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Abstract
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imperfect public monitoring, Cripps, Mailath, and Samuelson (2004)
showed that an informed player facing short-lived uninformed oppo-
nents cannot maintain a permanent reputation for playing a strategy
that is not part of an equilibrium of the game without uncertainty
over types. This paper extends that result to games in which the unin-
formed player is long-lived and has private beliefs, so that the informed
player’s reputation is private.
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1 Introduction

Reputation games capture settings in which a long-lived player benefits from
the perception that her characteristics may be different than they actually
are. Reputation effects arise most cleanly when a long-lived player faces
a sequence of short-lived players who believe the long-lived player might
be committed to the stage-game “Stackelberg” action. In such a setting,
the Stackelberg payoff provides a lower bound on the long-lived player’s
average payoff, provided she is sufficiently patient (Fudenberg and Levine
(1989), Fudenberg and Levine (1992)). In an earlier paper (Cripps, Mailath,
and Samuelson (2004)), we showed that if monitoring is imperfect and the
reputation of the long-lived player is public, meaning that the public signals
allow the long-lived player to infer the short-lived players’ beliefs about the
long-lived player’s type, then reputation effects disappear. Almost surely,
the short-lived player eventually learns the type of the long-lived player.

Many long-run relationships involve two (or more) long-lived players.
Reputation effects arise in this setting as well, and can be more powerful
than when the uninformed player is short-lived. Intertemporal incentives can
induce the uninformed agent to choose actions even more advantageous to
the informed long-lived player than the myopic best reply to the Stackelberg
action (Celentani, Fudenberg, Levine, and Pesendorfer (1996)).

In this paper, we show that reputations also disappear when the unin-
formed player is long—livedﬂ When considering long-lived uninformed play-
ers, it is natural for the analysis to encompass private reputations: the
actions of both players are not only imperfectly monitored, but the moni-
toring need not have the special structure required for the informed player
to infer the uninformed player’s beliefs. Instead, the uninformed player’s
beliefs depend critically on her own past actions, which the informed player
cannot observe

In our analysis, the long-lived informed player (player 1) may be a
commitment type that plays an exogenously specified strategy or a nor-
mal type that maximizes expected payoffs. We show that if the commit-
ment strategy is mot an equilibrium strategy for the normal type in the

! Cripps, Mailath, and Samuelson (2004, Theorem 6) is a partial result for the case of a
long-lived uninformed player whose beliefs are public. That result is unsatisfactory in that
it imposes a condition on the behavior of the long-lived uninformed player in equilibrium.
See footnote [4| for more details.

2For example, the inferences a firm draws from market prices may depend upon the
firm’s output choices, which others do not observe. Because private reputations arise when
the uninformed player observes his own past actions, they occur most naturally with a
single, long-lived uninformed player rather than a sequence of short-lived players.
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complete-information game, then in any Nash equilibrium of the incomplete-
information repeated game, almost surely the uninformed player (player 2)
will learn that a normal long-lived player is indeed normal. Thus, a long-
lived player cannot indefinitely maintain a reputation for behavior that is
not credible given her type.

Establishig such a result for the case of public reputations and short-
lived uninformed players is relatively straightforward (Cripps, Mailath, and
Samuelson (2004)). Since monitoring is imperfect, deviations from equilib-
rium play by player 1 cannot be unambiguously detected by player 2, pre-
cluding the trigger-strategy equilibria that support permanent reputations
in perfect-monitoring games. Instead, the long-run convergence of beliefs
ensures that eventually any current signal of play has an arbitrarily small
effect on player 2’s beliefs. When reputations are public, player 1 eventually
knows that player 1’s beliefs have nearly converged and hence that play-
ing differently from the commitment strategy will incur virtually no cost in
terms of altered beliefs. But the long-run effect of many such deviations
from the commitment strategy would be to drive the equilibrium to full rev-
elation. Public reputations can thus be maintained only in the absence of
incentives to indulge in such deviations, that is, only if the reputation is for
behavior that is part of an equilibrium of the complete-information game
corresponding to the long-lived player’s type.

The situation is more complicated in the private-reputation case, where
player 2’s beliefs are not known by player 1. Now, player 1 may not know
when deviations from the commitment strategy have relatively little effect on
beliefs and hence are relatively costless. Making the leap from the preceding
intuition to our main result thus requires showing that there is a set of
histories under which player 2’s beliefs have nearly converged, and that
player 1 is eventually relatively certain player 2 has such beliefs.

In general, one cannot expect player 1’s beliefs about player 2’s beliefs
to be very accurate when the latter depend on private histories. A key step
in our proof is to show that whenever player 2’s private history induces him
to act as if he is convinced of some important characteristic of player 1,
eventually player 1 must become convinced that such a private history did
indeed occur. In particular, if this private history ensured that player 2 is
almost convinced that he faces a commitment type, and acts on this belief,
then this eventually becomes known to player 1.

As in the case where player 1’s reputation is public, the impermanence of
reputation also arises at the behavioral level. Asymptotically, continuation
play in every Nash equilibrium is a correlated equilibrium of the complete-
information game.
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For expositional clarity, this paper considers a long-lived informed player
who can be one of two possible types—a commitment and a normal type—
facing a single long-lived uninformed player, in a game of imperfect public
monitoring. The argument of Cripps, Mailath, and Samuelson (2004, Section
6.1) can be used to extend our results to many possible commitment types.
The final section of this paper explains how our results can be extended to
the case of private monitoring (where reputations are necessarily private).

Our analysis subsumes a private-reputation model with a sequence of
short-lived uninformed players. In several places, the arguments for the
latter case are simpler and considerably more revealing, primarily because we
can then restrict attention to simpler commitment strategies. Accordingly,
where appropriate, we give the simpler argument for short-lived uninformed
players as well as the more involved argument for the long-lived uninformed
player.

2 The Complete-Information Game

We begin with an infinitely repeated game with imperfect public monitoring.
The stage game is a two-player simultaneous-move finite game of public
monitoring. Player 1 chooses an action i € {1,2,...,I1} = I and player 2
chooses an action j € {1,2,...,J} = J. The public signal, y, is drawn
from the finite set Y. The probability that y is realized under the action
profile (i,7) is given by pfj The ex post stage-game payoff to player 1
(respectively, 2) from the action i (resp., j) and signal y is given by f1(,y)
(resp., f2(j,y)). The ex ante stage game payoffs are w1 (i, j) = >, f1 (i, y) pfj
and 72 (i, 5) = 3_, f2 (4,y) pi-

We assume the public signals have full support (Assumption , SO every
signal y is possible after any action profile. We also assume that with suf-
ficiently many observations, either player can correctly identify, from the
frequencies of the signals, any fixed stage-game action of their opponent

(Assumptions [2| and [3).
Assumption 1 (FULL SUPPORT) p%'j >0 forall (i,j) eI xJandy €Y.

Assumption 2 (IDENTIFICATION OF 1) For all j € J, the I columns in
the matriz (P?j)er,ieI are linearly independent.

Assumption 3 (IDENTIFICATION OF 2) For all i € I, the J columns in
the matrix (p?j)yexjg are linearly independent.
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The stage game is infinitely repeated. Player 1 (“she”) is a long-lived
player with discount factor §; < 1. Player 2 (“he”) is either short-lived,
in which case a new player 2 appears in each period, or is also long-lived,
in which case player 2’s discount factor d, may differ from 6. Each player
observes the realizations of the public signal and his or her own past actions.
(If player 2 is short-lived, he observes the actions chosen by the previous
player 2’s). Player 1 in period ¢ thus has a private history, consisting of the
public signals and her own past actions, denoted by hi; = ((i0, v0), (41, ¥1),
o (—1,y—1)) € Hyy = (I x Y)'. Similarly, a private history for player 2
is denoted hay = ((jo, o), (51, 41),- -+ (Jt—1,9¢-1)) € Ho = (J x Y)". The
public history observed by both players is the sequence (yo,y1,-..,%—1) €
Y. The filtration on (I x J x Y)* induced by the private histories of player
¢ = 1,2 is denoted {Hep};2,, while the filtration induced by the public
histories (yo, Y1, ..., Yt—1) is denoted {H:}52,.

In Cripps, Mailath, and Samuelson (2004), we assumed that the public
signal included player 2’s action. This ensures that player 1 knows every-
thing player 2 does, including player 2’s beliefs. Here, only player 2 observes
his action, breaking the link between 2’s beliefs and 1’s beliefs about those
beliefs.

