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GALERKIN FINITE ELEMENT METHODS WITH SYMMETRIC
PRESSURE STABILIZATION FOR THE TRANSIENT STOKES
EQUATIONS: STABILITY AND CONVERGENCE ANALYSIS*

ERIK BURMAN! AND MIGUEL A. FERNANDEZ?

Abstract. We consider the stability and convergence analysis of pressure stabilized finite element
approximations of the transient Stokes equation. The analysis is valid for a class of symmetric pres-
sure stabilization operators, but also for standard, inf-sup stable, velocity/pressure spaces without
stabilization. Provided the initial data are chosen as a specific (method-dependent) Ritz-projection,
we get unconditional stability and optimal convergence for both pressure and velocity approxima-
tions, in natural norms. For arbitrary interpolations of the initial data, a condition between the
space and time discretization parameters has to be verified in order to guarantee pressure stability.
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1. Introduction. In this paper we consider stabilized finite element methods for
the transient Stokes problem. For methods of standard pressure stabilized Petrov—
Galerkin (PSPG) or Galerkin least squares (GLS) type, the analysis of time-discretiza-
tion schemes is a difficult issue, unless a space-time approach is applied with a
discontinuous Galerkin discretization in time. Indeed, for standard finite difference
type time discretizations, the finite difference term must be included in the stabiliza-
tion operator to ensure consistency (see, e.g., [11, 23]). It has been shown in [3] that
even for first order backward difference (BDF1) schemes this perturbs the stability
of the numerical scheme when the time step is small, unless the following condition
between the space mesh size and the time step is verified:

(1.1) 5t > Ch?,

where 0t denotes the time step and h the space discretization parameter. For higher
order schemes, such as Crank—Nicholson or second order backward differencing, the
strongly consistent scheme appears to be unstable (see, e.g., [1]). Similar initial time-
step instabilities were observed in [19] for the algebraic (static) subscale stabilization
scheme applied to the Navier—Stokes equations, and they were cured by including
time dependent subscales.

Our goal in this work is to consider a fairly large class of pressure stabiliza-
tion methods and show that convergence of velocities and pressures, for the tran-
sient Stokes problem, can be obtained without conditions on the space- and time-
discretization parameters (like (1.1)), provided the initial data are chosen as a
specific (method-dependent) Ritz-projection (see, e.g., [33, 34]) onto a space of dis-
cretely divergence-free functions. Discretely divergence-free should here be interpreted
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410 ERIK BURMAN AND MIGUEL A. FERNANDEZ

in the sense of the stabilized method. If, on the other hand, the initial data are chosen
as some interpolant that does not conserve the discrete divergence-free character, the
condition

(1.2) 5t > Ch2k,

with k the polynomial degree of the velocity approximation space, has to be respected
in order to avoid pressure oscillations in the transient solution for small times.

Although the stability conditions (1.1) and (1.2) are similar, their natures are dif-
ferent. As mentioned above, if (1.2) fails to be satisfied, pressure instabilities appear
when dealing with nondiscrete divergence-free initial velocity approximation, but they
are not related to the structure of the pressure stabilization. For residual-based stabi-
lization methods (PSPG, GLS, etc.) on the other hand, the finite difference/pressure
coupling of the stabilization perturbs the coercivity of the discrete pressure operator
(see [3]) unless condition (1.1) is satisfied (irrespective of the divergence-free character
of the initial velocity approximation).

The analysis carried out in this paper is valid not only for pressure stabilization op-
erators that are symmetric and weakly consistent but also for standard methods using
inf-sup stable velocity/pressure pairs, but it does not apply to residual-based pres-
sure stabilizations (PSPG, GLS, etc.). In particular, space and time discretizations
commute (i.e., lead to the same fully discrete scheme) for the methods we analyze.

We prove unconditional stability of velocities and pressures and optimal con-
vergence (in natural norms) when the initial data are chosen as a certain Ritz-type
projection. In the case when a standard interpolation of the initial data is applied, an
inverse parabolic Courant—Friedrich—Lewy (CFL)-type condition must be respected in
order to maintain pressure stability for small time steps. We give the full analysis only
for the backward difference formula of order one, and we indicate how the analysis
changes in the case of second order approximations in time. Indeed, any .A-stable
implicit scheme is expected to yield optimal performance.

The remainder of the paper is organized as follows. In the next section we intro-
duce the problem under consideration and some useful notation. The space- and
time-discretized formulations are introduced in section 3. In subsection 3.1, the
space discretization is formulated using a general framework; we also discuss how
some known pressure stabilized finite element methods enter this setting. The time
discretization is performed in subsection 3.2 using the first order backward difference
(BDF1), Crank-Nicholson, and second order backward difference (BDF2) schemes.
Section 4 is devoted to the stability analysis of the resulting fully discrete formula-
tions. The convergence analysis for the BDF1 scheme is carried out in section 5. We
illustrate the theoretical results with some numerical experiments in section 6, using
interior penalty stabilization of the gradient jumps. Finally, some conclusions are
given in section 7.

2. Problem setting. Let © be a domain in R? (d = 2 or 3) with a polyhedral
boundary 9. For T' > 0 we consider the problem of solving, for u : Q x (0,7) — R?
and p: Q x (0,7) — R, the following time-dependent Stokes problem:

ou—vAu+Vp=f in Qx(0,T),
V.ou=0 in Qx(0,7T),
u=0 on 0Qx(0,7T),
u(,0)=wug in €.

(2.1)
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Here, f : Q x (0,T) — R stands for the source term, ug : @ — R? for the initial
velocity, and v > 0 for a given constant viscosity. In order to introduce a variational
setting for (2.1) we consider the following standard velocity and pressure spaces:

def def

VEHN O HE LA, Q¥ L),

normed with
def 1 def 1 def _1
[ollm = (v,0)2, ollv = lv2Vola, e = v 24|,
where (-, -) denotes the standard L2-inner product in Q.
Problem (2.1) can be formulated in weak form as follows: For all ¢ > 0, find
u(t) € V and p(t) € @ such that

(Oru,v) + a(u,v) + b(p,v) = (f,v) ae.in (0,7),
(2.2) b(g,u) =0 a.e. in (0,7),
u(-,0) =ug ae.in £
for all v € V, ¢ € Q and with

a(u,v) dof (vVu,Vv), b(p,v) dof —(p, V -v).

From these definitions, the following classical coercivity and continuity estimates hold:
(2.3) a(v,v) > o[}, a(u,v) < |[lufv]viv, bv,q) < |vllviidle

for all w,v € V and ¢ € Q. It is known (see, e.g., [22]) that if f € C°([0,T]; H)
and that uwg € V N Hy(div; ), problem (2.2) admits a unique solution (u,p) in
L2(0,T;V) x L*(0,T; Q) with 0;u € L%(0,T;V").

Thoroughout this paper, C' stands for a generic positive constant independent of
the physical and discretization parameters.

3. Space and time discretization. In this section we discretize problem (2.2)
with respect to the space and time variables. Symmetric pressure stabilized finite
elements are used for the space discretization (subsection 3.1), and some known A-
stable schemes are used for the time discretization (subsection 3.2).

3.1. Space semidiscretization: Symmetric pressure stabilized formula-
tions. Let {7;}o<n<1 denote a shape-regular family of triangulations of the domain
Q. For each triangulation 7y, the subscript h € (0, 1] refers to the level of refinement
of the triangulation, which is defined by

def
h = max hg,
KE'Z’h

with hg the diameter of K. In order to simplify the analysis, we assume that the
family of triangulations {7} }o<n<1 is quasi uniform. For more precise information on
the constraint on the mesh, we refer the reader to the analysis of the various finite
element methods in the steady case; see subsection 3.1.1.

