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Fragility analysis of structures via numerical methods involves a complex trade-off between the desired accuracy, the
explicit consideration of uncertainties (both epistemic and aleatory) related to the numerical model, and the available
computational performance. This paper introduces a framework for deriving numerical fragility relationships based
on multi-fidelity non-linear models of the structure under investigation and response-analysis types. The proposed
framework aims to reduce the computational burden while achieving a desired accuracy of the fragility estimates
without neglecting aleatory and epistemic uncertainties. The proposed approach is an extension of the well-known
robust fragility analysis framework. Different model classes, each characterised by increasing refinement, are used to
define multi-fidelity polynomial expansions of the fragility model parameters. Each analysis result is then considered
as a “new observation” in a Bayesian framework and used to update the coefficients of the polynomial expansions.
An adaptive sampling algorithm is also proposed to improve the performance of the multi-fidelity framework further.
Specifically, such an adaptive sampling algorithm relies on partitioning the sample space and the Kullback—Leibler
divergence to find the optimal sampling path. The sample space partitioning allows an analyst to specify different
criteria and parameters of the algorithm for different regions, thus further improving the performance of the procedure.
The proposed approach is illustrated for an archetype reinforced concrete frame for which two model classes are
developed/analysed: the simple lateral mechanism analysis (SLaMA), coupled with the capacity spectrum method,
and non-linear dynamic analysis. Both model classes involve a cloud-based approach employing unscaled real (i.e.
recorded) ground motions. The fragility relationships derived with the proposed procedure are finally compared to
those calculated by using only the most advanced/high-fidelity model class, thus quantifying the performance of the
proposed approach and highlighting further research needs.
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INTRODUCTION

Building-level seismic fragility is quantitatively expressed as the conditional probability that a structure/structural
type will reach or exceed a specified level of damage (or damage state, DS) for a given value of a considered
earthquake-induced ground-motion intensity measure (IM). Only limited/poor-quality historical damage/loss data,
often associated with heterogeneous seismic regions, are generally available; hence, numerical (or simulation-based)
fragility analysis represents an attractive option for various applications (e.g. [1,2]). The numerical derivation of
fragility relationships entails a complex trade-off between the desired accuracy, the explicit consideration of
uncertainties (both epistemic and aleatory) related to the numerical model of the structure under investigation, and the
available computational performance. When high-performance computing is not available and/or the focus is on
regional seismic risk assessment (i.e. for building portfolios of various sizes), simplified models are often adopted
and/or epistemic uncertainties related to the model parameters neglected. The use of simplified models may lead to
biased fragility (and consequently risk) estimates, notably when collapse fragility (and risk) is of interest. In addition,
quantifying the impact on seismic fragility of 1) epistemic uncertainties due to structure-specific modelling parameters
(e.g. material properties, structural detailing, considered capacity models; e.g. [3]), particularly in the case of existing
buildings, e.g. [4]; 2) building-to-building variability within a structural type, particularly in seismic
fragility/vulnerability modelling of building classes for portfolio risk assessment (e.g. [5]), is a crucial issue in many
practical risk-assessment applications.

Sampling-based approaches (e.g. plain Monte Carlo, Latin Hypercube Sampling, among others) have been widely
used to derive seismic fragility relationships considering both aleatory (i.e. record-to-record variability) and epistemic



uncertainties (i.e. related to the numerical model parameters or building-to-building variability within a structural
type/building class). Several approaches have been proposed in the scientific literature to reduce the computational
burden required in numerical fragility analysis. Most of these approaches combine non-linear dynamic analysis
procedures based on recorded ground motions (e.g. incremental dynamic analysis, or IDA [6]; cloud analysis [7] with
reliability methods, such as first-order second-moment (FOSM), also referenced as mean value first-order second-
moment (MVFOSM,; e.g. [8]) or response surface methods, e.g. [9]. Although these methods reduce the computational
burden in the fragility derivation, they may suffer different drawbacks. In fact, the approximation error of response
surfaces/statistical surrogate models is generally high in the region of the tails of the parameter distributions. This may
lead to a poor approximation of the limit state function for a given DS. This issue is especially evident when the
collapse DS is considered. In addition, approximated reliability methods may experience convergence issues,
particularly when non-asymptotic problems are investigated [10]. Gradient-based methods may not correctly represent
the interaction between uncertainties and, consequently, how they affect model outputs. For all the previous
approaches, the accuracy of the calculation can be improved by increasing the number of samples or by applying more
advanced computational strategies (e.g. subset simulation or importance sampling [11]).

An alternative way of dealing with seismic fragility derivation is to consider structural-analysis results related to a
specific suite of ground-motion records and a set of model parameter realisations as observations within a Bayesian
framework [12]. In this approach, known as robust fragility (RF, [7]), the fragility model parameters are treated as
random variables and updated through the application of the Bayes rule. The RF approach has been successfully
applied in conjunction with cloud-based non-linear dynamic analysis [13], which can also account for collapse cases
(e.g. non-convergence of the analysis, likely corresponding to a plastic mechanism; unrealistically large values of the
considered engineering demand parameter, EDP [7]. This approach is particularly convenient from a computational
perspective and represents a recent fundamental improvement in the research field. However, in its current form,
solutions derived from numerical models with different levels of accuracy cannot be readily combined. In other words,
a specific numerical model/analysis type must be selected a priori, assessing the accuracy of the results and
computational burden. Employing a set of numerical models characterised by different refinement levels would enable
a more agile control of the trade-off between result accuracy and computational burden, particularly when solutions
of simplified numerical models agree well with those of more refined ones (e.g. [14]).

This paper introduces a Bayesian framework for the derivation of numerical fragility relationships based on multi-
fidelity models. The proposed framework can be regarded as a modification/extension of the current RF approach.
The motivating idea is that, in the context of structural reliability/fragility analysis, high accuracy in the estimation of
the structural performance is mostly required in the proximity of the DSs of interest. Therefore, the computational
burden related to fragility derivation can be reduced by analysing refined structural models only when the structure is
approaching a DS (i.e. when it is strictly necessary). In contrast, simplified or less-refined models can be used to
evaluate the structural performance both in the safety and in the failure region of the probability space, far enough
from the considered damage state. In the proposed approach, different model classes, each characterised by an
increasing refinement, are used to surrogate the fragility model parameters through the general Polynomial Chaos
Expansion (gPCE) technique [15]. Each analysis result is considered a “new observation” in the proposed Bayesian
framework and used to update the gPCE coefficients. For the sake of simplicity, the proposed framework for fragility
analysis is referred to as the gPCE-based multi-fidelity robust fragility (gPCE-MFRF) approach. An adaptive sampling
strategy specifically defined for the gPCE-MFRF is also presented to further reduce the computational cost in the
fragility-relationship derivation. The proposed adaptive sampling, based on a partitioning of the sample space, relies
on the Kullback—Leibler divergence (D, (+)) [16] for the selection of the sampling pattern. The gPCE-MFRF approach
can be easily combined with different non-linear demand estimation methods for probability-based seismic assessment
(e.g. [17]), such as cloud analysis. In this way, as for the case of RF, the uncertainty related to the IM variability (i.e.
record-to-record variability) is considered in the calculation.

