression and summing it over all pairs, 1 <1< 7 <n+1,

then using condition (B) where necessary we have

Z n+1 7§-:1 , n—3 n+l ,
-2 TiTYiY5 Yi — iy.' TiY;
t<icientt is 1 + 9)2 .2—; =1 1+6 Z;
We then apply this inequality to D,
n+1 n+1 nt1
D = Z Z yl E T ZZ TiTYiY;
=1 =1 1
n-1 1 ntl 2 3 ntl < n+1 n+1 ntl 2 3
Also,
n.+1 n+1
—D < - Z E Y;
1—'1 =1

so adding these final two inequalities we have

n+l n—1 n—3 n+ln+1
((1 T 0)2 n 0:1:; —2z% + T m;’ (3.1)
—
Since forevery 1 <j<n+1,
1
<
2 < 7 n
and Y z; = 0 we have, for every j
— < th <—
i#i
The quadratic
-1 n-3 n’-2n-1,
(Z) (1+0)2+1+oz_ nz VA

52



is positive on the interval [— 1, 2] so we have, foreach 1 <j <n+1,

1467 146

n—1 n —2n—1
(1+6) 1+92w= (Z“’) 20

t#j 1#]

By the Cauchy-Schwarz inequality,

2
( )
l#] ‘#J

n—1 n—3 n—1 ’
TR T PO (.Z )

1#7 i#£] ‘#J
that is, for each 7,
n—1 n-3 n+13L , 2
_ , E £ 2 >
(1+6)2 1+¢9$J+ n 2 — 20520

=1

This inequality means that we may apply condition (A) in the form
y? < (6% —1)z? — 20z; +1

for each 2, to inequality (3.1) to obtain,

n+1 2 n+1
”“D < (92-—1)(”“(29:) —22:,,-;‘)
=1

+ (40 — (n —3)(0 - 1))'i11 T3
3(n—3)0—(n+1) (n+1)2 ntl 2
+( 150 );
(n+1)(n—-1)
(14 6)?
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The proof splits into three cases. The first, easy case is for 374! z2 <

1

(nt1)(n—1)

2(1+6)2

where a simple estimate for D as the product of the main diagonal entries of the

!n+1 !!n—l !

matrix is sufficient. The second and third cases are for 74! z2 > 2T +8)? with
either § > 1 or ﬁ < 8 < 1 and these cases require the more complicated estimate
for D given by (3.4).
n+l1l)(n—-1
CaAse 1. ¥l g2 < ﬁ—mﬁ(g—),—l
By condition (A), for each 4,1 <i<n+1
y? < (82 —1)z? — 20z + 1
so summing over 2 = 1,...,n + 1 and using condition (B) gives
n+1 n+1
Y@ -1 i+ (n+1)
=1 1=1
Therefore,
n+1 n+1l n+1 2
b= TarSiur-(Sow)
=1 i=1 i=1
ntl  onbl
< Yoaly ¥
i=1 i=1
nt1 2 n4l
< (82-1) (Zm?) +(n+1)) a?
1=1 =1
Since § > 2=1 this last expression is an increasing function of Y74 z? on the

interval [0,

!n—l !1 n+1 [
2(1+6)2

D <

] and therefore

2(1 + 6)?

(6 1) ((n— )(n+ 1)) N (n—1)(n+1)?

(n+1)n - 1)

2(1 + )2

41+ 0)°

((n+1)8—(n—3))
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CASE 2. Y122 > 5"2—"“(1)5;‘);21, l<h<l

By condition (A) for every i, 1 < i< n+1, we have z; < so, by condition

1
1+8
(B),foreverypair 1 <i<j<n+1,

_(n-1)

< p; ,
1+6 S i+ 2

Multiplying both sides of this inequality by (1 — 6?) and adding 26 gives
(n+1)0—(n—1)<(1-6%)(z; + z;) + 26.

As 6 > "“1 the left hand side of this inequality is non-negative, so for any pair

1<i1<j3<n+1
0< ((1 - 6%)(i+3;)+26) —((n+1)0— (n—1))°

and therefore

1

0< 0 [(1= e+ 2)+20)" = ((n+ 18 - (0= 1)Y] [ 55 - 24 [

Expanding this expression and summing over all pairs 1 <2 < 7 <n+ 1, using

condition (B) where necessary yields the following inequality

n+1 2 nt1 n+1
0 < (1—92)((&?) —zzms)+«n—s><a—1>—4e>sz

i=1 i=1 i i=1
+ m((n+1) (n+13) 9)2:}:2
n(n +1)(n—1)((n +3)8 — (n - 1))
2(146)3 (3:5)
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.