In this paper, we let X ,’f and M,lI denote, respectively, the standard spaces of
continuous and (possibly) discontinuous piecewise polynomial functions of degree k >
land 1 >0 (k—1<1<k),

X o, € C°Q) : vk € PR(K) VK € Tp},

ML {gn € LX(Q) ¢ gux €PY(K) VK €Ty} .
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412 ERIK BURMAN AND MIGUEL A. FERNANDEZ

For the approximated velocities, we will use the space [V}F]¢ def [XF N H(Q)]4, and

for the pressure, we will use either QL < 1! N L2(Q) or QL <" M! N L2(Q) N CO(Q).
In order to stabilize the pressure we introduce a bilinear form j : Q) X Q@ — R
satisfying the following properties:

e Symmetry:

(3.1) 3(Pryan) = §(qn,pn)  Vpn,qn € Qh;
e continuity:

1
2

. . . 1
(3.2)  |i(pn,an)| < 3®n,pr)25(qn,an)2 < Cllprllollanllo  ¥pr.an € QY

e weak consistency:

R .
lalls,.o Vg€ H¥(Q),

(3.3) j(hq, I g)% < C >

with s, def min{s, l~,l + 1}, [ > 1, denoting the order of weak consistency of
the stabilization operator, and Hﬁl Q — Qﬁl a given projection operator
such that

c
(3.4) lg — Wallq < U—%h”ll\qmm

for all ¢ € H*1(Q).
Finally, we assume that there exists a projection operator I,’f 'V — th satisfying
the following approximation properties:

(35) o —Tivlu +h 2o~ Tl < Czh™[lv]lr, 0.
(36)  [b(an,v — Thv)| < Cilan,an)? (V3R (0 = Zho)llu + o — Thvllv)

for all v € [H"(Q)]%, 7o = min{r, k + 1}, and (gn, vr) € Q', x [V}¥]2.
Our space semidiscretized scheme reads as follows: For allt € (0,T), find (up(t), pn(t)) €
[ViF]1? x @', such that

(Orun,vp) + a(un, vp) + b(ph, vr) — b(qn, un) + (P, qn) = (F,vn),
(3.7)

up(0) = ujp,

for all (vn, qn) € [VF]? x Q! and with u$ a suitable approximation of ug in [V/¥]9.
The following modified inf-sup condition states the stability of the discrete pres-
sures in (3.7).
LEMMA 3.1. There exists two constants C,[3 > 0, independent of h and v, such
that

(38) sup |b(Qh,’Uh)|

. 1
+Cj(gnan)? > Bllanllq
vy €[V [vnllv

for all q, € Qﬁl.
Proof. Let q, € Q'; from [25, Corollary 2.4] and (3.5) there exists v, € Hg(Q)
such that V - v, = v~ g, and

(3.9) IZhvallv < Cllwgllv < Cllanla-
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On the other hand, using (3.6), we have
lanllgy = blan, vq)
= b(qn,vq — Ii]qu) + b(Qhaz—i]qu)

< Cilansan)? (WA (0 = Zfo)lu + o = Tiwllv ) + blan, Thv,)

. 1
< Cjlan, an)? lanllq + ban, Iy vy).

We conclude the proof by dividing this last inequality by || Zfv,||v and using (3.9). O
The above lemma ensures the well-posedness of problem (3.7). This is stated in

the following theorem.

THEOREM 3.2. The discrete problem (3.7) with u?L IS V,ﬂik" def {v, € V;-k :

b(gn,vi) = 0 for all g5, € QnNKer j} has a unique solution (us,pr) € C*((0,T]; [ViF]4) x
CO((0,T];QF).

To facilitate the analysis we introduce the following (mesh-dependent) seminorm,
which is a norm for the velocity and a seminorm for the pressure:

def .
(3.10) @y )l = lonlls + Gan, an).

Remark 3.3. If the velocity /pressure finite element pair V}¥/QF is inf-sup stable,

we can take j(-,-) <0 in (3.7), as usual. Obviously, this choice is compatible with
hypothesis (3.1)—(3.3) so that the results of this paper still apply. In particular, the
relation (3.8) becomes the standard inf-sup condition between V;¥ and QF.

3.1.1. Examples. In this section we will review some of the most well-known
pressure projection stabilization methods and discuss how they enter the abstract
framework of the previous subsection. For detailed results on analysis for the respec-
tive methods, we refer the reader to the references considering the stationary case.

Recently, several different weakly consistent symmetric pressure stabilized finite
element methods have been proposed. These methods take their origin from the
works of Silvester [32] and Codina and Blasco [17]. Further developments include
the work by Becker and Braack [2] on local projection schemes; the extension of the
interior penalty method, using penalization of gradient jumps, to the case of pressure
stabilization by Burman and Hansbo [14]; and the interpretation of these methods as
minimal stabilization procedures by Brezzi and Fortin [9]. Similar approaches have
been advocated in Dohrmann and Bochev in [21], and a review of the analysis (with
special focus on discontinuous pressure spaces and the Darcy problem) is given in [12].

The main idea underpinning all these methods is that, when using a velocity-
pressure space pair V, X Qp, the inf-sup stability constraint on the spaces may be
relaxed by the addition of an operator penalizing the difference between the discrete
pressure variable and its projection onto a subspace Qn C Qn, such that V), x Qy, is
inf-sup stable. The penalization may either act directly on the pressure, as in [21, 12],
or on the gradient of the pressure, as in [2, 18, 14]. Generally speaking, the pressure
approximation properties of the numerical scheme will be given by Qh, expressed
in the weak consistency satisfied by the penalty operator. For the Oseen’s problem,
some of these methods may be extended to include high Reynolds number effects (see,
e.g., [13, 6, 16]). The advantages and disadvantages of symmetric weakly consistent
pressure stabilization methods compared to GLS or PSPG approaches is discussed in
a recent review paper [7].
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414 ERIK BURMAN AND MIGUEL A. FERNANDEZ

The methods of Brezzi and Pitkaranta, Silvester, and Dohrmann and
Bochev. The original pressure stabilized finite element method was proposed by
Brezzi and Pitkdranta in [10]. Here, the velocity and pressure discrete spaces are
chosen as the standard finite element space of piecewise affine continuous functions,
[ViH4 x Q. The operator j(-,-) is given by

. h?
(3.11) J(pn,an) = <7Vph7VQh> .

A variant of this method was recently proposed by Dohrmann and Bochev in [21],
using an equivalent stabilization operator, namely,

(3.12) J(omyan) = (lu —mo)on (I — m)qh) ,

v
where 7 : Q — Q% denotes the (elementwise) projection onto piecewise constants.

Property (3.6) is verified after an integration by parts, with Z} simply the Scott—Zhang
interpolant onto [V;}]¢ (see, e.g., [31, 22]),

b(qn,v — Ijv) = (Van,v — Tjv)
. 1 -1, 1 1 1
< jlan @)’ (h"'vE v = Thvllu + o - Zivlly )

One readily verifies that (3.2) and (3.3) hold. Moreover, in both cases (3.11) and
(3.12), the weak consistency property holds (with [ = 1),

J(Ip, Mhp)> < V%hl\pl 1,9,
with II} being, for instance, the L2-projection onto Qj (we could use instead the
Clément [15] or Scott-Zhang interpolants). Indeed, for (3.11) we apply the H!'-
stability of the L?-projection (see, e.g., [22, 20, 8, 5]), whereas for (3.12) we add
and subtract suitable terms (p and mop) and use the approximation properties of g
and IT} (see, e.g., [22]). As a result, our analysis for the time discretization is valid.

Another low order scheme, covered by the analysis, is the method which consists
of using piecewise affine continuous velocities and elementwise constants pressures,
Ve x QY; see, e.g., [27]. Stability is obtained by the addition of the jump over
element faces of the discontinuous pressure, namely,

Jpnan) = Y /aK\aQ %[[ph]][[%]]-

KeTy,

Here, [gn] denotes the jump of g, over the interelement boundary, defined by
def ;.
[0](@) ' lim (gu(@ + en) — gu(@ —en)) Vo € F,

with n standing for a fixed, but arbitrary, normal to the internal face F. In this
case, (3.6) is obtained after an integration by parts in the term b(gy, v — Z}v) and an
elementwise trace inequality (see, e.g., [22]),

v—Tlv)=— v—Tlv) - n
banw = Ti) = -3 /8 g 810~ 70)

N

. 1 —1. 1
< jansan)? (b3 o = Tollu + o~ Thollv ).
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In addition, by taking, for instance, II9 as the L2-projection onto @Y, using an el-
ementwise trace inequality and the approximation properties of II9 (see, e.g., [22]),
one also easily shows that the weak consistency property holds,

1
G0, TOp) % = 5 ((I —T9)p, (I —T)p)* < —-h|lp|1.0;

S

and hence [ = 1.

