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CONIC SINGULARITIES, GENERALIZED SCATTERING
MATRIX, AND INVERSE SCATTERING ON
ASYMPTOTICALLY HYPERBOLIC SURFACES

HIROSHI ISOZAKI, YAROSLAV KURYLEV, AND MATTI LASSAS

ABSTRACT. We consider an inverse problem associated with some 2-
dimensional non-compact surfaces with conical singularities, cusps and
regular ends. Our motivating example is a Riemann surface M = I'\H?
associated with a Fuchsian group of the 1st kind I" containing parabolic
elements. M is then non-compact, and has a finite number of cusps and
elliptic singular points, which is regarded as a hyperbolic orbifold. We
introduce a class of Riemannian surfaces with conical singularities on
its finite part, having cusps and regular ends at infinity, whose metric
is asymptotically hyperbolic. By observing solutions of the Helmholtz
equation at the cusp, we define a generalized S-matrix. We then show
that this generalized S-matrix determines the Riemannian metric and
the structure of conical singularities.

1. INTRODUCTION

1.1. Assumptions on the manifold. Throughout this paper S™ denotes
the circle of radius r, which is identified with R/(27rZ):
ST ={(z1,22) ; a1 +izg=re™) = (rcos(d), rsin(d)),
0<z<2mr 0<6<2n},

with an obvious identification of 8§ = 0 and # = 2w. Thus, to write a
function on S” we would write it as f(x), x € S", or f(6), 0 € [0,27] or
0 € R, assuming 27 —periodicity.

We consider a 2-dimensional orientable connected C°°-surface without
boundary M, which is written as a union of open sets:
(1.1) M=KUMU---UMy
satisfying the following assumptions.
(A-1) K is compact, and there ezists a finite set Mging C K such that
M\ Mging is equipped with a C*°-Riemannian metric g.

(A-2) For any p € Mging, there exist a constant €, > 0 and local coordinates
(r,8) € (0,¢p) x [0,27] around p such that r = 0 corresponds to p and the
Riemannian metric g takes the form

(1.2) (ds)? = (dr)? + Cpr®(1 + hy(r,0))(d6)”,
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where

(A-2-1) C,, is a positive constant such that Cp, # 1,

(A-2-2) hy(r,0) € C((0,¢p) x [0,27]),

(A-2-3) Asr — 0, hy(r,0) — 0 uniformly with respect to 6 € [0, 27].

(A-3) There exists p > 1 such that for 1 < i < u, M; is isometric to
ST x (1,00), r; > 0, equipped with the metric

(dz)* + (dy)*

y? '
(A-4) Foru+1<i< N, M, is diffetomorphic to S™ x (0,1), r; > 0, and
the metric on M, has the following form :

ds? =y % ((dy)* + (dx)* + A(z,y, dz, dy)) ,
Az, y, dz, dy) = ar(z,y)(de)? + az(z, y)dedy + az(z, y) (dy)?,
where a;(x,y) (i = 1,2,3) satisfies the following condition
105 (y0y)" ai(,y)] < Can(1 +|logy)) "7, Va,n,

for some €y > 0.

ds® =

We say that under the above assumption (A-2), the metric g has a conical
singularity at p € Mging. The part M;, 1 < i < p, will be called a cusp.
(This is a little abuse of the standard terminology). Since u > 1, M has at
least one cusp. If u = N, all the ends have a cusp. We call M;, u+1 <
i < N, regular part. The metric on regular parts are allowed to be different
from each other.

In [24], spectral theory for asymptotically hyperbolic manifolds without
conical singularities is discussed, and the arguments there can be extended to
the above situation. Let A, be the Laplace-Beltami operator for the metric
g, and H the Friedrichs extension of —A,—1/4 associated with the quadratic
form Ag[u,v] = (Vu,Vv) — 1(u,v) with u,v € D(4,) = H'(M). It has
continuous spectrum o.(H) = [0,00), and the discrete spectrum o4(H) C
(—00,0). If at least one of the ends is regular, there is no eigenvalues in
(0,00). If all the ends are cusps, H may have embedded eigenvalues in
(0,00), which are discrete with possible accumulation points 0 and oc.

