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RECOVERY OF NONSMOOTH COEFFICIENTS APPEARING IN
ANISOTROPIC WAVE EQUATIONS*
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Abstract. We study the problem of unique recovery of a nonsmooth one-form A and a scalar
function ¢ from the Dirichlet to Neumann map, A 4 4, of a hyperbolic equation on a Riemannian
manifold (M, g). We prove uniqueness of the one-form A up to the natural gauge, under weak
regularity conditions on A, ¢ and under the assumption that (M, g) is simple. Under an additional
regularity assumption, we also derive uniqueness of the scalar function g. The proof is based on the
geometric optic construction and inversion of the light ray transform extended as a Fourier integral
operator to nonsmooth parameters and functions.
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1. Introduction. Let T > 0, and let (M, g) denote a compact connected smooth
n-dimensional Riemannian manifold with smooth boundary dM. We consider the
Lorentzian manifold (M, g) defined as M = (0,T) x M with the metric g = —(dt)?+g.
Let divy (resp., V9) denote the divergence operator (resp., gradient operator) on
(M, g), and define the Laplace-Beltrami operator associated with (M, g) through

Ag- = div 5V9-. In local coordinates (t = 2%, 2',...,2") = (¢, ), we have

n 1
Ag = —=0;(\/|9]
! i,j=0 V |g|

where A, is analogously defined on (M, g). In this paper, we will make the standing
assumption that (M, g) is simple, that is to say, it is simply connected, any geodesic
in M has no conjugate points, and the boundary M is strictly convex in the sense
that the second fundamental form is positive for every point on the boundary. Any
two points in a simple manifold can be connected through a unique geodesic.

We consider a scalar function ¢ and a one-form A on (M, g). In local coordinates,
we have

§70;) = (=07 + Ay),

(1.1) A(t, z) = b(t,z) dt + i a;(t,z)da? = b(t,x)dt + A(t, z),

i=1

where A is a time-dependent one-form on (M, g). Throughout this paper we impose
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the following regularity assumptions on these coefficients:

AeWh0,T; L3(M;T*M)) N C(M;T* M),
(1.2) div 5 A € LP*(0,T; LP2(M)),
q € LP(0,T; LP*(M)),

where p; > 1 and py € [n,o0] \ {2}. We consider the initial boundary value problem
(IBVP)

Lyqu:=—-Aju+ AVIu+qu=0 on M,
(1.3) u=f on (0,T) x OM,
u(0,-) =0, Owu(0,)=0 on M.

This problem is well-posed for any f € Hg((0,T] x M) (see section 2.1) and admits
a unique solution u in the energy space

(1.4) X = CH0,T; L*(M))nC(0,T; H' (M)).

We define the Dirichlet to Neumann (DN) map
1 Av 2
(1.5) Aaq:Hy((0,T) xOM)> fr | Opu— U l(0,ryxan € L7((0,T) x OM)

for (1.3). Here U represents the outward normal unit vector to (0,7) x M. We refer
the reader to sections 2.1-2.2 for a rigorous presentation of the direct problem (1.3)
and this formulation of the DN map. In this paper, we are interested in determining
the unknown complex valued coeflicients A, g, given the map A 4 4, up to the natural
obstructions for this problem as discussed in [20, section 1.2].

1.1. Main results. Before stating the main theorem, we need to define the set
£ C M where we recover the coeflicients. Let us define the domain of influence

D :={(t,x) e M| dist (x,0M) <t <T — dist (x,0M)}.

By finite speed of propagation, no information can be obtained about the coefficients
A,q from A 44 on the set M \ D. Thus, D represents the maximal set where one
can, in theory, recover the coefficients. Now, for T > 2 Diam(M), we start by fixing
a subset of D given by

E:={(t,x) e M|D,(x) <t <T— Dy(z)},

where Dgy(x) denotes the length of the longest geodesic passing through the point «
in M. Since (M, g) is simple, this is a well-defined continuous function on M. With
the definition of £ complete, we can state the main results in our paper as follows.

THEOREM 1.1. Suppose T' > 2 Diam(M) and that (M, g) is a simple Riemannian
manifold. Let A1, Ay denote one-forms and qi,q2 denote scalar functions satisfying
(1.2) and such that

(1.6) supp (A1 — Ag) C € and supp(q1 —¢2) C E.
Then the condition

(1'7) AAth = AA2742
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implies that there exists 1 € C*(M) with ¥|apm = 0 such that
(1.8) A=Ay + dy Y(t,x) e M,

where d denotes the exterior derivative on M.

THEOREM 1.2. Let the hypothesis of Theorem 1.1 be fulfilled, and assume addi-
tionally that

(1.9) ¢ —q2 € LP*(0,T; L (M)), divgz(Ar —A2) € LPH(0,T; L (M))
holds. Then the condition Aa, 4, = Aa,.q, implies that there exists ¢ € Ci(M) with
Agp € LPY(0,T; L (M)) such that
< 1 1 - 1, _
(1.10) Ay = As+dip, q1 = QQ+§A5¢—§A2V9¢— Z<Vg¢7vg¢>g V(t,x) e M.

The proofs of Theorems 1.1-1.2 rely in part on the inversion of the light ray
transform of one-forms and scalar functions over M under the hypothesis (1.6) and
the regularity conditions (1.2). This has already been accomplished for C! one-forms
and continuous scalar functions in [20], but some additional analysis is required here
as we are working with a wider regularity class for the coefficients A and ¢. Let us
briefly recall the notion of the light ray transform here. We denote by SM C TM
the unit sphere bundle of (M, g), and by v(-;x,v) the geodesic with the initial data
(x,v) € SM. For all (z,v) € SM™ we define the exit times

To(z,v) =inf{r > 0: vy(xr;z,v) € M}
and note that since (M, g) is simple, we have 74 (z,v) < Diam(M). Define
0+5M = {(z,v) € SM |z € OM £ (v,v(y))q > 0}.

All geodesics in M™* can be parametrized by v(-;x,v), (x,v) € 9_SM. The geodesic
ray transform on (M, g) is defined for f € C>°(M) by

4 (z,0)
Zf(z,v)= /0 f(y(r;z,v))dr, (x,v) € 0_SM.

Next, we consider the Lorentzian manifold R x M with metric § = —(dt)? + g. Recall
that a curve 8 in R x M is called a null geodesic (also called light rays) if

(1.11) vg/a":o and (B,8); = 0.

One can use the product structure of the Lorentzian manifold R x M to see that the
null geodesics 5 can be parametrized as

B(r;s,z,v) = (r+ s,vy(r;z,v)) VY(s,z,v) ER X I_SM.
Thus, we can identify null geodesics 8 through 5(+; s, z,v) with (s,z,v) € Rx 9_SM

over their maximal intervals [0, 71 (z,v)]. We define the light ray transform on R x M
that is defined for f € C*°(R x M) by

+(1)'U)
Lf(s,z,v) = / flr+s,y(r;z,v)dr V(s,z,v) € R x 0_SM.
0
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Similarly, we define the light ray transform corresponding to smooth one-forms B
through the expression

LB (s,y,v) := L(BB) (s,y,v).

