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Delay Distributions of Slotted ALOHA and CSMA

Yang Yang Member, IEEEand Tak-Shing Peter YunBenior Member, IEEE

Abstract—in this paper, we derive the closed-form delay distri- variance are derived under thimary exponential backaffolicy.
butions of slotted ALOHA and nonpersistent carrier sense mul- The exact way whereby,,.,. (maximum number of retransmis-
tiple access (CSMA) protocols under steady state. Three retrans- iy allowed) can be used to tradeoff the blocking probability

mission policies are analyzed. We find that under ainary expo- d del f is al . Th vtical Its of
nential backoffretransmission policy, finite average delay and finite ana aelay performance Is also given. fhe analytcal results o

delay variance can be guaranteed foG < 2S5 and G < 45/3, delay performance are verified by computer simulation.
respectively, whereG is the channel traffic and S is the channel

throughput. As an example, in slotted ALOHA, S < In2/2 and II. SYSTEM MODEL

S < 3(In4 —In 3) /4 are the operating ranges for finite first and

second delay moments. In addition, the blocking probability and ~ The system model and the notations follow that in [1]. To
delay performance as a function ofrmax (Maximum number ofre-  symmarize, we have the following.

transmissions allowed) is also derived. . . .
) 1) Packets are of the same size with transmission fime

Index Terms—ALOHA, carrier sense multiple access (CSMA), The maximum end-to-end propagation delay is denoted
random access protocol. b . . .
y 7 with normalized valuex = 7/T. The maximum
round-trip delay is smaller than the packet transmission
I. INTRODUCTION time, i.e..21 < 1.

ANDOM ACCESS protocols, such as ALOHA and carrier 2) The combination of new and retransmitted packet arrivals

sense multiple access (CSMA), are widely used in wire- IS fa Pcz;sson [I;fI’OCZSS V:f!th raﬁé (p;ackztSZ;), Wh'|Ch IS

less communication systems such as packet satellite communi- Le err]re t0 a® erg_ tra 'Ctﬁ the T]Otte CA annet. L;ﬂ
cations, wireless LAN, and the random access channel in cel- e the correspon ingiroug put'_l' en.ps = §/Gis the
lular mobile systems. During the past three decades, ALOHA- success probability .Of a transm|s§|on.
and CSMA-type protocols have been extensively studied with 3) When anew packetis generat.ed., i acc.essest[he channel at
stationary throughput and delay characteristics being derived for the beglnmng of nex; slot. Th'? 'S callad\rrgd|ite-f|ést
slotted and unslotted channels, and finite and infinite population tLansmrllssmr(lFT). T T_t[)almsmll(ssmrr rdesut IS r:oa C?St
models [1]-[4]. Typically, the system average backlog is derived through a separate reliable acknowledgment channel.
and the expected delay is obtained by using Little’s formula. A Retransmission Polic

Analytical results on delay distributions of the slotted™ y
ALOHA and CSMA protocols are obtained only for systems When a packet transmission fails, a retransmission is sched-
with a finite population [5], [6]. Specifically, in [5], Tobagi uled after a random backoff delay, which is determined by a
derived thez transform and moments of both the waitingpecific retransmission policy. L&V; be theith backoff delay
time and interdeparture time distribution in slotted ALOHAN unit of slots. Then, théth retransmission takes place at the
and CSMA with collision detection (/CD) protocols usingPeginning of thé¥V;th available slot after knowing the last trans-
a discrete-time Markov chain. In [6], the matrix-geometrignission is unsuccessful. The delay performance of arandom ac-
method is used to derive the delay distribution of CSMA/CRess system depends strongly on the distributior/pfin this
on a continuous-time Markov chain model. Both approachggper, we consider three different retransmission policies.
are analytically complicated and become intractable when thel) Under auniform backoff(UB) policy, all W;’s are uni-

population size is large. formly distributed in the same range, sayw].
In this paper, a simple closed-form expression of the delay 2) Under binary exponential backofBEB) policy, backoff
distribution is derived for slotted ALOHA and CSMA proto- delay is uniformly distributed in a binary exponentially

cols without using transform. Three retransmission policies are  expanding range. In other words, the range of backoff
analyzed and the conditions for achieving finite delay meanand  delay is doubled every time an unsuccessful retransmis-
sion occurs. Lew be theinitial backoff range W; is then
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STATISTICS OF BACKOFF DELAY W; LAN%IEE DIIFFERENT RETRANSMISSIONPOLICIES
UB BEB GB
P{W; = k} . s (1 —q)**
E[W] 15 e :
E ["Vf] 2w2+é3w+1 4iw2+i'séz"w+2 2_‘;—2_’51
Var(W) = 2 L8

