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Abstract  

A three-dimensional discrete element grain-based stress corrosion model incorporating the theories of subcritical 

crack growth and chemical reaction rate was built to explore the time-dependent behavior of damage evolution and 

fracture patterns of brittle rocks on a mesoscopic scale. The model was first validated and the model accurately 

captured the evolution of damage (tensile and shear microcracks) on the mesoscopic scale and the macroscopic 

mechanical behavior (the strength, and failure patterns) observed in laboratory experiments. The subcritical 

parameters of the model were calibrated to match the time-dependent damage deformation behavior observed in 

laboratory experiments. The time-dependent numerical results replicated the typical decelerating-accelerating axial 

strain behavior seen in laboratory experiments. The crack propagation pattern in the simulation indicated that 

tension cracks were dominant. The results of numerical simulation showed that the time-to-failure during brittle 

creep decreased with the increase of the stress level, while the initial strain value, initial damage value, and 

minimum creep strain rate increased, as observed previously in the laboratory. We conclude therefore that the 
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presented model supports a rich set of grain-scale discontinuities that can be related to microstructural features and 

provides a deeper understanding of the evolution of time-dependent damage on the mesoscale. 

Keywords: stress corrosion; Voronoi polyhedral; discrete element method; time-dependent behavior; brittle rocks 

1. Introduction 

The majority of rocks forming the Earth’s crust exhibit complex mechanical behavior associated with their 

internal microstructure. Hence, rock microstructure is one of the key factors controlling the progressive failure of 

rocks, which involves the closure, initiation, interaction and coalescence of microcracks, eventually resulting in 

macroscopic failure of the rock under external loading [1-3]. However, laboratory experiments have demonstrated 

that the deformation of rock materials (e.g., sandstone, basalt, granite) can progress with time under constant stress 

that is below their short-term failure strength. Rock held under a constant stress can eventually fail, with the 

time-to-failure depending inversely on the magnitude of the differential stress, amongst other factors such as 

temperature and the nature of any pore fluid that is present [1, 4-8]; a phenomenon known as static fatigue in the 

engineering literature and brittle creep in the geoscience literature. This time-dependent deformation is often 

explained in terms of time-dependent subcritical crack growth [9-12]. Time-dependent damage and failure of rock 

has the potential to significantly impact on long-term stability and safety considerations of geotechnical structures 

such as mines [13], underground tunnels and wellbores [14, 15], nuclear waste repositories [16], and rock slopes 

[17].  

The main underlying physical mechanisms of subcritical crack growth under upper crustal conditions include 

stress corrosion, dissolution, diffusion, ion exchange, and microplasticity [18]. Geological fluids (commonly water 

or aqueous solutions) are ubiquitous in the Earth’s brittle upper crust, and all of the physical mechanisms 

responsible for subcritical crack growth are likely to be influenced by the chemical effects of pore water [18-22]. 

Atkinson [18] postulated that stress corrosion would likely be the main mechanism of subcritical crack growth 
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under shallow crustal conditions (upper 20 km). Stress corrosion is driven by reactions that occur preferentially 

between a chemically activated geological fluid (commonly water) and the strained bonds at crack tips, such as the 

hydrolysis of silicon-oxygen bonds in a quartz-water system [6, 7, 19, 23-25]. The strained crack tip bonds result in 

a weakened (activated) state that can be broken at lower stresses than unaffected bonds. 

Based on stress corrosion theory, a number of numerical modelling approaches have been proposed to analyze 

time-dependent damage of brittle rocks. Amitrano and Helmstetter [26], for example, proposed a numerical model 

based on static fatigue laws to simulate brittle creep using a two-dimensional finite element method with the 

assumption of plane strain. Each element of the finite element model adopted an empirical relation between 

time-to-failure and applied stress. Konietzky and Heftenberger [27] proposed numerical model in FLAC2D (2D 

Fast Lagrangian Analysis of Continua) to simulate subcritical crack growth and perform time-to-failure prediction 

of a rock structure under constant loading using a linear elastic fracture mechanical approach. As a further 

development of the model proposed by Li and Konietzky [28, 29]. Li and Konietzky [29] studied time-dependent 

crack growth by considering stochastic distributions for the initial length and orientation of cracks and different 

crack propagation schemes in brittle rock. Potyondy [30] adopted reaction rate theory into the bonding model of 

PFC (Particle Flow Code) to simulate the stress-dependent corrosion reactions that occur at each parallel bond in 

silicate rock analogues. The stress corrosion process is implemented by decreasing parallel-bond diameter at a 

uniform rate that is proportional to the crack velocity proposed by Charles [24]. Kemeny [31] developed a fracture 

mechanics model in UDEC (Universal Distinct Element Code) to simulate the time-dependent degradation of rock 

joint cohesion of rock bridges along discontinuities. Chen and Konietzky [32, 33] developed a grain-based 

numerical model in UDEC to simulate time-dependent behavior in terms of damage evolution, successfully 

describing the brittle creep curve (strain as a function of time). The modeling of Chen and Konietzky [32, 33] 

considers randomly distributed initial microcracks, different mineral components, and different grain sizes. 
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The main objective of this study was to further advance our understanding of the time-dependent damage 

evolution of brittle rock at the mesoscale. In this paper, the mesoscale is considered to be the length scale (the 

mineral grain scale) between the macroscale (phenomenological) and the microscale (atomic or molecular). For this 