The long-lived players’ payoffs in the infinite horizon game are the av-
eraged discounted sum of stage-game payoffs, (1 —d¢) > 72 077¢(ir, jr) for

= 1,2. The random variable my; denotes average discounted payoffs in
period t,

oo
Tt = (1 - 5@) Z 5;7t7rf(i'r7j'r)' (1)
T=t
If player 2 is short-lived, the period-t player 2 has payoffs ma(i¢, j).
A behavior strategy for player 1 (respectively, 2) is amap, o1 : Ui Hyy —
AT (resp., oo : UX oHot — A7), from all private histories to the set of distri-
butions over current actions. For £ = 1,2, o, defines a sequence of functions
{own}i2o with o1y : Hiy — AT and o9 : Hyy — A7, Each function oy denotes
the t*® period behavior strategy of ;. The strategy profile ¢ = (01, 03) in-
duces a probability distribution P? over (I x J x Y)®. Let E7[ - | Hy]
denote player ¢’s expectations with respect to this distribution conditional
on Hy;.
A Nash equilibrium for the case of two long-lived players requires player
0’s strategy to maximize the expected value of myg, the discounted value of
payoffs in period zero:

Definition 1 A Nash equilibrium of the complete-information game with
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a long-lived player 2 is a strategy profile o = (01,02) such that E°[mg] >
E@v92)[110] for all o, and E°[ma] > E192)[my] for all o,

This requires that under the equilibrium profile, player £’s strategy max-
imizes continuation expected utility after any positive-probability history.
For example, for player 1, E%[ry|His] > E172) ;| Hy;] P7-almost surely
for all o) and all . The assumption of full-support monitoring ensures that
all histories of public signals occur with positive probability, and hence must
be followed by optimal behavior in any Nash equilibrium (with long-lived
or short-lived player 2’s, and complete or incomplete information). Con-
sequently, any Nash equilibrium outcome is also the outcome of a perfect
Bayesian equilibrium.
For future reference, when player 2 is long-lived,

BR(01) = {02 : E%[ma0] > E\7172) 0] Yo}

is the set of player 2’s best replies to o1 in the game with complete infor-
mation.

When player 2 is short-lived, in equilibrium, player 2 plays a best re-
sponse after every equilibrium history. Player 2’s strategy oo is then a best
response to o7 if, for all ¢,

E[ ma(it, i) | Hae] > E7[ ma(ir, J) | Hal, Vj€eJ Pl-as.

Denote the set of such best responses by BR%(c1). The definition of a Nash
equilibrium for this case is:

Definition 2 A Nash equilibrium of the complete-information game with
a short-lived player 2 is a strategy profile o = (01,02) such that E%[m19] >
E©@192)[714] for all o) and o9 € BRS(01).

3 The Incomplete-Information Game: Disappear-
ing Reputations

We now perturb the complete-information game by introducing incomplete
information about the type of player 1. At time t = —1, Nature selects a
type of player 1. With probability 1 — pg > 0, she is the “normal” type,
denoted by n and with the preferences described above, who plays a repeated
game strategy 1. With probability pg > 0, she is a “commitment” type,
denoted by ¢, who plays the repeated game strategy ;.
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A state of the world in the incomplete information game, w, is a type
for player 1 and sequence of actions and signals. The set of states is ) =
{n,c} x (I x J xY)>®. The prior py, the commitment strategy &1, and
the strategy profile 6 = (61,02), jointly induce a probability measure P
on {2, which describes how an uninformed player expects play to evolve.
The strategy profile ¢ = (61,02) (respectively, 6 = (61,02)) determines a
probability measure P (resp., 15) on (), which describes how play evolves
when player 1 is the commitment (resp., normal) type. Since P and P
are absolutely continuous with respect to P, any statement that holds P-
almost surely, also holds P- and P-almost surely. We use E(71. 1o2)[. ]
to denote expectations taken with respect to the measure P. This will
usually be abbreviated to E[- | except where it is important to emphasize
the dependence on the strategies. Also, where appropriate, we use E [- ] and
E[-] to denote the expectations taken with respect to P and P instead of
E©192)[. ] and E©192)[.]. The filtrations {H}2, and {H;}52, will be
viewed as filtrations on € in the obvious way.

The normal type of player 1 has the same objective function as in the
complete-information game. Player 2, on the other hand, uses the informa-
tion he has acquired from his time ¢ private history to update his beliefs
about player 1’s type and actions, and then maximizes expected payoffs.
Player 2’s posterior belief in period ¢ that player 1 is the commitment type
is the Hgi-measurable random variable P(c|Hg) = pr : © — [0,1]. By
Assumption [I} Bayes’ rule determines this posterior after all histories. At
any Nash equilibrium of this game, the belief p; is a bounded martingale
with respect to the filtration {Ha:}; and measure P. It therefore converges
P-almost surely (and hence P- and P-almost surely) to a random vari-
able po, defined on 2. Furthermore, at any equilibrium the posterior p; is
a P—submartmgale and a P-supermartingale with respect to the filtration

{H2t}t-

3.1 Uninformed Player is Short-Lived

When player 2 is short-lived, and we are interested in the lower bounds
on player 1’s ex ante payoffs that arise from the existence of “Stackelberg”
commitment types (as in Fudenberg and Levine (1992)), it suffices to con-
sider commitment types who follow “simple” strategies. Consequently, when
player 2 is short-lived, we assume &1 specifies the same (possibly mixed) ac-
tion ¢; € A’ in each period independent of history (cf. Definition 4| below).

If ¢1 is part of a stage-game equilibrium, reputations need not disappear—
we need only consider an equilibrium in which the normal and commitment
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type both player <1, and player 2 plays his part of the corresponding equi-
librium. We are interested in commitment types who play a strategy that
is not part of a stage-game equilibriumﬁ

Assumption 4 (NON-CREDIBLE COMMITMENT) Player 2 has a unique
best reply to <1 (denoted ¢3) and ¢ = (s1,52) is not a stage-game Nash
equilibrium.

Since ¢o is the unique best response to <1, ¢o is pure and BRS(&l) is
the singleton {G2}, where 4 is the strategy of playing ¢o in every period.
Assumption implies that (61, 2) is not a Nash equilibrium of the complete-
information infinite horizon game.

Definition 3 A Nash equilibrium of the incomplete-information game with
short-lived uninformed players is a strategy profile (61,02) such that for all
ol,jeJandt=0,1,..,

E [m10]
E[ 72 (it, j¢) | Hatl

E@192) [110] ) and

>
> B[ ma(is, j) | Hal, P—a.s.

Our main result, for short-lived uninformed players, is that reputations
for non-equilibrium behavior are temporary:

Theorem 1 Suppose the monitoring distribution p satisfies Assumptions|l],
(3, and[3 and the commitment action 1 satisfies Assumption[4) In any Nash
equilibrium of the incomplete-information game with short-lived uninformed
players, p; — 0 P-almost surely.

3.2 Uninformed Player is Long-Lived

When player 2 is long-lived, non-simple Stackelberg types may give rise to
higher lower bounds on player 1’s payoff than do simple types. We accord-
ingly introduce a richer set of possible commitment types, allowing arbitrary
public strategies.

Definition 4 (1) A behavior strategy oy, £ = 1,2, is public if it is measur-
able with respect to the filtration induced by the public signals, {H},.
(2) A behavior strategy oy, £ = 1,2, is simple if it is a constant function.

31f player 2 has multiple best responses, it is possible to construct equilibria of the
complete information game in which player 1 always plays ¢; in each period, irrespective
of history, even if ¢; is not part of a stage-game equilibrium (for an example, see Cripps,
Mailath, and Samuelson (2004, Section 2)).
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A public strategy induces a mixture over actions in each period that only
depends on public histories. Any pure strategy is realization equivalent to a
public strategy. Simple strategies, which we associated with the commitment
type in Section play the same mixture over stage-game actions in each
period, and hence are trivially public.

Allowing the commitment type to play any public strategy necessitates
imposing the noncredibility requirement directly on the infinitely repeated
game of complete information. Mimicking Assumption {4} we require that (i)
player 2’s best response 2 be unique on the equilibrium path and (4i) there
exists a finite time 7° such that, for every ¢t > T°, a normal player 1 would
almost surely want to deviate from &1, given player 2’s best response. That
is, there is a period-t continuation strategy for player 1 that strictly increases
her utility. A strategy &1 satisfying these criteria at least eventually loses
its credibility, and hence is said to have “no long-run credibility.”

Definition 5 The strategy 61 has no long-run credibility if there exists T°
and €° > 0 such that, for everyt > T°,
(1) 69 € BRY(61) implies that with P%v92) _probability one, 644 is pure
and
E° [ Tt ‘ Hoy ] > E(&l’aé) [ Tt | Hoy ] + £°,

for all ob attaching probability zero to the action played by 69:(hat) after
P1.52)_qlmost all hoy € Hoy, and
(2) there exists &1 such that, for 69 € BRF(61), P%v92) _almost surely,

E@22) [y | Hy | > E° [y | Hae | + €.