We will sometimes use the shorthand notation Lz f, £3B in place of the above notation.
In section 2.4, we will show that Lz f is a Fourier integral operator and that the domain
of definition can be extended to LP spaces. We will prove the following proposition
in section 5; it is a key step in proving Theorems 1.1-1.2.

PROPOSITION 1.3. Let f € L'(0,T; L?>(M)) and B € C(M;T* M) both vanish on
the set M\ E. Then the following statements hold:
(i) If Lg f =0 for all mazimal null geodesics B C D, then f = 0.
(ii) If LgB = 0 for all mazimal null geodesics § C D, then B = diy for some
Y € CHM) with ¥lopm = 0.

The proof of statement (ii) will be identical to that of statement (ii) in [20,
Proposition 1.4], with the only difference being that B € C(M; T* M) here as opposed
to CY(M;T*M). Reproducing the exact same analysis as in the proof there shows
that one obtains existence of a ¢ € C1(M) with ¥|srs = 0 such that (ii) holds, and
therefore for the sake of brevity we omit this proof. We will however prove statement
(i) in section 5.

1.2. Previous literature. Historically, uniqueness results for the recovery of
coefficients can be divided into two categories, based on whether or not the geometry
and coefficients are dependent on time. The time-independent case has been studied
extensively, and one can outline at least three general methods for the recovery of the
coefficients in this case. The first approach, stemming from the seminal works [5, 7],
relies on the so-called boundary control (BC) method together with Tataru’s sharp
unique continuation theorem [51]. This method yields recovery of time-independent
coefficients under very weak assumptions on the transversal manifold (M, g) (see, for
instance, [39]). We refer the reader to [34] for an introduction to the BC method and
to the recent paper [37] for an example of a state-of-the-art result and finally to [6, 29]
for review. The stability results are in general double logarithmic [12], although in
[42] a stronger low-frequency stability estimate was obtained by using ideas from the
BC method. Tataru’s unique continuation theorem fails when the time-dependence
of the metric or the coefficients is not real analytic [1, 2], and therefore adaptations
based on the BC method fail beyond this scenario. We refer the reader to [18, 19]
for recovery of coefficients when the time-dependence is real analytic (see also [17] for
time-independent coefficients). An alternative approach in deriving uniqueness results
in the time-independent category started from the seminal work [13], where Carleman
estimates were used for the first time in the context of inverse problems. Proofs based
on Carleman estimates tend to yield stronger stability estimates compared to the
BC method. Methods based on using the classical geometric optic solutions to the
wave equation have also been quite fruitful in deriving uniqueness results in the time-
independent category (see, for example, [9, 10, 48, 49]).

In the time-dependent category, apart from [18] mentioned above, most of the
results are concerned with wave equations with constant coefficient principal part. In
[47], the author used geometric optic solutions for the wave equation with constant
principal terms and an unknown zeroth order term to prove uniqueness by showing
that the boundary data determines the light ray transform of the unknown scalar
function in Minkowski space and subsequently inverting this transform. We refer the
reader to [8, 11, 26, 30, 31, 35, 43, 44] for similar results in this category.
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Literature dealing with uniqueness results for the case of a wave equation with
time-dependent first and zeroth order coefficients on a Riemannian manifold, where
the time-dependence is nonanalytic, is sparse. We refer the reader to [33, 52] for
the study of recovering a time-dependent zeroth order term appearing in the wave
equation. In the recent paper [50], the authors used Fourier integral operators to
show that a microlocal formulation of the DN map A4, uniquely determines the
light ray transforms of the one-form A and scalar function gq. There, it was assumed
that the coefficients are in some C* space with k large enough. It was recently proved
in [20] that if the one-form is C! smooth and the scalar function is continuous, then
one can use the classical Gaussian beam construction to uniquely obtain the light ray
transforms of A and ¢ from the knowledge of A4 4. The inversion of the light ray
transform was also proved for the first time under the assumption that the geodesic
ray transform is injective on the transversal manifold (M, g) and that the coefficients
are known for some explicit lengths of time near ¢ = 0 and ¢t = T'. In this paper, we
generalize the result obtained in [20] to the case of nonsmooth coefficients. We prove
that if (M, g) is simple, the DN map uniquely determines the light ray transform of
the nonsmooth coefficients, and we subsequently show the inversion of the light ray
transform as a Fourier integral operator under the additional assumption that the
coeflicients are known on a slightly larger set compared to the sharp domain D where
no information can be obtained about the coefficients. This generalization and the
difficulties therein are discussed in more detail in the subsequent section.

1.3. Comments about our results. We discuss some of the main novelties of
our result, both by previewing some of the technical challenges and also by motivating
the study of nonsmooth coefficients in their own right. The technical difficulties are
threefold. One difficulty stems from the study of the forward problem and the need
for sharper energy estimates for the determination of the correction terms appearing
in the formal geometric optic ansatz. Another key difficulty stems from the one-form
A, as any lack of smoothness in the one-form appears at the level of the principal term
corresponding to the geometric optic ansatz, thus making the task of a meaningful
geometric optic solution to the wave equation and the reduction to the light ray
transform of the coefficients more challenging. Finally, let us remark that in [20] the
inversion of the light ray transform was proved for smooth coefficients. We generalize
this inversion method to nonsmooth functions by extending the notion of the light
ray transform and the inversion method, in a distributional sense, to nonsmooth
coefficients.

Aside from the technical challenges, it should be remarked that the recovery
of nonsmooth coefficients is a well-motivated question in its own right as it can be
associated with the determination of various unstable phenomena which cannot be
modeled by smooth parameters. For elliptic equations, this topic has received a lot
of attention over the last few decades (see [4, 15, 21, 22, 36]). However, few authors
have addressed this issue for hyperbolic equations. Concerning the recovery of time-
dependent coefficients, [25] seems to be the only paper addressing this issue. The
result of [25] concerns the recovery of a zeroth order coefficient on a flat Lorentzian
manifold with the Minkowski metric. In Theorems 1.1 and 1.2, we prove, for what
seems to be the first time, the extension of this work to the recovery of nonsmooth
first and zeroth order coefficients appearing in a hyperbolic equation associated with
a more general Lorentzian manifold.

Let us observe also that our inverse problem is intricately connected with the
recovery of nonlinear terms appearing in hyperbolic equations. Indeed, following
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the strategy set by [14, 16, 27, 28] for parabolic equations, through a linearization
procedure initially introduced by [27], one can reduce the problem of determining
coeflicients appearing in a nonlinear problem to the recovery of time-dependent co-
efficients appearing in a linear equation. In [32] the author proved the extension of
this approach to semilinear hyperbolic equations. Note that, in this procedure, the
time-dependent coefficient under consideration depends explicitly on solutions of the
nonlinear equation. Therefore, following the analysis of [32], the recovery of non-
smooth coefficients can be seen as an important step in the more difficult problem of
determining quasi-linear terms appearing in nonlinear hyperbolic equations.

