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QUADRATIC ENGEL CURVES AND CONSUMER DEMAND

James Banks, Richard Blundell, and Arthur Lewbel*

Abstract—This paper presents a model of consumer demand thatdifficulty of imposing utility-derived structure (such as
consistent with the observed expenditure patterns of individual consum

in a long time series of expenditure surveys and is also able to providt,gg"t_Sky S_ymmetry) on kemel_ estimators. L
detailed welfare analysis of shifts in relative prices. A nonparametric Since incomes vary considerably across individuals and

analysis of consumer expenditure patterns suggests that Engel cuiyRsome elasticities vary across goods, the income effect for
require quadratic terms in the logarithm of expenditure. While popu

models of demand such as the Translog or the Almost Ideal Demaﬁfﬂj'v'duals at different PO'”tS in the income distribution
Systems do allow flexible price responses within a theoretically cohergfiist be fully captured in order for a demand model to
structure, they have expenditure share Engel curves that are linear inghgdict responses to tax reform usefully. Indeed, the study of
logarithm of total expenditure. We derive the complete class of integrahle lati hio b di di ' di
guadratic logarithmic expenditure share systems. A specification from t relationship between commodity expenditure an 'n'
class is estimated on a large pooled data set of U.K. households. Modztsne (the Engel curve) has been at the center of applied
that fail to account for Engel curvature are found to generate importgfficroeconomic welfare analysis since the early studies of
distortions in the patterns of welfare losses associated with a tax incregse. .
P Ehgel (1895), Working (1943), and Leser (1963). But a
complete description of consumer behavior sufficient for
I Introduction welfare analysis requires a specification of both Engel curve
CVAND models play an mporant ol n e vl 28 Pce, el constet o il e
tion of indirect tax policy reform. We argue that for_~ "~ ’
poicy g Rsaton and Muellbauer (1980), and Jorgenson et al. (1982)

many commodities, standard empirical demand models di 0l the WorkingL Engel i
not provide an accurate picture of observed behavior acrsiddies was to place the Working—Leser Engel curve specifi-

income groups. Our aim is to develop a demand model tgton within mtegrable_ consumer theory. L .
can match patterns of observed consumer behavior whild © Many commodities, however, there is increasing
being consistent with consumer theory and thereby aIIowiﬁg'dence_that the Working-Leser form underlying these
welfare analysis. s gc_lflcatlons do_es not p_rowde an accurate picture of
The distributional analysis of commodity tax policyndividual behavior. A series of empirical Engel curve
requires the accurate specification of both price and incorgildies indicates that further terms in income are required
effects. Crude utility-based demand models such as ti Some, but not all, expenditure share equations (see, for
linear expenditure system, however, impose strong af@mple, Atkinson et al. (1990), Bierens and Pott-Buter
unwarranted restrictions on price elasticities (Deaton (1974)3987), Blundell et al. (1993), Hausman, et al. (1995),
Recognition of this spawned a large literature, first of@rdle and Jerison (1988), Hildenbrand (1994), and Lewbel
flexible demand systems and later on semiparametric d#@91)). For welfare analysis we will show that if some
nonparametric specifications of demands. Except for tRemmodities require these extra terms while others do not
estimation of Engel curves, these nonparametric methd@ we find in our empirical analysis), then parsimony,
are generally series rather than kernel based (see Barnett@®i¢pled with utility theory, restricts the nonlinear term to
Jonas (1983) or Gallant and Souza (1991)) because of k@ing a quadratic in log income.
We derive a new class of demand systems that have log
income as the leading term in an expenditure share model
_ o - “and additional higher order income terms. This preserves the
ti;e(%ilt\é%derfcir, Fl’gg'g?a“o” June 27, 1995. Revision accepted for publigeyipjlity of the empirical Engel curve findings while
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both the Almost Ideal (Al) model of Deaton and Muellbaueand (Inx)2 were constants. We find that a surprising implica-
and the exactly aggregable Translog model of Jorgensortien of utility maximization is that constant coefficients are
al. (1982). Unlike these demand models, however, tmet possible in such models—the coefficients of}(fimust
quadratic logarithmic model permits goods to be luxuries aary with prices. The QUAIDS model we propose makes
some income levels and necessities at others. The empiritéd required price dependence as simple as possible.
analysis we report suggests that this is an important featureThe layout of the paper is as follows. Section Il contains

Using data from the U.K. Family Expenditure Surveyur assessment of the Engel curve relationship. In section Il
(FES), under a variety of alternative parametric and nonpée theoretical results are presented, and the restrictions
ametric estimation techniques, we are able to strongly rejgtaced on the model by consumer demand theory are
the Working—Leser form for some commaodities, while foderived. Section IV presents estimates of relative price and
others, in particular food, Engel curves do look very close tncome effects for our QUAIDS model of demand, which
being linear in log income. This analysis confirms that sharelaxes these restrictions. The restrictions are rejected, as are
equations quadratic in the logarithm of total expenditure céinear logarithmic preferences. In section V we illustrate the
provide a good approximation to the Engel relationship importance of our results for the welfare evaluation of
the raw microdata. indirect tax reform with two specific reforms which high-

It is interesting to note that Rothbarth and Engel equivéight differences in consumer behavior across goods. A brief
lence scales of the sort discussed in Deaton and Muellbasemmary and concluding comments are presented in sec-
(1986) implicitly assume that Engel curves are monotonic tion VI.
utility, and hence in total expenditures. The Engel curvature
found in our data violates this assumption. For exampldl. Assessing the Shape of the Engel Curve Relationship
Rothbarth scales may use expenditures on alcohol or adul
clothing to measure welfare. Our quadratic Engel curves for
these goods invalidate such techniques since both rich

biven the importance of the Engel relationship, we begin
analysis by providing a nonparametric description of the
poor households could have the same expenditure on th 2 kmg—Leser model. In t.h'S model each expendlture share
IS defined over the logarithm of deflated income or total

commodities, épenditure. The evidence in the raw expenditure data from

Having established the Engel curve behavior, a complﬁFl ) ) SO
demand model is estimated on a pooled FES data set us UK. FES for a quadratic extension to this linear

data from 1970 to 1986. This model produces a dat$ tionship can be seen clearly from the preliminary data

coherent and plausible description of consumer behavigpf:)zz'shg{gzigﬁdt beelgWiInA(I;PdoeL:‘gtr:) WIG; Cn;a(l;g Cﬁ;ns?sagioaz
The specific form we propose—the Quadratic Almost Ided ypes, P P

