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We consider the transmission eigenvalue problem for an impenetrable obstacle with Dirichlet boundary
condition surrounded by a thin layer of non-absorbing inhomogeneous material. We derive a rigorous
asymptotic expansion for the first transmission eigenvalue with respect to the thickness of the thin layer.
Our convergence analysis is based on a Max-Min principle and an iterative approach which involves
estimates on the corresponding eigenfunctions. We provide explicit expressions for the terms in the
asymptotic expansion up to order three.
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1 Introduction

Transmission eigenvalues appear in the study of scattering by inhomogeneous media and are closely
related to non-scattering frequencies Cakoni & Haddar (2012), Blasten et al. (preprint). Such eigenval-
ues provide information about material properties of the scattering media Cakoni et al. (20105) and can
be determined from scattering data Cakoni ef al. (2010a), Kirsch & Lechleiter (to appear). Hence they
can play an important role in a variety of inverse problems in target identification and non-destructive
testing Giorgi & Haddar (2012). The transmission eigenvalue problem is a non-selfadjoint and non-
linear problem that is not covered by the standard theory of eigenvalue problems for elliptic operators.
In the past few years transmission eigenvalues have become an important area of research in inverse
scattering theory. Since the first proof of existence of transmission eigenvalues in Cakoni et al. (20100)
and Pidivirinta & Sylvester (2008), the interest in the transmission eigenvalue problem has increased,
resulting in a number of important advancements. For an update survey on the topic we refer the reader
to Cakoni & Haddar (2012).

In this paper we consider the transmission eigenvalue problem corresponding to the scattering by an
impenetrable obstacle with Dirichlet boundary condition coated by a thin layer of non-absorbing inho-
mogeneous material. The existence and discreteness of transmission eigenvalue problem is investigated
in Cakoni et al. (2010a) (see also Lakshtanov & Vainberg (preprint)). In the two-dimensional case this
problem models the scattering of TE-polarized electromagnetic waves (written in terms of the electric
field) by an infinitely long cylindrical prefect conductor coated by a thin layer of non-magnetic dielec-
tric material. In the three dimensional case it models the scattering of acoustic waves by a sound-soft
object surrounded by acoustically non-absorbing material. It is well known (see e.g. Bendali & Lem-
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rabet (1996)) that the first order approximation to the scattering problem for a coated perfect conductor
is an exterior boundary value problem with impedance type boundary condition where the impedance
function depends inverse proportionally to the thickness of the layer, here denoted by §. The correspond-
ing “non-scattering” frequencies for this approximate model become the eigenvalues of a non-coercive
Robin eigenvalue problem, which is studied by the authors of this paper in Cakoni et al. (preprint).

The main concern of this study is to develop a rigorous asymptotic expansion for transmission eigen-
values as  — 0. Our asymptotic analysis is based on an iterative and constructive approach. We restrict
ourselves here to the first transmission eigenvalue. As expected this transmission eigenvalue is close to
the first Dirichlet eigenvalue up to order §, result that is proven directly in this paper by using the Max-
Min principle. Then, the main idea of our approach is, roughly speaking, having proven convergence of
order k for the asymptotic expansion of the transmission eigenvalue, we next prove estimates of order
k for the corresponding eigenfunctions by using standard approximation results for the eigenfunctions
of the negative Laplacian with Dirichlet boundary conditions. Then, we deduce convergence at order
k + 1 for the eigenvalues by using the Max-Min principle. Although our analysis can in principle be
carried through for any order, for sake of simplicity we provide here explicit expressions only for the
terms up to order three in the asymptotic expansion of the first transmission eigenvalue. The explicit
construction of the asymptotic expansion is simplified by the fact that the first eigenvalue of the Dirichlet
problem is simple. The extension of our analysis to higher order transmission eigenvalues is challeng-
ing, first because explicit construction of the asymptotic is complicated and second because one looses
the characterization of the transmission eigenvalues in terms of a Max-Min principle.

From practical point of view, the second order expansion provides in fact a formula for the thickness
of the layer in terms of the first (measurable) transmission eigenvalue. Unfortunately, the refractive
index of the layer does not appear in the first three terms of the asymptotic expansion. Of course, the
refractive index will show in higher order terms but then the obtained reconstruction formula would be
highly unstable with respect to noise in the transmission eigenvalue. A better model to capture both the
thickness and the refractive index in the first order term in the context of electromagnetic scattering is to
write the problem in terms of the magnetic field, which would lead to Neumann boundary condition on
the boundary of the inclusion. Unfortunately the transmission eigenvalue problem for inhomogeneous
media containing an inclusion with Neumann boundary condition is still open. Moreover, no Max-Min
principle is available in this case which is the corner stone of our approach.

The structure of the paper is as follows. In the next section we formulate the problem and recall
some relevant results on the transmission eigenvalue problem for an inhomogeneous media containing
an inclusion with Dirichlet boundary condition. In Section 3 we derive the formal asymptotic expansion
for transmission eigenvalues and provide explicit formulas for the terms up to order three. Section
4 is dedicated to the rigorous convergence proof of the asymptotic expansion derived in the previous
section for the first transmission eigenvalue. For our analysis we need various technical results that to
our knowledge are not available in the literature, in particular elliptic a priori estimates and trace lemma
with explicit dependance on §. To keep the reader focused in the main goal of the paper, we prove all
the auxiliary results needed for our analysis in Appendix.

2 Formulation of the problem

We consider an impenetrable object coated with a thin layer of non-absorbing penetrable material with
refractive index n which occupies the region 2 C R? d = 2,3 where {2 is bounded and simply
connected with smooth enough (to become precise later) boundary I'. We denote by

25 = {x € N suchthatd(z, ") > §}
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and by
I's = {z € 2such thatd(z, ') = 6}

its boundary. The simply connected domain {25 (see Figure 1) represents here the impenetrable object
and £2 \ §25 represents the thin layer. The scattering of an incident wave u?, which here for simplicity
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FIG. 1. The scattering layered object

is assumed to be an entire solution of the Helmholtz equation (one could also consider the incident field
to be a point source located outside {2), by such a structure gives rise to a scattered field u® = v — u’,
with u being the total field, that satisfies

Au+ k?nu = 0in 2\ s,
Au+ k*u = 01in Qe := R4\ 2,
ou
[81/] =0, [u=0onTI, @1
u = 0on [},
lim |8, — iku®|* ds = 0.
R—o0 ‘$|:R

where k is the wave number, n € L>°(§2 \ {2s) is the index of refraction of the layer such that n >
no > 0, v is unitary normal to I directed inward to 2 and [v] = v™ — v~ denotes the jump of v
across I" where v is the exterior trace of v and v~ is the interior trace of v on I". The corresponding
transmission eigenvalue problem is to find the values of k2 such that there exists a non trivial solution
(ws,vs) € L2(02\ 2s) x L?($2) to the following homogeneous coupled problem

Aws + knws = 0in 2\ 025,

Av(;—l—kgv[;:()in 2,

%—% vs = wg on I 2.2)
31/_ 31/’ 6 — W )

w5:OonF5.

Definition 2.1 The values k2 > 0 for which (2.2) has a non trivial solution (ws, vs) € L*(£2\ 25) x
L?(2) are called transmission eigenvalues, and the nonzero solutions w;s and v; the associated eigen-
functions.
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It is shown in Cakoni ef al. (2010a) that the real transmission eigenvalues (the wavenumber £k is re-
lated to the interrogating frequency) can be determine from measured far field (or near field) scattering
data. Note that the transmission eigenvalue problem is non-selfadjoint and complex eigenvalues may
occur but, from practical point of view as discussed in Introduction and the fact that only real transmis-
sion eigenvalues are proven to exist, here we are interested only on real transmission eigenvalues (see
e.g. Cakoni & Haddar (2012)). Our main goal in this paper is to derive rigorous asymptotic expansions
for transmission eigenvalues in terms of the thickness of the layer § as § — 0.

The transmission eigenvalue problem for an inhomogeneity containing an impenetrable inclusion
with Dirichlet boundary condition is investigated in Cakoni et al. (2012) and Lakshtanov & Vainberg
(preprint) (our problem (2.2) is exactly of that form) where the discreteness and existence of real trans-
mission eigenvalues is shown under appropriate assumptions on the refractive index n. For the sake of
reader’s convenience and later use we summarize the main results from Cakoni et al. (2012).