The proposed approach contributes to the research field of numerical methods for structural reliability analysis. The
main advance of the proposed approach is the use of a multi-fidelity gPCE of the fragility model parameters, enabling
the use of structural models with varying accuracy. The use of surrogate models in earthquake engineering and
structural reliability analysis dates back to the 1990s. Ghanem and Spanos [18] provided a comprehensive viewpoint,
up to that time, on this topic, thus paving the way for future research. Numerical integration or simulation-based
approaches have been frequently used to calculate the probability of failure (or the reliability) of a structure. In this
context, surrogate models (or metamodels) have been used to mimic the behaviour of a complex system (the simulator,
i.e. a finite element model of a structure under consideration) by predicting the value of the target/output variable(s)



given a combination of the input variables. In other words, a statistical model is adopted to surrogate the relationship
between inputs and outputs such that it is possible to make predictions for any input vector while remaining
computationally cheap to evaluate. Various approaches have been proposed to build accurate surrogate models for the
solutions of numerical structural analyses (e.g. for EDP estimation), always using a lower number of analyses (e.g.
[19-22]). Similarly, accurate surrogate models have been proposed for the seismic fragility parameters (i.e. median
and dispersion). For instance, Wang et al. [23] built an artificial neural network (ANN) to surrogate the output of a
high-fidelity numerical model of a nuclear power plant under seismic action. The surrogate model is then used for the
derivation of fragility curves. A forward selection approach is proposed to identify the most relevant ground-motion
IMs for the AAN training based on semi-partial correlation coefficients, thus reducing the computational cost. Gentile
and Galasso [5] proposed using Gaussian process regressions to surrogate the seismic fragility of building classes.
This enables an analyst to efficiently account for building-to-building variability in simulation-based seismic risk
assessment of building portfolios. Abbiati et al. [24] have recently proposed a computational framework for seismic
fragility analysis based on a combination of synthetic ground motion, polynomial chaos-based global sensitivity
analysis, and hierarchical kriging surrogate modelling. Specifically, a low fidelity numerical model of the structure
under investigation, subjected to simulated ground motions, is used to build a gPCE-based proxy model for target
EDPs. A global sensitivity analysis of the gPCE-based proxy model is then performed to identify the input parameters
contributing most to the model output variability. Only these selected input parameters are considered as random
variables in the seismic analysis of a high-fidelity numerical model of the structure. Finally, the gPCE-based proxy
model results and those of the high-fidelity model are combined to create a hierarchical Kriging surrogate model of
the target EDP, which is ultimately used to derive fragility curves. The approach proposed in this paper belongs to
this latter category of surrogate models, making use of different model classes to surrogate the fragility model
parameters. This leads to a further reduction of the computational burden as high-fidelity models are analysed only
when strictly necessary.

The paper starts with a detailed presentation of the proposed framework, followed by an illustrative case study to show
the feasibility of the proposed approach in practice. Particularly, two analysis refinement levels are considered for an
archetype reinforced concrete (RC) frame building - although the proposed gPCE-MFRF can be applied with any
number of model classes. The lowest refinement level is based on the Simple Lateral Mechanism Analysis (SLaMA)
approach [25], a mechanics-based, analytical method that allows one to define the non-linear static force-displacement
capacity and the plastic mechanism of RC structures. The highest refinement level relies on a detailed numerical model
analysed through non-linear dynamic analysis. Fragility relationships are derived through a cloud-based approach
employing unscaled real (i.e. recorded) ground motions and using the capacity spectrum method for SLaMA (using
the same records). The fragility relationships derived with the proposed procedure are compared with those calculated
using only the most advanced/high-fidelity model class. The results of the comparison are critically discussed. A
sensitivity analysis of the number of samples adopted in the proposed framework is finally performed to provide
comprehensive insights into the performance of the proposed approach and guide its practical implementations.

MULTI-FIDELITY SURROGATE FRAGILITY MODEL

The proposed approach, inspired by the concept of RF, relies on a multi-fidelity gPCE of the fragility model
parameters (e.g. median, dispersion) to combine EDP (numerical) estimates calculated with different model classes.
As in the case of RF, in the proposed approach, each fragility model parameter is described through a probability
density function (PDF) rather than a deterministic value/point estimate. These random fragility model parameters act
as proxies for the uncertainties in the numerical model (e.g. geometry, material properties), both epistemic and
aleatory, which are then considered in the fragility relationship calculation. The structural model results (y, e.g. in
terms of seismic demand-to-capacity ratio, or DCR) are used in the proposed approach to updating the coefficients of
the multi-fidelity gPCE of the fragility model parameters (). This peculiarity is a crucial difference between the
proposed gPCE-MFRF approach and the RF one, in which the parameters y are directly updated in a Bayesian scheme.
The multi-fidelity gPCE has a dual purpose: combining solutions of different model classes and expanding a random
variable, thus reducing the computational burden needed to propagate uncertainties through deterministic models.

Figure 1 shows the main steps needed for applying the proposed gPCE-MFRF method, which is flexible enough to
enable the use of different sampling approaches. The illustrative application presented/discussed in this paper
demonstrates how the proposed adaptive sampling algorithm can effectively reduce the computational burden.
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Figure 1 Flowchart of the gPCE-MFRF method: 0 is the vector of uncertain model parameters.

gPCE-based robust fragility

In its current version, the RF approach considers a fragility relationship for a given DS, P(DC Rps;, > 1|IM, )(), as the

expected value of a prescribed fragility model over the posterior distribution, f (x|y), of the fragility model parameters
(x) conditioned on (y):

P(DCRys, > 1|IM,y) = fﬂXP(DCRDSL. > 1|IM, x) f(x|y) dx = E,,[P(DCRps, > 1|IM, x)]. (1)

In Equation 1, DCR)yg; is the demand-to-capacity ratio related to the i-th DS (for instance, in terms of maximum
interstory drift ratio), IM is the ground-motion intensity measure considered in the fragility model and €, is the
probability space where the fragility model parameters are defined (i.e. their support).

In the approach proposed in this study, Equation 1 is still valid, but the fragility model parameters collected in y are
approximated through their multi-fidelity gPCE (Xgpce—mrrr)- Therefore, f(x|y) is replaced with f ( X gPCE—MFRF |y),
which can be written in terms of the combination coefficients of the multi-fidelity gPCE, as shown in the next sections.
In the context of a random variable expansion (e.g. gPCE of ¥gpce-mrrr), calibrating the combination coefficients in
a Bayesian setting (concerning some available reference results y) consists of determining the posterior distribution
f(XgPCE—MFRF|Y) [26].

Once a reliable multi-fidelity gPCE is built, any consideration for the RF results is still valid for the proposed approach.
Particularly, the uncertainty in the fragility model is due to both uncertainty effects [27] and sample size. The sample
path dimension must be carefully calibrated to balance the accuracy of the results and the computational burden. The



accuracy of the developed fragility model can be assessed by calculating confidence intervals of the resulting fragility
relationship.