1.4. Outline of the paper. This paper is organized as follows. In section 2,
we start by considering the direct problem (1.3) and rigorously justify the definition
(1.5), also deriving a key boundary integral identity (see Lemma 2.3). Moreover, we
discuss smooth approximations of the coefficients A, ¢ and also extend the notion of
the light ray transform to LP functions. Section 3 is concerned with the construction
of geometric optic solutions to (1.3) concentrating on maximal null geodesics in the
set D. In section 4 we prove Theorems 1.1-1.2 by applying the geometric optic
construction and Proposition 1.3. Finally, section 5 is concerned with the proof of
statement (i) in Proposition 1.3. As explained in section 1.1, statement (ii) follows
analogously to statement (ii) in [20, Proposition 1.4].

2. Preliminaries.

2.1. Direct problem. In this section we study the wave equation (1.3) and show
that for A, g satisfying (1.2) and each f € HE((0,7]x OM) it admits a unique solution
u in energy space (1.4). We will repeatedly use the Sobolev embedding theorem as
follows:

(2.1) I f1fall ey 0.2y S N f1lleso,7;002 ary) | f2lle o112 () -

This estimate holds since H'(M) C L3 (M) for n > 2 and H'(M) C LP(M) for
n =2 and any p € [1,00). In order to study the IBVP given by (1.3), we start by
considering the following IBVP:

—Agv+ AVIv + qu = F, (t,x) € M,
(2.2) v(0,2) = vo(x), Ow(0,z) = v1(x), xeM,
v(t,z) =0, (t,x)€ (0,T)x OM.

We have the following well-posedness result for this IBVP.
PROPOSITION 2.1. Let p1 € (1,400) and ps € [n,4+00) \ {2}. For q € LP*(0,T;

LP2(M)), A € L®(M;T*M), and F € LP(0,T; L*(M)), problem (2.2) admits a
unique solution v in the space

(2.3) Zo = C([0,T]; Ho (M)) N C'([0, T]; L*(M))

satisfying O,v € L*((0,T) x OM) and the estimate

(2.4) HaVUHL?((O,T)xa]\/I) Fllvllg < C(”UO”Hl(M) + HU1||L2(M) + I E s (0,T;L2(M)))v

with C' depending only on p1, p2, n, T, M, and any N = gl o1 (o 1,002 (ary) T
Al Lo (M) -
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Proof. We will prove this result by following the approach developed in [25, Propo-
sition 2.1]. Our first goal is to show that for any v € W?2°°(0, T; H}(M)) solving (2.2),
the a priori estimate (2.4) holds true. Then, applying [41, Theorem 8.1, Chapter 3],
[41, Remark 8.2, Chapter 3|, and [41, Theorem 8.3, Chapter 3|, the proof will be
completed. We introduce the energy E(t) at time ¢ € [0, 7] given by

E(t) = /M (19r0(t, 2)|? + [V90(t, 2)[2) dV, ().

Multiplying (2.2) by d;v, taking the real part, and integrating by parts, we get
(2.5)

E(t) — E(0) =— 29%/0 /M [A(s, 2)VIv(s, z) + q(s, z)v(s, x)]|0pv(s, x)dV,(x)ds
+ 29‘%/ /M F(s,x)0(s, x)dVy(x)ds.

Repeatmg the arguments of [25, Proposition 2.1], we get

(s,2)v(s, 2)9v (s, x)dVy(x)ds| +

/st@tvsx)dV()
M

¢ Py
|F|LP1(0TL2(M))+C</O (s)m 1d5> ,

where C' depends only on T', M, p1, p2, n, and any N > Hq||Lp1(0 T.1v2 (M- 10 the
same way, we obtain

(2.6)

A(s, 2)VI0(s, 2)]0pv (s, 2)dV,(x)ds

t
<Al (a0 / E(s)ds
: pr1—1

» Pl
< IAl=uot ([ Be)7as)
0

pp—1
p1

1 ¢ _P1
<Al ([ Bo7as )
0

Combining (2.6)—(2.7) with (2.5), we obtain

p1—1

t by P1
E(t) g E(O) + ||F||ip1(0,T7L2(M)) + C (A E(S)Pl—l ds) 5

where C' depends only on T', M, pi, p2, n, and any N > |lq||pm, (0.7:L72 (a1)) +
H-AHLOO(M Using this last estimate, we can deduce that (2.2) admits a unique solu-
tion v in the space (2.3) satisfying

(2.8) ||UH% (||U0HH1 ot ||U1||L2(M) + ||F||Lm(o T; L?(M)))

by applying arguments similar to the end of the proof of [25, Proposition 2.1]. There-
fore, the proof of the proposition will be completed if we show that d,v € L?((0,T) x
OM) and that the estimate

(2.9) 10001l 120,y xonr) < CUlvoll g ary + 1oall Lz ary + 1 F por 0,7:02(a))

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/05/20 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

4960 ALI FEIZMOHAMMADI AND YAVAR KIAN

is fulfilled. For this purpose, notice that v solves

—Agu(t,z) = F,(t, x), (t,xz) e M,
’U(O,ZL’) = UO(:E)v atv(oa‘r) = Ul(x)7 T e Mv
v(t,x) =0, (t,z)e€ (0,T) x OM,
with F, = —AV9v — qu + F. Applying the Sobolev embedding theorem, we deduce
that F, € L'(0,T; L?(M)). Then, applying [29, Lemma 2.39], we deduce that d,v €
L2((0,T) x OM) and

10vvll L2 (0,7 x 001) UEl o522y + 10l g ary + il L2 gar))

<C
< Clllvlleqo,rysmanyy + 1Vller o2y + IF o 0,302 (amy))-

Combining this with (2.8), we deduce (2.9), and this completes the proof of the
proposition. 0

We can use Proposition 2.1 to show that (1.3) admits a unique solution u in
energy space (1.4). Recall the following classical IBVP:

—Azw =0, (t,z) € M,
(2.10) w(0,2) =0, Sw(0,2) =0, z€ M,
w(t,z) = f, (t,x) € (0,T) x OM.

According to [29, Theorem 2.30] (see also [38]), this equation admits a unique solution
w in the energy space (1.4). We now return to (1.3) and note that we have u = w+wv,
where w solves (2.10) with boundary term f, and v solves (2.2) with F':= —AVI9w —
qw. As A, g satisfy (1.2) and since w is in the energy space (1.4), it is immediate that
F € LP1(0,T; L?>(M)). Thus, Proposition 2.1 applies to show that u is in the energy
space (1.4), with d,u € L?((0,T) x OM), and we have that

10vul| 20,7y xonny + Ul < CIFllEy0,m)%00)-

Using this estimate, we can define the DN map as the bounded operator from H} ((0, T
xOM) to L*((0,T) x OM) defined by

Av
Anqf = (&ﬂb - 2U) l(0,7)xanm

for u the solution of (1.3).
We have the following lemma that will be used in section 3.