: ape of the Engel curve we use a relatively homogeneous
Demand System (QUAIDS)—is constructed so as to nest i .
Al model and have leading terms that are linear in lo pbsample taken from the 1980-1982 surveys for which

income while including the empirically necessary rank ere are two married adults with the husband employed and

quadratic term. Regularity conditions for utility maximiza®’ h‘l?hIiI;/ecrlwr;iI::%nrde?Ir(]e c?tr;dt:]gensezlétTOEarSet'serve homoaeneity of
tion, such as Slutsky symmetry, can be imposed on our P 9 y

model and are not statistically rejected. Regularity Coﬁpmposmon since we have good reason to believe that the

straints involving inequalities cannot hold globally for an hape of Engel curves is likely to vary with labor market

demand system such as ours, which allows some En s and region (see Browning and Meg_hir (19.91) and
curves to be Working—Leser, because at sufficiently hi undell et al. (1993)). It also reflects ourde_swe to pin dc_)wn
expenditure levels a budget share that is linear must shape of the Engel curve before moving to the time-

outside the permitted zero-to-one raﬁg@espite this, eries information on relative price movements In our

negative semidefiniteness of the Slutsky matrix is found [Spgated cross sectios. . .
hold empirically in the majority of the sample, with th Figure 1 presents nonparametric kernel regressions, qua-

e, . . ! A .
exceptions being the very high income households. Qratlc polynomial regressions, and pointwise conﬁdence
More specifically, letx equal deflated income, that iS,lntervals for the nonparametric Engel curves of our five

income divided by a price index. One convenient feature 8?mmod|ty groups in a three—yegr period in the middle Qf
the Al model is that the coefficients of kin the budget our sample. In all kernel regressions we use the Gaussian

share equations are constants. Our theorem 1 shows that:%ﬁ{)'/" e;\r,\;m ; g:e(as Z;ﬁﬁggﬁf&%@?ﬁ;ﬁgﬁ”ﬁ ﬁ}'}?ﬁ:ﬁ;?om'
parsimonious rank 3 extension must be quadratic ir. In gp ) 9

Given this, it would be conveniehif a rank 3 specification ;g:”t]ﬁéatllgg dazﬁzﬁéséorpgov;g? :oﬁzso?jbli a.Fr’] pro;rlfnla‘tlgarn
could be constructed in which the coefficients of bothIn urve, groups, In particu

3In addition we trim any observations that lie outside three standard
1Some globally regular demand systems do exist (Barnett and Jodasiations of the mean on either the logarithm of total expenditure or any
(1983) and Cooper and McLaren (1996), for example), but these are @lthe five commodity expenditure shares.
examples of fractional demand systems, and none with rank higher than“All computations were carried out using Gauss and the Gauss-based
have been implemented empirically. interactive kernel regression package NP-REG (see Duncan and Jones
2|t was shown by Blundell et al. (1993) to be empirically plausible.  (1992)).



QUADRATIC ENGEL CURVES AND CONSUMER DEMAND

FIGURE 1A.—NONPARAMETRIC ENGEL CURVE FORFOOD SHARES
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FIGURE 18.—NONPARAMETRIC ENGEL CURVE FORDOMESTIC FUEL SHARES
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alcohol and clothing, distinct nonlinear behavior is evidengshown in the graphs. It is only where the data are sparse and

at least in the raw data. the confidence bands relatively wide that the paths diverge.
It is interesting to focus on a comparison with the simpl€his appears to be the case for all five commodity groups

second-order polynomial fit. Some guidance to the reliab#deross the span of the data period.

ity of the quadratic approximation can be drawn from the The need for higher order terms in the Engel curve

pointwise confidence intervals (evaluated at decile point®lationship is also evident from the rank test results
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TasLE 1.—Rank TesTs FORFES DxtA 1980-1982 (see Holly (1982)). This “Wu—Hausman” technique has the
Gilland Lewbel (1992) Cragg and Donald (1995) advantage of directly testing exogeneity through the joint
significance of the two residual terms. Exogeneity of log
expenditure is strongly rejected, but the residuals on the
- 4 138490 Qo0 Adsael 2999 reduced form for the square of log expenditure (presented in
r= 2 0.004  0.997 7.784 0.100 the penultimate row of table 2) are not jointly significant.
This suggests that including the reduced-form residual on
log expenditure alone is sufficient to control for endogeneity.

presented in table 1. This test examines the maximum raffint normality of log expenditure and the Engel curve
of the coefficient matrix on a general set of incomdisturbances would be sufficient to guarantee this result. In

functions, as in Lewbel (1991). The first test uses tHi@Ure 2b we show the closeness to normality of the In

lower—diagonal-upper (LDU) Gaussian elimination decorfiStribution in our data. .
position as a basis for a nonparametric test (see Gill andTabIeZaIso presents results for the quadratic model under

Lewbel (1992)). The second test is an alternative improvgﬁis correction for end_ogeneity. These estimates differ from
distance measure related test proposed by Cragg and Dof@fiOLS results but display the same overall patterns. As a
(1995), which imposes the restriction that budget shares s{IRftl check on our specification we include higher-order
to 1. Our results refer to the 1980-1982 subset of data. TalgMS in log expenditure, which are presented in the final
1 provides values for a sequence of asymptgfictests "OW of table 2_. T_hese are al_so 10|ntly|n_5|gn|f|cant. _
against the alternative that the rank is greater thahere is As a descriptive alternative to this instrumental variable

a strong suggestion that a rank 3 relationship is required,F§gcedure, we show a more nonparametric picture of the
would be the case in our second-order polynomial. robustness of our Engel curve results. For this we consider

Detailed results (available from the authors) indicate
stability in these overall patterns across time and across FIGURE 2A.—ENGEL CURVES FORFOOD, BY FAMILY TYPE
alternative bandwidth choices for the nonparametric regres
sions. It is perhaps more important to note that the overl
picture is maintained for other demographic groups. H P
example, figure 2a shows shifts in the Engel curve for fo
as the household size varies. The overall shape is Iif
affected by variations in the choice of kernel or smoothir
parameter. Indeed, the behavior in the tails of the kerr g
regressions in figure 1 reflects low density in the data and
made more stable in figure 2a by the adoption of t
computationally more expensive adaptive kernel.

