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Abstract

General Relativity and the ACDM framework are currently the standard lore and consti-
tute the concordance paradigm. Nevertheless, long-standing open theoretical issues, as well
as possible new observational ones arising from the explosive development of cosmology the
last two decades, offer the motivation and lead a large amount of research to be devoted in
constructing various extensions and modifications.

All extended theories and scenarios are first examined under the light of theoretical
consistency, and then are applied to various geometrical backgrounds, such as the cosmological
and the spherical symmetric ones. Their predictions at both the background and perturbation
levels, and concerning cosmology at early, intermediate and late times, are then confronted
with the huge amount of observational data that astrophysics and cosmology are able to
offer recently. Theories, scenarios and models that successfully and efficiently pass the above
steps are classified as viable and are candidates for the description of Nature.

We list the recent developments in the fields of gravity and cosmology, presenting the state
of the art, high-lighting the open problems, and outlining the directions of future research.
Its realization is performed in the framework of the COST European Action “Cosmology
and Astrophysics Network for Theoretical Advances and Training Actions”.



Introduction

The dawn of the 21st century came with very positive prospects for gravity, cosmology and
astrophysics. Technological progress made it possible for cosmology to enter to its adulthood
and become a precision science, both for its own shake as well as for being the laboratory of
gravity, which can now be accurately tested and investigated in scales different than the earth
ones. As a result, the opinion that cosmology is one of the main directions that will lead to
progress in physics in the near future, is now well established.

“Cosmology and Astrophysics Network for Theoretical Advances and Training Actions”
(CANTATA) is a COST European Action established in order to contribute to the front of
research in the fields of gravity, cosmology and astrophysics. It involves Institutions from 26
European countries, as well as from 5 countries abroad. CANTATA Collaboration has a variety
of interests, which include: i) the classification and definition of theoretical and phenomenological
aspects of gravitational interaction that cannot be enclosed in the standard lore scheme but
might be considered as signs of alternative theories of gravity, ii) the confrontation of the
theoretical predictions with observations at both the background and the perturbation levels,
iii) the production of numerical codes to simulate astrophysical and cosmological phenomena,
iv) the construction of self-consistent models at various scales and the investigation of the
features capable of confirming or ruling out an effective theory of gravity, v) the study of how
extended and modified theories of gravity emerge from quantum field theory and how mechanisms
produced by the latter may explain cosmological dynamics.

One of the biggest achievements of Physics has been the establishment of the standard
cosmological paradigm, which is able to describe the Universe quite successfully through a
vast multitude of observations. In this architectural miracle the role of building bricks and
joists is played by exquisite observational data, informing us about different epochs, regions
and regimes. Evidence ranges from cosmic microwave background fluctuations to supernovae
luminosity distances, along with baryon acoustic oscillations, cluster mass measurements and
several other probes. However, our concordance model still exhibits open questions. We can
mention two of them that have gathered some attention for different reasons.

Hj, tension — Firstly, we witness the discrepancy between reputed teams of cosmologists
concerning the speed at which astronomical bodies are hurtling away from us, unprivileged
observers. In particular, the current value of the Hubble parameter Hy estimated from CMB
data assuming ACDM cosmology differs from the direct local distance ladder measurements
made by the SHOES collaboration. This results in the so-called Hy tension, a concern that has
been around for some years now and that does not cease to be a lively source of controversy,
quite the opposite [1].

og tension — A second actor in the stage play of cosmological tensions is the apparent
discrepancy in the amplitude of the matter power spectrum as set by og, the root-mean-
square fluctuations in the matter mass density in a comoving sphere of diameter 8 Mpc.
Large compilations of redhift-space distorsions and other dynamical probes show a statistically
significant discrepancy with Planck data. If not related to systematics, og tension is a subject
that might lead to changes in the cosmological consensus [2].

We may be tempted to regard these two quandaries as astrophysical rather gravitational,
nevertheless gravity is the dominant interaction on the scales of astrophysical interest. Hence, it
is clear that these are times when a fluid dialogue between theory and experiment is very much
needed. As Albert Einstein said:

“A theory is something nobody believes, except the person who made it. An experiment
is something everybody believes, except the person who made it.”



Microscopic experiments on gravity — It may seem from the above that the routes to
test the gravitational interaction are restricted to macroscopic realms where concentrations of
mass and/or energy are very significant. However, even though full characterizations of effects
in some modified gravity scenarios are still lacking, our improved understanding implies that
microscopic experiments might bring surprises.

The current wide spectrum of enigmas is probably a manifestation of our need to improve and
extend the standard body of our knowledge in gravity. Fortunately, even though history indicates
that early motivations to proceed beyond General Relativity (GR) were more intellectually
motivated by Mathematics, it is Physics itself where such explorations find their roots at present.

1 Theories of Gravity

General Relativity has not ceased its outstanding performance to explain gravitational phenomena
with exquisite accuracy in an ever increasing range of scales. Cosmology, on the other hand, has
traditionally been a driving force for speculations beyond General Relativity, whose only limitation
was the imagination of the theoretical cosmologists. In the last two decades, however, the
accumulation of precise cosmological measurements has substantially constrained the permitted
theories and we have now the means to robustly rule out wide classes of theories. At the
same time, these cosmological observations have triggered investigations seeking for theories
beyond General Relativity, mainly motivated by the three fundamental missing ingredients of
the standard cosmological model: dark matter, dark energy and inflation.

