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Abstract

On the singularity structure of differential equations
in the complex plane

In this dissertation the structure of singularities in the complex plane of solutions
of certain classes of ordinary differential equations and systems of equations is studied.
The thesis treats two different aspects of this topic. Firstly, we introduce the concept of
movable singularities for first and second-order ordinary differential equations. On the
one hand the local behaviour of solutions about their movable singularities is investigated.
It is shown, for the classes of equations considered, that all movable singularities of all
solutions are either poles or algebraic branch points. That means locally, about any
movable singularity zg, the solutions are finitely branched and represented by a convergent
Laurent series expansion in a fractional power of z — zy with finite principle part. This is a
generalisation of the Painlevé property under which all solutions have to be single-valued
about all their movable singularities.

The second aspect treated in the thesis deals with the global structure of the solutions.
In general, the solutions of the equations discussed in the first part have a complicated
global behaviour as they will have infinitely many branches. In the second part condi-
tions are discussed for certain equations under the existence of solutions that are globally
finite-branched, leading to the notion of algebroid solutions. In order to do so, some con-
cepts from Nevanlinna theory, the value-distribution theory of meromorphic functions and
its extension to algebroid functions are introduced. Then, firstly, Malmquist’s theorem
for first-order rational equations with algebroid solutions is reviewed. Secondly, certain
second-order equations are considered and it is examined to what types of equations they

can be reduced under the existence of an admissible algebroid solution.
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Chapter 1

Introduction

This thesis is concerned with a natural question in the theory of differential equations
in the complex plane: What types of singularities can a local analytic solution develop
when one tries to analytically continue it along some curve? An answer to this question
will certainly depend on the class of equations we are considering, in particular on the
order of the differential equation. One task in this thesis therefore is to list, for certain
classes of equations and also systems of equations, the different types of singularities that
can occur, usually described by certain series expansions, and to prove that the list is
exhaustive. Although answering the initial question is of theoretical interest in complex
analysis, the singularity structure of the solutions of a differential equation also plays an
important role for the integrability of the equation, as was probably most prominently
demonstrated by the work of Sophia Kowalevskaya [22] in the 19th century on the motion
of a rigid body around a fixed point. There she showed that the existence of first integrals
for the Euler equations is connected to there being a sufficiently large family of Laurent
series solutions with finite principle part about every point in the complex plane. In
particular, by this method she found, besides the examples of Lagrange and Euler, one

other case where the equations are exactly integrable known as the Kowalevskaya top.

When considering singularities of differential equations in the complex plane we dis-
tinguish two types: fized and movable singularities. The fixed singularities of an equation
are a discrete set of points ® at which the equation itself behaves in a non-generic way,
e.g. some coefficient in the equation becomes singular. All other singularities are called
movable as their position varies with the integration constants, i.e. the initial conditions

of the equation, in a continuous way.

The ideas of Kowalevskaya were taken up by Paul Painlevé and his school to classify
equations demanding that all solutions be single-valued about all their movable singu-
larities, a property now known as the Painlevé property. In [40] Painlevé attempted a
classification for second-order rational equations y” = R(z,y,%’) with this property. His
classification contained some errors and gaps which were successively fixed by Gambier

[11] and Fuchs [10]. The result is a list of 50 canonical equations from which any equation



with the Painlevé property in this class can be obtained by a Mobius type transformations,

a(z)y + b(z)
c(z)y+d(z)

Of these 50 equations all but 6 can be solved in terms of existing classical functions like

2= ¢9(2), y—

solutions of second-order linear equations or elliptic functions. The remaining ones are

known as the six Painlevé equations,
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where «, 8,7,d € C are arbitrary parameters. For a general set of parameters the solutions

_l’_

define new transcendental functions not expressible in terms of formerly known functions,
called the Painlevé transcendents. In principle it is possible to apply the methods of
Kowalevskaya and Painlevé to higher-order equations and systems of equations. The
complexity of the treatment, however, increases enormously and a complete classification
for higher-order equations has not been achieved to this date. A partial classification for
the third order was carried out by Chazy [1], results for the fourth and fifth order with a
special form of the right hand side were obtained by Cosgrove [4, 5].

The methods of Kowalevskaya and Painlevé only give necessary conditions for an
equation to have the Painlevé property, meaning that the mere existence of Laurent series
solutions with finite principle part at every point does not guarantee that all movable
singularities are poles. This was demonstrated by Painlevé with the example

n_2y—1
y 41

W),

which, although one can find a one-parameter family of Laurent series solutions at every

point, has the general solution

y(2) = tan (log(c(z — 20))) ,

having a logarithmic branch points at z5. However, Kowalevskaya’s method is an impor-
tant detector for equations with the Painlevé property and if the result is affirmative the
equation is said to pass the Painlevé(-Kowalevskaya) test. It thus remained to prove that
the six Painlevé equations in fact have the Painlevé property. A proof for the first equation

was given by Painlevé himself. It contained, however, some gaps which were only fixed
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in the published literature by Hinkkanen and Laine [16] in 1999, although some lecture
notes by Hukuhara containing a complete proof were already circulating at the University
of Tokyo in 1960 which were, however, only published in 2001 by Okamoto and Takano
[38]. A proof for the fourth Painlevé equation was given in 2000 by Steinmetz [46]. Proofs
of the Painlevé property for all six Painlevé equations were also given by Shimomura [42],
see also the book [12].

In this thesis we are concerned with differential equations with a singularity structure
more general than imposed by the Painlevé property. In particular, we study classes of
equations and systems of equations the solutions of which allow for certain branching at
the movable singularities. Namely, we allow for movable algebraic singularities to occur,
i.e. the solutions can be expanded, locally about every point zp € C\ @, in a Laurent
series in fractional powers of z — 2z,

)
y(z) = Z cx(z — zo)%, ko€ Z, neN. (1.1)
k=ko

An equation for which one can find, about every point zp € C\ ®, a maximal family of
formal solutions of the form (1.1), is said to pass the weak Painlevé test. It is a main
task in this thesis to show, for the classes of equations considered, that passing the weak
Painlevé test is equivalent to the fact that all movable singularities of all their solutions
are either poles or algebraic branch points. For the proofs of these theorems we will use
similar methods as in [16] and [42], in fact our proofs are generalisations of the proofs
presented there. Some further difficulties arise when we consider certain Hamiltonian
systems in section 3.1. Broadly speaking, the content of this thesis consists of two parts.
The first part is the one just mentioned, dealing with the local behaviour of the solutions
about their movable singularities. Although the solutions of the equations considered are
finite branched about every movable singularity, globally they will in general be infinitely
branched, or, expressed differently, the solutions will extend over a Riemann surface with
an infinite number of sheets. This is an indicator that these equations are in general
non-integrable.

The second part of the thesis is concerned with the global structure of the solutions. In
particular we consider conditions for equations with solutions that are also globally finite
branched, giving rise to the notion of algebroid solutions, functions that are algebraic over
the field of meromorphic functions. First-order equations with algebroid solutions were
studied in [24] by Malmquist. The question here is to what possible forms a differential
equation can be reduced if we assume the existence of at least one sufficiently complicated
meromorphic or algebroid solution. (For example, if the coefficient functions in the equa-
tion are rational, sufficiently complicated would mean a transcendental function). In this
case one can apply certain tools from Nevanlinna theory, the value-distribution theory of
meromorphic functions, which were not developed at the time when Malmquist wrote his
first article on this topic. We will review and generalise one of Malmquist’s theorems to
the notion of admissible solutions introduced by I. Laine in [23] using Nevanlinna theory.

We then give some results for certain second-order equations with algebroid solutions.
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Contents of the thesis

In chapter 2 we start by introducing and explaining the notions of fixed and movable sin-
gularities for first and second-order ODEs in section 2.1. After some preliminary lemmata
in section 2.2 we review some of the previous work on movable singularities of second-order
ODEs in section 2.3. We then present two classes of ODEs for which we show that all
their movable singularities are at most algebraic branch points. In section 2.4 we consider
a class of scalar second-order equations of the form y” = E(z,y)(v/)? + F(z, )y + G(z,y),
which extends the results by the author in [19]. The other class of equations presented
in section 3.1 consists of Hamiltonian systems with polynomial Hamiltonian H(z,q,p) in
the two dependent variables ¢ and p, which was treated by the author in [18]. We review
Hamiltonian systems with the Painlevé property in section 3.2. In section 3.3 we present
a different method of studying the singularity structure of ODEs, the so-called space of
initial conditions by Okamoto. We construct this space for a system of equations obtained
in section 3.1.

Chapters 4 and 5 form the second part of the thesis concerned with the global branching
of solutions. In chapter 4 we give a brief introduction to Nevanlinna theory, introducing
the Nevanlinna functions in section 4.2 and stating the main results needed for applications
to differential equations in section 4.3. We also discuss an extension of Nevanlinna theory
to algebroid functions in section 4.4. In Chapter 5 we review Malmquist’s results for first-
order differential equations. We review one of Malmquist’s theorems in his article [24]
for algebroid solutions and generalise it to the notion of admissible algebroid solutions in
section 5.1 by using Nevanlinna theory. In section 5.2 we prove a theorem of the type of

Malmquist’s theorem for certain second-order equations.
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Chapter 2

ODEs with movable algebraic

singularities

2.1 Fixed and movable singularities

As explained in the introduction we have to distinguish between two types of singularities:
fized and mowable singularities. We now give a more accurate definition of these notions.
In general, the set of fixed singularities ® C C is a set of points in the complex plane at
which a solution of the equation may behave in a non-generic way. However, a solution

may not have a singularity at all at a point in ®.

First-order rational equations

For first-order rational equations a definition of fixed singularities was given by P. Painlevé
in his Stockholm lectures [39], for discussions thereof we refer to the books by Ince [17]

and Hille [15]. Suppose that in the equation

(2.1)

P and @) are polynomials in y with coefficients in a certain class of functions, for example
the field of algebraic functions. We suppose that the right hand side of (2.1) is in reduced

terms, in particular the polynomials P and () have no common factor.

Definition 2.1. Let ®g be the set of singular points of the coefficients of P and @ so that
D = C\ @ is the largest domain on which all coefficients are analytic. The set of fized
singularities for (2.1) is defined as the union ® = &y U &1 U &y U $3, where

={¢CeD:Q«(y)
Py ={C e D: P((,n)
®3 ={¢ € D : P(¢,0)

0},
Q(¢,n) = 0 for some n € C},
Q(¢,0) = 0}.

P(zu)
G(zu)

Here P and Q are polynomials in u = 1/y such that v’ = where P and Q are again

in reduced terms.
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A singularity of a solution which is not in the set of fixed singularities is called a
movable singularity. Painlevé showed that all movable singularities of any solution of (2.1)
are algebraic, i.e. they are either poles or algebraic branch points. This means that in a
cut neighbourhood of a movable singularity zg the solution is represented by a convergent

series expansion
oo

y(z) = Z cr(z = 20)%", ko €Z, neN.
k=ko

For a proof of this statement see e.g. the textbooks by Hille [15] or Ince [17].

Example. Consider the equation

which has the general solution

y(2) = tan <c _ i) ,

¢ € C being the integration constant. The position of the singularity at z = 0 does not
depend on the initial condition and belongs to the set ®. The positions of the other

singularities, located at z = (c — 2k + 1)%)_1 vary with ¢ and are therefore movable.

Second-order rational equations

For second-order rational equations a description of the set of fixed singularities was given

by Kimura [20]. Suppose that in the equation

P(z,y,y)
Q(z,y,y)

P, are polynomials in y and g’ in reduced terms. Again, let D C C be the largest

y'(2) = (2.2)

domain where all coefficients of P and @) are analytic. To define the set ® we let
P(z,y,y) =Hp(z,y)(y)" + -+ + o(x,y), (p(z,y) #0),
Q(z,,9) =Kq(2,9) ()" + -+ + Ko(z,y),  (Ky(z,y) #0).
Under the transformation y = 1/u this equation is transformed into

2(u)? B W?P(z,1/u, —u' Ju?)  P(z,u,u)
u Qz,1/u, —v'/u?) — Q(z,u,)’

u'(2) = (2.3)

where we have expanded the fraction such that P and Q are again polynomials in u and

' in reduced terms. We extract the highest power of u from Q by writing
Q(z,u,u) = u*Q(z, u, ).

To decribe the set of fixed singularities one needs to consider a number of cases where the
equation may behave in a non-generic way. This may be any point where a coefficient in
the equation becomes infinite or the expression on the right hand side of either equation

(2.2) or the transformed equation (2.3) becomes indeterminate.
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Definition 2.2. The set ® C D of fized singularities for equation (2.2) is given by the
union of the following sixz sets ®;, i =1,...,6.

® ={¢ € D:Q(Cy,y") =0},

by ={C € D:P(y,y) and Q((,y,y) have a common factor}

&3 ={( € D: the equations K;({,n) =0,i=0,...,q, have a common root n}

{¢eD: 1 y) =0}, ifp>q+3
Q=< {¢eD:1I,(¢,n) =0,K,,n) =0 have a common root n}, if p=q+3

{CeD:Ky(Cy) =0} ifp<q+3
®5 ={C € D: Q(¢,0,u) =0}
& ={¢ € D: P(¢,0,0) =0=Q(¢,0,0)}.
Any singularity zo € D of a solution of (2.2) not contained in ® is called a movable

singularity.

In contrast to first-order equations, movable singularities of second-order equations can
be more complicated and e.g. essential singularities, logarithmic branch points or transcen-

dental singularities can occur in general. To see this consider the following equations
(yy" — (1)) +4y(y')* =0,
y' +(y)? =0.

The general solutions of these equations are

y(z) =cexp (z _120> :

y(2) =log(z — 20) + C,

respectively. One main question addressed in this chapter are conditions under which the

movable singularities of certain classes of second-order equation are at most algebraic.

Higher-order equations and systems of ODEs

For equations of higher than second order even more types of movable singularities can
occur. In particular, the movable singularities may no longer be isolated. For example,
movable natural boundaries are known to exist in the solutions of third-order equations
like the Chazy equation [1]
y" = 2yy" = 3(y)%
By this we mean a closed curve in the complex plane beyond which the solution cannot be
analytically continued. For the Chazy equation this curve is a circle the radius of which
depends on the initial conditions for the solution.
For systems of ordinary differential equations of the form

dye _ Pe(z,91,- - yn)
dZ Qk(zayla"'vyn)

v Pu,Qr€Oplyr,...,ym), k=1,...,n,

where Op is the ring of analytic functions on a domain D C C, Y. Murata has described

the set of fixed singularities in a precise way. We will only outline the discussion here,

15



the details can be found in his paper [31]. The idea is to extend the system to a rational
compactification M of the space C" of dependent variables. By this we mean an n-

dimensional complex manifold with the following properties
e M has an atlas {(U;, ¢;),i = 1,...,m} consisting of a finite number of charts.

e foreachi=1,...,m we have U; 2 C" and ¢ =id: U; = C" — C"

® pjogp, L. (yl ,...,y,(f)) — (ygj),...,y,(f)) where y(j) Rii (y%”,...,yﬁ?) is ratio-
nal in yg),...,yﬁlv) over C

The easiest example of a rational compactification is the complex projective space CP".
In each of the charts (Uj, ¢;), ¢ = 1,...,m, we can re-write the system of equations in the
coordinates (y%i), ey yﬁf )> in the form

) P (20"l

dz Qk (Z y1)7 "ayr(zi)).

To define the set of fixed singularities one has to examine the system of equations in each

of the charts for points where the expression on the right hand side becomes singular or
indeterminate. The set ® then is the union of all these sets of points.

We will encounter the idea of compactifying the space of dependent variables again in
section 3.3 when we discuss the procedure of blowing up the space of dependent variables

in order to remove certain points at which the equation becomes indeterminate.

2.2 Local existence and uniqueness theorem and analytic

continuation

The starting point for our study of movable singularities is Cauchy’s local existence and
uniqueness theorem which guarantees a unique local analytic solution of an ODE in some
neighbourhood of any point zy ¢ ®. We formulate the theorem in a general form for a
system of first-order differential equations. For the discussion in this section we refer to
Ince’s book [17].