(7 — 1)th retransmission if > 2). Naturally, D, is the access A. Delay Distribution
delay when the initial transmission is successful. Itincludes theg;enr — (wherer > 1), the distribution ofX,. is derived

T seconds of transmission delay and an average of 0.5 SIOTir?prpendix A for different retransmission policies as

slot synchronization delay. The access delayf a packet is a, (k)
the time duration from its generation to the moment it is suc- Z;—’”’ UB
cessfully transmitted or P{X, =k} = bf<k) 7 BEB (6)
R 2r(r 1)/2wr
D=>"D; 1) er(k)g"(1— q)F~", GB
i=0 wherek > r andw is the initial backoff rangeu,.(n), b.(n),

Under the Poisson arrival assumption and for large backeifdc,(n) are three sequences defined in Appendix A.
range, e.g.w > 20, R can be accurately approximated by a Next,Y,. is a random variable uniformly distributed {n +
geometric distribution with transmission success probability 1, + 2]. Let Fx, (z) and Fy, (z) be the cumulative distri-
as the parameter [2], [7] bution functions ofX, andY,., respectively. AsX, andY,

P{R =1} = ps(1 — ps)". (2) are independent, the conditional distributibp (x| R = r) for

) ) , x > (2r + 1)T can be computed by convolvingix, (z) and
Obviously, different random access protocols have diffepgnt (d/dz)Fy. (x). In other words

values. The distributions dDy, D5, ... are jointly determined

by the specific random access protocol and retransmission F'p(z|R = 1) = / Fx, (% - y) : <diFyT(y)> dy
policy. J oo Yy

P42 T
= Pix, <Z —ylay. 7
IIl. SLOTTED ALOHA /m { =T y} Y (7)

For slotted ALOHA, the length of a slotis equal to the packétet #/1" = i + wa, wherex; = |x/T] (|«] is the floor func-
transmission timd". Therefore,D; is uniformly distributed in tion) andzy = x/T —x; represent the integer and decimal parts

(T, 2T). The success probabilify, was derived in [1] as of z/T, respectively. Thirl (7) can be simplified to
r T4
) @  FolelR=n= [ PIX <oty
r+1
Fig. 1 showsthe access procedure of atagged packet generated T+2
at timety and transmitted at the next slot. The sender waits for +/ - P{X, <zi+xq—y}dy
a round-trip propagation delay &7 seconds before receiving Tr{ :;j"
the first acknowledgmentiisuccessfulin this case). Here, we = / P{X, <z —r—1}dy
have implicitly assumed that the sum of packet processing time at Jr41
the receiver and the round-trip propagation delay is smaller than n 2 P{X, < i —1—2}d
one slot time. When this is not true, only a fixed constant term ey r=dir 4
needs to be added to the final delay equation. Assume a collision zi—r—1
occurs at théth transmission, the backoff delay causeWidl". =z - Z P{X, =j}+ (1 — z4)
Add to it the slot due to packet transmission, we have i=r
D;i=W,+1)T, i=12,.... 4) xi*’ﬁp Y
Substitute (4) into (1), we get ; {0 = £}

R
=zgP{X; =2, —7 -1
D=Dy+ T3S W, +RT zal{ mi—r—1}

r;—r—2

1=1
+ P{X, =k},
(X + Vr) ) 2, PXe=h)
whereXp = Y% W, andYy = Dy/T + R. r>1, > 2r+1T. (8)
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Fig. 2. Access mechanism of slotted nonpersistent CSMA.

1

Removing the conditioning oR, we have
Fp(z) =P{Dy <z} -P{R =0}

+ ZFD($|R =r)P{R=r}

=P{Dy < z}-P{R =0}

a3 P, = - r— 1 P{R = 1)
r=1
r xT;—r—2
+Y° > P{X,=k}P{R=r}, z>T (9)

r=1 k=r

I** Retransmission

W,aT

[l ] 1

1 I 1
1 2

i i -
WZ

2" Retransmission

—

Ack.