This definition captures the two main features of Assumption[d, a unique
best response and absence of equilibrium, in a dynamic setting. In partic-
ular, the stage-game action of any simple strategy satisfying Definition
satisfies Assumption In assuming the best response is unique, we need
to avoid the possibility that there are multiple best responses to the com-
mitment action “in the limit” (as ¢ gets large). We do so by imposing a
uniformity condition in Definition [5}1, that inferior responses reduce payoffs
by at least 50E| The condition on the absence of equilibrium in Definition

4Cripps, Mailath, and Samuelson (2004) show that reputations disappear when the
commitment strategy satisfies the second, but not necessarily the first, condition (such a
strategy was said to be never an equilibrium strategy in the long run). However, that result
also requires the commitment strategy to be implementable by a finite automaton, and
more problematically, the result itself imposed a condition on the behavior of player 2 in the
equilibrium of the game with incomplete information. We do neither here. Consequently,
unlike our earlier paper, the long-lived player result implies the result for short-lived
players.
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b2 similarly ensures that for all large ¢, player 1 can strictly improve on the
commitment action. Again it is necessary to impose uniformity to avoid the
possibility of an equilibrium in the limit.

Any 67 that does not satisfy Definition [5| must have (at least in the
limit) periods and histories where, given player 2 is best responding to 41,
player 1 prefers to stick to her commitment. In other words, 1 is a credible
commitment, in the limit, at least some of the time.

Equilibrium when the uninformed player is long-lived is:

Definition 6 A Nash equilibrium of the incomplete-information game with
a long-lived uninformed player is a strategy profile (61,02) such that,

E[ﬂ'lo] 2 E(all’OQ) [7['10], VU’l, and
E[ﬂgo] Z E(&l’&l’gé)[ﬁgo], VO',z.

Our result for games where player 2 is long-lived, which implies Theorem

[T}, is:

Theorem 2 Suppose p satisfies Assumptions[1],[3, and[3, and that the com-
mitment type’s strategy &1 is public and has no long run credibility. Then
in any Nash equilibrium of the game with incomplete information, py — 0
P-almost surely.

3.3 Asymptotic Equilibrium Play

The impermanence of reputations has implications for behavior as well as
beliefs. In the limit, the normal type of player 1 and player 2 play a corre-
lated equilibrium of the complete-information game. Hence, differences in
the players’ beliefs about how play will continue vanish in the limit. This
is stronger than the convergence to subjective equilibria obtained by Kalai
and Lehrer (1995, Corollary 4.4.1),E| though with stronger assumptions.
We present the result for the case of a long-run player 2, since only
straightforward modifications are required (imposing the appropriate op-
timality conditions period-by-period) to address short-run player 2’s. To
begin, we describe some notation for the correlated equilibrium of the re-
peated game with imperfect monitoring. We use the term period-t continua-

°In a subjective correlated equilibrium, the measure in can differ from the measure

in .
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tion game for the game with initial period in period tﬁ We use the notation
t'=0,1,2,... for a period of play in a continuation game (which may be the
original game) and ¢ for the time elapsed prior to the start of the period-t
continuation game. A pure strategy for player 1, sq, is a sequence of maps
sy 2 Hyp — I for t' = O,l,...ﬂ Thus, s1p € I™ and s, € [V = 5,
and similarly sy € Sy = JUvHar  The spaces S1 and Sy are countable
products of finite sets. We equip the product space S = 51 x Sy with the
o-algebra generated by the cylinder sets, denoted by S. Denote the players’
payoffs in the infinitely repeated game (as a function of these pure strategies)
as follows

ul(sl, Sg) E(SI’S2)[ 10 ], and
1@(81,82) = E(SI’SQ)[ 20 ]

The expectation above is taken over the action pairs (iy,jy). These are
random, given the pure strategy profile (s1,s2), because the pure action
played in period ¢ depends upon the random public signals.

We follow Hart and Schmeidler (1989) in using the ex ante definition of
correlated equilibria for infinite pure-strategy sets:

Definition 7 A correlated equilibrium of the complete-information game is

a measure j on (S,S) such that for all S-measurable functions (; : S1 — Si
and Cy : S2 — So,

/5 [ur(s1,52) — un(Co(51), $2)ld > 0, and @)
/S [us(s1,83) — ua(s1, Cols2)ldn > 0. 3)

Let M denote the space of probability measures p on (S,S), equipped
with the product topology. Then, a sequence p,, converges to p if, for each
7 > 0, we have

/.Ln|1(1xy)TXJ(JxY)T - M|[(1xY)T><J(JxY)T-

%Since a strategy profile of the original game induces a probability distribution over
t-period histories, Hi: X Ho¢, we can view the period ¢ continuation, together with a type
space Hi; x Ha; and induced distribution on that type space, as a Bayesian game. Different
strategy profiles in the original game induce different distributions over the type space in
the continuation game.

"Recall that o1 denotes general behavior strategies.
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Moreover, M is sequentially compact with this topology. Payoffs for players
1 and 2 are extended to M in the obvious way. Since payoffs are dis-
counted, the product topology is strong enough to guarantee continuity of
up : M —R. The set of mixed strategies for player ¢ is denoted by My.

Fix an equilibrium of the incomplete-information game with imperfect
monitoring. When player 1 is the normal (respectively, commitment) type,
the monitoring technology and the behavior strategies (61, 02) (resp., (61,02))
induce a probability measure ¢, (resp., ¢,) on the t-period histories (hiy, ko) €
Hy; x Ho;. If the normal type of player 1 observes a private history hqy; € Hyy,
her strategy, &1, specifies a behavior strategy in the period-t continuation
game. This behavior strategy is realization equivalent to a mixed strat-

N
egy A ' € M for the period-t continuation game. Similarly, the commit-

Lh
ment type will play a mixed strategy A '~ € M for the continuation game
and player 2 will form his posterior p;(hg:) and play the mixed strategy
A2t ¢ My in the continuation game. Conditional on player 1 being normal,

the composition of the probability measure (}St and the measures (S\h“, )\h2t)
induces a joint probability measure, p,, on the pure strategies in the con-
tinuation game and player 2’s posterior (the space S x [0,1]). Similarly,
conditional upon player 1 being the commitment type, there is a measure
ppon S x[0,1]. Let fi, denote the marginal of p, on S and i, denote the
marginal of p, on S.

At the fixed equilibrium, the normal type is playing in an optimal way
from time ¢ onwards given her available information. This implies that for
all S-measurable functions ¢; : S; — Sy,

/ w51, 2)dfy > / wr(Cy(s1), 52)dli. (4)
S S

Let S x B denote the product o-algebra on S x [0, 1] generated by S on S
and the Borel o-algebra on [0,1]. Player 2 is also playing optimally from

time ¢ onwards, which implies that for all S x B-measurable functions &, :
SQ X [0, 1] — SQ,

/ us(s1, 52)d(poprt-(1—po)y) = / us(51, E5(52, ) A(popr+(1—p0) 7).
Sx[0,1] Sx10,1]
(5)

If we had metrized M, a natural formalization of the idea that asymp-
totically, the normal type and player 2 are playing a correlated equilibrium
is that the distance between the set of correlated equilibria and the induced
equilibrium distributions ji; on S goes to zero. While M is metrizable, a
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simpler and equivalent formulation is that the limit of every convergent sub-
sequence of {fi,} is a correlated equilibrium. This equivalence is an implica-
tion of the fact that M is sequentially compact, and hence every subsequence
of {fi;} has a convergent sub-subsequence. The proof of the following is in
the Appendix:

Theorem 3 Fiz a Nash equilibrium of the incomplete-information game
and suppose py — 0 P-almost surely. Let ii; denote the distribution on S
induced in period t by the Nash equilibrium. The limit of every convergent
subsequence of {[i,} is a correlated equilibrium of the complete-information
game.

Since players have access to a coordination device, namely histories,
in general it is not true that Nash equilibrium play of the incomplete-
information game eventually looks like Nash equilibrium play of the complete-
information game

Suppose the Stackelberg payoff is not a correlated equilibrium payoff of
the complete-information game. Recall that Fudenberg and Levine (1992)
provide a lower bound on equilibrium payoffs in the incomplete-information
game (with short-run players) of the following type: Fix the prior proba-
bility of the Stackelberg (commitment) type. Then, there is a value for the
discount factor, 6, such that if §; > 6, then in every Nash equilibrium, the
long-lived player’s ex ante payoff is essentially no less than the Stackelberg
payoff. The reconciliation of this result with Theorem [3| lies in the order
of quantifiers: while Fudenberg and Levine (1992) fix the prior, py, and
then select & (po) large (with 6 (pg) — 1 as pg — 0), we fix §; and examine
asymptotic play, so that eventually p; is sufficiently small that 61 < d (p;).

