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Abstract

Two abstract theories are developed. The first concerns isomorphism in-
variants with the same multiplicative properties as the Euler characteristic. It
is used to show that the index of a subgroup in a semi-simple lattice is deter-
mined by its isomorphism type when that index is finite. This is also proved
to be the case for subgroups of finite index in free products of finitely many
semi-simple lattices as well as certain non-trivial extensions of Z by surface
groups. In addition, a criterion for the failure of this property is given which
applies to a large class of central extensions.

The second development concerns the syzygies of groups. The results of
this theory are used to define the cohomology groups of a duality group in
terms of morphisms between stable modules in the derived category. The

Farrell cohomology of virtual duality groups is also considered.
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Preface

This thesis is concerned with the algebraic properties of semi-simple lattices
and groups related to them. It has arisen out of an attempt to establish
further intrinsic properties of semi-simple lattices, with the long term aim of
determining an algebraic classification of all such groups. This effort has led
firstly, to the development of a theory of "e-invariants" based upon the Euler
characteristic, and secondly, to the proof of two theorems on the cohomology
of duality groups.

An e-invariant, as defined in this thesis, is a real-valued isomorphism in-
variant defined on the commensurability class of a group that is multiplicative
with respect to covers. The canonical example is the rational Euler character-
istic of C.T.C. Wall [41]. The utility of the definition is that e-invariants can
be shown to exist in many cases where the traditional Euler characteristic is
difficult to calculate or else known to be zero. Here, e-invariants will be shown
to exist for all lattices in semi-simple Lie groups with finite centre, the free
product of finitely many lattices in linear semi-simple Lie groups of real rank
> 2, and certain central extensions of Z by surface groups.

The theorems proved in the final two chapters simplify cohomology for
duality groups by showing that, in all but the top dimension, the cohomology
groups of a duality group can be defined as groups of morphisms from syzygies
to coefficient modules in the derived category. This reduces the problem of
calculating the cohomology of many lattices in semi-simple Lie groups to that
of identifying syzygies. A duality theorem for syzygies of duality groups is also

proved.
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Chapter 1

Preliminaries on discrete groups

In this thesis, unless explicitly stated otherwise, all rings will have a unit and

all ring homomorphisms will be unital.

1.1 Schanuel’s lemma, syzygies and the derived
category

Let R be a ring and M an R-module. Then a projective (resp. free) resolution
of M over R is said to have finite type if and only if all of the projective (resp.
free) modules occurring in the resolution are finitely generated. Similarly, a

partial projective (resp. free) resolution
0O K—->P,—-—F—->M-0

will be said to have finite type when each of the modules P, ..., P, is finitely
generated.
The following proposition, known as Schanuel’s Lemma, is fundamental to

what follows:



Proposition 1.1.1. (Schanuel’s Lemma)

Let R be a ring and M an R-module. Then, if
0O—-—K—->PFP, -+ —wF—-M-—>0

and

0—-K —-P —--.>FP—>M-—0

are partial projective resolutions of M over R,
K&P ®oP 0 YK OP, &P &
Proof. See [37] 0

Two R-modules K and K’ are said to be stably equivalent if there exist
finitely generated free R-modules E and E’ such that K @ E' 2 K' @ E. This
is an equivalence relation on the class of R-modules whose equivalence classes

are called stable modules. Now, it is clear from Schanuel’s lemma that if
0O K—-F,—---—>F—->M-0

and
0—-K —-F, —..-—>F—>M-0

are partial free resolutions of finite type, then K is stably equivalent to K'.

Consequently, if
0O—-J—-F,_1—---—=F->M-=0

is a partial free resolution of finite type, then the stable module Q,(M) = [J]
is a well-defined isomorphism invariant of M. When it exists, Q,(M) is called
the n'* syzygy of M. For a finitely generated R-module M, Qo(M) is defined
to be the stable class [M].

10



Proposition 1.1.2. Let M be an R-module and n > 0. Then, when defined,
Qn(M) depends only on the stable class of M.

Proof. Fix an integer n > 1 and let M’ = M @ F, where F is a finitely

generated free R-module. Then, if
O——»J——)Fn_l—>'--—>F1ﬁ>F0—€+M—>O
is a partial free resolution of finite type,
0oJoFy—- R RoFe MeF -0

is a partial free resolution of finite type for M’. [J] is therefore the n'* syzygy
of both M and M’. As Qy(M) is just the stable class [M], this completes the
proof. O

1.2 A criterion for the existence of syzygies

Definition 1.2.1. An R-module M is said to have type FPy over R if it is

finitely generated and type FP, (n > 1) if
1. it has type FP,_; and
2. for any partial projective resolution
0O K—PFP,1—-—F->M-0
| of finite type, K is finitely generated.
M will be said to have type F P if it has type F'P, for all n > 0.
Lemma 1.2.2. If

0O K—-P,—---+—>F—-M-—>0

11



s a partial projective resolution of finite type, then there ezists a finitely gen-

erated projective module QQ and an exact sequence
0 K®oQ—-F,—---—>Fp—>M-—0
in which Fy, ..., F, are free and finitely generated.

Proof. For every finitely generated projective module P there exists a finitely
generated projective module ) such that P & Q is free and finitely generated.
Let 0 » K — By — M — 0 be a short exact sequence in which F; is a
finitely generated projective module and suppose that @y is a module such

that Py @ Qo is finitely generated and free. Then the obvious exact sequence
0-K®Qo—>FP®Qo—M—0

is a partial free resolution of finite type. This proves the result for n = 0. Now

choose n > 0, suppose the result holds for n — 1 and let
0= K—P,—---—>FP->M-—0

be a partial projective resolution of finite type. Set K; = Im(P, — P,_1).
Then, by hypothesis, there exists a finitely generated projective Q),—; and an

exact sequence
0-Ki®Qn1—F1—--—F—M-0,

in Which F; is free and finitely generated for all <. Spliced with the obvious
short exact sequence 0 - K — P, ® Qn-1 — K1 ® Qn_1 — 0, this yields an

exact sequence

0O-K—->PoQ,1—mF,_1—>- 2 Fp->M-0.

12



Now let @, be a projective module such that F, = (P, ® Qn-1) ® Q,, is free
and finitely generated. Then, by adding 0 — @, 9 Qn — 0 to the sequence

above we obtain a free resolution of finite type
O*KeQnHFn—’Fn—l“’"'_*FO—')M_’Oa
as claimed. O

Proposition 1.2.3. For n > 0, Q,(M) is defined if and only if M has type
FP,_; and finitely generated if and only if M has type FP,.

Proof. =) Fix n > 0. Suppose that Q,(M) is defined, and let
0O=J—-F_ 13— —>FK->M-0

be a partial free resolution of finite type. We wish to prove that M has type
FP,_;. Now, M has type FPy if and only if it is finitely generated, so for n = 1
this is just the fact that the homomorphism Fy — M is surjective. For n > 1,
let0 - K — P, — ---— Py — M — 0 be a partial projective resolution of
finite type and suppose that M has type F'P,_,. By Schanuel’s lemma, there

exist finitely generated projective modules P and @ such that
K@®P=2Im(Fo1 — F,o5) ®Q.

But F,_1, and therefore Im(F,,_; — F,,_5), is finitely generated. Thus K & P
and, therefore K, is finitely generated, so that M has type FP,_; as claimed.

Now suppose that Q,(M) is finitely generated where n > 0, and let
0O K—-P,_ 11— >FP->M-0

be a partial projective resolution of M having finite type. As Q,(M) is finitely
generated, so is J. But, by Schanuel’s lemma, the finite generation of J implies

that of K, which shows that M has type FP,, in this case.

13



<) If M has type FP,_;, then there exists a partial projective resolution
of finite type,
0—-J—->PFP 31— —>PF—>M-=N0.

By Lemma 1.2.2, we can assume that P; is free and finitely generated for all
i. So, Q,(M) certainly exists. If, in addition, M has type FP,, J must be

finitely generated, and so §2,(M) is finitely generated also. O

1.3 Derived categories and corepresentability

Let R be a ring. Following F.E.A.Johnson [16], the derived category Der(R),

will be defined to be the category of R-modules with morphisms given by
Homperr)(M; N) = Homgr(M; N)/ =,

where o = ( if and only if o — 3 factors through a projective R-module. That
is, there exists a projective module P and morphisms M — P, P — N whose

composition is o — (.

Proposition 1.3.1. An R-morphism a: M — N factors through a projective
R-module if and only if it factors through a free R-module, which may be taken

to be finitely generated whenever M is finitely generated.

Proof. P is projective if and only if there exists an R-module ) such that
P & Q is free over R. An R-morphism o : M — N that factors through P
via a : P — N, therefore also factors through the free module F = P @ Q
via a @ 0. If M is finitely generated and ¢ : M — F any R-morphism, then
q(M) is a finitely generated submodule of F' and as such is spanned by a finite
subset of any R-basis of F. So, when M is finitely generated, we may replace

F by a finitely generated free submodule. O

14



The significance of the derived category in the context of syzygies is that,
within it, stably equivalent modules are isomorphic. This means that mor-
phisms can be assigned to stable modules. This is not normally possible as

there is in general no canonical choice of representative for the stable class.

Proposition 1.3.2. If S and T are stable modules over a ring R with repre-

sentatives M and N respectively, then the groups
Homperr)(S;T) = Homperry(M; N)
are well defined up to isomorphism.
Proof. Immediate from the additivity of Homg(M;N) in M and N. O

Corollary 1.3.3. Homperr)(Q:(M); [N]) is an isomorphism invariant of M
for all m > 0 and all stable R-modules [N].

I will often drop the brackets and write Homper(r)(Q2.(M); N) instead of
HmDe'r(R)(Qn(M); [N])

1.4 Modules of type FP and FL

A module M is said to have finite projective dimension if it admits a projective

resolution of finite length. That is, a resolution of the form
0O—-PFP,—:--—>F—-M-—>0,

where P, is projective for all . n is the length of the resolution. The projective
dimension of M is the minimum n for which such a resolution exists.
If in addition to having finite projective dimension, a module M has type

FP, then it is said to be of type FP. It is well known that this definition is

15



equivalent to the existence of a projective resolution of finite length and type
and that the length of the resolution can always be taken to be equal to the
projective dimension {12, Chapter VIII, Proposition 6.1].

Now suppose that there exists an exact sequence,
O—-Fp— —=F->M-90

in which Fy,..., F, are finitely generated and free. In this case M is said to
have type FL. If
0—-PFP,—--->P—-M-—>0

is a projective resolution of finite type, where n is the projective dimension of

M, then it follows from Lemma 1.2.2 that we can construct an exact sequence
0-P,®Q—E, 1> —>E—->M-0 (1.4.1)

in which Ey, ..., E,_; are free and finitely generated and Q) is finitely generated
and projective. Schanuel’s Lemma then implies the existence of a finitely
generated free module E such that (P, ® Q) @ E is free and finitely generated.
By taking the direct sum of the exact sequence 0 — FE X F — 0 and the
resolution (1.4.1) at the appropriate point, we obtain a free resolution of finite
type whose length is equal to the cohomological dimension of M. Thus we

have proved:

Proposition 1.4.1. A module M has type FL and projective dimension n if

and only if there exists an exact sequence
0—-F,—---—F—->M-—>0

in which Fy,. .., F, are free and finitely generated.

16



The principal example of a module of type FL is that of Z when it is
given the structure of a trivial ZI'-module, where I is the fundamental group
of a compact manifold without boundary having contractible universal cover.
Such groups are known to satisfy Poincaré duality, which is a special case of

the duality criterion due R.Bieri and B.Eckmann given in the next section.

1.5 Duality groups and their virtual neighbours

A group G is said to satisfy Poincaré duality if and only if, for all G-modules

N and all i > 0, there exist cap product isomorphisms
Nz : H(G; N) — Hy_;(G;N),

where d is a fixed non-negative integer. In [3], R.Bieri and B.Eckmann defined
G to be a duality group if, for all G-modules N and all ¢ > 0, there exist cap

product isomorphisms
Nz : H(G; N) — Hy_;(G;A® N),

where A is a fixed G-module, called the dualising module of G. For a group

of type FP there are a number of equivalent definitions:

Theorem 1.5.1. Let G is a group of type FP. Then the following are equiva-

lent:

1. There ezists an integer d and a G-module A such that
Extyo(A; N) = Torl%(Z; A® N)

for all G-modules N and all non-negative integers i.

17



2. There is an z'ntéger d such that

. 0 i#d
Ext34(Z; ZG) = ? (1.5.1)
A i=d

where A is Z-torison-free.

3. There exists a class z € Hy(G; A) such that the cap product map
Nz : Extyo(Z; ) — Torf%(Z;A® )

is an isomorphism for all i, where d is the cohomological dimension of

G and A = Ext;(Z; ZG).
Proof. [12, Chapter VII, Theorem 10.1]. O

K.S. Brown showed in [11] that a module M has type FP, over a ring R
if and only if Ezti(M, _) commutes with direct limits for all i. As the cap
product is natural, while the functors Tor?%(Z; ) and A ® _ commute with
direct limits, this showed that every duality group has type FP.

Now, any group G for which there exist functorial isomorphisms
Extyo(Z; )= Tor’(Z;A® )

necessarily has type FP, satisfies condition 1 of Theorem 1.5.1 and is therefore
a duality group. As the cap product is natural, this means that a group G is
a duality group if and only if there exists an integer d and G-module A for
which the above equivalence of functors holds. It is well known however that
if R is a ring and M an R-module with no Z-torsion, then, for any R-module

N and all ¢ > 0, there exist functorial isomorphisms

Torf(M,N) = Torf(Z; M ® N)

18



(see [12, Chapter III, Proposition 2.2]). Furthermore, it follows from Theorem
1.5.1 and the fact that all duality groups have type FP that the dualising

module of a duality group is necessarily Z-torsion-free. So we have shown:

Proposition 1.5.2. G is a duality group if and only if there exist natural
isomorphisms

Extyo(Z; _) = Tor®S(A; )

where d is a fized non-negative integer and A a fired G-module with no Z-

torsion.

A virtual duality group is a group containing a duality group with finite
index. Such groups are closely related to duality groups and share many of
their properties. In particular, they satisfy 1.5.1. This is a consequence of

Shapiro’s lemma, which is discussed in the next section.

1.6 Shapiro’s Lemma

Let R and S be rings and 6 : R — S a ring homomorphism. Any right (resp.
left) S-module N can be given the structure of a right (resp. left) R-module
via 6 by defining n.r = n6(r) (resp. 7.n = (r)n) for all n € N. For a any left
R-module M, set Indg(M) = S ®¢ M. Inde(M) is then a left S-module. It is

characterized by the following universal property:

Prdposition 1.6.1. Let M and 8 : R — S be as above and suppose that
a: M — N an R-morphism for some (left) S-module N. Then, there exists
a unique S-morphism ag : Indg(M) — N eztending a. That is, a = ag o1,

where i : M — Indg(M) is the natural inclusion induced from m +— 1 Q¢ m.

Proof. See [12, Chapter III, Section 3]. a

19



Dual to the concept of the induced module is that of the coinduced module. For
M and 0 as above, Coindg(M) is defined to be the left S-module Hompg(S; M).
The S-module structure on Hompg(S; M) is given by (s - f)(s') = f(s' - 3).

Proposition 1.6.2. Let N be a left S-module, M a left R-module and « :
N — M an R-morphism. Then there exists a unique S-morphism o :

N — Coindg(M) such that o = p o o, where p is the natural projection

Coindg(M) — M; f > f(1).
Proof. See [12, Chapter III, Section 3]. O

Let G be a group and H a subgroup. Given an H-module N, define
Ind§N = Ind;N and CoindGN = Coind;N where i : H < G is the nat-
ural inclusion. The universal properties of induced and coinduced modules
then lead to the following identities of functors, which together are known as

Shapiro’s Lemma:

Theorem 1.6.3. Let G be a group and H a subgroup. Then, for any H-module

N,
Tor’H(Z, N) = Tor’6(Z, Ind$ N)
Exty(Z,N) & Extl(Z, Coind$N)
Proof. [12, Chapter III, Proposition 6.2]. O

Proposition 1.6.4. If H has finite index in G, then IndGN = Coind§N.
Proof. [12, Chapter III, Proposition 5.8]. O

Corollary 1.6.5. If G is a virtual duality group and H a duality group of finite
indez in G with dualising module A and cohomological dimension d, then
0 i#d

Exti(Z; ZG) =
A i=d

20



In particular, every virtual duality group of type FP is a duality group.