Theorem 2.3. Given a system of ordinary differential equations,

yi(Z) = Fl(zayh R 7ym)

y;n(z) = Fn(%yb e 7ym)a

where F,. .., Fy, are analytic functions in a neighbourhood U of (z0,m1,...,Mm) € C™H1,
U=A{lz—20 <a, lyp. —nk| <b, k=1,...,m}, there exists a unique analytic solution
(y1(2), .. ym(2)) satisfying yi(z0) = nk, k = 1,...,m, with radius of convergence at least

=a (1 — e_m). Here M = max{|Fx(z,y1,---,Ym)| : (z,¥1,---,ym) € Uk =

-
1,...,m}.
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An immediate consequence of Theorem 2.3 is a lemma by Painlevé regarding the

analytic continuation of a solution of a system of ODEs in the complex plane.

Lemma 2.4. Let F(z,y1,...,Ym), k =1,...,m, be analytic functions in a neighbourhood
of a point (ze,M1,...,0m) € C™HL. Let v be a curve with end point z. and suppose that
(Y1s- -y Ym) are analytic on v\ {z«} and there satisfy

y;c:Fk(z7y17"'7ym)7 kzlu"'vm'

Suppose there is a sequence (zp)neN C v such that z, — z. and yx(z,) — nr € C as
n—oo forallk=1,...,m.

Then the solution (y1,...,yn) can be analytically continued to include the point z,.

Proof. We can choose some 7 such that all the functions Fy, k = 1,...,m are analytic in
the set D = {|z — zi| < 7|y — x| < 7,k =1,...,m} and define the maximum modulus
M = max{|F(z,y1,.--,ym)| : (z,y1,.--,ym) € D,k = 1,...,m}. For sufficiently large
n we have {|z — z,,| < r/2,|yx — yk(zn)| < r/2,k =1,...,m} C D. By Theorem 2.3, a
solution around z;, is defined at least in the disc of radius p = § (1 — e_m). For some

n we have z, € B(zy, p). O

2.3 Second-order ODEs with movable algebraic singularities

As noted earlier, all movable singularities of solutions of the first-order rational equation
(2.1) are algebraic. The aim of this and the following sections is to present classes of
second-order equations and systems of equations in two dependent variables for which it
is shown that this is likewise the case. Unlike for first-order equations there are however
certain obstructions for a second-order equation to have this property. We start with an
overview of work that has been done on this topic previously.

In 1953, R. A. Smith [45] proved the following theorem.

Theorem 2.5. Consider the equation

y' + f()y +9(y) = P(2), (2.4)

where f and g are polynomials of degree n and m, respectively, where n > m, and let P

be analytic at some point zy.

1) There is an infinite family of solutions which have an algebraic branch point at zg,

i a neighbourhood of which the solution can be expressed in the form
o0 .
y(z) =Y aj(z —z)9 70" (2.5)
§=0

2) Let T' be a contour of finite length in C having zo as an end point. If y(z) is a
solution of (2.4) which can be continued analytically along T' as far as zo but not

over it, then the singularity at zo is of the form (2.5).
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3) Let now I" be any continuous curve with end point zy in C. If the singularity at zo is
not of the algebraic form (2.5) then T' has infinite length and zy is an accumulation

point of such algebraic branch points.

In the following we will look at several other classes of rational second-order differential
equations and systems of equations for which a similar statement of this form holds. In
[43] and [44], Shimomura considered the following classes of equations, which he denoted

to be of Pr and Pp-type, respectively:
n_ 2Q2k+1) o

= keN 2.
V= p oy e REN (2.6a)
k+1
Yy = 7@/2’““ +zy+a, keN\{2},aeC. (2.6b)

He proved that near any movable singularity zg, which can be reached by analytic con-

tinuation of a local analytic solution along a rectifiable curve, the solutions are of the

form

(2k —1)?
12k — 2

(2k —1)2
(2k — 3)(4k — 1)

¢+ Z CjC“’“J%“

§>6k—2

__2 9 _ak_
y(z) = B - 2007 + (T +

for (2.6a), where ¢ = z — 29, and

_ wrkzo o ko wrk o .
y(2)=wkC 1/k k6 OCQ 1/k 3k+1<2+cc2+1/k+4kk_8<3 1/k+ chcj/k
Jj=3k

for (2.6b), where wy = 1 or ¢™/kthe series being convergent in some branched, punctured
neighbourhood of zy. In particular, every movable singularity is a branch point with a
fixed number of branches locally. In [7], Filipuk and Halburd generalise these results to a

larger class of equations of the form

N
y'=Pzy) =Y an(2)y" (2.7)
n=0

By a simple transformation the equation (2.7) can be normalised so that
N-2
2(N +1)
"o
y = (= + Z an(2)y". (2.8)

n=0

When looking for solutions with leading order behaviour
y(z) = co(z —20) P +o((z —20)7"), asz— 2,

one easily finds p = 2/(N +1) and cév ~! = 1. However, in general there do not exist series

solutions in fractional powers of (z — zp) of the form

cj(z — 29)U =D/ (N=1), (2.9)
3=0

In fact, if one inserts the expansion (2.9) into the equation (2.8), in trying to recursively
determine the coefficients c;, 7 = 0,1,2,..., one finds certain restrictions, as shown in the

following. To compute the coefficient c¢; one obtains the recurrence formula

(j+N—=1)(j —2N —2)c; = (N — 1)?Pj(co, 1, - -, ¢j-1),

18



where the P; are certain polynomials in all their arguments. Hence, one can compute
¢;j recursively from co,...,cj—1 except when j = 2N + 2, in which case one finds that
Pynyo(co, ... cont1) = 0 must hold in order for a series solution of the form (2.9) to
exist. This is known as a resonance condition and if satisfied, the coefficient con o can be
chosen arbitrarily.

In order for all movable singularities of all solutions of equation (2.8) to be represented
in the form (2.9), a necessary condition is that for every possible leading order, one can
always formally compute the coefficients ¢; recursively. The essence of the paper [7] is
that the existence of these formal series solutions is also sufficient. This class of equations
contains as special cases the first and second Painlevé equation. A class of equations which
contains Painlevé’s equations II — VI as special cases was studied by the same authors in
[9]. In [8] they also give a generalisation of Smith’s theorem 2.5, see also the next section.

Letting y1 = y, y2 = ¢/, equation (2.7) can be seen as a Hamiltonian system

,  OH
. Y2

; _6H
yQ 8y1 )

with Hamiltonian
H(Z, ylva) = y% - P(Zvyl)a

where P(z, y) is a polynomial in y such that Py = P. In section 3.1 we will extend these
results to a more general class of Hamiltonian systems which in general cannot be written

as a scalar second-order equation.

2.4 Equations in the class ¢’ = E(y')* + Fy + G
In this section we study a class of equations of the form

y' = E(z,9) ()’ + F(z,9)y + G(z,y), (2.10)

where E, F' and G are rational functions in y of the form

M

I e(z,y)
E(z,y) = . - ’
(2,9) ; v ou(®) 0 — an(2)

f(zy 9(z,y
F(zvy) - =M ( ) . G(Zay) - =M ( ) "
HM:1(3/ —au(z))ms HM:1(?J — au(2))™
where o, (2), p=1,..., M, are analytic functions in z in some common domain Q2 C C,

l, € Q my,n, € Nforall p =1,...,M and e(z,y), f(z,y) and g(z,y) are certain
polynomials in y with analytic coefficients. For the classes of equations considered we will
show that all movable singularities of all their solutions are algebraic branch points, i.e.
in some cut neighbourhood of a movable singularity z., the solution can be expressed by

a convergent Puisseux series

y(@) =Y crlz = 200) ¥/ m e Z,neN.
k=0
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In [8] the case was treated where E = 0 and F' and G are just polynomials in y with
deg, G < deg, F' + 1, equations of so-called Lienard type, which is a generalisation of
Smith’s Theorem 2.5. A further generalisation of this class was studied by the author in
[19] where now E # 0 and the I,, u = 1,..., M are integers. In [9], a class of equations
was studied with m, = 1 for all 4 € {1,...,M} in the denominator of F' and the [,
@ =1,..., M can be integers or half-integers. This class contains as a special case the
Painlevé equations P;; — Pyy.

Suppose we have a movable singularity at zo, and let ¢ € C\ {a1(20), - -+, @m(2c0) }-
The proofs of the theorems mentioned above all rely on the introduction of an auxiliary
function W (z, w,w’), rational in w and polynomial in w’, where w = (y — ¢)~!, which
is shown to remain bounded as any movable singularity is approached. For the class of
equations in [8] and [19], W can be taken to be linear in w’. In [9], the function W is
quadratic in w’, however the class of equations considered there does not contain [19] as
a special case. For the class of equations considered in the following it will be necessary

to assume W to be of the form
W(z,w,w') = An(z, w)(w')N + o4 Ay (z,w)w’ + Az, w),

where the functions A, (z,w), n = 0,..., N, are to be determined. A main step in the
proof will be to show below that W satisfies a first-order linear differential equation of the

form

W' = P(z,w)W + Q(z,w)uw’ + R(z,w), (2.11)

where P, (Q and R are polynomial in w which by the following lemma shows that W

remains bounded provided that w is bounded.

Lemma 2.6. Let I' be a finite length curve in the complex plane and let P(z), Q(z) and

R(z) be bounded functions on I'. Then any solution of the equation
W' = PW + Q' + R, (2.12)
15 also bounded on T'.

Proof. Choosing a point zg € I" the solution can be written as

W(z) = O(=) + 1(2) (C S ALGE P<<>@<<>>I<<>1d<) 7

20

where C'= W (z0) — Q(0) is an integration constant and I is the integrating factor

I(z) = exp ( / P<<>d<> .

Since P, Q and R are bounded on I" and I has finite length, I(z) and I(z)~! are bounded
and hence W (z) itself is bounded on T. O
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Remark. To apply Lemma 2.6 to (2.11) choose P(z) = P(z,w(z)), Q(z) = Q(z,w(z))
and R(z) = R(z,w(2)) — Q.(z,w(z)).

We now state the assumptions we will make on equation (2.10) in the following.

e For all p=1,...,M we have f(200,®u(%2x0)) # 0 and also the highest coefficient of

f is non-zero at z,,. For the degrees of f and g we assume

M
mg :=deg, f — Zm# >0,
pn=1

y (2.13)
deg, g <1 +deg, f — Z(m# —ny).
pn=1
e Let lgzZ—Zﬂ/[zllu. We assume [, # m, — 1 for all 4 =0,..., M.
e For the integers my,n,, u = 1,...,M we have m, > n, > 0. For those y €
{1,..., M} for which ozL = 0, i.e. oy = const., we have m, > n, > 0. For the

remaining p with aL # 0 we have m, = n, > 1 and the following condition is

satisfied identically:

Gu(z) + o, (2) Flu(z) = 0, (2.14)
where
M
Fu(2) = f(z,0u(2)) [ [(an(z) — au(2) ™™
=
M
Gu(2) = 9(z,au(2)) [J(u(z) = au(2) ™
=
e Forall u=1,..., M, at every Z € () there exists a formal series solution
y(2) = au(2) + Z cn(z — 2)F/mu, (2.15)

e At every Z € Q there exists a formal series solution

o

= cp(z — z)hH/mo, (2.16)

k=0
Under these assumptions we are going to prove the following theorem.

Theorem 2.7. Let 2z € §2 be such that a1(za0), - - -, an(200) are pairwise distinct and let
T be a finite length curve with endpoint zo. Let y be a solution of (2.10) under the above
assumptions which is analytic on T'\ {zo0 } but cannot be further analytically continued to
include the point zo. Then y is represented, in a cut neighbourhood of zZ = zo, either by

one of the series (2.15), w € {1,..., M}, or by a series (2.16).
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Remark. The theorem states that all movable singularities of a solution of equation
(2.10) are of the form described. The existence of the formal series expansions (2.15)
and (2.16) are necessary conditions for this and are equivalent to a number of resonance
conditions as explained in section 2.3.

The first step in our proof is choosing a number ¢ € C\ {a1(2c0),-- -, an(200)} and
making the transformation w(z) = (y(z) — ¢)~! in equation (2.10). The form of the

equation remains unchanged by this transformation as one obtains
v = (2w —w?B(z,c+w ™)) (W) + F(z,c+w ' — w?G(z,c +w ™),
which is of the form
w" = E(z,w)(w)? + F(z,w)w + G(z,w), (2.17)

where

and we have defined

] () =)L for p=1,..., M,
au(z) =
0 for p =0,
M
lo=2-> L,
pn=1

M
mo = degyf - Zm,uw
pn=1

M
no = deg, g — 2 — Znu.
pn=1

The conditions (2.13) imply that we have mg > ng > 0. Let N be the smallest positive
integer such that NI, € Z for all = 0,..., M. The case where N = 1 was treated in the

article [19]. Here we consider the case where N > 2.

Lemma 2.8. There exist functions Ao(z,w), ..., An(z,w) meromorphic in w with ana-

lytic coefficients and only possible poles at w = &, (2) such that
W = An(z,w)(w)N + - + A1 (z, w)w' + Ag(z,w) (2.18)
satisfies a first-order linear differential equation of the form
W' = P(z,w)W + Q(z,w)w + R(z,w), (2.19)

where P(z,w) is polynomial in w and Q(z,w) and R(z,w) entire functions in w with

coefficients analytic in z € €.
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Proof. We differentiate (2.18) with respect to z, replace w” on the right hand side using
the differential equation (2.17) and equate this the with the right hand side of (2.19). One
obtains an expression which is polynomial in w’ of degree N + 1. The coefficients of (w’)™,

n=20,...,N + 1, are as follows:

n=N+1:NANE+ (An)w =0
n=N,...,2:nA,F+ (A,). + (Ap 1w+ (n— 1A, 1 E+ (n+1)A,1G
= PA, (2.20)
n=1:A1F+ (A1); + (Ao)w + 242G = PA; +Q

n=0:(A).+ AG = PAy+ R,

where in the second line n runs from 2 to N. For n = N, the term involving G is
absent which we express by letting Ay4+1 = 0. Thus it suffices to determine the functions

Ao, ..., Ay such that the equations (2.20) are satisfied. To satisfy the first equation we

choose
M
An(zyw) = T (w = (). (2.21)
pn=0
For the other functions A, (z,w), n =0,..., N — 1, we make an ansatz in form of Laurent

series expansions in w with coefficients analytic in z:

e}

~ k
An(zw) = Y b (2)(w — @u(2))".
k=—FK!
To determine the coefficient functions o/, , (2), k = —kl, —ki, +1,..., by some recursion

we also expand the functions E,F ,é as Laurent series in w about &,(z) for each u €
{0,...,M}:

E(z,w) = Y eh(z)(w — au(2)",
k=—1
Fzw)= > flEw—-au:) Gw) = Y giz)(w—au=)"
k=—my, k=—mny
For P, Q and R we start with expansions
P(z,w) =Y pl(2)(w — a(2))",
k=0
Qzw) = Y gl (w—a@z)* Rzw) = Y riz)(w-a(z)",
k=—o00 k=—o00

but we will show that in fact all coefficients ¢}, and 7 can be set to 0 for & < 0. We
will also see that, in order to satisfy the equations (2.20) we only need to compute a

finite number of non-zero coefficients at every &y, p = 0,..., M. We write down all the
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summands in equation (2.20), for n =2,..., N:

00 k
g ~ -
- Z (Z az,ikﬁflgim#) (w — ay(2)) e
i=0

k=0

(An)e =3 (@l ) = G = Rt ) (= ()

k=0

(Anfl)w—Z(k ki _y)al b (w — d,(2))" K -1
k=

n—1
0

= (Zan 1i—kt ek i 1) (w — dp(2)* Fnoat

k=0
~ k—E"
(Zan+lz k“ gk i— ”u) (w_alt(z)) 1T

k=0 =

k
PA, = Z (Z agﬂ._kﬁpg_i) (w— du(z))kfkﬁ

k=0 \:=0

Djz

Ap—

Mg

For n = N, in the absence of the term A N+1G we let, in order for the terms in equation

(2.20) with lowest power of (w — &) to balance,
kN +my, =Ky + 1.
Subsequently, for n = N —1,...,1, we can also let
kb +my, = kN +1.
Therefore, with ki, = N1, for n =0,..., N we find
ki = Nl, + (N —n)(m, —1).
In the following we will compute the coefficients
aZ,k—kﬁ’ n=0,....N—1, k=0,1,...,

the coefficients a]“V?k_NlM, k=0,1,..., being completely determined by (2.21). From the

equations (2.20), by comparing powers of (w — au)k_kg_mﬂ, we find the relations between
the coeffients aik, n=N,...,2:
k
nzaﬁ,ifkﬁfliifmu (k = kj,_1)(a), Cp1k—kt_, %aﬁ,kfk;_l)
i=0 )
g ) =D)Y ah ef (2.22)
k—2my,+n,+1 lcl_fnu
+n+1) z; o1 k,LHgk—i—m Z Py o et —i
i—

For n =1 we find

m /
,kfkg) + (al,kfk{)‘fl)

@ @ w ~1
Zal,ifkffk—i—m + (k — ko) (ap Qo k—kpt — Xy
i—0

k—2my+n,+1

w " n
+2 Z A ikt Ik—i—n, = Z pia lk R —i T Dok 10
=0

(2.23)
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and for n = 0:

k—mu+ny
Z aT,i—ki‘gZ—i—nM — a,(k — kg)a&k_kg + (a‘.@‘,k_kg_l)’
i=0
. (2.24)
. Opyag,k—kg—l—i Tk
=

We can set

Iz — M —
Bpopp—1 = k-1 = 0 forall £ <0.