These raw data analyses should be viewed with caut
for a number of reasons. Most obviously one would exp4
additional covariates. This point is largely accounted for f
the selection of a homogeneous subsample. Possibly of n
importance are assumptions on the stochastic specifical] =, e oo o2 v o
underlying the kernel regressions. The explanatory varial Log Real Expenditure
is the logarithm of (deflated) total expenditure on the sum of
the five consumption categories. This is likely to be endog-
enous. Our first line of analysis therefore is to assess to W} 2 y ‘ : : < :
extent the rejection of linearity can be attributed to one |..
these stochastic problems. To do this we follow bo]°|
nonparametric and parametric approaches.

The ordinary least-squares (OLS) regression estimg _
corresponding to the quadratic approximation to the kerrf=|
regressions are given in table 2. As one might expect, th<|
imply similar conclusions as the plots we have alreaq”
discussed. Quadratic terms are significant for clothin
alcohol, and other goods, but linearity appears to |«
sufficient to explain expenditure shares on food and fuel. |~
allow for the possibility of endogeneity, we instrument lo}s|
expenditure and its square by log income and its square. .|
way of computing this estimator is by the inclusion of th
two reduced-form residuals in an extended OLS regress Log Expenditure

Distribution
Test Function  x2Statistic p-Value x2Statistic  p-Value
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TABLE 2.—ENGEL CURVE PARAMETERS, FES DhtA 1980-1982: S8ARE EQUATIONS

531

Food Fuel Clothing Alcohol Other
oLS
In x —0.1785 (0.0840) —0.0600 (0.0318) 0.2759 (0.0524) 0.2229 (0.0524) —0.2602 (0.1298)
In x2 0.0039 (0.0089) 0.0016 (0.0033) —0.0237 (0.0056) —0.0237 (0.0056) 0.0448 (0.0140)
Wu-Hausman
In x —0.1593 (0.0940) —0.0498 (0.0334) 0.2749 (0.0920) 0.2286 (0.0617) —0.2943 (0.1424)
In x2 0.0046 (0.0100) 0.0020 (0.0036) —0.0267 (0.0098) —0.0235 (0.0066) 0.0436 (0.0152)
Vi —0.0321 (0.0165) —0.0170 (0.0059) 0.0017 (0.0160) —0.0096 (0.0108) 0.0570 (0.0251)
Alternative Specifications
73 —0.0780 (0.0524) —0.0590 (0.0212) 0.0520 (0.0499) 0.0129 (0.0341) 0.0721 (0.0779)
In x3 —0.0135 (0.0060) 0.0023 (0.0022) —0.0035 (0.0058) 0.0127 (0.0039) 0.0020 (0.0090)

Notes: (1) Standard errors are in parentheses.
(2) The estimates in this table are the restricted estimates in which the single reduced-form residual for In expgnéliame s included.
(3) All share equations also contain age and age squared of both adults, the logarithm of relative prices, spouses’ employment status, seasonal dummies, and a constant.
(4) v, is the reduced-form residual from the prediction okJnvhere the instrument set comprises age and age squared of both adults, In income, seasonal dummies, relative prices, a price index, and a constant.
(5) The alternative specifications presented report the coefficients on two extra variables to test the sensitivity of thgisthesiesidual from the reduced form for @)?, where the instrument includes the square
of the logarithm of income. The final line presents parameters for the termxjBfivhich, when added, was jointly insignificant across equations.

the fitted value Irx based on our vector of instrumentsbeen called Price-Independent Generalized Logarithmic
Under the null hypothesis that the budget shares are at IZ8GLOG) by Muellbauer (1976), and arise from indirect
approximate|y Working_Leser’ a kernel regressio[wpq‘_)n Utility functions that are themselves linear inrtn Examples

In x would look linear even if Inc were endogenous. Under®f PIGLOG demands include Deaton and Muellbauer's
the null, the asymptotic distribution of the kernel regressidi980) Al demand system and Jorgenson et al.’s (1982)

is not affected by the estimation error inAnbecause the translog model. Since the empirical Engel curves for some

i o goods (i.e., food) look linear in Im, we consider generaliza-
convergence rate of is rootN, which is faster than that of j,ns of PIGLOG preferences.

the kernel regression. Figure 3 shows these regressions for

clothing and alcohol, assuming the reduced form fax is
linear. The kernel regressions look highly nonlinear, indicaf. Extensions of PIGLOG Preferences
ing that dependence betweenxirand the share equation : . .
errors is not responsible for the observed curvature in tQ?nT r}ﬁ;?g%s;r?feng;aéwrg gﬂ;iveergeilsnds consistent with the
Engel curves of figure 1. P 9

In summary, these preliminary data investigations suggest
two distinct features of our expenditure data. For certain Wi = A(p) + Bi(p) Inx + Ci(P)g(x) ()
goods such as food, the linear logarithmic expenditure share goodsi = 1, ... .N, wherep is the N-vector of prices,

model provides a robust description of behavior. Second, _ a(p), andA(p), Bi(p), C(p), andg(x) are differen-

certain other goods the linear model needs to be supp;feble functions.

mented_ by some other, possibly quadratic, term in IoglEquation (1) says that expenditure shares are linear in log
expenditure. . \ ; )
income and in another smooth function of incomg). The

Ci(p)g(x) term allows for the nonlinearities apparent in
figure 1 for clothing and alcohol, whereas the Engel curves