purpose, we used the three-dimensional discrete element grain-based model (3DEC-GBM) to represent rock by a 

dense packing of 3D Voronoi grains (convex polyhedra intersecting along flat faces, straight edges and vertices, 

respectively [34]) of non-uniform size and shape that are bonded together at grain contacts. A calibration procedure 

to determine the grain scale parameters (for grains and grain-to-grain contacts) for the model was conducted using 

the macroscopic response of rock deformed in laboratory experiments. Complete stress-strain curves and failure 

pattern analysis were then modeled to validate the model against laboratory observations. Following this validation, 

the time-dependent behavior of brittle rock was introduced into the 3DEC-GBM using stress corrosion theory. Two 

simple models were built to analyze visually subcritical crack growth at the contact between grains. Finally, we 

performed a set of uniaxial compressive creep simulations under different constant stresses to study time-dependent 

damage evolution of the studied sandstone. 

2. Theory of subcritical crack growth 

Stress corrosion, a weakening reaction of a bond structure in rock materials by a chemical reaction, is 

considered to be one of the key factors driving the time-dependent behavior of rocks in the upper crust. The 

well-known Charles power law is the most commonly used equation to describe subcritical crack growth [18, 19, 

23, 24, 35-37]. Charles [23, 24] investigated static fatigue of a simple soda-lime glass in relation to the sensitivity 

of this glass to water vapor corrosion under tensile loading. The formula that describes the relation between 

subcritical crack growth velocity and stress intensity factor in terms of chemically assisted stress corrosion 

processes is given by  

           
0 exp(- ) n

Iv v H RT K   (1)  
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where v is the crack velocity, v0 is pre-exponential factors, ∆H is an activation enthalpy, R is the universal gas 

constant, T is the absolute temperature, n is a material constant known as the stress corrosion index, and KI is the 

stress intensity factor. The corrosion process was found to be strongly dependent on stress at the tip of the crack.  

    Wiederhorn [38, 39] further hypothesized that static fatigue in glass is the result of a stress-induced chemical 

process between the ambient environment and the glass, based on chemical reaction rate theory. The crack velocity 

is proportional to the rate of chemical reaction at the crack tip. A quantitative rate equation to describe the crack 

velocity is given by [30] 

        exp
M

0

v E v
v=v

RT
 (2) 

where v
+
 is the activation volume, σ is the crack-tip tensile stress, E

+
 is the stress-free activation energy, vM is the 

molar volume of the glass, γ is the interfacial surface energy between the glass and the reaction products and ρ is 

the radius of curvature of the crack tip. This equation was not formulated in terms of fracture mechanics parameters, 

such as stress intensity factor KI.  

Michalske and Freiman [9], Freiman [10] developed a chemical model on a molecular scale for the 

stress-induced interaction of the environment with mechanically strained bonds at the tip of a crack in the 

silica-water system, and explained that the stress corrosion process in polycrystalline ceramics is dominated by 

grain boundary chemistry and structure. They also assumed that the crack velocity is directly proportional to the 

chemical reaction rate. Martin [35], Scholz [36], Atkinson and Meredith [11], Atkinson [18], Atkinson [19] reported 

on static fatigue in various rocks and rock-forming minerals (e.g., quartz, calcite, basalt, granite). They 

demonstrated that the static fatigue of rocks is dependent upon stress, temperature, and moisture (similar to the 

time-dependent crack growth in glasses or ceramics). Therefore, Eq. (2) could be extended to describe subcritical 

crack growth of minerals and rocks.  
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3. The numerical model 

3.1 The three-dimensional discrete element grain-based model (3DEC-GBM) 

In this study, a three-dimensional Voronoi tessellation model was built using Neper (a software package for 

polycrystal generation and meshing), which was then imported directly into 3DEC (3 Dimensional Distinct 

Element Code)[34, 40, 41]. Voronoi tessellation randomly generates polyhedral grains with variable sizes and 

shapes, which is representative of random polyhedral grains or the polycrystalline meso-structures of natural rocks 

(see Fig. 1). We generated numerical cylindrical specimens with a diameter of 50 mm and a height of 100 mm (the 

same dimensions as for the laboratory experiments described later in this paper) in order to deform them 

numerically. Each specimen consisted of 5,300 Voronoi polyhedron grains, as shown in Fig. 2(a). All grains in the 

Neper are convex polyhedrons. Equivalent diameters (i.e. diameter of the sphere of equivalent volume) of the 

grains in the model follow a log-normal distribution, in which the logarithmic mean and logarithmic standard 

deviation are 1 and 0.35, respectively. The sphericity (i.e. the ratio of the surface area of the sphere of equivalent 

volume to the surface area of the grain [42] ) of the grains in the model also follows a log-normal distribution, in 

which the logarithmic mean and logarithmic standard deviation are 0.145 and 0.03, respectively. It should be noted 

that a numerical model that can exactly reproduce the actual grain structure of a rock is impractical due to a result 

of computing limitations; therefore, our model incorporates a minimum grain size set at 13 times the actual grain in 

an effort to reflect closely the model response [34]. The measurement system of the numerical model is shown in 

Fig. 2(b) (the same approach used in [34]). The axial strain was calculated by averaging the z-direction 

displacement (along the axis of the sample) between two pairs of grid points. These pairs of grid points were 

located 10 mm from the top and bottom ends of the model, respectively (Fig. 2(b)). Lateral strain was calculated by 

averaging the horizontal displacement of three pairs of grid points located in the middle section of the specimen 

(Fig. 2(b)). The axial stress was calculated by monitoring the stress in the central region of the model (the red 
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region indicated in Fig. 2(b)). 