For the sake of clarity and without loss of generality, the proposed approach is presented in this Section for the case
of a fragility model, which explicitly considers the collapse cases [28]. The set of analysis results (y) is portioned into
two groups: 1) NoC data, for which the structure does not experience collapse; 2) C data, corresponding to collapse-
inducing analysis cases. In this context, collapse-inducing analysis results can be related to the occurrence of very
large DCRpg, values or nonconvergence in the analysing software, likely corresponding to a plastic mechanism (i.e.
the structure is underdetermined). By applying the total probability theorem, the structural fragility for the i-th DS can
be written as,

P(DCRys, > 1|IM,y) = P(DCRps, > 1|IM,NoC) (1 — P(C|IM)) + P(DCRps, > 1|IM,C)P(C|IM).  (2)

Assuming that P(DC Rps; > 1|IM,NoC ) is described by a lognormal distribution and that the probability of collapse
P(C|IM) is predicted by a logistic regression model [29] as a function of the considered IM, then the fragility model
P(DCRDSL. > 1|IM, ){MFRF) can be expressed as:

In{ M/ \ipRE
"Ds; exp(—yMFRF(ln IM)) 1

ﬁg{sFiRF 1+exp(—yMFRF(ln IM)) 1+exp(—yMFRF(ln1M)).

P(DCRps, > 1|IM, Xupgr) = 3)

In Equation 3, n}‘gRF and [J’Ll\,’lslzRF are the multi-fidelity gPCE of the median and standard deviation of the fragility

model for the NoC portion of y; ®(+) is the standard normal cumulative distribution function; yMFRF(In IM) is the
logit function [29] of the logistic model adopted for the collapse data. It is worth noting that, in this framework,
P(DCRDSL. > 1|IM, y) is equivalent to P(DCRDSi > 1]IM, ){MFRF) as new analysis results (y) are used in a Bayesian
setting to update the distribution of the parameters collected in yyprp-

The vector of the fragility model parameters is ¥yrre = [INnps N, BS", yMFRF(In IM)). In the parametrization of

the fragility model (Equation 2), the logit function is written in a general form (yMFRF(InIM)) rather than as the
common linear model, usually adopted in the scientific literature for cloud analysis with collapse data [7]. In fact, in
the proposed approach y (In IM) is approximated through its multi-fidelity gPCE. Therefore, using a linear model with
the coefficient distributions approximated with the gPCE would lead to the same result. However, y(In IM) is still a
logit function with only one predictor, i.e. In IM.

Multi-fidelity surrogate model based on the general Polynomial Chaos Expansion

The gPCE is a spectral method for propagating uncertainties () through deterministic models [15]. In the context of
stochastic modelling, this approach relies on orthogonal basis functions for the expansion of the PDF of an uncertain
quantity of interest (u(8), i.e. fragility model parameters or DCRs for different model classes in this study) resulting
from the solution of the forward problem (i.e. propagation of uncertainties through a deterministic numerical model).
In the specific application considered in this study, more than one quantity of interest is considered, i.e. the fragility
model parameters collected in yypre. As discussed above, the uncertainty parameters in 8, which lead to variability
of the numerical output, may be related to class-specific attributes (e.g. geometry, material properties, structural
detailing) governing the building-to-building variability or structure-specific ones (e.g. geometry, material properties,
modelling assumptions) governing the within-building variability. For a given model class, the gPCE also provides a
response surface (f) that can be used to surrogate the model output in optimisation [30] or fragility [9] problems, as
well as for the definition of probabilistic predictive models for structural health monitoring (e.g. [31]). Once a reliable
gPCE is developed (i.e. gPCE with small approximation error), this technique allows one to solve the forward problem
directly, as well as to perform variance-based sensitivity analysis [32] without any additional computational cost [33].

The gPCE is defined as an extension of the polynomial decomposition ([34] of u(9):

u(@) ~ ay(0) = Z|i|sN b; ¥;(0), 4)



where N is the cardinality of the polynomial expansion, i is a finite multi-index set, 1;(0) is the i-th orthogonal basis
function, b; is the corresponding combination coefficient. The selection of the orthogonal basis functions is based on
the PDF of the random parameters @ [15]. In contrast, the calculation of the combination coefficients is based on some
reference solutions of the deterministic model through interpolation, regression or the Bayesian approach [26]. The
truncation scheme of the polynomial expansion must be selected to balance accuracy and overfitting issues.

The orthogonality property of the basis functions enables the mean value (E[u(8)]) and variance (VAR[u(0)]) of the
uncertain model output u(@) to be calculated as

E[u(0)] ~ E[ay(0)] = [, Xjij<n bi ¥:(8) dF (8) = by, (5)
VAR[u(8)] = VAR[iy(0)] = Zo<|i|sN 9i biz- (6)

In the Equations 5 and 6, Q is the sample space of 8, F(8) is the joint cumulative distribution function (CDF) of the
model parameters, while ¢; = E[1?(0)] are normalization factors.

Similarly, the partial variance of the model output related to the i-th random variable (VAR;[u(@)]) can be
approximated through the gPCE. In this case, a sub-set j of i, defined in such a way that only the indices related to the
i-th random variable are considered, is used for the calculation of the variance:

VAR;[u(8)] ~ VAR [ty (8)] = Xeej Yo bi- ()

Total and partial variances are finally combined to derive the gPCE approximation of the Sobol’ indices S;,

N VAR;[iiy(8)
5i(w(8)) ~ 5,(ax(8)) = il ®)

The Sobol’ indices represent a decomposition of the model output variance into fractions related to input parameters
or set of them. They express how the variability of a particular input parameter, or a set of them, affects the total
variability of the output. This sensitivity analysis approach does not require any linearity or monotonicity in the model,
and it is completely defined in a probabilistic framework [32]. It is worth noting that the calculation of Sobol’ indices
through sampling-based methods is computationally expensive, and approximations are usually derived. The gPCE-
based procedure presented above does not require any approximation of the Sobol’ indices or additional computational
cost as they are computed through algebraic calculations involving the gPCE coefficients [33].

Finally, the gPCE coefficients of the model outputs calculated for different model classes are combined to obtain a
unique multi-fidelity gPCE. Let us assume that @i{iF (@) is the gPCE of an unknown quantity of interest related to the
high-fidelity (HF) model (u"F(0)); QIKQIF(B) is approximated through a multi-fidelity model 2'F (8) composed of M
low-fidelity (LF) model classes (ﬁll\“,F'] (@)) with lower accuracy, that is,

ay" (@) ~ay*(0) = TiL,ay"(6) 2y (8), ©)
where ﬁﬁc‘j (@) is the gPCE of the j-th additive correction (AC) factor (i.e. the difference between the j-th less refined

structural model and the high-fidelity one). It is possible to prove that if the number of samples used to train the gPCE
of the various model classes tends to infinite, then Equation 9 tends to the solution of the HF model [35].