Over time and in the presence of indirect tax changabat look like PIGLOG hav€;(p) near zero.
relative prices as well as real incomes change. The analysitewbel (1991) defines the rank of any demand system to
of these changes requires a demand system that is ableéddhe dimension of the space spanned by its Engel curves.
accommodate the Engel curve shapes uncovered in Tiee rank of equation system (1) equals the rank of\the 3
previous section while allowing for data-coherent relativenatrix of Engel curve coefficients, having rows;(p):B;
price responses. The evidence of section Il suggests En@®tC;(p)] for goodsi. This matrix has three columns, so 3 is
curves that have leading terms linear in the logarithm tfe maximum possible rank of equation system (1). Exactly
income and additional higher order terms in income. Oaggregable demand systems are defined as demand systems
aim in this section is to consider utility functions that aréhat are linear in functions ah. Gorman (1981) proved that
consistent with such Engel curves. In the empirical estimdre maximum possible rank of any exactly aggregable de-
tion of section IV we check whether the resulting demanadand system (with any number of terms) is 3. The empirical
system is consistent with the price, income, and expenditedence on Engel curves indicates that observed demands
share data. are rank 3. These theoretical and empirical results together

Demands having expenditure shares that are linear in lmgggest that there would be little or no gain in adding
total expenditure (hereafter referred to asrnalone have additional terms of the forr;(p)h(x) to equation (1).

lll.  Utility Maximization and the Shape of Engel Curves
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FIGURE 3A.—R0oBUST TESTING FORLINEAR ENGEL CURVES. ALCOHOL SHARES term A is a differentiable, homogeneous function of degree
zero of prices.

02

0.

For a proof see appendix A.

Notice that when\(p) is independent of prices, the
indirect utility function reduces to a form observationally
equivalent to the PIGLOG class, which includes the Al
model and the translog model of Jorgenson et al. By Roy's
identity the budget shares are given by

9 Ina(p) aInb(p) on 1
nx) +m@

(nx? (@)

VVi_

_l’_
/' —— Kemel . dlnp dlnp

— = Polynomial \

-0.05 -0.04 -0.03 -0.02 -0.01 0.00 0O.01

T 7y i T 45 48 59 52 5+ 55 58 oo od Whichare quadratic in Im = In m — In a(p). It can be seen
Log Expenditure thatA; in equation (1) corresponds to tita In p derivative

of In a(p); similarly for B; andC;. This is precisely the Engel

curve relationship fitted on the FES data in the previous

. . . : : : : . section.

The empirical evidence on Engel curves appears to rule

1| out condition (2), since some goods, such as food, have

1| budget shares nearly linear inxrnwhereas others display

strong nonlinearities. Equation (2) would also require that

the ratio of the coefficient on (Ir)? to the coefficient on Irx

1| Dbe the same for all goods, which is clearly violated by the

j| estimates in table 2. As a result theorem 1 suggests that

1] budget shares of the form of equation (4) should be

1] considered.

Theorem 1 makes equation (1) demands satisfy homoge-

neity and symmetry. Utility maximization also imposes

‘ 1 . o , inequality constraints on the functions comprising equations

sa 34 38 ez 485 sa0 s« ss sz g (2)and(3), resulting from concavity conditions. Our strat-

Log Expenditure egy will be to estimate the demand systems without impos-
ing these inequality constraints and then check that our
estimates of the required inequalities are in the range of our

FIGURE 38.—R0BUST TESTING FORLINEAR ENGEL CURVES. CLOTHING SHARES

0.04]

— Kernel E

— — Polynomial

-0.10 -0.08 -0.06 -0.04 -0.02 0.00 0.02

The following theorem characterizes demand systems tﬁ‘&‘a-

are consistent with equation (1). CoroLLARY 1: Utility-derived demand systems in the form

TheorREM1: Al exactly aggregable demand systems in th%f equation (1) can be constructed for any regular function

form of equation (1) that are derived from utility maximizag(x)’ but all rank_ 3 exactly aggregqble utility-derived
tion either have demand systems in the form of equation (1) have g(x)

(In x)2.

Ci(p) = d(p)Bi(p) (2) 1o prove corollary 1, le6(x) = — f[xIn x + xg(x)] * dx
Then the indirect utility functionv = G(m/a(p)) + b(p)
ields rank 2 demands in the form of equation (1), as can be
rified directly using Roy’s identity. This method can be
used to construct rank 2 utility-derived equation (1) systems
for any functiong (subject only to restrictions required for
Inm—Ina(p) NG - (3) costfunction concavity and existence of the integral defining
b(p) P G, which is what is meant here by regularity). Given
theorem 1, equations (3) and (4) prove the rank 3 case of
where the term [In m-In a(p)]/b(p) is the indirect utility corollary 1.
function of a PIGLOG demand system (i.e., a system withCorollary 1 shows that confining attention to exactly
budget shares linear in log total expenditure), and the exteggregable, utility-derived equation (1) forms does not by

for some function ) (so the rankis less than 3), or they ar
rank 3 quadratic logarithmic budget share systems havi
indirect utility functions of the form

-1
InV =
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itself force the quadratic logarithmic specification. It is théheoretically and empirically acceptable must have quadratic
additional requirement that demands be rank 3 that foroesefficients that vary with prices. The QUAIDS specifica-

g(x) to equal (Inx)2. tion retains the overall form of the quadratic model in
Since rank 3 forceg(x) = (Inx)%, budget shares areBlundell etal. (1993) but introduces this price dependence in
quadratic in Ix = Inm — Ina(p) and therefore are a parsimonious way.

quadratic in Irmitself. Having proved this much, the actual

characterization of rank 3 quadratic logarithmic demands o ] ]

given in equation (3) can be readily derived from analogous V- Estimation of Income and Relative Price Effects

constructions in Howe et al. (1979) or van Daal and Merkie§ A Quadratic Almost Ideal Demand System

(1989). An additional contribution of theorem 1 is equation

(2), which shows exactly how the coefficients collapse to The analysis of the last two sections suggests that the

rank 2 when the utility function does not have the quadratit/adratic demand systems in equation (4) provide a data-

logarithmic form of equation (3). coherent structure for consumer preferences in the FES data.
Fortunately every empirical Engel curve analyzed if© construct a simple quadratic logarithmic specification

section 1l does look either linear or quadratic innand consistent with equation (3), we begin by considering

hence the observed Engel curves appear to be rank 3 andPggton and Muellbauer’s Al demand systeffhe Al model

not violate the restrictions required for utility maximizatioas an indirect utility function given by equation (3), but

that are revealed in theorem 1. with the \ term set to zero. In particular, b(p) has the
The following corollary provides another surprising implifranslog form

cation of utility maximization that is revealed by theorem 1.