Fig. 1  

Fig. 2 

Both grains and grain contacts in the numerical model control the macroscopic behavior of the specimen [43, 

44]. In this study, the deformable grains were assigned linear elastic constitutive relations, and the grain contacts 

were assigned two contact criteria: derived from Rankine’s maximum tensile stress theory and Mohr-Coulomb 

shear failure theory. Contacts between grains were automatically divided into several triangular sub-contacts after 

the entire grain was zoned. The transfer of force between grains was achieved through these sub-contacts. Once the 

stress at the sub-contact reached the strength threshold, the sub-contact either slid or opened (Fig. 3).  

Fig. 3 

As the rock is deformed, microcracks form and are accompanied by the release of strain energy in the form of 

elastic waves known as acoustic emissions (AEs) [45]. Laboratory experiments have shown that the number and 

amplitude of AE activity increases as a rock approaches macroscopic failure [46]. Tang [47] related the number of 

failed elements, a proxy for AE, during a Rock Failure Process Analysis (RFPA) simulation to the damage accrued 

by the deforming numerical sample. Indeed, both experiments and modeling have shown that the output of AE is a 

reliable metric to monitor the evolution of damage in rock samples. In three-dimensional discrete element 

grain-based models, the damage, a metric to quantitatively describe the failure process of a rock sample, is 

represented explicitly as broken sub-contacts (which will be referred to as microcracks). Here, damage (D) is 

defined as the ratio of the accumulated number of sub-contact failures to the number of total sub-contact failures in 

the model:  

 

m

M

ii 1

ii 1

n
D

n









  (3) 

where m is the current time step, ni is the number of sub-contact failures in the ith time step, and M is the total 
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number of time steps (with very few cracks being generated after the Mth time step). 

3.2 Formulation of the time-dependent model  

Stress corrosion theory was introduced into the three-dimensional discrete element grain-based model 

(3DEC-GBM) to mimic time-dependent weakening processes in rock at the mesoscale. Synthetic specimens, 

analogous to granular rocks, are constructed in 3DEC-GBM through a dense packing of non-uniform-sized Voronoi 

grains bonded together at their contacts. We assume that stress corrosion reactions only occur at sub-contacts 

between grains and do not affect the grains themselves. Therefore, each sub-contact is a potential reaction site, and 

microcracks only propagate along the grain boundaries. The mesoscopic mechanical properties of the sub-contacts, 

which involve the tensile strength and cohesion in this study, are weakened at a uniform rate that is proportional to 

the chemical reaction rate, hereinafter called the degradation rate (Fig. 4). The friction angle of a contact is largely 

related to its roughness and barely influences the reduction in contact strength [48, 49]. Therefore, we assume that 

the friction angle cannot account for the decrease in mechanical strength with time [49].  

Fig. 4 

When time-dependent behavior of rock at constant temperature and humidity is studied, the formula that 

describes the degradation rate (D) of mesoscopic mechanical properties of the sub-contacts is given by: 

 2

0

1 0

0

= ,
B

D c

c

v B e


 

  

 




 
  

  (4) 

where
  vME RT

1 0B Av e
  

  and 
2B v RT ,σ0 is the threshold stress (or so-called activation stress) below 

which stress corrosion reactions cannot occur (approximately equal to 0.4*σc [30]), σc is the peak strength,   is 

the reaction-site stress at the sub-contact, and A is the constant of proportionality between the chemical reaction rate 

and the degradation rate. Once the normal stress or shear stress at the sub-contact exceeded the tensile strength or 

shear strength at the sub-contact, respectively, the sub-contacts failed and formed microcracks.  
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The proposed time-dependent model can simulate microcrack nucleation, growth and eventual interaction at 

the grain scale, but the stress corrosion process at the sub-contacts is not described by a stress-intensity factor. As 

Potyondy [30] mentioned when describing their parallel-bonded stress corrosion (PSC) model, linear elastic elastic 

fracture mechanics (LEFM) conditions only apply to microcracks that are long relative to the grain size, and 

characterizes the stress field at the crack tip when a sufficient number of these microcracks coalesce into a 

macroscopic fracture [30]. Only when the microcracks along grains boundaries coalesce and localize into a 

macroscopic fracture, whose length is large relative to the grain size, in 3DEC-GBM, can the conditions at the 

macrocrack tip be characterized by the stress-intensity factor. This suggests that the proposed model supports a 

richer set of grain-scale microcracks, and it encompasses the physical behavior mechanisms of the LEFM models.  

In addition, Atkinson [19], Das and Scholz [21] assumed that, although stress corrosion has only been 

observed for mode I (tensile) crack growth, there appears to be no physicochemical reason why the stress corrosion 

process should depend on mode. The form of the stress corrosion theory therefore does not depend on crack tip 

displacement mode, and this implies that stress corrosion influences crack growth in all three crack tip 

displacement modes. Therefore, it is assumed that the form of equations describing stress corrosion under shear 

loading should be the same as that for crack propagation under tensile loading in Eq. (4), even if the values of the 

parameters in these equations are different. We study the reaction-site stress, which would incorporate tensile stress, 

shear stress or mixed stress acting on the sub-contact, to simulate subcritical crack growth in 3DEC-GBM. 