The first step in the analysis of (2.2) consists in reformulating it as an eigenvalue problem for a forth
order equation. To this end, introducing

—wsin 2\ 25
s = {wé Vs in 2 025 (2.3)
—vs in 25
we obtain that this ug satisfies
(A+Kk2) - n(A + kZn)us = 0in 02\ 5. (2.4)

Equation (2.4) together with the fact that us must be in H}(£2) and satisfy the Helmholtz equation in
{25 suggest that to arrive at a variational formulation equivalent to the eigenvalue problem (2.2) we need
to introduce the space

Ws = {u € Hi(92) N HA(2\ 25) such that g—z =0on F}
equipped with the norm

lullfv, = lullf o) + 1Aulls a5

Then it is shown in Cakoni et al. (2012) that k(? > () is a transmission eigenvalue (according to Definition
2.1) with associated eigenfunctions (ws, vs) if and only if us defined by (2.3) solves

Apsus — kjBus =0 (2.5)

where the bounded linear self-adjoint operators Ay : Ws — Ws and B : W5 — Wy are given by

1
(Apu,v)w, = / (Au + E*u) (AT + k) dx + k* /
-Q\-Qié 1—n

u@dx+k2/ Vu - VT dz,
(9] (9]

(Bu,v)w; = 2/ uv dx.
Q

In the following we denote n, = inf, - n(z) and n* = supg, 5; n(x). The operators Ay and B
satisfy the following properties.
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PROPOSITION 2.2 Assume that 0 < n, < n(z) < n* < 1. Then B is a compact operator and there
exists a constant C' > 0 such that for all § > 0

|(Apu, W, | = Cllulldy,.

Proof. The proof can be found in (Cakoni ef al., 2012, Theorem 2.1). The fact that the coercivity
constant C'is independent of § is clear in this proof. ]
We remark that if k5 and us # 0 satisfy (2.5), then (w;, vs) are obtained from us by

1 . -

ws = W(AU(S + kgu(;) in 2 \ 95, (26)
—Us in Qg,

vs = 1 ) . _ 2.7)
——(A 02\ 025.
20 —n)( us + kjnugs) in 2\ 25

The following result proven in Cakoni et al. (2012) is the starting point of our discussion.

THEOREM 2.3 Assume that 0 < n, < n(x) < n* < 1. There exist an infinite discrete set of transmis-
sion eigenvalues and +oco is the only accumulation point.

At this point we choose to normalize the ws and vs so that

llusllz2(0) = 1.
The following regularity result for the eigenfunctions (ws, vs) holds true.

LEMMA 2.1 Assume that I" is a C**2-boundary and n € C**2(2\ 25) with k > 2. Then ws €
Hk(.Q \ 95) and vs € Hk(.Q)

Proof.  First since Avs = —k2v;, using interior elliptic regularity for the Laplacian, we have that
vs € C°°(w) for all open set w CC {2. Hence its trace and its normal derivative trace on I are in
HF+2-1/2(T5) and H*+273/2(I’s) respectively. Using the same argument but this time for the Laplace
operator with homogeneous Dirichlet boundary condition on I's we can conclude that the trace of the
normal derivative of ws on I's is also in H*+2-3/2(I’5). Hence we can easily obtain that on I's we have

AU5 c Hk+271/2(1"6)7

0 k+2-3/2
(91/5 Aus € H (F5)

where vy is the unit normal to I's directed inward (25. Since u; satisfies (2.4) in 2\ 25 with homoge-

neous boundary conditions on I, regularity results for the bilaplacian implies that u; is in H*+2(2\ (25)

(see e.g. Agmond (1965)). We finally obtain the result by using (2.6) and (2.7). O
From now on we assume that the refractive index satisfies

0<n.<n(z)<n" <l1.

This assumption ensure existence of the interior transmission eigenvalues (Theorem 2.3) but is more
restrictive than the one proposed in Lakshtanov & Vainberg (preprint) that allows n to be greater than 1
provided the thickness of the layer is sufficiently small. Nevertheless, when n > 1 the operator Ay, is
sign indefinite and we loose the Max-Min principle which is the main ingredient of our approach.
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3 Formal Asymptotic Expansion
3.1 Preliminary material

For the sake of simplicity, here we perform the asymptotic expansion in the two dimensional case.
The extension to three dimensional case is purely a technical issue and it is possible to obtain similar
asymptotic expansions by using the same approach. Having limited ourselves to the two dimensional
case and assuming that the boundary is C**2-smooth for k& > 2, we can parametrize I” as

I ={zr(s), s €]0;s0]}

where the periodic function zp : [0;s0] — R? is in C**2([0; s0]) for some sy > 0. Moreover, we

can choose this parameterization such that the tangent vector 7(s) := %L (s) to the surface I at the
arbitrary point -(s) is a unit vector. Then denoting by v(s) the inward unit normal vector to I at the

point z(s) and we can define the curvature (s) by

dr
E(S) = —k(s)v(s).

Based on this parameterization of the curve I', we obtain the following parameterization of the surface
I's
Is = {ar(s) + 6(s)u(s) , s € [0550]} G.1)

where § € C'*°([0; s¢]) is a periodic function of sufficiently small values. Let us define by

= inf 1
0= ovsol R (s)]

Y

and §2y := {x € R?, dist(z,I") < 1}. Then the map

@ : [0,50] X [=n0,m0] — £20
(s,m) — xp(s) + nr(s)
is a C**2_diffeomorphism, in other words, for every point = € 2, there exists a unique (s,7) €
[0, so] X [—70,Mo] such that
x=wzp(s) +nv(s).

Next, for any function u defined on {29 we can define @ in [0, s¢] X [—70, 70] by

u(s,n) == wop(s,n) (3.2)
and the gradient of v in the local coordinates (s, ) writes as

1 0 _ 0 _
Vu=—— + —uv.

(1+ UH)%UT on

Furthermore, using integration by parts we have that the divergence of a vector field @ = u,T + u,v
writes as

1 0

(14 nk) 95 " (1+nk
We finally denote by J; ,, := | det(V¢(s,n))| = 1 + nk(s) the Jacobian of the change of variables.

diva =

9, ~
)377\1 + NK) Up.-
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3.2 Formal derivation of the asymptotic expansion

Let us now turn our attention to the transmission eigenvalue problem (2.2). To be able to carry on
our computations, we assume that the function § used in (3.1) to define the interior boundary is of the
form 6(s) = dpg(s) for some constant 5y > 0 and some strictly positive C°>°-function ¢ independent
of dy such that |5og(s)| < no. To simplify the notations and since there is no ambiguity, we make
no distinction between g as a function of local and global variables. Then, we postulate the following
ansatz for the interior transmission eigenvalues and the associated eigenfunctions:

k3= 6
7=0
ws (@) = 1bs(s,6) = Y Sy (s,) (3.3)
§=0
vs(x) =) Gjv;(x)
§=0

for & = 1/do. We remark that the functions w; are defined on G := {(s, &) € [0, so] x [0, max(g)], & <
g(s)} which is independent of &y and we define wg,(z) = W (s,1/d0). Using (2.2) and the expressions
for the gradient and divergence operators in the local coordinates, we obtain that (s, vs) satisfies

19 1 19 1 o
(L+ €00m) 05 (1 1 E0r) 50 T G2(1 + Edgm) E (1 + Edor) OE

together with the boundary conditions

s + k3nis = 0in G (3.4)

1[)5(8,‘9(8)) =0 se [0350]3
ws(s,0) = v5(s,0) s €10, s0],
1005, 0%

5 0€ =0T 87n|n:0 s € [0, so]

where ¥ is defined by (3.2). Let us multiply (3.4) by 63 (1 + £8ok)? to obtain

where the (Ag)r=o,... 5 are differential operators of order 2 at maximum with the following expression
for the few first terms

82
AO - 87527
0? 0
A1 = 35&8752 + Iiafg,
0? 0 02
_ 2.2 2 ¥
Ay =3k o€ + 2¢kK a€ + 552 + Aon,

Ag=---
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Hence, by equating the terms of same order in , the function wy, for k € N, solves

Agtby = =Dy Avibg g ing, (3.5)

wi(s,g9(s)) =0 s € [0, sol, (3.6)

Wi (s,0) = Uk (s,0) s €10, sol, 3.7
Oy, 0oy

a—g(s,O) = oy (s,0) s €10, sol, (3.8)

with the convention that w; = v, = 0 for negative k. The functions vy, also satisfy

k

Avg, + Aovp, = — Z ANV 3.9
=1

Now we can easily obtain the formal expansion at any order by solving (3.5)—(3.9) recursively.