n
CoroLLARY 2: No rank 3 exactly aggregable utility- Ma(P) = o+ ; o Inp
derived equation system (1) exists that has bagtph)End - @

Ci(p) independent of prices. non
2 2 yij Inpr Inp;

i=1j=1

+

NI

To prove the corollary, for each commodity set the
expressions foB;(p) and Ci(p) implied by equation (4)
equal to constants. The only solution to the resulting,q p(p) is the simple Cobb-Douglas price aggregator
expressions fob(p) and \(p) are b(p) = IpP and \(p) defined above,
proportional tob(p), which makes equation (2) hold and
therefore causes the system to collapse to rank 2. n

The Al demand system has the form of equation (1), with p(p) = H pfi. (8)
eachB; constant (that is, independent of prices) and every i=1
Ci = 0. The natural extension of the Al system would be to
let both B, and C, be constants, withC, nonzero for The Al modelis popular in part because it has budget shares
commodities being nonlinear ik budget shares, such aghat, conditional ora(p), are linear in Inp and Inx, which
alcohol and clothing. For example, Blundell et al. (1993implifies estimation. However, the analysis in section ||
obtain good fits estimating models in the form of equatioshows that the Al system, being linear inXrand rank 2,

(1), with B; andC; constant. They také; andB; to be of the requires generalization. The results of section Il show that a
Al system form, that is, demand model consistent with both the predictions of
demand theory and our empirical evidence must be rank 3

2 and have the form of equations (1) and (3).
W=o+vyinp+ > Bi;j(In X)! + error. (5) Our goal is to construct a system that is as similar as
j=1 possible to the convenient Al model while allowing for the

more general Engel curve shapes discovered in section Il. To

Unfortunately, by corollary 2B; and C; cannot both be do so, we define the indirect utility i by equation (3) with
constants for all commoditiesvhile maintaining rank 3, as

is empirically required. For demand systems in the form of n
equation (5), theorem 1 and corollary 2 show that utility \(p) = 2 Nilnp, wherez N =0. 9
maximization rather unexpectedly forces i=1 [

W= + v, Inp + By[In X + e(n X7 + error (6) Equations (3), (7), (8), and (9) together define what we call
QUAIDS. By equation (4) the corresponding expenditure
wheree is some constant, requiring that all Engel curves
have the same quadratic m*rexpendlture shares. Figure 1 s\ye could equally well work from the translog model of Jorgenson et al.
alone clearly rules out equation (6), so any model that is batles?2).
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share equation system is in section Il. The selected sample has 4785 observations
over 68 quarterly price points, and later price data at the

n appropriate aggregation are unavailable. We consider the
W = q; + E vijInp; + Biln —} system defined above for the five goods analyzed in section
=1 a(p) (10) 1l (food, fuel, clothing, alcohol, and other nondurable
N m 112 nonhousing expenditures), imposing homogeneity by ex-
+ m In % pressing all prices relative to the price of “other” goods.

To deal with the possibility of endogeneity, measurement
where the impact of demographic and other househddror, and nonnormality of errors, a generalized method of
characteristics could be allowed to enter all tefmhe Mmoments (GMM) estimation procedure is used. The system
QUAIDS model has the income flexibility and rank sugis nonlinear and estimation follows two stages. In the first
gested by the Engel curve analysis of the previous tv#age an iterated moment estimator is adopted, which
sections. it has the same degree of price flexibility as tle&ploits the conditional linearity of equation (10) givafp)
usual Al and translog models, it is as close to linearity iandb(p). That s, givera(p) andb(p), the system is linear in
parameters as theorem 1 will permit, it has the Al modgRrameters, and this suggests a natural iterative procedure
nested within it as a special case, and it has as few additiopanditioning on an updatea{p) andb(p) at each iteration.
parameters over the Al model as possible, given all thebis technique preserves the adding-up and invariance
features. properties of the system. To derive the symmetry-restricted
To calculate QUAIDS model elasticities, differentiat@stimates, the optimum minimum distance estimator was
equation (10) with respect to m and Inp;, respectively, to used at the second stage (see Blundell (1988) and Browning
obtain and Meghir (1991) for a full description of this technique).
Incidentally, if we were to consider a household in the base

W, 2\ m period when all relative prices are unity, their price index
W= Bi + b(p) In a(p) (11) In[a(p)] would simply be equal tex,, and since we require
P P real expenditure to be positive, then the minimum level of
W log real expenditure observed in the data places an upper
i . .
W = Tinp = i — oy + 2 i In Py bound on In &(p;)] and thereforey, in the base period.
i k
(12) c. Empirical Results
\iB; m )2 . .
— A inl—' . Table 3 presents the symmetry-restricted parameter esti-
b(p) [ [a(p) mates for our preferred quadratic specification. In line with

The budget elasticities are given & W+ 1. and with the evidence presented in section Ill, we restrict the coeffi-
a ositivg and a ne ative%as su y:egteclj in s’ection " forcients on the quadratic terms for the food and fuel equations
P B 9 99 to be zero. The full unrestricted model estimates are

clothing and alcohol),wlll be seento be greater than unity esented in appendix B. Given the homogeneity of our
low levels of expenditure, eventually becoming less th

unity as the total expenditure increases and the term in mple, we choose to allow only a limited number of
y b additional factors to influence preferences (i.e., age, seasonal

the charactorisics of kxies at Jow loels of ofa expendlImMIes, and a time trenc) through in equaton (10)

ture and n ities at hiah level P ouseholds are chosen to be demographically homogeneous

urea cecessiies at hign leve's. : which, given the large samples at our disposal, seems a
The uncompensated price elasticities are givereby=

W — 5 wheres: is the K ker delta. We use th reasonable way to proceed.