When tensile loading is applied to the sub-contact, the degradation rate is given by:  

 = ,2t

0

B

D 1t 0 c

c

0

v B e


 

  

 




 
  

  (5) 

where is the microtension at the sub-contact. B1t and B2t are material constants that vary with temperature and 

chemical environment. 
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When shear loading is applied to the sub-contact, the degradation rate is given by 

 = 2 s

0

B

D 1s 0 c

c

0

v B e


 

  

 




 
  

  (6) 

where is the microshear at the sub-contact, B1s and B2s are material constants that vary with temperature and 

chemical environment. 

When mixed tensile-shear loading is applied to the sub-contact, the degradation rate is obtained by utilizing 

the principle of superposition:   

 2t 2 s

0 0

B B

D 1t 1s 0 c 0 c

c c

0 or

v = B e B e or

or

 

   

     

   

 


    
   

  (7) 

where and are the microtension and microshear at the sub-contact, respectively. 

When mixed compressive-shear loading is applied to the sub-contact, frictional forces are generated along the 

sub-contact. The shear stress at the sub-contact can be substituted by the effective shear stress above friction,

- tann   , and the degradation rate is then given by: 

  2 s n

n 0

B tan

D 1s 0 n c

n c

0 tan

v = B e tan

tan

  

   

    

   



 


  
   


  (8) 

where and σn are the microshear and normal stress at the sub-contact, respectively. 

For time-dependent phenomena such as static fatigue, 3DEC includes two separate accumulated times: the 

problem time and the timestep. The problem time represents real time, and the time step is an artificial quantity, 

used as a means of stepping to a steady-state condition [50]. For a stress-corrosion simulation, the stress-corrosion 

time step, ∆t, is taken as real time, and can be automatically adjusted via a self-adaptive procedure. The initial 

stress-corrosion time step is equal to 1 s. When the maximum unbalanced force in the model exceeds some 

threshold, the stress-corrosion time step, ∆t, can be decreased by a ratio equal to 0.9. The specified minimum time 
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step is 1×10
-2

 s. When the maximum unbalanced force goes below some threshold, the stress-corrosion time step, 

∆t, can be increased by a ratio equal to 1.1. The specified maximum time step is 1×10
4
 s. The threshold mentioned 

above is defined as the ratio of the maximum unbalanced force to the average grid point force of the model [50] and 

can be calculated as follows: 

   

 ii 1

unb

N

gp

F

F N







                                        (9) 

where α is the threshold, Funb is the maximum unbalanced force in the model, N is the total number of grid points in 

the model, Fgpi is the grid point force of the ith grid point in the model. 

4. Modeling of time-dependent deformation of rock 

In this study, the time-dependent damage evolution of Yunnan sandstone (from the Yunnan province of China) 

at the mesoscale was studied using a combination of numerical modeling and laboratory testing. Cylindrical 

samples (50 in diameter and 100 mm in length) were prepared from a single block of Yunnan sandstone. Yunnan 

sandstone is a feldspathic sandstone consisting of quartz (60%), feldspar (19%), calcite (8%), and cement (13%), 

and it has a grain size of approximately 100-200 μm. Yunnan sandstone was selected because its microstructure 

(polygonal grains) is very similar to that of the numerical samples prepared using the Voronoi polyhedra grains (Fig. 

1). The macroscopic mechanical properties of Yunnan sandstone are summarized in Table 1. The macroscopic 

mechanical properties of Yunnan sandstone are summarized in Table 1. The mechanical properties of specimen 

SZ-08 and SZ-16 were used to determine the macro response of Yunnan sandstone. 

Table 1 

4.1 Parameter calibration 

For continuum approaches (e.g., finite element and finite difference method), material properties can be 

directly obtained through laboratory testing. However, for discontinuum approaches, especially the DEM, the 

material parameters of both the grains and grain contacts control the macroscopic mechanical behavior of the rock. 



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

These parameters cannot be directly obtained from laboratory testing, but are related to the macroscopic mechanical 

response of rock during classical laboratory tests (e.g., uniaxial compression testing and Brazilian disc tensile 

testing). For DEM, a “trial-and-error” method is often used [44, 51], in which numerical modeling is performed and 

the input parameters are varied until the mechanical behavior, strength, and failure patterns of the numerical 

simulation closely match the data and observations from laboratory experiments. Numerous publications have 

shown how the mesoscopic material parameters of rocks can be calibrated for use in modeling[30, 34, 40, 43, 44]. 

In this study, only one type of grain and one type of contact are considered in the parametric study, which 

means that the effects of mineral heterogeneity are explicitly not considered. The deformation and strength 

parameters for the grains are chosen based on the mean values of Yunnan sandstone and therefore the elastic 

constants (Young’s modulus and Poisson’s ratio) of the grains are considered as real values (Table 2). The 

calibrated meso-mechanical parameters for Yunnan sandstone are listed in Table 2. The uniaxial compression 

results obtained from the laboratory testing and numerical simulations on Yunnan sandstone are then compared in 

Figs. 5 and 6. It was found that the numerical simulation can accurately reproduce the mechanical behavior (e.g., 

the elastic modulus) and strength of the laboratory experiment (Fig. 5). The simulated peak stress of 52 MPa was 

very close to the experimentally measured uniaxial compressive strength of 52.1 MPa, and the simulated and 

experimental Young's moduli were both 12 GPa. We observed that a macroscopic shear fracture zone in the 

numerical sample, accompanied by several minor ancillary fractures (Fig. 6a), agrees well with the macroscopic 

failure of the laboratory experiment (Fig. 6b). 