4 Proofs of Theorems [1 and [2

The short-lived uninformed player case is a special case of the long-lived
player case. However, the proof for the long-lived uninformed player is
quite complicated, while the short-lived player case illustrates many of the
issues in a simpler setting. In what follows, references to the incomplete

$We do not know if Nash equilibrium play in the incomplete-information game even-
tually looks like a public randomization over Nash equilibrium play in the complete-
information game. As far as we are aware, it is also not known whether the result of
Fudenberg and Levine (1994, Theorem 6.1, part (iii)) extends to correlated equilibrium.
That is, for moral hazard mixing games and for large ¢, is it true that the long-run player’s
maximum correlated equilibrium payoff is lower than when monitoring is perfect?
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information game without further qualification refer to the game with the
long-lived uninformed player, and so the discussion also covers short-lived
uninformed players (where 61(hs) = ¢1 for all hg). Whenever it is helpful,
however, we also give informative simpler arguments for the case of short-
lived uninformed players.

The basic strategy of our proof is to show that if player 2 is not eventually
convinced that player 1 is normal, then he must be convinced that player
1 is playing like the commitment type (Lemma [l)) and hence player 2 plays
a best response to the latter. Our earlier paper proceeded by arguing that
the normal type then has an incentive to deviate from the commitment
strategy (since the latter has no long-run credibility), which forms the basis
for a contradiction (with player 2’s belief that the two types of player 1 are
playing identically). The difficulty in applying this argument in our current
setting is that player 1 needs to know player 2’s private history ho; in order
to predict 2’s period-t beliefs and hence behavior. Unfortunately, player 1
knows only her own private history hi;. Our argument thus requires showing
that player 1 eventually “almost” knows the relevant features of player 2’s
history.

4.1 Player 2’s Posterior Beliefs

The first step is to show that either player 2’s expectation (given his private
history) of the strategy played by the normal type is, in the limit, identical
to his expectation of the strategy played by the commitment type, or player
2’s posterior probability that player 1 is the commitment type converges to
zero (given that player 1 is indeed normal). This is an extension of a familiar
merging-style argument to the case of imperfect monitoring. If, for a given
private history for player 2, the distributions generating his observations are
different for the normal and commitment types, then he will be updating his
posterior, continuing to do so as the posterior approaches zero. His posterior
converges to something strictly positive only if the distributions generating
these observations are in the limit identical for each private history.

The proof of Lemma 1 in Cripps, Mailath, and Samuelson (2004) applies
to the current setting without change:

Lemma 1 Suppose Assumptions[]] and[g are satisfied and &1 is public. In
any Nash equilibrium of the game with incomplete informationﬂ

tlir&pt(l —pt) H&lt — E[ F1t | Hot ]H =0, P-a.s. (6)

9We use ||z|| to denote the sup-norm on R7.



March 1, 2004 14

Condition @ says that almost surely either player 2’s best prediction
of the normal type’s behavior at the current stage is arbitrarily close to
his best prediction of the commitment type’s behavior (that is, |61 —
E[ &1t | Hat ] || — 0), or the type is revealed (that is, p;(1 — p;) — 0).
However, limp; < 1 P-almost surely, and hence é@) implies a simple corol-
lary:

Corollary 1 Suppose Assumptions[1] and[g are satisfied and &1 is public.
In any Nash equilibrium of the game with incomplete information,

lim p; H&lt — E[ F1t | Hot ]H =0, P-a.s.
t—o0

4.2 Player 2’s Beliefs about his Future Behavior

We now examine the consequences of the existence of a P-positive measure
set of states on which reputations do not disappear, i.e., lim;_o pt(w) > 0.
The normal and the commitment types eventually play the same strategy
on these states (Lemma . Consequently, we can show that on a positive
probability subset of these states, player 2 eventually attaches high proba-
bility to the event that in all future periods he will play a best response to
the commitment type.

As &1 is public, player 2 has a best response to &1 that is also public.
Moreover, this best response is unique on the equilibrium path for all ¢ >
T° (by Definition [5). We let j*(h;) denote the action that is the pure
best-response after the public history h, for all ¢ > T°. Note that j*(h)
is H;-measurable. The event that player 2 plays a best response to the
commitment strategy in all periods after t > T is then defined as

G7 = {w: o " (hay(w)) = 1,¥s > 1},

where hg(w) (respectively, hos(w)) is the s-period public (resp., 2’s private)
history of w.

When the uninformed players are short-lived, 1 is simple and player 2
has a unique best reply, BR%(s1) = {s2}, s0

GY = {w : 025(has(w)) =<2, Vs > t}.

With this in hand we can show that if player 2 does not eventually learn
that player 1 is normal, then he eventually attaches high probability to
thereafter playing a best response to the commitment type:
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Lemma 2 Suppose the hypotheses of Theorem@ holdB and suppose there
is a Nash equilibrium in which reputations do not necessarily disappear, i.e.,
P(A) > 0, where A = {p; - 0}. There exists n > 0 and F C A, with

P(F) > 0, such that, for any & > 0, there exists T for which, on F,
Pt > 1, Vi >T,

and 3
P(GY | Ha) >1-¢, vt >T. (7)

Proof. Since ZB(A) > 0 and p; converges almost surely, there exists
p > 0 and 5 > 0 such that P(D) > 2u, where D = {w : limy o0 p¢(w) > 27}
The random variables ||615 — E[61|Ha¢]|| tend P-almost surely to zero on
D (by Corollary . Consequently, the random variables Z; = sup,s, [|61s —
E[515|Has]|| also converge P-almost surely to zero on D. Thus, from Hart
(1985, Lemma 4.24), E[1pZ; | Ha] converge almost surely to zero, where
1p is the indicator for the event D. Define 4; = {w : E[1p | Hai](w) > 1.
The Hgi-measurable event A; approximates D (because player 2 knows his
own beliefs, the random variables d; = [1p — 14,| converge P-almost surely
to zero). Hence

1pE[Z | Hol < 14,E[Z; | Hat) + di
= FE[14,Z: | Hot) + dy

E
E[]_DZt ’ Hgt] + E[dt | H2t] + dty

<
where the first and third lines use Z; < 1 and the second uses the measur-
ability of A; with respect to Ho;. All the terms on the last line converge
P-almost surely to zero, and so E[Z;|Ha;] — 0 P-a.s. on the set D. Egorov’s
Theorem (Chung (1974, p. 74)) then implies that there exists F' C D such
that P(F ) > 0 on which the convergence of p; and E [Z¢|Ha:] is uniform.
To clarify the remainder of the argument, we present here the case of
short-lived player 2 (long-lived player 2 is discussed in Appendix . This
case is particularly simple, because if player 2 believed his opponent was
“almost” the commitment type, then in each period 2 plays the same equi-
librium action as if he was certain he was facing the commitment simple
type.
From the upper semi-continuity of the best response correspondence,
there exists ¢ > 0 such that for any history h1s and any ¢; € Al satisfying
€1 — s1]] < 1, a best response to (; is also a best response to <1, and so

10This lemma does not require Assumption
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necessarily equals ¢o. The uniform convergence of E[Z;|Ha] on F implies
that, for any & > 0, there exists a time T such that on F, for all ¢ > T,
pr > n and (since 615 = <1)

E [sup H§1 — E[615Has]
s>t

‘H%] < &y
As E[Zy|Hay) < & for all t > T on F and Z; > 0, P({Z; > 1 }|Has) < & for
all t > T on F, implying (7). ]

4.3 Player 1’s Beliefs about Player 2’s Future Behavior

Our next step is to show, with positive probability, player 1 eventually ex-
pects player 2 to play a best response to the commitment type for the re-
mainder of the game. We first show that, while player 2’s private history hg;
is typically of use to player 1 in predicting 2’s period-s behavior for s > ¢, this
usefullness vanishes as s — co. The intuition is straightforward. If period-s
behavior is eventually (as s becomes large) independent of hg;, then clearly
hot is eventually of no use in predicting that behavior. Suppose then that
ho; is essential to predicting player 2’s behavior in all periods s > ¢. Then,
player 1 continues to receive information about this history from subsequent
observations, reducing the value of having ho; explicitly revealed. As time
passes player 1 will figure out whether hs; actually occurred from her own
observations, again reducing the value of independently knowing ho.