Hirh i, WHETeO;j 1S Ihe tronecker ceta. e Use the Table 3 clearly shows the importance of quadratic terms in

Slutsky equationgy; = _eiui + ew, 1o calculate the set of real expenditure for clothing and alcohol, as the nonparamet-
compensated elasticities;; and assess the symmetry and. ;a1 sis suggested. As we will use the Al model for
hegativity (_:onditions by examining the matrix With elem.entféomparison in the welfare analysis that follows, we report
wi[ef], which should be symmetric and negative semidefisgiimates of the corresponding Al specification in appendix
nite in the usual way. B. The diagnostics suggest that higher order price terms are
not required and also that linearity ininfor food and fuel

cannot be rejected. Moreover, in this QUAIDS specification

from the repeated cross sections of the U.K. FES for the
i _ i i LZ¥he consistency of this procedure and its asymptotic efficiency
period of 1970-1986, adopting the same sample selecnonprao%erties are described in Blundell and Robin (1996).
8 Qur choice of the parameter, follows the original discussion in
6Note that rebasing prices implies a rescaling of thg and y; Deaton and Muellbauer (1980) and is chosen to be just below the lowest
parameters. The demand system and implied welfare measures valee of Inmin our data. To check that this did not affect our results, we
invariant to such rebasing. also chose a grid of values.

B. Estimating Relative Price and Income Effects
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TABLE 3.—DEMAND SYSTEM PARAMETER ESTIMATES AND t-RATIOS

Food Fuel Clothing Alcohol Other
Constant 0.868 24.11 0.255 16.02 —-0.383 —4.33 —0.400 —6.18 0.660 5.65
PFOOD —0.103 —2.95 —0.011 —0.68 0.123 3.70 0.128 596 —0.137 —-1.20
PFUEL —0.011 —0.68 0.005 0.31 —0.018 -1.12 0.055 4.48 —0.030 —1.08
PCLOTH 0.123 3.70 —0.018 -1.12 —0.091 —2.72 —0.082 —4.10 0.068 2.50
PALC 0.128 5.95 0.055 4.48 —0.082 —4.10 —0.115 —4.80 0.014 171
POTHER —0.137 -1.20 —0.030 —1.08 0.068 2.50 0.014 171 0.085 0.11
TREND 0.010 0.84 —0.003 —0.60 —0.009 -0.71 0.005 0.69 —0.003 0.19
S1 —0.003 —0.95 0.006 4.74 —0.006 —-1.87 —0.005 —2.41 0.008 1.56
S2 —0.002 —0.65 —0.003 —1.84 —0.008 —2.39 —0.003 -1.27 0.016 3.07
3 —0.007 -2.13 —0.011 —7.60 0.003 0.84 —0.002 —-0.74 0.017 3.26
AGE 0.010 10.29 0.006 14.84  —0.004 —4.36 —0.006 —9.47 —0.054 —38.57
AGE? —0.000 —0.52 —0.002 —4.44 0.002 2.65 0.001 1.02  -0.001 -0.71
Inx —0.125 —21.34 —0.035 —14.85 0.184 5.71 0.173 713 —-0.197 —4.87
(Inx)2 — — —0.018 —5.24 —0.017 —6.52 0.034 8.09
V1 —0.029 —4.32 —0.007 —2.51 0.028 4.28 —0.009 —2.16 0.017 171

Symmetry test= 12.54 x2(6, 0.975)= 14.45
Linearity test = 7.29 x2(2,0.975)= 7.38
Cubic test =24.65 X316, 0.975)= 28.85

Notes: (1) All prices are in logarithms.

(2) Sample selection is married couples without children living in London and the South East.

(3) Invy is the (Wu—Hausman) reduced-form residual from the regressionxadirthe instrument set (see section I1).

(4) The cubic test is a Wald test of the hypothesis that cubic terms in prices are jointly insignificant in the regression of the (unrestricted) residuals on RHS variables and higher order (cubed) price terms.

(5) The linearity test reports the test statistic for our restricted model with linear Engel curves for food and fuel against the alternative of quadratic Engel curves in all five commodity groups.

(6) Instruments for Ix in all equations were age and age squared of both adults, tenure, durable ownership dummies, interest rates, trend and higher order trend terms, smoker and white-collar dummies, prices
(including durables and housing), normal household income and income squared, and interactions of prices and incomes.

rejectec® Comparison of table 3 and table B.2 in appendix Bheasures for an example indirect tax reform. As a compari-
(which presents symmetry-restricted but not linearityson model we use the popular Al model (in which all
restricted results) reveals that the imposition of linearity fequadratic terms in Ix are omitted) estimated on the same
food and fuel does not seriously affect any other parameteksta. The reform we consider is the imposition of a 17.5%
in the system. sales tax on clothing. While this is certainly a large price
In figure 4 we present a nonparametric residual analysisange, it is not inconsistent with those price changes that
with 95% confidence bands for our preferred specificatigiiould occur if a sales tax were added to a good not
for the food and alcohol equations under all the preferenggeviously taxed. In the United Kingdom the current rate of
restrictions. If our specification is appropriate, this nonpargalue-added taxation (VAT) is 17.5%, and children’s cloth-
metric regression should lie close to the horizontal axis. Thqg and footwear are among the goods that are not currently
estimates suggest that our QUAIDS Al specification of tablg hject to this tax (although our “clothing” category in-
3 is not missing any serious systematic nonlinearities in thg,des adult clothing, which currently is subject to VAT). In
Engel curve. Similar patterns are observed in the residuglse|ated paper we consider, for the same reform, how
for the fuel, clothing, and *other” categories. welfare analysis based on first- and second-order approxima-

Finally, before moving to the welfare analysis of indirecfiong to demand responses differs from that based on the full
tax reform, we report the elasticities in table 4. Thes§ a|ps estimates (Banks et al. (1996)).

elasticities are calculated for each household individuall
and then a weighted average is constructed, with the weig

being equal to the household’s share of total sam ?)_(9), both before and after the reform. We plot the

ex_pendﬁur_e_for the fe'e"?‘”t good. Uncompensated oL ompensating variations, given by the difference in cost
price elasticities are negative for all goods at all percem"?usnctionsc( 1719 — (0, 2, uP) for each household in the
of the total expenditure distribution. In addition, we computﬁenal car oﬁ: (,)u’r data Tﬂe,sé are positive for every point in
Slutsky matrices to examine concavity in the domain of our ) gata indicating .that cach Eousehold expeyriznces a

sample. The few violations we found were among the ve . i . .
elfare loss as a result of the price rise. First we plot in

highest spending households. figure 5 the welfare losses for the QUAIDS specification (in
pounds per week) against the households’ total expenditures.
All households suffer positive utility losses, and these losses
One of the main motivations for estimating demanghcrease with total expenditure, as would be expected.
systems is to facilitate welfare analysis. In what follows we |n ﬁgure 6 we indicate the “biases” obtained when the Al
use our estimated model to calculate some simple welfaf@del is estimated on the same data. This figure plots the