ORDER 0.
From (3.5) we have
0y B

o2 =0 ing

and using the boundary conditions (3.6) and (3.8) we obtain wy = 0 on G. Equation (3.7) together with
(3.9) give that (Ag, vg) solves

{Avo+)\ov0—0in 2, 3.10)

vo=0on I’

and hence we define (\g, vg) as being an eigenpair of the —A in 2 with Dirichlet boundary condition
and |lvgl|z2(o) = 1. We remark that vy is not uniquely determined (since it can be any Dirichlet
eigenfunction), but this will be made precise later in the convergence analysis. Nevertheless, we assume
that )\ is simple, which is the case for example for the first Dirichlet eigenvalue of —A in a Lipschitz
and connected domain. The latter assumption is necessary to simplify the formal analysis to come.

ORDER 1.
Having determined wg and vy we iterate the process and obtain that w; is the solution to

0%y

a2 =0 ing

with boundary conditions (3.6) and (3.8). That gives

(5, €) = %—%,ma - g<s>%1§<s7o> ing

The function v; solves

A’Ul + )\0’[)1 = 7)\1"00 in Q,
vy @3.11)
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Since )\ is a simple eigenvalue for the operator —A with a Dirichlet boundary condition, to ensure
uniqueness of v; we have to constraint v; to be orthogonal to vg in L?(§2). This compatibility condition
gives a unique definition for \;. By multiplying the first equation of (3.11) by vy and by integrating by

part we obtain
AL = / g
r

Here we see the simplification due to the assumption that g is simple. If this does not hold, then the
definition of \; does not seem to be obvious.

2

9o\ 4 (3.12)

ov

ORDER 2.
To obtain the next term in the asymptotic expansion we iterate the process once more, which yields to
the following equation for w9

0?1y Oy .
6762 + K)aié_ = 0 m g
The boundary conditions (3.6) and (3.8) on I" and [ respectively, imply that ws is given by
a6 = =" 00,008 + T 0 e+ T 06,0902 - Ts,0()  ing

where & is the curvature defined in Section 3.1. From this we deduce that v, solves

Avg 4+ Mg = —A1v1 — Agvg in £2,
vy O 2 Ov ©-13)
2T 2w’ v ! '

Once more, we have to constraint v, to be orthogonal to vg and this uniquely defines A2 as being

_ KU o Ou ) O
/\2——/F (2 81/9 £y g) £y ds. (3.14)

ORDER K.

Now it becomes clear how to recursively obtain each of the terms in the asymptotic expansion. In
particular, for £ > 1 we assume that the functions w; and v; as well as the real numbers \; are well
defined for [ < k. Assume moreover that for all 0 < [ < k,

/ vvodx = 0
I}

and that ||vg||z2(2) = 1. The first step consists in computing 1y by solving (3.5) together with the
boundary conditions (3.6) and (3.8). This uniquely determines w; which leads to an explicit formula
for wy,. Then, by (3.7) and (3.9), vj, is uniquely defined as being the solution to

k .
Avg + Aovp = — Zl:l AU_y in £2,
v = wg on I

/ vpvgds =0
1)
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where the last equation uniquely defines \j as being

(9’00

Of course the asymptotic expansion obtained above is only formal at this point. The next section is
dedicated to its convergence analysis.

4 Convergence analysis

Our main goal in this section is to rigorously justify the asymptotic expansion formally obtained in the
previous section. To this end, for sake of simplicity of presentation and to avoid secondary technical
difficulties we assume that the thickness of the thin layer is constant (i.e. g = 1), that n is in C>°(£2\ £2s)
and that [ is of class C*> as well. Moreover, we only perform the convergence analysis for the first
transmission eigenvalue that we denote A} := (k})2. More specifically, in the following we justify the
expansion

A = Ao + 61 + 0% + O(6°) 4.1

where )\ is the first Dirichlet eigenvalue for the — A operator in {2, A; and A, are given in the previous
section and O(x) stands for a generic function in C°>°(R™) such that

O(2)| < Cl|

for some constant C' > 0 independent of z € R™. The main ingredient to arrive at such a result is
to establish explicit a priori estimates with respect to J for the solutions of the interior transmission
problem

Aws = f1in 2\ §25,

Av(;:fgin(),
((9”05 aw(si
871/7871/ f3, vs—ws=faonl,

These stability estimates are stated in the two following propositions. The proof of these propositions
requires a few technical lemmas which we state and prove in Appendix in order to maintain the main
focus of this paper.

PROPOSITION 4.1 Letvs € H%(£2) and ws € H?(£2\ £25) be such that for some s > 0

HAw(S”LQ(_Q\(T(;) () 4.2)

ws = O on F5

| Avs| 222y < O(6%) 4.3)

‘ Ovs _ Ous < 0O(6°) (4.4)
o OV ||gi

lvs — wsl| gasz(py < O(8°). (4.5)

Then, for sufficiently small 6 > 0,

[wsl 2 (ongzyy < O(8%) and [[ws]| 2oy 135) < O(*FY).
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Proof.  First we prove by contradiction that ||ws|| g2\ 7;) < O(6°). Assume to the contrary that the
latter is not true, then we can state that (up to an extracted subsequence)

1

-—_ S -
5 1= 0 l[ws o oy o0

Since w; is in H?(£2\ £25) and since [[vs — ws|| gra/2(py < O(8°), from classic elliptic regularity for
the Laplacian with Dirichlet boundary condition there exists a constant C' independent of  such that

lvsll 22y < C (1| Avs|p2(2) + [[wsll oz ry + O(5°))
and by using (4.3), Lemma A.4 and the fact that ;s is bounded when § — 0 we deduce that

[0 122 (2) 1

y

Cllws g2\ + 0(58)) <C
Hwé”}np(g\(js ‘w(;”HQ(Q\Q—é) ( H2(£2\05)

for C' > 0 independent of §. Hence by (4.4) and the trace theorem we have that

< C

HY/2(I)

! ws
v

lwsll 2 o\a5)

Now by applying Lemma A.2 and Lemma A.3 to the function ws /||ws | 2\ 75), We have that there
exists a constant C' > 0 independent of ¢ such that

A'LU 2 0O
1<C< sll (”\”“)+5(5)>

lwsl 72 (ne25)

where €(d) — 0 when ¢ goes to 0. Hence by using (4.2) since v5 = 6°||ws|| goes to 0 when ¢

-1
H2(2\025)
goes to O we obtain
1<e(d) —0.
6—0
Thus the first estimate of the lemma holds, and then an application of (A.18) together with (A.19) imply

the second estimate. O

PROPOSITION 4.2 Let ws € H?(£2\ 25) be such that for some s > 0 we have
[Aws| 2025y < O(6%)

and 5
ws s+1/2
- < .
B <O )

w5200nF5, H
H-1/2(I")

Then, for sufficiently small 6,
lwsll i vy < O 2) and [lws|l 2 775, < O ).

Proof. First by (A.18) and Lemma A.4 there exists C' > 0 such that for sufficiently small 6 > 0 we

have

61/2

lwsll 2 ng5) < CO/Zllwsl| g (17759 (4.6)
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An application of Green’s identity in §2 \ {25 yields

/ |Vw5|2 dx = / —Awsws dx — / %w(; ds,
2\Q2s 2AN\Q2s r ov

and using the assumptions of the lemma and (4.6) we finally obtain

/ Vsl O ) |ws s o,
O\

which proves the first estimate. We obtain the second estimate by simply using (4.6). U
Now with help of the above propositions we are able to prove the convergence of our asymptotic
expansion.

4.1 The convergence of the zero order approximation

We start with the convergence of the zero order term in the expansion, which can be easily obtained
from the expression satisfied by the first transmission eigenvalue.

THEOREM 4.3 Let A} be the first real interior transmission eigenvalue, then for sufficiently small § > 0,
A = Ao+ O(6).