LEMMA 2.2. Let F € LP1(0,T; L?(M)), and suppose u is the unique solution to
(2.2) subject to ug = uy = 0. Then the following estimate holds:

t
lulleo,r;2(an)) < C H/ F(s)ds
0

LP1(0,T;L2(M)) .
Proof. We set v(t, ) := f(f u(s, x) ds and note that v solves
—Ag’U:H, (t,f) EM,

(2.11) v(0,2) =0, Ow(0,z) =0, zeM,
v(t,x) =0, (t,z)e (0,T)x OM,
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with
¢ ) ¢ ¢
H = 7/ A(s, )VIu(s,x)ds — / q(s,z)u(s, z)ds +/ F(s,x)ds.
0 0 0

Since u is in the energy space (1.4), we deduce that v € C2([0,T7]; L*(M)) N C([0,T7;
H(M)). In addition, since qu € LP(0,T; L?(M)) (see (2.1)) and A € L (M;T* M),
we deduce that H € W1P1(0,T; L?(M)) C L?(M) and that v solves the elliptic
boundary value problem

A =E, (t,z)€(0,T)x M,

v(t,x) =0, (t,x)€ (0,T)x OM,
with E = —0%?v + H € L?>(M). Then, from the elliptic regularity of solutions of this

boundary value problem, we get v € L?(0,T; H?>(M)), and it follows that v € H*(M).
We define the energy E(t) at time ¢ associated with v and given by

— v2(t, Iu2(t, x ul?(t, x ).
E(t) = /M(wt B(t,2) + V902 (1, ) dVy( >>/M| (¢, 2) dV (x)

Multiplying (2.11) by d;v and taking the real part, we find

E(t) =—2% (/Ot /M (/0 q(7, )u(r, z) dT> Oyv(s, ) dV,(z) ds)
(2.12) — 2R (/Ot /M (/O A(T, 2)Vu(r, z) dT) 0pv(s, ) dV,(z) ds)

+ 2R </0t /M (/OSF(T, ) dT) Oyv(s, x) dV,(x) ds) .

Repeating some arguments of [25, Lemma 3.1], we find

[ [ ([ st it

(2.13) . (p1-1) 21
P P1 t
<C ”quim(oyT;Lm(M)) (/0 E(r)®=D d7-> 4 =
t Kl -
/ / (/ F(r,z) dT) Owv(s, z) dVy(x)ds
0 M 0
(2.14) s

2 p1—1 ¢ _P1 P1
< ||F*HL131 (0,T:L2(M)) + T m ; E(q—) P11 T ’

where F(t,z) = fot F(s,z)ds and C > 0 depends on M and T. In the same way,
using the fact that div ;4 € LP1(0,T; LP2(M)) and v € C*([0,T]; H} (M)), we get

/ot /M (/o AVIu(r, ””6“) rv(s, x) dVy(x) ds

(2.15) o /Ot /05 /M(div g A)u(T, ) deg(x) drds
. _/Ot /M /OSUA(T,x)(m(&J;)qu(x) dr ds

[ ] oot avy @) as

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/05/20 to 193.60.238.99. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

4962 ALI FEIZMOHAMMADI AND YAVAR KIAN

Repeating the arguments of (2.13), we find
(2.16)

/Ot /Os /M(ding)u(T,x)WdVg(:v) des+/0t /M b(s, 2)[Bcv(s, )2 dV, (x) ds

(p1=1)
t » P1
<C (/ E(r)@ D dT> + B0
0

5

with C' depending on T', M, |[div g All 14, o 7,700 (ary)> 80D [|B]l foc (0g))- Moreover, ap-
plying Fubini’s theorem, we have

/Ot /M /O SU(ﬂ 2)A(r, 2)0N90(s, 7) dV,(z) dr ds

:/M /Otu.A(T,a:) (/Tt(?tvgv(s,x)ds) dr dV,(z)
_ /M /O wA(r, ) ST ) AV () dr — /A 4 /0 wA(r, 2) V70 2] dr AV (a).

It follows that

/ot /M /os uA(7, 2)0,V9u(s, z) dVy(x) dr ds

t t
< Ml rg ( | B dT) B0} +Almug [ B dr

2

2 ! 1 E(t) t
<5 HJ4Hlﬁm(AA) o 12(7)2 dr ) + ‘Eg"—F H“4Hlﬁ”(AA) ; 12(7) dr
t E(t t
<1~ ([ B ar) + E 4 1Al ag [ B ar
‘ BE(t
< B I~ T+ Ml u) ([ B ar) + 22
Applying Holder’s inequality, we get
t s
/ / / uA(T, )0 VIu(s, z) dVy(z) dr ds
o JmJo
2 N K P (p}{l) E(t)
S GIAz~ ) T+ Al o (a0)) T ; E(r) =0 dr T

Combining this with (2.16), we deduce that
(2.17)

t s
/ / / uA(T,2)0,VIu(s, x) dVy(x) dr ds
o JumJo

(p1—1)

t Py P1
<c ( | By dT) + 220,
0

with C' depending only on 7" and [[A[| ;o (r)- We deduce that there exists C' depending
on T, M, HQHLm(o,T;Lm(M))a ||A||L:>o(M)7 and ||diV§A||Lm(07T;Lp2(M)) such that

p1—1

4E(t) K p I
E{) < ——+C (/0 E(r)mi-T dT) H1F N on 0 722 ()
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and therefore

pp—1
r1

t _P1 2
E(t) < 5C ( | By dT) B IR oo -

Applying the Gronwall inequality yields

Pl

2
_P1 T 1
E(t) -1 L ¢y HF*Hzlm (lO,T;L2(1\/I)) e©2

Pl

2
"<allFdg

—y T
o2y €7 tE[0,T],

where ¢; depends only on p; and ¢y on C' and p;. Therefore, we obtain

[ W), ) < BO < CIP. gy - e 0.T)

which completes the proof of the lemma. 0

2.2. Dirichlet to Neumann map. In this section we will derive a represen-
tation formula involving the DN map (Lemma 2.3) and also recall some invariance
properties of the DN map (Lemma 2.4).

Let us consider the following problem:

Ly v =—Agv — AVIv + (¢ — divgA)v =0 on M,
(2.18) v="nh on (0,T) x OM,
o(T,)=0, Ow(T,")=0 on M.

Here, the differential operator L’ , represents the formal adjoint of L4 4. Repeating
the arguments of the previous section, we can prove that, for each h € H} ([0, T)xdM),
this problem admits a unique solution v in energy space (1.4), with dv € L2((0,T) x
OM), satisfying the estimate

1050l 20,1y xonry + 1Vl < CllRl 30,7y x001)-

Therefore, we can define the DN map associated with (2.18) as follows:

. Av
(2.19) A_A’qh = (&7“ + 2”) ‘(O,T)xaM-
It is straightforward to show that
(220)  (Aagfsh) = (f, N h) V(Fh) € HE((0,T) x OM) x HL(0,T) x OM),

where (f1, f2) := f(o T)xoM f1f2 dV5. Using this equality together with Green’s iden-
tity, we can derive the following classical representation formula.

LEMMA 2.3. Let Ay, Az, q1, g2 satisfy (1.2). Given any fi € HL((0,T]x OM) and
f2 € HY([0,T) x OM), the following identity holds:
(2.21)

<(AA17Q1 - AA27qz)f17f2> :/

M

g _ g 1
[uzAV U . uAVIuy <q - 2ding) u1u2] vy,

where A := A1 — Aa, ¢ := g1 —q2, and u; solves (1.3) with A = Ay, q = q1, and lateral
boundary term fi while us solves (2.18) with A = Ay, ¢ = g2, and lateral boundary
term fo.
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We also have the following lemma regarding the gauge equivalence of the DN
map.