For details on the cases of stabilization of the pressure jumps only in macro-
elements, or the generalization to higher order finite element spaces of the Taylor—
Hood family with discontinuous pressures, we refer the reader to [12].

Orthogonal subscale stabilization. The orthogonal subscale stabilization was
proposed by Codina and Blasco in [17]. Equal order (k =1 > 1) continuous approxi-
mation spaces are used for the velocities and the pressures.

Here the main idea is to penalize the difference between the pressure gradient
and its projection onto the finite element space. This imposes the introduction of an
auxiliary variable for the projection since it may not be localized and is given only
implicitly. Hence, the stabilization operator is given by

2

J(Pnaqn) = ( (Vpn — WZVph)aVQh) ,

v
where 7F : [L2(Q)]? — [V}¥]? stands for the L2-projection onto [V}¥]¢, which is given
as the solution of the (global) problem

(T Vpn. &) = (V. &) V€, € [V

One may readily show that (3.2) and (3.3) hold. Disregarding for simplicity the
boundary conditions, the projection operator I = w’,j of (3.6) is here chosen also
as the L2-projection onto [Vh”“]d. This can be justified if boundary conditions are
imposed weakly, for instance, using Nitsche’s method (see [29, 24]), and V;* includes
the degrees of freedom on the boundary. Indeed, then we have

b(gn,v — Ikv) = (Vg — 1 Van, v — Ifv)
(3.13) _ o . .
< jlansan)? (A0 o = Tivlla + o - Zholly)

Finally, by taking HZ 1 Q — QZ as the L2-projection onto QZ, adding and subtract-
ing suitable terms (Vp and WZ Vp), and using the approximation properties of WZ and
¥ (see, e.g., [22]), one readily verifies the weak consistency

. 1 h C .
J(ip, Myp)? = V—%H(I— ) VLD o < i lpls,

for all p € H*(Q) and with s, = min{k + 1,s}. In particular, [ = | = k. The above
analysis is hence valid also in this case (with some modifications of a technical nature
due to the weakly imposed boundary conditions).

Local projection stabilization. In the local projection stabilization proposed
in [2], stability is obtained by penalizing the projection of the gradient onto piecewise
discontinuous functions defined on patches consisting of several elements, obtained by
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using hierarchic meshes, or by penalizing the gradient of the difference of the pressure
and its projection on polynomials of lower polynomial order. The construction relies
on the inf-sup stability of a velocity/pressure pair typically of mini-element character
or of the Taylor—-Hood family. Similar ideas were advocated in [21]. The stabilization
operator is written as

. h?
](pha qh) = Z (7"<’Vpha K:th) )
K

where « is the so-called fluctuation operator defined as k def I — 7y, where 75, denotes
a local projection operator onto either a polynomial of order k£ on a macropatch
consisting of three triangles (or four quadrilaterals) or a polynomial of order k — 1
on the element. One may show that (3.6), (3.2), and (3.3) hold (for details on the
construction of I’,.f, see [2, 6], and for general conditions on the finite element spaces
and stabilization operators, see [28]). In the case when we consider the projection 7y,
onto polynomials of order £ — 1, the stabilization operator may be written as

. h?
(3.14) J(onran) =Y <7V(/€ph), V(ﬁqh)) ;
K
or, equivalently, following [21], as

. 1
J(piu%) = E <;/€ph7/€%> .
K

In these latter cases, condition (3.6) is obtained by choosing ZF as the Fortin inter-
polation operator associated with [th]d X Qp, where @, is the space of continuous
piecewise polynomial functions of order & — 1. Clearly, we then have

b(qn, v — Ifv) = b(kqn, v — Trv)
< jlanan)t (B0 = Zholl + o — Tivllv ),

since b(Gn, v —Zrv) = 0 for all g, € Qn. The form (3.14) is treated in a similar fashion
after an integration by parts. On the other hand, by taking IT} : @ — Q! as the
L2-projection operator onto Qﬁl and using approximation properties of Hﬁl and 7y, we
have

[

1
G p, Ihp)= < j((I —11,)p, (1 — 114)p) + j(p, p)

—~

<

S

her(plls,.0  Vp e H*(Q),

where s, = min{l~, s,l + 1} and [ — 1 denotes the polynomial order of the space on
which the local projection is taken. Clearly, if we project on polynomials of order
k — 1, the stabilization operator loses one order in the weak consistency; however, the
estimates remain optimal since we expect the velocities to be one order more regular
than the pressure.
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Continuous interior penalty (CIP) stabilization. The CIP stabilization
for the stationary Stokes problem was proposed in [14] and generalized to Oseen’s
problem in [13]. It uses equal order continuous approximation spaces for velocities
and pressures (k = [ > 1) and relies on the fact that the component of the pressure
gradient orthogonal to the finite element space may be controlled by the gradient
jumps using an interpolation estimate between discrete spaces. Indeed, it was shown
in [13] that the following inequality holds:

(3.15) |h(Vpn — iV < Z / 3 [Von - n]?
KeT,

for a certain Clément-type quasi-interpolation operator 7. This motivates the use of
the pressure stabilization operator

J(Pr: qn) Z/a Vph n][Van - n].

Ker, JoK\oQ ¥

Clearly (3.2) and (3.3) are verified in this case. Moreover, (3.6) may be shown to
hold if I,’f is chosen to be the L2-projection onto [Vh”“]d and boundary conditions are
imposed weakly [13]. To show the inequality we combine (3.13) with (3.15). Finally,
by taking II¥ as the L?-projection onto QF, since [CFVp] = 0 (with CF the Clément
interpolant onto [X]?), using an elementwise trace inequality, adding and subtracting
Vp, and using the approximation properties of C’,j and HZ , one readily verifies (see
[13, Lemma 4.7]) the weak consistency

J(Ep, Tkp)% < C IHVHP Cr

c . .
< —Thllplls,e Ve € H(Q),

with s, = min{k + 1, s}, so that [ = [ = k.
We refer the reader to [13] for the details on the technical issue related to the
weak imposition of the boundary conditions using Nitsche’s method.

3.1.2. The Ritz-projection operator. For the purpose of the stability and
convergence analysis below we introduce the Ritz-projection operator

SEEHY )] x LAH(Q) — VF < QL.
For each (u,p) € [H'(Q)]¢x L*(), the projection S} (u, p) X (Ph (u,p), R} (u,p)) €

[ViF]4 x QL is defined as the unique solution of

{ a(PF(u,p),vy) + b(R) (w, p),vi) = a(u,vy,) + b(p, vy),
(3.16)

~b(qn, Py (w,p)) + j(Rj,(u,p),an) = 0
for all (vn, qn) € [VF]4 x QL.

Problem (3.16) is well-posed thanks to the inf-sup condition (3.8); in particular,
we have the following a priori stability estimate:

(3.17) I (P (u,p), Rl (wp)) I < C (ll3 + [Ip]3)
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with C' > 0 a constant independent of h and v.

Finally, we have the following approximation result.

LEMMA 3.4. Let (u,p) € CH[0,T], [H"(2) N H} ()4 N Ho(div; Q) x H*())
with r > 2 and s > 1. The following error estimate for the projection Sl,j’l holds with
a=0,1:

e le% 1o re— le% —1l.5 le%
|||(8t (U—Pf(u,p)),at Rﬁ(u,p))mh SC(VQh 1H8t UHTMQ"‘V 2h®r||0; p”spﬂ) )
Ip = B ()l < € (VAR s + v 51 1], 0)

for all t € [0,T] and with 1, def min{r, k 4+ 1} and s, def min{s,z,l—k 1}, and C > 0
independent of v and h. Moreover, provided the domain € is sufficiently smooth and,
if | > 1, there also holds

(3.18) 165 (w — Py (w, p))llzz < ChI(87 (w — Py (w,p)), 0 Ryp)l,-

Proof. For simplicity we here use the notation uy, def PF(u,p) and py, Lef R (u,p).
From (3.10), the V-coercivity of a(-,-) (see (2.3)), and the orthogonality provided by
(3.16), we have

2
I (un — T, — W) I =a(u — T, up, — Thw) + b(p — yp, uy, — Thu)
+b(pn — Iyp, w — Tyw) + j(ILp, p — IL;,p).
Finally, using (2.3) and (3.6), we have that

2
I (un = Zhw, pn = Wp)ll,, < (llw = Zyully + llp — WipllQ) lun — Ziuly

Nl=

1 _ . 1 .
+C(W IR~ (w — Zhw)| g + |lu — Tiully +J(H2p,H2p)2)J(ph — I, p, pr, — I p)=.