Adding (3.4) and (3.5),

n+l 2
n+1D < _1_(92___1) (Z‘”?)

n n

(1) =7+ 2) — (n 4+ 1) + 30— 28724
+ 2n(1 + 0) ; o
+ (n+1)*(n—1)((n+2)8 — (n —2))

2(1 + O

2
Since n > 3 and 25} < 0 < 1 the coefficients of Y74 z? and (E?:ll mf) are both

negative, so using

n+1 _
Y a2 > (n+1)(n-1)
£ 2(1 + 6)?

=1

we have in the last inequality,

(n+ 1) —
S Tt op

D D (n+1)0— (n—3))

CASE 3. Y0tl g2 > (ntlllncl) g > 4

2(1+46)7

Asin case 2, foreach pair 1 <i1<j<n+1

n—1 2
( )<$i+$’jﬁm

that is
_(n+1)
2(1+6)

Squaring this inequality,

(n=3) _ (n+1)
2(1+6) = 2(1+96)

Ltz +

(n—3))2< (n+ 1)

ary .
0= (“"’*“’J*z(ue) P TETE
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From this and the fact that for each i, z; <

< ﬁ; it follows that for every pair

1<i<j<n+1
o= [rhs =] koo [~ (o 559

(n—3)l2 (n+1)2_(
21+ 6)| |4(1+6)

Expanding and summing over all pairs 1 <2 < 3 < n+1 each of these expressions,

and

OS[$5+$5+ z; + z; +

using condition (B) where necessary gives

(’ilmf) —2%3;? < n(n+1)(n—1)+(n—5)(n—1)’§$?

= (1+6) (1+6)? S
2 n—3)
and
n+1 2 ntl1 2
2 4 n(n+1)(n —1)(n —3)
2 - : <
3(‘%;::71) +(n 7);“’; < )L
_ (n—1)(5n — 38n + 53) ’i‘ 2
(1 + 0)2 1=1 :
An —3 2 n4l
B (1 +6 Z { (3.7)
Adding together 7 ( ) times (3.6) and ( 7y times (3.7), then multiplying the

result by (62 — 1),
n ntl ntl n—3)(n®—2n — )i
(02—1)( +1Z 2§m§> < X 3)(n(n31) 2l Z :

= (2n® — 15n® + 24n + 17)(6 — 1) W,
2n(1 + 6) §=:1 i

(n+1)(3n? —6n — 5)(6 — 1)
+ 20T 87 (3.8)
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Adding (3.4) and (3.8) and multiplying by 2,

(n+1)(n? — 3n +6)8 — (n — 3)(n? — 3n — 2) ™t

P < (1) 23
(n +1)(2n? — 9n +19)8 — (n — 3)(2n + 1)(n — ’f 2
(n + 1)(1 + 0) i=1
n(n +1)(3n — 7)0 — n(3n + 1)(n — 3)
* 21+ 0y (39)

The coefficient of 371! 22 is positive so we estimate 3" 23 from above as follows.

For every pair 1 <7 < j <n+1 we have

1 1 1
<(—— 2 [ ——— _ 4.
0 (1+0+”‘+’”’)(1+0 “’) (1+9 “”)

Expanding and summing this over all pairs 1 <1 < j <n+1 gives

W, cMnt)(n—-1) 3(n-1) pasy

TS TR0y 2(1+06) & Z ; (3.10)

=1
From (3.9) and (3.10) we have

) n+1

p<™Mrr L —1) 1y (n-3))- 2(("1110) ((n+1)0 = (n=3) 3

= o(1+06)7

and since Y™ 22 > ("2—"6)_7_(:);21

(n+1)*(n—1)
D =vep

((n+1)8 — (n - 3)) 0

}3*! consists

Equality occurs in Theorem 3.3 if and only if the sequence {(z;,¥:)

of n — 1 vectors of the form (;35,0) and 2 vectors ( 201 +la)a 3 (""'1)(("1'_*1_): ("‘3)))

and (_ ni 1 \/(n+1)((n+1)8 (n—3))) -

2(1486)? 1+6
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4. The Proof of Proposition 3.1 when n=4