Proof. ZG = Ind$(ZH) = Coind$(ZH) and so, by Shapiro’s lemma, there

exist Z-module isomorphisms
Extyo(Z; ZG) = Extyy(Z; ZH)

for all . When G has type FP, it therefore satisfies the second criterion of

Theorem 1.5.1 and is consequently a duality group. a

Corollary 1.6.6. If G is a duality group and H a subgroup of finite index in

G, then H is a duality group with the same cohomological dimension as G.

Proof. As every projective ZG-module is projective when regarded as a ZH-
module, a projective resolution € : P — Z over ZG is also a projective reso-

lution of Z over ZH. But G has type FP, so H must be a group of type FP

also. As
. . 0 i#d
Exty,(Z;ZH) = Exty(Z; ZG) = ,
A i=d
Theorem 1.5.1 now shows that H is a duality group of dimension d. O

1.7 Farrell cohomology

In this section, the resolution
= P PP S M0
will be dentoed € : P — M, where P refers to the associated chain complex
s P, — ... B,

Now, let G be a group. Then a complete resolution of a G-module M over

ZG@ is defined to be a pair (F,e: P — M), where ¢ : P — M is a projective

21



resolution of M over ZG and F an acylic chain complex of projective G-

modules which coincides with P in sufficiently high dimension.

Theorem 1.7.1. Let G be a group of virtual finite cohomological dimension

d. Then,

1. if e : P — M 1is a projective resolution of M over ZG, there exists a
complete resolution for M of the form (F,e : P — M) such that F

coincides with P in dimensions greater than or equal to d.

2. if (Fe: P —> M) and (F',¢ : P' = M) are complete resolutions of M
over ZG and 6 : P — P’ an augmentation preserving chain map, then
there exists a chain homotopy equivalence 8 : F — F' which coincides

with 6 in dimensions greater than or equal to d.

Proof. [12, Chapter X, Proposition 2.1].
O

It follows easily from the projectivity of P and the exactness of € : P/ — M
that augmentation preserving chain maps P — P’ always exist. This means
that F-and F’ are chain homotopy equivalent whenever (F,e: P — M) and
(F',€ : P' — M) are complete resolutions of M over ZG.

Corollary 1.7.2. The groups
Eztyo(M; N) := H"(Homzg(F, N))

are well-defined invariants of G for all v € Z, where (F,e : P — M) is any

complete resolution of M over ZG.

The groups H™(G; N) = E’?\m/t;G(Z; N) are called the Farrell cohomology groups
of G. Tt is clear from the definition of H™(G; N) that H(G; N) & H"(G; N) for

22



all 7 > d. In dimension d there exists an epimorphism H4(G; N) — H%G; N),
which we shall now describe explicitly.

Let J and N be G-modules and H a subgroup of finite index having
finite cohomological dimension. The transfer map tr : Homgy(J; N) —
Homgg(J; N) is defined by tr(f)(m) = Z,ee gf(g~'m), where E is a set
of right coset representatives for H in G.

If e : P — M is a projective resolution of M over ZG, thene: P — M is
a projective resolution of M over ZH whose differentials 0, : F;, — F,_; are
G-morphisms. In particular, for f € Homgy(Fy; N), tr(f 0 8,) = tr(f) o 0,

for all n. tr therefore induces morphisms
Eztyy(M; N) — Extye(M;N); [f] = [tr(f)),
for all i.

Proposition 1.7.3. Let G be a group of virtual finite cohomological dimension
n and H as subgroup of finite index and finite cohomological dimension. Then,

for all G-modules M, there erists an eract sequence
Exth, (M; N) 5 Extso(M; N) — Extyg(M;N) — 0

Proof. See [12, Chapter X, Section 3.4]. O
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Chapter 2

Preliminaries on Lie groups

2.1 Linear algebraic groups
GL(n,C) inherits the structure of an affine variety from the embedding
GL(n, C) — Cn2+1; Aij s (Aij, (detAij)“l).

By a linear algebraic group we shall mean a subgroup G of GL(n,C) whose
image under this embedding is an affine subvariety of GL(n,C). For any such
group, the group operations are necessarily polynomial. G will be said to be
defined over a subfield ¥ C C when its image in C"**! is defined over k.

Identify GL(n, C) with its image in C***1. Then, given a ring B C C**1,
set Gg = GNGL(n,B). A subgroup I' C G will be called arithmetic if it is
commensurable with Gz.

Let H denote the closure of a subset H C G in the Zariski topology of
G. Then, if H is a subgroup of G, so is H. To see this observe that, since
right multiplication is homeomorphic, given a € H, Ha = Ha = H, so that

HH Cc H. Thus, ifa€ H,aH =aH C H.
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Lemma 2.1.1. Let H, and H, be subgroups of the linear algebraic group G.
Then

1. if Hy normalizes Hy, Hy normalizes Hy

2. if H, centralizes H,, then H, centralizes Hy.

Proof. (1) Pick a € H;. Since H; normalizes Hj, while the map = — aza™! is

homeomorphic with respect to the Zariski topology, Hz = aHza"! = aHza™".
Thus H, normalizes Ho.

Now let N be the normalizer of H; in G. Since H; C N, to prove that H;
normalizes Hy, it is sufficient to show that N is closed in the Zariski topology

of G. Let fr(g) = ghg™ for all g € G. Then

gEN < ghg'€H, forall he H, <= g€ () f;'(H).
heH

As H, is algebraic and f3, is polynomial, this shows that N is Zariski closed.

(2) Pick a € H, and set ¢, : = — aza 'zl

Then, as H; centralizes Ho,
H, C ¢;*(1). Since ¢, is polynomial, this is a Zariski closed subset of G. Thus
H, C ¢;*(1). This implies that H; centralizes H,. But H; centralizes H, if and

only if H, centralizes H;. So by the same argument, H, centralizes H;. O

Proposition 2.1.2. Let H be a subgroup of GL(n,C) and K a subgroup of
finite index in H. Then K has finite indez in H.

Proof. Let X be a set of coset representatives for K in H. Then H = |J,.x hK,
and, since K C H,

Hc |JrK CH,
heX

so that K has finite index in H. O
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2.2 Real algebraic groups

If AC GL(n,C) is a linear algebraic group, then the set of real points of A,
Ar = ANGL(n,R), is a closed subgroup of GL(n,R). A group of this form is

said to be a real algebraic group. The following theorem is due to G.D.Mostow.

Theorem 2.2.1. Real algebraic groups have finitely many connected compo-

nents.
Proof. See [26]. O

Definition 2.2.2. Let X C GL(n,R). Then Xy is called the real Zariski
closure of X in GL(n,R).

Proposition 2.2.3. If A and B are subsets of GL(n,R) such that Ag = By,
then A = B.

||

Proof. Let X = Ag. Then, since ACX CA, ACX CA=A, Thus X =4,

which implies the result. O
Analogous to Proposition 2.1.2, we have:

Proposition 2.2.4. Let H be a subgroup of GL(n,R) and K a subgroup of
finite indez in H. Then Kg has finite indez in Hg.

Proof. By Proposition 2.1.2, K C H with finite index. Thus K contains the
identity component of H and K the identity component of Hg. But by
Theorem 2.2.1, Hg has only finitely many connected components. Thus Kg

has finite index in Hg O
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2.3 Semi-simple Lie groups

Let g be a finite dimensional real Lie algebra. If a,b < g are soluble ideals in
g, then so is a + b. This means there exists a unique maximal soluble ideal in
g. It is called the radical of g and denoted rad(g).

rad(g) contains all the soluble ideals of g. Consequently, if rad(g) = 0, then
every soluble ideal in g is trivial. Moreover, as the radical is characteristic, if
b<g, then rad(b) C rad(g). In particular, when rad(g) = 0, rad(b) = 0 for

every ideal in g.

Definition 2.3.1. g is said to be semi-simple if and only if rad(g) = {0}.
We have shown:

Proposition 2.3.2. If g is semi-simple, then so is every ideal in g.

It follows from the proposition above that if g is a real Lie algebra of finite
dimension, then g/rad(g) is semi-simple. Now, it is classical result (see [31,

page 3|) that the corresponding short exact sequence
0 — rad(g) — g — g/rad(g) — 0

always splits, so that every finite dimensional real Lie algebra is the semi-direct
product of a soluble and a semi-simple Lie subalgebra. This decomposition is
known as the Levi decomposition of g. In terms of Lie groups, this means that
every connected Lie group G = S - R, where R is the connected soluble Lie
subgfoup of G corresponding to rad(g), S semi-simple and S N R is discrete.
R is called the radical of G.

We shall now prove a decomposition theorem for semi-simple Lie algebras.

Proposition 2.3.3. Let g be a real semi-simple Lie algebra of finite dimension.

Then g decomposes as the direct sum of finitely many simple non-abelian ideals.
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Proof. Suppose first that g is simple. Then, given a € g, Ker(ad(a)) < g, so
that ad(a)(g) = g or {0}. However, if ad(a)(g) = {0} for all a, then g must be
abelian. So there exists at least onea € g such that ad(a) is an automorphism
of g.

Now suppose that g is semi-simple. If g is not simple, let g; be a minimal
ideal in g. Then g, is simple and, by the argument above, we can pick a € g;
so that the restriction of ad(a) to g, is an isomorphism. Since [a,z] € g; for

all z € g, we have ad(a)(g) C g1. Thus
g = Im(ad(a)) + Ker(ad(a)) = g1 + Ker(ad(a)).

Ker(ad(a)) is an ideal in g of strictly lower dimension. It is semi-simple by
the proposition above and so, by induction, decomposes as the sum of finitely
many simple non-abelian ideals gs,...,gx. As each g; is clearly an ideal in g

and g = g; + - - + g, this proves the result. O

If a is an ideal in g, then a N g; is an ideal in g; for all ¢. So, for each ¢,
either aNg; = 0or aNg; = g;. This means a = (aNg;)+---+ (aNg).
In particular, the centre Z(g) of g decomposes as the internal direct sum
Z(g9) = Z(g1) + --- + Z(gx). The centre of any simple non-abelian ideal is
necessarily trivial, so this shows Z(g) = 0.

Let G be a connected Lie group with Lie algebra g, and for ¢ = 1,...,k,
let G; be the connected Lie subgroup of G corresponding to g;. Then G =
G - - - Gx. Moreover, since [g;, g;] = 0 whenever i # j, Gy, .. ., Gk are mutually
centralizing.

The groups Gy, ..., Gy are known as the simple factors of G. Clearly G;<G
for all 4, so that G;NG; <G for all ¢ and j. As g; Ng; = {0} whenever i # j,

this shows that G; N Gj is a discrete normal subgroup of G for all 4 and j with
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i # j. However, every discrete normal subgroup of a connected Lie group is
necessarily central, so that G; N G; C Z(G) whenever ¢ # j.

If Z(G) = {1}, it follows G is the internal direct product Gy o --- o Gk.
Since Z(G) = Ker(Ad), where Ad : G — Aut(g) is the adjoint representation,
G = Ad(G) whenever Z(G) = {1}. For this reason, semi-simple Lie groups of
this type are said to be adjoint.

Adjoint semi-simple Lie groups are a particular example of linear semi-
simple Lie groups, which share many of their properties. A Lie group G is said
to be linear if there exists a faithful representation p : G — GL(n,R). The
following theorem shows that every connected linear semi-simple Lie group is

isomorphic to a real algebraic group.

Theorem 2.3.4. Let G be a connected linear semi-simple Lie group and p :

G — GL(n,R) a faithful representation. Then p(G) = p(G) N GL(n,R),

where p(G) is the Zariski closure of p(G) in GL(n,C).
Proof. See [31, page 10]. O

The Zariski topology on G induces a topology on G. This topology turns
out to be independent of p (see [31, page 10]). It is called the Zariski topology
of G.

The closure of a subset H C G in the Zariski topology will be called its
Zariski closure and denoted Hg. H will be said to be Zariski dense in G
whenever Hg = G. By Proposition 2.2.3, this is equivalent to requiring that
p(G) and p(H) have the same Zariski closure in GL(n,C). We conclude with

the following proposition:

Proposition 2.3.5. Let G be a linear semi-simple Lie group. Then the centre

Z(G) of G is finite.
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Proof. Let p: G — GL(n,R) be a faithful linear representation of G. Identify
G with its image under p and let G be the Zariski closure of G in GL(n,C).
Then, as Z(G) centralizes G, Z(G) centralizes G by Lemma 2.1.1. Hence
Z(G) c Z(G), so that Z(G) = Z(G) N GL(n,R). As Z(G) = N,z f;'(1),
where f, is the polynomial map z — gzg~'z™', Z (G) is Zariski closed in
GL(n,C). Thus Z(G) areal algebraic group and as such has only finitely many

connected components. Since Z(G) is discrete, this completes the proof. O
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Chapter 3

The fundamentals of semi-simple

lattices

3.1 Definitions and normalizations

Every locally compact Hausdorff topological group admits a non-zero left in-
variant Borel measure that is unique up to multiplication by a real number.
Such a measure is called a Haar measure, after A.Haar, who first proved its
existence (see [28]).

If ' C G is a discrete subgroup of the Lie group G, then the quotient space
G/T" admits a unique differentiable structure with respect to which the covering
G — G/T is smooth (see [44, page 41]). Moreover, G acts transitively by left
multiplication on G/T. Consequently, G/I" admits a left-invariant volume
form, say w. This induces a left invariant Borel measure y on G/T".

Now, w lifts to give a left invariant volume form on G, which in turn
determines a unique Haar measure . However w is determined by its lift to

G so that p is uniquely determined by . We will say that y is the measure
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induced by z on G/T.
Definition 3.1.1. I' C G is a lattice if and only if 4(G/T) is finite.

If the quotient space G/I" is compact, then I is clearly a lattice in I". Such
lattices are said the be cocompact or uniform. Not all lattices however have

this type (see [6] and [15]).

Theorem 3.1.2. IfT is a lattice in a connected Lie group G, then T is finitely

generated.

The first step toward a proof of the finite generation of lattices was taken by
C.L.Siegel in [32], who showed that if " is a discrete subgroup of a connected
Lie group G and there exits a "normal" fundamental domain F' for the action
of T on G, then the set {y € I : YF N F # ¢} generates I'. This result was
subsequently used by A.Borel and Harish-Chandra to show that all arithmetic
groups are finitely generated [9].

The restriction on the class of domain meant however, that it was unclear
how to apply C.L.Siegel’s result without the assumption of arithmeticity. This
problem was circumnavigated by A.M.MacBeath in [22], who showed that the
assumption of normality could be dropped. This proved the finite generation
of cocompact lattices. The non-cocompact case however, proved much harder
to deal with.

The finite generation of lattices in a solvable Lie groups was eventually

settled by G.D.Mostow in [26]. Then, L.Auslander [42] proved the following:

Theorem 3.1.3. Let G be a Lie group and R a closed connected soluble normal
subgroup. Let m : G — G/R be the natural map. Let H be a closed subgroup
of G such that H® is soluble. Let U be the closure of m(H) in the Euclidean
topology of G/R. Then U° is soluble.
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L.Auslander’s theorem has the following corollary:

Corollary 3.1.4. Let G be a connected Lie group and I' C G a lattice. Let R
be the radical of G and S a semi-simple subgroup of G such that G = S - R.
Assume that the kernel of the action of S on R has no compact factors in its
identity component. Then, if m : G — G/R is the natural projection, ©(T") is
a lattice in G/R and T N R a lattice in R.

Proof. [31, Corollary 8.28] 4 O

Since a connected Lie group G is isomorphic to a quotient @/Z, where
Z is a discrete central subgroup of the universal cover (~}, to prove the finite
generation of a lattice I' C G, it is sufficient to show that lattices in G are
finitely generated.

Now, every connected and simply-connected Lie group G is isomorphic to
a product G; X G, in which G; is connected and semi-simple and G; = SR,
where R = rad(G), S is semi-simple. Moreover, G5 can be assumed not to
contain any connected normal semi-simple subgroup of G and S to act almost
faithfully on R (see [42]).

If T is a lattice in G and C the maximal connected compact normal sub-
group of Gi, then ' N C is finite so that p(T") is a lattice in G/C, where
p : G — G/C is the natural projection. Since I' is finitely generated if and
only if p(T') is finitely generated we may therefore assume that G; has no
compact factors.