Equation 9 is then transposed at the gPCE coefticient level through the optimal weight recombination method,

bMF = I, bIF + w; o (BHF — bIF). (10)

In Equation 10, o is the Hadamard product (i.e. the element-wise multiplication), while b, bHF and b} are the
gPCE coefficient vectors of the multi-fidelity, the high-fidelity and the j-th low-fidelity model, respectively. w; €



[0,1]" is the weight vector that is determined through the minimisation of the normalised empirical error €emp [36]
calculated over a set of L HF model outputs

_ sk, [uFep-aNF o]

€ = .
emp L [WHF6)-anF]

(11)

In Equation 11, Ay = 1/L ¥i_; ut'F(0,) is the mean of the high-fidelity computational model response for the given
set of model outputs. Although €,,,,, may lead to overfitting [36], it is commonly adopted for the construction of
multi-fidelity models [35] because it is computationally inexpensive. In addition, defining the multi-fidelity surrogate
model at the gPCE coefficient level through Equations 10 and 11 leads to a procedure that does not require using the
same sample paths for different numerical models.

The IM variability is inherently considered in the seismic fragility derivation and according to the method adopted in
every specific case. For instance, in the cloud-based approach for non-linear demand and fragility estimation (the one
adopted in this paper), the IM variability is modelled using a set of unscaled ground-motion records for the EDP
estimation and the fragility parameter derivation. Therefore, the IM variability contributes to the variability of the
fragility model parameters.

Sample space partitioning and adaptive sampling

The proposed gPCE-MFRF approach can be effective only if combined with an analysis strategy aimed at minimising
the total computational cost of the fragility derivation. In other words, the proposed framework is beneficial only if
the required accuracy in the resulting fragility model can be achieved with a computational effort lower than that
required by the use of the HF model only.

Since the gPCE-MFRF does not require either the solutions of the HF and LF models to be calculated for the same
samples or the sample paths of different model classes to have the same size (Equation 10), an analysis strategy can
be defined in terms of sampling approach. Particularly, the sampling rule defined in this Section controls how
frequently and for which set of random variables any particular LF model is analysed with respect to the HF one.

For instance, the HF and the LF models may be analysed with the same proportion (i.e. same number of analyses) and
for the same parameter sets. Although this is the simplest way to apply the method proposed in this paper, it does not
lead to any benefits from the computational perspective. Given a target accuracy for the resulting fragility model, an
optimal sampling approach would require the optimisation of the total computational cost balancing the burden related
to each model class. This clearly depends on the problem under investigation, but as a general and intuitive rule, the
optimisation of the computational cost can be defined by introducing ratios (K;) between the number of analyses of
the HF model and those of the LF ones. That is, for instance, K; = 1/4 means that for every single analysis of the HF
model, the i-th LF one is analysed four times. An ad-hoc sampling rule is then needed to improve the performance of
the proposed approach further. In fact, having different K; means that each model is characterised by a different
number of analyses for every single reference HF analysis (this derives directly from the definition of K;). In this
study, the following strategy is adopted.

Once a parameter set (0*) is sampled from the parameter distributions, it is associated with the HF model, i.e. it
represents the point in the space of the random variables for which the HF model is analysed. Then, for every single
i-th LF model class, N; (i.e. N; = 1/K;) new parameter sets are sampled according to a proposal distribution centred
on the actual point (6*), that is qjc4(0%10"), where k = [1, N;]. The calibration of g4, (0%|0) allows an analyst to
manage the distances between the LF samples and the HF one. The factors K; are unknown a priori, but they could be
tuned to minimise the total computational cost. The calibration of the optimal K; is out of the scope of the present
paper, but it represents one of the focuses of future studies. In the case study presented in the next Section, the results
of a sensitivity analysis on the value of K; are reported to provide readers with practical considerations.

In the calculation of structural fragility, the region of the probability space close to the limit state related to the DS
under investigation is the primary concern, i.e. where most of the probability (of failure) mass is concentrated and
where the solutions of LF models may differ from those of the HF one. Therefore, the computational strategy proposed
in this Section can be further improved by partitioning the probability space in a few regions (three, in this case: safe,



failure and transition regions), as shown in Figure 2, in which different sets of K; are defined. The main idea is to
have a very accurate multi-fidelity gPCE in the region of the sample space close to the limit state and accept a lower
accuracy elsewhere. Each region can be easily defined in terms of DC R{,’gi of the HF model such that,

Qsare = {0 € Qq , IM|DCREE (8, IM) < Ibps,},
Otransition = {8 € Qg , IM|lbps, < DCRES (6, IM) < ubps,}, (12)
QFailure = {0 € Qg , IM|DCREE (8, IM) > ubpg, }.
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Figure 2 Sample space partitioning.

In the previous Equation, byg; and ubpg, are lower and upper bounds, respectively. Their definition can be based on

either practical considerations or the accuracy of less refined models. This latter strategy is adopted in the present
study,

lbps, = min {DCRggi, DCRES, ..., DCRyg’, ...,DCRIL)’;;M},

ubps, = max {DCREE, DCRLZ!, ..., DCRyS), ..., DCREM). (13)
Such a procedure would require knowing a priori the region where a particular sample set @ lies. This is clearly not

possible. However, gPCE-based predictive models of DCR g, for every model class can be built without any additional

cost (DC Rgl;iCE (6, IM), Equation 4). In fact, the same samples adopted for the fragility relationship derivation can be

used for this purpose. It is worth noting (and intuitive) that the accuracy of the gPCE-based predictive models improves
as the number of samples used for its calibration increases.

The structure of the computational approach proposed so far is suitable for being used in conjunction with an adaptive
sampling strategy [37]. The gPCE-based predictive models of DCRpg,, adopted to determine the region where a

particular @ lies, can be also used to optimise the sampling path. The Kullback—Leibler divergence (Dg, (-)) [16] is a
natural choice when Bayesian inference is involved [38]. In the context of the Bayesian inference, the Kullback—
Leibler divergence can be thought of as a measure of the information gained by updating a prior distribution f (¥yprr)
to the posterior one f ( X MFRF |y(0)), that is

Dg. (f(XMFRF|Y(0))||f(XMFRF)) = fgef(XMFRHY(G)) In [M deo. (14)

f(XMFRF)

For the sake of clarity, it is important to emphasise again that the vector of the analysis result y =

. T
(DCRgSFi (0),DCR,'3I;;_1 (9, ...,DCRZ‘,I;'L_’ ), ...,DCRS?;_M (0)) is a function of the model parameter vector 8. Let us
consider a second global proposal distribution qgjoha1(67,10") generating M4 parameter sets 87, which are potential



candidates for a new step in the adaptive sampling procedure. The one which maximises the Kullback—Leibler
divergence () is also the parameter set leading to the maximum information gain. Once the parameter set  is selected,
Q1oca1 (0% 107) is centred on the selected new step, and the parameter sets for the LF model classes are generated. The
proposed procedure is finally summarised in Algorithm 1.

