OUTGOING SOLUTIONS VIA GEVREY-2 PROPERTIES

JEFFREY GALKOWSKI AND MACIEJ ZWORSKI

ABSTRACT. Gajic—Warnick [GaWal9a] have recently proposed a definition of scat-
tering resonances based on Gevrey-2 regularity at infinity and introduced a new class
of potentials for which resonances can be defined. We show that standard methods
based on complex scaling apply to a larger class of potentials and provide a definition
of resonances in wider angles.

1. INTRODUCTION

One of the main issues in theoretical and numerical scattering theory is distinguish-
ing outgoing parts of solutions modeling scattered waves. The simplest example is
given by

Py :=D2+V(x), z€[l,00), D,:=—id,, (1.1)

where V' is a compactly supported potential and we impose Dirichlet boundary condi-
tion at = 1. Clearly,

(Py — AN)u=fcC>([l,00)), u(l) =0 = u(x) =ae™ +be ™ z>1. (12)

The first term is called outgoing and the second term incoming (or vice versa, de-
pending on your convention) — see [DyZwl19, §2.1]. The method of complex scaling
distinguishes incoming and outgoing solutions by deforming x into a curve in C: the
e* term becomes exponentially decaying and the e~** term, exponentially growing
and hence outgoing solutions are characterized as L? solutions — see [DyZw19, §2.7]
for a simple introduction. This method, introduced in the 70’s by Aguilar-Combes,
Balslev—Combes and Simon and then widely used in computational chemistry, reap-
peared in the 90’s as the method of perfectly matched layers in numerical analysis — see
[DyZw19, §4.7] for pointers to the literature. It applies to non-compactly supported
potentials as long as analyticity and decay conditions on V'(z) in | Imz| < C|Rez| are
imposed for |z| > 1. In the simplest setting of (1.2) scattering resonances are A € C
for which there exists a solution with f =0 and b = 0.

Gajic and Warnick [GaWal9a] have recently proposed an intriguing alternative for
distinguishing incoming and outgoing solutions using Gevrey-2 regularity (see (1.4))
at infinity. In the setting of compactly supported potentials their approach can be

described as follows: put Qy(\) := 22~ (Py — A\2)e!* = 22(D? + 2\D, + V) and
1
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F1GURE 1. We fix a ¢ > 0 and on the left show the region, €2, in which
resonances are defined in [GaWal9a] (note the difference of conventions:
here we followed the standard convention of scattering theory [DyZw19])
and on the right the illustration of the region, M, in this paper. The
potential satisfies V(x) = 27YW (1/z), W € G*°(]0,1]), with v = 2 in
the case of [GaWal9a] and v = 1 in this paper. For a fixed o the region
on the left is larger for | Re A\| > 1 but as ¢ — oo the conic regions are
dramatically different. The asymptotic boundary of €2, is heuristically
explained using (1.3) and the fact that e=2%/7 ¢ G2A-IReAl (gee the
appendix) so that for a fixed o, we obtain the curve |A\| — |Re\| = o,
that is 20| Re \| = |[Im A\|? — o2

change variables to y = 1/x. Then (1.2) becomes

Qv(Nu = (Dyy*D, —2AD, +y*V(1/y))u = f € C=((0,1]), u(1) =0,

. 1.3
u(y) =a+be @MY, 0 <y < 1. (1.3)

For Im A > 0, the outgoing solutions are simply solutions which are smooth up to
y = 0. For ImA < 0, y — e 2M¥ € C>([0,1]), however, it is not in the Gevrey-2
class GZ=IReAl+<([0 1]), for any € > 0 — see (1.4) and the appendix. That shows
that u € G*9([0,1]), o > 1, guarantees that u is outgoing. In particular, for f = 0,
it gives a criterion for A being a scattering resonance. Through a delicate Gevrey
class analysis this idea was used in [GaWal9a] to extend definition of resonances to
potentials satisfying y=2V (1/y) € G*7([0,1]), ¢ > 1. In that case, they show that
Qv(\)~!is well defined as a meromorphic operator with finite rank poles on certain
Gevrey type spaces. The region in which resonances are defined by their method is
shown on the left of Figure 1.
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In this note we observe that the potentials of the form considered in [GaWal9a]
(in fact, potentials with slower decay at infinity) can be decomposed into a sum of
a potential analytic in a large sector and an exponentially decaying potential. We
then use complex scaling method and consider the exponentially decaying potential
as a perturbation. Using essentially well-know results this easily gives meromorphic
continuation to strips in C\i(—o00,0]). The methods used here do not, however, recover
the parabolic high energy region of [GaWal9a] — see Figure 1 and Remark 4 below.