Following L.Auslander’s theorem therefore, it remained to show only that
lattices in connected semi-simple Lie groups are finitely generated. Since any
connected compact normal subgroups can be factored out as above, this prob-
lem was equivalent to proving the finite generation of lattices in a connected

semi-simple Lie group G without compact factors.
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When G has real rank 1, this was proved by M.S.Raghunathan in [31,
Corollary 13.20]. The finite generation of lattices in semi-simple Lie groups
with real rank > 2 was not however settled until D.A.Kazdan introduced his
famous T property in [19], which finally proved the finite generation of all
lattices.

Our principal objects of study will be lattices in connected semi-simple Lie
groups with finite centre, whose finite generation will permit certain normal-

izations.

Definition 3.1.5. Let L be the class of lattices in connected semi-simple Lie

groups with finite centre and Lo the subclass of torsion-free lattices in L.
Proposition 3.1.6. Lattices in I' are virtually torsion-free.

Proof. PickI" € L. The group I' embeds as a lattice in a connected semi-simple
Lie group G with finite centre. As Ad : G — Ad(G) = G/Z(G) is a covering
map of finite degree, Ad(I") is discrete in Ad(G) and the G-invariant volume
on Ad(G)/Ad(T) is finite. That is, Ad(I) is lattice in Ad(G).

Now, if H C Ad(T') has finite index d in Ad(T"), then Ad™*(H) has index
d in I" also. Thus, if Ad(T') is virtually torsion-free, so is I. But Ad(G), and
therefore Ad(T'), is linear, whilst Selberg’s theorem [6] states that every finitely

generated linear group is virtually torsion free. This proves the result. a

Proposition 3.1.7. If ' € Ly, then I' embeds as a lattice in a connected

adjoint semi-simple Lie group without compact factors.

Proof. T is a lattice in a connected semi-simple Lie group G with finite centre.
As T is torsion-free, ' N Z(G) = {e}. The adjoint map is therefore injective
on I', which embeds as a lattice in Ad(G). Let C be the product of the
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compact simple factors of Ad(G). Then, as I" and therefore Ad(T") is torsion-
free, Ad(I') N C = {e}, so that Ad(I') embeds as a lattice in the quotient
group Ad(G)/C, non of whose simple factors are compact. As Ad(G)/C is

also adjoint, this completes the proof. (]

3.2 The Borel density theorem

The Borel density theorem is fundamental to the theory of lattices in semi-
simple Lie groups. The statement of the theorem given below is less general
than Borel’s original result [5], but sufficient for the purposes of this thesis.

We shall use it to prove that lattice in Ly have finite centre.

Theorem 3.2.1. (Borel Density) Let T be a lattice in a linear semi-simple Lie

group G without compact factors. Then T is Zariski dense in G.

Corollary 3.2.2. With T and G as above, C(T") C Z(G), where C(T") is the
centralizer of I' in G and Z(G) the centre of G.

Proof. Fix g € G. Then, g € C(I') < gyg'=~vforallyel < I'C
C(g), the centralizer of g. But C(g) = f~!(1) where f is the polynomial map
h — ghg='h~!. Thus C(g) is a Zariski closed subset of G containing I". But T’
is Zariski dense in G, and so in fact G C C(g). Thus g € Z(G). This proves
the result. O

Corollary 3.2.3. Lattices in Lo have finite centre.

Proof. Pick I' in Ly. Then I' can be embedded as a lattice in an adjoint semi-
simple Lie group G without compact factors. As the adjoint representation is
faithful G is linear. So, by the corollary above, Z(I') ¢ C(T') C Z(G). But G
is adjoint and thus Z(G) is trivial. Hence Z(I') = {1}. O
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3.3 A structure theorem for groups in L

Two groups A and B are said to be commensurable if there exists a group
A together with embeddings j; : A — A and j5 : A — B, such that the
subgroups j1(A) and j;(A) have finite index in A and B respectively. An
infinite group I is said to be irreducible if it is not commensurable with the
direct product of two infinite groups. The concept of irreducibility is important
in the classification of infinite groups. In the theory of lattices in semi-simple
Lie groups however, this concept has a more natural formulation.

Let I be a lattice in a connected linear semi-simple Lie group G whose
simple factors G4, .. ., G, are all non-compact. For each subset J of {1,...,n},
define G; = Il;¢;G; and let p; : G — G/G be the natural projection, where

J' is the complement of J in {1,...,n}.

Theorem 3.3.1. T is irreducible if and only if 7;(T") is non-discrete for every

subset J of {1,...,n}.
The proof depends on the following:

Theorem 3.3.2. Let I be a lattice in a connected linear semi-simple Lie group
G without compact factors. Let H and H' be closed normal subgroups of G such
that G = HH' and HN H' is discrete. Let m and ©' be the natural projections

onto G/H' and G/H respectively. Then, the following are equivalent:
1. 7'(T) is discrete in G/H
2. HNT is a lattice in H
3. m(T) s discrete in G/H
4. HNT is a lattice in H
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5. (HNT)(H'NT) has finite index in T

Proof. [31, Corollary 5.19].

proof of Theorem 3.3.1.

Suppose that 7;(I") is discrete for some J C {1,...,n}. Set J' = {1,...,n}—J.
Then, by the theorem above, (I' N G;)(I'N G ) has finite index in " and T is
reducible.

Conversely, suppose that I' is commensurable with the product A x B of
two infinite groups. As a subgroup of finite index in a lattice is lattice of the
same type, we may assume without loss of generality that I' embeds with finite
index in A x B. Identify I" with its image in A x B. Then there exist injections
A/TNA— (AxB)/T'and B/TNB < (Ax B)/T. So, the groups 'N A and
I' N B have finite index in A and B respectively and (I' N A)(I' N B) has finite
index in I". Thus G =T'g = (I' N A)(T N B)g. But (I'N A)(T' N B) normalizes
I'NA and I'N B, and so, by Proposition 2.1.1, (T N A)% and (T N B) are nor-

mal in G. Each of these groups is therefore a product of simple factors from
G. Moreover, as A and B are mutually centralizing, they commute. Since

the simple factors of G are non-abelian this shows that (I'N A)% and (I'N B)$

have no common factor. Hence (I' N A)% N (I'N B) is a discrete normal sub-
group of G and therefore contained in Z(G), which is finite. This implies that

the projection of I' on to either group is discrete. [

By reformulating of the concept of irreducibility in this way, it is possible
to show that every lattice in L is commensurable with the direct product of
finitely many irreducible lattices from the same class. The proof of this fact

depends on the concept of compatible partitions.
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Let T" be a lattice in a connected linear semi-simple Lie group G as above.
Then, a partition {Jj,...,Jn} of {1,...,n} is said to be compatible with I if
77(T) is discrete in G for each J € {Ji,...,Jm}. The relation,

{Jh,...,dn} <{Ks,..., Ky} <= m >nand for each r, J. C K| for some s.

is a partial order on the set of compatible partitions. As only finitely many
partitions exist, minimal partitions compatible with ' can certainly be found.
If {J1,...,Jm} is such a partition, then, for each i, the projection of I" on to
any product of simple factors from G, is non-discrete. In this case therefore,
77,(T) is an irreducible lattice in G ,.

The following proposition shows that the intersection of distinct sets from
two minimal partitions must be empty, so that, in fact, there is only one such

partition. This fact will be used to prove the structure theorem for L.

Proposition 3.3.3. Let I' be a lattice in a connected semi-simple Lie group
G with finite centre. Let H, and H; be closed connected normal subgroups of
G such that G = H1H,. Set K = H, N Hy and for j = 1,2 let A; be the
unique closed connected normal subgroup of H; such that K N A; is discrete
and er= KA. Letm : G — GJ/A; and my : G — G[A, be the natural
projections. Then, if 7;(T') is discrete in H; for j = 1,2, the image of T' is

discrete under the natural projection G — G/A,A;.
Proof. There is a commutative diagram:

QI/ G \qz

G/A, G/A,

D1 N / D2
G/A; A,

Since G = H; A, whilst H1NA;, together with the image of I" under the natural
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projection G — G/A, is discrete, Theorem 3.3.2 shows that (I' N Hy)(I'N Ag)
has finite index in . It is therefore sufficient to prove that the image of

(T'Nn Hy)(T'N Ay) is discrete in G/A;A;. Now, as ¢;(I' N Ay) is trivial,
(TN H)(T NAy)) =pian (TN Hy) = page(T' N Hy).

Moreover, ¢g2(I' N H;) C ¢o(T') N Hy/A,; is discrete in G/A;. But, H1/A; =
K/K N A; while G/A1A; = KA A2/A1Ax = K/K N A1 A,. So, by naturality,
the restriction of p; to H;/A; corresponds to the finite covering map K/K N
A; —» K/K N AjA; and this implies that pago(I' N Hy) is discrete in G/A; A,.

Hence the result. O

Theorem 3.3.4. Let I' be a lattice in L. Then I" is commensurable with a
direct product I'y X - - - X 'y of irreducible lattices from L. Moreover, the groups

Iy,...,Tx are uniquely defined up to commensurability.

Proof. Let A be a torsion-free subgroup of finite index in I'. Then, by Proposi-
tion 3.1.7, A embeds as a lattice in a connected adjoint semi-simple Lie group
G without compact factors. Suppose that G has n simple factors and let
{J1,--.,Jx} be the unique minimal partition of {1,...,n} compatible with A.
Then A; = AN Gy, is an irreducible lattice in G, for each j. Moreover, by
Theorexh 3.3.2, the product A;--- Ay & Ay x -+ X Ay is contained in A with
finite index, so that I" is commensurable with A; X - -+ X Ay.

Suppose now that I' ~ I'y x - - - X I';, where I'; is irreducible for each j. Let
H be a group that embeds in I'; X --- X I'; and T’ with finite index. Then, as
[';/T;N H injects into (I'y x - -- x I)/H, HNT; has finite index in I'; for each
j,and I" = (HNTIy) - - - (HNI) has finite index in I'. As the groups HNT'; are
. mutually centralizing, (H NT;)% is a connected normal subgroup of G for each
j, and therefore a product of simple factors of G. That is, (HNT,)§ = Gy,

for some J; C {1,...n}.
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Suppose that G5, N G, # {1} for some pair p,q. Then, since [' NGy, =
['; N H for all 7,

Plﬂ(GJpﬂGJq)=(F/ﬂGJp)n(F'ﬂGJq)= (FpﬂH)ﬂ(PqﬁH),

which is non-trivial if and only if p = ¢. Thus {Ji,..., J;} is a partition of
{1,...,n}. As T'; and therefore H N T is irreducible for each j, this partition
must be minimal. But there exists only one such partition. So, [ = k and

there exists a bijection o € S such that I'; ~ A, for all j. O
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Chapter 4

E-invariants and the SFC property

Let I' be a group of type FP and € : P — Z a projective resolution of
Z over ZI' having finite type. Then, as F; is finitely generated as a ZI'-
module, Homzr(P;,Z) and its subquotient H*(I',Z) are finitely generated
abelian groups for all . Consequently every group I' of type FP has a well-

defined Euler characteristic
X(T) = Tizo(~1)'rank(H*(T; Z)).
Now, it is well known that in this case,
x(A) =[T': A]x(T)

whenever A is a subgroup of finite index in I (see [12, Chapter IX, Theorem
6.3]). This fact is expressed by saying that x is multiplicative with respect to
covers (on groups of type FP). In [41], C.T.C.Wall used this result to extend
the definition of the Euler characteristic to groups containing a subgroup of
type FP with finite index. He showed that if A is a group and I" a subgroup
of finite index in A having type FP, then the quantity
1
Xo(4) = AT x(T)
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is independent of the choice of I' and therefore an isomorphism invariant of A.

Of course this also means that xg(A) is a defined for any group A that is
commensurable with a fixed group I" having type FP. In this way, C.T.C.Wall
extended the definition of the Euler characteristic from a particular group of
type FP to the whole of its commensurability class.

It turns out that C.T.C.Wall’s argument is entirely general and that any
isomorphism invariant that is multiplicative with respect to covers can be
extended to define an isomorphism invariant on the commensurability class of

a group with the same property. This is the content of Theorem 4.1.6.

Definition 4.0.5. A non-zero isomorphism invariant that is defined on the
commensurability class of a group and multiplicative with respect to covers

will be called an e-invariant.

This term will also be used to describe isomorphism invariants which are mul-
tiplicative with respect to covers but have only been defined on subgroups of
finite index within a particular group.

Now, if v is an e-invariant for a group I' and A; and A, isomorphic sub-

groups of finite index in I so that v(A1) = v(Ay), then, since v(T) # 0,
[[: Aj] =v(A;)/v(T) = v(A2)/v(T) = [ : Ag].

This shows that the index of a subgroup of finite index in I' only depends on

its isomorphism type.

Definition 4.0.6. A group I' will be called strongly finitely cohopfian or SFC,

if the index of a subgroup of finite index in I' is determined by its isomorphism

type.
We have shown,
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Proposition 4.0.7. If a group admits and e-invariant, then it is strongly

finitely cohopfian.

The aim of this chapter is to prove that the SFC property is in fact a property of
the commensurability class and that possession of this property is a necessary
and suflicient condition for the commensurability class of a group to admit an

e-invariant.

4.1 Duality in the SFC property and the exis-
tence of e-invariants

In the following, an embedding of groups ¢ : A — TI' will be called cofinite if
©(A) has finite index in T.

Definition 4.1.1. T" will be said to have the finite index property if, given any
two cofinite embeddings i; : H — I'and iy : H — T, [[': i3(H)] = [ : i2(H)).

Definition 4.1.2. T" will be said to have the finite coindex property if, for cofi-
nite embeddings j; : I' — I’y and j5 : I' — Iy, the existence of an isomorphism

T, & T, implies that [ : 5,(T)] = [['2 : 52(D)].

Lemma 4.1.3. (Duality) Let T be a group with the finite indez property. Then
I’ also has the finite coindex property.

Proof. Let j, : ' — I'y and 75 : I’ — I'; be cofinite embeddings and suppose
that ¢ : '} — I’y is an isomorphism. Then 73(I') C I'; and ¢j;(T") C T’y with
finite index. Set H = jo(T") N g1 (T). Then H has finite index in j5(I") and
¢j1(I') and

[Ty : 1) (T) s 7 (H)] = [Ty : ¢ (H)] = [Tz : H) = [Tz : j2(D)][52(T) : H].
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So, to show that [['; : j1(I')] = [Ty : jo(T)], it is sufficient to prove that
[12(T) : o7 (H)] = [j2(T) : H].

Now, [51(T) : ¢ Y (H)] = [pj1(T) : H]. Moreover, ¢j,(I') 2 T = j,(T"). Pick an
isomorphism 8 : @j;(I') — 72(T'). Then, as I" has the finite index property,

[72(T) : 0(H)] = [2(T) : H].

So [j1(T) : o™X (H)] = [@1(T) : H] = [jo(T) : 6(H)] = [2(T) : H]. Hence the

result. O

Theorem 4.1.4. A group ' has the finite index property if and only if every
subgroup of finite index in I' has the finite coindex property.

Proof. <) Let H be a group and suppose that there exist cofinite embeddings
i7: H— I'and i3 : H — I'. Then H, being isomorphic to a subgroup of
finite index in I', must have the finite coindex property by hypothesis. But
this means [[": i;(H)] = [I" : i3(H)], so that I" has the finite index property.
=) If T has the finite index property, then so does any subgroup H of finite
index in I'. But H then has the finite coindex property by Lemma 4.1.3 above.

Hence the result. O

Clearly a group I' has the finite index property if and only if it is SFC.

Corollary 4.1.5. If a group I has the strong finite cohopfian property, then

so does any group commensurable with I'.

Proof. Let B be a group commensurable with I'. Any group that embeds with
finite index in I’ is certainly SFC, so it is sufficient to show that B is SFC

whenever there exists a cofinite embedding I' — B.
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Identify I with its image in B. By Theorem 4.1.4, B has the SFC property
if and only if every subgroup of finite index has the finite coindex property.
So, let H be a subgroup of finite index in B and suppose that j; : H — I’
and j, : H — I'y are cofinite embeddings, where I'; = I'y. Then, as ' H has

the finite coindex property,
[[1:n(CNH) = [T2: j2(I'N H)J.