Proof.  We first observe that for A\ < Ag, where \q is the first Dirichlet eigenvalue for —A in 2, the
operator Ay — A\?B defined in Section 2 (where we set \ := k?) is injective. Indeed for all u € W,

1

—n

((Ax = N’ B)u,u)w; = / |Au + Au|dz — )\2/ lu|?dx + )\/ |Vu|*dx
O\ o 7

A
2
where we have used the Poincaré inequality. Hence we necessarily have
Ao < AL @7

On the other hand it is possible to characterize A} via the Max-Min principle (see Cakoni ef al. (2012)
for details) as

2(0)* = inf (Axru, w)w,
u € Ws
lull 2oy =1
1
= inf / 7|Au+)\};u|2dx+()\(1;)2+)\};/ |Vu|? da.
wueWs Joa, 1—n o
llullp2(o) =1

Now if we take u = uj ,, where u} ,, the first Dirichlet eigenfunction for —A in {25 associated with
the eigenvalue A} ,, extended by 0 outside {25 such that ||uj ;|| 12(o,) = 1 (note that due to the zero
boundary condition on I's the extension by zero of u} , is in W) we obtain

(A5)* < A5X5p
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or equivalently
A5 < Ap (4.8)

since A} is bounded below by Ag. To conclude, we remark that the first Dirichlet eigenvalue for —A is
Fréchet differentiable with respect to the shape (see Henrot (2006)). A consequence of this result is that
there exists a constant C' > 0 such that for all § sufficiently small

IAs.p — Aol < C6.
This fact together with the lower and upper bounds (4.7) and (4.8) respectively, ends the proof. O

REMARK 4.1 Theorem 4.3 is the cornerstone of our analysis since it allows to uniquely define the
Dirichlet eigenvalue which is the first term in the asymptotic expansion of the transmission eigenvalue.
The other terms in (4.1) are then uniquely defined.

4.2 The convergence of the first order approximation

In order to proceed with next order approximation, we must first prove some estimates for the first order
approximation of the corresponding eigenfunction. To this end let us define

el = wj — dw in 2\ 25 (4.9)

w

extended by 0 in {25 and
L= i —wp in {2 (4.10)

€y

where vy is a solution to (3.10) such that [|vo||r2() = 1, wi(x) := Wi (s, &) with z = ¢(s,0§), and
(w},v}) are the eigenfuctions corresponding to the first transmission eigenvalue A}. We also extend w}
by 0 inside {25. We remark that since w(% and w; vanish on I, the functions e%u and w% are continuous
across the interface I's. Let us begin with a lemma that provides d-explicit a priori estimates for w}
which will enable us to derive estimates for the first order approximation of w} and v}.

LEMMA 4.1 There exists a constant C' > 0 such that for sufficiently small § > 0 we have
||w§||H2(rz\rT(;) <C and Hw(%HLQ(Q\(TS) < 0(9).
Proof. We show that Proposition 4.1 applies to (v}, w}) for s = 0. To this end, since
2(>‘(15)2 = (A)\%u%, u<1S)W5

and since A AL is coercive with a coercivity constant independent of § (see Proposition 2.2), there exists
a constant C' independent of § such that

sl a2y + 1 Aus ] 2oy < C (4.11)

where u% is defined by (2.3). A straightforward consequence of (4.11) is that there exists another
constant C still independent of § such that

HU%HLZ(Q\(T&) <C and ]| 2() < C.

Since —Aw} = A}nw} and —Av} = A}v}, by using Proposition 4.1 with s = 0 we have that there
exists C' > 0 such that

[will gz gy < € and - [[wsll ooy < O0).

which ends the proof. (]
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LEMMA 4.2 The following error estimates hold true for sufficiently small § > 0
legll 2y < O(), (4.12)

and
lewllmio) < OW6),  lewllzz < 0(8%?), w || z2(2) < O(6%/%). (4.13)

Proof. The idea of the proof is to establish that v} is a quasi Dirichlet eigenfunction for —A in the
domain {2 and then apply Lemma B.1. From the first estimate of Lemma 4.1 and the inequality (A.19)
the trace of w} on I” satisfies

w3 | a2 gry < O(8Y72).

Let us define 0,1 a lifting of w; in H'(£2) such that 0,1 = w;|r and that [|0,,; || (o) < O(61/?).
Let us set U} := v} — 0,1 and show that v} is close to vg. Indeed, for all ¢ € H{ (£2) we have that

/ VT - Vi — NTseh dx
2

= ’(/\}5 — /\0)/ vip dr — / (V0,1 - Vb — Aoy 1)) da
0 0 8 S
<O )Yl (-

Moreover since ||ug||z2(o) = 1, Lemma 4.1 implies that
1731122 () — 1] < O(617%) (4.14)

and hence by virtue of Lemma B.1 there exists C' > 0 and vy solution to (3.10) with |[vg|[z2(0) = 1
such that for all § sufficiently small we have

175 — voll w12y < OGY3). (4.15)

Note that this last inequality uniquely determines the function vo. From the definition of 75 and the
above bound on the lifting, (4.15) takes the form

el (o) < O(Y3). (4.16)

But since w; solves (3.5) we have

5
1 N N
Awy = m ( E 5k72Akw1 - )\(lgnUH)

k=0

whence
”AwlnL?(Q\(T(;) < 0(571/2”141“71”?(9) + 51/2||w1||L2(9) <O,

Therefore
[Aep |l L2 (ona) < O6Y?), (4.17)

and in addition we also have by (4.16)

=0 (4.18)

del el
1Al o < O(62) | H - H

W ||
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and

||611) - ezluHHs/z(p) = HawluHii/?(F) < 0(5)'

An application of Proposition 4.1 now implies
||€111;||H2(Q\_(75) < 0(51/2)
and then thanks to (A.19) applied e!,, we can improve the bound on w} as follows
[wsll 12y < O)

since [|w1[g1/2¢py < C for all § > 0. Now repeating the previous steps of the proof allows us to

improve the bound on ¢} as follows
lexlle 2y < O().
Finally, this last inequality together with (4.17) and the fact that

del  Oel
v Zwonrl
ov o "
yield the desired bounds for e, thanks to Proposition 4.2. (]

As a consequence of the error estimates derived in Lemma 4.2 we can now obtain the desired first
order convergence result which is stated in the theorem below.

THEOREM 4.4 The following asymptotic expansion for the first transmission eigenvalue A} holds true
for sufficiently small 6 > 0,
s = Ao+ 6\ + O(8?),

where )\ is the first Dirichlet eigenvalue for —A in {2 and \; is defined by (3.12).

Proof. Let uj € W; be defined by (2.3) with v; and wj normalized such that ||u§||;2(o) = 1. Then
from Cakoni ef al. (2012) we have that

1
(A)? = / —— | Aug + Ajui|* dz + A / Vuj| da.
2N\, L — 1N Q
and using the definition (2.3) of u} and the equations for v} this becomes

/\};:/ Ag‘(1—n)|wg|2dx+/ |Vug|® d. (4.19)
2\ 025 02

From (4.13) the first term in (4.19) is of order 62, hence we need to develop only the second term. To
this end we can write

/ |Vuj|? de = / |V(el —el — vy + dwy) | da (4.20)
7 17

:/ |ve}0|2dx+/ \ve;|2dx+/ |VUO|2dac+52/ |V [P da
7] n 9] 02\ $2s

- 2/ VooV (wi — el) dx + 25/ V(el —el)YVw, dr — 2/ VelVel dr.
2 Q 2



16 of 34 F. Cakoni, N. Chaulet, H. Haddar
Recall that from Lemma 4.2 we have that
/ |Vell?dr < O(6?), / |Vel|? dz < O(6?) and / VelVel dr < O(8%).
2 2 o}
Furthermore, from the definition of vy we have that
/ |V’Uo|2 dx = )\0,
7]

and from the definition of w; we have that

52/ |Vw; |2 d:r:52/ %
Q\Qié 0 ov

In addition we also know that ||u§||12() = 1 that is

1

2 p6
/ 5375 dn> ds 4+ O(0%) = 6\, + O(6?).
0

1= / |u§|2 dx = / |u(15 + 1)0|2 — 2(u§ + vg)vo + |v0\2 dz.
2 o}
The estimates of Lemma 4.2 together with the definitions (4.9) and (4.10) give that
lug + vollL2(2) < O(6)

and hence since ||vgl|z2() = 1 we have

< 0(5?). 4.21)

/ vo(u} + vo) da
Q

Recalling that vy is a Dirichlet eigenfunction for — A with corresponding eigenvalue Ay, from (4.21) we
now obtain

/ VuoV(w} — el) dx / VooV (us + vg) dz
I7) fo)

=X < O(8%).