Denote by (A, B) the smallest o-algebra containing the o-algebras A
and B. Thus, 5 (Hi1s, Ha2t) is the o-algebra describing player 1’s information
at time s if she were to learn the private history of player 2 at time t¢.

Lemma 3 Suppose Assumptions[1] and[3 hold. For anyt >0 and T > 0,

lim HE[O2’S+T|B(HIS7H%)] - E[02,3+T|H13] =0, P-a.s.

§—00

Proof. We prove the result here for 7 = 0. The case of 7 > 1 is proved
by induction in Appendix Suppose K C J! is a set of t-period player
2 action profiles (jo, j1,...,Jt—1). We also denote by K the corresponding
event (i.e., subset of ). By Bayes’ rule and the finiteness of the action and
signal spaces, we can write the conditional probability of the event K given
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the observation by player 1 of hi s41 = (his,Ys, 9s) as follows
P[K|h1s41] = p[K\h157y57 is)
[K\hls] Plys, is|K, hs)
[ys,ls|hls]
PIK|h1s] 35, pfs; Blob (has) s, K]
2 Pfij[U%(h%ﬂhls]

where the last equality uses Pis|K, his] = P [is|his].
Subtract P[K|his] from both sides to obtain

- - ]S[KVLIS] Zj ,Og:j (E[Ug(h%”hls’K] - E[U%(h28)|h18]>
P P = 55 P Elh (ha) ] |
§ Pig 4102\ 125 s

The term ), pi*;E [0} (has)|h1s] is player 1’s conditional probability of ob-
serving the period-s signal ys given she takes action is and hence is strictly
positive and less than one by Assumption [I} Thus,

)

]S[th173+1]—]5[K\h15] K|hls ZP ( ‘72 (has)|h1s, K] — E[ag(h%ﬂhls]) .

Since the sequence of random variables {P[K|H14]}s is a martingale rel-
ative to ({Has}s, P), it converges P-almost surely to a non-negative limit
P[K|Hix] as s — oo. Consequently, the left side of this inequality con-
verges P-almost surely to zero. The signals generated by player 2’s actions
satisfy Assumption [3] so an identical argument to that given at the end of
the proof of Lemma 1 in Cripps, Mailath, and Samuelson (2004) establishes

that P-almost everywhere on K,
lim P[K|His]

§—00

=0,

[Bloaul 8 (Hus, K)) = Bloa/H)

where [ (A, B) is the smallest o-algebra containing both the o-algebra A
and the event B. Moreover, P [K|Hic](w) > 0 for P-almost all w € K.
Thus, P-almost everywhere on K,

Jim HE’[stlﬁ(H1s,K)] — Eloas[Hys]|| = 0.

Since this holds for all K € Hoy,
Jim || Eloas| B(Has, Har)] = Eloas[Has]|| =0, P-as.,
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giving the result for 7 = 0. ]

Now we apply Lemma [3| to a particular piece of information player 2
could have at time ¢. By Lemma [2] with positive probability, we reach a
time ¢ at which player 2 assigns high probability to the event that all his
future behavior is a best reply to the commitment type. Intuitively, by
Lemma (3] these period-t beliefs of player 2 about his own future behavior
will, eventually, become known to player 1.

This step is motivated by the observation that, if player 1 eventually
expects player 2 to always play a best response to the commitment type,
then the normal type of player 1 will choose to deviate from the behavior
of the commitment type (which is not a best response to player 2’s best
response to the commitment type). At this point, we appear to have a
contradiction between player 2’s belief on the event F (from Lemma [2)
that the normal and commitment types are playing identically and player
I’s behavior on the event F! (the event where player 1 expects player 2
to always play a best response to the commitment type, identified in the
next lemma). This contradiction would be immediate if FT was both a
subset of F' and measurable for player 2. Unfortunately we have no reason
to expect either. However, the next lemma shows that F is in fact close
to a Has-measurable set on which player 2’s beliefs that player 1 is the
commitment type do not converge to zero. In this case we will (eventually)
have a contradiction: On all such histories, the normal and commitment
types are playing identically. However, nearly everywhere on a relatively
large subset of these states, player 1 is deviating from the commitment
strategy in an identifiable way.

Recall that j*(hs) is the action played for sure in period s after the public
history hs by player 2’s best response to the commitment type. Hence,
E [0;;(]18'”7'[15] is the probability player 1 assigns in period s to the event
that 2 best responds to the commitment type in period s’ > s. For the
case of the short-lived uninformed players and the simple commitment type,

7*(hs) = g9 for all hs and so HEN'[0281|H13] - §2H >1- E[Ué:,(hs/)ﬁils]. So,
in that case, implies HE~’[0251|H15] — §2H <v.

Lemma 4 Suppose the hypotheses of Theorem[d hold, and suppose there is
a Nash equilibrium in which reputations do not necessarily disappear, i.e.,
P({p; - 0}) > 0. Let > 0 be the constant and F the positive probability
event identified in Lemma[d For any v > 0 and number of periods T > 0,

Here we use ¢, to denote the pure action receiving probability one under ¢s.
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there exists an event FT and a time T(v,T) such that for all s > T(v,T)
there exists C;[ € Hos with:

Ps >N on C’l, (8)
FfuFccl, 9)
P(F') > P(CT) — vP(F), (10)

and for any s' € {s,s+1,...,s + 7}, on F1,
E| o} ] (h | His ] >1—v, P-a.s. (11)

Proof. Fix v € (0,1) and a number of periods 7 > 0. Fix £ <
(iuP(F ))?, and let T denote the critical period identified in Lemma [2| for
this value of &.

Player 1’s minimum estimated probability on j*(hg ) over periods s, ..., s+
7 can be written as fs = ming<y<gyr E[O'Qs( ’)|H15] Notice that fs > 1—v
is a sufficient condition for inequality .

The first part of the proof is to find a lower bound for fs. For any ¢t < s,
the triangle inequality implies

1> fs> min E[UQS ’B(HlsaHQt)] k

s<s'<s+T1

where k! = max,<y<pr |Elog " |8(H1s, Hap)] — Elog, " [Ha]| for t < s.
By Lemma 3L limg oo k! =0 P-almost surely.
3" (hgr)

As 02 o <1 and is equal to 1 on G?, the above implies

fs > P(GY | B(His, Har)) — K.

Moreover, the sequence of random variables {P(G?|8(H1s, Hat))}s is a mar-
tingale with respect to the filtration {His}s, and so converges almost surely
to a limit, g' = P(G?|8(Hico, Hat)). Hence

1Zfszgt_k2_£i7 (12)

where ¢4 = |gt — P(G9|8(Hu1s, Ha))| and lim, .o £4 = 0 P-almost surely.
The second step of the proof determines the sets C;r and a set that we
will use to later determine F't. For any ¢t > T, define

KtE{W‘P(G§|H2t)>1—§apt>77}€7'l2t-
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Let F? denote the event N?_, K and set F; = N2, K;; note that liminf K; =
U, N, Ky = UR Fy. By Lemma FCK;foralt>T,soF C Fy,
F C Fi, and F C liminf K;.

Define Ny = {w : ¢¢ > 1 — \/¢}. Set cl = F} € Has and define an
intermediate set F* by F* = Fp N Np. Because C;f C K, @D holds. In
addition, F* U F C C’g, and hence @ holds with F* in the role of Ff. By
definition,

P(Cl) = P(F*) = P(CIn (Fr N Nr)) = P((C} N Fr) U (CI N Nr)),

where we use bars to denote complements. By our choice of Cl, the event
Cg N Nrp is a subset of the event K7 N Np. Thus, we have the bound

P(C!) — P(F*) < P(C! N Fr) + P(Kr N Np). (13)

We now find upper bounds for the two terms on the right side of . First
notice that P(CI N Fr) = P(F}) — P(Fr). Since lim, .o P(F3) = P(Fr),
there exists 77 > T such that

P(CINFr) < /¢ forall s>T. (14)

Also, as P(GY|Ky) > 1—¢ and Ky € Hy, the properties of iterated expec-
tations imply that 1 — & < P(GY9|K;) = E[g"|K;]. Since g < 1, we have

1-¢<Elg' | K] < (1—yOP(N: | Ki) + P(N¢ | Ky)
= 1-VEP(N; | Ky).

The extremes of the above inequality imply that P(N;|K;) < /€. Hence,
taking t =T we get }
P(KT N NT) < \/f (15)

Using and in , P(Ch = P(F*) < 2y/¢ for all s > T'. Given
FC C’;f, the bound on &, and v < 1, it follows that

P(F*) > P(F) — 2\/¢ > %P(F) > 0.