1.2. Inverse scattering from regular ends. An important notion to
describe the spectral properties of H is the S-matrix. Usually, it is in-
troduced by observing the asymptotic behavior, as time tends to +oo, of
solutions to the time-dependent Schrodinger equation or the wave equa-
tion on M, ie. S = WiW_, where Wi = s — limy_, 4 o€ e~ tHo o
Wy =s— limtﬁiweit‘/ﬁe”t\/ﬁo, where Hy is the unperturbed operator, to
which H is asymptotic at infinity. An equivalent way is to observe asymp-
totic expansions at infinity of physical solutions to the Helmholtz equation on
M. In the case of our manifold M, by the physical solution u, we roughly
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mean that u behaves like O(y'/?) on each end. The (physical) S-matrix
S (k), k being the square root of the energy of the system, is an operator
valued N x N matrix, §(kz) = (§,](/<;)), where §Z](kz) corresponds to the
wave coming in from the end M; and going out of the end M; (see e.g.
8,9, 12, 18, 19, 20, 27, 28, 44, 46, 47, 53] for variuos related results on the
spectral and scattering theory for hyperbolic and asymptocally hyperbolic
spaces.) Having S—matrix, one can then talk about the inverse problem.
Let us consider the case without singular points. Suppose we are given two
such manifolds M, M@ and assume ./\/lgi) is a regular end for i = 1, 2.
We also assume that for M) and M), the (1,1) component of the associ-
ated S-matrix coincide, i.e. §ﬁ)(k‘) = §S)(k‘) for all £ > 0. If, furthermore,

two ends Mgl) and ./\/lg2) are isometric for large y, these two manifolds M®)
and M®) are shown to be globally isometric (see [24]). Let us note that,
when all the ends are regular, Sa Barreto [49], see also [15], proved that,
in the framework of scattering metric due to Melrose, two such manifolds
are isometric, if the whole scattering matrix for all energies coincide, with-
out assuming that one end is known to be isometric. The related inverse
boundary value problems for compact Riemannian manifolds can presently
be solved with fixed frequency data in the zero energy case [41, 22|, when
the metric is real analytic [42, 40], or when the tensor is known to be of
appropriate type up to a conformal factor [11, 16, 17]. On review on the
positive results and counterexamples for these problems, see [13]. For the
resonance problem, another view point for inverse scattering, see e.g. [19]
and [8], [10].

1.3. Main result. The problem we address here is the case in which we
observe the waves coming in and going out of a cusp. Recall that the end
M7 has a cusp at infinity. Since the continuous spectrum due to the cusp
is 1-dimensional, the associated S-matrix component §11(k‘) is a complex
number, and it does not have enough information to determine the whole
manifold. Therefore, we generalize the notion of the S-matrix. This gener-
alized S-matrix was introduced in [23] in the inverse scattering from a fixed
energy for Schrodinger operators on asymptotically hyperbolic manifolds.
The Helmholtz equation has the following form in the cusp My

1
2092 | 52 _ 12
—y (E?y—i-am)u—zu—k u,

where k > (0. Passing to the Fourier series, we see that all solutions of this
equation have the asymptotic expansion

~ ik ! 1/2 nx/r1 nly/r
u(z,y) = agy? +T§0a"<2w\n\) e e

1tik mr1\ /2 inz/r1 —|nly/r
+boy2 +§bn<m> e le !
n
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as y — oo. We call the operator
Sn(k’) : {an} — {bn}
the generalized S-matriz, actually its (1,1) component (see §4 for the precise
definition). We shall show that this generalized S-matrix determines the
whole manifold M. Namely, suppose we are given two manifolds MD ,'./\/1(2)
satisfying the assumptions (A-1) ~ (A-4). Let Mg?ng = {pgz), e ,p](;)} be
the set of singular points.
Our main result is the following.

Theorem 1.1. Suppose we are given two manifolds MM and M) satifying
the assumptions (A-1) ~ (A-4). Let the (1,1) component of the generalized
scattering matrix coincide :

sVk) =sPk), VE>0, Ko (HY)Uo,(H?),

and rgl) = r§2). Then there is an isometry between MW and M@ in the
following sense.
(1) There is a homeomorphism ® : M) — M®),

My _ @
(2) q)(Mszng) - Msing'
(3) ®: MWD \MSZLQ — M@ \./\/lgzlg is a Riemannian isometry.

(4) If p € MSZLQ, then C’,(,l) = 0% and there is B such that, in coordinates

®(p)
(A-2), we have hl(,l)(r, 0) = hg()p) (r,0+5).