Table 2 

Fig. 5 

    Fig. 6 

We highlight that the shape of the experimental stress-strain curve in Figure 5 was initially non-linear 
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(concave) up to an axial strain of 0.27%. This type of deformation is often observed in laboratory experiments and 

is commonly attributed to both the settlement of elements of the loading train and closure of pre-existing defects, 

such as microcracks. These secondary processes are not taken into consideration in the numerical model, hence the 

model stress-strain curve does not contain this initial non-linear portion. However, if we remove this initial concave 

portion of the experimental stress-strain curve, we find that the numerical and experimental stress-strain curves are 

essentially superimposed upon each other (the solid blue and dashed pink curves, respectively, in Fig. 5). 

Furthermore, we find that the peak stress and the Young’s modulus (i.e. the slope of the stress-strain curve in the 

elastic region) from the numerical simulation were essentially the same as for the experiment (Fig. 5). Therefore, 

although the model is unable to capture the initial concave portion of the stress-strain curve associated with the 

closure of microcracks and apparatus settlement, it is able to accurately reproduce the mechanical behavior and 

strength of the laboratory experiment (Fig. 5). 

4.2 Stress corrosion process 

Two simple numerical models were built to analyze microcrack growth at the contacts between grains, as 

shown in Fig. 7. Two adjacent Voronoi polyhedral grains were randomly selected from the 3DEC-GBM and 

represented in simplified form as two cube grains (2.5 mm edge length). The stress corrosion mechanism was then 

implemented in the simple numerical model, under conditions where stress corrosion reactions can only occur 

within the contact area between the two cubic grains. The contact between the grains was automatically divided 

into several triangular sub-contacts after the entire grain was zoned. The degradation of sub-contact strength with 

time is ruled by Eq. (4). The stress corrosion takes place with extremely low speed. Once the stress at any of the 

sub-contacts exceeded the sub-contact strength, that sub-contact was deemed to have failed and transformed into a 

microcrack. The microcrack subsequently propagates subcritically across the whole contact. The calibrated 

mechanical parameters listed in Table 2 were used as the input parameters for these two numerical models. 
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Fig. 7 

The subcritical parameters in Eq. (4) were analyzed based on a tensile test and a shear test in the model. Fig. 8 

shows the influence of the subcritical parameters on time-to-failure of the model. When the subcritical parameter 

B2t was equal to 3.5×10
-9

, the time-to-failure nonlinearly decreased as a function of increasing B1t under a constant 

tensile load (Fig. 8a, left). Time-to-failure also decreased as a function of increasing tensile load (Fig. 8a, left). 

Similarly, when the subcritical parameter B1t was equal to 4.3×10
-9

, the time-to-failure decreased as a function of 

increasing B2t under constant tensile load (Fig. 8a, right). Time-to-failure also decreased as a function of increasing 

tensile load (Fig. 8a, right). A similar pattern is seen for the model under a shear load, as shown in Fig. 8b. 

Fig. 8 

During simulations under tensile loading, the short-term failure strength of the model with a pre-existing crack 

was 3.6 MPa. The subcritical parameters were: B1t =4.3×10
-4

 and B2t = 3.5×10
-9

, and a threshold stress   

(below which stress corrosion ceases ) was 1.4 MPa. Fig. 9(a) shows the modeled distribution of z-direction stress 

(tensile stress) and microcrack development as a function of time under a constant tensile stress of 2.2 MPa. A 

stress concentration was observed around the pre-existing crack or the newly created microcrack tips. It can be 

concluded that the greater tensile load, the faster degradation rate of the sub-contact at the microcrack tip. The 

sub-contacts would consequently fail under a lower tensile stress and form a microcrack. The microcrack gradually 

propagated over time, and the time-to-failure was 1.36×10
4 

s. When the microcrack passed through the contact 

between grains, the model failed and the stresses were released. During simulations under shear loading, the 

short-term failure strength of the model without a pre-existing crack was 5.7 MPa. The subcritical parameters were 

B1s =4.3×10
-4

 and B2s= 3.5×10
-9

, and the threshold stress   was 2.3 MPa. Fig. 9(b) shows the distribution of 

x-direction stress (shear stress) in the model and microcrack development with time under a constant shear stress of 

3.6 MPa. Similarly to the tensile case, stress concentrations were observed around the pre-existing crack or the 
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newly created microcrack tip. Similarly, the sub-contacts failed gradually over time, and the microcrack propagated 

subcritically along the grain contact. 

Fig. 9  

4.3 Uniaxial compressive creep tests 

In order to simulate the time-dependent evolution of crack damage within our numerical cylindrical specimens 

(100 mm in length and 50 mm in diameter) under different stress levels, a series of numerical simulations using the 

stress corrosion theory were first conducted to find the appropriate subcritical crack growth parameters. The 

calibrated subcritical crack growth parameters were B1t = B1s =1.8×10
-3

 and B2t = B2s= 3.5×10
-8

, respectively. A 

representative simulated creep curve (under 41.6 MPa constant uniaxial stress) is shown in Fig. 10, where the strain, 

the evolution of damage, and the axial strain rate are plotted as functions of time.  