Removing the conditioning oR, we obtain

D= iE[D|R =r|P{R =7}
r=0

:Z i_f_L_w , ps> 0.5, BEB.
(13)

Note thatin (13), the condition for finite expected delays that
2(1 — ps) < 1, 0rps > 0.5. This is necessary for the infinite
summation over to converge.

The conditional second moment of access delay under BEB

wherer; = |(z/T — 1) /2] as each retransmission takes up at

least two slots.

B. Moments of Delay

Under UB and GB policiesi¥;’s are independent and iden-
tically distributed (i.i.d.) random variables. Therefore, the mean

delay can be derived as

D =E[D]
= E[Dy] + E[R|EW;]T + E|R]T
T |3 -o], UB
- T | 2+2¢q (10)
L[zyq-2], cB
and the delay variance is
02 =Var(D)
R
= Var(Do) 4+ T?Var <Z(Wi + 1))
i=1
2
= % + T? { E[R)-Vax(W; + 1)+ (E[W; + 1])*-Var(R) }

2 [3(3+w)? 2(w+2) (w47

%[(pi) - A p)s< )+2—w2}, UB

o T_Q[(qul)2
(12

(11)

2 2
—(qp%?’q)ﬂ’—ﬁq—l}, GB.

Forps > 0, D anda?, are finite.

For BEB policy,W;’s are no longer identically distributed
andc? are derived by conditioning oRt = r. Specifically, the
conditional expected delay is given by

P2

E[D|R=1] =E[Do] + T Z E[W;] + T

=1

T
=5 (w2"+3r+3—-w), BEB. (12)

E[D*R=r] =E[(Do+ D1+ -+ D,)’]

5 5w27, 3w . w2—3wr 9 5
3w 53 w2 3w T
‘(7‘5)”7‘7%
(14)

E[D?] can then be derived by removing the conditioning on
R. But here, the infinite summation overconverges only for
ps > 0.75. This is also the condition for finite second moment
under BEB policy. Finally, delay varianeg, is given by

op =B [D?] - (E[D])?

. T2 10w?p, (54 — Ywps )wps
U036 [1—4(1—p,) ' [1-2(1—p,)P
_547“} g — % — w46
1-2(1-ps) pi s ’

ps >0.75, BEB. (15)

As acheck, (10) isidentical to that in [1]. However, (11), (13),
and (15) are not found in the literature.

IV. SLOTTED NONPERSISTENTCSMA

In slotted nonpersistent CSMA, the length of a slot is defined
to be equal to the maximum propagation defay oT'. Hence,
Dy is uniformly distributed inT', T + oT]. The success proba-
bility p, was derived in [1] as
S ae @
G 1l4a—e oG (16)

Fig. 2 shows the access procedure of a tagged packet gener-
ated at timé. At its initial transmission, assume the channel is

sensedusysothatthe transmissionis unsuccessful. Afterthefirst

Ps =
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backoff delayiV; (in unit of slots), the tagged packet senses theherer, = |2/(aT) — 1/a] asxz should be larger thafi +
channel for the second time. If itidle, the packet is transmitted ar)T atk = r.

andthe senderwaits foraround-trip propagation delay dfs to

learnthe transmissionresult. Incase acollision occurs, the tagdiedMoments of Delay

packet will try to access the channel agéif slots after re- g i slotted ALOHA, the expected deldy under UB and
ceiving the acknowledgment. Therefore, the delay tiheand g policies can easily derived as