Here, for any 6 € R, g e [0,27) satisfies 6 — 0 € 2nZ.

As will be seen from the arguments in §2 and §3, we can introduce the
physical S-matrix for manifolds satisfying (A-1) ~ (A-4) of this paper, and
generalize the results on the inverse scattering from regular ends in [24]
to our case. Moreover we can also prove the same result for the inverse
scattering with respect to the generalized S-matrix. Therefore, Theorem 1.1
combined with [24], implies the following theorem.

Theorem 1.2. Suppose we are given two manifolds MY and M@ satisfy-

ing the assumptions (A-1) ~ (A-4). Suppose there exist v1 and va such that

the (v1,v1) and (v2,v2) components of the generalized S-matrices coincide:
st (k) =83, (k), Vk>0, k*¢o,(HY)Uo,(H?).

Vv vovo
(1) 2)

Assume, furthermore, that their ends My, and M,(,2 are isometric. Then
we have the same conclusion as in Theorem 1.1.

A good example of a surface with conical singularities is a 2-dimensional
Riemannian orbifold, and classical examples are given by hyperbolic orb-
ifolds with finite elliptic singular points. For example, consider M = I'"\H?,
where I' is a Fuchsian group. As will be explained in §2, if ' is a geometri-
cally finite Fuchsian group, I'\H? satisfies the assumptions (A-1) ~ (A-4).
Therefore, the following theorem holds.
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Theorem 1.3. Given two geometrically finite hyperbolic orbifolds T'1\H?
and T9\H?, suppose there exist v1 and vo such that the (v1,v1) and (v2,1s)
components of the generalized S-matrices coincide:

S, (k) =8P, (k), Vk>0, Kk ¢&o,(HV)Ua,(H?).

Assume, furthermore, that their ends ./\/l,(jll) and M,,22) are isometric. Then

we have the same conclusion as in Theorem 1.1. Moreover, ® : MO

M s an anlytic diffeomorphism, and is lifted to an orbifold isomorphism
between MY and M?).

For the notions of and geometrically finite hyperbolic orbifolds and orb-
ifold isomorphism, see Subsections 2.1 and 2.3.

To prove Theorem 1.1, we need to study it from two sides : the forward
problem and the inverse problem. In both issues, the arguments are centered
around asymptotically hyperbolic ends and singularities in the finite parts.
The main ingredient of the forward problem is the spectral and scattering
theory for Laplace-Beltrami operators on asymptotically hyperbolic mani-
folds, which two of the authors have studied in [24]. Since this part does
not depend on the space dimension, we shall state only the results in this
paper, leaving the detailed explanations in our paper [26], where we extend
the above theorem to the higher dimensional case. Relations to the collapse
theory of Riemannian manifolds will be discussed in [38].

The crucial idea for the inverse problem part is the boundary control
method. Just like our previous paper for the inverse scattering on manifolds
with cylindrical ends [25], we reduce the issue to the inverse boundary value
problem from an artificial boundary in the end M;. The new ingredient in
this paper is the argument around conic singularities based on the explicit
form of the metric (1.2).

We use a variety of notions from algebra, geometry and analysis in this
paper: Fuchsian groups, orbifolds, conical singularities, spectral theory for
self-adjoint operators with continuous spectrum, boundary control method.
They are not complicated in themselves, however, we shall try to make the
paper as readable as possible, by giving detailed explanations for elementary
parts, sometimes referring to other papers for precise proofs. In §2, we recall
basic facts on the Fuchsian groups, 2-dimensional hyperbolic orbifolds to
explain our motivating example, and introduce the manifold with conical
singularities. In §3, we study spectral properties of the Laplace-Beltrami
operator of our manifold. The generalized S-matrix is defined in §4. We
shall prove Theorem 1.1 in §5, and Theorem 1.3 in §6.

The notations used in this paper are standard. For Banach spaces X
and ), B(X;)) denotes the set of all bounded linear operators from X
to ). For a self-adjoint operator A in a Hilbert space H, o(A), o,(A),
0c(A), 04(A), 0e(A), 04c(A) denote its spectrum, point spectrum (the set
of all eigenvalues of A), continuous spectrum, discrete spectrum, essential
spectrum and absolutely continuous spectrum, respectively, and H,.(A) and
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Hpp(A) are the absolutely continuous subspace for A and the closure of the
linear hull of eigenvectors for A, respectively. Generic points on M are
denoted by p,..., or X,Y, ..., while those in the ends M; are often written
as (z,y). N denotes the set of all positive integers. When h, I C R is
an interval and du is a measure on I, L?(I,h;du) denotes the space of all
h-valued L?—functions on I with respect to dj.