A very distinctive feature of gravity that actually guided Einstein to its original formulation
is its intimate relation with inertia, to the point that it is possible to interpret gravity (at least
locally) as a purely inertial effect. This is rooted in the equivalence principle that dictates the
universal character of gravity, which in turn lies at the very heart of the possibility to interpret
gravity in geometrical terms. We thus arrive at the properties that could be used to define
gravity from its geometrical side.

From a field theory perspective, General Relativity is a theory that describes the interactions
of a massless spin-2 particle. It is profoundly remarkable that by starting with a massless
spin-2 particle and imposing some reasonable additional assumptions like Lorentz-invariance, it
naturally follows that this particle must couple universally (at low energies) to matter fields,
and its interactions are precisely those of General Relativity. Thus, from the field theory side,
the fundamental defining property of gravity could be identified with its massless spin-2 nature.
The structure of General Relativity then results as a particular consequence of the strict rules
that govern the interactions of massless particles.

The approaches to modifications of General Relativity come in several fashions, which can be
broadly divided into those essentially based on adding new fields, and those that fully embrace its
geometrical description and hence the modifications are based on modified geometrical scenarios.
Definitely, this separation may be regarded as purely conventional and, as a matter of fact, it
is not difficult to go from one to the other in some scenarios. This is clearly illustrated by, for
example, gravity theories in a Weyl geometry that can equivalently be regarded as a theory with
an extra vector field provided by the Weyl non-metricity trace.

As it occurs many times, however, the starting point or interpretation of the same theory
can serve as motivation and inspiration to explore different modified gravity scenarios. It is
nevertheless important to keep in mind the basic properties that make General Relativity special
among all gravity theories, so that the modifications can be clearly ascribed to the breaking of
one of the fundamental assumptions for General Relativity. This is particularly important in
helping us to discern truly modified theories from those that are simply General Relativity in
disguise.



Modifying General Relativity is an arduous task, not only for its aforementioned exquisite
performance to explain observations, but because its internal structure is tightly constrained
by consistency conditions that are ultimately imposed by the massless spin-2 nature of the
graviton. This delicate structure causes many (infrared) modifications of General Relativity to
be doomed from their very conception, and this has fuelled an intense activity in recent years to
find theoretically consistent modifications of General Relativity that in turn could play a role in
describing the Universe’s dark sector or inflation.

General Relativity and Foundations of Gravity — A deep understanding of the foun-
dations of General Relativity is a necessary kick-off for the investigation of modified gravity.
GR is formulated using the language of differential geometry. The geometrical setting used by
Einstein consists of a four-dimensional Lorentzian manifold, equipped with a metric structure g
and a covariant derivative V, or equivalently, a connection . This derivative is assumed to be
metric compatible and torsion free, which then uniquely determines the connection coefficients
to be the Christoffel symbol components T'.

Let us briefly dissect these assumptions to get an immediate idea of how one could modify
GR. To begin with one does not have to restrict the geometry to four dimensions. Kaluza
and Klein are credited with suggestions along those lines [3]. The use of four dimensions relies
on our experience of three spatial dimensions and a sense of time, which acts as the fourth
dimension, commonly denoted as the zeroth coordinate. One could now assume that there
exist other spatial dimensions that have not yet been observed. It is probably fair to say that
String Theory has followed that path, point particles (points are zero dimensional objects) being
replaced by strings (strings or curves are one-dimensional objects). Bosonic string theory is
formulated in a 26-dimensional Lorentzian manifold, while superstring theory is formulated in
10 dimensions. These extra dimensions are dealt with by compactification, which means “rolling
up” those dimensions in such a way that they are very small, hence, effectively leading to a
four-dimensional space in which Special Relativity and General Relativity are formulated.

The next generalisation concerns the connection ' which neither has to be metric compatible
nor torsion free. Both, non-metricity and torsion have neat geometrical interpretations [4]; one
speaks of an affine connection. Torsion represents the failure of this infinitesimal parallelogram
to close. In order to understand the effect of non-metricity on the manifold, let us consider a
null vector u#, which means it satisfies g,, ufu” = 0. If the covariant derivative of the metric
tensor does not vanish, then this vector may no longer be null when parallelly transported.
In particular, the light cone structure would no longer be invariant under parallel transport.
However, neither the lack of closed infinitesimal parallelograms nor the non-invariance of the
light cone structure under parallel transport are reason enough to discard these geometrical
concepts from a physical point of view. In the end, any theoretical model of the gravitational
field will make certain predictions that an experiment can either verify or falsify.

The entire discussion up to now was independent of the Einstein field equations; it merely
assumed that there exists a gravitational theory that can be formulated using differential
geometry. Let us now start making some connections between the mathematical formulation and
the physical content of our theories. It is a well-established everyday fact that light travels along
straight lines, and so do massive particles in the absence of external forces. In classical physics
one would refer to these as Fermat’s principle and Newton’s first law, respectively. In the context
of differential geometry things start to get interesting now, as a manifold equipped with a metric
structure and an affine connection gives rise to two distinct curves geodesics and autoparallels.
Geodesics are the shortest possible curves between two fixed end points, autoparallels are the
straightest possible curves between two points. Geodesics are generally introduced by studying



curves C with tangent vectors T# = dX* /dX such that the quantity

A2
s—/,/g,wT“T”d)\, (1)
A1

is extremised. Here, X*#(\) are the local coordinates of the curve and A is the (affine) parameter
of the curve. This yields the familiar geodesic equations

% +IE.T°TT =0. (2)
It needs to be emphasised that the geodesic equation, defined via this variational approach,
depends on the Christoffel symbol components I'”_ only. This follows from the fact that (1) is
independent of the affine connection - that is, it depends on the metric tensor and the curve.