But, for r = 1,2, [ : 5.(C' N H)] = [T, : 3-(H)]l5-(H) : j-(T N H)), while
[1(H) : 5(CNH)] = [H : TN H] = [jo2(H) : jo(T' N H)]. Consequently
[T1: 71(H)] = [T2 : j2(H)], which completes the proof. 0O

Let T’ be SFC and pick a non-zero real number c. Define v(I") = c. Now
suppose that I is a group commensurable with I, so that there exists a group

A and cofinite embeddings j: A — I"and k : A — I". Define

_ 58]

v(T) = k@) ©

Theorem 4.1.6. v(I") is independent of the choice of A, j and k and therefore
depends only on the isomorphism type of I'. Moreover v(A) = [I" : AJu(I")
whenever A is a subgroup of finite indezx in [V, so that v is an e-invariant

defined on the commensurability class of T'.
Proof. Let A; and A, be groups such that there exist cofinite embeddings
j1: A>T and k;: Ay =TV
jo: Ay =T and ky: Ay — T
Set H = 71(A1) N ja(Az). Then H is contained in I’ with finite index and
[[: j1(A)][51(A1) : H] = [T : H] = [[': ja(A2)][52(A2) : H].
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Let 9, : j1(A1) — k1(A1) and s : jo(As) — ka(Asz) be isomorphisms. Then
[k](AI) : ’l,bl(H)] = [Jl(Al) : H] and [k2(A2) . 1/)2(H)] = []g(Az) . H] SO,

[ : 51(A)]) k1 (A1) = o (H)] = [T : j2(A2)][k2(A2) = 9ho(H)).
Multiplying both sides by [I” : k;(A,)], we deduce:
[ o ()T : j1(A1)] = [I" : ki (A1)][T = jo(A2)][ka(A2) = Y2(H)]
But H is SFC and so [ka(As) : ¥a(H)] = [k2(A2) : 41 (H)]. Therefore,
[ : ka(A)]L 2 1 (A1)] = [T : kx(AD]IT : j2(B2)],
which completes the proof. O
Corollary 4.1.7. A group T is SFC if and only if it admits an e-invariant.

Proof. Immediate. O

4.2 The relation to rigidity

In this section, an irreducible lattice in a connected semi-simple Lie group
with finite centre will be shown to be SFC. This result, which makes use of
the Mostow rigidity theorem [27], subsumes an earlier result due to A.Borel,
who originally initiated investigation into the relationship between the index
of a subgroup in a semi-simple lattice and its isomorphism type, proving the

following theorem in [7):

Theorem 4.2.1. Let G be a linear algebraic group defined over R and I a
lattice in Gr such that H'(A; Ad) = 0 for all subgroups A of finite index in T.

Then T" is not isomorphic to a proper subgroup of finite indexz.
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Here H*(_;Ad) denotes cohomology with local coefficients in the sense of
N.Steenrod [35, pages 151-166]. The local system in question is constructed
in a canonical way from the representation Ad a described in [31, pages 105 -
107].

Now, A.Weil had proved in [43] that if T is a discrete cocompact subgroup
of a connected linear semi-simple Lie group whose non-compact factors all
have dimension > 3, then H!(I; Ad) = 0. Any such group G C GL(n,R)
is however, just the set of real points of the identity component of its Zariski
closure in GL(n,R). As A.Borel observed, the above theorem therefore applies
to any cocompact lattice I' in a connected linear semi-simple Lie group whose
non-compact factors all have dimension > 3. In addition, using the results of
M.S.Raghunathan (see [29] and [30]), A.Borel was able to show that Theorem
4.2.1 holds for a large class of arithmetic lattices in semi-simple Lie groups that
includes all arithmetic lattices in connected linear algebraic groups defined and
simple over QQ that are not locally isomorphic to SL(n,C). A linear algebraic
group that is defined over Q is said to be Q-simple or simple over Q if it
contains no proper connected normal subgroup defined over Q.

In a later chapter, I will show that any lattice in a connected semi-simple
Lie group with finite centre has the SFC property (Theorem 5.2.2). This
result extends both A.Borel’s original theorem and the theorem derived from

the Mostow Rigidity Theorem in the next section.

4.2.1 The SFC property of irreducible lattices in L

In [27], G.D.Mostow showed that if I'; is an irreducible cocompact torsion-free
lattice in an adjoint semi-simple Lie group G; # PSL(2,R) without compact

factors (j = 1,2), then every isomorphism ¢ : I'; — I'; extends to a unique
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Lie group isomorphism @ : G; — G»,. This phenomenon is known as (Mostow)
rigidity. The hypotheses of G.D.Mostow’s original theorem were subsequently
weakened by G.A.Margulis, G.Prasad and M.S.Raghunathan to include non-

cocompact lattices (see [27, pages 8 - 9]). The full theorem is therefore:

Theorem 4.2.2. For j = 1,2, let I'; be an irreducible torsion-free lattice in
a connected adjoint semi-simple Lie group G; without compact factors and
not isomorphic to PSL(2,R). Then, every isomorphism I'y — D'y, ertends

uniquely to a Lie group isomorphism G, — Gs.

A couple (G, T') satisfying the hypotheses of the full rigidity theorem will
be called a rigid couple. The following proposition shows that once a Haar
measure & has been fixed on G, the volume p(G/T) depends only on the
isomorphism type of I', where u is the G-invariant Borel measure on G/T

induced by g.

Proposition 4.2.3. Let (G, A) and (G, B) be rigid couples and suppose that
A = B, then u(G/A) = u(G/B).

Proof. Let ¢ : A — B be an isomorphism and ¢ : G — G the unique Lie
group isomorphism extending ¢. Let w be the volume form on G inducing .

Then, it follows from the definition of y that

W(G/B) = (V) = /V v,

where V is a fundamental domain for the action of B on G. But U = &~ 1(V)
is a fundamental domain for the action of A, while @*w = det(L@)w, where L

is the Lie functor. So in fact
W(G/B) = / w = |det(L)| / w = |det(LF)| u(G/A)
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It is therefore sufficient to show |det(L®)| = 1. To see this, first observe that,
as G is semi-simple, Ad(G) = Aut(g)°, where g is the Lie algebra of G. As
connected semi-simple Lie groups only admit trivial characters, this implies
det(f) = 1 for all # € Aut(g)®. Let {E;} be a basis for g. We may identify
End(g) with GL(n? R) via @ — o;;, where a(E;) = a;;E; for all 4,5. Let Cyj
be real numbers such that [E;, E;] = C;jxEj for all 4,j,k. Then oy; € GL(n,R)

corresponds to an element of Aut(g) if and only if
ipQjgCogr Er = [a(E;), a(Ej)] = alE;, Ej] = Cijra(Ex) = Cyjrare By,

so that ipjqCper = Cijkare. But this mean that Aut(g) is an algebraic
subgroup of GL(n?,R) defined over R and therefore has only finitely many
connected components. {1,—1} contains all finite subgroups of R, and any
real-valued character of Aut(g) must therefore take values in this set, which

implies that |det(Lp)| = 1. O

Corollary 4.2.4. Let I' be an irreducible torsion-free cocompact lattice in a
connected adjoint semi-simple Lie group G without compact factors. Then, if

p s a non-zero G-invariant Borel measure on G/T', the mapping
fu A p(d),
defined on subgroups of finite index in ', is an e-invariant for I'.

Proof. The proposition above shows that f, is an isomorphism invariant. We
must show that it is multiplicative with respect to covers. Let A be a subgroup
of finite index d in I". Then there exists a d — 1 covering map G/A — G/T’
defined by gA — gI', so that u(G/A) = d - u(G/T"). Hence the result. O

Theorem 4.2.5. If I’ € L is irreducible, then it has the SFC property.
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Proof. As lattices in L are virtually torsion-free by Proposition 3.1.6, while the
SFC property is a property of the commensurability class (Corollary 4.1.5), we
may assume that I' is torsion-free. In this case however, Proposition 3.1.7
shows that I' embeds as a lattice in a connected adjoint semi-simple Lie group
without compact factors. The only case that is excluded by the theorem above
is therefore that of lattices in PSL(2, R) (which are necessarily irreducible since
PSL(2,R) issimple). Now, PSL(2,R) acts transitively on the upper half-plane
H by Méobius transformations. The stabilizer of ¢ is the compact subgroup
PSO(2), so that PSL(2,R)/PSO(2) = H. But I' is discrete and torsion-free,
and therefore acts freely and properly discontinuously on PSL(2,R)/PSO(2)
by left multiplication. The double coset space Xt = I'\PSL(2,R)/PSO(2)
is a smooth manifold covered by H = PSL(2,R)/PSO(2) whose fundamental
group isomorphic to I'. Thus Xt is a K(T', 1) space and x(T") = x(Xr).

Now, when I' is cocompact, X, being the image of the compact space
I'\PSL(2,R) under the continuous map I'g — I'gPSO(2), is a compact mani-
fold. Xt is therefore the fundamental group of compact surface without bound-
ary. But by Corollary 3.2.3, Z(T") = {1}, so that I is non-abelian. Thus Xt has
genus > 1 and x(I') = x(Xr) # 0. As the Euler characteristic is multiplicative
on covers, this shows that I' is SFC.

If T is not cocompact, then its cohomological dimension must be strictly
less than the dimension of Xt (see [12, Chapter VII, Proposition 8.1]). T', being
non-trivial, therefore has cohomological dimension 1. It is a celebrated theorem
of J.R.Stallings [34] and R.G.Swan [38] that every group of cohomological
dimension 1 is free. As I is finitely generated and non-abelian, it is therefore

isomorphic to the free group on r generators, for some r > 1. So x(I') =

1 — 7 # 0, which shows that I" is SFC. (]
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Chapter 5

Direct products of groups and the
SFC property

If I'; and 'y are groups, and I'; x I'; is SFC, then so are I'; and I'y. For, if A
and B are isomorphic subgroups of finite index in I'y, then A x I'; and B x T’y

are isomorphic subgroups of finite index in I'y X I'y, so that
[AIP1]=[AXF22F1XF2]=[BXF22F1XF2]=[BZF1].

In this chapter it will be shown that, for a suitably strong notion of irreducibil-
ity, the converse is also true. The resulting product theorem will then be used
to show that all lattices in connected semi-simple lattices with finite centre are
SFC (Theorem 5.2.2). Finally, counter examples will be given to show that for
an arbitrary extension 1 - K — G — @ — 1 in which I" is SFC, both K and
@ can fail to possess the strong finite cohopfian property.

As a non-zero Euler characteristic is an e-invariant, were it the case that
Xx(T') # 0 whenever I' € L, Theorem 5.2.2 would be well-known. However,
though always defined for such I', in many cases x(I') is either zero or else

still unknown. For example, if I" is a cocompact lattice in L then any torsion-
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free subgroup A of finite index in I' satisfies Poincaré duality. So, if the
cohomological dimension of A is odd, then 0 = x(A) = xo(I'). In addition,
certain non-cocompact lattices are known to have zero Euler characteristic. In

particular, x(SL(n,Z)) = 0 for all n > 3 (see [12, page 256]).

5.1 The product theorem

Definition 5.1.1. An infinite group H will be called strongly irreducible if it
is not commensurable with a group that can be written as the product of two

infinite mutually centralizing subgroups.

Theorem 5.1.2. The direct product of finitely many strongly irreducible torsion-

free SFC groups has the strong finite cohopfian property.
We begin with the following lemma:

Lemma 5.1.3. Suppose that H = Hyo---oH, and K = K,0---0 K,, are
internal direct products of strongly irreducible torsion-free groups. Then, if K
is contained in H with finite index, there exists a permutation o € S, such
that H; contains K, ;) with finite indez for all j € {1,...n}.
Proof. Let m; : H — H; be the natural projection onto the i factor. Then
mi(K) = m(K,) - - -7 (K,) has finite index in H;. As m(K)),...,m(K,) are
mutually centralizing subgroups of the strongly irreducible group H;, there
exists o(i) € {1,...,n} such that m(K) = m(K,u) and m(K;) = {1} for
Jj # o(d).

Now, suppose that j is fixed and that K; # K, fori = 1,...,n. Then
7;(K;) = {1} for all i so that K; = {1}, which is a contradiction, since Kj is

assumed to be infinite. The map
o:{1,...,n} = {1,...,n};i— o(3),
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is therefore onto and hence bijective. So, K,(;y # K,(;) for ¢ # j. In particular,
7;(Ko(iy) = {1} whenever ¢ # j, which implies that K,y C H;. Thus m;(K) =
7;(Ko(i)) = Ko(i), which shows that K,(;) has finite index in H;. O

proof of Theorem 5.1.2. Let (I'y,...,T';) be a sequence of strongly irreducible
torsion-free groups with the SFC property. Set ' = I’y x --- x I',. For each
i € {1,...,n} do the following: if for some j # i, ['; is commensurable with,
but not isomorphic to I';, replace I'; by I'; in the sequence. Now relabel the
sequence as (I'},...,I7). Then I" =T} x --- x I, ~ T, and, as I" is SFC if
and only if IV has the SFC property by Corollary 4.1.5, we may assume that
[ =T". ie. if I'; is commensurable with I'; for some j then I'; = I';.

For each i € {1,...,n}, identify I'; with its image in I" under the canonical
embedding I'; < I'y X .-+ x I';,. Then T is the internal direct product I'; o
---oI,. Let A and B be isomorphic subgroups of finite index in I" and, for
te€{l,...,n},set A, =TNA Bi=T;NB. Then A’ = Ajo---0 A, and
B’ = By o---0 B, have finite index in A and B respectively.

Pick an isomorphism ¢ : A — B. Then ¢(A’) = p(A;) o --- 0 p(A,)
is a product of strongly irreducible torsion-free groups contained in I' with
finite index. By the lemma above, there exists a permutation o € S, such that
¢(A;) C Ty with finite index for all 2. But this means that I'; ~ ¢(A;) ~ Ty
for i =1,...,n. By our assumption, there must therefore exist isomorphisms
['; & Ty for all 2. AsT'; and therefore A; is SFC, duality in the SFC property
(Lemma 4.1.3) now implies that [I'; : A;] = [[s : ©(A;)]. However, o(A;) C
I's3y N B = B,(;). So, as ¢ is an isomorphism and o is bijective, ¢(A;) = By).
Thus 9(A") = B, [A: Al = [B: B'] and [I'; : A;j] = [Top) : By for all 4. As

o is a permutation, this shows that [I' : A'] = [": B’]. Hence
[:Al=[":Al/A:A]=[":B|/[B:B]=[:B].
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5.2 The SFC property of lattices in L

The hypothesis of Theorem 4.2.5 can be extended using Theorem 5.1.2 above

to include all lattices in L, and not just those which are irreducible.

Theorem 5.2.1. If [ is an irreducible lattice in a connected semi-simple Lie

group with finite centre then I' is strongly irreducible.

Proof. Suppose that I' embeds as a subgroup of finite index in a group H =
H,H,, where H, and H; are mutually centralizing infinite subgroups of H.
Then, as H;/(I' N H;) injects into the finite set H/T', T' N H; has finite index
in H; for j = 1,2. Pick h € H. Then h = hh,, where h; € H; and h; € Ho.
Moreover,

hlhg(FﬂHl)(FmHg) — hl(FﬂHl) hg(FnHz),

so that [H : (TNH,)('NH2)] < [Hy : TNH,y|[H, : T'NH,). Thus (I'NH,)(INHy)
is contained in I" with finite index. Consequently, it is sufficient to show that
I’ itself cannot be decomposed as the product of two mutually centralizing
infinite subgroups.

Now, as strong irreducibility is a property of the commensurability class,
we may further assume that I' is torsion-free, so that I' embeds as a lattice in a
connected adjoint semi-simple Lie group G, without compact factors (Propo-
sition 3.1.7).

Identify G with its image in GL(n,C) under the adjoint representation
and suppose that I' = I';I"; where I'; and I'; are infinite mutually centralizing

subgroups of I Pick v € . The mapping £ — yzvy~! is polynomial with
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polynomial inverse and therefore a homeomorphism of G onto itself in the
Zariski topology. So, for j = 1,2,

Ty =Ty T =T,
which shows that I' normalizes both T; and Ts.

I is Zariski dense in G, so that T = G and by Lemma 2.1.1, G normalizes
T; for j = 1,2. However, G = (G)§ C GL(n,R). Thus (T;)g is normal in G
and (T;)g, being characteristic in (T;)g, is a closed connected normal subgroup
of G.

Since I'; and I'y are mutually centralizing, it also follows from Lemma 2.1.1
that (T';)g and (T'5) centralize eachother, so that (T'1)% N (T'2)% is abelian. As
the simple factors of G are all non-abelian, this shows (T'7)g N (T2)g = {1}.
Now, for j = 1,2, (T;)r is a real algebraic group, and as such has only finitely
many connected components. Consequently A; = (T;)§ N T is a subgroup of
finite index I'; for j = 1,2. Moreover, A; N A, C (T1)g N (T2)g = {1}, so that
Ay - Ay 2 A X Ag. As 11221 - Ay = 217 - 29, for all 2z, € Ty, 29 € Ty,
A; - A, has finite index in I. This contradicts the irreducibility of I". Hence

the result. O
Theorém 5.2.2. IfI' € L then I" has the SFC property.