D5 due to the first two unsuccessful transmissions are simply

Dy =Wy -aTl 17) D = E[Dy] 4+ aT E[R|E[W;i] + (1 + 2a)TE[R — K]
and _(2+a)T  (1—ps)al
= +
2 Ps
Dy =T+ (Wy + 2)aT. 18 1—ps— 1+ 2a)T
2 (W2 + 2)a (18) E[Wi] + (1 —ps —pp)(1 + 2a)
Let K (0 < K < R) be the number of unsuccessful trans- 2(1f§a)
missions due to busy channel. The access dBlaythis case is 5 [Wtzaw - S a4+ W)} , UB
K R B T [a+q+2aq _ q(14+2a)py a(3q+2)] ) GB.
D :D0+ZWiaT+ Z [T+ (W; + 2)aT) q s s 2 ’
= = (23)
1= j=K+1
R
= Do + aTZ W; + (R— K)(1 + 2a)T The derivation of delay variancg?, is straightforward, and so
= is omitted here.
=aT(Xp+ Zp.x) (19) For BEB, the expected delay conditioned®n= r» andK =
whereXr = 2?:1 W;isthe same asin (5) ar#k i is defined
asZprk = (R— K)(142a)T+ D aTl). r
more = (( /(1 +2a)T + Do)/ (aT) EIDIR = 1. K = k] = E[Dg] + a7’y E[W}]
A. Delay Distribution i=1
GivenR = r(> 1) and K = Fk, the conditional cumu- ;(T — k)(1+2a0)T
lative distribution functionFp(z|R = r,K = k) for z > == [aw?2" + (2 + 5a)r — (2 + 4a)k
[1+ (14 3a)r — (1 + 2a)k]T can be derived in a similar way 2
+a+2—aw], BEB. (24)

as in Section IlI-A.

Fp(e|R=rK = k) The average access delByis, therefore, given by
x;—n—1
=zaP{X, =2 —n}+ Y P{X,=m} (200 o~
m=r D=> >N E[DR=rK=kP{R=rK =k}

wherez;, = |z/(aT)] andzy = x/(aT) — z; are the =0 k=0
integer and decimal parts of/(aT). n is defined as _r awps N 2+ 5a
n=((r—Fk)(1+2a)+1)/a. T2 [1-2(1-p,) I

The joint distribution of R and K is derived in Appendix B (2 + 4a)ps
as B a(4+w)|, ps> 0.5, BEB.

P{R=r K=k} = <I’:,>pl]fp£_kps-/ 0<k<r (21) (25)

wherep, is the probability that the channel is sensed busy angyain . > 0.5 is required for finite average delay. Delay vari-
p. is the probability that a collision occurs. They are given iBnces?, can be derived in the same way as that in Section I11-B

Appendix B as (B.4) and (B.5), respectively. _ ~ andp, > 0.75 is again found to be the condition for finite
Removing the conditioning ot and K, we obtain the dis- | 5riance.

tribution of D as

Fp(z) =P{Dy < z}- P{R =0} V. StABILITY CONDITIONS FORBEB
— In the delay equations for slotted ALOHA and nonpersistent
+ Z Z p(a] " e " ! CSMA, (5) and (19), there is a common tefiy = Zle W;.

r=1 k=0

—P{Dy <z} -P{R=0}+x4 Under the BEB retransmission polici{;’s are independent

but not identical random variables. As a result, ftte condi-

T2 ™
. Z Z P{X, =z; —n}P{R=rK =k} tional moment of delay[D’|R = r] has a sequence of fac-
i tors of 27,227, ..., 2. Also, different random access proto-
ry or mi—n—1 cols differ only by the parameter, = S/G, such as (3) for
n Z Z Z P{X, =m}P{R=rK =k}, slotted ALOHA and (16) for slotted nonpersistent CSMA, in
r=1k=0 m=r the delay distribution. Now, removing the conditioning én
x >T (22) (geometrically distributed) requires summation of tefg{s —
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Fig. 3. Conditions for finite expected delay and finite delay variance under the BEB policy.
ps)|", [4(1 = ps)]", ..., and[2(1 — p,)]” over an infinite geo- the maximum number of retransmissions allowed, the blocking

metric series. The convergent conditions for all these sums goeobability Pp is defined as

2(1—ps) <1 Pp = P{R > rpax} = (1 — ps) =Tl 27)

41 —-ps) <1 , . . .

) (26) Figs. 4 and 5 show the relationship betwdgnandsS with 7.