2. 2-DIMENSIONAL HYPERBOLIC ORBIFOLDS AND CONICAL SINGULARTIES

2.1. Fuchsian groups. The upper-half space model of 2-dimensional hy-

perbolic space H? is C; = {z = x +4y;y > 0} equipped with the metric
dz)? + (dy)?

(2.1) ds® = M

Y
The infinity of H? is
H? admits an action of SL(2,R) defined by

b
(2.2) SL(Z,R)XC+9(%Z)—>7.z::ZZ+ , 7:(2 Z)

The right-hand side, Mobius transformation, is an isometry on H?. The
mapping : v — - is 2 to 1, and the corresponding factor group of Mdbius
transformations is isomorphic to PSL(2,R) = SL(2,R)/{£I}. For v # +1I,
the transformation (2.2) is classified into 3 categories :

elliptic <= there is only one fixed point in C
= |try] <2,
parabolic <> there is only one degenerate fixed point on 9C
= |try[ =2,
hyperbolic <= there are two fixed points on 0C
> |try| > 2.

Let T' be a discrete subgroup, Fuchsian group, of SL(2,R), and M =
I'\H? by the action (2.2). T is said to be geometrically finite if the fun-
damental domain I"\H? is chosen to be a finite-sided convex polygon. The
sides are then geodesics of H2. The geometric finiteness is equivalent to that
I is finitely generated ([31], p. 104). Let us give two simple but important
examples.

2.1.1. Parabolic cyclic group. Consider the cyclic group I' generated by the
action z — z + 7. This is parabolic with fixed point co. The associated
fundamental domain is then [—7/2,7/2] x (0,00) with the sides z = +7/2
being geodesics. The Riemann surface M is then equal to S™/27 x (0, c0),
which is a hyperbolic manifold with metric (2.1). It has two infinities :
S7/27 % {0} and oo. The part S7/?7 x (0,1) has an infinite volume. The
part S7/2™ x (1,00) has a finite volume, and is called the cusp.
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2.1.2. Hyperbolic cyclic group. Another simple example is the cyclic group
generated by the hyperbolic action z — Az, A > 1. The sides of the fun-
damental domain {1 < |z| < A} are semi-circles orthogonal to {y = 0},
which are geodesics. The quotient manifold is diffeomorphic to SU182)/27
(—00,00). It is parametrized by (t,r), where ¢t € R/(log \)Z and r is the
signed distance from the segment {(0,s);1 < s < A}. The metric is then
written as

(2.3) ds? = (dr)? + cosh? r (dt)?.
The part » > 0 (or r < 0) is called the funnel. Letting y = 2e™", r > 0, one
can rewrite (2.3) as
dy\? 1 y\2
as? = (S0) 4 (S 4+ 4) (v
” ;T (dt)

Therefore, the funnel is regarded as a perturbation of the infinite volume
part SUosN)/2m o (0,1) of the fundamental domain for the parabolic cyclic

group.

2.2. Classification of 2-dimensional hyperbolic manifolds. The set
of limit points of a Fuchsian group I', denoted by A(T"), is defined as follows
:w € A(T) if there exist zp € C4 and v, € I', v, # I, such that v, - 20 — w.
Since I acts discontinuously on C, A(I') C 9H? = dC... There are only 3
possibilities.

e (Elementary) : A(T) is a finite set.

e (The 1st kind) : A(T) = OH2.

e (The 2nd kind) : A(T) is a perfect (i.e. every point in A(T") is an

accumulation point of A(T')), nowhere dense set of OH2.

Any elementary group is either cyclic or is conjugate in PSL(2,R) to a
group generated by v-z = Az, (A > 1), and 4" -z = —1/z (see [31], Theorem
2.4.3).

For non-elementary case, we have the following theorem ([8], Theorem
2.13). Although [8] deals with the case without elliptic fixed points, this
theorem holds for the case with elliptic fixed points.

Theorem 2.1. Let M = I'\H? be a non-elementary geometrically finite
hyperbolic manifold. Then there exists a compact subset K such that M\ K
s a finite disjoint union of cusps and funnels.