, difference between the Al welfare loss and the QUAIDS
%In a smaller U.K. data set, Lewbel (1995) finds that the results of

symmetry testing using the QUAIDS model agree with a fully nonparamé’l}lelfare loss for each household as a Pmpomon of that
ric symmetry test. household’'s QUAIDS welfare loss. The figure shows that,

' Using the parameters estimated above we can calculate
direct utilities from the functional form in equations

V. Welfare Analysis and Indirect Tax Reform
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FIGURE 4A.—A RESIDUAL ANALYSIS OF THE QUADRATIC SPECIFICATION FOR
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FIGURE 5.—WELFARE Loss QUAI MoDEL, 17.5% Tx oN CLOTHING
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for this reform, the Al modelinderstateshe welfare losses
for the majority of the distribution and overstates the welfare
losses for the richer (and the very poorest) households, a

0.02 0.03

0.0t

result that is consistent with the Al model not allowing
adequate curvature in the Engel curve for clothing. Indeed,
looking at reforms to goods with linear Engel curves does
not produce nearly such pronounced patterns.

VI.  Summary and Conclusions

This paper was motivated by the need to provide an

g accurate analysis of the welfare cost of indirect tax reform.
s T e--TTTTTTT Tt ) Analyses of household budget surveys have pointed to more
= e TTTeTTT N curvature in the Engel curve relationship than is permitted
o 11 by the standard Working—Leser form. Our aim was to
o’ provide a detailed assessment of this result and to consider
= .2 Y " 5B 52 =4 the appropriate form of preferences that support generaliza-
Log Expenditure tions in the shape for the Engel curve relationship. This is
TABLE 4.—ESTIMATED DEMAND ELASTICITIES
Food Fuel Clothing Alcohol Other
Compensated
Food —0.7817 (0.15) 0.1068 (0.06) 0.2919 (0.13) 0.2914 (0.08) 0.0888 (0.11)
Fuel 0.4653 (0.29) —0.7669 (0.22) —0.4590 (0.29) 0.6330 (0.19) 0.1274 (0.29)
Clothing 1.0423 (0.41) —0.3805 (0.17) —0.9606 (0.42) 0.0571 (0.23) 0.2419 (0.34)
Alcohol 1.5341 (0.42) 0.7588 (0.21) 0.0580 (0.41) —1.6492 (0.44) —0.7017 (0.59)
Other 0.0490 (0.06) 0.0163 (0.03) 0.0390 (0.07) —0.0769 (0.06) —0.0277 (0.10)
Uncompensated
Food —0.9593 (0.16) 0.0657 (0.06) 0.2474 (0.13) 0.2641 (0.08) —0.1860 (0.12)
Fuel 0.3130 (0.31) —0.8040 (0.21) —0.4946 (0.29) 0.6087 (0.19) —0.0988 (0.31)
Clothing 0.7129 (0.44) —0.4546 (0.17) —1.0535 (0.41) —0.0075 (0.23) —0.3358 (0.39)
Alcohol 1.1543 (0.44) 0.6720 (0.21) —0.0441 (0.40) —1.7212 (0.44) —1.3397 (0.64)
Other —0.3621 (0.07) —0.0641 (0.03) —0.0620 (0.07) —0.1491 (0.05) —0.6831 (0.11)
Budget Mean Shares
Food 0.5680 (0.11) 0.2968
Fuel 0.4753 (0.20) 0.0675
Clothing 1.1388 (0.38) 0.0800
Alcohol 1.2786 (0.38) 0.0549
Other 1.2605 (0.09) 0.5007

Note: Standard errors are in parentheses.
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FIGURE 6.—BIAS IN WELFARE Loss FROMUSING THEAI M ODEL The use of semiparametric or nonparametric methods as
. , , . . . . . . an alternative solution to this problem will often be impracti-
. cal. Kernel-based methods are not amenable to having
s Slutsky symmetry imposed on them. Series-based semipara-
o] metric models have numbers of parameters that increase
. 1| explosively with the number of terms in the expansion, and
+ restrictions on homogeneity and Slutsky symmetry prevent
s adding income parameters without also adding price param-
o 1] eters. Finally, nonparametric analyses of Engel curves and of
residuals from the parametric QUAIDS model indicate that
L o oy Ft 1| the QUAIDS is adequate, so no additional semiparametric
BRI A A 43§§?**“’ terms are required. However, if desired in contexts having
substantially more than the usual amount of price variation,
10 495 a4 a8 23 5o 52 52 585 58 sd expansionterms could be appended to the QUAIDS specifi-
Log of Real Expenditure Cation.
Our results indicate that studies based on Al or translog
preferences will badly misspecify the distribution of welfare

shown to be restricted to a class of quadratic logarithmieSSes by failing to model Engel curvature correctly. The
models. Given the importance of such models in understargPPirical findings on the shape of Engel curves also show
ing the impact of indirect tax reform, we consider ththat welfare calculations based on Engel or Rothbarth scales

significance of our results in measuring the distribution RUSt be invalid, since such scales require that Engel curves
welfare gains for an indirect tax reform for the United®® monotonic in utility, and hence in total expenditures. For
Kingdom. example, many Rothbarth scales use expenditures on alco-