. as a parameter for slotted ALOHA and nonpersistent CSMA,
2'(1—ps) < 1. respectively. For slotted ALOHA, operating near capacity, say

Taking the tightest bound, the condition for the finita mo- S = 0:3% Tmax > 9 is needed to guarantees < 1072 and
ment of access delay is simply > 1 — 2~. This translates to "max = 13 is needed for’s < _10_4. For slotted nonpersis-
ps > 0.5 andp, > 0.75 for the first two moments. In Fig. 3, tent CSMA, thlngs are qg_lte different. In order to have area-
the throughput curves of slotted ALOHA, 1-persistent, and nof@nable blocking probability, saljp < 10~* and retransmis-
persistent CSMA protocols are plotted against offered treffic SION delay, saymax = 9, the channel throughput has to be lim-
The two straight lines$ = 0.5G' andS = 0.75G, represent the itedto S < 0.5, _S|gn|f|cantly lower than the chaqnel capacity
lower bounds of, for finite first and second moments of acces§max = 0-86. This shows that for slotted nonpersistent CSMA,
delay. The intersection@, S1), (G, S»), and(Gs, Ss) give _the upper portion of the throughput, i.e., fob < S_< 0.86, is
the upper limits of operation for guaranteeing finite first twd? fact “unfriendly,” or the channel has poor quality of service.
delay moments in different random access protocols. HoweverFOr those packets that are successfully transmitted (i.e., not
intersectiong G4, S4) and(Gs, S) offers the operating upper bl_ock_ed), their retrgnsmssmn distribution Bf is just the dis-
bounds for finite expected delay only. tribution of R conditioned onR < rnax. In other words

As seeninFig. 3, slotted nonpersistent CSMA has throughpyb{ i/ — } = P{R = r|R < rpax}
(S < S2 = 0.25) not much higher than slotted ALOHAS <
S1 = 0.22) if finite delay variance needs to be guaranteed. r=0,1,2,..., "max-
The operating range of slotted 1-persistent CSMA is, however, 28)
much larger(S < Ss; = 0.46). We can, therefore, conclude
that, under BEB, 1-persistent CSMA is superior to nonpersiReplacing R by R’ in the previous results, we obtain the
tent CSMA, although the latter can offer a much higher maxorresponding delay distributions and moment equations under
imum throughput in theory [2]. Further, whe® < S3 (or blocking condition. By substituting (28) into (13) and (15), it is
G < G3 = 0.61), the throughput curves of 1-persistent andasy to see that for,,. finite, both D andop are finite. The
nonpersistent CSMA/CD are very close to that of the correhoice ofr,.. gives a tradeoff between blocking probability
sponding CSMA protocols [3], [7]. Hence, the same conclusi@nd the latency requirement.
applies to CSMA/CD. This confirms the correct choice of 1-per-
sistent CSMA/CD over that of nonpersistent CSMA/CD for the
IEEE 802.3 standard a long time ago [8].

_ ps(l —Ps)r
1= (1= pa)rm i’

VII. NUMERICAL AND SIMULATION RESULTS

The computer simulation results reported in this section are
obtained by the following procedure. New packets are gener-
ated according to a Poisson process. Each new packet is time

Protocols adopted in applications often block a packet aftelamped at its birth and the sojourn time (in unit of slots) is mea-
a certain number of unsuccessful retransmissions,lf, is sured when the packetis successfully transmitted. The delay sta-

VI. WHEN R IS LIMITED TO 7max
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Fig. 4. Blocking probabilityPs; versus throughpuf, slotted ALOHA.

100 T T T T T T T

_1
10 ro=1 / 4
max ]

1072
r =3 i

107 "", ) 1

Blocking Probability
3
L
g“‘
(3]
asd

104 r=13 -
max
r =15
7 max
10 3
10—87 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Throughput

Fig. 5. Blocking probabilityPs versus throughput, slotted nonpersistent CSMA.

tistics are then estimated by processing a large number of sacicount (see Fig. 1). Therefore, we hdug(3) = Fp(2) for
sojourn time values. all the curves in Fig. 6.