We obtain the estimation for the velocity (o = 0) using the approximation properties
of ZF and II}, (see (3.5) and (3.4)) and the weak consistency (3.3) of the stabilizing
term j(-,-). The convergence for the time derivative (o« = 1) is obtained in a similar
fashion after the time derivation of (3.16).

For the pressure estimate, we use the generalized inf-sup condition (3.8) and the
orthogonality provided by (3.16). We then have

BIp — prllo
b Hl — Ph,Uh . 1
< sup MJrCJ(H%p—ph,Hip—ph)?
vpe[VE]d onllv
b(Ikp — p,vp) — alu — up, vy . 1
< sup (ip — o) — al )+OJ(H2p—ph,HZp—ph)2-
vn e[V lonllv

We conclude by using the continuity of a(-,-) and b(-,-), approximability, the weak
consistency of j(+,-), and the previous error estimate. For a proof of the optimality
in the H-norm, see, e.g., [13, Theorem 4.14]. d
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3.2. Fully discrete formulation: Time discretization. In this subsection
we discretize (3.7) with respect to the time variable. To this end, we will use some
known A-stable time discretization schemes for ODEs.

Let N € N* be given. We consider a uniform partition {[t,, tn+1]}o<n<n—1, With

tn X nét, of the time interval of interest [0, T] with time-step size dt def T/N. The

discrete pair (ull, p?) stands for an approximation of (u(t,),p(t,)) in [ViF]¢ x Q.
First order backward difference formula (BDF1). By introducing the first
order backward difference quotient

Dyttt 7uz+l — Ui
h 5t
our first fully discrete scheme reads as follows: For 0 <n < N—1, find (u]t!, pi*!) €
[ViF]? x @' such that

(3.19)  (Duf™ vp) + a(ul ™ vy) + b)Y vs) — blgn, upth)

+iopth an) = (£ (tns1), vn)

for all (vp,qn) € V¥ x QL and with 4 a suitable approximation of ug in [V}¥]4.

Crank—Nicholson scheme. Let us consider now the scheme given by the fol-
nJr%

lowing: For 0 <n < N — 1, find (u}™!, p, " 2) € [ViF]¢ x Q}, such that

n+%

_ ntld ntl
(3.20) (Du’,frl, vp) + a(uh+2,vh) +0b(p, *,vn) — b(qh,uh+2)

. n+id 1
+iy Fan) = (F77%, on)
1
for all (vy,qn) € [VF]? x Q), where w) 2 € 1" 4 47) and ) is a suitable
approximation of ug in [V}¥]%.
Remark 3.5. Note that (3.20) uniquely determines UZH, since uY is given. For

the pressure, however, neither pzﬂ nor py is used in (3.20). Therefore, by working

1
with pZJrQ as the pressure variable, we do not need to provide an initial condition for

the pressure. On the other hand, we do not have an approximation of pZH unless

one is constructed by extrapolation.

Second order backward difference (BDF2). Finally, by considering the sec-
ond order backward difference quotient

2 € 1 n n n—
Dyt &t ﬁ(Buh'|r1 —dup + uy b,

we obtain the following BDF2 scheme: For 1 < n < N — 1, find (uzﬂ,pzﬂ) IS
[ViF]? x @ such that

(321) (DUZ+1, vh) + CL('LLZ+1, vh) + b(pz+17 'Uh) - b(qh7 ’U’Z+1)

+ j(pz+1a qh) = (fn+1 ’ 'Uh)

for all (v, qn) € [VF]4 x QL and (u},ph) € [ViF]? x @ given by the first step of
backward Euler scheme (3.19).
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4. Stability. In this section we analyze the stability properties of the fully dis-
crete schemes introduced in subsection 3.2. For the sake of simplicity, full details
will be given only for the backward scheme (3.19). Nevertheless, in subsection 4.2,
we will discuss how the results extend to the second order time-stepping schemes
Crank—Nicholson and BDF2.

4.1. First order A-stable scheme. The next result provides the unconditional
stability of the velocity. It also provides a uniform estimate for the pressure, in terms
of the discrete velocity time derivative. Theorem 4.2 points out the role of the initial
velocity approximation on the stability of the velocity time derivative approxima-
tions. Finally, Corollary 4.3 states the (conditional or unconditional) stability of the
pressure, depending on the choice of the initial velocity approximation.

THEOREM 4.1. Let u) be a given H-stable approximation of ug in [V;F]¢, and

let {(uZ,p’,})}ﬁ;l be the solution of the fully discrete problem (3.19). The following
estimate holds for 1 <n < N:

2”*

2
a1 + Z 8tfl (w1 oI, < ClluollF + —P > St F s ) 1

m=0

n—1
> sty

m=0
C _
f—QZ (G p I+ v [ Dug |+ v L )l

with Cp > 0 the Poincaré constant.

Proof. Taking vy, = u}™ and g, = pp™ in (3.19), using the coercivity of the

bilinear form, the Cauchy—Schwarz inequality, and the Poincaré inequality, we have

N, TV n n 7 CQ
(4.2) (Dup ™t up ™) + |||( “,ph“)lllh_QPH Ftus0)llr-

Now, recalling that

3 1 1 1 1
(4.3) (Dupy ™ uy ™) = DH W+ IIU”+ —up %,
we have

2 C%
Dllup™ 17 + Nup ™ pp O, < =2 ||f( 1) 175

leading to, after summation over 0 < m < n — 1,

in

2
||uh|\H+Zét||| w L < sl + Zatnf tomt1) || %

For the pressure estimate, from (3.8), (3.19) (with g, = 0) and the Poincaré
inequality, we have

() n n _ly5 n _1
Bl g < © (MmO, + v 1D s+ 04 £ ) )
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which completes the proof. O
The next theorem states some a priori estimates of the approximations of the
velocity time derivative.
THEOREM 4.2. Let {(uh,ph)} 1 be the solution of the fully discrete problem
(3.19).
o Ifug € [HY(Q)]? and ul) = PF(uo,0), the following estimate holds for 1 <
n<N:

n—1
(4.4) Z 5t Dup M| + | (uft, o) < € <IIUOII%/ + ) 5t||f(tm+1)|fq> -

m=0

o Ifug € [H"(Q)N HE(Q)]?N Ho(div;Q), r > 2, and u) = IFuyg, the following
estimate holds for 1 <n < N:

(4.5) Z St| D3 + I (ult, o

n—1
< c(|uo||2v+uh2<’”u-1>|pz|é+||uo|2wg+2 6t||f<tm+1>|%1),

m=0

with ry min{k + 1,7}. B
Proof. For 0 <n < N — 1, by taking v;, = Du}*" and g, = 0 in (3.19) and using
the Cauchy—Schwarz inequality, we have

1 N, 1 n B L] n
(4.6) S Dw I + a(uy™, Dup™) + b(pp ™, Dup ™) = —Hf(tn+1)llfq-

On the other hand, for 1 <n < N — 1, testing (3.19) at the time levels n and n + 1
with v, =0 and ¢ = pZH, we have

b( n+l n+1)

n+1 n+l1
Dy, )a

J(oR™ ph
(4.7) . .
b(pz"' ’ n) _](phapz—i_ )

Therefore, by subtracting these equalities and using the bilinearity of j(-, ), we obtain
(4.8) b(pt, Duy ™) = 5(Dpy ™ ™)
for 1 <n < N — 1. It then follows from (4.6) that

1. = n n B YR 7 1
(4.9) §||Duh+1|\fq +a(up™, Dup™) + (o™, Dpptt) < 51 F )
On the other hand, using the symmetry and bilinearity of a(-,-) and j(-,-), we have

_ 1 ot
a(up™, Dujtt) = 2Da(u2+1 upt) + — 5 a(Dutt, Dujtt),

1 n n 6 n B LS
SDjwi o™ + 5 (Dpy Y Dpi ™).