LEMMA 2.4. Let A, q satisfy (1.2). Suppose 1) € Ct(M) vanishes on (0,T) x OM
and satisfies Agp € LP*(0,T; LP?(M)). Then

Aag= AA,q>
where
7 7 - 1 1 ~ 1 _
(2.22) A=A+dy and q:q+§A§w— §AV9w— Z(ng,vgw_@.

Proof. We start by observing that if u solves differential equation (1.3) with co-
efficients A, ¢ and a lateral boundary condition f, then 4 = ez solves (1.3) with
coefficients A, ¢ and the same lateral boundary condition f. Then it follows that

A 8 Av
A/qu = <817’LL— 2U> |(O,T)><6M = <(9 U+ Qw — 2u> |(0,T)><8M

Av
= (&M - 2u> l0.1)yxom = Aaqf.

2.3. Smooth approximation of the coefficients .A and gq. The goal of this
section is to show that given one-forms Ay, k = 1,2, satisfying (1.2), it is possible to
find smooth approximations Ay , that are defined in a slightly larger manifold M and
such that (2.24) holds. Let M c M™ < M™® denote a small artificial extension of the
simple manifold M, so that M , M are also simple manifolds, and define M=Rx M.
We first consider the Sobolev extension of Ay, k = 1,2, to the larger manifold M
such that the extension belongs to W!(RR; L2(M; T*M)) N C(M;T*M), and then
extend this extended one-form to R x M by setting it equal to zero on R x (M\ M).
The scalar functions ¢ are extended to R x M by setting them equal to zero outside
of M. Let pe M \ M. As M is simple, there exists a global coordinate chart on a
neighborhood of M given by (y*,...,y"). Indeed, one such coordinate system would
be the polar normal coordinates around a point p € M \ M (see, for example, [46,
Chapter 9, Lemma 15]). We then consider the coordinate chart (¢,4',...,y") on a
neighborhood of M in R x M and note that using this chart we can easily define
smooth approximations of the coefficients Ay, gx. Indeed, let p > 0, and define the
smooth function ¢, : M — R through

G(ty) = p T x(pIVEF (Y2 + -+ (y)2),

where x : R — R is a nonnegative smooth function satisfying x(¢) = 1 for [¢| < i and
x =0 for [¢| > % and ||x|[z1r) = 1. We define the smooth approximations Ay, of
the coefficients Ay through the expressions

(2.23) Ap ot x) = (Ap % C) (6, @) = b, dt + Ay, Y(t,x)eM, k=12
and note that in view of (1.2), the following estimates hold for k = 1,2:

gy A (e = Al mssany + ey = Als) =0 V2 € (1,09,
: k

[ Ak pllwe.ce(py S pT Yk € N
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Additionally, since A € C(M;T* M), we can write

(225) pl;nolo H‘Ak,p - AHC((O,T)XQP) = 0, k= 1, 2,

where Q, = {z € M| dist (x,d0M) > p~}.

2.4. Light ray transform as a Fourier integral operator. The main goal
of this section is to extend the notion of L over scalar functions in LP Sobolev
spaces. This extension is based on showing that £ is a Fourier integral operator. We
will assume throughout this section that (M, g) and (M, g) are as discussed in the
introduction and that M C M™ with M as in section 2.3. We start with the notion of
light ray transform £ of scalar functions over null geodesics in R x M, showing that it
has a unique continuous extension as an operator from & (R x M) to D'(R x _SM).
This would naturally show that the light ray transform Lz of scalar functions over null
geodesics on M has a continuous extension from L!(0,T; L?(M)) to D'(R x _SM)
as L'(0,T; L*(M)) C £'(R x M).

We will now show that the kernel of L is locally represented by an oscillatory
integral. It suffices to consider f € C°(R x M ) that is supported in a coordinate
neighborhood and work in local coordinates on M. Let us also extend the geodesics
v(5y,v), (y,v) € O_SM, as functions from R to M so that ~v(s;y,v) ¢ supp (f) for
s ¢ [0, 74 (z,v)]. Then in local coordinates

£hp) = [ s+ samoydr = [ [ s - syo) doa,

and writing ¢(z, t; s, y,v;€) = £(x — v(t — s;y,v)) it holds that

S =t = siy,0) = [ eenenm) g

Moreover, ¢ is an operator phase function in the sense of [23, Def. 1.4.4]. Indeed, for
fixed (s,y,v) it clearly has no critical points when £ # 0. That the same is true for
fixed (t,x) follows from the next lemma.

LEMMA 2.5. Let (yo,v0) € 0_SM and 1o € (0,74 (yo,v0)), and consider a small
neighborhood U of (1o, y0,v0) in R x 0_SM. Then v(r;y,v) as a map from U to M
has surjective differential at (1o, yo, vo).

Proof. Write z¢ = ¥(r0; Yo, vo), wo = ¥(10; Yo, vo), and let &, € TIOM. Choose a
path o in M such that a(0) = zg and &(0) = {,.. Consider —wy in local coordinates
as a vector in all T, (o) M for small € > 0. As

Y(ro; 2o, —wo) = Yo, (ro; o, —wo) = —vo ¢ Tyo(aM)v
it follows from the implicit function theorem that there is unique 7(e) near ro such
that y(r(e); a(e), —wp) € M. Writing

y(e) =(r(e); ale), —wo), v(e) = =¥(r(e); ale), —wo),

we have that v(r(e);y(e),v(e)) = a(e). Hence the differential of the map « takes
vectors (7(0),4(0),0(0)) to & = &(0). O

As ¢ is an operator phase function, the light ray transform £ has a unique con-
tinuous extension as an operator from &' (R x M) to D'(R x 9_SM) by [23, Th. 1.4.1].
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3. Geometric optics. Throughout this section we consider one-forms A;, Ay
and scalar functions ¢, g2 to satisfy regularity conditions given by (1.2) and consider
their extensions to the manifold M and their smooth approximations on the manifold
M as outlined in section 2.3. We consider a fixed null geodesic 8 C D parametrized
with respect to the time variable. The projection of this null geodesic on M is denoted
by the (Riemannian) unit speed geodesic ¥(;y,v) defined over its maximal domain
I = [0,7¢(y,v)]. We extend ~ to M and let the interval | = L—S,,ﬂr(y,v) + 64]
denote the maximal domain of definition of v on the manifold M. Subsequently we
can parametrize the extended null geodesic 5 on M through

B(t;s,y,v) = (s +t,y(t;y,v)) for tel,

where s € R is a constant. We are interested in constructing the so-called geometric
optic solutions uy,us in energy space (1.4) of the problems

—Agul + A1 Vu; + qruy =0, (t,z) € M,
{ u1(0,2) = Osu1 (0,2) =0, x € M,
(3.1)
7Ag7.t2 - AQV§UQ + (qg —div gAg)UQ = O, (t,CL') S M,
{ ug(T, ) = Opue(T,2) =0, x€ M,

taking the form

(3.2) uy(t,z) = ey (t2) + Ry ,(t,z), (t,x) €M,

(33) UQ(tv :E) = eiipq)(t’x)CQ,p(ta SU) + RQ,p(t7 I), (tv :C) € Mv

with p > 1. The phase function ® and the smooth amplitude functions c¢;,,j =
1,2, are constructed in such a way that the principal terms eipq’c]m are compactly
supported near the null geodesic 8. The remainder terms R; , asymptotically converge
to zero as p — 00.