Algorithm 1. Adaptive sampling

1. procedure (Nstep' IM, M4nq. qlocal(' | ), qglobal(' | ), QG)
2. for i = 1to Ny, do

3. sample M,n4 candidates 6, according to qgjopai(67,10;)
4. predict the region of 0y where each 8, lies through the use of DCRgPCE HF(G;‘n, IM) (HF
surrogate model based on the gPCE)
5. for each i-th model class, use qlocal(e;‘n_,(i |0;‘n) to sample 1/K; points 8y, ;. for each 6;, (K;
is selected according to the region where each 05, sample is located)
6. calculate RgPCE LF‘(Bm kp IM ) of less refined model classes, where

RgPCE LF‘(Gm kp IM ) is the gPCE-based surrogate model of the LF; model classes
7. use the surrogate models, DCRgPCE " (@:,,IM) and DCRgPCE Hi(gz, Ky IM), to
calculate p()(MFRF|y(0m)) for each set of solutions ¥(8;,) related to 87, and 7,
8. calculate Dy, (f()(MFRF|y(0 )) | |f(){MFRF)) for each set of solutions §(6;,) related to 07,
and 07, x,
9. select 8y, such that max Dy, (£ (tmrwe|9(87)) 1/ Otmrre))
10. solve HF con51der1ng 0;,, and LF considering 8, k» DC RH (é;n, IM) and
DCRLF‘(Gm kp IM ) respectively. Analysis results of the structural models DCRE, (0 IM) and
DCRLF‘(GmK ,IM) are collected in y(8},)
11 use solutions calculated at the previous step y(8},) to update the gPCE-based surrogate
models, DCRg, " and DCR[g,l;iCE LFi
12. calculate f (){MFRF|y(§;‘n))

13.s¢t ;44 = 65, and f (Xmpre) = f (XMFRF|Y(§;71))
14. end for
15. end procedure

It is finally worth noting that the computational cost of the adaptive importance sampling algorithm is negligible
compared to the computational cost of the HF model.

Procedure calibration

The gPCE-MFRF method for fragility derivation and the adaptive sampling approach proposed in this paper requires
an appropriate calibration process to be effective in practice.

The gPCE of a random variable always requires setting some key parameters, and the method discussed here is not an
exception. Specifically, the polynomial expansion cardinality (IV), the families for the orthogonal basis functions (;),
and the number of analyses, must be set to build an expansion that meets the target accuracy.

The polynomial expansion cardinality (N) has to be chosen by pursuing the accuracy of the surrogate model while
avoiding potential overfitting issues [39]. There is no specific rule that can drive an analyst towards an a-priori choice
of the optimal gPCE cardinality, as this depends on the shape of the problem under investigation. However, a few
preliminary analyses are usually sufficient to empirically assess the impact of N on the surrogate model and then to
select the most appropriate value.
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The families of polynomial functions (3;), to be used as the basis for the gPCE, are chosen according to the PDF of
the random variables collected in 8. Readers may refer to Xiu [40] for a more comprehensive discussion on this topic.

The number of analyses must be decided by balancing the required target accuracy for the surrogate model and the
available computational performance. An error metric is generally selected in practical applications and monitored
until the surrogate model accuracy reaches a prefixed target. The empirical error €, minimised in Equation 11 for
the derivation of the gPCE coefficients of the multi-fidelity surrogate model can also be tracked, and analyses can be
added until it reaches the target accuracy.

For the sake of simplicity, the calibration of a gPCE is presented in this Section as a chain of decisions. The calibration
step should be seen as a comprehensive process in which the three points discussed above are addressed together.
Setting the ratios K;, between the number of analyses for different model classes, as well as the parameters defining
the sample space partitioning, would imply the solution of a high-dimensional optimisation problem. Alternatively,
empirical strategies can be employed to calibrate these parameters. Given the average analysis durations for each
model class, one could calibrate K; to minimise the computational cost, assuming it is described through a time metric.

The sample space partitioning can be based on either practical consideration or the accuracy of less refined models.
In the former case, an analyst may already know the problem under investigation and then make a reliable prediction
on the position and shape of the limit state surface. If this is not possible, one can assume that the edges of the transition
region are defined by the envelope of the limit state surfaces related to different model classes. The logic describing
this latter condition, adopted in this paper, is reported in Equation 13. As previously mentioned, gPCE-based surrogate
models of DCR g, for each model class can be built without any additional cost to forecast where a sample set 8 will

lay.

Being based on gPCEs of fragility model parameters, the proposed gPCE-MFRF, as well as the adaptive sampling,
remain unchanged while the number of random variables in @ increases or decreases. On the other hand, increasing
the size of @ leads to a higher number of orthogonal basis functions and (potentially) a larger number of analyses
required to reach a target accuracy of the surrogate model. Regarding this latter point, the number of additional
analyses required for each new uncertain parameter in @ depends on its variability (as expected), interaction with the
other random variables (e.g. conditionality), and the shape of the model response varying that specific parameter (e.g.
linear, non-linear).

CASE-STUDY APPLICATION
Building description

An archetype RC building, representative of school buildings in Southeast Asia (e.g. Philippines, Indonesia), and
defined based on a data collection involving rapid visual surveys for over 200 school buildings [41,42], is analysed in
this Section to test the feasibility of the proposed procedure. A statistical analysis of the geometry data collected during
the surveys (Figure 3a-f) shows that such school buildings somehow comply with a local “design template”. Therefore,
the surveyed sample is remarkably homogeneous. The parameters related to the longitudinal direction of the building
are characterised by a higher variability than those associated with the transverse direction (e.g. 90% of the buildings
in the survey have three transverse bays). As shown in Figure 3a-f, the number of longitudinal bays (Npqys ) is the
most variable geometrical parameter. Other features such as the number of storeys, length of the transverse bays,
dimension of the beams/columns show negligible variability within the surveyed sample. Therefore, the analysed
structure is a two-storey rectangular-plan RC frame (Figure 4a) representing the longitudinal frame of the archetype
building. Consistently with the assumptions in Gentile and Galasso [5], the uncertain parameters 8 selected for this
application are the number of longitudinal bays of the frame, the concrete compressive strength, and the steel yield
stress. These last two parameters, which highly influence the capacity and failure mechanism of the frame members,
are considered random since they are not directly investigated in the survey.
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Figure 3 Geometry trends and adopted values defining the archetype RC frame. Modified after Gentile et
al., 2019.

Specifically, since the data collection is based on a rapid visual survey, the empirical distribution of the number of
longitudinal bays is available (Figure 4b). In contrast, no direct information about the material properties is accessible.
According to Southeast Asian statistics (e.g. [43]), the concrete cylindrical compressive strength (f;.) and steel yield
stress (fy) in the region have average values of 24MPa and 400MPa, respectively. Coefficients of variation (CoV)
values equal to 18% and 5% for the concrete cylindrical strength and steel yield stress, respectively, can be found in
the scientific literature (e.g. [44]). Based on these values, lognormal distributions are defined for £, and f,. Since the
schools comply with a template design, the same nominal value of material properties is considered for all the
buildings in the considered portfolio. Hence, the building-to-building variability in material properties coincides with
their within-building variability.

It is worth mentioning that the values of f, and f,, have a direct effect on the characterisation of the RC beams, columns
and joint panels; in particular:

e  Moment-curvature analysis (including gravity axial load) is used to calculate the flexural capacity of beams
and columns. The model by Mander [45] is used for concrete, including the calculation of its confined
ultimate strain (&, ). Concrete modulus of elasticity is equal to SOOOJE,. The model by King [46] is used
for steel. In particular, the ultimate steel stress is equal to 1.3f;

e  The model by Priestley and Park [47] is used to calculate the equivalent plastic hinge length, which linearly
depends on f,;
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e The beam/column drift related to bar buckling depends on both f, and f,,, since it is calculated according to
the deformation-based model by [48]);

e The shear capacity of beams and columns depends on both f; and f;, since it is calculated according to [49];

e The joint shear stress capacity is calculated using Moht’s circle approach. The joint stress is attained its
principal/compressive stress capacity is achieved (proportional to \/Z).