On the other hand, we can introduce the straightest possible curves or autoparallels. Let us
again consider a curve C with tangent vector T*, then the vector V7 is parallelly transported
along this curve if T#V,V? = 0. The notion of parallel transport allows us to consider curves
(defined indirectly) whose tangent vectors are parallelly transported along themselves, the tangent
vector is kept as parallel as possible along the curve, hence autoparallel. Using the chain rule and
the definition of covariant differentiation, the autoparallel equations are given by T#V ,T7 = 0,
i.e. by

% +IE T°T™ = 0. (3)
The key difference between (2) and (3) is that two different connections appear in these equations,
while their form is identical. It is clear that (3) depends on the symmetric part of the connection,
since one can exchange 179 and T7; however, it is important to state that
[U L ATE (4)
which means that the symmetric part of the affine connection is not the Christoffel symbol. This
symmetric part contains the Christoffel symbol, but it also depends on torsion and non-metricity,
should these be present.

General Relativity is special in the sense that the shortest possible lines coincide with the
straightest possible lines.! These considerations have practical implications. By studying the
geometric properties of trajectories of test particles one can, in principle, determine whether the
connection contains contributions other than those from the Christoffel symbol.

In its standard formulation, the dynamical variables of General Relativity are the 10 metric
functions g,,,, which are the solutions of the ten Einstein field equations

1
G =Ry — §R9W = /{QTW. (5)

Here, G, is the Einstein tensor, R, is the Ricci tensor, R is the Ricci scalar, and T}, stands
for the metric energy-momentum-stress tensor, while the gravitational coupling constant 2
is given by x% = 87G/c*. This is a true tensor equation in the sense that it is valid for all
coordinate systems and hence diffeomorphism invariant. In four spacetime dimensions one has
four coordinates, which can be arbitrarily changed, which implies that the Einstein field equations
can be viewed as six independent equations. When a Hamiltonian analysis is performed on these

'If the affine connection differs from the Christoffel symbol components by a totally skew-symmetric piece,
geodesics and autoparallels would also coincide.



equations, one finds four primary constraints, thereby reducing the number of propagating degrees
of freedom of this theory to two (10 metric components minus four coordinate transformations
minus four primary constraints) [5].

A more elegant approach, which somewhat lacks physical motivation from first principles, is
the variational approach. The field equations can also be derived from the so-called Einstein-
Hilbert action

1 , 1
SEn = 22 9" Ry/—gd'z = 252 /R\/ —gd'z, (6)
Smatter = /Cmatter(gv ¢a v¢) d4CL‘ = /Lmatter(ga ¢v VdJ) V=g d4l‘ ) (7)
Stotal = SEH + Smatter y (8)

where one varies with respect to the dynamical variable g,,,,. Here, g is the determinant of the
metric tensor g,,, so that \/—gd*x is the appropriate volume element when integrating over
the manifold. The matter fields are denoted by 1 and the matter Lagrangian can depend on
derivatives of the matter fields. It is through this variational approach that one can introduce
and motivate various gravitational theories, which can be seen as extensions or modifications of
the original theory.

Before discussing other gravitational theories, let us briefly mention the issue of matter
couplings. This is, of course, of crucial importance as gravity is universal and is the dominant
interaction in the macroscopic world. Lagrangians, which describe scalars (spin 0 particles) or
spinors (spin 1/2 particles), typically depend on the fields and their first derivatives, thereby
giving rise to equations of motion of at most second order. This also holds for Yang-Mills
theories; however, we will focus our discussion on scalars and spinors for now. When the scalar
or spinor field actions, formulated in Minkowski space, are formulated on an arbitrary manifold,
one replaces the Minkowski metric 7 with an arbitrary metric g. The partial derivatives are
replaced with covariant derivatives. In the scalar field case one simply has V¢ = 9,,¢, while for
spinorial fields the covariant derivative also depends on the connection and we have V¢ # 9,1,
with 1 standing for a spinor field. The immediate consequence of this is that theories in which
variations with respect to the connection are considered will contain source terms when spinor
fields are taken into account [6]. Since protons, neutrons and electrons are all spin 1/2 particles,
this is an important issue to keep in mind. Finally, when considering Yang-Mills theories we
recall that the currents which act as the source terms are conserved and couple to the gauge
fields. General Relativity can also be formulated as gauge theories; however, it is not in the
form of a typical Yang-Mills theory [7]. The above mentioned approach is often referred to as
the principle of minimal coupling, however, many other coupling terms are in principle possible.
There are Pauli-type terms and Jordan-Brans-Dicke-type terms where geometrical quantities
like the Riemann tensor or the Ricci tensor couple to the matter fields.

Linear Extensions — On manifolds where the connection is metric compatible and torsion
free, the Einstein-Hilbert action is the unique action that is linear in a curvature scalar, and
the Ricci scalar is the unique linear curvature scalar. In more general spaces with torsion and
non-metricity, one can also construct the scalar e*” HAEI—"VH)” which does not vanish in general.
This term appears in the so-called Palatini action of General Relativity or the Holst action. It
becomes important in the context of Loop Quantum Gravity, where it appears in Ashtekar’s
choice of variables, which allows the formulation of GR as a Yang-Mills type theory [8].