We will show in the following that most of the remaining coefficients qg-‘ ) 7“;-" , for j < 0, can
also be set to zero. If k& < 0 there is nothing to be done. We now distinguish the case
of those 1 € {0,1,..., M} for which &, = 0 and those for which &;, # 0. We consider
first the case &), = 0 where we have m, > n, > 0. For k = 0 equations (2.22), (2.23) and

m
(2.24) become

nal o ftn, — ki +(n—1)a" e, =0, n=N,...,2, (2.25)

k1 L=k
a//fy*k‘ibfﬁm#« ko ag 0,— k! :qﬁkgfp (2.26)
0=rt (2.27)
aﬁt\[’_k% being known from (2.21), one can recursively compute a!’ | i from (2.25)
for n = N,...,2. (Note that ¢”, = [, and therefore the coefﬁment of a Y is
n—1

(n=1)l, -k | = (N—n+1)(l,—m,+1) # 0 by the second assumption of the theorem).

In equation (2.26) one can let ¢" = 0 and determine

—kp—1

u 1

_ 1
Qo _pp = %al,fkff*mu’ (2.28)

unless kjj = 0, in which case one has ¢", = afl‘,_kﬁfffmﬂ.
Now consider the case dL # 0 where m, = n, > 1. Here, for k = 0, equations (2.22),

(2.23) and (2.24) reduce to

naz,—kgfﬁmu _k"rl:—l( Z 17*"3” ) NIL Z _EM 1) —|—(n— 1)GZ*1,7]€M716'L—L1
" " " (2.29)
I —
At Dag e 95, =0,
alf —k”fﬁmu k() 0, k“ = qﬁké‘_17 (230)
0 e, Ol =1 (2.31)

Again, from (2.29) one can recursively determine the a ,n=N,...,2. Letting

iz _ I _ 1 Iz
Upp_1 = 0 we obtain as before o _gp = 77 al,fkff*mu' Now,

n—1,k"

n—1

iz _ M iz =1 el _
T—kg—l - aL—ki‘ <g_m,u + aﬂf_mu) - O’
by condition (2.14), since, as one can compute,

e = (1™ (0 (2) = )2 F (2),
g, = (1) 0 (2) — ) TG (2),
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and
&, (2) = —(au(z) — ¢)2a),(2).

If k5 > 1 one can now successively determine the coefficients az o and ph_, for
b n

k=1,...,ki —1 by solving the linear system of equations

517muaZ,—k¢:PZ—mu+((”—1)6Z_1 (k= k,_y))al, n—1k—k*

n—1

I I Al (L M 7 7 /
nzan,z’—kﬁfk—i—mu ay,(k kn—l)an,k—kﬁA + (a O -k, 1)
i=0
k k=my —0tmy, (2.32)
_ M I _
+(n—1) E :an,l,i,kg_lekfiq E: pja nk Kb —m,—i
i=1 =0
k—my+ny,
I I
+(7’L + 1) Z anH’ikaHgk,i,nw
i=0
forn=N,...,2, as well as

I I (e LB _
517mua1,—k§‘pk—mu (k ko)a(),k_kg_

p u _ /
Zal,i—k’l‘fkfifm# &, (k = kg)ay @ Kk + (0 et — ) (2.33)
— .
k—my+ny, k—mp—01,m,,
I p _
+2 Z Qi it Ik—i—n, Z pia lk K —my,—i
i=0 i=0

and
Ju w ~1 By 1 _
a _k:upk_l + Oé“(k’ — kO)aO,k—k(‘)‘ =

k—mu+n, (2.34)

I I
Z a1,i—k;‘9k—i—nu+ e et — ) Zp Qo k—kE—1—i7
=0

where 01, = 0 if m;, > 1 and 61, = 1 if m;, = 1. Note that in this last case we have
kf\, = -+ = k' = kll. The coefficient matrix for the system of equations (2.32), (2.33),
(2.34) has determinant (developed from the bottom row)

61‘m“a‘1tr,—k% Ky —k+(N-1)el_, 0 0
23 yn _
51,mMaN_1’_k%7l 0 K _o—k+(N=2)el_; 0
det ‘
:H . 0 . 0 ;
61,%@1’%,{ 0 0 —(k—kb)
%l 0 0 al,(k—kb)
N
_ (M nooo= I Iz I
= (afy g+ O1m,af _udy) - (k= k) - [T =k + (n—Defiy)
n=2
1 N
_ I I pt I I I
= Fgalv—kf (f_mH + 517muk00g#) . (k; — ko) . H(knfl —k4+ (n _ 1)6k—1)7
n=2

by (2.28), which is non-zero for all 0 < k < kjj. The matrix being invertible one can

thus determine the coefficients plC , and a n=20,...,N — 1, such that qz—k“—l =
0

nk—ki’

e =0 forall 0 <k < kj. For k = kj one can still determine the coefficients p. |
0 0
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“w
and A

non-zero.

forn = N —1,...,1 such that 7", = 0. However, ¢"; will in general be

We have thus determined the coefficients CLZ ke form =0,...,N —1and k =
0,....k5 —1, as well as p}, k = 0,...,kf —1. We write down the initial parts of the

series expansions in w of P about &,(z),

- - p

ph(2) + 2K (2)(w — @u(2)) + -+ + Pl () (w — a(2)) 0 (2.35)
One can construct a polynomial, of degree at least D = Zﬁ/[:o kg+ — 1 in w (where
khT = max{0,k4}), which has (2.35) as initial terms in its expansion about &, for all

uw=0,...,M. Welet P(z,w) be such a polynomial. We now consider again the equations
(2.20) for n = N,...,2. These can be viewed as differential equations for A,_; with

respect to w,
(Ap_1)w+ (n—1)EA, 1 = PA, —nA,F — (A,). — (n +1)A,;1G, (2.36)

where, inductively starting at n = IV, the right hand side is known in every step. As this
is a linear equation in A,_1, its solutions can have no other singularities than w = &, (2),
w=20,...,M. Above we have seen that at all of these points A, _1 possesses a Laurent
series expansion in w — &j,. Therefore this particular solution, which we then denote by
An_1(2,w), is a meromorphic function in w with poles at most at &,, p =0,..., M. Now
consider the last two equations of (2.20) for n = 1 and n = 0. We have already determined
the initial part of the Laurent expansions of Ay and Ag,

I Iz

—kn “n 1kt ~ \kb—kh—1
o e T e m T T g (= @)L
- % -

a

For fixed z, by the Mittag-Lefller theorem there exists a rational function in w which has
the initial Laurent expansion (2.37) about every &,, u =0,..., M, and we take Ag(z, w)
and Aj(z,w) to be such functions. Given Ay, Aj, Ay and P, the last two equations of
(2.20) determine @ and R which, by this construction are meromorphic functions having
at most simple poles at the points w(z) = &,(z), p=0,..., M.

We now employ the existence of the formal series solutions (2.15) and (2.16) to show

that Q and R in fact have no poles. In the variable w, these series correspond to

w(z) :d“(é)—l—ZEk(z—é)k/m“, uw=0,..., M. (2.38)
k=1

With the integration factor

) = (- [ PG w(E))dc)

equation (2.19) can be written in the form

d

TUEW () = (@ wp’ + Rz w)I(2) (2.39)

If in the definition of W (equation (2.18)) we substitute for w any of the series expansions

(2.38) we see that W has a Laurent series expansion in (z — 2)%/™ with finite principle
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part. Also, P being a polynomial in w, I(z) has a power series expansion in (z — 2)1/7,
Thus the product I(z)W(z) also has a Laurent series expansion in (z — 2)Y/™ with finite
principle part. Similarly, the right hand side of equation (2.39) has a Laurent series

I must be zero since

expansion in (z — £)'/"# in which the coefficient of the term (z — 2)~
otherwise integration of both sides would imply that I(z)W(z) contained a term involving

log(z — 2). @ has leading order of the form

Qevw()) ~ —1E_ g (3 = 2V,

w — 0y (2)
Therefore, the right hand side of equation (2.39) has leading order

¢,

—~
N>
S~—

)
z —

but by the above argument we must have ¢";(2) = 0. Since this condition holds for all 2
in some open neighbourhood of z, we have in fact shown that ¢"; = 0. In the case where
kj = 0 we then also have 7| = 0. This proves that Q and R are in fact entire functions

in w. O

To prove Theorem 2.7 we need the following lemma which is similar to an argument

by Shimomura [42].

Lemma 2.9. Let y be a solution of (2.10) under the assumptions in Theorem 2.7. Let ¢
be some complex number not equal to a1(2s0),- -, an(200). Then T' can be continuously
deformed, in the region where y is analytic, to a new curve ' with same endpoint and of

finite length such that there exists € > 0 for which |y(z) — c| > € for all z € T.

By Lemma 2.9 we can continuously deform the curve I' such that w is bounded on the
modified curve I'. The following lemma shows that w has a well-determined behaviour as

z approaches z,, along T.

Lemma 2.10. Let y be a solution of (2.10) under the assumptions of Theorem 2.7. Let
w = (y —c)~! as before. Then, for some p € {0,..., M}, we have

Clim w(z) = au(zeo)-
I'Sz— 200

Proof. In the contrary case there would exist some € > 0 and a sequence (z,)neNn C r
with z, = 2o as n — oo such that |w(z,) — &u(2s0)| > € for all 4 = 0,..., M. Then
An = Hﬁ/fzo(w — @&, (2)) "Nl is bounded and bounded away from 0 on the sequence (z,).

Now w’ can be seen as a solution of the algebraic equation
An(z,w) (W)Y + - 4+ Ay (z,w)w’ + Ag(z,w) = W, (2.40)

where the coefficient functions A,, n =0,..., N, being meromorphic functions in w with
only possible poles at @&,(z), are bounded on (z,). Since the right hand side, W, is
bounded, this implies that w’ is bounded on the sequence (z;,,). Lemma 2.4 applied to the
system

w =w, w)=FE(z,w)(w)?*+ F(z,w)w + G(z,w)
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now shows that w, and therefore y, can be analytically continued to z., in contradiction

to the assumption of Theorem 2.7. ]

Proof of Theorem 2.7. By Lemma 2.10, suppose that w(z) = (y(z) — ¢)™! = a,(200) as
Z = Zoo, where z € T, for some p € {0,..., M}. Since W is bounded as z — zo,, there
exists a sequence (2 )neN C [ with 2, — 2o as n — oo such that W(zn) = Weo for some

Woo € C. Any solution of equation (2.40) for w’ is of the form
w' = K(z,w,W)(w — &, (200)) ™,

where K (z,w, W) is analytic at (2ec, @y (200), Woo) and K (zeo, @(2o0), Woo) # 0. We now
change the role of dependent and independent variables, to obtain

dz

T K (2w, W) Hw — d,(200))™ L (2.41)

Together with equation (2.19), rewritten in the form

aw.  dW dz 1 _ e —1
% = E% = Q + (PW + R)K(Z, w, W) (’LU — au(zoo)) e (242)

the two equations (2.41) and (2.42) form a system of differential equations for z and W as
functions of w. The right hand sides of equations (2.41) and (2.42) are analytic functions
in the variables (w, z, W) in some neighbourhood of the point (2o, @, (%00), Woo). Lemma
(2.4) applied to this system of equations shows that z and W are analytic functions of w

at the point w = &, (200) and z has a series expansion of the form

2= 200 = Y Enlw — dp(200)) M,
k=0

with positive radius of convergence. Taking the m,-th root on both sides shows

(Z - Zoo)l/mu = an‘(w - &u(zoo))ka
k=1

where the choice of branch can be absorbed into the leading coefficient 7;. Inverting this

series one finally obtains

o
w(2) = @u(zo0) + Y Gz = 200)™ ™,
k=1
with positive radius of convergence, showing that y is represented either by a series (2.15)
for pe {1,...,M}, or (2.16) for u = 0. O

Theorem 2.7 shows that singularities obtained by analytic continuation along finite
length curves are algebraic. In the third part of Theorem 2.5 by Smith the possibility of
singularities along curves of infinite length is discussed. A singularity z, of this kind is an
accumulation point of algebraic singularities. In his article [45], he gives an example of a

solution for the equation

y' +4y*y +y =0,
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which exhibits such behaviour. There, the curve along which the solution is analytically
continued winds around the point z, infinitely often and it is shown that for every € > 0
there is an algebraic singularity with distance less than € from the curve and from z,. In
the neighbourhood of such a singularity z, the solution will be infinitely branched and for
the class of equations considered in this section we cannot exclude that such singularities

can in general occur.
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Chapter 3

Hamiltonian systems in two

dependent variables

3.1 Polynomial Hamiltonian systems with movable algebraic

singularities

Having studied classes of second-order differential equations in the last chapter we now
continue with a class of Hamiltonian systems, with Hamiltonian function polynomial in
two dependent variables, for which we show that all movable singularities are algebraic
branch points. The Hamiltonian systems studied here can in general not be reduced to
scalar second-order equations which brings some further difficulties with it. The work in
this section is contained in the preprint [18] by the author. The Hamiltonians we consider
are of the form,

apr+1,0(2 ao,N 1
+7()?JM+1+ - N+l+ Z i (2)yi v, (3.1)

(i,5)€l

where the set of indices [ is defined by
I={(i,j) e N* 1 i(N+ 1)+ j(M +1) < (N + 1)(M + 1)}, (3.2)

and «;j, (4,7) € ITU{(M +1,0), (0, N+1)} are analytic functions in some common domain
) C C. The Hamiltonian equations are given by

-1
vi =aon1(2)ys + Y jau(2)yiv)
(i.4)el

yh = — anrs1,0(2)yl’ — Z iaij(2)yy -
(4.5)el

(3.3)

The set of fixed singularities in  of the system (3.3) is given by the zeros of the leading

coefficients in the equation,
® = {C€Q:an4+1,0(¢) =0 or agn+1(¢) =0},
where the solutions of the system may behave in a non-generic way.
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Theorem 3.1. Suppose that at every point zZ € Q\® the Hamiltonian system (3.3) admits,

for every pair of values (c1,—N—1, 2, —n—1) Satisfying
_ . . -1
CyiVle = — (0407N+1(Z)C¥M+170(Z)N(MN — 1)N+1) N
c2,-n—1 = (MN = Danry10(2)et y_y,

formal series solutions of the form

y1(z) = Z ch(Z — Z)MN-T
—— N+1
! (3.4)
> kd
w(2)= D cop(z—2)WNT,
—

where d = gcd{M + 1, N + 1, MN — 1}. Let I" C Q be a finite length curve with endpoint
Zoo € Q\ @ such that a solution (y1,y2) can be analytically continued along T' up to, but
not including zoo. Then the solution is represented by a series (3.4) at 2 = 2, convergent

i some punctured, branched, neighbourhood of z.