This approach neglects the experimental-vs-theoretical modelling uncertainty of the parameters derived using the
above-mentioned empirical models. Although this simplified assumption is deemed reasonable to illustrate the
proposed procedure, more refined applications should include this effect, for example, by simulating experimental-
vs-theoretical ratios for each random model parameter. Moreover, the adopted simplified assumptions imply a perfect
correlation between some parameters (e.g. concrete compressive strength and elastic modulus). It is advisable to
explicitly consider such correlation in more advanced applications, including spatial correlation of the considered
random variables. A more advanced procedure to include modelling uncertainties in seismic response analyses is
provided in [3], among others.
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Figure 4 Archetype RC frame: a) structure under investigation; b) empirical distribution of the number
of longitudinal bays. Modified after [5].

Structural detailing is critical to define the numerical models for the fragility calculation. Therefore, the archetype
building is simulated-designed according to the Uniform Building Code 1994 [50] and the American Society of Civil
Engineers (ASCE 7-10, 2017) [49]. The use of these building codes is justified because most Southeast Asia countries
have adopted seismic provisions consistent with them [25,52]. In particular, a low code target design, consistently
with the HAZUS MH4, HAZard United States [53], is considered. The resulting detailing features are reported in
Table 1.

It is worth stressing that choosing a simple case study (as the one selected here) allows focusing the discussion on the
proposed procedure rather than on the details of the specific structural model. However, this choice is not deemed to
jeopardise the generality of the proposed approach.

Table 1 Structural detailing of the archetype building.

Typical beam Typical column Typical joint
Low Code  30x40cm 30x40cm No stirrups
3 ¢ 16 top (p;=0.5%) 8 ¢ 16 perimeter (p;=1.3%)

3 ¢ 16 bottom (p;=0.5%)
¢ 10@150mm stirrups (p,=0.65%) & 10@100mm stirrups (p,=1.0%)
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Model classes

Two model classes varying in refinement are adopted in this study. The lowest-refinement model class is based on
SLaMA [25,54]. This method allows plastic mechanisms and capacity curve (i.e. a force-displacement curve) of RC
frames, wall and dual-system buildings to be estimated employing a “by-hand” procedure (i.e. through an electronic
spreadsheet). SLaMA is based on the calculation of the hierarchy of strength at sub-system level. The local results are
then combined by adopting equilibrium and compatibility principles to obtain the global capacity curve. In addition,
many failure mechanisms (i.e. flexure, bar buckling, lap-splice failure, shear) are considered for each member of the
system. In this way, the weakest link drives the overall structural behaviour.

Non-linear time-history analyses (NLTHAs) performed on a refined, two-dimensional numerical model represent the
highest model class. The adopted modelling strategy, previously validated on experimental results, is based on a
lumped plasticity approach and is summarised in Figure 5. The revised Takeda hysteretic model [55] is adopted for
beams and columns, with the columns having a thinner loop. The hysteretic behaviour of the beam-column joints is
modelled using the Modified Sina model [55], which can capture their pinching phenomenon. More details on the
adopted modelling assumptions are given in [56].

For both model classes, the same set of analytical models are used to characterise beams, columns and joint panels
according to their possible failure mechanisms (i.e. flexure, shear, bar buckling, lap-splice failure. Such models,
described in detail in [56], are explicitly dependent on the variability of the concrete compressive strength and the
steel yield stress.
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Figure S Lumped plasticity-based numerical modelling strategy [25]. Beams follow a tri-linear Moment-
Curvature law. Columns are characterised according to their Moment-Axial load diagram. Joints follow the
Equivalent Column Moment-Axial load diagram. Flexure, shear, bar buckling and lap-splice failure
mechanisms of the members are explicitly considered.

1

A cloud analysis (Jalayer et al. 2015) is used to compute EDP estimates for a set of ground-motion records. This can
be directly applied in the case of NLTHAs (the highest refinement level). In contrast, for the low refinement model
class, the capacity spectrum method [57] is adopted according to the assumptions described in Gentile and Galasso,
2020a.

A set of 150 ground motion records is considered in this study, which is regarded as a statistically significant number
in relation to fragility analysis. They are a subset of the Selected Input Motions for displacement-Based Assessment
and Design (SIMBAD, [58]) database, which includes 467 tri-axial accelerograms, generated by 130 worldwide
seismic events (shallow crustal earthquakes with moment magnitudes ranging from 5 to 7.3 and epicentral distances
up to 35 km). The selected ground motion records are arbitrarily chosen by ranking the entire database in terms of
peak ground acceleration (PGA) values (by using the geometric mean of the two horizontal components) and then
keeping the component with the largest PGA value (for the 150 stations with highest mean PGA). Such selection is
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compatible with the cloud-based approach, which does not require a site-specific, hazard-consistent record selection,
and it requires none-to-moderate scaling of the ground motions.

Fragility relationships are derived considering the maximum inter-storey drift as the EDP of interest and the average
spectral acceleration (Avg S,) as an IM. Avg S, is defined as the geometric mean of spectral-acceleration values in the
range of period (T; min : 1.5 Ty ax)> Where T i, = 0.38 s is the minimum first-mode period (considering the entire
database of building samples generated varying Ny, g «, o and f,) while Ty 5, = 0.53 s is the maximum one. Four
structure-specific DSs (Slight Damage, Moderate Damage, Extensive Damage, Complete Damage), which are based
on the HAZUS definitions, are investigated in this study. Such DSs are quantified based on the actual pushover curve
of the consider building samples Figure 6a shows the capacity curve of the building sample with average values for
Npaysx» fc and f,,, together with the calculated plastic mechanism at DS3 (Figure 6b). The corresponding drift limits,
[0.25,0.6, 1.5, 2] %, are assumed as representative of the entire building class.
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Figure 6 a) non-linear static capacity curves; b) plastic mechanism at DS3. Modified after Gentile, et al.,
2019.

Results and discussion

In this Section, the feasibility of the proposed method is demonstrated by comparing gPCE-MFRF-based fragility
relationships with those obtained following other approaches. Specifically, fragility relationships explicitly fitted on
HF model results, through the maximum likelihood estimation [59] (labelled as “MLE” fragility relationships in the
following), are assumed as a reference solution for benchmarking purposes. The benchmark case uses 15,000 samples,
i.e. 150 ground motions (described above) and 100 realisations of the vector @ (i.e. model parameters). The proposed
method is applied considering four different cases: 1) using only HF model results (labelled as “gPCE-HFRF”); 2)
deriving MF model with K; = 1 (labelled as “gPCE-MFRF k1”); 3) deriving MF model with K, = 0.5 (labelled as
“gPCE-MFRF k27); 4) deriving MF model with K; = 0.25 (labelled as “gPCE-MFRF k3”). These three different
assumptions on the K; value allows for a comprehensive understanding of the role played by this parameter in the
proposed approach.