To formulate the result we define Gevrey classes, in particular the Beurling-Gevrey
class, v*([0, 1]):
G*7([0,1]) :=={u € C=([0,1]) : 3C, sup |Dju(x)| < Co " (n!)*},

z€[0,1]

G =G, =G, G =G\ |6, a>1, 0>0,

>0 o>0 o'>o

(1.4)

see [HOI, §1.3] for some fundamental results and references. With this in place we state

Theorem. Suppose that V(x) = x7*W(1/z) with W € G*°([0,1]). Then the scatter-
1ng resolvent,

Ry(\) = (Py — A3~ L2 ([1,00)) — L2 ([1,00)), ImA> 1,

comp loc

continues to a meromorphic family of operators with poles of finite rank on
M, ={AeC:ImA> -5} \i(—o0,0]
In particular, when W € v2([0, 1)), the resolvent continues to C \ i(—oo, 0].

Remarks. 1. The motivation in [GaWal9a] came from the study of quasinormal
modes of black holes [GaWal9b]. In the case considered there, unlike in de Sitter
space situations (positive cosmological constant — see Bony—Héafner [BoHa08], Dyatlov
[Dy12] and Vasy [Val3] for detailed studies and references), the issue of seeing the
effects of quasinormal modes on wave evolution is complicated by the behaviour at 0.
However, as shown by Dyatlov [Dy15], some results can be obtained by considering
frequency cut-offs. For fine decay results related to the behaviour of the resolvent at
zero see Hintz [[i20] and references given there.

2. The necessity of a cut at 0 or a continuation to (a part of) the Riemann surface
of A — log A is a genuine phenomenon as can be seen by considering V(z) = o/
For instance, for o = n? — }1, Py corresponds to the radial component of the Dirichlet
Laplacian on R?*\ B(0, 1) acting on the nth Fourier component — see Christiansen [Ch17]
for recent advances in scattering by obstacles in even dimensions and references. The
proof here would allow moving to an angle 7 on the Riemann surface (rather than 7/2
as stated) at the expense of shrinking the strip (which gives the whole Riemann surface
—m < arg A < 2m). We opted for a simpler presentation which avoids the introduction

of Riemann surfaces and of the dependence of the size of the strip on the angle.
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3. Defining resonances for potentials which are not analytic in conic neighbourhoods
of infinity, or rather seeing their impact on “observable” phenomena, has been an
object of recent studies. Martinez-Ramond-Sjostrand [MRS09] proved that in some
non-analytic situations resonances are invariantly defined up to any power of their
imaginary part. Bony—Michel-Ramond [BMR19] showed that many phenomena asso-
ciated to resonances can be seen for potentials decaying at infinity: the “interaction
region” (where, say, the trapped set lies in the case of AdS black holes) is responsible
for “observable” effects.

4. We expect that the improved angle estimate of this note and the better large Re A
region can be combined. One approach would require the methods of Helffer—Sjostrand
[HeSj86] recently revisited by Guedes Bonthonneau—Jézéquel [GuJe20] and the authors
[GaZw19]. However, without stronger motivation, we have restricted ourselves to more
straightforward methods.

The paper is organized as follows. In §2 we revisit well known asymptotic results
of Borel, Ritt and Watson to decompose potentials in the theorem. In §3.1 we show
that having a meromorphic extension guarantees exponential growth estimates for the
resolvent. That meromorphic continuation is obtained using the method of complex
scaling for the analytic part of the potential. Finally, in §3.2, we use this exponential
estimates to show that adding an exponentially decay potential given meromorphy in
a strip in C \ i(—o0,0]. Except for invoking the now standard method of complex
scaling, the paper is essentially self contained.

Acknowledgements. J.G. would like to thank Matthieu Léautaud for bringing the
work of Gajic—-Warnick to his attention. Thanks also to the anonymous referees for
helpful comments which improved the exposition. Partial support for M.Z. by the
National Science Foundation grant DMS-1500852 is also gratefully acknowledged.

2. GEVREY-2 PROPERTY AT INFINITY

In this section, we decompose a G*° potential into one which is analytic in a large
sector and one which decays exponentially towards infinity.