We assume in the following and for the rest of this section that N > M. In the

neighbourhood of any movable singularity one can let

9(z) = (O‘M+170(Z)NQO,N+1(Z))ﬁ <yl(2) + Cm> )
g2(2) = (O‘M+170(2)040,N+1(Z)M)ﬁ <3/2(z) + m> ’

achieving that the transformed Hamiltonian H is of the same form as in (3.1) but with
ap+1 =1= o ny1 and aoy =0 (and also o =0 if N = M). In the following we will
assume that the Hamiltonian is already given in this normalised form and readily omit

the tildes again,

H(zyp) = o+ + )0 aii(2)yivd, (3.5)
(6.4)el’

where I’ = I'\ {(0, N)}, the Hamiltonian equations being

v =(N+ Dy’ + > jai ()il

vh=— M+l = > day(2)yi .
(i)el’

For N > M, condition (3.2) in fact implies that j < N — 1 for all (¢,5) € I'.

An approximate first integral

In this section we will show the existence of a function W that remains bounded whenever
a solution (y1(2),y2(z)) of (3.6) develops a movable singularity by analytic continuation
along a finite length curve. Formally inserting the series expansions (3.4) for y; and ys
into

dH OH A ‘
;. - - , ;
" dz 0z (-21/ aij(Z)yl(Z) ZIC (3.7)
lh]

32



1
yields a formal series expansion for H' in (z — 2)M~N-1. Heuristically, W is constructed
from H by adding certain terms, rational in y; and yo, which would cancel all terms of H’

I cannot

1
with negative powers of (z — 2)™~N-1. Note, however, that terms of power (z —2)~
be cancelled in this way, since these would correspond to terms of H that are logarithmic

in z — 2 and cannot be obtained by rational expressions in y; and yo. We define

K
i g Yy

Wz =™+ T+ Y e+ Y Bulz)T (3.8)
el (kD] G

where the [i;(z) are certain analytic functions to be determined in terms of the a;;(2)

and their derivatives, and the index set J is given by
J={(k,)eN?:1<kE<N+1,1-MN<k(M+1)—I(N+1) <M+ N +2}.

Note that the pairs of indices in the set J are in one-to-one correspondence with the
elements of the set I\ {(0,0)}, which can easily be seen by setting k = j+1and [ = M —i.
Thus for every unbounded term ¢ ](z)yiyg in (3.7) there is one function fx; to compensate
for. However, we will see that not all the functions Si; can be used. The other essential
ingredient is the existence of the formal series solutions (3.4), which will ensure that the

! vanish identically. To show that the auxiliary function W is

terms of power (z — 29)~
bounded we will again use Lemma 2.6. In order to be able to apply it we must first show
that, by modification of the curve I', we can achieve that certain rational expressions in

y1 and y2 are bounded along T'.

Lemma 3.2. Let (y1,y2) be a solution of the system (3.6), analytic on the finite length
curve I' ending in a movable singularity zoo, such that y% and y% are bounded on I'. Then,
after a possible deformation of I' in the region where y1,y2 are analytic, one can achieve
that z—% is bounded on T for all k,1 >0 for which (N +1) — k(M + 1) > 0.

1

We have put the proof of this lemma, which is rather technical, into the appendix.
Assuming that we have modified the curve according to Lemma 3.2, the next lemma shows

that the auxiliary function W remains bounded as a movable singularity is approached.

Lemma 3.3. The coefficients Pri(z), (k,1) € J, in (3.8) can be chosen such that the

function W is bounded on the curve I'.
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Proof. Taking the total z-derivative of (3.8) one obtains

k k—1
azjylyQ + ( ;fl ? + k/Bkl 2yll 2 Z/B %_;'_11)

(i,§)el’ (k,)eJd Y1
= Z aijylyZ_ Z Z (ik + jl)c;Bay; " tys !
(3,9)el’ (Z,5)el’ (kl)eJ
Y+

+ ) ( ,’ﬁ? — k(M + 1) BryM b= — (N + 1) B z+1>

(ke G Yy
= > ayivy+ Y, (N +1) = k(M +1))Buy'ys ! (3.9)
(i.4)el’ (kl)eJ

i1

+ Z ( : y2 (N +1)Br l+1W)

(ke i Y

k
+ Y D> (AN =+ 1) —ik)ayBayi "y T
(LAl (ke
k+k'—1

v
+ > D N“ﬁklﬁk’l’wv

(ke (K 1)eT

where we have used (3.8). All terms in (3.9) are now either of the form yi“y%o with

J
(i0, jo) € I, or of the form % with ig > 1 and jo(M+1)—ig(N+1) < (M+1)(N+1). Note
Y1

kE—1
also that for the coefficients Z%T of W, (k,l) € J, we have (I4+1)(N+1)—(k—1)(M+1) > 0,
1

so by Lemma 3.2 these are bounded on I'. By repeating the process of replacing powers

yév *1 using (3.8) one can achieve in a finite number of steps that the terms of the form

% either have jo > N + 1 with ig(NV + 1) — jo(M + 1) > 0 and are therefore bounded

’O

by Lemma 3.2, or have jo < N and jo(M + 1) —ig(N +1) < MN — 1, equality holding

0 ?

7o
if and only if (ig, jo) = (1, N). We now manipulate the terms of the form - jo < N, in
Yy

the following way:

yjo
()G + 1)
1
/,.J0 J+jo
=—(jo+1) ]\2/[_310 - Z i(jo + 1)%]#10_,_1
% (i.d)el’ %
Jjo+1 Jo+1 j+jo
]\2/[+i0 — (M + o) ]\24+i0+11 - Z i(Jo + Daij—5 21+zo+1
y yl (Z j)GI' y

yjo+1 yN+Jo+1 y]+]0
]%4HO - (N+1)(M+ io)?\@riioﬂ - Z (i(jo + 1) + (M +ip)) aijm
Y1 W (i,5)el’ A

yJ0+1 yjo
(L) S (N )M i) 2w
Yy

M+1ig M+4ig+1
Y1 1
y%-HO
+ > (N +1)(M +io) — §(M +io) — ijo + 1)) iy =t
(i)el’ Y
yk-l—jo y
+ > (N+D)(M +i0) Bu—rame + (N + (M + o) =2~ >
(k:,l)EJ yl yl

(3.10)
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j
Thus, unless jo(M + 1) —ig(/N + 1) = M N — 1, one can solve (3.10) for vy,

0 °

Y1
Jo J0
yl 1 . Y5
ylo  MN —14ig(N +1) — jo(M + 1) <( ! O)yi‘““’“
g-l—jo
+ Y (iljo+1) + (M +ip) — (N + 1)(M+io))aijW (3.11)
1

(i,5)el’

yk-i—yo yjo+1
— Z N+ 1)(M +20)ﬁk‘l M+l+7»0+1 + ]\24+i0
(k,ed £

Jo
Again, in (3.11) the coefficient % of W is bounded by Lemma 3.2 since we have
Y1

+1

(M +ip+1)(N+1) —jo(M +1) > 0. Also, the term % is bounded by Lemma 3.2
Y1

jo+1

/
since (M +i0)(N + 1) — (jo + 1)(M + 1) > 0. Therefore, the term (%) is bounded
Y1

~ k+3io
when integrated over the finite length curve I'. For the terms of type Myflfioﬂ, (k,1) € J,
Y1

we find
(M+1+ip+1)(N+1)—(k+jo)(M+1) >0,
J+io

which are therefore all bounded, and for the terms Myfiiﬂ-oﬂ, (i,7) e I,
Y1

(G4 jo)(M +1) — (M —i+ig+1)(N+1) < jo(M+1) —ig(N +1).

1

factor, and a sum of terms of the form y% with 71 = 7+ jo, 21 = M — ¢+ 19+ 1, such
Y

1
that the quantity ji(M + 1) — i1 (N + 1) is strictly decreasing. Performing this process

Jn
iteratively a finite number of times we eventually end up only with terms z%n for which
1

Jn(M +1) —i,(N + 1) <0, Lemma 3.2 showing that they are bounded on r.

We thus arrive at a first-order differential equation for W of the form

w’ =P(z, Y ,y2 W+ E %J y1y2+7 N (2 )yQ
n
(4,9)€l
-1 d -1
+Q(Z7y1 7y2)+£R(Zay1 73/2)7

where P, (Q and R are polynomial in their last two arguments and for each monomial %
we have (N + 1) — k(M + 1) > 0, so they are bounded on I'. We will now show that, by
a suitable choice of the i and the existence of the formal series solutions (3.4), all the
coefficients v;;, (4, j) € I, as well as y_1, are identically 0.

We determine the functions By = Bj41,m—s recursively starting with the pairs (7, 5) € 1
for which the quantity i(N + 1) + j(M + 1) is maximal. From (3.9) we see that

Yij(2) = aji(2) + (MN =1 —i(N +1) = j(M + 1)) Bj11,m—i(2) + -+, (3.12)

where the dots stand for expressions involving only terms By = Bjr41,m— for which

i'(N+1)+j'(M +1) is strictly greater than i(N +1) + (M +1). We can thus determine
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Bri = Bj+1,m—i for all pairs (z,7) € I for which ¢(N +1)+j(M +1) > MN — 1. However,
when i(N +1) + j(M + 1) = MN — 1, the coeffcient of 341 p—; in (3.12) vanishes. We
now make use of the existence of the formal series solutions (3.4) to show that also v;; =0
in this case.

Let n = ™ and m = 2 where d = ged{M + 1, N + 1}. Consider the d terms

yé\f m—1, N—n M—-m_ n—1 .
7,17N(z)y—1, Ym—1.N-n(2)Y7" Yy e YM—mn—1(2)Yy Y5 . When one inserts the

formal series solutions (3.4) into these expressions they have leading order (z — 2)7L.

But there are essentially d formal series solutions corresponding to the different choices
of the leading coefficients ci _n_1,c2,—pr—1 such that cy_N]Q_ll = —W. Inserting
any of the series into (3.8) shows that W has a Laurent series expansion in powers of
(z—2)Y/(MMN=1) Thus the coefficient of (z— 2)~" in W’ vanishes since otherwise W would
have terms logarithmic in 2z — 2 in its expansion. The coefficients of (z — 2)~1 in W', for

the different choices of (¢c1, —n—1,c2,—p—1), are

-1 R . N R
N —1 (’Y—l,N(Z) + Wi1Ym—1,N—n(2) + - + wf 17M—m,n—1(2)> =0
1 A A B A
WUN—1 (W—I,N(Z) + wWoYm-1,N-n(8) + -+ wf 17M—m,n—1(2)> =0
—1 . : -1 .
UN -1 (7—1,N(z) + WaYm-1,N-n(2) + -+ wy 7M—m,n—1(2)> =0,
where w;, i = 1,...,d, are the d distinct roots of w? = —1. This system of d equations

shows
'7—1,N(2) = 'Ym—l,N—n(%) == 'YM—m,n—l(é) = 0.

However, the formal series expansions exist for all 2 in a neighbourhood of z.,. Therefore

we have shown in fact that

V—1,N = Ym-1,N-n =" = YM-mm—1 = 0.

The functions fBj11,a7—; with i(N +1)4+j(M +1) = MN —1 can be chosen arbitrarily and
will henceforth be set to 0. The remaining functions 841 p—; with i(N +1)+j(M +1) <
MN —1 can now all be determined recursively, so that v;; = 0 for all (4, j) € TU{(—1, N)}.

We have thus arrived at a first-order linear differential equation for W of the form

W/ = P(Z, y;la QZ)W + Q(Z7 yfla y2) + R/(Z7 yflv y2)7 (313)
where P, Q and R are bounded on T near a movable singularity z, of a solution (y1(2), ya(2)).
Lemma 2.6 now shows that W is bounded on T. O

A regular initial value problem

To show that a movable singularity is an algebraic branch point we will now introduce
coordinates u and v for which there exists a regular initial value problem. The coordinate
u is defined by

n=u 4, (3.14)



where a choice of branch is made. We also define

M+1

w=1you 4 . (3.15)

From (3.8) one obtains an algebraic equation for w,

(M+1)(N+1)—i(N+1)—j (M+1)
0=wVtt 4+ Z azj(z)u d . w’

(i.g)el’
(MA41)(N+1)4+1(N+1)—k(M+1) (M+41)(N+1)
+ > Bulz)u d w1 = Wu— @

(ke

(3.16)

)

all the exponents of u being positive integers. The solutions of this equation for w will be
denoted by wi,...,wy+1. They are analytic functions of u, z and W in some neighbour-
hood of u =0, z = 2o, and W = Wy for any Wy € C. We express the w,, as power series

in v and W with analytic coefficients in z,

wy, = Fp(z,u, W) = wy, Z aj;m(z)ujWk,

J,k=0
where wp, n = 1,...,N + 1, are the distinct roots of wN*! = —1, agp, = 1, and the
. .. . (MAD)(N+1) —
first monomial containing W is of the form —ﬁu d W. We denote F,(z,u) =
(M+4+1)(N+1) .
dj—0 ° ajon(2)u’ and define functions v, by
_ 1 (M+1)(N+1)
Wy, = wp, | Fr(z,u) — i d Un |, 3.17
w = (Fulet) = 5y ) (317)

so that in the limit u — 0, v,, agrees to leading order with W. From the definiton (3.15)
of w we see that the choice of branch for w, can partially be absorbed into the original
choice of branch for u if 1 < d < M 41, and completely be absorbed if d = 1, so that there
are essentially only d inequivalent choices for (u,v,). From (3.14) and (3.6) we obtain the

differential equation satisfied by u:

d N+1 _ M4l — 1 (M+1)N
u':—N+1u a 1 (N—i—l)w?{y(u d Fn(z,u)—N+1u d vn>
N+1 1 1 (M+1)N i1 (3.18)
. + . + — /]
Jr<-z)gpj()%(z)u_z rer <u_dF”(Z’“)_ N+1t o U") ]
l’]

Taking the reciprocal of (3.18) and changing the role of the dependent and independent
variables u and z one obtains, extracting the highest power of u on the right hand side,
an equation of the form,

Z—z = u%*lA(u, z,0), (3.19)
where A(u, z,v) is analytic in (u, z,v) at (0, 2e0, v0) for any v € C, and A(0, 2o, v0) = <.
We drop the index n from now on. Re-inserting (3.17) into (3.16) yields an expression for

W in terms of u and v of the form
W =v+ G(z,u,v), (3.20)
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where G is a polynomial in v of degree N + 1 and analyic in z and u near v = 0, satisfying

G(z,0,v) = 0. We differentiate (3.20) with respect to z,
W' =V +G, +Gu + GV, (3.21)
and compare this with equation (3.13), which can be written in the form

. - d -
W' =P(z,u,0))W + Q(z,u,v) + —R(z,u,v
(0,0 + Qe w,0) + 5 R(z,u,0) 5o

=P(v+G)+Q+R.+ R + RV,

where P, Q and R are polynomial in u and v. One can solve (3.21) and (3.22) for v/ to

obtain an equation of the form
v = B(z,u,v)u’ + C(z,u,v), (3.23)

where B and C are analytic in their arguments. Multiplying (3.23) by (3.19) one obtains

an equation for v as a function of u:

dv dvdz MN-1_
e D du = B(z,u,v) +u 4 Az, u,v)C(z,u,v). (3.24)

Equations (3.19) and (3.24) together form a regular initial value problem for z and v as

functions of w near u = 0 with z(0) = 2o and v(0) = vp.

Proof of Theorem 3.1

We can now complete the proof of Theorem 3.1.