Let ()3, (¥:):-, be sequences in R and 8 € R satisfying

(A)  bami+yfat+yP<i 1<i<5
5 5
(B)  Yzm=) u=0

1=1 =1

We show that

R LTy ) o (n+1pF 3125

D=D t( i1 -
° i1 ZiYi PRETH ~108(n—1) 324

When n > 5 the proof of Proposition 3.1 was split into two cases depending on the
value of . For n = 4 we break the proof into three cases 0 < 0 < % , 02> % and
2 <0 < 2, the last case being the part that needs a new proof.
Case 1. 0<6<1%

The proof is identical to the n > 5 case. Using both conditions (A) and (B),

5 5
Ey? < (92—1)21:?—202:1:;—{-5
1=1

1=1

5
= (1) +5

1=1
so that

5

5 5 2
b - S (Fom)
1

= =1 i=1
5 5
< Yaiy y!
=1 =1
5 2 5
< @-1)(%e) +53e
=1 =1
25
< 2
= (1-6)
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%

-3

< 3125
324

Case 2. § > 2

The proof is identical to the n > 5 case. By Theorem 3.3 , when n = 4 we have

75(50 — 1) _ 3125
< <
Dsrvop =

with equality if and only if when 6 = £ and {(z;,3:)}; consists of 3 vectors of the
form (3,0) and 2 vectors (-2, %) and (-2, —ﬁ;).
CAsE 3. 1 <0< ¢

By condition (A), for every,1 <1< 5,

L

<
w“1+9

so for any pair z, 7, with 1 <2< 5 <5,

1 1
0 < (¥ +v;) e %) (T3~

After expanding this expression and summing it over all pairs, 1 <1 < 5 < 5, then

using condition (B) where necessary we have

-2 Z :L'.:c,y.yy > (1+9)2 Ey: Z ?yzz 1_*_92 ‘lyl

1<i<3<5 =1 =1 =1

We then apply this inequality to D,
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5 5 5
D = Y a2) y? - aly? -2 miziyy;

=1 1=1 =1 1<j
3 5
< m;ﬁ———;gwtyﬂzw Zy.—2§m
3 5 5 5
= y,-—— 3 )y
GO E DRSS PN

42 (iy?(i o - m?))

=1 j=1

Using condition (A) in the form, for each 1 <17 < 5,
y? < (6* —1)z? — 20z; + 1

gives

5

(1+0)22y‘ 1+9‘ lwiyf—zwfzyf
+2((02—1) (Zmz) - 1)§:m +2ozz +4Zm) (3.11)

Since for each 1, z; < 115, condition (B) gives
TTFe TS
for each pair 1 <1 < 5 <5, that is
50 — 3 < (1 — 6%)(z; + z;) + 26

Squaring the right hand side of this inequality and dividing by 1 — 8% gives us

46%

0 < (1 -6 (z; + ;)% + 48(z; + z;) + 1§
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for every pair 1 <1< j <5.
Therefore

44? 1 1
< — 6 : )2 : . [ — ‘.] [___.__ :I
0_2[(1 0°)(zi + z;)° + 46(z +z1)+1_02] 156 z T30 z;

Expanding this inequality and summing over all pairs 1 <z < j < 5 yields

2(32_1)((§:z3)2_iz;‘)+4025:m? < (02—1)(§;m?)2

=1 1=1 1=1
5
+(0-1)> a}
1=1

1362 — 180 +3 &,
1—62 '
404?
..|_
(1-6)1+6)3

(3.12)

Also, using the fact that for each 1 <1 <5,

1

<
T=170

and
y? < (6* —1)z? — 20z; + 1

we have

5

1 9 iz . Y; ( (Bg) 1 0 : 1((9 ].)(1:t 203), + 1) (1 ) :l:,)

Rearranging this inequality gives

62



1 2 5
— 3 _ 22 < — 2
-V =i-gmw < SR8 (1+0>zzy'

=1 1=1

+ Iy (319

=1

Adding inequalities (3.11) , (3.12) , (3.13) and using

2(9 10

52t T

5
aroe 0 72U <
we have

100 5 15 4 2562

95(02—1)(§m) sz + Z Ao +op

=1 =1 =1

Combining this with

5 5

ZE: A

1=1 =1

we have
2
4593 15 + 2562
< (9% - 2
D <50 1)(,22 )*1—92§‘”'+2(1—9)(1+e>3

_4-50

This final function has its maximum when ¥3}_, z? = a-eyr

Nowwhen%<9<§,

4 — 50 < 15
(1-6%)2 — 2(1 +96)
so that if ¥2_; 2 > 2(1+9)2 then
—1256% + 1500 + 75

D

<

T 8(1-6)(1+6)
3125
324

63



=11 =

Finally, if 33, 22 < 2(1_1+59)—’ we have

5 5

D < Y aiy vl

=1 =1

< (6°-1) (Zsirc?)2+5im?