]( n+1 Danrl) 5

Hence,

1Dy 13 + D(aluy ™ up ™) + 5 o) < F () I
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for 1 <n < N — 1. After multiplication by §t and summation over 1 < m <n — 1, it
follows that

n—1 n—1
., m n _n\|2 2
(4.10) > St Dup g + it o)l < W o)+ D 681Lf s 177
m=1 m=1

In order to highlight the impact of the initial velocity approximation on the
stability of the time derivative, we consider now the first time level (n = 0) of (3.19).
By testing with v, = Du;}, g5, = 0, after multiplication by 26t and using the symmetry
and bilinearity of a(-,-), we get

(4.11) 0t]| Dy, |77 + alwy, wy) — a(uy, wy) + 20tb(py,, Duy) < 6t £ (t2) ;-

If the initial velocity approximation is given in terms of the Ritz-projection, u, =
PF(uo,0) with ug € [H'(Q)]%, by setting p? dof R! (u0,0) it follows that (4.7) also
holds for n = 0. Therefore,

(4.12) b(py, Duy,) = j(Dph,, ph)-

Thus, from the symmetry and bilinearity of j(-,-) and (4.11), we have

= 2 2
(4.13) 0t D 37 + (s i, < Wi, ), + St F ()11

Estimate (4.4) is obtained by adding this last inequality to (4.10) and using the
stability of the Ritz-projection (3.17), || (u%,p%ﬂ”i < Clluoll?.

If the initial velocity approximation is given in terms of a general interpolant,
u) = TFug with ug € [H"(Q) N H(Q)]? N Ho(div; Q), equality (4.12) does not hold
in general. Instead, we can use an approximation argument to obtain

_ 1 )
b(ph, Duy,) = — (j(ph.p1) — (Ph, V - (Thuo — o))

ot
(4.14) .
1. T N
> =ihoph) = 5 (2 lphlIG + ol o)

with 7, % min{k + 1,7}. As a result, from (4.11) it follows that
= 2 Ta—
ol Dk |-+ (i I < ey, uh)+Cr (b2 ph B + o2, o ) +0t1£ (1) I

We conclude the proof by adding this equality to (4.10) and using the stability of the
Ritz-projection. ad
The next corollary solves the problem of the stability of the pressures by combin-
ing the results of Theorems 4.1 and 4.2.
COROLLARY 4.3. Let {(u’,},p’,})}ivzl be the solution of the fully discrete problem
(3.19). Then
o if ug € [HY(Q)] and u)) = PF(uo,0), the following estimate holds for 1 <

n<N:
n—1 C

(4.15) > atllpp s < %HUOH%/
m=0

= m m 2 _
P (M o 0+ v 1 ) )
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e if ug € [H"(2) N HHQ)]Y N Ho(div; Q), r > 2, ul) = TFug, and
2C
32

the following estimate holds for 1 <n < N:

(4.16) R2re=1) < 6t

n—1
m C
417) Y sttt < 7 (luoll¥ + lluoll?, )
m=0

C n—1 . . 9 B
55 2 0t (M s O + 7 U ) )
m=0

with ry < min{k + 1,7}.
Proof. Estimate (4.17) is a direct consequence of Theorem 4.1 and estimate (4.4).
On the other hand, from Theorem 4.1 and estimate (4.5), we have

n—1

(823t = Cone= ) Iph 3 + 52 Y dtllpy 1

m=1

n—1
C m m 2 —
< = (uoll? + luoll2, ) + € 3 6t (N oI + v eI )
m=0
which combined with the stability condition (4.16) leads to (4.17). O

A few observations are now in order. Corollary 4.3 states the unconditional sta-
bility of the pressure provided the initial velocity approximation uz is given in terms
of the Ritz-projection operator (3.16). In the general case, i.e., whenever uz does
not satisfy a discrete divergence-free condition (as u} does), only conditional stability
can be guaranteed. As a matter of fact, from the stability condition (4.16), pressure
instabilities are expected for very small time steps. This issue will be illustrated by
numerical experiments in section 6.

Finally, let us mention that residual-based stabilization methods, such as PSPG
and GLS, combined with finite difference time discretization schemes, are known to
give rise to pressure instabilities in the small time-step limit; see [3, 19]. Indeed, it
has been shown in [3] that the finite difference/pressure coupling of the stabilization
perturbs the coercivity of the discrete pressure operator unless a condition of the type

(4.18) Ch? < 6t

is satisfied. It is worth emphasizing that, although the stability conditions (4.18)
and (4.16) are somehow similar, their natures are different. Actually, the instabilities
anticipated by Corollary 4.3 are related to the discrete divergence-free character of the
initial velocity approximation, but not to the structure of the pressure stabilization

4.2. Second order A-stable schemes. In this subsection we discuss how the

results of Theorems 4.1 and 4.2 and Corollary 4.3 extend to the second order time-
stepping schemes Crank—Nicholson and BDF2.
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Crank—Nicholson. The following theorem summarizes the resulting stability
estimates.

THEOREM 4.4. Let uz be a given H-stable approximation of wg in [th]d, and

let {(uﬁ,pﬁ)}ivzl be the solution of the discrete scheme (3.20). Then the following
estimate holds for 1 <n < N:

9 n—1

m+2 rn+2 C
i |13 + Z otf(uy 2. py, )Illh < Clluollf + =2 Z S| f (tmr )17

m=0

Moreover, if ug € [HY(Q)]? and u) = PF(uo,0), the following estimate holds for
1<n<N:

2
m+4 m+3  miti —
Zétnph QHQWQ ol + 5z Zét (||| L, + v 1|f<tm+%>||%{).

On the other hand, if ug € [H"(2) N HE(Q)]? N Ho(div; Q), 7 > 2, ul) = TFug, and
the stability condition (4.16) is satisfied, the following estimate holds for 1 <n < N:

L 0
Z&pr |3 < (IluOHv+HuoHru7 )

m=0

2
T Z at <||| +2,ph+2)|||h+V1||f(tm+§)||%{>'

Proof. The first estimate, corresponding to Theorem 4.1, holds by taking v =
1 1
uZJrQ and qp, = pZ+2 in (3.20).
The pressure estimate requires an a priori bound of the discrete velocity time
derivative. As in Theorem 4.2, such an estimate can be obtained by taking v; =

Du}™ and g, = 0 in (3.20) for 0 < n < N — 1. The main difference, with respect to
the proof of Theorem 4.2, arises in the treatment of the coupling term b(p 5 2 Du"“).

Indeed, in the Crank—Nicholson scheme incompressibility is enforced on uh+§ instead
of u”Jrl We first note that, since

n+1 ”JFQ n n— 1+2 n—1
u, uh—2( —uh), uy = 2u, —uy

3

we have
upt! — = 20 +4Z Y = (<12,
for 0 <n < N — 1. Therefore, from (3.20) and using the bilinearity of j(,), we get

n+i 5 n n+% n—l+% n+3
b(p,, * uh+1 —up) = <2ph : +4Z )'p Y2 2)
(4.19)

—2(— )”b( n+27u2)'
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On the other hand, for 0 < n < N — 1, we introduce the following change of variables
(or extrapolation):

1 def n+1
5 Oh T+ ph) =y

with p% € Qﬁl to be specified later on. By inserting this expression into (4.19), we
obtain

n+3 n n n n n+s
b(ph : uh+l —up) =j (ph+1 — DPn> Py, 2)
(4.20)

+2(-1)" {j (p%,pz—’_%) — b( n+2,u2)} .

If ud = PF(up,0) and we choose p? < R! (ug,0), from (3.16)s it follows that the
last term in (4.20) cancels. Thus, we have

ntl

b(p +2 DunJrl) (Danrl, +2)
_ 1 n+1 n+1
- §Dj ( » Pp, ) )

which corresponds to the Crank—Nicholson counterpart of (4.8).