Proof. By Lemma 3.3, after a possible modification of T to T', W is bounded along T.
Consider a sequence (z,) C I such that 2z, — 200 as n — oco. Suppose that the sequence
(y1(zn)) is bounded. Then the functional form of W(z,y1,y2) implies that the sequence
(y2(zp)) is also bounded. However, Lemma 2.4 now implies that the solution (y1,y2) can
be analytically continued to 2., contradicting the assumption in the theorem. There-
fore, the sequence (y1(zy,)) must tend to infinity since otherwise it would have a bounded
subsequence. In the variables u, v introduced in the previous section we therefore have
u(z,) — 0 and v(%,) is bounded. Hence there exists some subsequence (zy,,) such that
v(2n, ) — vo for some vy € C. Now Equations (3.19) and (3.24) form a regular initial value
problem for z and v as functions of u with initial values z,, and vy at v = 0. Lemma 2.4
then shows that z and v are analytic at u = 0. Since A(0, z0,v0) # 0 in (3.19), z has a

convergent power series expansion of the form

e MN
i 1
2= Zoo T ngu T >
k=0

in a neighbourhood of v = 0. Taking the %—th root,
d o
(z — ZOO)MN71 = anuk,
k=1
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and inverting the power series, one shows that u has a convergent series expansion
o
kd
u= E Cr(z — ZOO)IMN—l_
k=1

By the definition (3.14) of u, one obtains a series expansion for yy,

© kd
yi(2) = Y Cuirlz = 200) VT,

__N+1
k= d

convergent in a branched, punctured neighbourhood of z+,. Also, from the definition (3.15)

we find, since w # 0 at 2z = 2o,

o kd
y2(z) = Z Co (2 — Zoo) MN-T,

—_M+1
k= d

3.2 Hamiltonian systems of Painlevé type

In the last section we discussed a class of Hamiltonian systems in two dependent vari-
ables with movable algebraic singularities. Interestingly, all six Painlevé equations can
be written in an equivalent form as Hamiltonian systems with polynomial Hamiltonians

Hj(z,q,p), J=1,...,VI,

1
Hr=5q" =20 = zp

1 z
H11=§q2—<p2—§)q—ﬁp

1
Hyp =~ [2¢°D° — (2n002p” + (260 + 1)p — 2102) q + oo (K0 + Koo)2D]
Hy =2pg® — (p* + 22p + Ko) ¢ + Koo

1
Hy =~ [p(p = 1)°¢* = (ko(p = 1)* + kup(p — 1) = n2p) g + K(p — 1)]

Hvi = 2=y [P0 = Do = 2)¢* = [ko(p = 1)(p — 2) + rap(p — 2)

+(ke = Dpp — D] g+ s(p —t)],

where the various x’s and n’s are arbitrary complex parameters. These were already known
to Malmquist [26] and later have been studied extensively by Okamoto in a series of four

papers [34, 35, 36, 37]. A classification of systems of equations

¢ =P(z,q,p), P =0Q(24qDp), (3.25)

with the Painlevé property has not been carried out to this date. It has been conjectured in
[21], however, that any system (3.25) with the Painlevé property which cannot be reduced
to the integration of a first-order equation or a linear second-order equation is equivalent
to one of the Hamiltonian systems Hy, J =1,...,VI. In [33], Okamoto also constructed,

for each of the six Painlevé equations, what he called the space of initial conditions. In
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this space, every point defines a regular initial value problem for the system of equations
considered. It is obtained by compactifying the space of dependent variables (¢, p) € C? to
some rational surface and applying a sequence of blow-ups to the space, a certain algebro-
geometric construction to remove certain points of indeterminacy of the system. We will
construct the space of initial conditions for one of the systems contained in the class of

section 3.1 below.

We investigate which of the Hamiltonian systems contained in the class of section 3.1

have the Painlevé property. For N = 1 the Hamiltonian can be written as

1
H(Z7y1>y2) = 51’-/% +y2Q(zay1) + P(Z7y1)7

where P is a polynomial in y; of degree M and () a polynomial of degree less than %

The Hamiltonian system of equations is then

Y =y2 +Q(z,y1),
yh = —y2Qy(z,y1) — Pylz,y1).

Letting g2 = y2 + Q(z, y1) this reduces to the system

y,l = :’j%
~/

o = Yo + Qx(2,41) + Qy(2,y1)82
= _Py(za yl) + QZ(Za yl) - Q(%M)Qy(%?ﬂ)»

i.e. essentially a second-order differential equation for y = y;:

y” = P(Zvy) = 7Py(zvy) + QZ(Zvy) - Q(Zvy)Qy(Zay)a

where the right hand side is an arbitrary polynomial in y. This is the class of second-order
equations treated in [7] which includes as special cases the Painlevé equations I and II,
where P is of third and fourth degree, respectively. The next higher case of Hamiltonian

systems in the class of section 3.1 is M = N = 2 where we have

(v +93) + a(2)yiy2 + B(2)y1 +v(2)y.

Wl

H(z,y1,92) =

The resonance conditions in this case are o = 0, f/ = 0 and v = 0, that is, « is
a linear function in z, & = az + b, and B and 7 are constants. In case a = 0 the
system is autonomous and can be integrated by classical methods. If a # 0, by a linear
transformation in z we can accomplish that «(z) = z and are therefore essentially left

with the system of equations

/ 2
Y =5+ 2+,
e (3.26)

/

Y2 = —y%_ZZ/?_/B-
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This system has meromorphic solutions with Laurent series expansions,

—)) J ) 2 2 ..
yi(z) =—2 +“*+<wﬂ (1+Z*)—“+3w2w)<z—z*>+h<z—z*>2

2 — 2 2 4 3
o
+) en(z—2)"
n=3
2j 2, . 2\ 9
y2(2) :zw— . 4+ ¥ 2Z + <w23 <1 - Zi) — gwjoz + §> (2 — 2z4) + k(2 — )2

o0
+ Z dn(z = 2:)",
n=3
j €40,1,2}, where h = ¢ and k = dy are coupled by the relation

. 5 .. J
wh—k= <4w2]_u12a+§> Zas

and either h or k can be taken to be an arbitrary parameter. Thus there are three possible
leading order beahviours for the simples poles of the solutions. The system (3.26) is related

to the fourth Painlevé equation as the combination w = 3, + y2 — 2 solves !

2uw” = (w')? —wt — 4zw® — (26 + 2y + 322)w? — (1 — B+ )%

22 and wy = w2y1 + yo — wz both satisfy similar

The combinations w; = wy; + y2 — w
equations and therefore y; and yo can be expressed completely in terms of the fourth
Painlevé transcendents.

For all other Hamiltonian systems in the class of section 3.1 the solutions are branched.

3.3 Okamoto’s space of initial conditions

At a singularity zg of a solution of the system (3.26) we have by Lemma 2.4,

le max{|y1(2)], [y2(2)|} = oo.
z z0

To study the singularities of the system it therefore seems natural to compactify the space
C? of the variables (y1,%2), for example to the complex projective space. CP? is covered

by the three standard coordinate charts
Ty :ye), [ur:1:ug], [v1:w:1].

The set consisting of the points where u; = 0 or v; = 0 is called the line at infinity which
we denote by L. Re-writing the system of equations (3.26) in the other two coordinate
charts one obtains certain base points where the right hand side of the system becomes
indeterminate. For the case of the six Painlevé equations, Okamoto [33] has shown that
the base points can be removed by a sequence of blow-ups of these points. Blowing up is
an algebro-geometric construction of regularising the points of indeterminacy which will

be explained below. Okamoto showed for each of the Painlevé equations that a sequence

T thank Norbert Steinmetz for making me aware of this fact.
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of nine blow-ups suffices to obtain a space on which the equation possesses a regular initial
value problem at every point. This space is the so-called space of initial conditions. We
will now demonstrate the construction of the space of initial conditions for the system

(3.26). In the variables (uq,us), respectively (v1,vs2), the system of equations becomes

uy = —yut — zuy — uj
o — Bu? + yuiug + ul + 2zuqug + 1
2 U )

(3.27)
v) =i + 2v1 + v3

o _B'U%UQ + 71}% + v% + 2zviv9 + 1
2 —_— .

U1

Let w = %ﬁ denote the third root of unity. We consider the points (u1,u2), (v1,v2) €
{(0,-1), (0, —w), (0, —w?)} where the right hand sides of these systems of equations are
indeterminate as they become expressions of the form %. These are called the base points of
the compactified system of equations. Note that (uq,us) = (0,—1) and (v1,v2) = (0,—1)
describe the same point in CP?. Similarly (uj,u2) = (0, ~w) and (v1,v2) = (0, —w?)
describe the same point, as well as (uj,u2) = (0, —w?) and (v1,v2) = (0,~w). So the
system of equations has three distinct base points. We will now describe the procedure of
blowing up the surface at one of these base points. The blow up at the point p = (p1, p2)

in the coordinate chart (uj,us) is defined as
BL,C? = {((u1,u2), [z1 : 22]) € C* x CP': (u1 — p1)z2 = (uz — p2)1}-

The projection 7 : Bl,(C?) — C? is given by = : ((u1,u2), [21 : 22]) + (u1,u2). We can
see that for any point q # p the pre-image 7~!(q) is a single point whereas the pre-image
of p itself is 7~ (p) = (0,0) x CPL. This is called the exceptional curve in Bl,(C2?). So
in some sense we have extended the space where the point p has been blown up to a
sphere CP!. The idea is that the singularity at p is smeared out over this sphere and may
eventually disappear. Some of the calculations in this section have been carried out using
Mathematica.

To perform the blow-up in the coordinates (u1,u2) we introduce two new coordinate
charts, (@1,1,%1,2) and (U1, %2,2). The first coordinate chart covers the part of Blp(CQ)
where z3 # 0,

Uy = % = (u —p1)(us — p2) ™', 12 =us — po.

The second coordinate chart covers the part of Bl,(C?) where z; # 0,

Ug1 =ur —p1, U2 = (u1 —p1) " Hug — p2).
In these coordinate charts, the system of equations takes the following forms.
2—2zU11 — U2+ 2011012 + (B — ’Y)ft%,lfbm

~/ _
U1 =

1,2

<9~ ~9 =9 - - -9 ~
., (y— 5)”1,1U1,2 — YUy Uy 9 + 220U11 — 22Uy ,1U1 2 — Uy 9 + U2 — 3

Ui = ~ ’
’ u1,1
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~ . -9 - ~9 -2

U271 - — 1 - Zu271 - U2,1 + 2u271’u272 - 'UJ271’LL2’2
2z — 209 + (v — B)lig1 + lig1T5 5 — 2lin,1 G

-~ z u2,2 7 U211 u2,1u272 2U2,1U22

UZ 2 — .

U1

The exceptional curve introduced by this blow-up wil be denoted by Lgl) which in the
coordinate chart (i1, %1,2) corresponds to the set (0, ¢) ¢ € C and in the chart (dg 1, U2,2)
corresponds to the set (c,0) ¢ € C. We see that in the coordinate chart (1,1, % 2) there
are still three base points, at (0,1 — w), (0,1 — w?) and (%,0). The first two correspond
to the base points (0,—w) and (0,—w?) in the coordinates (ui,uz). The third point
lies on the exceptional curve introduced by the blow-up. So we see that despite having
performed a blow-up the singular behaviour has not disappeared. We will see, however,
that by performing two further blow-ups it will disappear. We perform the blow-up in the
coordinate chart (g 1, 2,2) which covers only the base point at (0, z). Again we introduce

two new coordinate charts,

_ 1 _ ~
U1 = ) U]_72 = u2,2 -z,

_ - _ Uz — 2
Uz = U231, U= —"—1-.
U2,1

In these coordinates, the system of equations takes the following forms.

1
uy == (14+ 1+ 8—=7)u1+ 731715%2 — (22 + 7)17%,15%,2 - 227«7%,171?,2 - 53,17711,2)

71’1,2 :? (—2 — (14 B8 —=7)ur1 + zuy,1U12 + ﬁl,lﬁ%,z) )

_y - 2 —2 _2 - -3 - —4 -2
u2,1 - — 1 + Zu271 - (Z + 7)”271 + 2UQ’1U272 - 2ZUQ71'LL272 - U271'LL272

iy 1
Ug g =—
’ u2 1

)

_ 2 o _ 9 9 3 2 | 4 _3
(1= B+~ =tz + (2° + 7)us 1 lina — Uy 1Ty o + 220y 1 U o + U 1T ) -

Again we see that the singularity is still there after the second blow-up, at the point
(11,112) = ((=1=B+7)71,0), or, in terms of the second coordinate chart, (g 1,2,2) =
(0,—1 — B+ ). We will see that after a third blow-up, the indeterminacy will disappear
and we are left with a regular system of equations. We introduce another two coordinate

charts,

U = U2
T U+ 14+ 6—7

U2 = U2+ 1+ 5 —,

. _ . Ugo+1+8—7
U2,1 = U211, U2 = - .

Uu2,1
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In these coordinates the system of equations finally becomes

@y =20 + (22 + 14 B) (14 8= )7 1 +2(2° — 7 = 2(1+ 8))a7 yiion
—22(14+8—7)? Ul 1“21+3U1 1“21+62(1+r3 v)is a%@
+(1+8—7)?° U1 1“2 1 4Z“l 1“3 1 — 41+~ ’7)271111,171?,2

+5(1+8— 7)“1,1“3,1 - 2“1 1“2 1

N -1 N A
i o g (2% + 1+ B)(L+ B —y)ludios +2(z° — v — 2(1 + B))i1 1103,

+22(1+5—’7)2@%1a§1 U11U21 42(1+ B — 7)“?1“31
- (1+8- 7)“11“21+22U11U21+3(1+5 7)“1171%1

—3(1+8—9)? U1,1U2,1 + u1,1U(15,27

dyy =14 2021 — (22 =y +2(1+ B))a3, +22(1+ B —7)a3, + 243 1G22
= (1+ B — )iz, — 22l i + 21+ B = 7)o — U 15
oy =(2"+1+B)(y—1—B) = 22(1+ B —7)%lg1 — (L + B — )5, — 2liz2
+2(2% =y +2(1 + B))az1ti22 — 62(1 + B — 7)03 1822 — 303 1115
+4(1+ 8 —)a3 19 2 + 42005 185 5 — 5(1 + B — )l 103 5 + 203 113 5.
Thus we see that the indeterminacy of the first base point disappears if we enlarge the
space on which the system of equations is defined. The other two base points present in
the original system of equations compactified on CP? can be removed in similar way. The
blow-up calculations are essentially the same with various factors of w or w? inserted. We
denote the exceptional curves introduced at every blow-up by LEW) and LZ(-wQ), 1=1,2,3,
respectively. Let the compact space, obtained by enlarging CP? by these sequences of
blow-ups, covered by the various coordinate charts introduced, be donoted by S. Every

point of the space
=5\ (Lurfurfurf v vt v )

describes a regular initial value problem for the system of equations. The space [ is

Okamoto’s space of initial conditions for the system (3.26).

44



Chapter 4

Nevanlinna Theory applied to

differential equations

In this chapter we give a brief introduction to Nevanlinna theory, the value distribution
theory of meromorphic functions, to the extent that we will need it for applications to
complex differential equations in chapter 5. We define the Nevanlinna functions in section
4.2 and state some of their properties as well as the important Lemma on the logarithmic
derivative. In section 4.3 we define the notion of admissible solutions of a differential
equation and state an important result by Clunie. We also briefly discuss an extension of

Nevanlinna theory to algebroid functions in section 4.4.