Proof. As we have seen, I admits a torsion-free subgroup of finite index, say
I, that embeds as a lattice in an connected adjoint semi-simple Lie group.
The irreducible factors of I are also lattices in adjoint semi-simple Lie groups
and by the above theorem, strongly irreducible. Thus I, and therefore T,
is commensurable with a direct product of finitely many strongly irreducible
torsion-free SFC groups. This product has the SFC property by Theorem
5.1.2. As the SFC property is a property of the commensurability class, this
shows that I' is SFC. d
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5.3 SFC group extensions with non-SFC factors

The aim of this section of to show that a group G arising as an extension
l1-K—-G—-Q—1,

can possess the SFC property even when K or @ fail to do so. This will be
demonstrated by two examples: non-trivial extensions of Z by oriented surface
groups of genus > 1, and Stallings fibrations constructed via pseudo-Anosov

diffeomorphisms.

5.3.1 The Stallings fibration

Let X be a compact orientable surface without boundary and ¢ a diffeomor-
phism of X. The quotient space E(p) = X X I/ ~ is then a smooth closed
3-manifold, where ~ identifies (z,0) with (p(z),1) for all z € X. Let [z,t] de-
note the equivalence class of (z,t). The map [z, ] — ¢ then defines a fibration
E(p) — S! with fibre X, called a Stallings fibration, after J.R.Stallings, who

proved the following theorem in [33]:

Theorem 5.3.1. Let M be a compact irreducible orientable 3-manifold without

boundary for which there ezists a short exact sequence of groups
1K —->m(M)—>Z -0,

in which K is finitely generated. Then M is a locally trivial fibre bundle over S*
whose fibre is a closed orientable surface X such that m1(X) & K. Moreover,
the short ezact sequence 1 — m(X) — m (M) — 71(S*) — 0 arising from the

long homotopy ezxact sequence of M is isomorphic to the extension above.
Now set ¥ = m(X) and let
1-YX—>I—>Z—-0
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be a short exact sequence. It follows easily from the Lyndon-Hochschild-Serre
spectral sequence for I that rank(H?(T';Z)) = 2g — 1, where g is the genus of
3. Since ¥ is determined upto isomorphism by its genus, this shows that the
isomorphism type of ¥ is determined by I'.

The following proposition shows that when g > 1, ¥ is characteristic in I'.

Proposition 5.3.2. If 1 —» ¥ — I'; = Z — 0 is an extension for j = 1,2,

then any isomorphism 6 : I'y — 'y induces a commutative diagram,

1- ¥ - I - Z -0
0| 16 16"
1- ¥ - T, - Z -0
Proof. We must show that §(X) = X. Set I' = 'y, £; = ¥ and ¥, = 6(%).
Suppose that 3; # ¥,. Then, as ¥; is a normal subgroup of I' for j = 1,2,
H =%, - X5 is also a normal subgroup in I'. Suppose that H C I" with finite
index. Then, if p; is the projection I' — I'/%;, p;(H) = Z for j = 1,2 and

there exists a short exact sequence
125, -HBZ -0

This means that there exists 0 = 0,09 € H such that o; is not contained in
Y1 NX; and py(0) has infinite order. As pa(0) = pe(0102) = pa(01), this means

p2(01) has infinite order also. So, there must exist a short exact sequence
12X NX—-% —->A—0.

in which A is finitely generated and abelian ([£;,%;] C [I,T] € £, N E,, so
that £;/3; N X,) is abelian). But this implies that 2 — 2g = x(%;) = 0, a

contraction.
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This shows that H is contained in I with infinite index. But then, for
J=12
I/H = (T/%;)/(H/%;) = Z/(H/%;)
Thus H/Y; is finite for j = 1,2. So, ¥; N ¥y C H with finite index. So

I'/2; N X, =2 Z and there exists a short exact sequence
1-¥NY,—-»T'—>2Z—-0.

But the genus of ¥, N, is determined by I" and so x(X;N¥s) = x(X1), which

is impossible unless ¥, = ¥,. a

It follows from the above proposition that if 8 : I'; — I'5 is an isomorphism,

then there exist sections s; : Z — I'; such that
0s1(1) = so(£1).
So, if ; is the operator homomorphism of the extension
1-Y-T;—-Z—-0,

then [0']-p1(1)-[6'] ! = @2(£1), where &' is the restriction of § to . This shows
that, up to isomorphism, I" is uniquely determined by the couple (g, C(y)),
where C(¢p) is the set of elements in Out(X) conjugate to either ¢(1) or p(—1).
We shall write I' = I'(g, C(yp)).

Now, if E(yp) is an orientated Stallings fibration, then the image of 1 under
the canonical homomorphism a : m;(S') — Out(m; (X)) induced by the outer
action of m(S') on the fibre ¥ of E(y), is just [¢], where [f] denotes the
element determined by a diffeomorphism f under the canonical homomorphism
mo(Dif f(X)) — Out(m (X)). However, « is the operator homomorphism of the

extension

1 - m(Z) = m(E(p)) = m(S') =0

o8



arising from the long exact homotopy sequence of E(p). Thus m;(E(p)) =
['(g, C[y]), so that, if E(p;) and E(¢p,) are Stallings fibrations constructed from
the same surface X, then m (E(p1)) = m1(E(p1)) if and only if Cp1] = Clpa).

For a compact orientable surface X without boundary and having genus >
1, F.Waldhausen [40] has shown that mo(Dif f(X)) = Out(m1(X)), so in fact
[¢1] = [2] if and only if ¢; is isotypic to ¢,. According to W.P.Thurston [39)],
a diffeomorphism f € Diff(X) corresponds to an element of infinite order
in Out(m(X)) if and only if is isotopic to a pseudo-Anosov diffeomorphism.
As Out(m;(X)) is known to have non-zero virtual cohomological dimension
(see [13]), diffeomorphisms of this type certainly exist. The following theorem,
also due to W.P.Thurston [25], shows that if ¢ is such a diffeomorphism, then
m(E(p)) is a lattice in L:

Theorem 5.3.3. Let X be a closed orientable surface of genus > 1 and ¢ a
diffeomorphism of X. Then, the Stallings fibration E(p) admits a complete hy-
perbolic metric if and only if ¢ is isotopic to a pseudo-Anosov diffeomorphism.
That is, there ezists a Riemannian metric on E(p) with respect to which it is

complete Riemannian manifold of constant negative curvature.
Proof. See [25, Theorem 3.9]. O

Corollary 5.3.4. If ¢ s isotopic to a pseudo-Anosov diffeomorphism, then
m1(E(p)) is isomorphic to a cocompact lattice in the simple Lie group O(3,1).

The corollary is an entirely standard deduction from the theorem above.
However, the proof is often omitted from texts on group theory and has there-

fore been included below.

Proof. Let m: E — E(y) be the universal covering. Then, in the Riemannian

structure induced by 7, E is also a complete Riemannian manifold of constant
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negative curvature (see [20, pages 176 and 202]). Moreover, with respect to
this structure, 7 is a local isometry and so the canonical action of 71 (E(p)) on
E by covering transformations is isometric. I' = m;(E(¢p)) therefore embeds as
a discrete subgroup of I(E), the isometry group of E.

It is a classical theorem that a complete simply connected Riemannian
manifold M of constant curvature k and is isometric to the space form L(k)

[20, Chapter VI, Theorem 7.10]. That is, the hypersurface
{1, 0, t) €RM™ g} 4o 4 22 + 182 = 1),

where 7 = 1/k and n is the dimension of M. The metric on L(k) is given
by restriction of the form dz? + - - - + dz2 + rdt? and its isometry group I(k)
consists of those linear transformations of R™*! that leave the quadratic form
z? + .-+ 22 + rt? invariant (see [44, Theorem 2.4.4]).

Now, I(k) = O(n,1) whenever k < 0, so that I(E) = O(3,1). Moreover,
I(r) acts transitively on L(k) with compact stabilizers [20, Chapter VI, The-
orem 3.4] so that £ = O(3,1)/K for some compact subgroup of K of O(3,1).
Thus E(p) = T\O(3,1)/K. As I'\O(3,1) is a fibre bundle over I'\O(3,1)/K

with fibre K, this shows that I" is cocompact in O(3,1). Hence the result. O

As O(3,1) is simple, this shows that 71 (E(p)) has the strong finite cohop-
fian property whenever ¢ is a isotopic to a pseudo-Anosov diffeomorphism.

However, m1(E(yp)) is given as an extension,
1 —m(X) - m(E(p) »Z—0

and Z is certainly not SFC.
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5.3.2 The groups I'(g,c)

Let I be a group arising as a central extension of Z by the fundamental group
39 of a closed orientable surface with genus g > 1, so that there exists a short
exact sequence

0-Z—-T->% -1 (5.3.1)
As Z(¥9) = {1}, £9 2 T'/Z(T") depends only on the isomorphism type of T, so
that g is an isomorphism invariant of I'.

Now, the extension 5.3.1 is classified by a class ¢ € H?(X9,Z) = Z. Since
Aut(Z) = {£1}, up to sign, ¢ depends only on the isomorphism type of I
So, for fixed g, ¢ determines a unique group I' = I'(g, ¢) upto isomorphism for
each ¢ > 0. We will show that when ¢ > 0, ['(g, ¢) is SFC, thereby proving
that an extension of a non-SFC group by one with the strong finite cohopfian
property can still be SFC. This example also shows that SFC groups can have
non-trivial centres.

Let A be a subgroup of finite index in I'. Then A N Z(T") has finite index
in Z(T'). Consequently A N Z(I') & Z. Moreover, the inclusion ¢ : A — T’

induces an injection A/A N Z(T') — X9, so that A is given as an extension
1-Z—-A—-3%h 1 (5.3.2)

for some h. This extension is clearly central, so that A & I'(h,d), where

d € H*(Zh;Z) classifies 5.3.2. Moreover, there exists a commutative diagram

00— Z —» A - T 51

¢l Lo 1o"
0—- Z - T —- Y9 —>1

in which all of the downward arrows are inclusions.
Theorem 5.3.5. If ¢ > 0, then I'(g, c) has the SFC property .
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Proof. Since surface groups of genus > 1 have the SFC property and are de-
termined up to isomorphism by their genus, the index [X9 : ¢”(Z")] depends
only on h (g being given). We shall show that the index [Z(T") : Z(A)] is
determined by the value of d. Since [[; A] = [£9 : Z*][Z(T) : Z(A)), this will
prove the theorem.

Let s : ¥9 — [ be a section and

cs: 29 X B9 — Z; (g1, g2) — 5(91)s(g2)s(g192) ™"

the corresponding cocycle (which represents c). By commutativity, s(¢"(z)) C
Ime for all z € *. In addition, ¢ is injective, so that s defines a section
t: X" — A such that

Pt =s0y".
Let d; be the corresponding cocycle (which represents d). Then,
(Pldt =c, 0 ((P” % (P”)-

However, [c;0(¢” X ¢")] = (¢")*c, where (¢")* is the induced map H?*(X9;Z) —
H%(Z",Z). But this is just the map defined by 1 — [Z9 : Z*]. Similarly,
[¢'di] = (¢')+d, where (¢'). is defined by 1 — [Z(T') : Z(A)]. Thus

[Z(D) : Z(A))d = [Z9 : e,

so that [Z(T) : Z(A)] depends only on the isomorphism type of A. O

62



Chapter 6

E-invariants and the theory of

central extensions

Let G be a group with centre Z, and suppose that both Z and H%*(G/Z;Z)
are finitely generated. Then, modulo torsion, the characteristic class of the

extension
0-Z-G—-G/Z—-1

can be regarded as a matrix with entries in Z. The rank of this matrix turns out
to be an isomorphism invariant of G, and closely related to the SFC property.
Before any theorems can be proved however, some definitions are required.

Let M;n(Q) be the group of m x n matrices with rational entries and
ei;; = 0;x0;; the canonical basis of My,,(Q). For £ € My, (Q), define the
numbers z;; by £ = zje;;. Set ¢; = {ey,...,emi}, and take Qc; to be the
subgroup of M,,,(Q) generated by the elements of c;, so that M,,,(Q) is the

internal direct sum
Qo+ +Qn=Q"®---0Q" = (Q")"
Similarly, let r; = {e;,...,en}, and take Qr; to be the subgroup of M,,,(Q)
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generated by the elements of r;, so that
an(Q) ZQ"'l'i'""i'Qrman@"'@Qn: (Qn)m.

Definition 6.0.6. A group homomorphism ¢ : M, (Q) — M, (Q) will be
said to have type L ift : X — PX for some m x m matrix P and type R if

t: X — XQ for some n X n matrix Q).

If t is given by X — PX, and X, are the columns of the matrix X € M,,,(Q),
so that X = (Xy,...,X,), it is elementary to see that PX = (PXy,...,PX,).
t therefore corresponds to the transformation ej; +— Py ex; applied to each of
the subgroups Qc;. Similarly, if ¢ is given by the map X — X@, then ¢ cor-
responds to the transformation e;; +— e;Q;r applied to each of the subgroups

Qr.

6.1 Matrix invariants and central extensions of
groups

Let ¥ be a group for which H?(Z;Z) is finitely generated, so that there exists
an isomorphism j : H%(Z; Q) — Q™ for some non-negative integer m. Then,
given a finitely generated abelian group A and an isomorphism ¢ : AQQ = Q",

define 6(, j) to be the composition

HY(ZA®Q) 5 H(S,Q7) & H(Z,Q "5 (@) & Mn(Q),
where 7 : H*(%; Q") = H?(Z;Q)" is the natural isomorphism, and i, is the
induced map i, : [f] — [i(f)]. |

Definition 6.1.1. An isomorphism H%(Z; A ® Q) — M,,,(Q) will be called
admissible when it is equal to (%, j) for some pair of isomorphisms i : AQQ —

Q" and j : H*(Z;Q) — Q™.
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Theorem 6.1.2. Let G be a group, Z its centre and c the characteristic class

the canonical extension
0-Z2—->G—-G/Z—1.
Suppose that Z and H*(G/Z;Z) are finitely generated and let
0: H*G/Z;Z® Q) = Mmi(Q)

be an admissible isomorphism. Then, if cg denotes the image of ¢ under the
natural map H*(G/Z; Z) — H*(G/Z; ZQ®Q), rank(6(cg)) is independent of the
choice of isomorphism 6 and therefore an isomorphism invariant of G. Simi-
larly, when rank(Z) = rank(H*(G/Z;Z)), so that 0(cg) is square, |det(6(cq))|

is an isomorphism invariant of G.

When the hypotheses of the above theorem hold, rank(G) = rank(6(cq)) will
be called the rank of G and det(G) = |det(f(cg))| its determinant. The proof
of their existence is based upon the following:

For j=1,2,let 0 = A; — G; — X; — 1, be a central extension in which
Aj and H*(X;; Z) are finitely generated. Let ¢ : G; — G, be a homomorphism
and suppose that ¢(A;) C A, so that ¢ induces maps ¢" : £; — X, and
¢ : Ay — Ay. Now define

(77 H2(21 : Al ®Q) hand H2(21 . A2 ®Q)
¢ H*(Z;: A, ®Q) —» H* (%, : 4,0 Q)
to be the natural maps induced by ¢’ and ¢” respectively.

Lemma 6.1.3. Suppose A; @ Q = A, ® Q and ¢” is an isomorphism. Then
©* and ¢, induce group homomorphisms My, (Q) — My, (Q) defined over Z

with respect to all admissible isomorphisms, where n = rank(A;) and m =
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rank(H%(%;;Z)) for j = 1,2. Moreover, the maps determined by ¢* and ¢,
have type type L and R respectively.