Let us return to the Einstein-Hilbert action (6) for now. The Riemann curvature tensor and
the Ricci tensor can be defined using a general affine connection I alone, without requiring the
metric tensor. To make this explicit, it is often written as }AE/W [9]. Hence, in affine spacetimes



the Einstein-Hilbert action can be generalised simply by writing

= 271%2 guyéuu\/jgd4$a (9)
Smatter = /Lmatter(gv (ba V¢) vV—9g d4LL’ ) (10)
Stotal = SEH + Smatter . (11)

One now considers the metric tensor g and the connection [asa priori independent dynamical
variables. The matter action also depends on the connection through the covariant derivative; this
is completely consistent with the principle of minimal coupling used in General Relativity. This
principle states that first one writes all equations covariantly in a four-dimensional Lorentzian
manifold, flat Minkowski space, then one replaces all partial derivatives with covariant derivatives
and all Minkowski metric tensors with arbitrary metric tensors.

If we assume that the matter part of the action does not depend on the connection and we
make independent variations with respect to the metric and connection, we arrive at Einstein’s
theory of General Relativity. This is often referred to as the Palatini variation; however, things
become more subtle when geometries are more general.

In many ways the most natural generalisation of General Relativity is constructed when
beginning with (11) and allowing the matter part of the action to depend on the matter fields, the
metric and an independent connection. When we now compute the variations with respect to the
metric and the independent connection, we arrive at two sets of field equations. Variations with
respect to the metric yield equations that resemble the Einstein field equations, while variations
with respect to the connection give a new set of field equations which determine the connection.
The source term that appears in the latter is often referred to as the hyper-momentum AAW,
following a commonly used notation [10]. As the affine connection has no symmetries, the
hyper-momentum tensor has, in general, 64 independent components in four dimensions.

Let us now discuss how we can connect these different theories back to General Relativity,
using a mathematically consistent approach. The perhaps most elegant way to do it is through the
introduction of Lagrange multipliers in the total action (11), so that this action is subsequently
extremised subject to constraints. These constraints are introduced so that the geometrical
properties of the manifold are controlled. More explicitly, let us, for the time being, extract
General Relativity within the framework of metric affine theories. Recall that the two key
geometrical assumptions are a metric compatible and torsion-free covariant derivative. In the
language of constraints we would write

SGR == ﬁ {g‘“’f?uu + )\l(lly)ATuV/\ + AI{QV)AQyVA} vV —g d4$, (12)

Stotal = SGR + Smatter ; (13)

where T}, is the torsion tensor and )., is the non-metricity tensor. Here, /\(1) and )\(2)
are two Lagrange multipliers, which ensure that the affine connection will become the usual
Christoffel symbol. Clearly, variations with respect to A1) give T),,» = 0, while variation with
respect to A(g) yields n = 0. The Minkowski space is the unique space that has vanishing
torsion, vanishing non-metricity and is globally flat. However, what makes this approach, using
constraints, particularly useful is the ability to systematically study a variety of theories in a
uniform setting [11].

Nonlinear Extensions — From a theoretical point of view it is well motivated to consider
more general theories, which depend on other scalars constructed out of the Riemann curvature
tensor or the Ricci tensor. There is no reason to exclude terms like ¢ R, R*", for example, in a
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gravitational action. Alternatively, one can consider theories where an arbitrary function of the
Ricci scalar is considered. The basic idea underlying this approach is to view General Relativity
as the lowest order theory. Other models contain nonlinear functions of total derivative terms,
like the Gauss-Bonnet term, for example. The Gauss-Bonnet term is related to a topological
number, the Euler characteristic of the manifold. However, when any nonlinear function of
any topological quantity is added to the action, it will yield some non-trivial field equations.
Definitely, one can also introduce new couplings between the geometry and the matter, different
from the minimal coupling. Finally, let us mention that a function f contains uncountably many
degrees of freedom, thus it is perhaps not too surprising that various models are able to fit a
variety of observational data.

Let us go back to the need of celebrating the ability of General Relativity to describe most
of the physical behaviours we have access too, and acknowledge at the same time that many
puzzles are still standing. Therefore, all modifications and extensions attempting to alleviate
them must have a sensible GR limit.

Horndeski/Galileon theories — A successful GR limit is one of the key aspects of one
of the most popular ways to modify gravity: the scalar-tensor theories. In this framework
the Lagrangian typically becomes dependent on a new quantity, namely the scalar field ¢. In
the pioneering presentation of this seductive idea, Brans and Dicke carefully tailored the total
Lagrangian so that the field equations do not display derivatives of order higher than second.
This is important towards guaranteeing that the theory remains ghost free and no Ostrogradski
instabilities appear. It is possible to engineer the family of all models with a Lagrangian
containing second-order derivatives of the field but still leading to second-order equations of
motion. The Lagrangian density is given by [12]

L=Lo+ L3+ L4+ L5, (14)
with
Ly = K(o, X) (15)
L3 = —Gs(¢, X)O¢ (16)
Li = Gi(d X)R+Gix(6, X)[(06)? 66| (17)
Ly = G5(¢a X)GW¢;W - éGE),X {(D@S + 2¢;uy¢;lla¢;a“ - 3¢;#V¢WVD¢} ) (18)

with X = —¢., ¢¥/2, and where K (¢, X), G3(¢, X), G4(¢, X), G5(¢, X) are arbitrary functions,
while a comma represents covariant derivative. This is the so called Horndeski theory, which
was rediscovered some decades after its first appearance in the framework of Galileon models
[13], which can be extended to multiple fields [14].