Proposition 1. For V € C*([1,00)) satisfying V(z) = W(1/z), W € G*°([0,1]) and
any p < o and € > 0 we have
V() = Vi(x) + Va(z), Vi€ C=([0,00)), IC [Vi(a)] < Ce",
Va(z) is holomorphic in Ce and

= WO
Vo(z) ~ Z %z‘e, z = 00, z €C,,
¢=0 '

(2.1)

where Ce := {z : |arg z| < /2 — €}.
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Proof. We observe that the decomposition (2.1) follows from the following decomposi-
tion of W: for all p < o,

W(x) = Wi(x) + Wa(x), Wi G*((0,1]), p<o VLN W7(0)=0,
© ) 2.2
Ws(2) is holomorphic in C, and Wa(2) ~ Z ng([))zé, z2—0, z€Cl.. (22)

=0

In fact, if Vo(2) := Wa(1/z) then the expansion of V5 follows. On the other hand,
Taylor expansion at 0 and the Gevrey property imply that

Wy(2)| < minzfsup (W) /0! < C'mi bt < Clerl®
[Wi(2)] < minz ?01}5| 1 |/8 < Cmin(z/p) th < Clem 7,

which gives the required estimate for Vi (x) = Wi(1/x).

Hence we need to establish (2.2) and for that we use the classical approach of Watson
[Wall] (see [Ba94, Chapter 2] for a modern presentation). To implement it, we put

o —n,_ | o
fo= =070 |fal S Ko™l g(Q) = nz; I (2.3)
The function g is then holomorphic in || < ¢ and for 0 < p; < o we define
p1
Wa(z) = zl/ g(Q)e~¢*d, (2.4)
0

which is holomorphic for z € A, the Riemann surface of log z. Then for cos(arg z) > ¢,
N-1
Wa(z) = > fa2"| < Cp KNe 2N Nl(epr) ™.
n=0

Indeed,

< ‘z_l /001 g(Q)e 7d¢ — sz/ooo 2_1%C"6_</ZCK‘
n=0 '

o o N—1
< o / ‘Z|71KCN07N67C6/Iz\dC + / 12| 'K Z g*”C”e’&/'Z'dC
0 P1 n=0

N-1
‘Wg(z) - Z fn2™
n=0

g—mMn

g

<

0 — pP1
g

Ke 'z|NNl(eo)™ +/ KN|z| (14 (71O M)e ¢/ Fld¢
p1

<
g—mn
< Cpe | NN (epr) N

Ke 2" Nl(eo)™ + Ke *Ne= /Bl KNe 2|V Nl(eo)™

(See [Ba94, Exercise 3, p.16].) This shows the existence of the expansion in (2.1).
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Since this expansion holds with all derivatives, on the real axis (we can then take
¢ arbitrarily close to 1) we have |W2(Z) (z)] < C,(01)?p~"¢ for any p < p;. Since the
expansion also shows that WQ(E)(O) = W®(0), (2.2), and hence (2.1), follow. O

3. MEROMORPHIC CONTINUATION

Our main theorem is a consequence of the following proposition together with Propo-
sition 1.
Proposition 2. Suppose that V€ L*>([1,00); C) can be decomposed as follows
Viz) = Vi(z) + Va(z), [Vi(z)] < Ce,
Va(z) is holomorphic for |arg z| < a < m and Va(z) — 0 there.

Z—00

(3.1)
Then R(\) has a meromorphic continuation to {\ : —a < arg A < m+a, 2Im A > —v}.

Throughout this section, for V € L>(R;C), we let Py := D? + V be defined by the
quadratic form

Q(u,v) = (Dyu, Dyv) 1201 00) + (VU, ) 1201 00)
with form domain H{(1,00). Then, for Im A > 1,
R,(\) = (Py =X L*—> I?
the resolvent of Py is defined by spectral theory.

In order to prove Proposition 2 we first observe that the now standard method of
complex scaling (see Sjostrand [Sj96, §5] for a presentation from a PDE point of view
and references) shows that

Ry, (A) t Legmp([1,00)) = Lie([1,00))

comp loc

continues from Im A > 1 to —a < arg A < 7+ a.

3.1. Exponential estimates on R, . The goal of this section is to prove the following
proposition. A general case would follow from Helffer-Sjostrand theory [HeSj86] but
we opt for a quick one dimensional argument.

Proposition 3. Fizy > 0. Then, the meromorphic family X — R, (\) : L2, — Li,.
extends to a meromorphic family

A= R, () : e "L o @ H? (3.2)

for
{AeC:ImA>—}NW,, W,:={—a<agh<rm+a}.