Finally, we combine the two steps above to obtain FT. As P(F*) > 0
and kI + ¢T converges almost surely to zero, by Egorov’s Theorem, there
exists F1 ¢ F* such that P(F*\ F!) < /¢ and a time T” > T such that
KT 40T < \/¢ on F' for all s > T". Since FTUF ¢ F*UF c C1, (9 holds.
Let T(v,7) = max{T", T'}. Also, g* > 1 — /¢ on F', because F' C Nr.
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Hence on FT, by , fs > 1—=2./¢ for all s > T(v, 7). This, and the bound
on &, implies . Moreover, as P(F*\ F1) < /¢ and P(C])—P(F*) < 2\/¢,
holds for all s > T'(v, 7). |

When player 2 is long-lived, it will be convenient to know that the con-
clusions of Lemma [4| hold on a sequence of cylinder sets:

Corollary 2 Assume the conditions of Lemma . Define Fl = {weQ:
proj,(w) = proj,(w') for some w' € F'}, where proj,(w) is the projection of
w onto (I x JxY)®. Then, (@, (@, and hold for Fl replacing F'.

Proof. The proof follows from the observation that, for all s, Ft c F, ST C
C’;r (since C;r € Has) and is a condition that is Hs.-measurable. n

4.4 Toward a Contradiction

We have shown that when reputations do not necessarily disappear, there
exists a set FT on which holds and FT ¢ Cg € Has. The remaining
argument is more transparent in the setting of the short-lived player 2s
of Theorem [l Accordingly, we first prove Theorem [I} and then give the
distinct argument needed when player 2 is long-lived and the commitment
strategy is not simple.

In broad brushstrokes, the argument proving Theorem [1] is as follows.
First, we conclude that on F'', the normal type will not be playing the com-
mitment strategy. To be precise—on FT there will exist a stage-game action
played by <1 but not by the normal type. This will bias player 2’s expec-
tation of the normal type’s actions away from the commitment strategy on
C’;L , because there is little probability weight on C;[ \ Ft. We then get a con-
tradiction, because the fact that ps > 7 on C;f implies player 2 must believe
the commitment type’s strategy and the normal type’s average strategy are
the same on C;L.

The argument proving Theorem [2] must deal with the nonstationary
nature of the commitment strategy (and the nonstationary nature of the
failure of credibility). As in the simple case, we have found a set of states Ft
where, for all s sufficiently large, the normal type attaches high probability
to player 2 best responding to the commitment type for the next 7 periods.
The normal type’s best response to this is not the commitment strategy,
and hence the normal type does not play the commitment strategy. We will
derive a contradiction by showing that player 2 almost comes to know this.
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The complication is that it may be very difficult for player 2 to predict
just how the normal type’s strategy deviates from the commitment strat-
egy. When working with the stationary commitment strategy of Theorem
we can be certain there is a stage-game action played by the commitment
type which the normal type’s strategy would (eventually) not play after any
private history. In the setting of Theorem [2] however, the normal type’s
deviation from the nonstationary commitment strategy may be much more
complicated, and may depend on private (rather than just public) informa-
tion.

4.5 Proof of Theorem [I]

Suppose, en route to the contradiction, that there is a Nash equilibrium in
which reputations do not necessarily disappear. Then P({p; - 0}) > 0.
Let ¢, = min;er{s} : ¢} > 0}, that is, ¢, is the smallest non-zero probability
attached to an action under the commitment strategy ¢1. Since (s1,<2) is
not a Nash equilibrium, ¢; plays an action that is suboptimal by at least
~ > 0 when player 2 uses any strategy sufficiently close to ¢2. That is, there
exists v > 0, ' € I with ¢! > 0 and 7 > 0 such that

v < min <max m1(i,09) — w1 (7, 0’2)) .
loa—s2||<p \ i€l

Finally, for a given discount factor d; < 1 there exists a 7 sufficiently large

such that the loss of v for one period is larger than any feasible potential

gain deferred by 7 periods: (1 —d;1)y > d]2max;; |m1(Z, 5)|.

Fix the event F' from Lemma For v < min{p, %&} and 7 above, let F'f
and, for s > T'(v,7), C’l be the events described in Lemma |4, Now consider
the normal type of player 1 in period s > T'(v,7) at some state in FT. By
, she expects player 2 to play within v < v of ¢ for the next 7 periods.
Playing the action 4’ is conditionally dominated in period s, since the most
she can get from playing ¢/ in period s is worse than playing a best response
to ¢o for 7 periods and then being minmaxed. Thus, on FT the normal type
plays action i’ with probability zero: aills = 0.

Now we calculate a lower bound on the difference between player 2’s
beliefs about the normal type’s probability of playing action ¢’ in period s,
E [Jills]?—lgs], and the probability the commitment type plays action i’ on the
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set of states C’;:

Bl - Bl 1] = B[(] - Blot,Ha)) 1]
> o P(Ch - E ol
> ¢ P(Ch) - (P(C) - P(F1)
> 5, P(Ch) — vP(F)
> Lo, P(F) (16)

The first inequality above follows from removing the absolute values. The
second inequality applies g’f > ¢, uses the Has-measurability of C’; and
applies the properties of conditional expectations. The third applies the
fact that 0%, = 0 on FT and o%, < 1. The fourth inequality applies in
Lemma {4 The fifth inequality follows v < %51 and F C C] (by @)

From Corollary (1} ps|[s1 — E(615|Has)|| — 0 P-almost surely. It follows
that } 3

psls) = B(6%,[Has)|1ey =0, P-as.

But, by Lemma ps > 1 on the set C’;,L, and so

|§ill - E(5Z‘1/5|H2s)’102 — 0, P—a.s.

This concludes the proof of Theorem [} since we now have a contradiction
with P(F) > 0 (from Lemma [2) and (16, which holds for all s > T'(v, 7).

4.6 Proof of Theorem [2I

We first argue that, after any sufficiently long public history, there is one
continuation public history after which the commitment type will play some
action ¢° € I with positive probability, but after which the normal type will
choose not to play i°, regardless of her private history. To find such a history,
notice that 69 (player 2’s best response to the commitment strategy) is pure
and therefore public, ensuring that the normal player 1 has a public best
response to 6o and that it is not 61. Hence, there exists a public history
where 1’s public best response differs from the commitment strategy, for
all private histories consistent with this public history. If we can show this
preference is strict, this will still hold when player 2 is just playing close to
a best response, which will open the door to a contradiction. The formal
statement is (the proof is in Appendix [A.4)):
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Lemma 5 Suppose 61 is a public strategy with no long-run credibility (with
an associated T°), and &9 is player 2’s public best reply. Then, player 1
has a public best reply, O’J{, to 9. There exists T € N, A > 0, and k > 0
such that for all s > T° and each hs € Hg, there is an action i°, a period
s' < s+ 7, and a public continuation history h?, of hs, such that

1. 65,(h%) > A,
2. the action i° receives zero probability under UJ{(h‘S’/), and

3. player 1’s payoff from playing i° and continuing with strateqy 61 is at
least k less that what she gets from playing UJ{ at h?,, i.e.,

E(UJ{,&2)[7715,|]1‘;/] _ E(&l,&2) [(1 _ 51)7T1(’i0,js/) + 51771,3’+1|hg/] > K.

For s > T, Lemmal5| describes how player 1’s best response to &9 differs
from &1. In the game with incomplete information, Lemma [5| defines three
Hs-measurable functions, i(:;s) : Q — I, §'(+;8) : Q@ = {t:s <t < s+ 71},
and h(-;s) : Q — UL Y as follows: Associated with each state w € 2 is the
implied s-period public history, hs. The action-period pair (i(w;s), s'(w; s))
is the action-period pair (i°,s’) from Lemma [5| for the public history hs.
Finally, h(w;s) is the s'(w;s)-period continuation history h? of h, from
Lemma We emphasize that h(w;s) is typically not the s'(w;s)-period
public history of w (for a start, it is Hs-measurable); while the first s-periods
of h(w; s) are the s-period public history of w, the next s'(w;s) — s periods
describe the public signals from Lemma

With these functions in hand, we can describe how player 1’s behav-
ior differs from that of the commitment type when she is sufficiently con-
fident that player 2 is best responding to the commitment type (where
p = miny;; pi-"j > 0 and A is from Lemma [5} the proof is in Appendix

A3):

Lemma 6 Suppose the hypotheses of Theorem[3 hold, and suppose there is
a Nash equilibrium in which reputations do not necessarily disappear, i.e.,
P({p; - 0}) > 0. Let 7, \, and r be the constants identified in Lemma @
Suppose T > T satisfies 12M 0] < k, v > 0 satisfies 12Mv < kp”, and {FST}S

is the sequence of events identified in Corollary , For all s > T(v,27),

151 (h(w;s)) > A,

175/(w;8)
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2. the set F¥ = {w € FI : hg(wis)(w) = b(w; s)} has probability P(F}) >
BTZB(FST) >0, and

3. forallw € Fg,
~i(w;s)

0-175/(“};5) (hl,s’(w;s) (w)) =0.