4.1 Introduction

Nevanlinna Theory is the value distribution theory of meromorphic functions developed
by R. Nevanlinna [32] in the 1920’s. Whereas in the value distribution theory of an entire

function f the maximum modulus

M(r, f) = max |[f(z)],
|2[<r
is the relevant quantity to describe the growth of the function this cannot be used in the
case of meromorphic functions where poles are present. Nevanlinna realised that for a
meromorphic function the role of M is best replaced by what is called the characteristic

function T'(r, f), which consists of two parts,

T(r,f):N(r,f)+m(r,f),

where N(r, f) measures the number of poles of f within the disc of radius r around the
origin, weighted with a logarithmic measure, and m(r, f) is called the proximity function
which measures how big |f| is on average on a circle of radius r. The proper definitions

are given below.
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4.2 The Nevanlinna functions

This section gives a brief outline of Nevanlinna Theory in the complex plane. We follow
standard introductory books on Nevanlinna theory, for example [14] or [2]. After defining
the Nevanlinna functions we discuss some main results of Nevanlinna Theory, however,
we will restrict ourselves to results that are needed in applications to complex differential
equations, e.g. the first main theorem, the Lemma on the logarithmic derivative and
Mohon’ko’s lemma.

A starting point for the development of Nevanlinna Theory can be taken in Jensen’s
formula as deduced below. Suppose that F' is analytic and nowhere vanishing on the disc
of radius r, D = {z € C||z| < r}. Then log F(z) is holomorphic in D and by Cauchy’s

integral formula, taking real parts, we have

1 2T )
log |F(0)| = 2W/O log | F(r¢™)|d6. (4.1)

Now let f(z) be any meromorphic function in C and denote by a1, ...,a, the zeros and
by b1,...,bs the poles of f within the disc of radius r, each listed according to their
multiplicity, but not including the origin if there is a zero or pole. We denote by ordg f
the order of a zero or pole of f at 0 (ordgf > 0 in case of a zero, ordg < 0 in case of a
pole). For every zero a; and every pole b; we multiply f by a so-called Blaschke factor,

r? —cz
B(z,c) = m»

or its inverse, respectively. Note that |B(z,c)| = 1 whenever |z| = r. We thus define

b r2 — a;z il (2 — 05
F(z)= f(z)- zordof . H o E— : H 7’(2 — I_)bz) (4.2)
i=1 Yoog=1 J

Note that F'(z) has neither zeros nor poles within the disc of radius r. Applying formula
(4.1) to (4.2) one obtains

p 2w
_ r r 0\ | d0
log |ile(f, 0)] + E log o b :/0 log ‘f (re 6) }% — (ordg f)logr. (4.3)
i=1 t !

q
— Z log
i=1

Here, ilc(f,0) denotes the initial Laurent coefficient of the Laurent series of f at z = 0.

Defining log™ x = max{0, log x} and splitting the expression under the integral using
1
logz = logt 2 — log™ —,
x

equation (4.3) can be written in the somewhat symmetric form

o PNEAES o | <
/0 10g+ )f (7“6 9) ‘% + ; log :/0 log+ 7 (reié) % + ; log

+ (ordg f) log r + log |ile( £, 0)],

r r
b a;

(4.4)

where we have grouped on the left hand side the terms that contribute where |f| is large
or where f has poles, and on the right hand side the terms that contribute where |f] is

small or f has zeros.
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The proximity function is defined by

m(r, f) = /OQF log™ ’f <T€i9> %

For any point a € C we denote the proximity function with respect to a by

1
m(r, f,a) =m <r, f—a> )

The counting function n(r, f) denotes the number of poles f has within the disc of radius

r, counting every pole according to its multiplicity. Analogously,

1
n(r, f,a) =n (7‘7 7 —a)

counts the number of a-points of f in D. The integrated counting function is defined by

N(r, f,a) = / nit, f,a) - n0.f,4) n(0, f, a) log .
0

With this notation, equation (4.4) can be written in the form
m(r, f) + N(r, f) = m(r, f,0) + N(r, f,0) + log [ile(f, 0)],

or, introducing the Nevanlinna characteristic function by

T f) =m(r )+ N ). 703 fo) =T (r 52 ).
we have
T(r,f)=T(r, f,0)+ log |ilc(f,0)|.

In the Riemann sphere there is nothing special about the points 0 and oo and in fact a
similar equality holds for any point a € C, which is the content of the First Main Theorem

of Nevanlinna Theory.

Theorem 4.1. Let a € C and let f # a,00 be a meromorphic function. Then
T(r,f,a) =T(r,f)+O(1), asr — oo. (4.5)

Since T'(r, f,a) and T(r, f) only differ by a bounded term by Theorem 4.1, one can
work only with T'(r, f) as the characteristic function. The first main theorem justifies the
characteristic function T'(r, f) to be the correct quantity to describe the value-distribution
of a meromorphic function f, as was realised by R. Nevanlinna. In particular T'(r, f)

measures the growth of f as r — oo and we make the following

Definition 4.2. The order o(f) of a meromorphic function f is defined by

logT
o(f) := limsup L(r’f).
00 logr
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We now give some elementary inequalities for the functions m, N and T as they are
applied to a sum or product of meromorphic functions, which are easily established. Let

fi,..., fp be meromorphic functions. Then

p p
m (T,Zfz) < Zm(ﬂ fi) +logp,

(r, fi),

)

N ( Zfi) <3 N1,
)
)

IA
=
3

p
< ZN(Tv fl)u
p
S ZT(T’ fz) +10gp>

For technical reasons in Nevanlinna theory it is often necessary to express that an
equality or inequality holds for all » € R outside some exceptional set E of finite mea-
sure. Comparing T'(r, f) with the characteristic T'(r, g) of another meromorphic function

g enables us to say whether the function f grows faster or slower than g as r — oo.

Definition 4.3. Let f and g be meromorphic functions. We shall say that g has small
growth compared to f if
T(r,g) =o(T(r, f)), 71— o0, (4.6)

possibly outside an exceptional set E of finite measure. The set of all functions g for which

(4.6) holds is denoted by S(r, f) and we use the notation

T(r,g) = S(r, f).

One of the main tools of Nevanlinna theory needed in applications to complex dif-
ferential equations is the so-called Lemma on the logarithmic derivative, which expresses
that the proximity function of the logarithmic derivative of a transcendental meromorphic

function f has small growth compared to f itself.

Lemma 4.4. Let f be a transcendental meromorphic function. Then we have

m <r, j;) = O(logT(r, f) +logr).

In particular this means that



We will also need an immediate corollary of this,

Corollary 4.5. Let f be a transcendental meromorphic function and k > 1 an integer.

Then
f(k)
m <T7f> = S(T7f>7

(k)
m <r, ff) = O(logr).

The following Lemma is due to G. Valiron [48] and A. Z. Mohon’ko [29].

and, if o(f) < oo,

Lemma 4.6. Let f be a meromorphic function and

2o az‘(z)fi'

23‘:0 b;j(2)f?

an irreducible rational function in f with meromorphic coefficients such that T(r,a;) =
S(r,f) foralli=0,...,p and T(r,b;) = S(r, f) for all j =0,...,q. Let d = max{p,q},
the degree of R. Then we have

R(Z,f) =

T(r,R(z, f)) =dT(r, f)+ S(r, f).

4.3 Nevanlinna theory and differential equations

Given an algebraic differential equation for the dependent variable y(z),

F (z, TR ,y(”)> =0, (4.7)

where F' is polynomial in y and its derivatives, suppose that the coefficients ay(z), A € T
where I is some set of indices, are elements of a certain class of functions, for example the
rational functions C(z). Usually we seek solutions of (4.7) which are more complicated
than the functions that define the equation, for example transcendental meromorphic

functions. We have the following characterisation of rational functions.
Theorem 4.7. A meromorphic function [ is rational if and only if
T(r, f) = O(logr).

The Nevanlinna characteristic function T'(r,y) provides a natural way of selecting
subfields of the field of meromorphic functions M. Therefore let ¢ : [0,00) — [0,00)
be a function such that logr = O(4(r)) as r — co. We denote by My the set of all
functions f € M for which

T(r,f)=0(p(r)), r— 0.

If we take ¢(r) = logr we obtain again the set of rational functions: My, = C(z). This
notation also allows us to work with more general classes of functions as coefficients for

differential equations, as described by the following definition.
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Definition 4.8. Suppose that ' € MylY,Y1,...,Y,]. A solution y of (4.7) is called
admissible if y € M\ M.

In particular, for an admissible solution y of (4.7) we have T'(r,ay) = S(r,y) for
all A € I. One of the most important applications of Nevanlinna theory to differential

equations is given by the following lemma by Clunie [3].

Lemma 4.9. Let f be an admissible solution of the equation

fnP(Z,f):Q(Z,f)’

where P(z, f), Q(z, f) are polynomials in f and a finite number of its derivatives with
meromorphic coefficients. If the total degree of Q(z,f) as a polynomial in f and its

derivatives s < n, then we have

m(r, P(z, f)) = 5(r, f).

4.4 Nevanlinna theory for algebroid functions

In chapter 5 we will study differential equations which have solutions that are globally
finite-branched over the complex plane. In particular we consider equations with so-called
algebroid solutions, i.e. functions algebraic over the field of meromorphic functions. Nevan-
linna theory, the value-distribution theory of meromorphic functions, has a generalisation

to algebroid functions which was given by Selberg [41] and Ullrich [47].

Definition 4.10. Suppose a multi-valued function f(z) satisfies the irreducible algebraic
equation
U4 s1(2)f" 4 51 (2)f + sa(2) =0, (4.8)

where s1(2),...,sn(z) are meromorphic functions. Then f is called an n-valued algebroid
function. If all the functions si,...,s, are rational then f is called algebraic. If at least

one of the functions s1,..., S, is non-rational then f is called transcendental algebroid.

Over every point zg € C an algebroid function takes on at most n values and can be

expressed by a certain number ¢ = 1, ...,k of algebraic series expansions

f(z)=a; + Z cj(z — zo)%i, (4.9)

J=Ti

for a finite value of f, or
(o.9]

F = elz—z0)¥, (4.10)

j==;
called an (algebraic) pole of f. Here it is assumed that the numbers ); in each series
expansion have no common factor with all the indices j for which ¢; # 0. Here, the
numbers A\; add up to the total number of sheets of f: Ay +--- + Ay = n. At any point
where f is locally unbranched we have k = n and A\ = 1,--- ;A\, = 1, i.e. there are n

Laurent series expansions for the n sheets of f.

50



Algebroid Nevanlinna functions

Let f be a n-valued algebroid function. We denote n(r, f) = >,/ <, 7i, where the sum
is over the numbers 7; of all points zg where f has an expansion of the form (4.10). Let
fi,-- -, fn denote the n branches of f. The algebroid Nevanlinna functions are then defined

as follows:

N(r,f)zl/(:”(rf) 0. g, 4 n(Of)log()

n

27
27m Z / log

T(r, ) =m(r, f) + N(r, f).

In the single-valued (meromorphic) case these functions reduce to the usual Nevanlinna

fu (re) |ag

functions. Most of the notation and some standard theorems of Nevanlinna theory carry
over to the algebroid case with some modifications, see e.g. [48] for the Lemma on the

Logarithmic derivative, and [29, 30] for compositions of algebroid functions.
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Chapter 5

Differential equations with

algebroid solutions

In chapter 2 we studied the solutions of classes of ordinary differential equations for which
all movable singularities are algebraic, i.e. the solutions are locally finite branched. We
have remarked that the global structure of the solutions can be very complicated, and in
general a solution extends over an infinitely sheeted Riemann surface over the complex
plane. An interesting question therefore is whether it is possible to have solutions which
are also globally finite branched and if so, what condition the existence of such a solution

imposes on the class of equations under consideration.

5.1 Malmquist’s Theorem

In 1913, J. Malmquist [24] proved the following theorem about first-order ODEs with

algebroid solutions.

Theorem 5.1. Suppose that the equation

,  P(z,y)
YT QG

where P and Q are in reduced terms, has at least one transcendental algebroid solution.

P,Q € C(z)[yl, (5.1)

Then, by a transformation

y'+ay" 4+ ap
w = , Q... Qp, B, ..., 0y € C(2),
Y+ oy A+ By m B2 € Cl2)

the equation can be reduced to a Riccati equation in w with rational coefficients,

w' = a(z)w? + b(z)w + c(z).

Remark. Often, Malmquist’s theorem is quoted as the following statement: ’Suppose
that the equation (5.1) has a transcendental meromorphic solution. Then it must already
be a Riccati equation.” This may be due to the fact that in 1932 Yosida [49] gave a proof

of Malmquist’s theorem using Nevanlinna theory, but only for the case of meromorphic
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solutions. In this form the theorem is therefore also known as the Malmquist-Yosida theo-
rem. Malmquist’s paper was written before the advent of Nevanlinna Theory and instead
uses certain growth arguments due to Boutroux in the proof. The fact that Malmquist’s
paper is considerably longer than Yosida’s paper must however be attributed to the fact

that the case of algebroid solutions is more difficult.

Example. We give an example of Malmquist’s theorem for the case where Q = 1 and

deg, P = 3. So suppose y is a 2-valued transcendental algebroid solution of the equation
Y = azy® + asy® + a1y + ao, (5.2)

satisfying the quadratic equation
y> +py+q=0. (5.3)

Differentiating (5.3) with respect to z and using (5.2) to replace y’ one obtains for p, g the

system of equations
P’ =aop® — 3agpq — a1p® + 2a1q + azp — 2as3 (5.4)
q' =aop’q — 2a0q” — a1pq + 2a2q — azp. (5.5)
The arguments in the proof of Malmquist’s theorem show that in fact p is rational whereas
q is transcendental meromorphic. We therefore must have
P — app® + a1p? — asp + 2a3 = (2a1 — 3agp)q = 0, (5.6)

since the left hand side is rational. Therefore we have p = %, which re-inserted into (5.6)

yields a condition on the coefficients ag, a1, as, as,

/ / 2 3 3 2
ai1ap — @10y = —§a1 + apaiaz — §a0a3,

and ¢ satisfies the Riccati equation

2a? 2a1a
¢ =—2a0> + (| —=—L +2a3 ) g — 17
9a0 3&0

The Malmquist-Yosida theorem was generalised to the case of admissible solutions
independently by Laine [23] and A. Z. and V. D. Mohon’ko [28]:

Theorem 5.2. Suppose the first-order equation

/__fwz,y)
V= o, PQe Ml 6.1

where P and ) are in reduced terms, has at least one admissible meromorphic solution.

Then deg, @ = 0 and deg, P < 2, i.e. (5.7) is a Riccati equation (or linear equation in
case deg, P < 1.).

We will now state and prove Malmquist’s Theorem 5.1 in the generalised form for the
notion of admissible solutions. We denote the field of algebroid functions by A. One can

select subfields of A by using the Nevanlinna characteristic.

54



Definition 5.3. Let ¢ : [0,00) — Ry be a function such that logr = O(¢(r)). The
elements f € A for which
T(r, f) = 0(¢(r), r— o0,

possibly outside some set of finite measure, are called algebroid functions of characteristic

¢. The set of all such elements is denoted by Ag.

One can easily verify that Ay is a subfield of A. If we take for example ¢(r) = logr,
then Ay is the field of algebraic functions.

Theorem 5.4. Let ¢ be as in Definition 5.3. Suppose that the equation

, Plzy)
YT QG

has an admissible algebroid solution, y € A\ Ag. Then, by a transformation

y'tay" P+t o
yn—1+52yn—2+...+5n’

where ag, ..., Qn, Po, ..., Bn are rational expressions in the coefficient functions of P(z,y)

and Q(z,y), the equation reduces to a Riccati equation
w' = a(2)w? +b(z)w +c(z), a,b,c€ Ay,
which w satisfies admissibly, i.e. w ¢ Ag.

Proof. The main ideas for the proof are taken from Malmquist’s paper [24], but the argu-
ments due to Boutroux regarding the growth of the solutions are replaced by Nevanlinna
theoretic arguments. By a transformation of the form §§ = a+y~!, for some a € C, one can
always achieve that deg, P = deg, Q+2, which we assume already to be the case in the fol-
lowing. We therefore let P(z,y) = ao(2)y?+- - -+ ap(z) and Q(z,y) = bo(2)y?+---+b4(2),
p=gq-+2.