As we are interested in a particular null geodesic 3, we outline a polar normal
coordinate system specific to this null geodesic. We start by considering a point p on
{0} x v with p € {0} x (M \ M) and construct the polar normal coordinates (t,, 6)
about the point p defined for 7 > 0 and 6 € S,M = {v € T,M | |v|, = 1} through the
diffeomorphism (¢, x) = (¢,exp(rd)). In this coordinate system the metric g is smooth
away from the point p and takes the form

(3.4) g(t,r,0) = —(dt)* 4 (dr)* + go(r,0),

where gg is a Riemannian metric on SpM . As we will only be considering this coor-
dinate system on the manifold M, and owing to the fact that M is simple, we can
identify 6 with a globally defined coordinate system (%, ...,6"~2) € R*~2. This can
in fact be done in such a manner that the null geodesic 5 on M can be represented
with coordinates (s + s, $,0,...,0) with s € I.

In order to make the analysis simpler, we will introduce a new coordinate system
near 3 denoted by (2°,2!,...,2") in terms of the polar normal coordinates (¢,,6) on
M given by

(i) 2% :=

(i) z!:=

(t+r),
(=t+ 7+ s0),

&\H&\H
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(ili) 29 :=67 for j =2,...,n.
In this coordinate system, the null geodesic 5 on M is given by the coordinates (s, 0)
with s € (ag,bp) for some constants ag, by. Furthermore, the metric g takes the form

(3.5) G(z) =2d2"dz* + Z gin(2) dz? d2".
jik=2

We define a tubular neighborhood around the null geodesic S where the amplitude
functions are compactly supported, as follows:

(3.6) Vg={z¢€ M|z0 e [ao,bo], |2']:== V|22 +-- + ]2 < &'},

where ¢’ > 0 is sufficiently small that the set V3 is disjoint from {0} x M and {T'} x M.
This can be guaranteed due to the assumption g C D.

3.1. Construction of the geometric optics. We proceed to carry out the
construction of the geometric optic solutions to (3.1) in detail. We impose to the
remainder term

R, € C([0,T]; Hy(M)) N CH([0,T]; L*(M)), k=1,2,
the following decay property:

. -1
(3.7) pLHfOO(HRk,p||c(o,T;L2(M)) +p ”RkvPHHl(M)) =0.

To prove the decay of Ry , with respect to p, given by (3.7), we need to suitably
construct ®, ¢ ,, cz,,. We write

1 pd 1 pd 2 .
L-AL;MQI (elp 617/)) =e" (p S® - ZpTAl,Pclvp + L-Al,p»‘h Clap) ’

(38) L* —ip® _ ,—ip® 28(1) . L*
A2,,02 (e Cop) =€ P +ipT- 45,10 + Az ,q262.0 )

where

(3.9 §P:=(VIP,VI®); and T4 =2(VIP VI );+ (—AVI® + A;P).
We proceed to determine the phase function ®(¢,z) such that the eikonal equation
(3.10) S¢=0 on M

is satisfied. The amplitude functions ¢ ,(t, x) for k = 1,2 are constructed such that
the transport equations

(3.11) Ta,,c1,=0 and T_4,,c2,=0 on M

hold. Let us start with the eikonal equation. Existence of global smooth solutions
to this equation is not guaranteed in general, but owing to the assumption that the
manifold is simple, we can find plenty of such solutions. Indeed, for the remainder
of this section, we will be working in the z coordinate system defined earlier. Recall
that this coordinate system is well defined on M and the null geodesic 8 on M is
represented by (s,0) with s € [ag, bo]. Recalling the form of the metric from (3.5), we
pick

(3.12) d(2) = 2L
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To determine the amplitude functions, we first use (3.5) again to rewrite the transport
equations (3.11) as

0y, 1 A

(3.13) 1+ ( 0 Zg gl _ ;P)()) e, =0,
0,1 A

(3.14) 02,C2,p + < : Zglgl + ( 22’p)0> c2,p =0,

where (A )0 = Ak, VI® for k = 1,2 and in particular we have

(3.15) (Ar,p)o s = Ar,o.

We can take ¢y, as follows:

310) eyl =l () e (; [ 1605, ds> 7

and

31D )= la (5 ) e (—; [ ds> ,

0

where x is as defined in section 2.3 and ¢ < ¢’ (see (3.6)). It is clear that the amplitude
functions ¢y, are compactly supported in the set Vg and as a result

(3.18) Chp(s,2) = O p(s,2) =0 for k=1,2, s€{0,T}, € M.

With the construction of the phase and amplitude functions completed as above, we
let

Fi,=—La, q [cl,peimb] , Fap ==L, 0 [czmeﬂ-pﬂ ,
and we recall that (3.10)—(3.11) imply that
(3.19) I, = —e'? [LAl,mthCl,p +ip(Ar — Ay,) VI Cl,p] )
(3.20) Py, =—cir® [L;‘quclp +ip(Ay — Ay, )VID cQ,p} .

We define the expression R; ,, j = 1,2, by the solution of the following IBVP:

LA17Q1R1,P = Fl,ﬂv (t,l’) S M7
(3.21) Ry ,(0,2) =0, O:R1,(0,z) =0, ze€M,
Ry ,(t,x) =0, (t,x) € (0,T) x OM,

Lf427q2R2,p = F27p7 (t,l’) S M,
(3.22) Ry ,(T,z) =0, OR2,(T,x) =0, z€M,
Ry ,(t,z) =0, (t,z) € (0,T) x OM.
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In order to complete the construction of the solutions uy,us of (3.1), we only

need to check the decay of the expression Ry ,, k = 1,2, given by (3.7). According to
(2.23)—(2.24), we have

k .
(3 23) HCLP”W’C»OO(M) g Ckp47 k S N )

HC]',P”Wl,l(o,T;L?(M)) < Cv

with C and Cj independent of p. Combining this with (3.19)—(3.20), we find

HFJG,D

1 .
| Los 0.T:L2(M)) S Clp? +p |4, — AJ'HLm(o,T;Lz(M)))’ J=12
Using (2.24) again and the estimate (2.4) it follows that
. -1p. : 1. _ S
pglfoop ”RLP”Hl(M) < CPEIJPOOP ||FJ,,0||L171(0,T;L2(M)) =0, j=12
Therefore, in order to prove (3.7), it only remains to prove that

(3.24) im (1R plleqorizaany =0 4= 1,2

p——+o0

Proof of estimate (3.24). The result for R , and Ry , being similar, we will only
consider this claim for Ry ,. In view of Lemma 2.2, the proof of the estimate will be
completed if we show that

(3.25) pglj}m 1Fx ol or 0,7 02(01)) = 05
where F, ,(t,z) := — fot F1 ,(s,z)ds. Recall that
(3.26)

t
Fy p(t,x) :/ [ew‘b(T’I) [LAlkp’qchp(T, x) +ip(Ar — Ay ) VI® Cl’p(T,{E)H dr
0

t
= [ [ (i — aderslr,) + ol = A Ve (7,2)] ] dr
0

I
t
—|—/ eip‘b(T’x)qlcl’p(T,x) dr .
0

11

To analyze the terms I and I we will integrate by parts in the 7 variable and note
that by (3.12) we have

1

(3.27) 0, (1, x) 7

£0.