/ vo(us + vo) dx
o)

Finally, noting that
0
/ Vel —el)\Vw, dr = / —Ael —elw, dx — / — (e} —el)w; ds
2N\25 2N\25 rov

. el del .
and using % = -+ we obtain

/ Vel —e)\Vw, dr = / —A(el, — et w dx. (4.22)
O\ 2\025

But, (4.17) and (4.18) imply

JAGEL = bl g < CY/2
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This last estimate together with equality (4.22) and |[w1 | 2 o\ ;) < C61/? gives
/ V(er, —er)Vw dz < C6.
N\02s

We have estimated all the terms in (4.20) and thus the expression (4.19) for )\(15 finally yields the estimate

s = Ao+ 8\ + O(5?).

4.3 The convergence of the second order approximation

The goal of this section is twofold. We complete the rigorous justification of the asymptotic expansion
(4.1), and present a constructive procedure how to iteratively obtain the converges of any order in the
asymptotic expansion of transmission eigenvalues. To this end, before proceeding with the convergence
of the eigenvalues we need to improve the rate of convergence of the corresponding eigenfunctions. This
is possible by adding a correction term to the eigenfunctions v} and w}. Let us consider the following
error functions

e2 1= w} — CF (Swy + 5%wy) in 2\ 05

w

extended by 0 in {25 and
e2 = v} — CH(vo + dvy) in 2

v

where wy(2) := wWa(s, £) and vy are defined in Section 3.2 and C§ := |lu} + év1 || 2(0). As before, the
error e2, is continuous across the interface I's since it vanishes on I's. We remark that since ||u||12(0) =

1 we have that
C=1+0(6). (4.23)

We now proceed as in Lemma 4.2 to to give a first estimate on €2, which on its turn provides a H' bound
for 2 and then iterate the procedure to obtain the optimal bounds for €2, and €2.

w

LEMMA 4.3 The following a priori estimates hold for § > 0 sufficiently small:
Hequm(Q\(Té) <O() and He%uHL2(Q\(75) < O(6%).
Proof. First of all, from the definition of w; and w- we have for § > 0 sufficiently small
ol 2y < O6Y2), lwsll 2oz < OF). (4.24)

Moreover, from Section 3.2

A(w1 + (5’11)2) =

5
(1+ 6¢k)3 (kz_oé Ap (1 + dada) Aén(w1+5w2)>

and since Agw; = 0 and Agwse + A1 = 0 we now have

5

1 R R R Z - . R

A(U}l + (5’11}2) = W (Al’ll}g — )\(1;77,('(1}1 + 5’(1}2) + 5k 2Ak(w1 + (5’11}2))
k=2
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which yields in view of (4.13) and (4.24)

A€ 2y < O6%2). (4.25)
Next,
ez, — E%HHW?(F) = ||C§52w2||H3/2(F) < 0(6%),
Oe? 0e?
w — U I‘\
Ov v D
and
[A€3 2 () < O(5)
whence by applying Lemma 4.1 with s = 1 we obtain the result. O

Similarly to the previous section we are now able to obtain convergence rates for the eigenfunctions.

LEMMA 4.4 The following error estimates hold for § > 0 sufficiently small
”612;”H1(Q) <032,

and
ez |l 2) < OB%2), ek |2 @) < O(8%?).

Proof.  We proceed exactly as in the proof of Proposition 4.2. To this end, let us define vy :=
(C3$)7Y(v} — dv1) and then since C} = 1 + O(4), we have that

volr = (C§) ™ (v5]r — dvilr — 6%va|r) + (C5) ™' 620
= (C5) " (vslr — C5(dvi|r — 6%v2|r)) + O(8%)
=(C5)"ter|r + O(67).

w

Using (A.19) together with Lemma 4.3 we see that
V2l < OE)el |l (o) + OF%) < OF2).

Let us denote by 0, a lifting of vo in §2 such that 0,,|r = va|r and |0y, [ z1(0) < O(6%/?) then
consider Ty := vy — 6. Obviously D, € H}(£2) and for all ¢ € H}(§2) we have

/ v@z . V?/J - /\0@2’(/) dx = / VVQ . Vz[; - )\0V2’¢) dx
0 0
- / Vb, - Vb + Aoy, 1) da. (4.26)
0

We can estimate the second term easily by using the bound on the lifting and the Cauchy-Schwarz
inequality

[ 9090+ b de] < O ol
(9]
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Next we consider the first term in (4.26) containing vo. For all ¢ € H{({2) from Theorem 4.4 and
Lemma 4.2 we can write

/ V(v — dv1) - Vipdo = )\}/ vgwdx—m/ vlwdx—é)\l/ vt d
2 2 2 2
= (Ao +0\1) / vih dx — 5)\0/ v dr — Ay / vot da + O(6%) Y] 1 (2
2 2 2
o [ (v} = Go)do + 0@ ¥l oy
2

Next by using (4.23) we obtain that there exists another constant C still independent of  such that

/ (Vv - Vb — Agvaw) de| < CO2[1] s
(94

for all v € H}(£2). We can now apply Lemma B.1 to T since by (4.13) and the definition of C§, we
have

Ivallz2ce) = (C3) M ug + vl 20y + O6%/?) = 1+ 0(5*?)

to obtain
2 = voll g1 () < O(5*).

From the bound on the lifting 6., and (4.23) the latter becomes
lvg — Civg — C3ovil| () < O(3%/2).
Now it is clear that we can improve the bound on e by applying Lemma 4.1 with s = 3/2 , since
| A€2 | L2(2) < O(6%?). (4.27)
Therefore we arrive at the following improved estimate

Iz gnmm) < OE2). llebllaonm) < O6).

REMARK 4.2 As in Lemma 4.2 we can improve the bound on €2 if we choose
Cg = Hu}; + (51)1 - 5’[1)1”[/2((2).

Indeed, in this case
2]l L2y = 1+ O(6%)

and since ||€7, || 2035y < O(5%/2) we deduce that ||e2 || 712y < O(6?) which implies that
ezl m1 (o) < O(F?).

The estimates obtained in Lemma 4.4 lead to the following result.
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THEOREM 4.5 The following expansion for the first transmission eigenvalue holds true for 6 > 0
sufficiently small
A5 = Ao + 6\ + %X + O(6°),

where )\ is the first Dirichlet eigenvalue for —A in {2, and A; and A, are defined by (3.12) and (3.14)
respectively.

Proof. Similarly to the proof of Theorem 4.4 we expand the definition of A} by using the approximate
eigenfunctions
w? = Ci(6wy + 6%wy), and w2 = C}(vy + 6v1)

app app *

and we extend wgpp by 0 inside {2s. From the characterization (4.19) of )\é and the bound (4.13) we
have

AL :/ Vull? dz + O(5%).
(%

This writes

/Q|Vu(15 2dx = /Q|V(efu — el —viyp T Wiy da (4.28)

:/ |Vefu\2da:+/ |Ve?}|2d3:—|—/ |szpp\2da:+/ 7|Vw§pp|2dx
o) 2 o) O\

- 2/ Vi, Viws — e) dx + 2/ V(e — el)Vwg,, dx — 2/ Ve2Ve? dr.
Q A2 Q

There are several terms to evaluate which we consider one by one in the following.

Stepl: Computation of the O(53) terms. From Lemma 4.4 we can see easily

/ Ve 2 dx = O(6%), / Ve2[2dz = O(5%) and / VeV dr = O(5%).
(9] 2 (9]

Furthermore,
0
/Q\QV(e?D —ey)Vwy,, dr = — /Q\QA(efu — e wi,p do /F a—u(ei} eswl,, do
[ 5
. de? de? .
and recalling that 7> = 5 we obtain
/ V(e — 2)Vud,, du = — / A2 - 2)u?,, dr.
N\Q25 2\Q2s
But (4.25) and (4.27) give

1A(e}, — 612;)||L2(.Q\(75) < 0(53/2)

which complemented with (4.24) gives

< O(8%).