For comparison, a brittle creep experiment was run on a real rock sample. The experimental specimen was first 

loaded uniaxially at a constant displacement rate to a pre-chosen constant stress level. The specimen was then 

allowed to deform over time under this constant stress (maintained by a servo-control system) until failure occurred. 

Fig. 11 shows the creep curves (i.e. axial strain as a function of time) for both the laboratory and simulated creep 

tests on the studied sandstone (the simulation is the same as shown in Fig. 10). Fig. 11 also shows the modeled 

cumulative number of tensile and shear microcracks as functions of time.  

The simulation results are qualitatively similar both to the experimental results of Figure 10 and to previously 

published experimental creep curves [6, 52]; an initial phase of decelerating strain followed by a phase of 

accelerating strain (Figs. 10 and 11), although we note that the decelerating phase is more pronounced in the 

experimental data (Fig. 11). During the initial constant stress phase of the simulation, significant instantaneous 

deformation occurred in the sample. The axial strain and damage value of the specimen reached 3.57×10
-3

 and 

0.17, respectively (Fig. 10a). Only a small number of microcracks was generated during this phase (Fig. 11). The 



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

axial strain rate, the lateral strain and the volumetric strain all decreased during the phase (so called “primary” 

creep phase), but the axial strain increased (Figs. 10). During “secondary” creep phase, the formation of 

microcracks (dominantly tensile microcracks) slowly increased (Fig. 11). The minimum axial strain rate, a metric 

often used to characterize brittle creep in experiments, was 2.11×10
-10

 s
-1

 (Figs. 10). After an extended period, the 

axial strain rate noticeably increased (the so-called “tertiary” creep phase). The axial strain at this point was 

approximately 3.64×10
-3

 (see inset in Fig. 10(a)). The formation of microcracks increased significantly during this 

final stage (Fig. 11). The strain value and damage value also accelerated suddenly, eventually resulting in a 

macroscopic shear fracture (i.e. sample failure) (Fig. 10). The time-to-failure of the sample was approximately 

3.14×10
5 
s. The volume strain-time curve shows that the sample was dilating throughout brittle creep (Fig. 10(b)). 

The rate of damage exhibits the same general trend as the creep curve (axial strain as a function of time); the rate of 

damage first decelerated before eventually accelerating as sample failure was approached. Overall, the numerical 

and experimental creep curves show very similar trends, and are approximately superimposed beyond the very first 

part of the deformation (solid block curve and dashed red curve, respectively, in Fig. 11), demonstrating that the 

proposed model can accurately reproduce the time-dependent mechanical behavior of the laboratory experiment. 

Fig. 10  

Fig. 11 

Now that we have shown that the model can accurately capture the mechanical behavior of a brittle creep 

experiment, we can use the model to further explore time-dependent brittle deformation in rocks under different 

loading conditions. Fig. 12 shows five more simulated uniaxial compressive creep curves (axial strain, lateral strain, 

and damage as a function of time) for the studied sandstone performed at constant stresses of 70, 80, 85, 90, and 95% 

of the short-term strength, σc, corresponding to 36.4, 41.6, 44.2, 46.8, and 49.4 MPa, respectively. Note that the 

sample held at 70% of the short-term strength did not fail even after 100 h. As the constant stress was increased 
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from 80% to 95% of σc (i.e. from 41.6 MPa to 49.4 MPa), we observed an approximately 20-fold decrease in 

time-to-failure of the numerical specimen from 3.14×10
5
 to 1.70×10

4
 s (Fig. 12; Table 3). We also observed that 

small increases in the applied creep stress resulted in very large increases in the minimum creep strain rate (Fig. 13; 

Table 3), and associated large decreases in the times-to-failure (Table 3), as previously observed in laboratory 

experiments (see Brantut et al. 2013 and references therein). For example, the sample held at 85% of the short-term 

strength failed after approximately 1.15×10
5
 s and its minimum creep strain rate was 3.75×10

-9 
s

-1
. Increasing the 

creep stress by only a small amount to 90% of the short-term strength resulted in a decrease in the time-to-failure 

by about a factor of 4 to about 2.92×10
4
 s, and an increase in axial strain rate by about a factor of 6 to 2.42×10

-8 
s

−1
 

(Fig. 12; Table 3). The minimum creep strain rate for these five experiments increased from 3.37×10
−11

 s
−1

 to 

5.95×10
−8

 s
−1

, as the constant stress was increased from 36.4 to 49.4 MPa (Fig. 13). We observed similar trends in 

the evolution of both axial and lateral strain rates with increasing axial (creep) stress (Fig. 13). For a given axial 

stress, the lateral strain rate was higher than the axial strain rate (Fig. 13). Fig. 12(c) shows plots of the cumulative 

damage as a function of time for all of the creep simulations shown in Figs. 12 and 13. We note that the evolution 

of damage is qualitatively similar to the evolution of axial strain with time, shown in Fig. 12(a). 