For slotted ALOHA with BEB policy, Fig. 6 shows the cumu- For the delay range (3,35] (note tI3&t = 3 + w), the curves
lative distribution function of delay'p («) (in unit of slots) for appear to be quite straight. This is because the increment of
w = 32, rmax = 5, and differentp, values. The analytical re- Fp(z) over the above range is dominated (mostly contributed)
sults shown in solid lines are obtained by substituting (28) intay the packets witl’ = 1, especially when the delay valuas
(9).1 As seen, they match very well with the simulation resultslose to three. In other words, the probability that a packet with
shown in markers. For all those simulation points, the 95% conéiecess delalp € (3T, 35T is retransmitted two or moretimesis
denceintervals are made to be smallerthanthe marker size shayuite small compared with the probability that it is retransmitted

Since access dela® is no less thanD, and Dy is uni- just once. When: is slightly larger than three, the probability

formly distributed in (T',27], we have Fp(1) = 0 and P{R’ > 2} is negligible. Hence, the curve slopes are given by
Fp(2) = P{R' = 0} = p,/(1 — (1 — ps)"=xTD (the initial 1 (1-py)
transmission is successful), as shown in the figure. If the initial hy = —P{R =1} = M (29)

w - — Ps

transmission is not successfut’ > 1), D is larger thar8T as
the round-trip propagation delay value(s) should be taken iM@ = becomes larger and larger, the probabiliy R’ > 2}
, _ _ increases so that the curves become, actually, steeper and steeper
INote that the summation over in (9) is now upper bounded by il th . — 35 In additi L in the fi h
10in {7 v, 71 }. Similarly, for slotted nonpersistent CSMA with finite,,.,  UNtil the pointz = 35. In addition, itis seen in the figure that a
values, the summation overin (22) is upper bounded byiin { oy, 72} smallerp, value gives a steeper curve and a larger curve-slope
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Fig. 6. Cumulative distribution function of deldyp (=), slotted ALOHA, BEB policyw = 32, andry,.x = 5.
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Fig. 7. Cumulative distribution function of deldy, (=), slotted ALOHA, BEB policy, andw = 32.

increment (fromx = 3tox = 35). This is expected, as a smallerComparing to the curve slope, given by (29) for the delay

ps implies a larger number of retransmissions, and thereforange (3,35], this slope is much smaller, leaving= 35 as

higher probabilityP{ R’ > 2}. the common point where all the curve knees are located.
Consider a packet with access delay larger tBaf. We To obtain a specific delay value larger than 35, there are

know for sure that it has been retransmitted at least twice bmany more possible combinations Bf tex(R’ > 2) andW;

cause the initial backoff rangeds= 32. Hence, the increment values. Therefore, no particuldt’ value could dominate the

of Fp(z) for the delay range: > 35 is contributed purely by increment of Fp(«) and no curve knee appears in the range

the packets with?’ > 2. This is quite different from the situa- z > 35.

tion in the range (3,35] and results in a great drop of incrementThe effect of r,.x value on the cumulative distribution

rate (curve slope) of p(x). Specifically, wherp, is large and function of delay is shown in Fig. 7 for slotted ALOHA with

x is close to 35, the slopes can be approximated by BEB policy with p, as a parameter. As seen, when the success
1 pe(1— )2 probability p; is large, the difference between the curves for
hoy = %P{R’ =2} = m. (B0) 7max = 5 and rmax = 9 is indistinguishable. Whemp, is

small, sayp, < 0.6, the curve forr,., = 5 is higher than
that forr,,.. = 9 over the entire delay range. This is expected,

2This equation accounts for the contributions by the packets Rith= 2 as the denominator in (28) is a monoincreasing function of
only. Itunderestimates the real curve slopes shown in the figure, especially when e s
p. is small andr is much larger than 35, For this case, the contributions by tHemax- 1€ smaller delay f_OfmaX = 5 OVel'max = 9 IS at the
packets withR’ > 3 could not be ignored. expense of a larger blocking probability. The results for slotted
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Fig. 8. Expected dela versus throughpu$, slotted ALOHA, BEB policy, andv = 32.
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Fig. 9. Delay standard deviatien, versus throughpuf, slotted ALOHA, BEB policy, andv = 32.

nonpersistent CSMA and the other two retransmission policilgical results. Similar results and conclusions can be drawn for
are quite similar (not shown). the other two backoff policies.