/ - V(e? — eg)ngpp dx
AN\,
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Step 2: Computation of [, |Vv§pp | d. From its definition we have after integration by part:

/ Vvl |* do = (C5)? (/ |Vv0|2d:c—|—26/ Vg - Vg dx—|—62/ |Vv1|2dx>
Q Q I7) Q

= (Cg)Q <)\0 + 2(5)\0/ vov1 dx + 20\
(9]

Ovy Ov
et i 220

(9?)1 (91)0

_ 2 2 1\2 9
- /\OHUapp||L2(Q) +2(C(;) 5>\1+5 FaTaTds'

2

Step 3: Computation of |, o |[Vw; dx. To this end we first write

|2
PP
/ Vu?, [Pde = (Cl)26? / V| da 4.29)
O\Q25 \25

+ 2(05)253/

Ywy - Vws dz + (C§)2(54/ \Vw2|2 dx.
O\Q2s

2\025

From the definition of w; and by using local coordinates we have

S0 1 1
(52/ |V, | de = 63/ / =
N\ o Jo 6

=6\ + 5ng1 + 0.

2

Oty (1 + 6k€) deds + O(6%)

875(875)

Similarly, using the definition of ws we have

62 9 Y og

so rl o ov ov
2 0 1 0 3
=0 /0 /0 (—nf + ) s déds + O(67)

_ g2l g2 [ Ou 0w 3
=0’ S M+ o ds + O(8°).

S0 1 A N
53 /Q\Q Vw; - Vwy dz = 54/0 /0 1 Oun (5,6) Oy (5, £)déds + O(6%)
S5

For the last term of (4.29) we simply have

54/ |Vws|? dz < O(8).
N\02s

Next we need to estimate the constant (C})?. Indeed

(C§)2:/ \u};+5vl|2dx:/ |u(1;\2+25/ u};vld:chéz/ vy |? dx
7 2 o) 7]

= 1+62/ \v1|2d:c+25/ (u} + vo)vy dz =1+ O(6?) (4.30)
2 2
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since ||u§ + vo||12() < O(6). Plugging everything into (4.29) we finally obtain
vy Ov K .
2 2 2 1 Ovg 3
de =86\ +06° (2 | ———ds— =X 5%).
/rz\m IVwl,,|* de = 6M + < /F 5 o 5 3 1) +0(6%)

Step 4: Computation of | o Vi - V(w} — e?)dx. To this end, we make use of the equation satisfied

app
by vZ2,, together with the normalization of uj to simplify it. First we can write

o2
/Q szpp V(w} —€2)dr = — /Q Avgpp(w(% —e2)dr — /F 651) vgpp ds

=C; / (Aovo + SAogv1 + GA1vp) (wi — €2) du
Q

ov ov
_ 1\2 0 1
(Cs) /p(au +5ay>(5v1ds.

From (4.13) and Lemma 4.4 we have that
C(%JZ/ Moy (w} —e2) de = O(6°)
2
whence
Ovy Ovg

/Vuﬁ -V(wgl—eg)dx:()\g—i-é/\l)/ vg (wg—e%)dm+(0§)2(5)\1+52/ ——ds—i—(?(é?’).
5 pp ., app . ov v

We now use the normalization of u} to obtain
12 1 1,2 2 )2
”ué”L?(Q) =1= / ‘U(S + vapp - Uapp| dx
2

:/Q\u(ls+v§pp|2dx72/9vgpp(u}5+v§pp)dz+/g|v§pp|2dx

=06 — 2/Qu§pp(u§ +0k,p) do + /Q 2ol da. (4.31)
Hence since u§ + v2,, = wj — e, we have that
2 [ Vo2, V(wi—e?) dz = (Ao+0A1) (1 — [[v2,, |12 a(Chy2on 2% [ 0% 4o
- Vapp® (wéiev) €T = ( ot 1) - ”vapp”Lz(Q) - ( 5) 1= 8787 s+ ( )
7 r

2

The expansion (4.30) and the definition of v3,,

yield

1= o2plifeey| < 062
and consequently
8’01 8’1)()

—2/Q Vngp V(ws —ey)dz = Xo (1 - ||“2pp||%2(!2)) —2(C5)%0M — 267 /Q v ov ds +O(5?).
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Finally we have all the necessary estimates to reach the conclusion. Plugging the estimates obtained
in Steps 1-4 into (4.28) leads to the desired final estimate:

AL = X+ 0A1 + 62X 4+ O(63).

O

REMARK 4.3 Although we stop at the order two the analysis of Section 4.3 is constructive and can
in principle be carried through iteratively to any order of approximation. Note that in order to prove
the k order of convergence for the transmission eigenvalue we need to prove the (k — 1) order of
convergence for the corresponding eigenfunctions. Also the convergence procedure is not limited to
only the first eigenvalue. All these generalizations rely upon the ability to compute explicitly the terms
in the asymptotic expansion of the transmission eigenvalues and on the estimate for the zero order
approximation of the eigenvalue.

REMARK 4.4 In principle the second order asymptotic expansion of the the first transmission eigenvalue
can be used to estimate the thickness of the layer provided that {2 is known. In particular

0~ 7)\‘15 — o
A1

where A}; can be computed from the scattering data (see Cakoni et al. (2010a)) and \g and A; can be
computed.
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A Aucxiliary Regularity Estimates

We start by establishing some crucial elliptic regularity estimates with explicit dependence of the con-
stants on §. In the following, we denote by C' a generic constant independent of §. In the next Lemma
we adopt the notations and the definitions of (McLean, 2000, Section 4), which we recall here in a sim-
plified setting. Let O be a connected Lipschitz domain of R? and denote by (1, x5) the coordinates of
a point x in some given basis. We define the operator P in O by

0 0

where for (i, j) € {1,2}? a;; € C'(O). We say that P is coercive if there exists a constant C' > 0 such
that forall ¢ € R2and z € O

Z a;j ()& > Cl¢P.
iy

We call the conormal derivative the operator 5, given by

B, = Z Viveo Zaij£
i j J

where 50 is the trace operator on O and v; for i = 1,2 is the i component of the inward normal
vector to 0O.

LEMMA A.1 Consider § > 0, g € H'/2(R) and f € L?(R x (0,4)). Let P be a coercive operator with
coercivity constant independent of § and B, the associated conormal derivative. If w € Hy := {w €
HY(R x (0,9)), w(z1,8) =0 forallz; € R} solves

Pw = finR x (0,9),
Byw(z1,0) = g(z1) forall z; € R,
w(z1,0) =0forall z; € R,
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then there exists a constant C' > 0 independent of § such that

lwll z2@x0,6) < C (Ifl22@®x(0,6)) + 9]l zr1/2®)) -

REMARK A.1 The novel important aspect in the above a priori estimate is to show that the constant is
independent of §, and to our knowledge such a result was not available in the literature.

Proof. Using Green’s formula we have that

/ Pwip dxydry = P(w, ) + / B,w(z1,0)1(x1,0) dxy
Rx(0,8) R

or

/ Fob dardars = B, 1) + / o1 ) (e, 0) dan (A1)
Rx(0,6)

R
for all ¢p € Hy, where the bilinear form &(-, -) is defined by

Ou Ov
b(u,v) = ; /]Rx(O,&) a"jaTciach dzidzy for all (u,v) € Hp.

In order to obtain the desired regularity result we apply the approach of the difference quotient in the

direction x;. To this end for h € R and all (21, z2) € R x [0, §] we define the difference quotient by

u(xy + h,x9) —u(z1, z2)
o )

Straightforward algebraic calculations show that the following formulas hold true

Ahu =

/ (Apu)vdrides = —/ u(A_pv) dxides, (A.2)
Rx(0,8) Rx(0,8)
|2(Anu, v) + D(u, A_pv)| < C|v][ a2 ®x (0,60 [ull 52 (R (0,6)) (A.3)

for all v and v in Hy, and moreover there exists a constant C' > 0 independent of § such that for all
u € Hy and h sufficiently small

C‘f)u

8.’171
(see McLean (2000), Lemma 4.13) for the proof of this last result). Substituting (A.2) and (A.3) in (A.1)
we obtain that for v = A_, Apw € Hy and all h sufficiently small

o

o1 (A4)

< | Anull 2 rx(0,5)) < H

L2(Rx(0,8)) L2(Rx(0,6))

|P(Anw, Apw)| < Cllw] g1 (®x(0,6)) [Arw] m1 (R x (0,6))

+ /g(xl)(A_hAhw)(xl,O) dsc1+/ fA_pApw) dxidxs| . (A.5)
R

Rx(0,8)