The regions mentioned above, i.e. fundamental domains of parabolic
cyclic groups, hyperbolic cyclic groups, and non-elementary geometrically
finite groups are the models of hyperbolic spaces to be dealt with in this
paper.

Other important theorems are the following (see [31], Theorems 4.5.1,
4.5.2 and 4.1.1).

Theorem 2.2. A Fuchsian group is of the 1st kind if and only if its funda-
mental domain has a finite area.
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Theorem 2.3. A Fuchsian group of the 1st kind is geometrically finite.

For the Fuchsian group of the 1st kind, therefore, the ends of its fun-
damental domain are always cusps. In this case, usually it is compactified
around parabolic fixed points and made to a compact Riemann surface. The
automorphic functions associated with this group turn out to be algebraic
functions on this Riemann surface (see [43]).

It is well-known that there is a 1 to 1 correspondence between the compact
Riemann surfaces and the fields of algebraic functions. This suggests a
general idea that a surface will be determined by a set of functions on it.
What we pursue in this paper is an analogue of this fact. Asymptotically
hyperbolic manifolds, more generally non-compact Riemannian manifolds
with good structure at infinity will be determined by the set of solutions
to the Helmholtz equation, more precisely, by the asymptotic behavior at
infinity of solutions to the Helmholtz equation. Before going into the detail
of this issue, we need to recall the notion of orbifolds.

2.3. Elliptic fixed point and analytic structure of I'\H2. Now, we
study the analytic structure of M = I'\H?, where I' is a Fuchsian group.
Let M;ng be the set of all elliptic fixed points in M. Under the assumption
of geometric finiteness, My, is a finite set.

Lemma 2.4. Let p € Mg, and
Ip)={yel;v-p=p}

the isotropy group of p. Then, it is a finite cyclic group, and its generator
Yo satisfies

(2.4) —w_]f:em/"—z_p, w="-2
w—=p
for some n =n, € N.

Proof. Recall that the cross ratio
21 — k3 22— 24

(2517252,253,254) —
21 — R4 22— 23

is invariant by the fractional linear transformation z — w = v -z = (az +
b)(cz +d)~t. Suppose p,q € C are the fixed points of z — w. Then, since
z = oo is mapped to w = a/c, we have (w,a/c,p,q) = (z,00,p,q), which
implies

w—q z—q’ a—cq
For the elliptic case, |k| = 1, since ¢ = p. By the linear fractional transfor-
mation T(z) = (z — p)/(z — D), 7 is written as v = T~ 1xkT. Therefore, Z(p)
is isomorphic to a discrete subgroup of SO(2), which proves (2.4). O

w—pzﬁz—p . a—cp

To introduce the analytic structure near p, we let ¢+ be the canonical
projection
v:H23 2 5 [2]={g-2;9g€T} eT\H.



INVERSE SCATTERING ON ASYMPTOTICALLY HYPERBOLIC SURFACES 9

Using n from (2.4), we introduce the local coordinates ¢, (t(z)) near p by

¢ = o) = T(2)" = ( - 13)”, ((p) = 0.

z—P
Identifying z and ¢(z), we have as ( — 0
p—- ]_)Cl/n —_ n
=T =p+(p-p)¢" +
Therefore,
(2.5) (do)’+ (dy)* _ dedz _ |dz/dc|’ dcde
) y? (Im 2)2 (Im 2)2 )
Direct computation entails
dz  p—D .1/ o —
dC - Cl/ 1( _Cl/ ) 2
U o el S
20 |1 —¢Y/n)2
Therefore, we have
|dz/d¢|? A a/n) 2 ., 2
(2:6) e =l (1= 1em) L =22

Note that 1 < A < 2. The volume element and the Laplace-Beltrami opera-
tor are then rewritten as
deNdy i z‘dz/dd

= —dzNdZ= ——%
y? 292 =z 2(Tm 2)?
0? 4(Im 2)? 92
2 (52 2 2
0; +0;) =4(1 = =
v (0 +0y) = Alm=) 5o |dz/dC [ a¢HT
Both of them have singularities at p. However, if f, g are C*°-functions with
respect to ( supported near p, we have

_dxdy . of 8g
0%+ 02 =2 — d¢dc
//v( O f T Z/¢|<eaga< /c|<e<9C a¢ %

What is important is that the singularity of the volume element and that of
the Laplace-Beltrami operator cancel.