Fig. 12 

Fig. 13  

5. Discussion: model limitations and further work 

The three-dimensional polycrystalline discrete element model used herein has proved to be a useful tool for 

modeling synthetic specimens analogous to granular rocks (e.g., sandstone). This type of modeling creates new 

possibilities to allow for a realistic simulation of time-dependent rock mechanical behavior and strength. However, 

it is not possible to exactly reproduce the grain scale structure of rock due to the limitations of computer 

performance. Hence, a degree of simplification is always required. Fabjan et al. [53] demonstrated that the 



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

influence of the polygon size resolution on the rock strength can be eliminated by having more than ten polygons 

along the diameter of the specimen’s cross section, which is the case for the simulations reported here (Fig. 2). 

Furthermore, a specimen consisting of 5,300 Voronoi polyhedron grains, as used in this study, agrees well with the 

discretization of the numerical specimens used in other studies[34]. 

When the local stresses exceed the local strength within rock under external loading, opening occurs and 

sub-contacts form microcracks. Based on the location of the microcracks generated during the process of rock 

failure, they can be divided into three types: intergranular cracks (along mineral grain boundaries), intragranular 

cracks (within the mineral grains) and transgranular cracks (cutting across several mineral grains and grain 

boundaries) [54-56]. Gao and Stead [44, 57] proposed a modified distinct element Voronoi method to simulate the 

intergranular and intragranular cracking of sandstone in UDEC. They cut each Voronoi block into several triangular 

blocks by creating several contacts from the center of the grain block to its apex. The contacts between the Voronoi 

blocks were defined as potential intergranular cracks. Wang and Cai [41] proposed a 3DEC-GBM modeling 

approach to simulate intergranular cracks and intragranular cracks based on a two-scale Voronoi tessellation scheme 

in Neper software. In this study, the model simplifies the Voronoi grains as non-breakable and deformable grains. 

To build on the work presented herein, we consider it necessary also to consider the influence of potential 

intragranular cracks on unstable cracking in 3DEC-GBM.  

Atkinson[12], Charles[23, 24], Wiederhorn and Fuller[58] reported a considerable body of experimental work 

that studied subcritical crack growth in glasses, ceramics, and geological materials. These experimental results 

showed that the chemical reaction rate in those materials has been characterized as a function of the applied stress, 

temperature, and fluid pressure or humidity (see also Brantut et al., 2013). It was assumed that the crack velocity 

was proportional to the rate of chemical reaction at the crack tip during subcritical crack growth driven by stress 

corrosion. When the temperature and humidity were increased, the crack growth rate was also increased due to the 
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increased activity of environmental water. In this paper, the stress corrosion process is incorporated into a 

three-dimensional grain-based discrete element model (3DEC-GBM) to simulate time-dependent deformation and 

damage under constant temperature and humidity. Future research will focus on the effects of varying temperature 

and humidity on time-dependent deformation using the model presented herein. 

6. Conclusion 

In this study, we employed a three-dimensional discrete element grain-based model (3DEC-GBM) to 

characterize the time-dependent progressive damage evolution of the studied sandstone at the mesoscopic scale. 

The 3DEC-GBM was validated against laboratory uniaxial compression experiments. We found that the model 

could accurately capture the mechanical behavior, strength, and failure patterns obtained in laboratory experiments 

(here demonstrated for the Yunnan sandstone). Based on this validation, and the stress-dependent corrosion reaction 

theory, a grain-based corrosion reaction model was developed to capture the time-dependent degradation of rock at 

the mesoscale. As an example, two sample numerical models were analyzed under tensile and shear loading. We 

observed that sub-contacts between grains failed and formed microcracks over time. Further, a set of uniaxial 

compressive creep simulations were performed under different constant axial stresses (from 36.4 to 49.4 MPa). We 

found that the growth of macrofractures in sandstone samples was dominated by tensile microcracks, and that the 

damage in the specimen was stress sensitive (i.e. the time-to-failure is shorter under higher constant stress), as also 

reported in earlier experimental studies. We also found that the final failure pattern and the damage evolution as a 

function of time were in close agreement with data from laboratory experiments. We conclude that the model 

presented herein is a powerful tool that can be used to study the time-dependent damage evolution and failure 

patterns of granular materials at the mesoscale. 
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List of Tables 

Table 1 Macro mechanical properties of Yunnan sandstone. ρ – density; E – Young’s modulus; v – Poisson’s ratio; 

σc – uniaxial compressive strength; σT – tensile strength; Error – the ratio of the difference between the measured 

value and the average value. 

Specimen 

no. 

ρ (kg/m
3
)  

/Error (%) 

E (GPa)  

/Error (%) 

v  

/Error (%) 

σc (MPa)  

/Error (%) 

Specimen 

no. 

σT (MPa)  

/Error (%) 

SZ-04 2201.3/0.6% 12.7/5.8% 0.25/0% 57.3/7.5% SZ-16 3.6/2.9% 

SZ-08 2168.4/0.8% 12.0/0% 0.27/8% 52.1/2.3% SZ-20 4.5/28.6% 

SZ-12 2193.8/0.3% 11.2/6.7% 0.23/8% 50.6/5.1% SZ-24 2.3/34.3% 

Average 2187.8 12.0 0.25 53.3 Average 3.5 

 

Table 2. The mesoscale physical properties used to study the mechanical behavior (found through calibration). E – 

Young’s modulus; υ – Poisson’s ratio; Kn – normal stiffness of the sub-contact; Ks – shear stiffness of the 

sub-contact. JT – tensile strength of the sub-contact; Jc – cohesion of the sub-contact; φ – friction angle of the 

sub-contact; φr – residual friction angle of the sub-contact. 