Proof. For r = 1,2, choose isomorphisms " : A, ® Q — Q" and
Jr + HX(Z,;Q) — Q™. Then ¢* induces a homomorphism of M,,,(Q) defined

by the commutative diagram:

HY(S54,0Q) S H(53QY) — HA(S3 Q" *S™(Q)" & Mpn(Q)
So*l ) (<P”)*l [(‘P”)*]nl . | l
H (S 4,0Q O HA(S;QY) — HY(S;Q)r "®iQryr = M. (Q)

The map My, (Q) — My (Q) is clearly defined by a linear map z — Px
applied to each of the subspaces Qc; and therefore has type L. Moreover, as it
is induced by the isomorsphism H?(Xy; Ay) — H?(Z1; Ag); [f] — [fo(¢” x¢")]
via the map H%(Z;; A2) ® Q & H?(X5; A, ® Q), ¢* is also defined over Z.
The automorphism of M,,,(Q) induced by ¢, with respect to 6(i, ) is

defined by the commutative diagram:

HY(Z;40Q — H(Z;QY) — (@)™ Mun(Q) 5 Mima(Q)
il ol ! !
HY(S;4,0Q) — H(E;QY) — (@)™ Myn(Q) > Mma(Q)

It is clear from the diagram that the map M,,(Q) — M,,(Q) is given
by a linear map r — QTz applied to each of the spaces Q(r;), so that
the homomorphism M;,,(Q) — Mpu,(Q) induced by ¢, is given by right
matrix multiplication X — X@Q. As ¢, is induced by the homomorphism
H%(Z1; A1) — H%(Z1; Az); [z] — [¢'(f)], the map M, (Q) — My, (Q) deter-
mined by ¢, is also defined over Z. a
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Proof of theorem 6.1.2
For j = 1,2, let G; be group such that H*(G;;Z) and Z; = Z(G;) are finitely
generated. Suppose that ¢ : G; — G5 is an isomorphism. Then there exists a

commutative diagram:

61) 0— Z1—> Gl—‘) Gl/Zl—ﬁ 1
¢l el ¥l
ga) 0 Zy— Gy— Gy/Zy— 1

in which all of the downward arrows are isomorphisms. If ¢; is the characteristic

class of €; for j = 1,2, then by naturality,

¢ ((c2)e) = pa((e1)e)-

But ¢* and ¢, induce isomorphisms of type L and R respectively. So, given
admissible isomorphisms 0; : H%(G;/Z;; Z; ® Q) — Mmn(Q) (j = 1,2), there

must exist invertible matrices P and @ such that

Pb:(c1)q = 02(c2)o@-

Thus rank(6;(c1)q) = rank(6:(c2)q). Similarly, when m = n, we may take

determinants to obtain,

det(P)det(61(c1)q) = det(62(c2)q)det(Q).

However, as the morphisms induced by ¢* and ¢, are defined over Z, P and
Q lie in GL,(Z). Consequently |det(P)| = |det(Q)| = 1 and |det(8;((c1)q))| =

|det(82((c1)o))I-
O
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6.2 A criterion for the failure of the SFC prop-
erty

Theorem 6.2.1. Let
0—-A A -T—-X—1

be a central extension classified by c € H*(Z; A1 Ay) & HA(X; A))©H?(Z; Aa)
and suppose that Ay and A, are finitely generated with rank(A,) > 0. Then, if
the projection of c onto H*(X; A,) is zero, T is not SFC.

Proof. Choose a section s : ¥ — T, so that
f:EZ XX — A ® Ay (01,09) = s(01)8(02)s(0102) 7!
is a cocycle representing c¢. Then multiplication in I is given by
a18(01) - a28(02) = (a1 + az + f(01,02))s(0102)

Let p; : HX(Z; A; ® Ay) — H%(Z; A1) be the natural projection so that p;(c) =
0. Then, without loss of generality we may assume Im(f) C A,. But this
means

Iy ={as(o):a € Ay,0 € L}
is a subgroup of I'. Now, if B is subgroup of A;, then BT'; is also subgroup in
T, for if b,b' € B and as(0),d’'(¢') € I'y, then

(b+a)s(o)(b' +a')s(o") = (b+ b + [a+a' + f(o,0")])s(c0”) € BIs.

It is clear moreover, that if B, B’ < I';, then any isomorphism 6§ : B — B’
extends to an isomorphism from BI'y — B'T';. But rank(A;) > 1, and so A;
admits an isomorphism onto a proper subgroup of finite index, say B, which

extends to an isomorphism I' & AT’y — BT'3. Thus I is not SFC. O
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In the light of the above, given a central extension, 0 - Z - G — £ — 1,
it is natural to ask when a direct sum decomposition A + B of M, (Q) is
induced by a decomposition of Z. That is, when do there exist subgroups A
and B of Z and an admissible isomorphism 6 : H%(Z; Z ® Q) — M, (Q) such

that

1. Z=A+ B and

2. there is a commutative diagram,

HY(Z;A®Q+ B®Q)) WAE»WB H*(Z;AQQ)® H*(Z; B® Q)

~

AN /0
Mmn(Q)

with 6 o m4(H%(Z; A® Q)) = A and 0 o 5(H%(Z; B ® Q)) = B, where 74
and wp are the natural projections and 9 is induced by the same underlying

isomorphisms as 6.

Lemma 6.2.2. Let ¥ be a group such that H*(X;Q) = Q™ and Z a torsion-
free abelian group of rank n, so that H*(X;Z ® Q) & M,n(Q). Then, a
decomposition My, (Q) = A + B is induced by a direct sum decomposition of

Z if and only if there exists a type R automorphism t defined over Z such that

~

t(QqEB---GBQca):A

H(Qcay1 @ -+ ® Qcp) = B,

where a is the rank of A. Since the choice of isomorphism H 2(Z;QxQmis
arbitrary, this shows that the image of a induced decomposition under any type

L automorphism defined over Z is also induced.
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Proof. Suppose that the decomposition M,,(Q) = A + B is induced from a
decomposition Z = A + B via 0 = 6(i, j), so that there exists commutative

diagram:

H(5A®Q+BeQ) " H(TA0Q)e H(TBoQ)

~

/AN /0
A+ B
with 0 o m4(H2(Z;A® Q) = A and 0 o n5(H%(Z; B ® Q)) = B. Choose
an isomorphism ¢ : Z — Z such that i o (p(4) ® Q) = Q{ey,...,e,} and
o (p(B) @ Q) = Q{eq+1,---,€n}, where {e;....,e,} is the standard basis of
Q™. Then there exists a commutative diagram,

HXZ;Z20Q) — HXS;A®Q)e HY(S;BeQ) 5 A4
Ity

) !
HY(%;,Z0Q) — H(Z;Q%) @ HY(Z; Q%) —  Mun(Q)

QJ%

in which the automorphism ¢, being induced by ¢., has type R and is defined
over Z. Moreover, t‘p(g) =Qc; + -+ + Qc, and tg,(g) = Qcgt1 + - + Qcp.
Thus, t(pl, which is also has defined over Z is an automorphism of type R with
the required properties.

Now suppose that there exists an isomorphism ¢ of type R defined over Z

such that
q(Qci+ -+ +Qc;) = A
Q(Qca+1 +--- 4+ an) = B

q is induced by a matrix map ¢’ : Q* —» Q" z — z@Q, where Q € GL(n,Z).
Set (7). : [g] — [mi(g)], where 7; is the natural projection. Then, given

[f] € H*(E;Q), [f] = [mi(f)ei] and so, g,[f] = [¢'(m:(f)e:)] = [mi(f)Qijes,
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which shows that ¢ is induced by ¢. That is, there exists a commutative

diagram

H(ZQ) — HY(SQ" 'Y (@) % Man(Q)
| | ql

HY(SQY) — HA(ZQ" "5 (@)% Mun(Q)
where j : H%(Z; Q) — Q™ is an (arbitrary) isomorphism. So, if A = ¢'(Qe; +
++++Qe,) and B = ¢'(Qeg41 + - - - + Qe,), then the decomposition My, (Q) =
A® B is induced by the decomposition Z = A + B, where A = g Q@@
Qc,)) and B= q(Qca1 ® - ® Qcy,)). Since ¢ is defined over Z, this shows
that the decomposition M,,,(Q) = A @ B is induced from a decomposition of

Z" and therefore of Z. O

Theorem 6.2.3. Let
0-Z-T-¥YX-—>1

be a central extension classified by ¢ € H*(Z;Z) in which Z and H*(Z;Z)
are finitely generated, H*(X;Z) is torison-free and rank(Z) > 1. Then T fails

to have the strong finite cohopfian property whenever rank(Z) > rank(cg). In
particular, T is not SFC when rank(Z) > rank(H*(Z;Z)).

Proof. We will show that when n = rank(Z) > rank(cg), there exists a de-
composition Z = A + B such that rank(A) > 1 and 7(c) = 0, where 7 is
the natural projection H*(X;Z) — H?*(X; A). T will then fail to be SFC by
Theorem 6.2.1.

Suppose first that ¢ is a torsion element and let T'(Z) be the torsion sub-
group of Z. Then there exists a torsion-free subgroup M of Z such that Z =
M 4+ T(Z) and H%(Z;Z) & H*(Z; M) © H3(Z;T(Z)). As H3(Z;T(Z)) con-

sists entirely of torsion elements, while H2(3;Z) torsion free, H*(X; T(Z)) =
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T(H?*(%; Z)), the torsion subgroup of H%(Z; Z). In particular, c € H*(Z; T(2)).
As rank(M) = rank(Z) > 1, this shows I' fails to be SFC.

Now suppose that c has infinite order. Let 0 : H%(Z; Z ® Q) — My, (Q)
be an admissible isomorphism and set C = 6(cg). Then rank(C) < n by
hypothesis. But this means there is a non-zero endomorphism a : Q" — Q"
defined over Z such that a(C;) = 0 for each column C; of C. So, by the
rank-nullity theorem (for Z"), there exists a subgroup B C Q" defined over
Z such that Q" = A + B, where A = Ker(a). Moreover, as rank(C) < n,
rank(B) > 1.

Let ¢ be an automorphism of Q™ defined over Z such that g(Z{e,,...,e.}) =
A and ¢(Z{ea+1,---,€en}) = B. Then, if Q € GL(n,Z) is the matrix such that

q:z— zQ for all x € Q", the automorphism
ty: X — XQ

of My (Q) operates as z — z@Q on Qc;, so that C; € t,({e1i,. .., e4i}) for all
i. That is, C € t,(Qc; + - - - Qc,). However, it follows from Lemma 6.2.2 that

the decomposition

an(Q) = tU(ch +-- Qca) @ tu(Qca-H + - an)

is induced. Consequently I" fails to have the SFC property by Theorem 6.2.1.
O

Corollary 6.2.4. Let I be given by a central extension0 — Z" - 1' - ¥ — 1

with classifying class ¢, where ¥ is a surface group of genus g > 1. Then, I is

SFC if and only if n=1 and c # 0.

Proof. Immediate consequence of Lemma 5.3.5 and Theorem 6.2.1. O
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6.3 Central extensions by lattices in L

If ¥ is a lattice in a connected semi-simple Lie group with finite centre, then

Z(X) = {1} (Corollary 3.2.3). Thus, in a central extension of the form
0>Z->T'>¥Y—1,

Z(T) = Z. Cocompact lattices have type FL, so for such ¥, H%(Z;Z) is
finitely generated. This means that the rank of I' is well-defined whenever ¥
is cocompact and Z is finitely generated.

We have already seen that when ¥ is an oriented surface group with genus

g > 1, T has the SFC property if and only if
1. rank(I") = rank(Z) and
2. the characteristic class ¢ # 0.

A slighter weaker result can be shown to hold for all cocompact lattices in L.
Recall that a group I is said to be FC if every cofinite embedding I' — I is

an automorphism.

Theorem 6.3.1. Let
0-Z->T—->¥ -1,
be a central extension classified by the class ¢, where ¥ is a cocompact lattice

in L. Then T is FC if and only if rank(l") # 0.

For 0 # ¢ € Z", let hef(c) be the highest common factor of the non-zero
coefficients of c. When ¢ = 0 define hcf(c) = 0. By convention, the highest

common factor will be taken to be a non-negative integer.

Lemma 6.3.2. ¢ € Z™ is basic (that is, a member of a basis for Z™) if and

only if hef(c) = 1.

73



Proof. ¢ € Z™ is basic <= the extension 0 — Z¢ — Z™ — Z™/Zc — 0
splits <> Z"/Zc is torsion free. Now, (y + Zc) € Z"/Zc is a torsion element
if and only if there exist integers k and ! such that ky; = l¢; for all i. So, if
hef(c) = 1, it follows that k|l, and so y € Zc. Thus Z™/Zc is torsion free.
Conversely, if h = hcf(c) # 1, then y = ¢/h is a torsion element. Thus c is
basic if and only if hcf(c) = 1 as claimed. O

Corollary 6.3.3. If P € GL,,(Z), then hcf(Pc) = hcf(c).

Proof. ¢ = h.c/, where ¢ is basic and h = hef(c). If P € GLny(Z), then
Pc is basic. Thus hef(Pc) = hef(hP(c)) = |h| hef(P(c)) = |h|hef(d) =
hef(c). a

Proof of theorem 6.3.1.

Set m = rank(H?(Z;Z)) and suppose that ¢ : I' — I is a cofinite embedding.

Then ¢ induces a commutative diagram:

0—- Z—-T-%YX —1

ol  le L¢
0 Z—-T- Y —1

in which all the downward arrows are inclusions and ¢’ and ¢" are cofinite.

Thus
o] =[2:¢"(D)Z: ¢ (2)]
Let ¢ be the characteristic class of the extension 0 — Z — I' — ¥ — 1. Then,

by the naturality of ¢, and ¢*,

v«(cq) = ¢*(cq)-

Let C € Z™ C Q™ be a vector corresponding to cg under some admissible

isomorphism. - Since ¥ is FC, ¢” is an isomorphism. So, ¢* and ¢, induce
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automorphisms of M,;;(Z) defined over Z of type L and R respectively. In
particular, there exists P € GL,(Z) and Q € M,1)(Z) = Z such that PC =
CQ. Hence

hef(C) = hef(PC) = hef(CQ) = |det(Q)| hef (C).

But, rank(l') = rank(C) # 0 < C # 0 <= hcf(C) # 0. Thus
|det(Q)] = 1. As |det(Q)| = [Z : ¢'(Z)], while [E : ¢"(X)] = 1 this shows that
[[': ()] =1 and that ¢ is an bijective. O

A similar result holds when I' has a well defined determinant:

Theorem 6.3.4. Let I be a central extension of Z™ by a cocompact lattice
¥ € L and set m = rank(H%(Z;Z)). Then, if m < n, T is not FC. If m = n,
[ is FC if an only if det(T") # 0.

Proof. The fact that a G fails to be FC if m < n is a consequence of Theorem
6.2.3 above. Suppose therefore that m = n and let ¢ : ' — I' be a cofinite
embedding. As before, ¢ induces a commutative diagram:
0—- Z-T—-%¥YX —1
L le Ly
0 Z—->T—- Y —1
in which all the downward arrows are inclusions and ¢’ and ¢” are cofinite, so

that
[[: (D)) = [Z: $"(D)][2" : ¢'(Z7)).

Let ¢ be the characteristic class of the extension and C the matrix corre-

sponding to cg under some admissible isomorphism. Then, since ¢” is an

automorphism of ¥ while ¢’ is injective, there exist P € GL,(Z) and Q €
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M,(Z) N GL,(Q) such that PC = CQ. Taking determinants gives,
det(P)det(C) = det(C)det(Q).

Now, |det(P)] = 1 and det(') = det(C) # 0, so that |det(Q)| = 1. But
[Z™ : ¢'(Z™)] = |det(Q)], and so ¢ is bijective. O
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Chapter 7

Free products of groups and the
SF'C property

The aim of this chapter is to show that free products of certain generic classes
of Poincaré duality groups and irreducible lattices in semi-simple Lie groups
with finite centre possess the strong finite cohopfian property. We shall begin

by extending the results of A.G.Kurosh on free products of groups.

7.1 Kurosh’s theorem

A group G is said to be the (internal) free product of subgroups {H, : @ € A}

if it is isomorphic to their free product. This is written as G = [[ ., Ha.

Theorem 7.1.1. (Kurosh’s Theorem) Let G be a group and suppose G =
Heoca Hao Then, if H is a subgroup of G,

H=H(H Hog) x F,

a€A BEB,

where

7



1. Hyg = HﬂxaﬁHax;é, and {z.5: B € B,} is a set of set of double-coset
representatives of H\G/H,

2. F is free
3. if H has finite indez d in G, then d = rank(F) + Xaeca|H\G/H,| — 1.
Proof. See [14, Chapter 14, Theorem 10). O

As there exist surjections H\G — H\G/H, for all a, this shows that if
G =2 Gy x---* Gy and H has finite index d in G, then

He ([ %« HD) + F,

i=1
where F' is free, d = rank(F) + (py + -+ + pn) — 1 and for each j, HJ@ =
HNz;Gx;! for some z; € G. Moreover, as H and therefore z; Hz; " has finite
index in G, while G;/(z;Hz; ' NG;) injects into G/z;Hz; ", HJ(.i) is isomorphic

to a subgroup of finite index in G; for all ¢ and j, namely z; H xj'l N Gj.