=1 1=1
which has its maximum at

5
. 5 15
¢ = >
2.2 2(1— 6%) = 2(1 + 6)?

=1

because § > 1. Therefore, since 3 < § < 2, (3.14) gives

3756 — 75 _ 3125
<
D= vep <o

64
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Chapter 4

In [8] Filliman claims that if P* is a k-dimensional critical central section (with

respect to volume) of a regular n-simplex S then the following conditions hold,

(a) The centroid of P* coincides with the centroid of S.

(b) Each facet of P* is normal to the line from its centroid to the centroid of S.

and that these conditions are sufficient to prove that the minimal 2-dimensional
sections of S are equilateral triangles.

However, it appears that the conditions (a) and (b) are not quite correct. There
are critical sections where neither condition holds.

Figure 4.1 shows a plot of the volume of 1-codimensional central sections of a
regular 3-simplex, S, as a function of the point where the normal to the slice passing
through the centroid of S intersects one of the facets of S. The maximum values
of the function, corresponding to sections that contain 2 vertices of S , can clearly
be seen , as can the minimal values, corresponding to sections parallel to a facet of

S. Also there are local minima corresponding to square sections.
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The function is not differentiable at the maximum points, but it is differentiable
at the local and global minima, where both of Filliman’s results hold. However the
function has saddle points where (a) and (b) do not hold.

If we take S to be the 3-simplex with edge length +/2 defined in Chapter 1 ,

then the saddle points correspond to sections normal to vectors such as,

4’ 4’4 4

where

We may show this as follows.
As in Chapter 1 let a be a unit vector and H be the 3-dimensional subspace of
R* perpendicular to a.

To find the critical points of Vol,(H 1 S) we recall the formula of Chapter 1 and

find the critical points of

o _4 1
2nVoly(H(8)= [~ 11 gl
oo 1k

under the conditions,
4

4
Za,-=0 Zag:
j=1

i=1

To ensure that the volume is differentiable we assume that all the a; are non-zero.

Set
1

4 4
. 2

j=1 3=1

o 4
f(a11a2)a3;a4)=‘/_w]:[

i=1
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At the critical points,
— =0 k=1,...,4

that is
4

o 1t 1
dt+AX+2 =
/oo 1+zakt]]':'|;1+iajt A+ 2ha 0

foreach 1 <k <4.

If all the a; are non-zero then the conditions may be multiplied by ax to give

/w —iaxt f[ L g4 Aap+2ua =0
oo 1+ 2art 1+ ia.jt

j=1
or , writing M = 27Vol,(HN S),

4
- dt + A 2ual =
M+/oo1+zaktI_I 14 2a;t +Aax +2pa; =0

foreach 1 <k <4.

Now if,
_Je* ifz>0
f=)={¢

otherwise

then the Fourier Transform of

Tk(3)=fH’ <xek>Hf(<xeJ >) dVoly

j=1
is
1 12[ 1
1 4 2axt ; 1+ a5t

Fiu(t) = I

so that

/_°° Pu(t)dt = 27r(0)
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4
= 27r_/;{ <x,e, > [[ f(< x,e; >) dVoly

=1
and as we saw in Chapter 2, this may be written as
. 4
/ f‘k(t) dt = 3¢, 27I’/H H f(< X, €; >) dVoly
—o0 i
where ¢, is the k-th coordinate of the centroid of H N S.
Therefore,

/ " f(t) dt = 3 M

and the critical conditions are,
~M + 3¢ M + dag + 2pal = 0 (4.1)

foreach 1 < k <4.

As (¢1,c¢9,¢3,¢4) liesin HN'S

4
ch =1
Jj=1

and
4
Y ajci=0
J=1
so summing (4.1) over k=1,...,4 gives
2u=M

and multiplying (4.1) by ax then summing gives
4
A=-M)> a}
k=1
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The critical conditions are therefore,

¢ = % (1 —a? +a; (ké az)) (4.2)

foreach 1 < 5 <4.
If a is the unit vector in the direction (—z,—%,m, 3= m), where 0 < z < %
then from (4.2) the critical conditions are

1 3
4$4—4$3+2$2—§Z+§

Cl = C = 3 3
3(5——:1;-{-2:1:2)
4_33, 12 ‘n_. 9
cn = 2z° —jt+ et -5t g
3 = 2
3 2
3(§—m+2m)
4_ 5,3, 1.2 is. ., 3
€ = 2z 2Tt 3T — 3T+ 3