We first need the following apriori estimates.
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Lemma 4. Let V € L*([1,00);C) such that lim, . V(z) = 0 and fixr v > 0 Then,
for all X with v > |Tm \|, A # 0, there is C(\) > 0 such that for all u € HZ_,

le™ g2 < CON) (1€ (P = M)ullze + [Jullz21a)) - (3-3)

Proof. First, suppose that v € C>° and (Py — A\?)u = f. Then, with

i1~ ()

0 0 A
D,wy = A(z)wy + ()\_lf) , A(z) := <)\ Ry O) :
Now, define U,(x) : C? — C? such that D,U,(x) = A(x)Us(x), Us(s) = Id. Then,
0| Us(2)ug||® = (i(A — A" Us(2)ug, Us(x)ug).

we have

The eigenvalues of i(A — A*)(x) are given by
+o(r) = £2Im A + AV (2)]

Note that, since lim, ,,, V' = 0, and |A\| > 0, there is R > 1 such that for z > R
o(z) < (v + [ImA|). Therefore, for z > s,

|Us(@)uol| < €28 7OH ug || < CezOHImMAE) g
Using a similar argument for x < s, we have

Uy ()| < CezrHImADla=sl|iyq|

Next, observe that

ws(z) = Us(z)ws(s) + i / Uy () ( Af} (t)) dt

Therefore, for all s € R,

e’”'x‘HwA(a:)H < Ce%(wllmk\)lrfs\fvlw\HwA(S)H + C’/ e%(’YHIm)\|)(|$*t|)*’Y|$|’f(t)‘dt

S

< O(e3OHIm A=l |y ()] 4+ =3O I £ (]| as)
Therefore averaging in s € (2,3), we have
e wy (2)|? < C(e_h_‘ImAl)lxl||w/\|’%2(2,3) + 6_(’y_‘ImAl)lxlne’y‘.'f(')H%2(1§-§max(3,|m|)))‘
Finally integrating in z, we obtain for R > 3,
le™ ™ wn |l p2umy < CUE™ fllrzam + lwall2,)-
In particular, for u € C°([1, 00)),
le™" i my < CU1 (P = N)ull2,m) + el @) (3.4)
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Now, let v € H2, with 7@ (P, — A)u € L? and y € C>®(R) with y =1 on [~1,1].
Then, let u,, € C°([1, 00)) with

H? 1
un,k ? X(n QJ)U
k—o0

Fix R > 0. Then, letting n > R and applying (3.4) with u = u,, x, we obtain
le™ gl < CUlE™ (P = A)unpllz2q,m + lun il mes)-

Sending k — oo and using that x(n~'z) =1 on [1, R), we have

le™ g < O (Py = A)ull2,m) + ull2,9):
Sending R — oo we obtain

le™ull g < O (Py = N)ullzz + ullm o).
Finally, to complete the proof of (3.3) observe that
[ull 223 < CUIPy = X)ull 2,0 + [l 2(1,9)

and similarly

le™ g2 < Clle™ | + Clle 0 ul 12

< Clle @ ullg + Clle™ (P — A)ul| 2.

This completes the proof of (3.3). O

Proof of Proposition 3. Applying Lemma 4 with f € L2 and u = R, (\)f shows

comp
that for Im A\ > —y the meromorphic family R, (\) : L2, — Li,. has a better

comp loc
mapping property:
R, (M) : L2 e\ OL2

comp

In particular for Y € C®(R) and g € e™ 7@ L%(R),

[{Ry, XF, 9)ez] < (1€ x Flliz + 1Ry, WX Fllz20,0) 19lleo 12

(3.5)
< COfllellglleepzs TmA > =y

where C'(\) is bounded on compact subsets of W, \ Res(Py,) (where Res denotes the
set of resonances). On the other hand, for Im A > 0,

(R, (=Nxf,9)12 = (f, xRy, (=N)"9) 12 = {f, xR\, (N)g) L2-

But then, (3.5) and analytic continuation show that
xR, (A) : e "W LAR) — L*(R), x € CE(R).

We can then apply Lemma 4 again to see that (3.2) holds. O
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3.2. Completion of the proof of Proposition 2. We first observe that with V =
Vi+ Vs,

(Py — /\2)RV2 (AN =T+WViR, (N).
Then, for ImA > 1, I+ ViR, (A): L? — L?is invertible by Neumann series and hence

R,(A) = R, (NI + ViR, ()}, TmA> 1.