7.2 Indecomposable groups

In [21], Kurosh defined a group to be indecomposable if it cannot be written
as a free product in a non-trivial way. He went on to show that when a group
is isomorphic to a free product of indecomposable groups, the factors that
occur in the decomposition are unique up to isomorphism. This leads to the
fact that every non-trivial direct product of groups is indecomposable. The
aim of this section is to show that this result still holds when the definition of

indecomposability is extended to the commensurability class.

Definition 7.2.1. A group will be defined to be decomposable if it is com-
mensurable with a non-trivial free product of groups and indecomposable oth-

erwise.
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Suppose that H is a group for which there exists a collection of proper
subgroups {H, : a € A} such that H = [[) 4 Hs. Let B be the collection
{a € A: H, is free}. Then

H= [] Hox]] Hs.
acA\B peB
That is, H is the free product of the free group F' =[] Hp and the proper
subgroups {H, : a € A\B}, none of which are free.

A couple of the form {{H, : o € A\B}, F'} is said to be a free-product
decomposition of H. Two decompositions {{H, : « € A}, F} and {{Hy : &' €
A'}, F'} are defined to be isomorphic if

1. F2F

2. There exists a bijection § : A — A’ such that Hy, is conjugate to Hq
inGforallae A

A refinement of a free product decomposition {{H, : @ € A}, F} of H, is a
decomposition {{Hap : @ € A, B € Ba}, F'} such that Hy = [[5cp, Hap for

all a.

Lemma 7.2.2. Any two free-product decompositions of a group H have iso-

morphic refinements.
Proof. See [21, Chapter XI, Section 35]. a

Proposition 7.2.3. A decomposition {{H, : a € A}, F} of G into in inde-

composable groups {Hy : a € A} is unique up to isomorphism.

Proof. If {{H., : o € A'}, F'} is another free product decomposition of G,
then {{H. : a € A'}, F'} and {{H, : a € A}, F'} have isomorphic refinements.

But the groups {H, : @ € A} are indecomposable and cannot therefore be
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decomposed as free products. So {{H,, : a € A'}, F'} must be isomorphic to
{{Hy: a € A}, F} 0O

The following corollary, though not essential for the remaining discussion of

the SFC property has been included for general interest.

Corollary 7.2.4. If an infinite group G is commensurable with a free product
Haca Ga of indecomposable groups G, no two of which are commensurable,

then the groups G, are uniquely defined up to commensurability.

Proof. Suppose [[,c4 Ga ~ [lyeca Gas Where the groups G are also inde-
composable and pairwise incommensurable. Then, there exists a group H that
embeds with finite index in both products. By Kurosh’s theorem, H admits a
free product decomposition
H=[[(]] Has)*F,
a€A PBEBqy

in which H,g is isomorphic to a subgroup of finite index in H, for all @ € A
and 3 € B,. However, by the corollary above, up to isomorphism, this must
also be the free product decomposition induced by [[, 4 G . In particular,
given 8 € B, there exists o(a) € A’ such that Hug ~ G;(a). But G, ~ Hyp
and the groups G, are pairwise incommensurable, so & — o(a) defines a
map o : A — A’ such that G, ~ G;(a) for all . By the same argument,
there exist a map A : A" — A such that G, ~ G« for all &’. But then
Giro(a) ~ Gf,(a) ~ Gq, which shows that A o 0 = id4. Similarly, 0 o A = id4.

This proves the result. O
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7.3 The strong irreducibility of decomposable
groups

R.Baer and F.Levi proved in [1] that no group can be simultaneously isomor-
phic to a free product and a direct product of groups in a non-trivial way. This

result is extended in the following theorem.

Theorem 7.3.1. Let G be a decomposable group. Then G is strongly irre-
ducible.

The proof depends of the following lemma, which is a very slight generalization

of Baer-Levi theorem:

Lemma 7.3.2. Let G be a group such that A* B = G = CD, for subgroups
A, B,C, D, where C and D are mutually centralizing and infinite and A x B
denotes the internal free product. Then at least one of the groups {A, B,C, D}
is trivial.

Proof. Suppose that A,B,C and D are non-trivial. If 1 # z € ANC, then, since
D centralizes x, D C A. But, as C centralizes D, C must also lie in A. Thus
G= C’D = A, which implies that B is trivial, a contraction. So AN C = {1}.
Now, C is normal in G. Thus zAz"'NC 2 ANz~ 'Cz = ANC = {1} for all
z € G. Similarly, zBzx~' N C = {1} for all z € G. So, according to Kurosh’s
Theorem, C must be free.

Now, exactly the same argument applies to D which is therefore also free.
Let p : G — G/C be the natural projection. Then, as ANC = {1}, p
maps A injectively into D which is therefore free. Similarly, B is free so that
G = Ax B a free group. But, as G = CD, and C, D are infinite and mutually
centralizing, the maximal abelian rank of G must be > 2, a contradiction.

Hence the result. O
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Proof of Theorem 7.5.1.
G is commensurable with a non-trivial free product H. By Kurosh’s theorem,
any group that embeds with finite index in a non-trivial free product is also
isomorphic to non-trivial free-product, so that we may assume H C G.

Now suppose that G and therefore H is strongly reducible, so that H is
commensurable with a product H;H; where H; and H, are mutually central-
izing infinite groups. Let J be a normal subgroup of H that embeds with finite

index in both H and H;H,. For j = 1,2, there exists a commutative diagram

HjﬂJ — Hj s Hj/HjﬂJ
| 1 !
J — Hle — HIHQ/J

in which all the downward pointing arrows are inclusions. This shows that
H; N J has finite index in H; for j = 1,2, so that (H; N J)(H2 N J) has finite
index in HyH,. (H, N J)(H; N J) therefore also has finite index in J, and by
Kurosh’s theorem is isomorphic to a non-trivial free product. But the groups
(Hy N J) and (Hs N J) are mutually centralizing, contradicting Proposition
7.3.2.
O

This generalizes Kurosh’s second result and moreover, suggests a duality
between irreducibility and indecomposability for infinite groups. The converse
of Theorem 7.3.1, is however false. We will see in the next section that a lat-
tice in a connected semi-simple Lie group with finite centre and real rank > 2
is indecomposable. An irreducible lattice of this type is therefore both irre-
ducible and indecomposable, showing that indecomposability does not imply

reducibility.
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7.4 A theorem on the SFC property of free prod-
ucts

Definition 7.4.1. A group I" will be said to have property (F) if Hy(A;Z) is

finite for every subgroup A C I of finite index.

Theorem 7.4.2. The free product of finitely many indecomposable and finitely
generated groups with property (F) has the strong cohopfian property.

Proof. Let T'y,...,T, be finitely generated groups with property (F) and sup-
pose that H is a subgroup of finite index d in I'y - - -xI',. If I’y - - - %', has no
subgroups of finite index, it will obviously possess the strong finite cohopfian

property, so we may assume d > 1. By Kurosh’s theorem,

H= ([P - xT)  F, (7.4.1)
i=1
where I‘gi), e ,I’,E,? are isomorphic to subgroups of finite index in ['; for i =

1,...,n, F'isfree and rank(F') = d—(p1+---+ps)+1. The groupsI'y,..., [,
are indecomposable by hypothesis, and so I‘;i) is indecomposable for all 7 and
j. Equation 7.4.1 is therefore a decomposition of H into indecomposable fac-
tors. By Theorem 7.1.1, this decomposition is unique up to isomorphism and
consequently the sum p; + - - - + p, depends only on the isomorphism type of
H.

Since the groups I'y,..., I, have property (F) by hypothesis, Hl(l"g-i);Z)
is finite for all 7 and j. Thus rank(F’) = rank(H;(H : Z)). Consequently, d
depends only on the isomorphism type of H, so that I'; - - -+ I';, has the strong

finite cohopfian property. O

Corollary 7.4.3. Fori=1,...,n, let I'; be the free product of finitely many
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indecomposable finitely generated groups with property (F). Then, if I'; is also

torsion-free for all i, T'y x --- x Iy, is SFC.

Proof. T); is strongly irreducible for all ¢ by Theorem 7.3.1, so that I'; x- - - xI',
is SFC by Theorem 5.1.2. O

7.5 Free products of lattices and Poincaré dual-
ity groups

The following theorems show that groups from the two classes below are inde-
composable and have property (F), so that Theorem 7.4.2 applies:
L,) Poincaré duality groups I' of cohomological dimension > 2
such that H(I';Z) is finite.
L,) Irreducible lattices in connected semi-simple Lie groups having finite
centre and real rank > 2.
The following theorem is well known. A proof has been included for complete-

ness.

Theofem 7.5.1. IfT is a duality group of cohomological dimension d > 2 and

'@ Ty x Ty, then either 'y or Iy is trivial.

Proof. Given any I module M, the Mayer-Vietoris sequence for the free prod-

uct of two groups (see [12, page 178]) gives rise to a natural map
Hi(f‘; M) - Hi(Fl; M) oD Hi(Fz; M)

that is an isomorphism for 2 > 1 and an epimorphism when % = 1.
Now, it follows from a theorem of R.Bieri [2] that, as T" has type FP, so do
I'y and T'y. As ZI is a flat ZI'; module for j = 1, 2, this implies

H'(T;; ZT) = H'(T';; ZT';) ®gr, ZT = Indp, HY(T;; ZT;)
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for all ¢ (see [12, page 198]). Consequently, for each i > 0 there exists a natural

map

HY(T; ZT') — Indp, HY(T'1; Z0y) @ Indp, H(Ty; ZTs)

that is an isomorphism for ¢ > 1 and an epimorphism when ¢ = 1. This shows
that H*(T;; ZL';) = 0 for all ¢ < d. Moreover, as H%(T'; ZT") is Z-torsion free,
so is H%(T;;ZT';) and T'; is a duality group for j = 1, 2.

Set D = HYT;Zl') and D; = HYT;;ZT;) for j = 1,2. Then D =
Indr, Dy @ Indp,D;. By Shapiro’s Lemma H;(T;Indy, D;) & Hy(Ty; D;) for
all i. So

Z = HOT;Z) = HyT;D)
= Hy(T1;Indf, D1) @ Hy(T'y; Indr, Do)
= Hy(T1; D1) ® Hy(T5; Do)
~ HOTy;Z) @ HO(Ty; Z) = 72,

which is a contradiction. Hence the result. O

The above theorem shows that groups from L; are indecomposable. How-
ever, it also applies to groups in the class L. A celebrated theorem of
G.A.Margulis [24] states that given a lattice I in a connected linear semi-
simple Lie group G of real rank > 2, there exists a reductive linear algebraic
group R C GL(n,C) defined over Q together with an epimorphism 6 : Rg — G

such that
1. Ker(@) is compact
2. 0(Rg) ~T.

A.Borel and J.P.Serre proved in [10] that every arithmetic subgroup of a re-

ductive linear algebraic group defined over Q is a duality group. As every
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group of type FP that is commensurable with a duality group is itself a du-
ality group (Corollary 1.6.5 and 1.6.6), groups in the class L, are themselves
duality groups. It only remains to show therefore that groups from the classes

L, and L, have property (F).
Proposition 7.5.2. IfT" € L,, then T" has property (F).

Proof. It is a theorem of F.E.A.Johnson and C.T.C.Wall [18] that if G is torsion
free and H a subgroup of finite index in G, then G is a Poincaré duality group
if and only if H is. So, let A be a subgroup of finite index in I', and suppose
that ' has cohomological dimension d. Then, A is a Poincaré duality group
by the Johnson-Wall theorem and has the same cohomological dimension as
' by Shapiro’s Lemma. Thus H;(A;Z) & H%'(A;Z). We will show that
HY(A;Z) is finite.

The intersection N of the conjugates of A is a normal subgroup of finite
index in I'. If H{(N;Z) = N/[N, N] is finite, A/[A, A] must be finite also and
we may therefore assume that A = N so that A is normal in I'. In this case

there exists a short exact sequence,
1-A->T—-Q—1,

in which @ is finite. Let {E",d"} be the corresponding Lyndon-Hochschild-
Serre spectral sequence. Then {E",d"} is a third quadrant spectral sequence
suth that

Ep* = HY(Q; H(A;Z2)) =5 HP(T; 2).

Thus, for all 7 > 0, there exist groups K?? such that
0CKPcKtMc...c KM 'c K" = H'(I'; Z),
where KP4/ KP+14-1 = EP4 for all p and q.

86



Since @ is finite, given any @Q-module A and m > 0, H™(Q; A) consists
entirely of elements of finite order [23, Chapter IV, Proposition 5.3]. So, as A
has type FP, HP(Q; H(A; Z)) is finite whenever p > 0. Thus, rank(H"(['; Z) =
KO%7) = rank(E%") for all r > 0. Now, the differential d" has bidegree (r,1 —
r) and EP9 is finite whenever p > 0. So E% = E/, and rank(EJ") =

rank(Ey7,) = rank(EY). But, Ey” & H"(A;Z) and so
rank(H"(A;Z)) > 0 = rank(EY) > 0 = rank(H"(T; Z)) > 0.

Taking 7 = d — 1 we deduce that if H4"1(T; Z) is finite, then so is H1(A;Z)

The fact that groups in L, have property (F) is a consequence of the fol-
lowing theorem of D.A.Kazdan [19]:

Theorem 7.5.3. Let T" be an irreducible lattice in a connected semi-simple Lie

group with finite centre and real rank > 2. Then HY(T;Z) is finite.

As we have seen, if G is a group containing a subgroup H of finite index for
which H;(H;Z) is finite, then H,(G;Z) is finite also. Consequently, to prove
that lattices in Lo have property (F), we need only consider the torsion-free
case. |

Now, any torsion-free lattice in a connected semi-simple Lie group G with
finite finite centre embeds as a lattice in Ad(G). As the real rank of a semi-
simple Lie group is determined by its Lie algebra, Ad(G) has the same real
rank as G. But Ad(G) is linear, so if ' € L, then Kazdan’s theorem applies,
and H'(T;Z) must be finite. However, a subgroup A of finite index in I' is
also a lattice in Ad(G), so that H'(A;Z) is also finite. Thus I" has property
(F). |
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Chapter 8

Two theorems on the

corepresentability of groups

In [16, pages 78, 132], F.E.A.Johnson gave the first explicit statement of the

Corepresentability Theorem, which demands the existence of epimorphisms
pr : Extyo(M; N) — Homper@ze) (4 (M); N)

for any finite group G and ZG lattices M and N, where » > 2. In this chapter,
the cofepresentability of infinite groups is considered. I will prove the existence
of epimorphisms p, whenever M is an ZG-module of type FP,_; and show, in
addition, that p, is an isomorphism if and only if Ezt},(Z;ZG) = 0. When
G is a virtual duality group of dimension d, so that Extl(Z; ZG) # 0, pg will
be shown to factor through the natural projection H%G;N) — H%G;N),
yielding an isomorphism H 4G;N)=H 0Mperza)(2n(Z); N).

Now, while it is not known whether every lattice in L is a duality group,
the results of A.Borel and J.P.Serre [10] and G.A.Margulis [24] show that with
the possible exception of non-arithmetic lattices in semi-simple Lie groups of

real rank 1, this is in fact the case. It is in this way that the results of the
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remaining two chapters relate to groups in L.

8.1 A proof of the corepresentability theorem

Proposition 8.1.1. Let R be a ring and M an R-module of type FP,_, over

R, where n > 1. Then, for all 1 < r < n and R-modules N, there exist

epimorphisms
pr: Exty(M; N) — Homper(r)(Q2-(M); N). (8.1.1)
Moreover, p, is natural in N for all r.

Proof. Fix1<r<mnandlet0— K — F, —»..- — Fy — M — 0 be a partial
free resolution of M over R having finite type. Set J = Ker(F,_; — F,_5), so
that [J] = Q,(M) (here F_, is taken to mean M). A map f € Hompg(F,; N)
is a cocycle if and only if fo (F,.;1 — F,) =0, and any such map will therefore

factor through Im(F,; — F,).
ciiosFppy > F > F = e

N
N

But, by exactness, Im(F,,; — F;) = Ker(F, — F,_;), so that f induces a map
f: J =Im(F, — F,_;) — N. Clearly any such map also determines a cocycle
in Hompg(F;; N), so that the correspondence f — fidentiﬁes the cocycles in
Homg(F,; N) with the group Homg(J; N).