Let Mging = {p1,--- ,pr}. We take a small open set U; C M such that
p; € Uj, UynU; = 0 if i # j. We construct a smooth partition of unity
{Xj}]L:o such that suppx; C Uj, j=1,---,L, and Zf:o x; =1on M. We
put

d¢ A dC,

de Ndy idz/\d?
y2 2 (Imz)?

z‘dz/dd

2(Im z)?

(j=0),
(2.7) avy) =
d¢ nd¢  (j #0),
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i |
(2.8) vy = édz MU0
SACA AT (5 #0),

and define a quadratic form Q ag[u,v] by

L L
QAs[u,v]:Z/ XjuT dV}}MZ/ XiVu - Vo v
j=07M j=0’M

where ‘
v — (0z,0y) (5 =0),
(01,05) (1 #0), (C=t+is).

Let L?(M) be the Hilbert space of L2-functions on M with respect to
the measure dady/y?. As is easily seen, \/Qas(u,u) defines a norm on
C3° (M \ Miing). Let D(Qas) be the completion of C§°(M \ Mying) with
respect to the norm /Qas[u,u]. This is the counterpart of the 1st-order
Sobolev space on M.

Lemma 2.5. Let I' be a geometrically finite Fuchsian group. Then, for any
compact set K C T\H?, the imbedding

D(Qas) > u— u|, € L*(K)
18 compact.

Proof. This is obvious if K does not contain elliptic fixed points. Around
an elliptic fix point p; (1 < j < L), we take local coordinate ¢ =t + is as
above, and for a suffiently small r > 0, let B, = {(t,s); t>+ s < r2}. Then,
by (2.8), if u € D(Q4s) has a support in B,,

(2.9) / luf2dtds < 0/ u?dvy,
r B

with a constant C' > 0. By the Sobolev imbedding H*(RY) C L}
where 0 < s < d/2, p=2d/(d — 2s), we have

(2.10) HYR? c I? (R?), VYp>2,

loc

(Rd)7

with continuous inclusion.
We take a, 8 such that '+ 37! = 1,1 < a < 2/\. Then by (2.6), (2.7),
and Holder’s inequality

, e 1/8
/ yuPdv}}) < C/ rMul?dtds < C </ T_Aadtds> </ ]u\wdtds) ,
Bs Bs Bs Bs

where r = (s + t2)1/2. Since Aa < 2, the 1st term of the most right-hand
side tends to 0 when § — 0. To the 2nd term of the most right-hand side
we apply (2.10). Using (2.9), for any € > 0 there exists 6 > 0 such that

/\uy2dvg>ge</ yuPdv};H/ wuwv,g)).
Bs Bs Bas
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Suppose we are given a bouded sequence {u,} in D(Q4s). Then the inte-

gral of |u,|? over Bs with respect to the measure de(I] ) can be made small
uniformly in n. Outside By, we use the usual Rellich theorem. This proves
the lemma. O

Let Hags be the Laplce-Beltrami operator —A, — 1/4 on M, defined
through the quadratic form @ gg[u,v]. It is well-known that

(2.11) D(Has) C D(H ) = D(Qas).

Corollary 2.6. x(Has — 2)7', 2 ¢ R, is compact on L*>(I'\H?) for any
X € Cgo(T\H?).

Proof. This follows from Lemma 2.5 and (2.11). 0

Using these facts, one can discuss the forward problem, i.e. the spectral
theory for Hg in the same way as in [24]. In order to discuss the inverse
problem, however, it is more appropriate to change the differentiable struc-
ture around singular points and introduce the notion of conical singularities.

2.4. Manifolds with conical singularities. Orbifolds. Let us repeat
the definition of a Riemannian surface with conical singularities. We warn
the reader not to confuse it with the Riemann surface (the 1-dimensional
complex manifold).

Definition 2.7. A C*-surface M is said to be a Riemannian surface with
conical singularities if there exists a discrete subset Mg;ng of M such that
(i) there exists a smooth Riemannian metric g on M\ Mging,

(1) for each p € Mying, there is an open neighborhood U, of p such that the
assumption (A-2) is satisfied on Up,.

Let M be a Riemannian surface with conical singularities. Then, near
P € Mying, letting xz! = rcosf, > = rsinf, we see that the metric ¢ =
gijdx'dx’ satisfies

(2.12) C7'I < (g5)<CI, C>1.