Figs. 8 and 9 show the expected delay and the delay stanfor the special case,.x = 5, Fig. 10 compares the cumula-
dard deviation (both in unit of slots) for slotted ALOHA withtive distribution functions of delay under three different retrans-
BEB policy for various values af,,,... The 95% confidence in- mission policies for slotted ALOHA protocol. For the sake of
tervals are shown for all the simulation points. We see that foomparison, we let the fixed backoff range in UB policy equal
larger,ax, Sayrmax = 9, the analytical model severely underthe initial backoff range in BEB policy, and let the retransmis-
estimates the delay for systems operating close to the capaaiygn parameter in GB policy bg = 2/33. In doing so, the ex-
just like the classical result wheR,.x = co. Butforr,.x =5 pected values of first backoff delay[IW/;] under these three
(a moderate value), the model gives an accurate predictionpalicies are the same (see Table ). The curves for UB policy are
the first two moments of delay. This result is expected, becausimilar to the corresponding curves for BEB policy, except that
if the number of retransmissions is smaller, the correlation tifey approach unity much fasteraagoes large. This is because
packet arrivals is also smaller. Therefore, the combined néle backoff range in UB policy is fixed so that the probability
and retransmitted traffic is less “bursty,” or more Poisson-likéhat a particular slot is chosen for a packet’s next retransmission
leading to a closer match between the simulation and the amalarger than that in BEB policy. To illustrate, consider the UB
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Fig. 11. Cumulative distribution function of deldys (), slotted nonpersistent CSMA,= 0.01, rpax = 5, w = 32, andg = 2/33.

curves for large, values, the curve slopes in the right-hand sidempt at the next slot. So, the access delais continuous

range close to 35 and can be approximated by starting from the point = 100. This is different from the case
) in slotted ALOHA protocol, where the interval (2,3] is a gap in
ha = lp{R/ =92} = ps(1 = ps) _ (31) theentire delay range, and hence, we hBiyé3) = Fp(2). As
w 32[1 = (1 = ps)°] a result, the curve knees of both UB and BEB curves are now

which is about twice that of the BEB curves (approximated d9cated atthe point = 101 +w = 133.

hs). The retransmissions in GB policy are not limited by any
backoff ranges, the resulting GB curves are therefore smooth
over the entire delay range. We have derived the delay distributions of slotted ALOHA
For slotted nonpersistent CSMA protocol, the delay distrand nonpersistent CSMA under three retransmission policies.
butions (in unit of slots) under different retransmission poliFor BEB policy, the conditions for finite average delay and finite
cies are compared in Fig. 11. As seen, thEséz) curves are delay variance are also derived. In addition, we have studied the
slightly different from those for slotted ALOHA protocol. First,effect of finiter,,., on the blocking and delay performance.
we choose parameter= 0.01 so that the slot size = aT here Extending the results to unslotted channel model and other
is one-hundredth of the packet transmission tifieSecond, random access protocols is straightforward. Further generaliza-
sinceDy is now uniformly distributed i7", T' + «T'], we have tionto variable packet size case [3], to other retransmission poli-
Fp(100) = 0 andFp(101) = P{R’ = 0}. Finally, for CSMA cies [9], and todelayed-first-transmissiofDFT) scheme [5]
protocol, when the channel is sendmasy the packet can at- should also be possible.

VIIl. CONCLUSIONS
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APPENDIX A Therefore, the distribution ok, is given by
DERIVATION OF (6)
b, (k)
k=r,r+1,...,(2" —1)w BEB. (A.8)

SinceX, is the sum of- independent random variablé§’s, P{X, =k} =
the probability mass function of,. is given by

P{XT :k'} :P{W1 :k}*P{WQZk}
x--x P{W, =k} (A1) Consider finally the GB policy. Let sequencg(n) be a dis-

where %" represents convolution operation. crete unit step function whereby(n) = 1 forn > 1 and
Consider first the UB policy. Let sequeneg(n) equal to one c1(n) = 0, otherwise. Hence, the probability mass function of
for 1 < n < w and zero otherwise. Then Wi can be expressed & W; = k} = c1(k)(1 - q)*~'q. Sim-
a1 (k) ilar to a,.(n), sequence,(n) is defined as
P{W; =k} = == (A.2)
(For simplicity, we only specify the range &ffor which the er(n) = cn) * cl(nl* oxa(n) (A-9)
probability is nonzero in the following derivations.) Further, de- T
fine sequence,.(n) as ) )
and can be recursively derived as
ar(n) = ai(n) *xar(n) *---xar(n). (A.3)
e er(n) = cr_(n) * c1(n)
According to the definitiong,.(n), (r > 2) can be recursively n—1
derived a3 = > o))
j=r—1
() = e () () —ep(n—1) + ¢p1(n — 1). (A.10)