3(%—a:+2m2)2

and the slice has vertices
4z

1+4a:’ ’1+4m 0

2 -4z 1
3 - 4:1:”’3 4z

2 -4z
(0’3—4:1: 0, 3—4:1:)

It is easily checked that the critical conditions above, giving (¢i, c3, s, ¢4 ), the cen-

( )
(O 1+4z’ 1+4m’0)
(2" 5%)

troid of the slice , are satisfied if and only if either z = % or z satisfies

%—6m+16m — 162> + 16z* =0

that is,



but ¢; = c; =c3 =c¢4 = % if and only if z = %. So we have a critical point that
does not satisfy Filliman’s conditions.

It is not hard to see that if Filliman’s result (a) were correct then we could
solve the problem of the minimal 1-codimensional central section of the regular

n-simplex, since the n-dimensional version of the critical conditions derived above

o=2(1-a+a(3q))

for each 1 < j < n + 1, (by induction we can assume that all the a; are non-zero).

is

Applying (a) we see that all the c; are equal so that all the a; must satisfy the

same quadratic equation. Therefore, for some 1 < k < n, k of the a; are equal to

n+1—k
k(n+1)

and the remainder are equal to

\/ k
(n+1)(n—k+1)
so that

(n—1)! B nti1
Jrr P ENS) = o / H 1 +zaJ
(n— 1)! VnF1 K (n— k4 1)k
=k k—1)(n+1)*VvE Vn—k+1

We now show that this last function is minimised when k = 1 or k = n. Let

(n — 1)' \/n_-ﬁ k_k(n —k+ 1)n—k+1
=Rk -1I(n+1vVE vVa—k+1

h(k) =
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h is symmetric on the interval [1,n] so we assume that 1 < k < % and show

<1

Since k <n — k and
M) ( k \Tn—k+1\"HE
h(k+1)  \k+1 n—k

o . k+5 . . . .
it is sufficient to prove that (7:%) ? is an increasing function of k.

) k k+3
h(k) = log(k-}-l)

then (L) SERP increasing if A'(k) > 0.

k+1
I k L k+3
B\E+1 k(k+1)
= lo k + = (1+——1 )
= %% \E+1 PR

_ _/k+11 ( +_]__)
- k+1

and by the convexity of the function ¢ — —1- on [0, o0},

M1l 1,1 1
< (24—
-/l; el 2(k+k+1)

Let

K'(k)

SO

K(k)>0

as required, and

L
n 2

h(k) 2 h(1) = h(n) = (m)ﬂ_
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Therefore

m( n )"-i-

Vol._,(H(]S) > (n—1)\n+1

the lower bound being attained when the slice is parallel to a facet of the simplex.

73



References

1. K.M.Ball, Cube slicing in R", Proc. Amer. Math. Soc. 97 (3) (1986),
465-473.

2. K.M.Ball, Volumes of sections of cubes and related problems, Geometric as-
pects of functional analysis Israel seminar 1987-88, Springer-Verlag 1376 ,
251-260.

3. K.M.Ball, Ellipsoids of mazimal volume in convez bodies, Geometrie Dedicata

41 (1992) , 241-250.

4. K.M.Ball, Volume ratios and a reverse isoperimetric inequality, J.London

Math. Soc. (2) 44 (1991), 351-359.

5. J.J.M.Brands and G.Laman, Plane sections of a tetrahedron, American Math.

Monthly 70 (1963), 338-339.

6. H.J.Brascamp and E.H.Lieb, Best constants in Young’s inequality, its con-
verse and its generalisation to more than three functions, Adv. in Math. 20

(1976) , 151-173.

74



10.

11.

12.

13.

H.G.Eggleston,Plane sections of a tetrahedron, American Math.Monthly 70
(1963), 1108.

. P.Filliman, The volume of duals and sections of polytopes, Mathematika 39

(1992), 67-80.

D.Hensley, Slicing the cube in R™ and probability, Proc. Amer. Math. Soc.
73 (1) (1979) , 95-100.

M.Meyer and A.Pajor, Sections of the unit ball of {7, J. Func. Anal. 80
(1988), 109-123.

G.Pisier, The volume of convez bodies and Banach space geometry, Cambridge

University Press (1989) , Cambridge, pp. 3-4.

J.D.Vaaler, A geometric inequality with applications to linear forms, Pacific

J.Math. 83 (1979), 543-553.

D.W.Walkup, A simplez with a large cross section, American Math.Monthly
75 (1968), 34-36.

75