Finally, when the initial velocity approximation is given in terms of a general

interpolant, ud = TFug with uy € [H"(Q) N HY(Q)]? N Ho(div; Q), we take p <

Therefore, from (4.20) and using an approximation argument (as in (4.14)), we get

by, D) =5 3 () = (1) )

ot
]' 3 3
(4.21) >5Dj (o)
201 e —1) ntl
= (RO + ol )

which leads to the stability condition (4.16). The rest of the proof follows with minor
modifications. O

Remark 4.5. By comparing the proofs of Corollary 4.3 and the previous theorem,
we can notice that, if the initial velocity approximation is not discretely divergence
free, the stability condition (4.16) has to be satisfied at each time level when using
the Crank-Nicholson scheme (due to (4.21)), whereas for the backward Euler scheme
that condition is needed only at the first time step (thanks to (4.8) and (4.14)).

BDF2. The following theorem summarizes the resulting stability estimates.

THEOREM 4.6. Let u) be a given H-stable approzimation of ug in [ViF]?, let
(u}t,p}L) be the corresponding first time step of the backward Euler scheme (3.19), and
let {(ull,p?)}N_, be the solution of the discrete scheme (3.21). Then, the following
estimate holds for 2 <n < N:

g7 +2 Z otfl( m“,p}?“)lllh < C (ol + llupllzr) + 2% Z S| f (b1

m=1
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Moreover, if ug € [HY(Q)]? and u9 = PF(uo,0), the following estimate holds for
2<n<N:

n—1

m C 2
> ol < gy (ol + lcud mh)I)
m=1

C n—1 . - 9 B
+ 5 20 0t (s O+ v )
m=1

On the other hand, if ug € [H"(2) N HE(Q)]? N Ho(div; Q), 7 > 2, ul) = TFug, and
the stability condition (4.16) is satisfied, the following estimate holds for 2 <n < N:

n—1

C 2
> ot g < == (luolly + llwoll?, o + I (wh, pi)I,
m=1 ﬁ v

C n—1 . . ) B
A (AR AR TR L))

Proof. The first estimate, corresponding to Theorem 4.1, holds by taking v; =

UZH and g, = pZH in (3.21) and applying the standard identity

(4.22) (3a —4b+c)a = % [a®> = b* 4+ (2a — b)* — (2b—¢)* + (a — 2b + ¢)*],

which provides the numerical dissipation of the BDF2 scheme.

_ Since the pressure estimate is here based on the control of the time derivative,
Duzﬂ7 we ta~ke v = DuZJrl and ¢, = 0 in (3.21). In particular, for the coupling
term b(p; ™, Dujt!), using (3.21) and (4.22), we have

b (pZJrl’DuZJrl) — j(Dppt i)
(4.23)
D (oot + 2oy = pi 20 = )
for 2 < n < N — 1, which corresponds to the BDF2 counterpart of (4.8). On the
other hand, for n =1, from (3.21) and (3.19), we obtain

1

557 (390 2h) — 45 (Pho 1) + b0, ) -

(4.24) b (p,%, Dui) _

. oy . . . . . . . . . . 0 _
If the initial velocity approximation is given in terms of the Ritz-projection, u; =

PF(ug,0), it follows that b(p?,u?) = j(p?, p?), with p? % Rl (ug,0). Thus, (4.24)
reduces to

b (v}, Dui) = j(Dpi. ).
so that (4.23) holds true also for n = 1.

Finally, if the initial velocity approximation is given in terms of a general in-
terpolant, u) = ZFug, we apply an approximation argument (as in (4.14)). Hence,
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from (4.24)
(4.25)
b (v Dut) > o (3R — 40k ph) — Co (W02 DRI + ol )|

which is the BDF2 counterpart of (4.14) and leads to the stability condition (4.16).
The rest of the proof follows with minor modifications. a

Remark 4.7. A bound for the backward Euler initialization terms ||u} | g and
Il (s, p3)|,,, appearing in the above estimates, is provided by Theorems 4.1 and 4.2
with n = 1.

Remark 4.8. When the initial velocity approximation is not discretely divergence
free, the stability condition (4.16) has to be satisfied twice when using BDF2, at
the first time step (according to (4.25)) and at the backward Euler initialization (see
Theorem 4.2).

5. Convergence. In this section we provide optimal convergence error estimates
for the discrete formulation (3.19), the backward Euler scheme.

Theorem 5.2 concerns the convergence for the velocity and gives an estimate for
the pressure in terms of the error in the velocity time derivative. Theorem 5.3 an-
swers the question of optimal convergence of the pressure by providing an optimal
error estimate for the time derivative, provided the exact pressure is smooth. Fi-
nally, Theorem 5.4 provides an improved L*°((0,T), H) estimate that justifies the
initialization of the BDF2 scheme with a backward Euler step.

The following result expresses the modified Galerkin orthogonality in terms of the
consistency error in space and time.

LEMMA 5.1 (consistency error). Let (u,p) be the solution of (2.1) and let {(uh,
P Yo<n<n be the solution of (3.19). Assume that w € C°([0,T]; V) NC'((0,T); H),
and let p € CO((O,T]; Q) Then, for 0 <n < N — 1, there holds

(Du(tn+1) - DUZJrl,Uh) + a(u(tn—l-l) - UZH, h) +b(p(tns1) — pZH, h)
= b(gn, wtnr) —up ™) =i (p ™ an) + (Dultn1) — Oultngr), va)
for all (vi,qn) € [VF? x Q.
THEOREM 5.2. Assume that uw € H(0,T; [H"(Q)]9)NH?(0,T; [L*(Q)]?) and p €

CO((0,T); H¥(Q)) with r > 2 and s > 1, and set ul) € [VF]? as a given approzimation
of ug. Then the following estimate holds for 1 <n < N:

n m m 2
[y, = w(tn)ll7 + Z St (up ™ = w(tmir), o O, < 1Z5wo — up %
+ Ch*"™ (||U||2c0([t1,tn];mu(Q)) +v! HatuH%?(O,tn;HW (Q)))

524:2 hQSp
+ (S 10ulEago i) + —tallPIBo e, o0 ()

+ I/hz(rufl)thuH%‘0([t1,tn];H““u (Q))),
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m h25
Z Stllpptt = pltmsr)lg < C <1 + ﬂz) ——tnllplZ0 (10,100 100 ()

Zét(m W = b ) + v |0 (t) — D).

with C' > 0 a positive constant independent of h, ot, and v.

Proof. The error estimate for the velocity follows standard energy arguments, and
for the pressure we use the modified inf-sup condition (3.8). We start by decomposing
the velocity and pressure error using, respectively, the projections ZF and II%. This
yields

u(tni1) —uptt = wltnir) = hu(tesr) + Zpultng) —up™ = 007 + 637,
0:+1 02+1
(5.1)
Pltat1) —op = p(tns1) — Tp(tns1) + p(tnsr) — pp T =yt + gyt
y:+l y2+1

The first term "% can bounded using approximation (3.5). In order to estimate
0" we first note, using (4.3) and the coercivity of the bilinear form a(-,-) + 5(-, ),

(5.2)
1’ n n n 2 Y2 n n n 2
S DIO 5 + 105w ™D, < (DO, 657 + (05w ™,

< (DO 05+ +al8p 0t + b 05 ) — bl 05 ) + ).

Tln+1
In addition, using (5.1) we have
I7 = (DO O3 a0 0 ) 4 I p(t ), ui ) — b O
+ byt 00T 4 (Du(tngr) — Dul ™t 07 + a(u(tyrr) —upth op )

Fb(p(tasr) = pi 0, = byt u(teen) —up ) — G on T un .