If the events Fsi were known to player 2 in period s, then the argument
is now complete, since there would be a contradiction between player 2’s
belief that the normal and commitment type play the same way on Fsi and
player 1’s actual behavior. However, F} is not known to player 2. On the
other hand, F§L is approximated by Ci: (the analogous modification of C;r ,
defined below), an event known by player 2 in period s. At the same time,
we must still deal with the random nature of i(-; s) and s'(-;w).

To complete the argument then, suppose the assumptions of Lemma [6]
(including the bounds on 7 and v) hold, and in addition

2Mp7
v < m (17)

The set of states consistent with 2’s information at time s, C’;r, and the
“right” continuation public history, is Cf = {w € C1 : P (wy(w) = hlw;s)}.
Note that P(C’g\Fg) < ﬁ(Cl\FJ), and since C’;r D) FST, Cgf ) Fsi We also
partition C’g into the subevents corresponding to the relevant period in which
the action i = i(w; s) is not optimal: C = {w e Cl 1 i(w;s) =4, &' (w;s) =
t, h(w) = h(w; s)}, so that CF = USET User CH'. Note that C¥* € Hy for
allielandt=s,...,s+ 7.

For each w, let i° = i(w;s) and s° = s'(w;s). Now, for fixed w and
implied fixed action i” and period s°, define fs(W) = 6% 0(w) and fy(w) =
E [6i1080|7‘(250] (w). In the last expression, for fixed action i® and period
s°, E [&Zf;o\Hgso] is the conditional expected value of #i.,. In particu-
lar, for w € CH' s = ¢ and i® = i, and we can write fs(w) = 6% (w)
and fy(w) = B[54, Ha] (). Then, Z,(w) = supps. o1, — B 51ulHa)|| 2

folw) = fo(w)].
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So,

BlZ1,) > E [( fy — ;) x 103} (18)
S+T _
_ ;;E _(
S+T _
_ ;;E _(
S+T _

- ZZE E {(‘ﬁt — 1) 1C;F“‘H2t:H ; (19)

t=s i€l

5’@ - F [5§t|H2t]> X 1C§it:|

where the last equality follows from C’Et € Hy:. Now, define ngt = {w €
Fl - i(w;s) =1, ' (w;s) =t, hy(w) = h(w;s)}, and so Fi= USET User Fit,
Since Fi ¢ CF, F¥' « ¢¥ and so is at least as large as

S+T1 s+71

S 3B [B[(6h - ) L] | - 330 P (cHEE)
t=s iel t=s icl
= B <f51F§ o %ZE [&itlpgit|H2t}> - P (Cg\Fsi)
t=s icl

= E[f1] - P(ChF)
> AP(F}) - P(CINFY), (20)
where the last equality is an implication of E [cﬂtl Fsm\HQt = 0 P-almost
surely. Hence, from the chain from to , we have
E[Z10y) > \o" P(F]) — (P(C]) - P(E))). (21)

Applying the bounds vP(F) > P(Cl) — P(F)) and P(Fl) > P(F)(1 —v)
from Corollary |2 to the right side of gives

E[Zslcg] > (A" (1 —v) —v)P(F).
The bound ([17) ensures that Ap™(1 — v) — v > v/2, and hence

1 -
E[Z.1.4) > jvB(F).

However, P(CT) > pr(1 - V)P(F) > 0 and since C! C {w : py = 0},
Zsly —0 P-almost surely, the desired contradiction.
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5 Imperfect Private Monitoring

In this section, we briefly sketch how our results can be extended to the case
of private monitoring. Instead of observing a public signal y at the end of
each period, player 1 observes a private signal 6 (drawn from a finite set ©)
and player 2 observes a private signal { (drawn from a finite set Z). A history
for a player is the sequence of his or her actions and private signals. Given the
underlying action profile (i, 7), we let p;; denote a probability distribution

over © x Z. We use p’¢ to denote the probability of the signal profile
p’Lj

(0, ¢) conditional on (7, j). The marginal distributions are pfj =2 pfjc and

pgj =Y pff. The case of public monitoring is a special case: take © = Z

and Egegp?]e =1 for all ¢, j.
We now describe the analogs of our earlier assumptions on the monitoring
technology. The full-support assumption is:

Assumption 5 (FULL SUPPORT) pfj,pgj >0 forall® € ©, e Z, and all
(i,5) € I x J.

Note that we do not assume that pfjc > 0 for all (¢,7) € I x J and (0,() €
©? (which would rule out public monitoring). Instead, the full-support
assumption is that each signal is observed with positive probability under
every action profile.

Assumption 6 (IDENTIFICATION 1) For all j € J, the I columns in the
matriz (p%)gez’ig are linearly independent.

Assumption 7 (IDENTIFICATION 2) For all i € I, the J columns in the
matriz (p?j)geg,jg J are linearly independent.

Even when monitoring is truly private, in the sense that p?f > 0 for all
(1,7) € I x J and (0,() € © x Z, reputations can have very powerful short-
run effects. This is established in Theorem [4, which is a minor extension of
Fudenberg and Levine (1992)H

'2While Fudenberg and Levine (1992) explicitly assume public monitoring, under As-
sumption [6 their analysis also covers imperfect private monitoring. This includes games
where player 1 observes no informative signal. In such a case, when there is complete
information, the one-period-memory strategies that we describe as equilibria in Section
2 of Cripps, Mailath, and Samuelson (2004) are also equilibria of the game with private
monitoring. We thank Juuso Vilimé#ki for showing us how to construct such equilibria.
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Theorem 4 Suppose the game has imperfect private monitoring satisfying
Assumptions [3 and [, Suppose the commitment type plays the pure action
" in every period. For all po > 0 and all € > 0, there exists 6 < 1 such that
for all 61 > 6§, player 1’s expected average discounted payoff in any Nash
equilibrium is at least
min w1 (7%, 7) — ¢,
JEBRS (i*) 1( ])
where
BR? (i) = argmax 7y (i, ) .
JjeJ

The proof of the following extension of Theorem [I] to the private moni-
toring case is essentially identical to that of Theorem[I]apart from the added
notational inconvenience of private signals.

Theorem 5 Suppose the imperfect private monitoring satisfies Assump-
tions [3, [0, and[7 and <1 satisfies Assumption|[f} Then at any Nash equilib-
rium, py — 0 P-almost surely.

A Appendix

A.1 Proof of Theorem [3

Since p; — 0 P-almost surely, we have p; — 1 P-almost surely. For any
g,v > 0 there exists a T such that for allt > T, P(p; > ¢)+P(p < 1—¢) < v.
Hence, for t' > T,

0 = [ fuslor,sa) —ualor. (o) d(pos + (1= )3
Sx[0,1]
<(1- po)/ [ua(s1, s2) — ua(s1,&a(s2,pt))|dpy
Sx[0,]
+p0/ [ua(s1,82) — ua(s1,8o(s2,t))]dp; +2M v,
Sx[1—e,1]

where M is an upper bound on the magnitude of the stage-game payoffs and
the first inequality follows from . As &, is measurable with respect to py,
we can ensure that the final integral in the preceding expression is zero by
setting £5(s2,pt) = so for p; > €, and hence, for any e, > 0 and for all &,,

2Mv
1—po

/ [ua(s1,82) — ua(s1, Ca(s2,0e))ldp; > — (A.1)
Sx[0,e]
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Again, because P(p; > ¢) < v, (A.1) implies

. 2Mv
/ [uz(s1, 52) — ua(s1, Ea(s2, pe))ldpy 2 —7 —2Mw.
Sx[0,1] —Po
Integrating out p; implies that, for all & : S — S,
. 2Mv
[ las1,50) = waor, Ey(saldfy = e —2v. (A2)
S _

Consider now a convergent subsequence, denoted fi;, with limit /i, and
Suppose fi, is not a correlated equilibrium. Since holds for all ¢/, it also
holds in the limit. If fi is not a correlated equilibrium, it must then be the
case that for some £} : Sy — So, there exists xk > 0 so that

/S[W(Sh 59) — ua(s1,&5(52))]dfis, < — < 0.

But then for t; sufficiently large,

. —K
/S [ua(s1, 92) — wals1, Ch(2) iy, < - <0,
contradicting (A.2) for v sufficiently small.