Massive Gravity and Bigravity — Another extension of the Einstein-Hilbert action
through the addition of extra degrees of freedom, but of tensor nature this time, are massive
gravity and bigravity theories. Although the first attempts towards the direction of adding a
mass term for the graviton were performed in the late 1930’s, the consistent formulation was
possible only recently. The corresponding action is written as [15]

S = /d4g; lQiQ\/TgRg - ’;f\/fgganen (W)] . (19)

One can generalize the action for ghost-free massive gravity into bigravity by including an

M2
Einstein-Hilbert kinetic term —-+/—fRy for the reference metric [16]. The two metrics, g and f,
are only allowed to interact through potential interactions encoded in the elementary symmetric



polynomials e, (S) of the matrix square root S = (\/g~!f)#, which satisfies S¥SS = gh* fo..
These polynomials take the form eg(S) = 1, e1(S) = [S], e2(S) = 5 (S]* — [S?]), es(S) =
L([S)? = 3[S][S% + 2[S%]) and e4(S) = det(S). The implications of such a theory could be
interesting in the effective dark sectors [17].

In Fig. 1 we present a schematic categorisation of the Tensor-Vector-Scalar class of theories,
arising by adding new fields to General Relativity. Nevertheless, unstoppable as curiosity and
imagination are, the seeking for generalisations of GR opens new possibilities.
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Figure 1: Schematic categorisation of the Tensor-Vector-Scalar (TeVeS) class of theories, arising
by adding new fields to General Relativity.

f(R) gravity — One gravitational modification that has met significant popularity is the
f(R) proposal, in which the Ricci scalar R in the original Einstein-Hilbert action is extended.
The corresponding action is

S = o / f(R)V =g d'z. (20)

With their generality, tractability and flexibility, these scenarios offer chances to reproduce a
wide assortment of cosmological kinematics, and they are able to provide mechanisms to explain
either early or late-time acceleration [18].

In Fig. 2 we present a schematic categorisation of the theories arising by adding higher-order
invariants in the Lagrangian of General Relativity.

Extra dimensions — One of the most tempting routes of modification of General Relativity
has been the possibility that our spacetime has more than four dimensions, with the extra
ones inaccessible to low-energy exploration methods. The necessary compactification procedure
typically results in specific modifications of the gravitational Lagrangian [19], which can be
found among the many covered in the huge assortment of possibilities [20].

Metric-Affine Gravity — As we mentioned above, there are two main building blocks in a
gravitational theory: differential geometry as its mathematical formulation on one hand, and
the Lagrangian as the encoder of its physical content on the other. The necessary association
among them emerges when we eventually understand how a manifold, furnished with a metric
and a connection, dictates how all the particles that live in it move, and conversely how all the
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Figure 2: Schematic categorisation of the higher-order class of theories, arising by adding
higher-order invariants in the Lagrangian of General Relativity.

physical manifestations of those particles affect the metric [21]. This geometric route brings us
formally to the geodesics equation, but with the caveat that the involved connection should not
necessarily be the Levi-Civita one, which is metric compatible and torsion-free (and therefore
symmetric). Hence, the metric-affine structure opens the way to the construction of a very big
class of modifications and extensions of gravity [22].

Although modifying gravity through the modification of the Einstein-Hilbert action is
both interesting and theoretically and phenomenologically successful, the above metric-affine
considerations lead to a novel way to construct gravitational modifications, namely to change
the underlying geometrical foundations. In Fig. 3 we present a schematic categorisation of the
theories arising by modifying the geometry of General Relativity.

Palatini and Hybrid Metric-Palatini Gravity — Palatini formalism allows to relax the
“standard” convention between the metric and the connection, leaving the latter to be specified
by first principles. The metric-affine consideration progresses initially from the construction of
a curvature scalar using the connection and the metric tensor as independent quantities, but
then it can be enlarged considerably by constructing Lagrangians with other scalar terms built
from the symmetric part of the Ricci tensor and its contractions with the metric tensor [23].
These settings offer many new attractive possibilities, such as the removal or smoothing out of
cosmological singularities which are generic in GR scenarios. A related approach is hybrid-metric
Palatini gravity, where the standard R term coming from the metric connection is added to extra
terms depending on an alternative curvature scalar, R, derived from an independent connection
[24]. Such terms offer a richer phenomenology in the evolution of matter inhomogeneities.

Teleparallel Gravity, Foundations, Modifications and Cosmology — A completely
separate route to describe gravity as a manifestation of geometry can be pursued too: teleparallel
gravity and its extensions. In these theories gravity is still geometrized, nevertheless geometry is
characterized by torsion instead of curvature, which in turn is achieved if one uses the teleparallel,
curvature-free connection. In particular, using that a general connection ffjl, can be decomposed
as [25]:

I, =T, + K9, + L%, (21)

where K¢, = %Tauy—i- ) 1s the contorsion tensor and L, = %Qa —Q( @ | the disformation

(e pv wov)
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[26], we can have an alternative formulation of the Einstein-Hilbert action, namely
_ 1 4
STEGR = 92 Ted 'z, (22)

with T = Kl,p”KA,\” — K,,,JVKA,\”, where e denotes the determinant of the tetrad field ef}, which
satisfies g, = e;‘eanB. This is the standard formulation of the Teleparallel Equivalent of
General Relativity where the tetrad is the independent dynamical variable.

While basic teleparallel gravity is completely equivalent with GR at the level of equations,
their modifications correspond to different classes of modified gravity. In particular, considering
nonlinear extensions we can obtain f(T) gravity as [27]

1
Sy = gz [ f(Med's. (23)
Smatter = /Lmatter(gy ¢7 Vllf)e d4‘73 ) (24)
Stotal = Sf('}l‘) + Smatter . (25)

Apart from the interesting cosmological phenomenology [28], it is certainly very appealing
that these theories allow to waive the equivalence principle, thus re-framing gravitation as an
interaction more similar to the other fundamental ones, as well as being a gauge theory. The
torsional framework opens the way to many novel theories of gravity, by using higher-order
torsion invariants [29], boundary terms [30], scalar-torsion constructions, teleparallel Horndeski,
symmetric teleparallel theories [31], etc.