Let y be an m-valued algebroid solution of equation (5.8) and let z, be an (algebraic)
pole of the solution around which y can be represented by m different series solutions
Yi,--.,Ym in a fractional power of z — z,. In the following we denote by si,..., s, the

elementary symmetric functions in m variables,
Sk(y17"'7ym): § Yiy = Yig» k:1,...,m.
1§i1<~~~<ik§m

We denote the branches of the algebroid function defined by the equation Q(z,y) = 0,
represented by series expansions in fractional powers of z—z,, by 81(2), ..., fg(%), occuring

with multiplicities p;, ¢ = 1,...,4. At the point z, we have

lim y(2z) = Bi(z4),

Z—rZx
for some i € {1,...,q}. The local series representation of a solution then takes the form
e j
y(z) = Bi(z«) + Z cj(z — zy) Fith, (5.9)
j=1
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Now consider the functions

1 1

Wy =8 ey , p=1 ..., 1=1...,q, 5.10

o M(Z/lﬁi ymﬁi) ’ (5.10)

which are single-valued around z,, i.e. they can contain no fractional powers of z — z,
1

1 B

(2 —24) #t1, k=1,...,m. The functions w,;, p = 1,...,u; are therefore represented

in their series expansions about z.. By the series expansions (5.9) we have

by series expansions

o0
z—z*_ﬁ ‘z—z*ﬁ,
j
i=1

in which the fractional powers disappear. Since in (5.10) p < p; the negative powers
disappear and therefore the functions w,; are analytic at z,. In terms of Nevanlinna
theory this means that N(r,w,;) = S(r,y), as wy; can only have a pole at a fixed
singularity of (5.8). We now show that also m(r,w,;) = S(r,y). Writing equation (5.8)
in the form

1 Y _
yp—%<(bqu+1+"'+boy)y—a1yp 1_..._%)’

one obtains by Lemma 4.4,

pm(r,y) = m(r,y")
:m(ray)+m(T7bqu+"‘+b0 —(Ilyp72 — . _ap—l) +S(T’,y)

= (p—1m(r,y) + S(r,9),

and therefore m(r,y) = S(r,y). Since the w,; are rational functions of the branches of y
we also have m(r,w,;) = S(r,y). In summary we have T'(r,w,;) = S(r,y).

For functions wy, ..., w,,, to be determined below, we let
YY) =y" +wiy™ o+ W

One can easily see that

AR BT

=y T ym—uy w!(y)

and therefore

_ 195
Rt (i)
Written in the form
M‘ wu,ﬂﬁ(ﬁz) _w(u)(ﬁl) :07 w = 17?/’%7 i = 177Q7 (511)
these can be seen as linear relations between the functions w1, ..., w,, with coeflicients of

small growth S(r,y). We now derive a system of differential equations for the functions

w1, ..., Wy, when ¥(y) = 0. By differentiating
Y™ 4w (2)y™ T - wp(2) =0, (5.12)
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one obtains

(my™ '+ (m — Dwiy™ > + -+ + wi—1)(agy” + -+ + ap) (5.13)
+ (wWiy™ 4wy (boy” - by) = 0.

By employing equation (5.12) repeatedly, one can reduce the degree in y of equation (5.13).

Effectively this means one has determined functions Bj, ..., B, such that by adding

(W™ +wiy™ "+ wg) By 4+ By) =0, (5.14)

to equation (5.13) this reduces to an equation of degree at most m — 1,

Z(wqu ot wupa B+ Apy™ T =0, (5.15)
pn=1

where, for p=1,...,m,

Ay =(m—p+Dapwy—1 + (m— pap_1w, + -+ (m — p—p~+ 1)aozu+p—1
—i—bqw:L—F---—i-bowLJrq.

For example, the first two functions B; and Bs are given by
Bi = —nag, Bs = —nai+ agw;.

However, the other functions Bs, ..., B, also involve the derivatives w}, ..., w;,. Since the

left hand side of equation (5.15) is of order m — 1 in y the coefficients of all powers of y

must vanish individually, so for = 1,...,m we have
byw!, + -+ -+ bow!, ., = —(m — p+ 1)apyw, 1
o o e (5.16)
—wy(Bp + (m —p)ap—1) — -+ — Wygp—1(B1 + (m — p— p+ 1)ao).

Since Q(z,5;) = 0, i = 1,...,q, adding equations (5.13) and (5.14) and setting y = £;,

yields the equations

- V'(Bs)
BBy - By = Pz, 8) oo
! P (B)
Suppose now first that the 5;, i =1,...,qg = p — 2 are all distinct and define the matrix
-l g2 g
q—1 q—2 ﬁ 1
Ce. 2
M = 2. 2. . . )
PG R M |
which is non-singular in this case. Also define the matrices M,, v = 1,...,q, which are

obtained from M by replacing the vth column by the vector
w'(m)
v=1...,q

(&@“+&@+Pmm)

¥(By)
Then, by Cramer’s rule, one can express the solutions for Bs, ..., B, as
| M|
B, = =1,...,q.
v+2 |M| ’ ’ )
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By using standard rules to compute determinants of this kind, one finds

b]/ nao bl, bo
B,i9 = —(apw; —na1) + —5- —-R,, v=1,...,q, 0.17
v+ b()( ) bg bl,+1 bl v ( )
where |
Ny,
R, =
" M|

and N, is the matrix obtained from M by replacing the vth column by the vector

(P(z,ﬁu)ﬁ((g:)))yzl q.
If there are multiple roots among 3;, i = 1,...,q, the matrix M becomes singular and

one cannot solve for B,, v = 1,...,q in this way. However, one can use the derivative
of the relation (5.13) to obtain additional relations. Essentially one can perturb the 3,
i =1,...,q, slightly such that the expression for R, is well-defined and take the limit in
which the f3; coalesce according to their multiplicity. Inserting the expressions in (5.17)

into the equations (5.16) one obtains, solving for wf, ..., w),

m q
a3 (S e s
p=1 \i=1

We can now use the linear relations (5.11) between the functions wy, . .., W,

#'wu,z(z)w(ﬁz)—lﬁ(u)(ﬂz) :01 M1y eey My 1= 1)"'7q7

to reduce the number of variables in the system of equations (5.18). Also, from any such
linear relation,

Flwy + -« + EmWm = K, (5.19)

by differentiating one obtains

i(dﬁuw + K w’>zdﬂ.
= dz 10K dz
Inserting the expressions for wj, from (5.18) one can obtain further linear relations of the
form (5.19). However, since y is supposed to be an admissible solution of the equation,
there can be at most m — 1 such linear relations. One thus ends up with a system of

equations
p
/ ap

Wy, = —%wmwuu + /\z_:lbwwm +c, v=1,...,p, (5.20)

where w,,, = wy. A system of equations like this can be linearised in the following way

w,uu = ?7 v = 1a ' P
Let ¢, (1, ..., (p satisfy the linear system of equations
r_%
¢ =3

P (5.21)
¢ => bauir+ ol

A=1
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Let (&ks&iks----6pk), £ =0,1,...,p, be a fundamental system of solutions for the linear

system (5.21). Any solution can therefore be written as

¢ =cobo + -+ &)
CV:CO€V0+"'+Cp€1/p, CZ/GC, Vzl,...7p.

(5.22)

We will now show that the system (5.20) in fact reduces to a single Riccati equation.
Suppose to the contrary that p > 1. Denote the numbers {1,...,m} \ {u1,...,1,} by
{5 py where p' = m — p. We define ¢y := Cuyy forv=1,..., 0"

C <ym + wp,llym_'ul 4+ 4+ wu/plym—up/) + C,u,1 ym—ﬂl 4+ .4 Cﬂpym_ﬂp =0. (523)

Let y(20) = yo be some initial values. It is always possible to choose cy,...,c, such that

((z0) # 0, since otherwise we would have

O = Clllymiul _|_ N + Cupymiup
p

=2 (Guay™ M Gy ) @
=0

~
| =

p
Z (50 (5,“1,lym—lll 4+ .4 é’umlym—up) _
=1

Ag}

0
& (&u 0™ " e G0y )

where we have used ¢y = _5% (c1&1 + -+ - 4+ ¢p,) in the last step. With the sum vanishing

for arbitrary values of the constants ¢,, v =0, ..., p, we therefore have

€0 (G ay™ M 4 &y ) = & (Eun oy T H - F €0y ) =0,

for Il =1,...,p. Comparing coefficients of powers of y we thus find

&8t = &i€p, 0, Vvil=1,...,p,
which would mean that %’ were independent of cy,...,c,, which is impossible. We can
therefore assume that ¢ # 0 in equation (5.23). If we now add to this equation y™ +

wiy™ M+ - 4w, =0, we obtain

(Cm - Cwm) y"r 4 (Cup - Cwﬂp)ym_up =0,
showing that the w,, are determined by a solution of the system (5.21),
C,Ud/
w v = 9
g ¢

The solution y(z) is fixed by one integration constant y(zp) = yo. However the quotients

v=1,...,p.

C;L,, o CO§V0 +---+ Cpéz/p

¢ cobo + -+ cpép

would depend on arbitrary constants if p > 1. Therefore we must have p = 1 which means

that the system (5.20) is in fact a single Riccati equation for w = wy,

dw ap o
—_— = —— b .
7 bow +ow + ¢
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The other coefficients are then linear functions in w,
wy = Bu(2)w —au(z), p=2,...,m.
Inserting these expressions into (5.12),
Y™+ wy™ 4 (Bow — )y R B — iy = 0,

showing that w is obtained by a transformation of the form

_ YTty 4t a
ym71+62ym72+...+6m'

O

Malmquist published two further articles [25, 27] on first-order differential equations
with meromorphic or algebroid solutions, extending the result from 1913 to the general

algebraic first-order differential equation
F(z,y,y) =0, (5.24)

where F' is an irreducible polynomial in y and 3’ with algebraic coefficients. The result in
the article [25] concerns meromorphic solutions of equation (5.24). It was generalised by
Eremenko [6] to the case of admissible solutions in which it takes the following form. Let
Py denote the smallest field containing A4 and all meromorphic functions, i.e. Py consists

of all algebroid functions with ’few’ branch points.
Theorem 5.5. Suppose the differential equation
F(z,y,9) =0, FeAsly.yl,
has an admissible solution y € Py\Agy. Then either it can be reduced to a Riccali equation,
Y =a(2)y® +b(2)y +c(2), a,bce Ay,

or to the differential equation satisfied by the Weierstraf$ elliptic function,

d 2
((;;) =a(2) (49° + g2y +93), a € Ay.

An extension of both Theorem 5.1 and Theorem 5.5 was given by Malmquist in his
article [27].

Theorem 5.6 (Malmquist 1941). Suppose equation (5.24) has a transcendental algebroid

solution. Then it can either be reduced to a Riccati equation by a transformation
Y+ Ri(z,w)y" L+ + Ry (z,w) =0,

or to an elliptic differential equation

dw\? 3

o) = a(z) (4w’ + gow + g3)

z
by a transformation
dw
yn + Rl('z?w)yn_l +- Rn(z’w) + E (Sl(zaw)yn_l +oot Sn(z7w)) = 0.

Using the main arguments in Malmquist’s article [27], together with certain Nevanlinna
theoretic arguments, it also should be possible to generalise Theorem 5.6 to the case of

admissible solutions, however this will be considered in future work.
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5.2 2"d_order equations with algebroid solutions

We now consider equations in the class

N-1
"o_ (N N
+ E 2
Y (N — y s ak(z (5.25)

the normalisation factor being chosen for convenience. Suppose that (5.25) has an admis-

sible algebroid solution y. Then, rearranging (5.25) and using Lemma 4.4, one obtains

Nm(r,y) =m(r,y")

=m(r,y’ —an—1y" "t = — a1y —ap) + O(1)
/!
m(r,y) +m (7‘7 y; —ay_yN P - a1) +m(r,ap) + O(1)
<2m(r,y) + m(r,a0) + m(r,ar) +m(r,ay_1yN > — - —ay)
+5(ry)
N—-1
< <(N - —i—Zmra] + S(r,y),
7=0

and therefore, since y is assumed to be admissible,

m(r,y) = S(r,y). (5.26)
This shows that N(r,y) =< T(r,y), the notation meaning that both T'(r,y) = O(N(r,y))
and N(r,y) = O(T(r,y)) as r — oo. In particular, this means that at least one of the
symmetric functions si,..., s, has a number of poles growing like T'(r, y).
Example: 2-valued algebroid solutions

We will prove the following theorem, see [13].

Theorem 5.7. Let y be a solution of the equation

4
y' = %yf’ +) a2yt (5.27)
k=0
such that y also satisfies
y(2)* + 51(2)y(2) + s2(2) = 0, (5.28)
S1, S2, Qg,...,a4 being meromorphic functions such that for some j € {1,2}, T(r,ax) =

S(r,s;) for all k € {0,...,4}. Suppose that equation (5.28) is irreducible over the mero-
morphic functions. Then s1 is proportional to a4, and s reduces either to the solution
of a Riccati equation with coefficients that are rational expressions in ag,...,aq and their

derivatives, or to the equation

no__ (w,)2 § 3 4 b 2 9 b2_ 9
W= —|—2w + 4(az + b)w” + 2((az + b)* — c)w, (5.29)

which, in case of a # 0 is equivalent to a special case of the fourth Painlevé equation and

in case of a =0 can be solved in terms of elliptic functions or their degenerations.
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Proof. Here s1 and so are the elementary symmetric functions of the two branches 1, 72

of y, i.e.
s1=—(y1 +y2), S2=y1y2.

It follows from (5.26) that also m(r,s;) = S(r,y) and m(r, s2) = S(r,y).
At any singularity zg of y, where ax(2), k € {0,...,4} are analytic, we have y1,y2 ~
(z— 20)7%. Therefore, since s; is single-valued, it has no pole at these points zy and hence
we have T'(r,s1) = S(r,y). On the other hand, since y is an admissible solution, sy must
have a number of poles of order T'(r,y). Differentiating (5.28) once yields
51y + 5

2y +shy+s1y +sHh=0 — I = .
vy 1Y 1Y 2 Yy 2 + 51

(5.30)

We differentiate again and insert y' from (5.30) and y” from (5.27). Multiplying by the
common denominator (2y + s1)? one obtains an equation polynomial in ¥, s; and sy and
their first and second derivatives. One can use (5.28) repeatedly to reduce the order in y,

and in a finite number of steps one obtains an equation
/ " / 1 / /! / 1
Fi(s1, 587,87, 82, 89, 89)y + Fo(s1, 87,87, 82,85, 85) = 0.

Since (5.28) was assumed to be irreducible, y does not satisfy a linear equation of this

kind, i.e. we have in fact shown that F; = Fy = 0. For F; we have

0=F = (482 — s%) [5’1' — s? + a4s‘11 — ags‘;’ + ags% —a181 + 2a9

+ 59(2a9 + 3azs; — days? + 555) + s3(2a4 — 5s1) |,

and, since 4sy — s? is the discriminant of the irreducible quadratic equation (5.28), the

expression in the brackets must vanish identically, which yields an equation of the form
s+ p(s1) = saq(s1) + 53(2a4 — 5s1),

where p and ¢ are polynomial in s;. However, the left hand side of this equation is of
order S(r,y) whereas the right hand side involves sy. This is only possible if both sides

vanish identically, giving the conditions

2
51= paa, q(s1) =0, s{+p(s1)=0. (5.31)

By a linear transformation in y we could have set a4 = 0 (and therefore s; = 0) from the
start, which we will assume to be done in the following. The other conditions in (5.31)
then become a2 = 0 and ag = 0. The equation Fy = 0 now yields an equation satisfied by
S9:

y_ (55)°

3
s = 22 4 258~ 2a5(2)s3 + 201 (2)s2. (5:32)
282 2

We will now examine this equation further which must have an admissible meromorphic

solution. At any pole zy of so, where a3(z) and a;(z) are analytic,
sg~a(z—z2)?, pel,
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one easily finds that p = —1 and o = 4+1. Inserting the full Laurent series

o0
a
+ Z cx(z — 20)F

zZ— 20 =0

into (5.32) one can determine the coefficients cx, k = 0,1,2,... recursively and finds the

expansion

2?:1(11(20)> (z—20) +h(z—20)%4---, (5.33)

a 1 0" 2
Z — 2 + 5@3(2’0) + <4a3(2’0)2 + gag(zo) —

where the coefficient h cannot be determined by the recursion, which breaks down for

k = 2. Instead one finds the resonance condition
aajy(20) + as(z0)as(z0) — 2ai(20) = 0. (5.34)
From equation (5.32) one obtains, using Lemma 4.4,

2m(r, s2) =m(r, s%)
8// S/
<m <7°, 2) +2m (r, 2) + m(r, s2) + m(r,2as) + m(r,2a1) + O(1),
S9 S92

= m(r, s2) =5(r, s2).