The coboundaries in Hompg(F;; N) are those cocycles which factor through
the map F, — F,_; and therefore correspond to morphisms from J — N which
factor through the inclusion J — F,_;. As, F,_; is a projective R-module,

any such map will be mapped to zero under the canonical projection
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Hompg(J; N) — Homper(r)(J; N), which therefore factors through the quo-
tient map Hompg(J; N) — Exzth(M; N) to yield an epimorphism,

pr : Extp(M; N) — Homperr)(J; N) = Homperr)(Q2-(M); N).
This map is clearly natural in N. O

Proposition 8.1.2. Let M have type FP,. Then, if 1 < r < n, p, is an
isomorphism if and only if Exty(M; R) = 0.

Proof. Since Homper(r) (S0 (M); E) is zero for any free R-module E, necessity
is obvious. To prove sufficiency we must show that, in the notation above,
any morphism from J — N which factors through a projective is in fact a
coboundary (i.e. factors through the inclusion map J — F,_;). As M has
type FP, and r < n, J is finitely generated. So, by Proposition 1.3.1, if
f+J — F,_; factors through a projective, is must factor through a finitely

generated free R-module E. That is, there exists a commutative diagram:

J HFr—l
fl N gq
N « F

Now, g corresponds to a cocyle representing an element of Ezty(M; E). How-
ever, the functor Exth(M; _ ) is additive and Exth(M; R) = 0 by hypothesis,
so Exth(M;E) = 0. Thus q is a coboundary and therefore factors through
J — F,_,. But this means f also factors through J — F,._;, which completes

the proof. O

8.2 Corepresentability and Farrell cohomology

Let R and S be rings.

90



Proposition 8.2.1. If o : R — S is a ring homomorphism and P a projective

R-module, then Ind,P = S ®4 P is a projective S-module.

Proof. Suppose there is a mapping problem of S-modules,
Inds,P

gl

A~ B
p

where p is onto. Let i : P — Ind,(P) be the natural inclusion (defined by
p— p®1) and set f = goi. Then, since P is a projective R-module, there
exists an R-morphism f: P — B such that f =po f By the characteristic
property of Ind,(P), there exists an S-morphism g : Ind,(P) — B such that
goi= f~as an R-morphism. po g is then an S-morphism from Ind,(P) to A
extending f. But g is the unique S-morphism Ind,(P) — A extending f, so

that g = po g and Int3P is a projective S-module as claimed. O

Let G be a group and H a subgroup of finite index. For G-modules J
and N, the transfer map tr : Homgzy(J; N) — Homgg(J; N) is defined by
tr(f)(m) = Z4ee gf(g~'m), where E is a set of right coset representatives for
Hin G.

It follows immediately from the definition of ¢r that if G is also a G-module
and ¢ : P — N a ZG-linear map, then tr(A o) = tr()A) o ¢ for any ZH-linear
map J — P.

Proposition 8.'2.2. tr induces a homomorphism
tr. HomDer(ZH)(J; N) - HomDer(ZG)(J; N)a [f] = [t’l‘(f)]

Proof. Let f:J — N be an H-morphism and suppose that f factors through

a projective H-module P via morphisms ¢ : J — P and r : P — N. By the
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characteristic property of Ind$ P, there exists a G-morphism f: Ind§P — N

such that the following diagram commutes:

J 4L N
al S~ 1f
P — Ind§P

i
Set ¥ =io0q. Then f = fo ¥ and, as fis a G-morphism, tr(f) = tr(fo Y) =
fotr(y). But IndGP is a projective G-module, so that tr(f) ~ 0, which

proves the result. O

Let € : P — M be a projective resolution of M over ZG. Thene: P - M
is a projective resolution of M over ZH whose differentials d, : F,, — F,,_; are
G-morphisms. In particular, for f € Homgy(F,; N), tr(f o 0,) = tr(f) o 0,

for all n. tr therefore induces a morphism
Extzy(M; N) — Extze(M; N); [f] = [tr(f)].
This map clearly commutes with the maps p, of 8.1.1.

Proposition 8.2.3. Let f : J — N be a G-morphism. Then, if f factors

through a finitely generated free ZG module, f = tr(f) for some H-morphism

~

f
Proof. Since Homzg( _ ; N) and tr are additive, it is sufficient to consider

the case when f factors through ZG. For A € Homzy(ZH; N), define a map
X € Homzu(ZG; N) by

Mg) g€ H
0 g¢ H

Xg) =
Let {g1,...,94} be a set of left coset representatives for H in G. Then, for
g=gheG
tr(3)(9) = T; 9;M(95 i) = giA(h) = iA(h).
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Thus tr(X) = Ind$()\), where for each ZH morphism o : ZH — N, Ind$(a)
is the unique ZG morphism making the following diagram commute:
ZH— ZG

al /Indg(a)
N

As every ZG-linear map « : ZG — N) satisfies f = Ind$(f|zx), this shows
Ind$ and therefore tr is surjective.

Now, suppose f = 9 o ¢ for ZG-morphisms ¢ : J — ZG and ¢ : ZG — N.
Then v = tr(3,) for some H-morphism ;. Let f; be the H-morphism %, o ¢.
Then, since ¢ is ZG-linear, tr(f1) = tr(yy o ¢) = tr(y1) o ¢ = f, which

completes the proof. O

Theorem 8.2.4. Let G be a group of virtual finite cohomological dimension

d > 1 having type FP4_,. Then, for any coefficient module N,
HYG; N) = Homperze)(Qu(Z); N),
where H 4(G; N) denotes the Farrell cohomology in dimension d.

Proof. Let 0 — J — Fy — - — Fy — Z — 0 be a partial free resolution
of finite type over ZG and H a torsion-free subgroup of finite index in G.
Then, since H has cohomological dimension d, J is a projective H-module and

Homperzuy(J; N) = 0. Moreover, as there exists a commutative diagram,

tr
HYH;N) 5 HYG:N)
1 pa 1 pa

Homperzuy(J; N) = Homperze)(J; N)
tr

the canonical map pq : H%G; N) — Homper@c)(J; N) factors through the
quotient H%(G;N)/tr(H%(H;N)). By Proposition 8.2.3, f : J — N rep-

resents zero in Homperzg)(J, N) only if f € Im(tr). So the induced map
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HYG;N)/tr(H*(H; N)) — Homper@zg)(J, N) is in fact an isomorphism. Since
HYG; N)/tr(H%(H; N)) = H%G; N), this completes the proof. o
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Chapter 9

A theorem concerning the syzygies

of duality groups

This section introduces the concept of a duality module, which extends that of
a duality group, viewing Z is a duality module over the ring ZG whenever G is a
duality group. By extending a result of F.E.A. Johnson on the representability
of Q, (M), I will show that if G is a duality group of type FL and cohomological

dimension d > 3, then the map
J — J* = Homge(J, ZG)
is a bijection from £2,.(Z) to Q4_.(Z) for all 2 < r < d. The identity,
Eztyo(A; N) = TorkC (z; N),

n—r

will be deduced as a corollary.
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9.1 Duality modules and their syzygies

Fix a ring R. An R-module M will be said to be a duality module if, for some

fixed n > 0,
0 rT#n
Exth(M;R) = .
Ay r=n
Ay is called the dualising module of M. The follow proposition, due to
F.E.A.Johnson will be used to show that, for any duality module M and all
k > 2, every element K € Q(M) can be explicitly realized as Ker(F, — F,_),

where € : F' — M is a free resolution of finite length and type.

Proposition 9.1.1. Let M be a finitely generated module over R such that
Ext!(M;R) = 0. Then, for each J € Q;(M), there exists a short ezact se-

quence 0 = J — S — M — 0, where S is finitely generated and stably free.
Proof. See [17]. O

Corollary 9.1.2. If M is an R module of type FP, for some fized n > 2 and
if Ext"(M;R) = 0 whenever 1 < r < n, then, for each J € Q,(M), there
exists-an ecract sequence 0 — J — F,_y — -+ — Fy - M — 0 in which

Fy, ..., E,_1 are finitely generated and free over R.

Proof. The proof is by induction on n. Pick J € Q2(M) and K € Q;(M).

Then, since Ext'(M;R) = 0, there exists a short exact sequence
0-K—->S—-M-0

in which Sy is stably free and finitely generated by the above proposition. How-
ever, since (M) = Q;(K) and Ezt'(K; R) = Ext*(M; R) = 0, Proposition

9.1.1 also implies the existence of a short exact sequence
0—-J—-85 —-K-—-0,
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where S; is stably free and finitely generated. Splicing these two sequences

together gives an exact sequence:
0—J—85 —S—-M-=0. (9.1.1)

Now let Ey and Ej be finitely generated free modules such that S; @ E; is
finitely generated and free for j = 0,1. Then, by taking the direct sum of 9.1.1

with 0 —» FEy® E; i, Ey® E;, — 0, it is possible to construct an exact sequence
0-J—-F—->F—-M-0

in which both Fy and F} are free and finitely generated. This proves the result
for n = 2.

Now pick n > 2 and fix J € Q,(M). Pick and K € Q,-1(M). Then,
since Q,_1(M) = Q,(K) and Ezt'(K;R) = Exzt"!(M;R) = 0, Proposition
9.1.1 implies the existence of a short exact sequence 0 - J — S — K — 0
in which S is stably free. Let F' be a finitely generated free module such that
F,_1 =S ®F is free. Then, adding on the exact sequence 0 — F' BF-0

gives an exact sequence,
0-J—oF,_1—-K®&F—0 (9.1.2)

However, K ® F ~ K € Q,_1(M). So, by induction, there exists an exact

sequence

0-K®F—>F,3—--—>Fp—>M-—0 - (9.1.3)
in which the modules Fy,..., F,_» are free and finitely generated. Splicing
9.1.2 and 9.1.3 now gives the desired result. O

Theorem 9.1.3. Let M be a duality module of type FL and projective di-
mension n > 3. Then, for all2 < k < n-1, J € (M) if and only if
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there erists a finite free resolution 0 — F, — -+ — Fy — M 5 0 with

Ker(Fy_1 — Fy_5) =2 J.

Proof. =) trivial. < Fix J € Qx(M). Then, by the corollary above, we can

construct an exact sequence
0-J—oAi1—... 0 Ao M—>0 (9.1.4)

with Ay, ..., Ax_; are free and finitely generated over R. By Proposition 1.4.1,
there exists an exact sequence 0 — B,, — ... — By —» M — 0 in which B; is
free and finitely generated for all ¢. Setting Dy = Ker(By_-; — Bx—_2), we may

split this sequence to obtain exact sequences,
0—-B,—:+-—=B,—>D,—0

0—-Dy—>By_y—--—B,—->M-—0.

Now, by Schanuel’s Lemma, J ~ Dy. J therefore has the same projective
dimension as Dy, over R and is also FL. In particular, it admits a free resolution

of finite type and length n — k:
0—-A,—---—> A, —-J—0.

Splicing this sequence with 9.1.4 gives the desired resolution for M. O

Recall that an involution on a ring R is a ring homomorphism i : R — R%P
satisfying ¢ o 4 = idg. If such a map exists, then for any left R-module M,
the group Homg(M; R) has a left R-module structure defined by (r- f)(m) =
f(m)i(r) for all m € M. If an R-morphism « : R* — R™ is represented by
an m X n matrix A with respect to the standard basis, then the dual map
a* : (R™)* — (R™* f — foa is represented by the matrix i(A)T, where

i(A)ij = i(Ay;). This means the double dual o** is also represented by A, so
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that o™ corresponds to a under the canonical isomorphism R — R**;7 — €;),

where €, denotes the evaluation map f +— f(s) for all s € R.

Theorem 9.1.4. Let M be a duality module of type FL over an involutive ring

R having projective dimension n > 3. Then,

1. the dualising module Ay is a duality module of type FL and projective

dimension n over R with dualising module M.

2. for all 2 < k < n — 1, the duality map oy : J — J* is a bijection
(M) — Qnya1-k(An).

Proof. Fix 2 < k <n—1 and pick J € Q(M). By Theorem 9.1.3, there exists

a finite free resolution
0—F,—-- o> F—>M50, (9.1.5)

such that J & Im(Fy — Fy-;). For r > 1, set J. = Im(F, — F,_;). Then

there exist short exact sequences,
00— J 1 Fo —M -0

0-Jy—-F—-J -0

0—-F,—-F,1— J,_1—0.

Dualising them yields the following, which are again exact:
0— M*— Fy — Jf — Exth(M;R) — 0

0— Jf = F} — J; — Exth(J;;R) — 0
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0—J: , —» F' , — F'— Ext'(J,_;;R) — 0.

M* = Ezt®(M; R) = 0 and Ext!(J,; R) & Ext™!(M; R) for allr > 1. Splicing

these sequences together therefore gives the long exact sequence,
0> Ff == F— Ay —0. (9.1.6)

As F, is finitely generated and free, F, = F for all r, so that the above
sequence above is in fact a finite free resolution of Ays. This shows that
Ap has type FL. In addition, J* = Ji = Ker(Fy — F},;), which means
J* € Qny1-k(An) and dps is a map from Qi (M) — Qp11-k(Ap) as claimed.

Now dualize again. As dualisation is self inverse for maps between finitely
generated free R-modules, dualising 9.1.6 just gives back the original resolution
9.1.5 of M. Thus J & J**, and the duality map da,, : Qn—r+1(Ap) — QM) is
a left inverse for ). We now prove that Ay is a duality module of projective
dimension n over R with dualising module M. As precisely the same arguments
then apply to Ays, this will show dys is a left inverse to da,,, showing that das
is indeed a bijection.

Now, dualising 9.1.6 yields the short exact sequences,
0— A} — E* - K*— Ext'(Ay;R) — 0

0— J* — Fy* — J3* — Ext'(J},R) = 0
0— J3* - F* — Fy* — Ext'(J3,R) - 0
where K = Im(J;_; — F). The composition F** — J* — E*, is equivalent

to F, — F,_i, while the composition F}* — K* — F}*, is just F,, — Fp,_;.
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Thus Ezt'(K,R) = 0 and Ext}(J*;R) =0forr =2, ... ,n — 1 by the exact-
ness of 9.1.5. As JF € Q,11--(Apr) for all such r, and K € Q;(Ayp), this im-
plies Ezt!(Apy; R) = -+ - = Ext™ 1(Ap; R) = 0. In addition, Ext®(A; R) =
A}, =0 and Ezt*(J;; R) = Ext™(Apm, R) = M, so that Ay is a duality mod-
ule with projective dimension n over R and dualising module M as claimed.

This completes the proof. O

9.2 Identities for Ext and Tor

Theorem 9.1.4 leads to certain cohomological identities. In particular,

Corollary 9.2.1. Let M be a duality module of type FL and projective dimen-

sion n > 3 over an involutive ring R. Then forr =0,...,n and all R-modules
N

Ext"(M;N) 2 Torn,_.(Am; N) (9.2.1)
and

Ext"(Ap; N) = Torp—.(M; N) (9.2.2)

Remark 9.2.2. This result is a straight forward generalization of the equivalence
Extho(Z; N) & TorZC (A; N) for a duality group G with dualising module A.

The point here is that, as Ay, is also duality module over R and has dualising

module M, 9.2.2 must also be true.

Proof. Take a finite free resolution 0 — F,, —» --- — Fy — M — 0 for M over
R. Then, as we have seen, 0 — Fj — -+ — F¥ — Ap — 0 is a finite free
resolution of Ay, over. As F; is free and finitely generated over R, there exists
a natural isomorphism Homg(F,; N) &2 F* ® N for all r. Consequently, the
cocomplex

0 —» Hompg(Fo; N) — -+ — Hompg(F,; N) — 0
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is equivalent to

0-Ff®N—---—>F'®N —0,

proving (i). By the theorem above, Ay, is a duality module of type FL and
projective dimension n > 3 with dualising module M, so 9.2.2 is just 9.2.1

with M replaced by Ayy. a

According to our definition, a group G is a duality group if and only if,
given the trivial G-module structure, Z is a duality module over ZG. Now the
group ring ZG has an involution defined by g — g¢g~!. So, if in addition, G
has type FL and cohomological dimension n > 3, Theorem 9.1.4 implies that
Exth(A; N) = TorZC (Z; N), for all 7 € {0,...,n} where A is the dualising

modules of G.
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