For ImA > 0, R, ()\) : L* — H? and hence e*7<x>Rv2(/\) : L* — L* is compact. In
particular, since 7@V, € L, [ +ViR, ()\): L* = L? is a Fredholm operator of index
0 and we have by the analytic Fredholm theorem, (see e,g, [DyZw19, Appendix C.3])

R,(A) =R, (NI +ViR, (\) ' :L*—=L*  Im\>0,

is a meromorphic family of operators with finite rank poles.

Next, consider A € W, N {2|Im A| < v}. Then, letting 7' > 0 such that 2|Im \| <
~" < v, we have by Proposition 3

e VDR _(N) e @22y om0 H20=))@)/2 2

v (
In particular, since 7/ < 7,

MR (A): e @RL2 Ly oV @/2]2

Vo
is compact and hence, using that e7®V; € L, we have
I+ ViR, (N) : e VP2 — e /22
is Fredholm. Therefore, by the analytic Fredholm theorem and Proposition 3, for all
A € W, with 2| Im A| <+,
R,(\) =R, (NI + ViR, (\) ' e 70212 o @212

is a meromorphic family of operators with finite rank poles. [l

APPENDIX: GEVREY PROPERTIES OF EXPONENTIALS.

To explain the asymptotics appearing in Fig.1, we show (in the notation of (1.4))
that for Imz > 0

_|2| = |Rez]|

= ; _

To prove this we need the following characterization of G*?(R) N C>(R): (see [HOII,
Lemma 12.7.4] for a similar argument): for u € C°(R)

z e e GP7O([0,00)),  o(2): (A1)

1

3C [a(€)] < CE) Ve oy e GROR) = IC [a(e)| < Cle)ie Mt (A2)
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Proof of (A.2). We start by estimating D”u under the assumption on :

Nl

D2 < [ € IREIdE < Clao)™ [ ((oledyn(e) e ag

o0

— 40(4e) ! / (£ Vgt gy

0

< 40(40)_”_3/4/ 2t ety
0
(4n + 2)!
42n+1(2n 4 1)!(n!)

= 40/ (40) 34 S(n!)? < C'o7"(n!)?,

where in the last inequality we used Stirling’s approximation.
On the other hand, if u € G*? N C° then, for |¢| > 1,

(€)= | [ Druto)s e de] < Cle suplD3ul < €l o (0
R

2n
" n —2n et —2|a§\%
<C"n o]} e =" < C"|¢ze ,
oflz

where again we used Stirling’s formula and to obtain the last inequality we chose
1
n = [log]z]. N

Proof of (A.1). We start by computing the asymptotics of the (distributional) Fourier
transform of w(x) := e”*/* for a fized z with 0 < argz < m. For & > 1 we deform the

contour to x = —e¥+y with ¢, = w to obtain

D(E) = lim [ ClmEiNgy — Jim —eier [ e (Hl/era(eia) g
e—0+ 0 e—0+ 0

o0 1 1
i 1.1 i£2 2|2 P+
€z¢+|z’2€ 2/ 615 |z|2e (1/t+t)dt.
0

Since 0 < argz < 7, /2 < @4 < 7, we obtain cos(yp, + 7/2) = — cos(arg(z)/2) < 0.
We can now apply the method of steepest descent to obtain

D(E) = er&T|z]1e P (1L O(le] 7)), > 1.

The cases of —¢ > 1 is handled similarly except that we deform to z = €~ with
p_ = arg(z)/2 to obtain

B(E) = c_(—&)H|z e 205 (1L O(gH)), €< 1.

We now choose y € C®(R) with x € +*(R) (see (1.4)), x(z) = 1 for |z] < 1,
and consider u(x) = x(x)w(x). From (A.2) we see that for any v > 0 |x(&)]| <
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C.e % Hence, for ¢ > 1, and v > |z|, and with o, (z) = cos?(arg(2)/2)|2|,
o_(z) :=sin®(arg(z)/2)|z|, we have

1

. q 11
7 el ket b - y(0)

1 0423 es ~
~ | [ttt ag - o - vy

5/2 1 1 1 1
< Cv/ ‘5’ — 16 C‘ e 2lo+(2) (€= C)|7+2|0+(Z)f\7—7|4|7d<’ + O(e—w\ﬁlf)
r E-(l

1
2 1 1 1 1 1
< C,[¢] / 672I£I?(\a+(Z)I7(7|T|?+(1fr)?fl))Mdr + O<€*0’7\5|7) = 0(£72).