= Z ar—l(j)

The distribution ofX,. is simply

j=n—w
=ar(n—1)+a,—1(n—1) N -
—a,_1(n—w—1). (A.4) P{X, =k} =c.(k)q"(1 - q) )
o . k=r,r+1,... GB. (A.12)
The distribution ofX,. is simply
P, == =8 1w UB (AS)
w” APPENDIX B
For BEB policy, we define sequenég(n) exactly the same DERIVATION OF (21)

asas(n). Hence, the probability mass function Bf; can be . . - .
expressed aB{W; = k} = b;(n)/w. Since under BEB policy, Conventionally, busy period analysis is used to _derlve
backoff range is doubled every time an unsuccessful transrffafoughput of random access protocols [1]-{4], [7]. Fig. 12

sion occurs, sequendg(n) is defined as shows the busy and idle periods for slotted nonpers_istent
CSMA protocol. LetB andI denote the length of busy and idle
br(n) = bi(n) * [bi(n) + bi(n — w)] periods, respectively. Follow the approach in [4, pp. 90-91],
271 the average busy periad is given by
Kk Z bi(n—jw) (A.6)
- — T
| Lo 5o (Lol (8.1)
which can also be recursively calculated e—¢
2m—t_1 . L=
. and the average idle periddis
b.(n) =b,._1(n) * Z bi(n — jw) 9 P
Jj=0 _ T
nei I=——0f. (B.2)
= Z brfl(j)
j=n-2r"1w Consider atagged packet (not shown in Fig. 12) accessing the
=b(n—1)+br_1(n—1) channel. In a typical cycle shown in Fig. 12, there &féaT)
—by_1(n — or—1, _ 1). (A.7) points (marked with ©)") where the tagged packet will be suc-

Note that the el _ ) I theool " cessfully transmitted if it attempts (no other packets are arrived
ote that the elements in sequencén) are actually thepolynomial co- ; ; ; ;
efficientsof function f,.() = (1 + ¢ + £ + -+ + t=~1)" [10, pp. 77~78], ‘l‘n :t,he Iasl,lt slot before these points). At the pomtshmar!(ed with
where element.. (k), (r < k < rw) corresponds to the coefficient ¢f—.  “O” (totally B((1+a)T/(aT) —1)/((1 + a)T) such points),
Based on this observation, all elements:ir{») can be derived, theoretically, the channel is sensed busy and no transmission (including the
by differentiatingf,.(¢) with respect ta. But this approach is very complicated tagged packet) will take place. The remainiﬁg((l + a)T)

and unpractical whew andr are large. , L am . .
4Incidentally, sequencé,.(n) can also be shown as the coefficients ofPoINts marked with A" are the instants where the channel is

3 w— A\ m— I w r—j=1 . .
a function, sayg.(t) = ( o tJ) 1757 (1 + 1 > » Where 5A different approach, which offers the same results of throughputps,,
elementh,.(k) corresponds to the coefficient of . andp., is presented in [7, pp. 312-315].
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Busy and idle periods in slotted nonpersistent CSMA protocol. Up arrows point at packet arrival instants. TP is the abbretiatismission period

sensed idle but a collision will occur if the tagged packetis tranRecall R has a geometric distribution with parametgr The
mitted (one or more packets have already arrived in the last glint probability P{K = k, R = r} is simply

before these points). Based on the above analysis, the success
probability p, can be derived as

Ps =
average number of O ” points in a cycle
average number of O 7, “¢”, and“ A ” points in a cycle

P{K =k, R=r} =P{K = k|R=r}P{R = r}

(+)

0<k<r.

pipik

Ps;
(B.7)

L Equation (B.7) is used in the text as (21). As a check, the distri-
- ﬂ bution of K is
(I + B)
(aT') o0
we—C P{K =k}=> P{K=kR=r}
R (B.3) =k
+a—e pkp
= UZJW E>0 (B.8)
The throughpuf is simply S = G - p.. Pe
By the same argument .
and the mean value df is
py» = P{channel is sensed busy Db
— FlKl=— = (F[R|+1 B.9
(14T aT
(I +B) as expected.
(aT)
1—e ¢
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