Figure 3: Schematic categorisation of the theories arising by modifying the geometry of General
Relativity.

Finsler Gravity — Even within the radical procedure of modifying gravity through modifying
geometry, there are more radical paths, such as in Finsler geometry and gravity. These geometries
extend in a natural way the Riemannian one, by allowing the physical quantities to have a
dependence on the observer 4-velocity [32], which in turn reflects the Lorentz-violating character
of the kinematics [33]. Furthermore, they may play an important role in quantum gravity
considerations and therefore to quantum gravity phenomenology.

As we see, modifying gravity opens the road towards quantum considerations, which was
expected since it was known for a long time that modifications of the Einstein-Hilbert action
can improve the renormalizability of GR and thus potentially open the way towards a quantum
description of gravity. In Fig. 4 we present a schematic categorisation of the theories arising by
the use of quantum arguments.
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Figure 4: Schematic categorisation of the theories arising by the use of quantum arguments.

Non-local Gravity and Quantum Cosmology — Definitely, incorporating quantum
considerations leads to a wide spectrum of possibilities, which lead to very interesting cosmological
phenomenology, exploring the quantum side of gravity through extensions of Einstein’s framework.
Examples of such classes are non-local gravity [34], gravity’s rainbow [35], classicalizing gravity
[36], Eddington-inspired-Born-Infeld gravity [37], as well as other theories based on quantum
approaches [38], which prove to lead to interesting cosmological phenomenology [39].

2 Testing Relativistic Effects

The confrontation of gravitational theories with experimental and observational data is a
fundamental step in the scientific process. The analysis of relativistic effects is not only necessary
but essential for this purpose. Laboratory tests typically search for fifth force effects in the form
of short range interactions, which can introduce departures from Newton’s law via Yukawa-type
corrections mediated by some kind of massive degree of freedom. In some cases this may
require going beyond the linearized approximation due to the existence of screening mechanisms
that may hide these (chameleon) interactions, which poses severe experimental challenges for
current technologies such as atomic interferometry, torsion balance experiments, Casimir force,
dipole moment tests, etc. Screening mechanisms can also be constrained via Lunar ranging, by
measuring cosmic filaments, and by probing the nonlinear regime of cosmological perturbations.

The effects of modified gravitational dynamics may also arise via nonlinearities induced by
the stress-energy densities rather than by new propagating degrees of freedom, thus leading to
new phenomena, which do not involve fifth force interactions. This can have nontrivial effects
even in scenarios involving elementary particles if one focuses on aspects not related to curvature
but to non-metricity and/or torsion. However, from an effective field theory perspective, such
new interactions could fit naturally in an extended matter framework; the universality of certain
couplings could reveal an underlying geometric structure, thus showing that elementary particle
experiments could complement astrophysical tests to unveil modified gravity effects.

The possibility of having new gravitational physics induced by non-linearities in the matter
sector may also have an impact on the structural properties of self-gravitating systems. In very
low mass stars, where the equation of state of the gas is well understood, modifications in the
Newtonian dynamics can change the threshold for sustained hydrogen burning reactions, offering
new observables in the search for departures from the predictions of GR. In compact objects such
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as neutron stars, on the other hand, these interactions could lead to new degeneracies with the
matter sector, complicating even more the quest for the properties of the nuclear matter equation
of state. In order to break such degeneracies, it is important to identify observables that may
lead to universal relations able to tell different gravity theories apart. Some of these relations
involve the moment of inertia, asteroseismology, quasi-normal modes, etc, and it has been shown
that massive scalar degrees of freedom could manifest themselves clearly in sufficiently separated
binary systems and in quasi-normal modes spectra.

Orbital motions and lensing are also key probes for modifications of gravity. The parametrised
post-Newtonian formalism developed in the 1970s allows us to confront very different types of
theories with observations by just computing certain key coefficients in the appropriate limit
and gauge choice. This formalism must be extended in order to accommodate new theories,
which do not quite fit within this original framework. Additionally, beyond stellar objects and
the slow motion limit, strong gravity effects, such as gravitational waves and strong lensing,
typically involving black holes, also offer a glimpse of potentially new gravitational phenomena,
including the quantum regime.

CANTATA researchers whose theoretical work makes strong contact with observations,
contribute towards testing relativistic effects and finding observational signatures. This allows
them to perform masterly forecasts of constraints to be placed on theoretical frameworks by the
coming generation of cosmological observations. One should remember in this context the words
by Vera Rubin:

“Science progresses best when observations force us to alter our preconceptions.”

Laboratory Experiments, Quantum Effects, and Constraints — One important area
of this Letter of Interest are tests of gravity at scales well below 1 Mpc, that is, non-cosmological
ones, ranging from earth laboratory tests to orbits around compact objects. Within this domain,
screening mechanisms in scalar-tensors theories with a scalar field coupled to matter have
gathered a lot of interest, since the screening treats differently traditional gravity tests and
laboratory tests, in the sense that it allows effects to evade detection by the former while revealing
to the latter, as some kind of reward for clever and inspired novel experiments is offered. Several
screening mechanisms have been proposed so far, and among the most popular we find those
with canonical kinetic terms, such as the chameleon and the symmetron mechanisms [40], as
well as the Vainshtein mechanism, which emerges from derivative non-linearities [41]. Thus,
one should focus on tests on chameleon scalar fields through different approaches, for example
vacuum chambers, atom interferometry, torsion balances, Casimir force searchers and others.
Finally, when one allows for non-canonical kinetic terms to enter the picture, he/she can find
other mechanisms such as K-mouflage, a screening possibility which has, up to now, not been
tightly constrained by gravitational wave observations.