Similarly, for —£ > 1, and v > o_(z),
el et 2R ) — v(0)] = O(lel ).

In particular, with we have u(§) = ci\zll]ﬂ’%e_z‘”i(z)g'%(X(O) +0(1)), as £§ — oc.
Since min(o + (z),0_(2)) = o(x) := (|z| — | Re z|)/2, this and (A.2) give (A.1). O

REFERENCES

[Ba94] W. Balser, From Divergent Power Series to Analytic Functions, Lecture Notes in Mathematics
1582, Springer 1994.

[BoHa08] J.-F. Bony and D. Héfner, Decay and non-Decay of the local energy for the wave equation
on the de Sitter-Schwarzschild metric. Comm. Math. Phys. 282(2008), 697-719.

[BMR19] J.-F. Bony, L. Michel and T. Ramond, Applications of resonance theory without analyticity
assumption, arXiv:1912.02091.

[Ch17] T.J. Christiansen, A sharp lower bound for a resonance-counting function in even dimensions,
Ann. Inst. Fourier, 67(2017), 579-604.

[Dy12] S. Dyatlov, Asymptotic distribution of quasi-normal modes for Kerr—de Sitter black holes,
Annales Henri Poincaré 13 (2012), 1101-1166.

[Dy15] S. Dyaltov, Asymptotics of linear waves and resonances with applications to black holes,
Comm. Math. Phys. 335(2015), 1445-1485.

[DyZw19] S. Dyatlov and M. Zworski, Mathematical theory of scattering resonances, AMS 2019,
http://math.mit.edu/~dyatlov/res/

[GaWal9a] D. Gajic and C. Warnick, A model problem for quasinormal ringdown on asymptotically
flat or extremal black holes, arXiv:1910.08481.

[GaWal9b] D. Gajic and C. Warnick, Quasinormal modes in extremal Reissner-Nordstrém space-
times, arXiv:1910.08479.

[GaZw19] J. Galkowski and M. Zworski, Viscosity limits for Oth order pseudodifferential operators,
arXiv:1912.09840.

[GuJe20] Y. Guedes Bonthonneau and M. Jézéquel, FBI Transform in Gevrey classes and Anosov
flows, arXiv:2001.03610.

[HeMa87] B. Helffer and A. Martinez, Comparaison entre les diverses notions de résonances, Helv.
Phys. Acta 60(1987), 992-1003.


http://arxiv.org/abs/1912.02091
http://math.mit.edu/~dyatlov/res/
http://arxiv.org/abs/1910.08481
http://arxiv.org/abs/1910.08479
http://arxiv.org/abs/1912.09840
http://arxiv.org/abs/2001.03610

12 JEFFREY GALKOWSKI AND MACIEJ ZWORSKI

[HeSj86] B. Helffer and J. Sjostrand, Resonances en limite semiclassique, Bull. Soc. Math. France
114, no. 24-25, 1986.

[Hi20] P. Hintz, A sharp version of Price’s law for wave decay on asymptotically flat spacetimes,
arXiv:2004.01664.

[HoI] L. Hormander, The Analysis of Linear Partial Differential Operators I. Distribution Theory
and Fourier Analysis, Springer Verlag, 1983.

[H6IT] L. Hormander, The Analysis of Linear Partial Differential Operators II. Differential Operators
with Constant Coefficients, Springer Verlag, 1983.

[MRS09] A. Martinez, T. Ramond, and J. Sjostrand Resonances for nonanalytic potentials,
Anal. PDE 2(2009), 29-60.

[Sj96] J. Sjostrand, A trace formula and review of some estimates for resonances, Microlocal analysis
and spectral theory (Lucca, 1996) Volume 490, 377-437.

[Val3] A. Vasy, Microlocal analysis of asymptotically hyperbolic and Kerr—de Sitter spaces, with an
appendix by Semyon Dyatlov, Invent. Math. 194(2013), 381-513.

[Wall] G.N. Watson, A theory of asymptotic series, Trans. Royal Soc. London, Ser. A 211(1911)
279-313.

Email address: j.galkowski@ucl.ac.uk
DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE LoNDON, WC1H 0AY, UK
Email address: zworski@math.berkeley.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, CA 94720


http://arxiv.org/abs/2004.01664

	1. Introduction
	2. Gevrey-2 property at infinity
	3. Meromorphic continuation
	3.1. Exponential estimates on RV2
	3.2. Completion of the proof of Proposition 2

	References