As discussed above, the construction of the multi-fidelity gPCE of the fragility parameters in Yy rrr requires the basis
function family and the polynomial expansion degree to be specified. The basis polynomial functions (;) are chosen
according to the PDF of the random variables collected in 6 [15]. Assuming that the f. and f,, are log-normally
distributed, and that N4, , follows an empirical distribution (as discussed above), Hermitian polynomials are used
as basis functions [15]. As discussed above, no specific rule can drive an a-priori choice of the optimal gPCE
cardinality, as this depends on the shape of the problem under investigation. However, a few preliminary analyses are
usually sufficient to empirically assess the impact of N on the surrogate model and select the most appropriate value.

The optimal polynomial expansion degrees are then selected based on the results of preliminary sensitivity analysis
(not reported here for brevity), in which the normalized empirical error €,,,, was used to compare different
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assumptions. In particular, 4-#k order polynomial expansions are used for the parameters related to the high-fidelity
model, while 3-th order polynomial expansions are adopted for those related to the lowest refinement level. More
details about the calibration of a gPCE can be found in the dedicated Section above.

Once the structure of the multi-fidelity gPCE is defined, fragility relationships are derived for each different strategy
(i.e. MLE, gPCE-HFMF, gPCE-MFHF), varying the number of samples. Finally, the resulting fragility model
parameters are used to calculate relative errors with respect to the final MLE results (with 15,000 samples). The
relative errors versus sample numbers for the median and standard deviation of the fragility model (Equation 3) are
shown in Figure 7a-d. It is worth noting that the sensitivity analysis results for the other parameters and/or for other
DS are consistent with those in Figure 7a-d. In addition, DS3 and DS4 are the damage states for which fragility
relationships show the highest variability.
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Figure 7  Relative errors: a) DS3 - Inn,g,; b) DS3 - B, ; ¢) DS4 - Innpg, 5 d) DS4 - B, .

The errors of the different approaches show the same trend, even though the proposed approach performs slightly
better in all four cases. Varying K; does not affect the error trend. However, the reduction of K; leads to higher local
variability of the error, which seems less stable than in the case of higher K;. In fact, for a high value of K;, most of
the terms of the weight vector w; (Equation 10) are equal (or close) to 1, which means that the coefficients bMF are
very close to bHF. On the other hand, when K; decreases, the values of w; show higher variability in the range [0,1]",
thus justifying such higher oscillation of the error.

Given a particular number of samples, Figure 7 does not show a clear difference in the errors of “gPCE-HF” and
“gPCE-MF”, which would justify the use of different model classes. This is mainly due to two reasons. Firstly, the
simple case study which converges to a stable error after a few thousand steps. Secondly, in this sensitivity analysis,
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once a K; is selected, it is also kept fixed in all the sample space. As discussed in the previous Sections, an adaptive
algorithm based on the sample space partitioning can improve the method’s performance.

An attractive property of the gPCE is the possibility to perform a variance-based sensitivity analysis (i.e. calculation
of the Sobol’ indices) without any additional computational cost. Such a result provides valuable information to
contain the effects of uncertainties on the fragility relationship calculation [9] and derive insights about the system
behaviour. Figure 8 shows the first-order Sobol’ indices for the HF model under investigation varying IM. For low
values of IM, the most affecting parameter is the compressive strength of the concrete f,. Under low-IM ground
motions, the variability of the compressive strength plays a key role. Under this condition, the dynamic behaviour of
the structure is controlled by its stiffness, whose variation, given a fixed geometry of the structural members, is entirely
driven by the value of f, through the functional relationships described in the previous sections. In addition, columns
are mainly loaded in compression by vertical actions. The shape of the failure domain in that region is determined by
the material’s compressive strength only, as the geometry of the structural member is fixed. As IM increases, the role
played by the variability of different parameters tends to be equal, even though the tensile strength one is slightly
higher than the others. In fact, ground motions characterised by high IM values always result in collapses
independently of the mechanical characteristics of the structure (for the considered distributions). The Sobol’ indices
do not show the range in which the model output varies or the effect of a random variable on the model output. They
instead show how each random variable, or set of them, affects the variability of the results.

0.8
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model parameters

Figure 8  First-order Sobol’ indices.

On the basis of the sensitivity analysis results, fragility relationships (Figure 9a-d) are calculated considering: 1) MLE
with the complete set of analysis; 2) RF with 7500 samples; 3) gPCE-HFRF with 7500 samples; 4) gPCE-MFRF k2
with 4500 samples; 5) gPCE-MFRF with adaptive sampling (labelled as AS gPCE-MFREF in the following). The
number of samples for the fragility derivation in the cases of RF, gPCE-HFRF and gPCE-MFRF k2 is determined
considering a target error for the conditional median of DS4 with an order of magnitude in the range of [107%, 1072].
The adaptive sampling algorithm is used in this application, assuming that the sample space is partitioned into three
parts, as previously described. Particularly, K = 1 is used in the transition region, while K = 0.5 is adopted in the
safety and failure regions. The same parameter distributions are also adopted as both local and global proposed
distributions.

The fragility relationships derived with the proposed multi-fidelity approach are very close to those calculated with
conventional methods (i.e. MLE, RF) for the case of DS1 and DS2. The mean multi-fidelity fragility relationships are
fully contained within the confidence interval of the high-fidelity one. In the case of DS3 and DS4, the differences
between the proposed approach and existing methods slightly increase. These differences are particularly evident for
high values of IM. However, also in the case of DS3 and DS4, the average multi-fidelity fragility relationships are
contained within the confidence interval of the high-fidelity one. This indicates that the epistemic uncertainties affect
the final result more than the approach adopted for fragility curve derivation. In Table 2, differences among the
methods are quantified through the relative error with respect to the MLE results. All the relative errors are close to
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the target accuracy required for the final results (e.g. [1071,1072]). However, the number of HF analyses strongly
decreases from standard methods to the proposed one. Particularly, the proposed adaptive sampling leads to a further
reduction of the computational burden, thus highlighting its importance in the feasibility of the proposed approach.
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Figure 9 Fragility relationships calculated for different DS: a) DS1; b) DS2; ¢) DS3; d) DS4.

As mentioned above, the computational burden involved with the LF response analysis method is considerably lower
than the HF one. The absolute value of the required computational time may depend on the adopted workstation and
the number of analyses running in parallel. For this reason, a relative estimation (HF with respect to LF) is provided
here, considering one building sample only. First, both methods require the same time for the mechanical
characterisation of every single structural member (approximately 30 seconds for this particular case study). SLaMA
then involves calculating the simplified global equilibrium and the execution of the CSM for each ground motion. The
time needed for these analytical operations is negligible (less than two seconds, for this case study). On the other hand,
approximately 30 seconds are required to run a NLTHA for each of the 150 ground motions (for this case study). This
means that the HF-LF computational time ratio ranges between 141 and 151.