Parametrized Post-Newtonian Formalism — If Earth-based laboratories are at the
bottom of the scale ladder of experiments in order to test modifications of gravity, the Solar
System is the obvious next: a weak-field limit realm, which is typically treated under the
parametrized post-Newtonian (PPN) formalism. PPN is an in-between stratagem to wrap-up
conjectures about both observations and theories being considered, which connects the former
with the latter through a set of parameters. In fact, a large class of extensions of GR can be
accommodated into the customary formulation, however the community does not stopped there,
and broader versions are devised too [42]. Stringent bounds have been obtained through refined
experiments and can shed light on the viability of modifications of gravity with significant impact
on those parameters and the subsequent ones.

Stars as Tests of Modified Gravity — But the prevailing weak-field /strong-field battle
in physics explorations demands to also turn our attention to representatives of largest curvature
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and highest densities regimes: compact stars and black holes. Modeling stellar structure is a
demanding task in the default GR setting, and modifications of gravity introduce additional
difficulties, both from the mathematical, as well as form and physical perspectives [43]. Hardly
any features can be studied from a general formulation, and individual investigations [44] are
typically the most efficient way to proceed [45]. New knowledge will, for instance, allow to
determine possible changes in the mass-radius relation of neutron stars [46], as it will depend on
the new parameters characterizing the gravitational modifications [47]. Additionally, one could
even use helioseismology as a precision probe of fifth forces and modified gravity at astrophysical
scales [48]. A similar procedure operates on black holes [49], in the sense that the famous no-hair
theorem may need a tweak in the presence of additional gravitational degrees of freedom [50].

Compact Objects in General Relativity and Beyond — These are some of the surprises
that compact objects (whether extreme or not) may bring. In the case of neutron stars the
issue of the equation-of-state dependence is largely eliminated when considering properly scaled
quantities [51], which then yield universal relations [52]. Possible deviations from General
Gelativity [53] are expected to lead to constraints through observations of, for instance, binary
systems [54].

Testing Gravity with Standard Sirens — When we move to (much) larger scales we
must publicize that efforts of CANTATA researchers, with their expertise on numerics and
computation, have served the international effort towards the design of future accurate tests of
gravity (modified or standard) and the improvement of current ones. Some of our colleagues are
making distinguished contributions to large teams, expected to lead the design and operation of
terrestrial and space-based surveys, which will be operating in the near future. A glimpse of
the breathtaking future is offered by observations of gravitational waves, which have brought
strong implications for modified theories of gravity [55]. At the cosmological background level,
an additional friction that adds to the Hubble one appears, and this modifies the amplitude of
the waves, whereas an effective (anomalous) mass and consequent atypical speed alter the phase
[56].

Gravitational Waves — A special role is expected to be played by a field which, although
old in its theoretical background and in its practical design, has reached full maturity only
in the most recent years, eventually accomplishing extraordinary results (the Physics Nobel
Prize in 2017): gravitational wave astronomy. There are many sophisticated and challenging
effects that could arise through the physics of gravitational waves in the case where modified
gravity scenarios are considered, as not only additional polarisations emerge (up to four extra
ones), but also they could get mixed up and frequency mutations might be produced too [57].
Actually, the detection of these additional polarisation modes represents a significant technical
challenge, as well as the possibility of refractive behavior [58]. Into the bargain, the absolutely
greatest promise of gravitational waves is the cosmological realm. Events that can be regarded
as standard sirens (may be able to) probe the redshift evolution of the luminosity distance of
the gravitational wave source, which is proportional to the inverse of the amplitude [59]. In
principle, it can be different from the electromagnetic luminosity distance of a companion event,
and therefore their ratio will offer a test for parameters associated with physics beyond GR as
well as with the dark energy features [60].

Gravitational Lensing — The ambitious and broad next step would then be to propose
experiments to provide information on the motion of test particles, which could reveal the
specific spacetime geometric properties. In this respect, we should search for deeper insights
into the boundless question of how geometry affects the motion of particles and in particular of
gravitational lensing. Nevertheless, in order to paint a master work of art and not a mere sketch,
us physicists have to associate the equations of motion governing the pertinent trajectories with
a physical framework, that is, we need to match particles and fields [61].

14



3 Cosmology and Observational Discriminators

Along the above lines, the next crucial step is to combine measurements with observations of the
large scale structure coming from surveys which will probe the Universe in different scale regimes
as compared to the size of the horizon. Cosmology is (among others) our gravity laboratory.
Hence, detailed investigation of the cosmological applications of various theories of gravity, and
the extraction of suitable observational discriminators, can provide valuable knowledge.

In forthcoming years we expect many terrestrial and space-based advanced surveys to be
launched and/or become fully operative (among them, Fuclid and SKA), throwing us directly
into a new highly-upgraded era of precision cosmology. All of them will provide us with data
of unprecedented precision about the large-scale structure, giving us the possibility for very
accurate tests of gravity (and modified gravity theories, specifically) on scales spanning many
orders of magnitude. A phenomenological summary of all the possible insights is given below.
One of the main outputs of the above mentioned surveys will be, among other things, data
related to the clustering of galaxies. Nevertheless, there could be possible subtle effects, which
might influence those data, i.e., relativistic effects on the number counts, which emerge as
powerful complementary tool, to be used in addition to more standard and well-established ones.