By the modified Galerkin orthogonality (Lemma 5.1), this expression reduces to
(5.3)
Tt = — (DO, 07) + (Du(tntr) — dpu(tyr),07)
a(07, 05 ) + G (,p(tn 1), ) — by ™, 07T + by T 07T,
Now, using the Cauchy—Schwarz and the Poincaré inequalities and (3.6), we have
n B no™ Cp n n
(54) T7 < (| Dultnrr) = dultnrn) |l + | DO i) V—%lll @yl

n+1
Zé

(s R e P

3 n n
5 (T p (1), Tp(tn1)) * ) 1065 5L
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The term T3'™! can be treated, in a standard way (see, e.g., [30]), using a Taylor
expansion and the Cauchy—Schwarz inequality, which yields

1 tn+1
1yt < g [ G0+ 10:04(5)) ds

(5.5) tn
< 682 0w l| (b st a)str) + 08 2 1000 | L2t syt
Thus, from (5.4), using Young’s inequality, it follows that
Ty < §|”(0h+1’yh+1)"|

C3 _
+C [TP (5t||3ttu||2L2((tn,tn+1);H) + ot 1||at07f||%2((tn,tn+1);H)>

07T+ lyr G + v IR R + 5 (T p(t), Hip(tnﬂ))]-
By inserting this expression into (5.2), multiplying the resulting expression by 2t,
and summing over 0 < m < n — 1, we obtain

n—1

n m m 2
o715 + > atlon il

m=0

< |lxl% +C |:5t2y_1||8ttu||2L2(O,tn;H) + V00112 0,1,0:01)

n—1

'y &(no’:*ln% NS B O R 4 (Tp(tane), nzpaml)))]

m=0

Finally, the velocity error estimate is obtained using approximation (3.5) and the
consistency of the pressure stabilization (3.3), which yields

n—1

1 2 0
10717 + > stll 0y DI, < 102113

m=0

27

5t? 9 h 9
+C 7||attu||L2(O,tn;H)+ » 0l 72 (0,8, 7w (2))

n—1 n—1
. hQSp
+ VRPN St u(tn) |17, 0 + > btlp(tmi)l2, 0l
m=0

14
m=0

For the pressure error estimate we first note that, from (5.1), it suffices to control
|y |o,. To this end, we use the modified inf-sup condition (3.8):

n+1
(5.6) Blyi+ilo < sup WL o nen pneny
onelvpe lonllv

From (5.1) we get

by ™ vn) = =b(yr ™ on) + b(p(tas1) — P, vn).
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The first term can be bounded, using the continuity of b(-,-) (see (2.3)), which yields

b(yz ™, vn) < Ny lellvnllv.

On the other hand, using the modified Galerkin orthogonality (Lemma 5.1 with ¢, =
0) we have

b(p(tnt1) — pZH,’U )
= —a(u(th) — uZH,vh) — (8tu(tn+1) — DuZH,vh)
< Cll(w(tngr) — up ™ 0) lwnllv + 10sw(tnrs) — Dup | allonl|a-

As a result, from the above estimations we have

Bllyn e < € (lyn o + Mwltnrn) —up ™y D, )+—H5tU( nt1) = Dup ™ a

Therefore,

n—1

2
3 Z Sty HIn <C > 5t(|\y;”+1|\é l(utmser) = wp ™y O,
m=0

v |0l 1) — Dup I ).

and we conclude using approximation and the error estimate for the velocity. O
We solve the problem of the pressure convergence by providing an error estimate
for the time derivative of the velocity.
THEOREM 5.3. Under the assumptions of Theorem 5.2, assuming that p €

CO([0,T); H¥()), uo € V N Ho(div; Q), and u® < PF(ug,0), for 1 < n < N we
have

Z Ot || Du = Dyl 1) [ + 11 (PE (wltn), p(tn)) — i, R (ulta), p(tn)) — i),

. hQSp
< C(610uultz(0 romy + B 10culE2(0 s ) + O IP(O)I2, 0

5p,82

Proof. In order to provide an optimal error estimate, we decompose the error in
terms of the Ritz-projection operator (3.16) as follows:

(5.7)

u(tn1) —up ™t = ultnir) = PY(utng), p(tag1)) + Py (w(tasn), p(tns)) — up ™
n+1 n+1
0. 0h+

_ pn+1 n+1
=0 +6,"",

p(tn+1) pZJrl = p( n+1) Rh( ( n+1)7p(tn+l)) +R§L(u(tn+1)ap(tn+l)) pZJrl
y:+l y2+1
_ yn+1 + yz+l
i .
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Using the triangle inequality, we then have

n—1
(5.8) ) 6t[0sultmer) — Dup [
m=0

n—1
<C Y 6t ([|0eultimrr) = Dultmr)llz + 1DOF I3 + 1DOF1F) -

m=0

For the first term, we proceed as in (5.5) using a Taylor expansion, which yields

[0u(tnsr) — Dultysr) || < 52 [|00w(8)|| L2 (0000

For the second term, we have

_ 1 tnt1 L
(5.9) D67 lw =~ /t 10:0(5)l7rds < 6 21100 2((t, 1000

Finally, for the third term we use the modified Galerkin orthogonality (Lemma 5.1
with ¢, = 0) and the definition of the Ritz-projection (3.16) to obtain

1D6, 1% + a(6,™, DOL) + b(yy ™. DO FY)
— _(DOZ+17D0’Z+1) _ a(0z+1,DOZ+1)
—b(yp*t, DO + (Dultni1) — dpultni), DO
= —(DOZJrl, DOZJrl) + (Du(tpi1) — Opu(tnyr), DOZJrl).

Young’s inequality yields

SIDOLH I + a0, Do)+ b(up Y, Do)

< O (IDO 3 + |1 Dultnrn) = drultus) )
In addition, for 0 < n < N, testing (3.16) at the time level n with v, = 0, we have
(5.10) b(an, Py (w(tn), p(tn))) = j(Rj,(w(tn), p(ta)), an)-

On the other hand, for 1 <n < N, testing (3.19) at the time level n with v, = 0 and

since, by definition, u) def P,’f(uo, 0), we have
(5.11) b(gn, up) = j(Ph- qn)

for all ¢, € Q. and 0 < n < N and where we have defined p) def R (u9,0). As a
result, from (5.10)—(5.11), we have

b(qn, O%) = 3 (yn, an)
for all ¢ € Qﬁl and 0 <n < N. We therefore have, for 0 <n < N — 1,

by, DORTY) = j(Dyptt ypth.
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On the other hand, using the symmetry of a and j, we have
_ 1- 5t - _
a(07 T, DO = 5Da(e’g*l, 07 + Ea(DOZ“, DoY),
o n+1 [, n+l 1 ™, n+1 n+1 5t . n+l 7/ n+l
Jy, T Dy ) = §D.7(yh Y )+ §J(Dyh Dy ™),
so that
1 ~on+12 1 B n+1 n+1 0o n+1 n+1
SIDOL I + 5D (a0, 65 + (i i)
< DO |3 + || Du(tngr) — Orwltni) |-

Thus, after multiplication by 26t and summation over 0 <n < N — 1, we have

n—1
nOom n o, nyj|2
(5.12) > 6t DO + 105, vl
m=0
9 n—1 B B
< 6%, yill, +C D 6t (1D (17 + [ Dwltm1) — Dsultmr)lI7) -
m=0

For the initial terms, we use the linearity of the Ritz-projection and its approxi-
mation properties (Lemma 3.4) to obtain

185, 51 = 1(PF (0, p(0), B)(0, p(0))]]

C)on
< 212 )2, 0.

Therefore, using (5.9) and (5.5), we have

n—1
_ h2sp
m noony2
> 5t DO 1 + 165, wi) I < C< V Ip(0)[12, .0 + 5t2||3ttu||2L2(o,tn;H>)
m=0

for1<n<N. a

Finally, for completeness, we here give a result of optimal convergence in the
L*>((0,T), H)-norm. For this we assume that the domain € is such that the optimal
convergence in the H-norm holds for the Ritz-projection (see Lemma 3.4). This result
is of importance since it shows that the initialization of the BDF2 method using one
BDF1 step is justified (i.e., we keep error optimality in time).

THEOREM 5.4. Assume that the domain Q is sufficiently smooth so that the H-
estimate (3.18) holds. Assume also that w € H'(0,T; [H~(Q)]4) N H2(0,T; [L3(Q)]9),
p € CU[0,T]; H»(Q)) withry > 2, s, > 1, ug € VNHy(div; ), and u) def PF(uy,0).
Then the following estimate holds for 1 <n < N:

C
lu(tn) = willn < — (hruluOllru,n + 0 p(0)]s,.0

+ R (|0l 1 (0,8, (2)) F 5t|8ttu|L1(O,tn;H)>-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



STABILIZED FEM FOR THE TRANSIENT STOKES EQUATIONS 433

Proof. Since the proof is similar to that of Theorem 5.3 and we will give only the
outline. Let 877" and y™ be defined as in (5.7). From (5.2) and (5.3), it follows
that

(DO, 07FY) < —(DO,05™1) + (Dultys1) — drultnr), 077,
Applying now the Cauchy—Schwarz inequality, we have
165 i < 1671 + 6t (1 D67 |11 + || Duats1) = Bewltns)l|ar)

and by summation over n, we get

n—1

1670z < 1600 + Y 6t (1 D07 |zt + | Du(tss) — dpultnsn)ll )

m=0

for 1 < n < N. The first term in the right-hand side can be estimated using Lemma 3.4
since, by definition,

(5.13) 85, = Py (u(0),p(0)) — uj) = Py (uo,p(0)) — Py (w0, 0) = P;(0, p(0)).