E /GPa v Kn /GPa·mm
-1

 Kn /Ks JT /MPa Jc /MPa φ/° φr /° 

12 0.27 40 2 7.6 31.2 27 6 
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Table 3. Summary of the conventional uniaxial creep simulations at different stress levels.  

Short-term 

failure 

strength /MPa 

Creep 

stress 

/MPa 

Percentage of the 

short-term failure 

stress 

Minimum 

axial strain 

rate /s
-1

 

Minimum 

lateral strain 

rate /s
-1

 

Time to failure 

Simulation 

/s 

Laboratory 

/s 

52.1 

36.4 70% 1.78×10
-11

 3.37×10
-11

 1.36×10
6
 -* 

41.6 80% 2.11×10
-10

 4.51×10
10

 3.14×10
5
 3.14×10

5
 

44.2 85% 1.13×10
-9

 3.75×10
-9

 1.15×10
5
 9.72×10

4
 

46.8 90% 9.29×10
-9

 2.42×10
-8

 2.92×10
4
 4.45×10

4
 

49.4 95% 5.95×10
-8

 1.42×10
-7

 1.70×10
4
 1.60×10

4
 

*Note: Due to the very low strain rate, the experiment in which the sample was held at 70% of the short-term 

strength was stopped after 100 h. 
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List of Figure Captions 

Fig. 1. (a) Voronoi tessellation designed to replicate the grain scale properties of Yunnan sandstone shown in (b). (b) 

Scanning electron microscope picture of Yunnan sandstone.  

Fig. 2. (a) The 3D numerical specimen (50 mm in diameter and 100 mm in length) used in this study. (b) 3D view 

of the cylindrical numerical specimen showing the position of the grid points within the specimen used to 

determine the axial and lateral strain (see text for details) and the area (red polyhedral grains) where the axial stress 

is calculated. We use the same method of stress and strain determination presented in Ghazvinian et al. (2014). 

Fig. 3. Stress-strain graph showing the constitutive behavior of contact between the grains. (a) Stress-strain graph 

in the normal direction. (b) Stress-strain graph in the shear direction. Contacts can fail (open) or slide. Kn – normal 

stiffness of the sub-contact; Ks – shear stiffness of the sub-contact. 

Fig. 4. Degradation rate relations for the 3DEC-GBM. σ0 – threshold stress below which stress corrosion does not 

occur; σc – the peak strength. 

Fig. 5. Experimental and simulative stress-strain curves (axial and lateral strain) for a cylindrical laboratory 

specimen (100 mm in length and 50 mm in diameter). The solid blue line and dashed red line are experimental and 

simulative stress-strain curves, respectively. In addition, the dashed pink line is the experimental stress-strain curve 

with the initial non-linear part of the stress-strain curve removed (see text for details). 

Fig. 6. Macroscopic fracture patterns produced by laboratory experiments and 3DEC-GBM modeling. (a) Image of 

a numerically failed sample (50 mm in diameter and 100 mm in height). (b) Photograph of an experimentally failed 

sample (50 mm in diameter and 100 mm in height). 

Fig. 7. Two sample numerical models describing microcrack time-dependent growth between grains. (a) The 3D 

numerical specimen comprised an assemblage of Voronoi polyhedra grains. (b) Randomly selected two adjacent 

Voronoi polyhedra grains. (c) The Voronoi polyhedra grain simplified into the cube grain (2.5 mm in length). The 
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length of the pre-existing crack is 0.2mm, and the pre-existing crack is composed of many sub-contacts with no 

strength. (d) The tensile stress condition. (e) The shear stress condition. 

Fig. 8. Influence of the subcritical parameters on time-to-failure of the model. (a) tension, (b) shear.  

Fig. 9. 2D slice of the cube grain models (see Fig. 7 and text for details) showing microcrack growth. (a) 

Microcrack growth and stress nephogram for different stages of deformation under 3.0 MPa tensile load. (b) 

Microcrack growth and stress nephogram for different stages of deformation under 4.5 MPa shear load. 

Fig. 10. (a) Modeled axial strain-time curves for a cylindrical numerical specimen (100 mm in length and 50 mm in 

diameter). The evolution of damage as a function of time (see text for details) is shown by the blue curve. The 

evolution of axial strain rate as a function of time (see text for details) is shown by the red curve. (b) Lateral axial 

strain and volume strain as a function of time at a constant stress of 41.6 MPa. 

Fig. 11. Modeled axial strain-time curves for a cylindrical numerical specimen (100 mm in length and 50 mm in 

diameter) (the same specimen shown in Fig. 10). The dashed red line is the experimental axial strain-time curve. 

The evolution of the cumulative numbers of tensile and shear cracks as a function of time (see text for details) is 

shown by the blue curves. 

Fig. 12. Modeled uniaxial creep curves for sandstone under different constant uniaxial stresses (from 36.4 to 49.4 

MPa; Table 3). (a) Strain-time (creep) curves for the studied sandstone. (b) Lateral strain-time curves for the studied 

sandstone. (c) Damage-time curves (see text for the definition of “damage”) for the studied sandstone. 

Fig. 13. Minimum axial and lateral creep strain rate as a function of axial stress for the simulated uniaxial creep 

tests shown in Fig. 12. 
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