Table 2 Summary of the fragility relationship calculation.
Method HF analyses LF analyses Relative error Innps,  Relative error fpg,
MLE 14603 (15000) 0 - -
LF 0 14603 (15000) 0.0986 0.0474
RF 7500 0 0.0133 0.0251

gPCE-HFRF 7500 0 0.0131 0.0247
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gPCE-MFRF (k2) 4500 9000 0.0324 0.0299
gPCE-MFRF (k3.3) 2214 7380 0.0801 0.0433
AS gPCE-MFRF 2214 7532 0.0628 0.0372

The results of the RF and the gPCE-HFRF are very close for every DSs. However, fragility relationships derived from
the proposed approach are always characterised by a higher variability. In fact, their confidence intervals are slightly
larger than those of the RF curves. This is expected as the use of the LF models, while contributing to reducing the
required computational burden for fragility analysis, increase the epistemic uncertainties for a given IM level. It is
also important to note that, as expected, the proposed approach leads anyway to errors smaller than those obtained
considering LF models only. This latter is the upper bound of the error, which is reduced of about two thirds in case
the proposed approach is adopted (i.e. “gPCE-MFRF (k2)”). The gPCE-MFREF is finally adopted considering a number
of HF and LF analyses comparable to those adopted in the AS gPCE-MFREF, to further investigate the performance of
such an approach. Table 2 shows how the proposed adaptive sampling allows reducing the resulting errors compared
to the simple gPCE-MFRF.

As discussed in the previous sections, the number of analyses for each model class should be decided by balancing
the computational burden and the required accuracy of the result by optimising a cost function. This fundamental
aspect is outside of the scope of this paper. For practical reasons, the number of analyses for each model class is
decided a priori based on the results of a sensitivity analysis. The adaptive sampling is the only exception here, as a
predefined criterion is used to end the algorithm. Specifically, the algorithm stops if the maximum value of the

Kullback—Leibler divergence max Dyg.. (f ()(MFRFW(G;“H))H f (XMFRF)) (Algorithm 1) is smaller than a prefixed

threshold (i.e. 0.01 in this application) for a number of consecutive steps (i.e. 50 steps in this application).

The proposed approach would result in a higher computational gain if used to derive fragility relationships for more
complex structures (e.g. tall buildings, long bridges, dams). In such cases, the simplest possible analysis method is
(arguably) a numerical pushover, which may require a much longer computational time with respect to the considered
case study. However, assuming that the time required for a NLTHA with a set of ground motions is two orders of
magnitude higher than that of a pushover, savings in terms of absolute computational time may be considerable.

Finally, it is worth noting that, although the bias levels of the proposed approach with respect to the full time-history
analyses may be non-negligible in some practical applications, their rigorous characterisation allows for their
correction. In fact, analysts can use a specific fragility derivation approach, depending on their needs and context, or
to calibrate appropriate correction factors for the more simplified methods. Specifically, the obtained results in Table
2 are deemed acceptable for portfolio-level risk assessment exercises or for preliminary, more detailed investigations
on single assets.

CONCLUSIONS

The derivation of numerical seismic fragility relationships is a challenging and computationally expensive task when
both aleatory and epistemic uncertainties are considered. Several different methods to reduce the computational cost
related to fragility derivation can be found in the scientific literature. In this context, particularly powerful is the use
of the robust fragility approach in conjunction with cloud analysis.

In this paper, a modification of the robust fragility approach was proposed to enable the use of different model classes
in the computation of fragility relationships. The main idea behind the proposed approach is to analyse refined
numerical models only when strictly necessary (i.e. when the numerical output is approaching a selected damage state)
and use simplified models when the numerical results are far enough from the damage state of interest.

A multi-fidelity general Polynomial Chaos Expansion (gPCE) of the fragility model parameters was proposed to
combine different model classes. The Bayesian interpretation of the gPCE coeftficient calibration allows one to reduce
the computational cost further. In contrast to the classic robust fragility method, the proposed one does not require the
use of numerical integration strategies to solve the inverse problem. In fact, conjugated gaussian and approximated
Laplace distributions can be successfully adopted to model the gPCE coefficients probabilistically. An adaptive
sampling strategy based on the sample space partitioning in a few regions and on the Kullback—Leibler divergence
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was also proposed to further improve the multi-fidelity method's performance for seismic fragility calculation.
Implementing the gPCE-MFRF method and the adaptive sampling requires various computational steps to be
performed, such as the definition of orthogonal basis functions and the Kullback—Leibler divergence solution. Their
use is convenient when the structure under investigation is particularly complex or when the number of random
variables is large, i.e. refined time-consuming analyses would be required. In all these cases, the preliminary work
needed for the practical implementation of the procedures and building different structural models is negligible
compared to the computational burden required by common approaches. Sets of a-priori values for reference
parameters, such as cardinality of the gPCE and ratios between the number of analyses required for different model
classes, can easily be defined against varying target accuracies.

An illustrative case study of an archetype reinforced concrete building was analysed to test the feasibility of the
proposed approach. The results show a good agreement between fragility relationships derived with the proposed
approach and those derived with the conventional robust fragility considering only the high-fidelity model.
Furthermore, a sensitivity analysis on the most affecting parameters of the proposed adaptive sampling was carried
out to provide practical consideration about their calibration. Choosing such a simple case study allows showcasing
better the proposed approach and potential results and the implications of different assumptions in using such an
approach.

Future studies will focus on developing practical rules to improve the applicability of the proposed multi-fidelity
approach in more complex case studies. For example, structural systems of different types (e.g. bridges, dams) and
buildings of other materials/lateral-load resisting systems (e.g. masonry, steel) can be analysed within a parametric
framework to derive practical considerations regarding the calibration/approximation error of both the gPCE-MFRF
method and the adaptive sampling approach.
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APPENDIX A

Bayesian view of the polynomial expansion coefficients

Once the structure of the gPCE (previous Section) is defined and L training points (i.e. analysis results y) are available,
the combination coefficients b; (Equation 5) must be calibrated. According to [26], the gPCE coefficient calibration

can be seen as an application of the Bayes rule.

Let us consider the combination coefficient vector (b), with dimension N X 1, composed of independent random
variables. The prior distribution is then written as,

f(b) = H|i|sN f(by). (15)
By applying the Bayes rule, the posterior distribution of the combination coefficients f (b|y) is derived as

f(bly)~f(y|b) f(b), (16)

where, f(y|b) is the likelihood function. In this study, both the prior distribution and the likelihood function are
considered as normally distributed, that is

f(B)~exp (=3 1IBI3), (17)
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fbly)~exp (=3 ly — @yl exp (=3 11b13). (18)

In the previous equations, |||, is the 2-norm, and @y, is the vector of the surrogated quantity of interest derived through
the gPCE considering the coefficients b.

Normally distributed likelihood functions are commonly adopted to update numerical model parameters [27,30,60]
when a large number of observations (i.e. the dimension of y) are available. The normality assumption of the
combination coefficient prior distribution has little effect on the procedure because of the relatively large number of
analysis results [12]. These two assumptions allow using conjugated Gaussian distributions, thus further reducing the
computational burden. However, the resolution strategy proposed in [26] is adopted in this study to promote the
sparsity of the gPCE basis (i.e. some of the combination coefficients are zero). This feature further improves the
performance of the method. In fact, if the basis is sparse, most of the components of bMF, bHF and b;" (Equation 10)
are zero, and then the dimension of the optimisation problem shown in Equation 10 is reduced.
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