A.2 Completion of the Proof of Lemma

Turning to the general case, let M = maX;er jesreq1,2) [7e(i,5)|, so that M
is an upper bound on the magnitude of stage-game payoffs. Let « = £°/6M,
where £° is given by Definition[5} If Z; < «, player 2’s expected continuation
payoffs at hos under the strategy profile (61,61,02) are within 2M « of his
continuation payoff under the profile (61,61,02). Hence, if Z; < « and
history hgs (for s >t > T°) occurs with positive probability, then

E010192) [y | hgg] — E@10192) [ | hy]| < 2Ma. (A.3)

for all 0.

We now show that if Z; < « for ¢ > T°, then player 2 plays the pure
action j*(hs) in all future periods. Suppose instead that the equilibrium g
plays j # j*(hs) with positive probability in period s under a history has.
Define o to be identical to oy except that, after the history has, it places
zero probability weight on the action j*(hs) and increases the probability
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of all other actions played by o2 by equal weight. Let 65 be player 2’s best
response to the commitment type. Then, if Z; < a we havﬂ

E@10102) [0 | ho] = E@L0190) [y | hyy]
< B9 [my, | hyg] + 2Ma
< E(&17617&2)[ﬂ-28 | hos] — e’ +2Ma
< E(&17617&2)[ﬂ-2 | hos] — e’ +4Ma

As dMa < €°, 64 is a profitable deviation after the history heg for player
2—a contradiction. Hence on the event Z; < « player 2 plays j*(hs) in
all future periods. Equivalently, we have shown {Z; < a} C Gf. Choose
T > T° such that p; > n and E[Zt]Hgt] < af for all £ > T. Condition @
now follows from P[{Z; > a} | Ha] < & for all t > T on F.

A.3 Completion of the Proof of Lemma

The proof for 7 > 1 follows by induction. In particular, we have

PriK|hissrt1] = PriK|his,Us,iss s Ystrs bstr)
_ Pr[K|his] Pr[ys, sy« -« s Ystrs bstr | I, hs)
Pr[@/s» Usy o> Ystrs is—i—T’hls}

Pr(K |hns] [T357 X, Y7 Eloh (ha2) | has, K]
1557 32, oY Elo) (ho2) | has]

where hy .41 = (h12,Yz,%,). Hence,

)

[PrK |1 sr11] — PriK|hys]|

s+T s+7
> PI‘ K‘hls HZP D 02 hQZ)‘hlsa Hzp 2 02 hQZ)‘hls] :
z=s j z=s j

The left side of this inequality converges to zero P-almost surely, and hence
so does the right side. Moreover, applying the triangle inequality and rear-

13The equality applies the fact that in equilibrium, player 2 is indifferent between actions
played with positive probability. The first inequality applies (A.3]). The second inequality
applies Definition 1. The third inequality applies (A.3) again.
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ranging, we find that the right side is larger than

s+7—1

Pr[K|h1s] H ZP B[ (ha:)|hns)

szy:_Hj 3 02 h2 ,s+T ’hlsy pr:fj D h2 s+fr)’h15]

s+1—1 s+17—1

—Pl" K‘hls H Z,O 3 02 h2z |h157 H ZP D 0’2 h2z)|hls]

pr:r;E (h2,s7) s, K]

From the induction hypothesis that || E[o. |3 (H1s, Hat)] — Eloa.|Has]|| con-
verges to zero P-almost surely for every z € {s,...,s + 7 — 1}, the negative
term also converges to zero P-almost surely. But then the first term also
converges to zero, and, as above, the result holds for z = s + 7.

A.4 Proof of Lemma [5l

Since &1 is public, player 2 has a best reply 69 that is public, and so player
1 has a public best reply 0'11- to 2. By Definition 2, for every s-period
public history hg, s > T°, we have

BV [y, hy) > E@92) [y |h,] + €. (A4)

Since O'J{ is a best response to &9, player 1’s payoff E(01.62) [m1s|hs] is un-

changed if the period-s mixture UJ{(hs) is replaced by any other mixture

that remains within the support of ai(hs), and thereafter play continues
according to O‘J{.

For s > T° and hs € Hs, let Y(hs) be the set of public histories hg,
s’ > s, that are continuations of hy; and s’ is the first period in which
there is an action in I receiving positive probability under &; but receiving

zero probability under O']i Note that Y(hs) is at most countable. In

4 Because O’J{ is a best response to 62, there must exist such histories, since otherwise

every action accorded positive probability by &1 would be optimal, contradicting (A.4]).
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addition, there are no two elements of Y'(hs) with the property that one is a
continuation of the other. For hy € T(hy), s’ > s, in period s, every action
that receives positive probability under strategy &1 also receives positive
probability under JJ{, and so the comment after equation 1) implies

E@92) [y |h] — E@72) [y |h,] =
3 64 [EC [y ()] — B [y ()]

el

Applying this reasoning iteratively allows us to rewrite (A.4)) as

< S Qhlny) 35— [E(alm (715 |hot] — E@192) [Wls'|hs’]} (A.5)
hy €T (hs)

where Q(h5/|hs) is the probability of hy given hg under (51, 6’2)

Choose 7 such that 2M§] < £°/3. The terms in corresponding to
histories longer than s 4+ 7 can then collectively contribute at most £°/3 to
the sum. The remaining terms must then sum to at least 2¢°/3. Letting
Y (hs; 7) denote the set of histories in Y (hs) no longer than s + 7, we have

25

Qi |hs)37 — [ECL22) [m1lhy] = BCL [y Ry
T h57

Let Y*(hs; 7) be the histories in Y (hg; 7) satisfying

E(UL&Q)[Wls"hs’] — E(615) [m1sr|hst] > (A.6)

£
3
Then,

o

< QU (ki P)[h)2M + (1= QX" (hsi P)l1)) 5

[\
@)
Q

and so
(;? YT*(hg; T)|hs) >q= ———
(T (hs; 7)[Rs) > q 6M — g°

(the denominator is positive, since Definition |5 implies £® < 2M).

There are at most Y7 histories in Y*(hg; 7). In the last period of each
such history, there is an action ¢ € I that is played with positive probability
by &1 and zero probability by O'J{. Since there are at most I such actions,

'°1t is possible that 3, L eT(hy) Q(hy |hs) < 1. However, expected payoffs under (!, &2)
and (61,62) are equal after any history not in Y (hs), and so such histories can then be

omitted from (A.5)).
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there is a history h%(hs) € YT*(hs;7) and action i°(hg) such that, under
(61,02), the probability that the history h? (hs) occurs and is followed by
action i°(hs) is at least A\ = ¢/(IY7). Trivially, then, 6%, (h%) > A.

Finally, since

E(61,62) [7r1s'\h2/] < )\E(&l,(m) [(1 _ 51)7r1(i0,js’) + 5171'175/_,_1“12,]
+(1 - )‘)E(UL&Z)[WIS”hs’]v

from (A.6), we have

E<UL52>[ms/\hg,] — B2 [(1 = §1)m1(i°, jgr) + 011,941 |h0] > oy =

A.5 Proof of Lemma

We prove only the second and third assertions (the first being an immediate
implication of Lemma [5| and the definitions of i, s’, and b).

Since w € FJ and proj, (w') = proj,(w) implies w’ € Fi, for any s-period
public history consistent with a state in FJ, and any s'-period (s’ > s) public
continuation of that history, there is at least one state in F: ST consistent with
that continuation. Consequently, since every 7 period public history has
probability at least p”, P(FH > BTﬁ(FST) > p"(1—v)P(F) > 0.

After any public history, the normal type’s payoffs under (0'11-,5'2) are
independent of her private histories—she is playing her public best response
to a public strategy. At states in Fsi , from Corollary [2, under 1, player 1
expects player 2’s future play (over the periods s, s+1, ..., s+27) to be within
v of his best response to the commitment strategy, &o. Hence, on Fsi , player
1 expects that player 2’s future play (over the periods s, s+1, ..., s+27) to be
within vp~7 of his best response to the commitment strategy, 64, irrespective
of her play in those periods. Discounted to the period s’ < s + 7, payoffs
from periods after s + 27 can differ by at most 20 7. Hence, for states in
Fsi, and for any o1,

’E("l’”)[msx | Hig] — B9 | Hig]| < (up™™ +07)2M < K/3.
Lemma 3 and the restrictions on 7 and v then imply, for w € F. si ,
T K - . .
B g Hyg] > 3t ECo)[(1 = §1)m(i(w; 8), jsr) + 6171541 Has]-

Hence, after the public history h(w; s), no private history for player 1 (con-
sistent with F¥) makes playing action i(w) profitable.
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