Phenomenological Tests of Gravity on Cosmological Scales — The impacts of de-
viations from GR on cosmological observables could stat by studying the cosmic microwave
background (CMB) and cosmic large-scale structure (LSS) [62]. This phenomenological approach
can be implemented in numerical codes computing theoretical predictions for cosmological
observables [63]. Current constraints on departures from GR from the Planck, KiDS and DES
collaborations are expected to be modified by major upcoming cosmological LSS surveys, that
will provide data in the present decade [64].

Effective Field Theory of Dark Energy — Related to the previous discussion, one
analytic method based on the perturbation theory framework is the Effective Field Theory
(EFT) approach. EFT can capture interesting effects on scales smaller than the intermediate
ones, and in particular the onset of the transition from GR to a modified gravity regime, which
is crucial for the research objectives of our Action [65]. In particular, it depicts physical effects
germane to macroscopic scales by integrating out short-distance features which thus appear
on long-distance characteristics as extra/perturbative parameters. This formalism supports
any dark energy or modified gravity model possessing one additional scalar degree of freedom.
Such a theoretical framework, has become very fruitful in recent years by providing interesting
and stringent constraints on both (standard) dark energy models and modified gravity theories,
assisted additionally by numerical codes (now widely used in the cosmological community),
which have been developed and improved by the members of CANTATA, and which have helped
to optimise the calculation of the most important quantities that are needed to apply such
framework to real data in particular, cosmological perturbations.

Spatial curvature — We wish to add to this Letter of Interest another bold departure from
(cosmological) orthodoxy that has been put forward according to reliable evidence coming from
Planck data: the spatial curvature of the Universe might be non-zero [66]. Such a possibility
could leave imprints on the universe evolution [67]. The debate is alive, and probably it might
be closed by a thoughtful identification of degeneracy-breaking datasets, namely the cosmic
chronometers, which, perhaps, do not rely heavily on our understanding on galactic evolution.

Relativistic Effects — Among the abundance of outputs of future large-scale structure
surveys we must mention the sensitivity of the clustering of galaxies to the (specific) theory of
gravity under play. Effects less tangible than density perturbations and redshift-space distorsions
will place unprecedented constrains, which are obtained by confronting pertinent gauge-invariant
quantities (the two Bardeen potentials being among them) with the information provided by
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the power spectrum [68] and its multipole expansion [69]. Hence, one is able to explore effects
which are neglected in current surveys [70]. Note that the importance of these studies is twofold.
On one hand they vindicate the role of galaxies as baryonic (and therefore electromagnetically
accessible) concentrations of matter for the study of the Universe, and on the other they offer a
fundamental channel to explore the vital role of dark matter [71]. In addition, it is relevant that
the interplay between baryons and dark matter, which takes place in regions with high matter
density [72], allows to test the equivalence principle too [73].

Galaxy Clusters and Modified Gravity — Having stated the paramount importance of
galaxies to understand modified theories of gravity, we cannot forget that the Universe offers
us even better laboratories, namely the galaxy clusters [74]. These are the largest clearly-
observable self-gravitating structures for which we can retrieve multi-messenger astronomical
data covering a wide range of wavelengths and complementary information. Their ambivalence
as both astrophysical and cosmological objects can help us to discriminate between gravitational
effects and cumbersome astrophysical phenomena, through the prospect of kinematic, thermal
and lensing explorations, yet again resorting to perturbative quantities considered in other
contributions, such as the gravitational slip [75]. Hence, among others, they can provide valuable
constraints and information about modifications of gravity.

Probing Modified Gravity with Non-linear Structure Formation — Different mod-
ified gravity theories can be degenerate with regard to both the background cosmology and the
growth rate of linear perturbations. Hence, it is crucial to identify new probes that can be used
to break these degeneracies. For a flavour on the sort of discriminating criteria clusters can offer
significant information when time evolution of scalar fields is addressed [76]. We should study
the effects of modified gravity in the nonlinear regime of structure formation, using numerical
simulations to study possible characteristic features that could be imprinted in galaxies and
clusters of galaxies by modified gravity theories, and which could help to eventually discriminate
among General Relativity and alternative gravities. The aim is to predict possible smoking guns
of modified gravity and of screening mechanisms at cluster-of-galaxies scales.

Testing the Dark Universe with Cosmic Shear — Clearly, all complementary routes
offered by tests of dynamical features, for instance weak lensing, are destined to play a most
relevant role [77]. The very-hard-to-spot effects are again encoded in the Bardeen potentials, and
forecasts have been carried out for surveys such as Fuclid in the theoretical context of Horndeski
theories and other modifications [78]. Such probes will become crucial in the near future, due to
some of the surveys we have introduced above, which will be accurate enough, and will observe
such a huge amount of galaxies as to make it feasible at unique levels.

Conclusions

The route to erudition in this limitless field is grievous. One may be led to a multifaceted
and more thorough understanding of (her/his favourite flavour of) gravity through questions
such as whether the correct weak-field limit is attainable, whether the quantum properties
are accessible, whether instabilities occur, and whether the initial-value problem is well posed.
Nevertheless, and here comes the crux of the matter, no proficient understanding of a modified
gravity framework can be reached without an analysis of the formation (and sustenance) of
structures. In this context we highlight again the key question of whether the perturbations
of the cosmological background are capable of leaving a blueprint agreeable with the currently
observed patterns in the cosmic microwave background and the large-scale structure itself. The
intimate connection between theory and observations is therefore an unbreakable bond, and
the seed sown by our Collaboration’s work will surely thrive and feed our knowledge-hungry
community. As a team, our feeling is that:

“This is the way” - The Mandalorian
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