From McLean (2000), Exercise 4.4, we have that or all s € R

B
81‘1

| Anull s ) < H
H*(R)
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0
provided it is known that a—u € H*(R). On the other hand for the boundary term in (A.5) we have
L1

[ loAs Aol day < ol |- Anaol-vage
< gllgr2m@llAnwll gi/2@y < Cllgll gz @)l Anwll g @®x (0,6)) (A.6)

with a constant C' > 0 independent of § and h (see the trace Lemma A.4 for the last inequality). Finally,
the coercivity of @ together with (A.4), (A.5) and (A.6) give

[Anwl a1 ®x0,8)) < C (9l 2wy + Il B @x0,6)) + 1l L2@x(0,6)))
which in view of McLean (2000), Lemma 4.13, gives

< C(llgllmrzm + lwll g @x0,8)) + 122 @x0.8))) -

H3331 H1(Rx(0,5))

To estimate the second order derivative with respect to x5, we recall that Pw = f and since P is coercive
there exists a constant C' > 0 that depends on the coefficients a;; but not on ¢ such that

+
<||f||L2 Rx(0,8)) Hall H!(Rx (0, 5)))

C (lgllgrrewy + 1wl ar @x0,6)) + 1 fll22@x (0,6))) -

H 03 L2(Rx (0, 5))

Then the result is a consequence of the standard a priori estimate for ||w]| g1 (rx (0,5)) making use of the
coercivity of P. O

From the above regularity result in a strip it is now possible to obtain the same type of regularity
result in £2 \ 25 first with homogeneous mixed boundary conditions which is stated in Lemma A.2 and
then with inhomogeneous mixed boundary conditions which is stated in Lemma A.3.

LEMMA A.2 There exists a constant C' > 0 independent of ¢ such that for all f € L3(2\ ) the
unique solution w € H'(£2\ 25) of

—Aw = fin 2\ 2,

0
%:00nn
w=0on [},

satisfies the a priori estimate
HwHHZ(Q\sT;) < C”f”LZ(Q\QT)'

Proof. First from the standard a priori estimate for the Laplacian we have that
lwll g v5) < Cl L2 v (A7)

with a constant C' > 0 independent of §. To obtain H? estimates our approach is based on first locally

straighten the boundary and then apply Lemma A.1. To this end, since {2 \ 25 is a compact set, there
exists an integer n and a sequence ({2;);—1,... , of bounded and connected domains of R2 such that
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FIG. 2. Local covering of the layer

2\ 25 C U, £2; for all § sufficiently small. Moreover, we take {2; such that there exists s; > 0 and a
C*>([—s4,8i]), k = 0, function x - such that for all ¢ sufficiently small we have

(02\ 25) N 2 = {xr(s) +mv(s),Y(s,n) € (=si,8:) x (0,8)}
where z(s) € I' for s € (—s;,s;)andi = 1,--- ,n (see Figure 2). Thus for all § sufficiently small,
z— (s,n)

is a C2-diffeormorphism, where 0 = (—si,8:) x (0,9). Let (¢;)i=1,... » be a partition of unity such
that ¢; € C*°(R?), supp(¢;) C §2; and Y, ¢; = 1in 2\ £25. Hence if we define w; := ¢;w €
HY(02\ (), then

N

wll 2 nzzry < D Iwill o) (A8)
=1

and w; is compactly supported in {2;. Furthermore, w; solves

—Awi = fl in Q\ﬁg,
awi

v
w; = 0on I},

=gionT

with

fi = foi +2VwVeo; + wAgp; and g; = w(?;fj

In the following, for U € L2((£2\ 25) N £2;) and G € H*(I" N 842;) we denote by U € L2(£2;) and
G € H*((—s;,5;)) the functions defined by U :=Uoyp;and G := G o ¢;, respectively. Since the
W2 norm of ¢; and cp[l does not depend on 4 it is easy to see that there exists a constant C' > 0
independent of & such that for U € HP((£2\ 25) N £2;)

L~ ~ .
6||U||Hp(ﬁi) SN genamney) < ClU e, for all integer 0 < p < 2 (A9)

and for G € H*(I' N 9£2;)

1, ~ ~
6”G”H5((—Si,8i)) < ||G||Hs([‘na_(2i) < CHG”HS((—si,si) forall 0 < s < 2. (A.10)
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With these notations, we can now prove using the calculations developed in Section 3.2 that w; €
H(£2;) solves
Pw; = f;in 2,
(B,w;)(s,0) = gi(s) forall s € (—s;,s;), (A.1D)
w;i(s,0) = 0forall s € (—s;, $;),

where fi(s,n) := (1+nr(s))(fi o i) (s, 1), gi(s,n) := —(1+nk(s))(gi 0 i) (s, n) and P and B,, are
as in Lemma A.1 (note that the coercivity constant for P does not depend on §). Furthermore since w;,
fi and g, are equal to 0 in a vicinity of —s; and s; we can extend them by 0 into R x (0, §). For sake of
simplicity, we do not change the notations for their extension and note that these extension also satisfy
the system (A.11) for s € R. Hence we can apply Lemma A.1 to w; to obtain

|0s || 2 (R x (0,6)) < C <||§i||H1/2(R) + ||fiHL2(Rx(fsi,slﬂ)))

where C is independent of §. Using (A.9) and (A.10) in (A.8) together with our first a priori estimate
(A.7) finally proves the lemma. g

Next we obtain the same type of estimates as in Lemma A.2 for inhomogeneous boundary condition
on I'. The challenge is to show that the lifting function is bounded independently of § in appropriate
norm.

LEMMA A3 Letg € H'/2(I') and w € H'(£2 \ 25) be the unique solution of

Aw = 0in 2\ s,

ow

it T
" gonlI
w = 0on [}.

Then there exists a constant C' > 0 such that for all § > 0
”wHHQ(_Q\(T(;) < CH9||H1/2(F)~
In addition, if ||g|| g71/2(py < Cy for some Cy > 0 and all § > 0, then
1wl 2 i) 572 0
Proof. We start by building an appropriate lifting of g which equals to 0 on I'5. To this end, let us

define g; = ¢;g and its local counterpart g; using the same partition of unity and local parameterization
as in Lemma A.2. Then we can define an extension of g; to R denoted by g, by

7.(5) = {@(s) if s € [—sy, si],

0 elsewhere.

For any function G € L'(RR) let

FG(&) Zz/RG(s)e_iQ”gds and ]:_1G(S) ::/RG(Oeﬂnsgdg
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be its Fourier transform and its inverse Fourier transform, respectively. Since I is of class C? and
g € HY?(I), Plancherel’s Theorem ensure the existence of a constant C' independent of § such that

11+ &)Y Fgill L2y < Cllgllare(ry- (A.12)

For all £ € R and 5 € [0, ] let us define

Wi (67 77) =

FG;(€) ( sinh([¢](n —9))
i cosh([¢]6)

and
Wi(s,n) := (F w;)(s,n).

Then w; satisfies w;(s,d) = 0 and ‘(g; (s,0) = g;(s) in R. Moreover, there exists a constant C' > 0

independent of § such that for all (£,7) € R x (0,0) we have

2

wi(§,m)* < C(Fgi(€))*,  [€wi(&,m)]* < C(Fgi(€))*, < C(Fg;(€))°

'awl ()

Integrating the above inequalities over R x (0,0) and using (A.12) and the Plancherel’s Theorem we
have that there exists a constant C' > 0 independent of § such that

1117 (= x 0,67y < COllgl s ry-
Moreover, for all (£,71) € R x (0, §) we also have

un(e,n) = €177, T sl (L—0))

cosh(|¢]0)
Ow; cosh(|¢|(n —0))
§5, (6 = (6179 =3 T
20, _ sin
T e = I T )

Therefore

5 5 - 2
s (6. Pndé — [ 1e21Fg.)2 [ S Eln — )
| [ et niangs = [ e | e

5
_ 2 2 cosh(2[¢[(n —9)) —
= [eriEor [ O dnde

1 2T (¢)]2 sinh(|¢]J) _ 0
5 [P (|s| cosh([€]3) cosh<|§|5>2>d§

2smh(\€|5)
/ €| Fg (|€|5)d£ (A.13)

//\

//\

— . 2
LGRS
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and hence an application of (A.12) yields

s
[ 16ttt Pands < gl sy
In a similar way we obtain that

6’(1)1'