For the term I, using the fact that A € W11(0,T; L?(M)) and (3.18), we can integrate
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by parts, with respect to 7 € (0,t), and write
(3.28)

V2 o . .
7 I= P 16”)(1)“11) [(LAh(h - Q1)Cl,p(t’ '7;) +p (('Al - ALp)Vg(I)) Cl,p(tv '7;)]

t
— ip_l/ |:eip<l>(-r,x) [atAlvchp(T’ Ji) + (L-Ah(h - ql)atcLP(T’ l‘)]:| dr
0
t
+ / [ew@(ﬂw) (A1 = A1 ) VI®) Dyen (7, x)]] dr
0
t
—l—/ {eipq)(ﬂm) [((8,5/11 — 8tA1,p)V§<I>) Cl’p(T,a?)H dr
0

=51+ S5+ S35+ 5;.

For the term S, we can apply (3.23) and (2.24) to write

Lm(o,T;Lz(M))) ||01,p||Loo(M)

_1
< C(p z + HAl - ALPHLm (O,T;LQ(M))) = o (1)

p—r—+o00

1Slzon 0,722y < €O et pllypnce gy + (41 = Al

For the term S5, we similarly write
(3.29)

t
Hp‘l/ [ez”q’(“w) [3tA1V-‘701,p(7',x) + (Lay,q — q1)0¢c1 p(T, x)]} dr
0

LP1(0,73L2 (M)

< Cp_l(HAl”lel(O,T;L?(M))) levollwa.cemy < Cp7 2,
with C independent of p. For the terms S3 and Sy, let us first assume that A; €

C%([0,T); L3(M)). Then, integrating by parts with respect to 7 € (0,¢) and applying
(3.23), (2.24), we have

/O ' [ [(@,A1 — 0,41 )VOB) 01, (7. )] | dr

<Cp3,
LP1(0,T;L2(M))

| [692 [((A1 - 41,)V70) e (7, )]

0

‘ < Cp3,
LP1(0,T;L2(M))

with C independent of p. Then, applying the density of C%([0,7];L?(M)) in
WLL(0,T; L?(M), we deduce that

J [1Ssllees o.rsz2any = B l1Sallee .22 an) =0
Combining the above estimates, we conclude that

pEI—POO ||I||LP1(O,T;L2(M)) =0

Moreover, in a similar way to the terms S3 and Sy, using a density argument combined
with (3.23), we have

A I g 0.2 ) = O-

This completes the proof of estimate (3.24). d
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4. Reduction to the light ray transform and the proof of uniqueness.

4.1. Reduction to the light ray transform of A; — A; and proof of
Theorem 1.1. Suppose A;,gq; for j = 1,2 satisfy regularity conditions (1.2) and
consider their extensions to M and smooth approximations A; , satisfying (2.24).
We assume that A4, q, = A4, q, and proceed to show that for every 3 C R x M the
following identity holds:

(4.1) Lz A =0,

where A := A; — Az. We start by considering a maximal null geodesic 3 C D and
extend it to M. Define u; in energy space (1.4) to be solutions of (3.1) taking the
form (3.2)—(3.3) with the properties described in the previous section. Let

f1 = u1|(0,T)><aM € Hol((O,T] X BM) and fg = u2|(0’T)><aM S H&([O,T) X 8M)

Applying Lemma 2.3, we deduce that
(4.2)

0= <(A.A1,q1_AA2,q2)f17f2> :/

M

AVIuy — ug AVY 1
[uz Uy . Uy Us n (q — 2div§A>u1uz} dvy,

where ¢ := g1 — ¢2. Using the Sobolev embedding (2.1) and the bounds (3.23)—(3.7),

we write

(4.3)
‘0_1/ R pAVIR: , dV5| < p Al Lo () 1Rkl L2 | Rip Ly = 0 (1),
M p—r—+o0
-1 +ip® Cd < 1 _ -1
p e """ QR pChp dV5| S p7 QN L1 0,12 (ae) |1 Riplleco, 2y = 0 (p70),
M p—r—+o0
o [ QR | < 07 Nl 0 ma o s s o R et
M

- 1
[Hom( )

for j,k = 1,2 and Q = q—4div 5A. Dividing (4.2) by p, using (3.2)~(3.3) and applying
the latter bounds, we observe that

lim / AV§<I> C1,pC2,p dVg =0.
M

p—+00

Recall from (3.16)—(3.17) that ¢y , are compactly supported on Vz. Recalling that
A = 0 outside of (0,T) x M (both A;, Ag vanish there), and additionally using (2.3),

we write

lim Apvg@ C1,pC2,p dVg =0.

p—>00 Vs

This reduces to

7 2 20
1
lim (Ay)o(2%,2) X<|Z|) exp | = / (Ap)o(s,2)ds | d2°dz' =0,
P20/ (ag,b9) x B(0,) g 2 Jay
where (A,)o = AVI®. Observing that
(Y 1 + / d 1 + /
(Ap)o(2”, ") exp B (Ap)o(s,2")ds | = 0P| 5 ’ (Ap)o(s,2)ds |,

ao
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together with (2.25) and vanishing of A in the exterior of M, we simplify the former
equation to obtain

EAY L / /
/ x| = ) exp f/ (A)o(s,2")ds | dz' = 0.
B(0,5) d 2 Ja,

Finally, by taking 6 — 0, and observing that (A)o(s,0) = A3, we observe that
LgA € 4AmiZ.

Note that the above claim holds for any null geodesic 5 C D. Recall from the
hypothesis of Theorem 1.1 that A is supported on the set £. Thus, we can conclude
that the latter equality holds for any null geodesic in R x M. Let 5 = (so+t,v(t)) for
some s and consider a one-parameter family of null geodesics 85 = (so + s+ t,7(t)).
Since A is continuous and since Lg, = 0 for s large, we conclude that equality (4.1)
holds. Applying statement (ii) in Proposition 1.3 completes the proof of Theorem 1.1.