It seems clear that we can reject the linear Working—Led2®! O clothing to measure welfare. Our empirical findings
form for certain commodity groups in the U.K. pesindicate that rich or poor households alike may have equal

although it is equally clear that for certain items, ifXPenditures or budget shares on these goods.
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APPENDIX B
TABLE B.1.—UNRESTRICTED ESTIMATES OF QUAI M ODEL
Food Fuel Clothing Alcohol
INTERCEP 1.18634 (0.1073) 0.25747 (0.0426) —0.43553 (0.1049) —0.39579 (0.0708)
PFOOD —0.20752 (0.0582) 0.00671 (0.0231) 0.05660 (0.0569) 0.10548 (0.0384)
PFUEL —0.05564 (0.0407) —0.00328 (0.0162) 0.01605 (0.0398) 0.06259 (0.0268)
PCLOTH 0.20247 (0.0550) —0.03374 (0.0219) —0.04032 (0.0538) —0.05403 (0.0363)
PALC 0.16169 (0.0395) 0.06263 (0.0157) —0.16410 (0.0386) —0.10969 (0.0261)
TREND 0.00860 (0.0166) —0.00673 (0.0066) —0.00277 (0.0163) 0.01438 (0.0110)
SPRING —0.00292 (0.0034) 0.00624 (0.0013) —0.00528 (0.0033) —0.00530 (0.0022)
SUMMER —0.00215 (0.0034) —0.00245 (0.0014) —0.00822 (0.0034) —0.00292 (0.0023)
AUTUMN —0.00725 (0.0036) —0.01027 (0.0014) 0.00171 (0.0035) —0.00215 (0.0023)
AGE 0.00972 (0.0010) 0.00564 (0.0004) —0.00402 (0.0009) —0.00598 (0.0006)
AGE? —0.00055 (0.0009) —0.00165 (0.0004) 0.00246 (0.0009) 0.00062 (0.0006)
In x —0.25719 (0.0419) —0.03351 (0.0167) 0.19981 (0.0410) 0.16438 (0.0277)
In x? 0.01368 (0.0043) —0.00011 (0.0017) —0.01942 (0.0042) —0.01562 (0.0029)
Vi —0.02795 (0.0067) —0.00698 (0.0027) 0.02765 (0.0066) —0.00930 (0.0044)

Notes: (1) Standard errors are in parentheses.
(2) Instruments in all equations were age and age squared of both adults, tenure, durable ownership dummies, interest rates, trend and higher order trend terms, smoker and white collar dummies, prices (including
durables and housing), normal household income and income squared, and interactions of prices and incomes.

TABLE B.2.—SYMMETRY RESTRICTED MINIMUM -DISTANCE ESTIMATES

Food Fuel Clothing Alcohol
PFOOD —0.16030 (0.041)
PFUEL —0.01491 (0.018) 0.00445 (0.014)

PCLOTH 0.15760 (0.036) —0.01626 (0.012) —0.11995 (0.035)
PALC 0.14359 (0.022) 0.05485 (0.013) —0.09948 (0.020) —0.11498 (0.024)
In x —0.22234 (0.036) —0.03948 (0.015) 0.21132 (0.033) 0.18011 (0.023)
In x2 0.01020 (0.005) —0.00058 (0.002) —0.02053 (0.003) —0.01719 (0.003)

Note: Standard errors are in parentheses.
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TABLE B.3.—UNRESTRICTED ESTIMATES FORALMOST IDEAL MODEL

Food Fuel Clothing Alcohol

INTERCEP 0.8850 (0.0427) 0.2618 (0.0169) 0.0067 (0.0418) —0.0383 (0.0282)
PFOOD —0.0756 (0.0505) 0.0177 (0.0200) —0.0759 (0.0494) —0.0023 (0.0334)
PFUEL —0.0474 (0.0406) —0.0032 (0.0161) 0.0043 (0.0398) 0.0529 (0.0269)
PCLOTH 0.0766 (0.0503) —0.0488 (0.0200) 0.0640 (0.0492) 0.0317 (0.0333)
PALC 0.0604 (0.0357) 0.0493 (0.0142) —0.0853 (0.0350) —0.0447 (0.0236)
TREND 0.0097 (0.0167) —0.0064 (0.0066) —0.0029 (0.0163) 0.0143 (0.0110)
SPRING —0.0030 (0.0034) 0.0062 (0.0013) —0.0050 (0.0033) —0.0051 (0.0022)
SUMMER —0.0019 (0.0034) —0.0024 (0.0014) —0.0083 (0.0034) —0.0030 (0.0023)
AUTUMN —0.0071 (0.0036) —0.0102 (0.0014) 0.0016 (0.0035) —0.0022 (0.0024)
AGE 0.0098 (0.0010) 0.0056 (0.0004) —0.0041 (0.0009) —0.0060 (0.0006)
AGE? —0.0006 (0.0009) —0.0016 (0.0004) 0.0024 (0.0009) 0.0005 (0.0006)
In x —0.1284 (0.0060) —0.0350 (0.0024) 0.0135 (0.0059) 0.0142 (0.0040)
Vi —0.0247 (0.0067) —0.0064 (0.0027) 0.0275 (0.0066) —0.0089 (0.0045)

Note: (1) Standard errors are in parentheses.
(2) Parameters for “other goods” not reported.

TABLE B.4.—E.ASTICITIES OF ALMOST IDEAL SYSTEM

Food Fuel Clothing Alcohol
Compensated
Food —0.5845 (0.12) 0.1392 (0.06) 0.1822 (0.11) 0.1507 (0.07)
Fuel 0.6095 (0.26) —0.7507 (0.22) —0.4599 (0.25) 0.6064 (0.18)
Clothing 0.6473 (0.39) —0.3703 (0.20) —1.2813 (0.40) —0.0643 (0.23)
Alcohol 0.7730 (0.35) 0.7100 (0.21) —0.0931 (0.34) —1.6230 (0.39)
Uncompensated
Food —0.7620 (0.13) 0.0981 (0.06) 0.1405 (0.11) 0.1210 (0.07)
Fuel 0.4596 (0.27) —0.7873(0.22) —0.4911 (0.24) 0.5830 (0.18)
Clothing 0.3158 (0.42) —0.4449 (0.20) —1.3820 (0.39) —0.1319 (0.23)
Alcohol 0.4142 (0.37) 0.6282 (0.21) —0.1970 (0.33) —1.6962 (0.38)
Budget
Food 0.5577 (0.02)
Fuel 0.4534 (0.04)
Clothing 1.1946 (0.08)
Alcohol 1.2718 (0.08)

Notes: (1) Standard errors are in parentheses.
(2) Parameters for “other goods” not reported.
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