é 2
8 wl
%50 (61| s < Clglp

‘dndf CliglFrrary

with a different constant C' > 0 independent of . Hence, once more application of Plancherel’s Theo-
rem implies
”wzHH? (Rx(0,6)) S C||9HHI/2(F) (A.14)

Next assume in addition that there exists Cy > 0 such that ||g|| ;1/2(py < C for all § > 0, then for
almost every ¢ € R,
2 Slnh(IS 19)

and since h(|§|§)
2sm _ 9

the Lebesgue dominated convergence theorem with (A.13) implies that

° 4 2
[ et nians =0

In a similar way we obtain that

5 2
ow; 8 wz
5 (S,n)‘ dnd§ — 0 and &1 'dnds —0,
whence, again from the Plancherel’s Theorem,
@il Fr2 (x (0,6y) — O- (A.15)

6—0

Now we go back to the physical domain and define for z € 2\ 25

wy(z):= Y (W op;")().

jstxef;

Then w, satisfies 8;;" |r = g together with wgy|r, = 0 and using the fact that I” is of class C? and that
(w;); satisfy (A.14), we can claim that there exists a constant C' > 0 independent of ¢ such that

w2 oy < Cllalps oy (A.16)

In addition, if there exists Cy > 0 such that ||g|| g1/2(py < Cy forall § > 0, then from (A.15) we also
have that

2
ngHHQ(Q\Qi&) mo (A17)
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Finally we consider W := w — w, which solves

AW = —Aw,in 2\ 25,
%—VX =0onlr
W =0onl[jy,

Lemma A.2 states that there exists a constant C' independent of § such that

2
HW”Hz(Q\!T;) < Cqu”H%Q\(T(;)
This last estimate together with (A.16) imply the existence of a constant C' independent of § such that
Hw||H2(Q\(75) < Cllgllmrez -
and, if in addition there exists Cy > 0 such that ||g|| g1/2() < C for all § > 0, (A.17) implies
1wl 2 o\a25) 20
which ends the proof. O

Next we prove a trace theorem which displays explicit dependence on ¢ of the constant.

LEMMA é4 For k = 1,2, there exists a constant C' > 0 independent of § such that for all v €
Hk(.Q \ 95) with Ulfa =0
lollzre-s/2gry < Cllol g,

Proof. We prove the result for the domain R x (0, d) and then use the partition of unity and change of
variable introduced in the proof of Lemma A.2 to obtain the desired result. To this end, we consider an
arbitrary v € C°°(IR?) with compact support in R? and denote as before by Fu its Fourier transform
with respect to the the first variable where £ denotes the dual variable. Integrating by parts, we obtain
that

(14 €225 Fu(g,0))2 = (1 + €2)2 =12 Fy (g, 5))?

)
ph ( / (1+ f%’“*aff (€ m(1+ € Fole.n) dn>

for all £ € R. Integrating this equality along R, and using the Cauchy-Schwartz inequality and
Plancherel’s Theorem imply the existence of C' > 0 independent of § such that

(s, 0)llx-1/2(my < C ([0l rrx @ 0,6)) + 1(s, ) | r-1/2m)) -

A density argument ensures that the above estimate holds for all v € H?(R x (0, §)), and thus we obtain
the result for v whose trace is 0 on R x {¢}. O

We conclude this section with the following technical trace lemma, which was already used in the
proof of Lemma A.1

LEMMA A.5 Forany w € H'(£2\ {25) we have that

Hw”m(n\m) < 0(51/2||w“L2(F) + 5”“’”111(9\(75))7 (A.18)
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and for any function w € H?(§2 \ 25) such that w|r, = 0 we have that
[wll 12 (r) < C82 0] 203 (A.19)

where the constant C' > 0 is independent of §.

Proof. To prove (A.5) we take ¢ € C5°(R?) and using local variables in the layer to obtain

0 A
o(s,m) = ¢(s,0) +/ %(s,t) dtds  forevery n < 4,
0

where ¢ denotes the function in the new variables (s,n) (see Lemma A.2 for the definition). The
Cauchy-Schwartz inequality implies

Y 2 Y 2 2

1605, m) 2 < € (165, 0) + 6161121 (035 )
whence we obtain the desired estimate for ¢ € C5°(R?) by integrating this inequality over I" x [0, d].
A density argument gives the result for all w € H(£2\ 25).

To prove (A.19) we again take ¢ € C§°(IR?) and in a similar way as above use local coordinates in the
layer. Thus we obtain that for s € [0, s¢]

) 6%
/O 877(8’77) dn

I6llzary < © (Ilzacry) + 8218l s )

for some positive C' > 0 independent of . Similarly we also have

|65, 0)] < [6(s,8)| + <16(5,0)| + 6" 2118l s vz

which leads to

IV rollzacry < € (IVréllzacr + 02116l ) ) -

By density, the above two inequalities remain true for all w € H?(§2\ £25) and by interpolation between
L?(I") and H'(I") we obtain the desired result notting that w|r, = 0. O

B Perturbation of an Eigenvalue Problem

We recall here some known results about the convergence of eigenvalues for self adjoint, positive and
compact operators. The proof of the following fundamental result can be found in Section 3 of Oleinik
et al. (1992).

THEOREM B.1 Assume that A : H — H is a linear self-adjoint positive and compact operator on an
Hilbert space H. Let u € H be such that ||u||zz = 1 and A, » > 0 such that

[Auw — Au|lg < 7.
Then there is an eigenvalue A; of the operator A satisfying

|)\—)\Z‘ <’f’.
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Furthermore, for any r* > r there exists u* € H with |[u*||z = 1 belonging to the eigenspace
associated with all the eigenvalues of the operator A lying in [A — 7*, A + r*] that satisfies

llw —w"lm < —-

,r-*

Based on this general result, we can obtain the following lemma for the Laplace operator with
Dirichlet boundary conditions which is used in our asymptotical analysis in the main body of the paper.

LEMMA B.1 Let \; be a simple eigenvalue of the negative Laplacian with Dirichlet boundary conditions
in 2. Assume that it exists u € Hg (£2) and 7 such that

/ Vu - Vo — Nuvdz| < 7||v|m o) Yo € HY (), (B.1)
2

and
|||u||L2(Q) - 1| < T. (BZ)

Then it exists an eigenfunction u; associated with the eigenvalue \; and normalized as [|u;[|12(0) = 1
such that
||u — ui\\Hl(Q) < Cr.

for some constant C' > 0 independent of r and u.

Proof. The proof is essentially based on Theorem B.1. We define the operator A : HE(£2) — HE(£2)
by
(Au, v) 1) = (u,v) 2@y V(u,v) € H(92)

where for all (u,v) € H(£2),
(u,v) i (o) :z/ Vu - Vvdz
Q

and (u,v)r2(0) is the usual L? scalar product. Obviously A is a self-adjoint positive and compact
operator on Hg (£2), and hence it has a discrete spectrum (1/X;);=1,... oo such that

O< A< <A< r —00.

i—>00
and their associated eigenfunctions u; € H}(§2) satisfy
—Au; = \u;.
By hypothesis, the function © := u/|[u| g1 () satisfies

HAa Ala "

H(Q) h )‘iHu”H&(Q)'

Therefore, since \; is supposed to be simple, the second part of Theorem B.1 ensures the existence of
an eigenfunction u; € H} (£2) of A associated with 1/); and normalized as || | mi(2) = L. such that

~ ~ r

HUHHg(m ’



34 of 34 REFERENCES

for some constant C; > 0 that only depends on ); and on the distance between 1/); and the closest

eigenvalue of A. To end the proof we must renormalize this last inequality.
Let us introduce u; := u;/[|U;]| 2(¢2), then (B.3) gives

Hg (£2)

= will sy gy < Crr o+ [us = gy

By using the definition of u;, the second term in this expression becomes

but from (B.1) and (B.2) we have

1
Ai — ||uHilg(Q)‘ \/r

w; — [|ull gy o) ui

sy S [V Tl <

N =l | < A = Nillulle oy | + llull iy oy

<N 1= [ullzzey| 1+ lull 2oy | + rlull )

The H}-norm of u can be controlled by using (B.1) and Poincarre’s inequality:

lull gy <7+ Xiv/ Ao(L+ 7).

(B.4)

(B.5)

(B.6)

This last inequality together with (B.4), (B.5) and (B.6) give the result for a constant C' that only depends

on \g and );.

O