4.2. Reduction to the light ray transform of q; — g2 and proof of The-
orem 1.2. We will assume throughout this section that the additional regularity
assumptions (1.9) hold. Applying Theorem 1.1 implies that there exists ¢ € Cj(M)
such that A; = Ay + di. Clearly,

Agp =div g(A; — Az) € LP*(0,T; L>(M)).
Let us now define Ay, = Ay + dip and Go = ¢2 + L1050 — L AVIY — H(VIy, VIp),.
Lemma 2.4 applies to show that
(4.4) AA17Q1 = AAZ,qQ - AAl,qz'
Analogously to the previous section, we start by considering a null geodesic f C D and
extend it to M. Define u; in energy space (1.4) to be solutions of (3.1) corresponding
to differential operators L, 4, and LY, 5, taking the form (3.2)—(3.3) and with the
properties described in section 3. Let
f1 = u1|(O,T)><6]V[ € H&((O,T] X 8M) and fQ = u2|(07T)><81\/[ S H&([O,T) X 8M)

Applying Lemma 2.3 again, we deduce that

(4.5) 0= ((Aygr — Ats.a) o o) = /M g1 pea, AV,

where ¢ := q1 — g2 € LP*(0,T; L>°(M)). Recall that ¢; p,c2, are supported in the
tubular set Vg near the null geodesic 8. Estimate (3.24) implies that

’/ qck,pRjp dV| < llallLes 0,72 () ek pll Lo (| Rsplleo.riezany = 0 (1),

M p—+o00

‘/ qR1 pRa , dVy| < lqllzer 0,150 ) |1 Rillco, 72 anpy | R2lleo, msz2(aryy = 0 (1).
M p—r—+oo

We now use the z coordinate system and note that by taking the limit as p — oo and
using (3.16)—(3.17) with the preceding correction term bounds, we have

/ 2
/ q(2°, z/)x(|z> dz"dz' = 0.
(a0,b0) X B(0,5) 0

The arguments in section 2.4 apply to deduce that
‘CB q = 0.
Together with statement (i) in Proposition 1.3, we conclude that (1.10) holds.
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5. Inversion of the light ray transform. This section is concerned with the
proof of Proposition 1.3. Recalling section 1.1, we will identify maximal null geodesics
B C R x M with triplets (s, z,v) € RxJ_SM. Let us first recall the unique inversion
of light ray transform on smooth functions. This is reproduced here as some of the
arguments are necessary for the extension of the proof to L'(0,T; L?(M)) functions.

5.1. Inversion of light ray transform for smooth functions. For f €
C*(R x M), the transform Lf(s,x,v) is compactly supported in s. Inversion of
L is based on the following Fourier slicing in time:

_ , T+ (z,v) .
Eira) = [ mefamds= [ [ e sqta) dsdr
R 0 R

T+(£,’U) . . T+(ZE,’U) . ~
- / / Tty (2, v)) di dr = / T Fr y(ri 2, €)) dr
0 R 0

In particular, Ef(O,a:,v) = I(f(O, ))(z,v). Straightforward differentiation gives the
following lemma.

LEMMA 5.1. For f € C*(Rx M), k=0,1,..., and (z,v) € 0_SM it holds that

(5.1) LT (7,2, 0)lmo = T@F(7, Vo) (2,0 +Z( VRus @17 o)),
where
()
Ry f(a,0) = / (i) f(x(r,z,0)) dr,  f € C(M).

If 7 is injective, then £f = 0 implies that 8% f(7, )| ,— o =0forall k=0,1,....

As f is compactly supported in ¢, the Fourier transform f is analytic in 7. Hence
f =0 in this case.

5.2. A localization property. We have the following natural localization prop-
erty.

LEMMA 5.2. Let U C R and V. C 0_SM be open. Define W to be the set of
points (t,x) € R x M such thatt =1+ s and © = v(r;y,v) for some r € [0, 74 (y, v)],
s €U, and (y,v) € V. Suppose that x € C*(R x M) satisfies x|lw = 1. Then

Lfluxy =LxNloxv, [fe&E(RxM).

In particular, for any f € E'(R x M) there are a,b € R such that the support of Lf
is contained in [a,b] x O_SM.

Proof. The claimed localization clearly holds when f € C§°(R x M). For a

distribution f € &'(R x M) we choose a sequence of functions f; € C§°(R x M) such
that f; — f in &'(R x M). Then

Lfluxy = lim Lfjluxy = lim L(xfj)luxv = L(xf)luxv-
j—oo j—oo

There is ap € R such that f = 0 in (—o0,a9) x M. If s < ag — T, then the
nontrapping assumption implies that the light ray 8(r) = (r + s,v(r;y,v)) does not
intersect supp (f) for any (y,v) € 0_SM. Now setting U = (—o0,a), with a =
ag—T —1, and V = 9_SM, we can choose x so that x = 1 in W and x = 0 in
supp (f). Then Lf vanishes in (—oo,a) x d_SM. Similarly we can get an upper
bound for the support with respect to time. 0
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5.3. On partial Fourier transform in time. On a product manifold R x M
we define the partial Fourier transform in time by

~

(f(2), @) erxcmny = (freT " @ Q) erwcmmerny, fEERXM), z€C.

-~

It follows from [24, Th. 2.1.3] that z — (f(2), ¢) is smooth and for all j =1,2,...,

~ ~

K (f(z),0) = (f,0le ™ @), 0:(f(2),¢) =0.

The latter identity says that z s (f(z),¢) is analytic, and the former implies that
the map f — 8§f(z)|z:0 is continuous from &'(R x M) to &'(M).

Let a,b € R, and consider L?((a,b) x M) as a subspace of L?*(R; E) with E =
L2(M). Then the above definition of f(z) coincides with the usual definition of the
Fourier transform on L?(R; E). Let us recall that the Fourier transform on L?(R; E)
is a unitary isomorphism as E is a Hilbert space; see, e.g., the discussion on page 16
of [40]. Tt is also easy to see that the map f +— 07 f(2)|.=¢ is continuous from
L?((a,b) x M) to L%(M).

5.4. Geodesic ray transform on L? functions. Since OM is strictly convex,
T extends as a map from L?(M) to L?(0_SM) with a suitably chosen measure on
0_SM (see, for example, [44, Th. 4.2.1]). In what follows, we will therefore assume
that Z is a map from L?(M) to L?(0_SM).

5.5. The remainder operator R; on L? functions. Let us consider the
operators Rj, j = 1,2,..., defined in Lemma 5.1. For f € C2°(M) it holds that

() _
R, f(w,v)| < L / Frra, o)l dr = DI (e0),  (2,0) € D_SM,

where L = Diam(M). Therefore,
IR 2o sary < L NZAfD Leo_sary < C I Fllzzary »

and R; has a unique continuous extension as a map from L?(M) to L*(9_SM).

5.6. The inversion. Let f € L1((0,T); L?(M)), and choose a sequence of func-
tions f; € C2°((0,T) x M) such that f; — f in L'((0,7); L*(M)). Then Lf; — Lf
in D'(R x 0_SM). As Lf and Lf; are compactly supported in time by Lemma 5.2,
also 8;’;2]?](0) — 852?(0) in D/(0_SM). Furthermore, 6;’;]?](0) — 8% F(0) in L2(M).
Finally, using the L2-continuity of Z and Ry, we see that the identity (5.1), which
holds for each f;, holds also for f by passing to the limit.

Recalling that Z is injective on L?(M) for simple manifolds (M, g) (see, for ex-
ample, [3] or [45]), we see that £f = 0 implies that 8% f(0) = 0, as a function in
L?(M), for all k = 0,1,.... For any ¢ € C°(M) all the derivatives of the analytic
function <f(z), ) vanish at the origin. Hence <f(z), ) vanishes identically. Therefore
f vanishes as a function in L2(R; E) with E = L2(M). We conclude that f = 0.
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