It follows that we must have N(r, sy) < T'(r, s2). However, it is not certain whether both
cases of the leading order behaviour a = 41 occur with frequency of order T'(r, s2). We
denote the integrated counting function of the number of poles of sy with leading order
behaviour ﬁ by Ny(r,s2). Essentially we consider two different cases. First suppose
that both leading order behaviours at the poles of ss occur with the same frequency

Niq(r,s2) < T(r,s2). We then consider the functions
aay(2) + az(2)as(2) — 2a}(2), a=+1.

By (5.34) each of these functions has zeros with frequency of order T'(r, s2). But therefore,

since s9 is admissible, they must both vanish identically and one obtains the two conditions
ay =0, (a2 —4a) =0,

and letting a3(z) = —2(az+b) and a;(2) = (az+b)? — ¢, equation (5.32) becomes equation
(5.29). In case of a # 0, equation (5.32) reduces, by a linear transformation in z, to the
equation

/\2
3
Sy = (52) + =55 + dzsh + 2(2° — ¢)s,
289 2

which is a special case of the fourth Painlevé equation for which it is known that all

solutions are meromorphic functions in the complex plane, see e.g. [46] or the book [12].

Otherwise, in case of a = 0, equation (5.32) reduces to

v (s5)?
Sy =
289

3
+ 58% 4 4bs3 + 2(b* — ¢)sg,
which can be solved in terms of elliptic functions or their degenerations.
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For the second case suppose Ny (7, s2) < T'(r, s2), but N_,(r, s2) = S(r, s2), for a =1

or « = —1. We will show that in this case so is an admissible solution of a Riccati equation
sh = —ass 4+ u(2)sy + v(2). (5.35)

Differentiating (5.35) and equating with the right hand side of (5.32) yields the following

conditions by comparing coefficients of powers of ss:
u=aas, 2av=2ad;+ ag —4a; = 0.

Suppose now that so does not satisfy any Riccati equation admissibly. Then define the

function

w = sh + ass — aazss, (5.36)

which has proximity function m(r,w) = S(r, s2). At any pole zy of s with leading order
[0
z—z0"?

where s3 has a pole with leading order =%, i.e. we also have N(r,w) = S(r, s2). But that

by employing the expansion (5.33), w is regular. Therefore w can have poles only

means that T'(r,w) = S(r, s2), so (5.36) is a Riccati equation for which s, is an admissible

solution in contradiction to the assumption. We have therefore proved Theorem 5.7. [
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Appendix A

Proof of Lemma 3.2

In this appendix, taken from [18], we show that the curve I' leading up to a singularity of

a solution (y1,y2) of the system (3.6) can be modified to a curve T, still of finite length,

such that it avoids the zeros of (y1,y2). This is a technical necessity to show that the

auxiliary function W, constructed in section 3.1, is bounded. The lemma proved here is a

generalisation of a lemma by S. Shimomura in [42], where he showed a similar statement for

a solution y(z) of a second-order ODE of the form 3" = E(z,y)(v/)? + F(z,v)y + G(z,).
Consider a differential system of two equations in y; and yo of the form

/
=F(z,91,
y1 =F1(z,91,92) (A1)

Yo =F2(2, 41, y2)
where Fy, Fy» € Oplyi,y2] are polynomials in y;, y2 with coefficients analytic in some
domain D which we take to be a disc D = {z € C: |z —a| < Rp}. We assume that F, F

are of the form

M; N1—1
Fi(z,y1,2) =cnom vt + Y Y arir(2)yivk,
=0 k=0
My—1 Ny )
Fo(z,y1,92) :a2M20y;{V12 + Z Z%jk(z)y{ylifn
=0 k=0

where Nl > NQ, M2 > M1 and Q10N O2M,0 are constants with |0510N1’ > 1, |O‘2M20’ > 1.
Let K > 1 be a constant so that |a;;,(2)] < K for all i,j,k and z € D. Also, let
Ny := N, My :=M and C := 2" TY(M + 1)(N + K.

Lemma A.1. Let 0 < A < 1 and § := min{%,Ro}. Let (y1,y2) be a solution of (A.1)
analytic at a point ¢ for which |c —a| < B2, Suppose that |y1(c)| < g and |y2(c)| > C.
Then (y1(2),y2(2)) is analytic on the disc |z — c| < m and satisfies |yi(z)| > % and

ly2(2)| > 1 on the circle |z — c| = m.

Proof. Let p = ya(c)™, ¢ = p(z — ¢) and define 1;(¢) := ;(2), i = 1,2. Denoting the

derivative with respect to ¢ by a dot we have ;(¢) = p~1y/(2) and

¢ - .
1i(0) = mi(0) + /0 (O,
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where 7;(0) = y;(c). Define the functions M;(r) = max<, [7:(¢)|, i = 1,2, and let
ro = sup{r: My(r) < A, Ma(r) < 2|p|"/N1. Clearly we have ro > 0. For |(| < min{rg, Ro}

we have, since |z —a| < |z —¢c|+|c—al| < |p‘ + % < Ry,

M; N;

() < Jile)] + ol 7¢I D DT KAIH | ¥ < Jyi(e)| + [C2VK(N +1)(M +1). (A.2)
j=0 k=0

Now suppose that rg < #. Then, for || < rog < Ry we have the estimates
Im(Q)] <0(1/8 +2N(N + 1)(M + 1)K) < A,
m2(Q)] <lya(e)| + 62N (M + 1)(N + 1)K < 2|ya(c)],

in contradiction to the definition of ry. Therefore we must have ry > 6, showing that
(A.2), i = 1,2, is valid for |(| < 6 and therefore that n; and 7y are analytic for || < 6.

We now obtain estimates for 7; and 72 in the opposite direction on the circle || = 5

¢ M; N—1
m (O] > /0 p~aronn2({) / 4;;)04113 )ninbdC| — [n1(0)]
¢ 772(5)—772(0) 0, _1_n_ 0
N n
12(0) z
LSO (54
9 0L (N "o
>3- 2;<n>< ) -1
0
>
=8’
2(Q)] >y2(c)| — 62N (M + 1)(N + 1)K
>1.

O

Remark A.2. In Lemma A.1 the role of y1 and yo can be interchanged if in every ex-

pression one simultaneously replaces M <+ N.

Using Lemma A.1 and Remark A.2 we can now show that a curve ending in a movable
singularity of a solution (yi,y2) of the system (A.1) can be modified by arcs of circles in

such a way that both y; and y» are bounded away from 0 on the modified curve.

Lemma A.3 (1st curve modification). Suppose (y1,y2) is a solution of (A.1), analytic on
a finite length curve I' C D wup to, but not including its endpoint zoo € D. Then we can
deform T, if necessary, in the region where (y1,y2) s analytic, to a curve T, still of finite

length, such that yi and ys are bounded away from 0 on T in a neighbourhood of zss.

Proof. Let T be parametrised by arclength such that I'(0) = zg, I'(l) = 2o where [ is the
length of I'. Define the two sets

Si={s:0<s<land |y (I'(s))| <0/8}, i=1,2.
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We assume that liminf, ;- min{|y1|, |y2|} = 0, otherwise there is nothing to show. There-
fore the union S7USs contains values arbitrarily close to I. There now exists some number
0 < sp < | with the following two properties: (i) S; N S2 N [sg,l) = 0, (ii) whenever
s € S;, s > sg, we have |ys_;(I'(s))| > C. Namely, if this was not the case we could
find a sequence z; = I'(s;), s; — [, such that (y1(zi),y2(z;)) is bounded and hence, by
Lemma 2.4, the solution could be analytically continued to zy in contradiction to the
assumption. Denote S = (S1 U S2) N [sp,l) and let s; = inf{s € S : s > sp}. Suppose
that s; € S; and let 1 = m.
analytic for |z — I'(s1)| < 2r; and that |y;(z)] > 0/8 and |ys—;(z)] > 1 on the circle

Lemma A.1 now shows that that y; and yo are

C1 ={z:|z—=T(s1)| =r1}. We now recursively define a sequence of points s,, and circles
C,, with radii r, as follows: Let s,4+1 =inf{s € S:s>s,+r,}. fs,41 €S; (i =1or 2),
then let 7,41 = m

By Lemma A.1, for every circle Cy,, n = 1,2,..., we have |yi(2)], |y2(2)| > % for all
z € Cp. Also, Y 0% 1 rn < 3 0% [spg1 — 8| < I which implies 7, — 0 as n — oo. The
centres s, of the circles accumulate at zo.: If this was not the case we would have s, — 5o

for some s < I, but then

6

| b
Jim masc{lys (s, (T (s} = Jim 5 = oo,

in contradiction to the fact that (y1(2),y2(2)) is analytic on T'\ {zsc}. We now define T
in the following way. Suppose for convenience that I' has no self-intersections (otherwise
we could shorten I' by omitting pieces between self-intersections). Let I'exy be an infinite
non-intersecting extension of I' such that I'ex(s) — oo for s — +oo which divides the
complex plane into parts C; and C_ such that C,, 'yt and C_ are pairwise disjoint
and C; Ul UC_ = C. Now let D =T UJ;2, D,, where Dy, = {z : |z — T'(sp,)| < 7}
and define I' = 9D N (C4 UTex). Then (y1,y2) is analytic on T' and |y1(2)], |y2(2)] > &
for all z € T'. Furthermore, I" has length less than (1 + 27)l. O

We will now specialise the results obtained so far in this section to the Hamiltonian
system (3.6) which is of the form (A.1) with Ny = N, My = M. Lemma A.3 is not quite

enough to show that the auxiliary function W in section 3.1, rational in y; and s, is

k
bounded. We need to show that certain terms of the form z—% are bounded. To do so we
1

will apply a second curve modification where we can now make use of the fact that y; and

yo are already bounded away from 0 on I'. We rewrite the system of equations (3.6) in
_ N41
T M1

]\1+1

the variables u; = y1 - ¥y and up = ys for some branch of y,

The system of equations in the variables w1, us becomes

N— N+1 N 1 ) i1 N4+1 9
=N+ Dy T <1 + uMH) + > <j " ZMJr+1> agjufuy
(i,5)el’ (A3)
N1 L )
uy = — (M + 1)u1 Uy M3 — Z iojuy” (i )M+1+J

(i,g)el’

Let K > 1 be a constant such that |ic;;(2)| < K and ’(] + zﬁjﬁ) aij(z)’ < K for all

(i,§) € I = I'U{(M +1,0),(0,N+1)}, 2 € D. As before let C = 2N+ K(M +1)(N +1).
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Suppose (u1(z),u2(z)) is a solution of (A.3), corresponding to a solution (yi1(z),y2(2)) of
(3.6) on a curve I', which by Lemma A.3 we assume to be such that y; and yo = ug are
bounded away from 0 on I'. The following Lemma is somewhat similar to Lemma A.1,

the proof, however, requires some modifications.

Lemma A.4. Let 0 < A < 27V"2(N +1)7! < 1 and 0 := min{5, Ro}. Let (u,us)
be a solution of (A.3) analytic at ¢ with |c —a| < % and suppose that |uj(c)| < % and
lug(c)| > (4CYMFL. Then (uy(2),ua(2)) is analytic in the disc |z — c| < % and on the

circle |z — ¢ y we have lui(c)| > & and |us(c)| > 1.

_ 0
 2Jua(c

Proof. Let p = us(c)”, where L = N — A]\//[—fl < N—1. Fori=1,21let n;(¢) := u;(2), where

¢ = p(z —¢), and define M;(r) = max¢|<, [7:(¢)], mi(r) = minj¢| <, [7:(C)]. Let
1
ro = Sup {r : Mi(r) < A, My(r) < 2|p|"*, ma(r) > 2]/)]1/L} , (A.4)
which is positive as |1:(0)] < A and |2(0)| = |p|'/~. We have

¢
1i(¢) = m(0) + /0 i (Q)dC,

where 7;(0) = u;(c) and 7;(¢) = p~ul(2). For || < min{rg, Ry} we have, since |z — a|] <
|z —c|+|c—a| < %-ﬁ-% < Ry,
ial(i—1)NEL 4 i—1)NAEL
’n1(€)| S’U1(0)|+|P‘71|C| Z KAZ2|( D +i 1\’p|(( Daati-1/L
(1.5)€1\{(0,0)} (A.5)
<fur(e)] + [¢[2V K (M + 1)(N +1),

|772(C)’ S‘UQ(C)’+|P|_1’C’ Z KA1—12\(1 1)M+1+J||p|((l 1)M+1+J)/L
(i,5)el
{0

<[uz(e)] (L + [¢[2V K (M + 1)(N +1))

n2(C)] =[uz(c)| (1= [CI2VK (M + 1)(N + 1)),
where we have used condition (3.2) which implies (i — 1)—]\]\/7[111 +j—1<Lfor (i,5) €

I\{(0,0)} and therefore ‘(z - 1)]\1\/‘;7111 +Jj- 1‘ < N. Now supposing that rg < € one would

obtain the estimates

m(¢)] <6(1/8 4+ 2VK(M +1)(N +1)) < A,
n2(Q)| <|uz(e)| (14 02V K (M +1)(N +1)) < 2|p|"/%,

(O] Zluz(e)] (1 - 028K (M + (N + 1)) > ]ol!/%,

in contradiction to the definition (A.4) of rg. Therefore we must have ro > 6, implying

that the estimates (A.5), (A.6) are valid for || < € and that u;, us are analytic for [(] < 6.
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On the circle |(| = g we now have

¢ B B ¢ T
m(Q) =(N +1) / p_lnz(C)LdC’— / PN + 1)y
0 0

¢ —1
0 (

- L
>(N +1) /0C (1+W> dc —g(N+1)AM+12L

. N+1 (=) $AE+i—1 ~
Z <J + Z]V[—i—l) aigniny M d¢| — [n1(0)]
i,j)El’

0 __ 1
— Sl T Y (M (N +1) - ¢

8
/gdé—/C <1+M>L—1 il - ¢
0 0 172(0) 4
SROWICHEE

n2(Q)] =

>

—_

§|P|I/L > 1.

The final lemma of this appendix is Lemma 3.2 of section 3.1.

Lemma A.5 (2nd curve modification). Let (y1,y2) be a solution of the system (3.6),
analytic on the finite length curve I' ending in a movable singularity zs,, such that y%
and y% are bounded on I'. Then, after a possible deformation of I' in the region where

k ~
y1,y2 are analytic, one can achieve that 2 is bounded on T for all k,1 > 0 for which

Y1
I(N +1) — k(M +1) > 0.

Proof. Define the set S = {s: 0 < s < [l and |u1(I'(s))| < 0/8}. There exists some sg,
0 < 89 < I, such that on SN[sg, ] one has |uz(z)| > (4C)M*+1. For, if this was not the case,
one would have a sequence of points (z,) on I' with z, — 2o as n — oo such that u;(z,)
is bounded and w2 (z,) is bounded and bounded away from zero. Lemma 2.4 applied to
the system (A.3) would then imply that ui,us are analytic at zo, in contradiction to the
assumption. By the same method as in the proof of Lemma A.3 one can now deform the

curve I' by arcs of circles such that u; and us are bounded away from 0 on the modified

- _ N+1 -
curve I', that is, u; (M+1) _ ‘:JQMH and u2_1 = y% are bounded on I'. By writing
1
. 1/(M+1)
vi (w7 L
yl1 - y{\ﬂl ylz(N+1)—k(M+1) )
k ~
one can conclude that z—% is bounded on I" if I(N +1) — k(M +1) > 0. O
1
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