Finally, for the finite difference consistency terms we use a standard argument (see,
e.g., [34, Theorem 1.5, page 14]). a

Remark 5.5. From (5.13), one could pretend to initialize the time-stepping pro-
cedure with u) = PF(ug,p(0)) (as in [33], for instance). In practice, however, the
initial pressure is unknown, so that the choice u!) = PF(uq,0) is more convenient.
Lemma 3.4 shows that we can preserve optimality while keeping this choice (see also

[4]).

Remark 5.6. Note that the above convergence proofs use only stability, Galerkin
orthogonality, and the truncation error of the finite difference time approximation
scheme. Hence the extension to the second order Crank—Nicholson or BDF2 scheme
is straightforward. In particular we recall that the estimate of Theorem 5.4 shows
that the initialization using one BDF'1 step does not make the convergence deterio-
rate, provided the solution is sufficiently smooth under the first time step. Indeed,
for smooth solutions we expect |0yul|L1(0,5,5) to be O(dt), and hence the global
convergence will be second order in spite of the initial low order perturbation.

6. Numerical experiments. In this section we will consider some numerical
examples using the CIP stabilization, described in subsection 3.1.1. We present com-
putations demonstrating the optimal convergence using finite element spaces con-
sisting of quadratic functions, for the space discretization, BDF1, BDF2, and the
Crank—Nicholson scheme for the time discretization. We also verify numerically that,
for small time steps, the pressure is unstable for initial data that are not discretely
divergence free. All computations have been performed using FreeFem++ [26].

6.1. Convergence rate in time. We consider problem (2.1) in two dimensions,
2 =10,1] x [0,1] and T = 1, with nonhomogeneous boundary conditions. The right-
hand side f and the boundary and initial data are chosen in order to ensure that the
exact solution is given by

w(z,y,t) = g(t) (sin(mz —0.7) sin(my + 0.2)) |

cos(mx — 0.7) cos(my + 0.2)

p(z,y,t) = g(t)(sin(x) cos(y) + (cos(1) — 1) sin(l)),
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with g(t) = 1+t° 4+ e~ + sin(t).

In order to illustrate the convergence rate in time of the discrete solution, we
have used quadratic approximations in space and a mesh parameter h = 0.01. In
this case, the stability condition (4.16) is always satisfied for the range of time steps
considered. Thus, the choice of the Lagrange interpolant or of the Ritz-projection as
approximation of the initial velocity give similar results.

In Figures 1(a)—(c) we report the convergences of the errors for the velocities
(Il o= (0,7;22(02))) and the pressures (||-||L2(0,7;12(0))) for the BDF1, Crank-Nicholson,
and BDF2 schemes. In all the numerical examples, both the velocities and the pres-
sures converge at the optimal rate (O(6t) for BDF1 and O(6t?) for Crank—Nicholson
and BDF2). The BDF2 scheme was initialized using one step of BDF1.

6.2. Behavior in the small time-step limit. In this subsection we illustrate
the impact of the initial velocity approximation on the approximate pressures for
small time steps. For nondiscrete divergence-free initial approximations, a pressure
instability is predicted by Corollary 4.3 unless condition (4.16) is satisfied. In other
words, pressure instabilities are expected for very small time steps.

We consider problem (2.1) in two dimensions and with nonhomogeneous boundary
conditions. We set = [0,1] x [0,1], and the right-hand side f and the boundary
data are chosen in order to ensure that the exact (steady) solution is given by

( 0 sin(ma — 0.7) sin(ry + 0.2)
u =
oY cos(mx — 0.7) cos(my +0.2) ]’

p(z,y,t) =sinz cosy + (cos(1) — 1) sin(1).

This numerical experiment is, in some degree, motivated by the work reported
in [3] (see also [19]), where pressure instabilities, of a different nature, are illustrated
for pressure stabilizations involving residuals of the PDEs (e.g., PSPG and GLS).
Indeed, the time derivative involved in the residual perturbs the coercivity of the space
semidiscrete operator, which leads to pressure instabilities for (sufficiently) small time
steps (see [3]). Let us emphasize that, according to section 4, such instabilities do not
appear here, in particular since the CIP pressure stabilization (and the other examples
of subsection 3.1.1) are consistent without introducing the time derivative.

For different initial velocity approximations, we compare the behavior of the error
in the pressure after one time step of the backward Euler scheme, i.e.,

1
5tz |lp(tr) — prlle-

We choose the initial data either as the Lagrange interpolant, uz =1 ,’fuo, or as the
Ritz-projection, u) = PF(ug,0).

In Figure 2 we have reported the convergence history (in space) of the pressure
error, at the first time step, using Py /P; finite elements for different time step sizes.
The pressure instability for small time steps is illustrated in Figure 4(a), where the
initial velocity approximation is given in terms of the Lagrange interpolant. Indeed,
we can observe that the pressure error has the right convergence rate in space, but it
grows when the time step is decreased. On the other hand, as shown in Figure 4(b),
the instability is eliminated when the initial velocity approximation is provided by the
Ritz-projection, as stated in Corollary 4.3. In this case the error remains bounded
(dominated by the space discretization) while reducing the time-step size.
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(c) BDF2 scheme

Fic. 1. Convergence history in time: Pa/ Po CIP stabilized finite elements.

Similar results are found with Py/Ps finite elements, as shown in Figure 3. In
particular, we can notice, from Figures 2(a) and 3(a), that for quadratic approxima-
tions the pressure instability shows up only for very small time steps. As a matter
of fact, condition (4.16) is less restrictive for quadratic than for affine velocity ap-
proximations of smooth initial data. Finally, some pressure contours are reported in
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=

(b) 6t =10-6

F1G. 4. Pressure contour lines with Po/Po finite elements in a 40 X 40 mesh: u% = Ifbuo.

(a) ot =101

Figure 4 for the Lagrange interpolation, and in Figure 5 for the Ritz-projection. The
pressure degradation is clearly visible in Figure 4, whereas with the Ritz-projection
initialization (Figure 5) the pressure remains unconditionally stable.

7. Conclusion. In this paper we have proved unconditional stability and opti-
mal error estimates, in natural norms, for pressure stabilized finite element approx-
imations of the transient Stokes problem. It should be noted that the extension of
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(a) ot =101 (b) 6t =10-6

FIG. 5. Pressure contour lines with Py/Po finite elements in a 40 X 40 mesh: u) = PZ(uo,0).

the present results to mixed formulations of the Poisson problem is straightforward.
We have shown that for small initial time steps the use of a pressure stabilization
dependent Ritz-projection, for the initial data, is essential to avoid pressure instabili-
ties, unless a condition between time and space discretization parameters is satisfied.
From the analysis, we also conclude that a second order scheme (e.g., BDF2) can be
initialized (without optimality loss) using a first step with BDF1, provided that the
Ritz-projection (3.16) is used for the initial data.

It is interesting to note that for low order elements the weakly consistent stabiliza-
tion operators still yield optimal convergence in time when used with a second order
scheme. However, in the case when streamline upwind Petrov—Galerkin (SUPG)-type
stabilization is used for the convective term, the convergence order in time will be lost
unless full consistency is guaranteed in the stabilization term. This is why SUPG-
type stabilizations prompt space time finite element formulations with discontinuous
approximation in time.

Some of the methods described in subsection 3.1.1, on the other hand, may be
extended to the case of Oseen’s equations, handling all Reynolds numbers, by applying
the same type of stabilizing term for the convection (see [13, 6, 16, 7] for details).
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