This shows that, although the metric g may be singular at M4, the H L
norm

- Ou o 1/2
) — 2 iJ
(2.13) [[ull g1 vy </M\U’ \/§dl’+/Mg p axj\/§d$>

can be introduced in the same way as in the case of C°°-Riemannian mani-
fold. In particular, the following lemma holds.

Lemma 2.8. Let M be a surface satisfying (A-1) ~ (A-4), and A, its
Laplace-Beltrami operator. Then —Ag — 1/4 has a self-adjoint realization
through the quadratic form, which is denoted by H. Then, for any x €
C(M), x(H — 2)7, 2 ¢ R, is a compact operator on L*(M).
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Next we return to M = I'\H?, where I' is a Fuchsian group. We show
that (A-2) is satisfied around an elliptic fixed point p € M. By (2.6), putting
¢ = pe?, the metric (2.5) takes the form

4 _ 4
EEWQ_A(l-—|d2ﬁ3_2dCdC==(1—-Pm%)_25§P_A((dﬂf‘+/ﬂ(d9f)-

Putting ¢t = 2p'~2 = 2p!/™ we can rewrite it as

(1—12/4)2 ((dt)2 L (d9)2> .

n2

Solving dr = (1 — t2/4)~1dt, we have

24+t 14 pt/n
T:10g2_t:logl_p1/n.

Therefore p!/™ = (e" —1)/(e” + 1), and (2.5) takes the form

2 2
(2.14) W — (dr)? + % sinh? r(d6)2.
This shows that (A-2) is satisfied for any p € Mging. We cover M\ Mipng by
standard local coordinate patches of the quotient Riemannian surface I'"\H?.
Therefore, M is a Riemannian surface with conical singularties. Actually,
the structure of conical singularities on M = I'\H? is of a special form,
making it a it Riemannian orbifold.

To define an (orientable) 2D-Riemannian orbifold, let M be a 2D-manifold.
Suppose there exists a discrete subset M;ng C M such that M\ M;pg is an
orientable Riemannian manifold with a C"*°-Riemannian metric g. We as-
sume that each point p € M4 has a neighborhoods for which the following
properties hold (see [48], [52]);

(B-1) There exists an open set (75 in R?, containing the origin 0 and
equipped with a Riemannian metric g,, such that, with respect to
Jps (75 is the ball of radius € centered at 0.

(B-2) There is a finite group of rotations I',,, C SO(2) of order n, > 1, so
that g, is invariant with respect to the action of I';, .

(B-3) U, ~ ﬁ;/PnP, where Uy is the ball of radius ¢ on M, centered at p,
and ~ stands for the isometry.

If these assumptions are satisfied, we say that M is a 2-dimensional Rie-
mannian orbifold. We call n,, the order of p € Mg;y,4. For the neighborhoods
defined in condition B-3 we denote by m, : (75 — U, the associated canonical
projections and say that ((7;, 9gp) is the uniformizing cover of (Ug, gp).

A homeomorphism ® between Riemannian orbifolds MM and M® is
said to be an orbifold isomorphism if it has the following properties:

(1) @ : MM \Mgig - M® \./\/l(2-) is a Riemannian isometry.

sing



INVERSE SCATTERING ON ASYMPTOTICALLY HYPERBOLIC SURFACES 13
(2) For any p(V) € ./\/lgzlg and p® = &(pM), @ : U;(l) — U;(z) is lifted to an
isometry between the coverings o (7;(1) — [7;(2).
To bridge the notion of a surface with conical singularities with that of
a 2-dimensional Riemannian orbifold, note that an orbifold singularity is a
particular case of a conical singularity characterized by two properties:

Condition 2.9. i. C), = (1/np)2.

ii. The metric tensor (1.2), rewritten in coordinates z' = rcos(6/n,),
2% = rsin(f/n,), being continued periodically onto U.(0) = {r < e} is
smooth.

1

Returning to I'\H? and using equation (2.14), straighforward calculations
show that each singular point p € I'\H? satisfies conditions i., ii.

Let us summarize what we have done in this section. For the Fuchsian
group I' € SL(2,R), M = I'\H? has a structure of a 2D-Riemannian orb-
ifold. It is a Riemann surface, i.e. 1-dimensional complex manifold without
singularities. By changing the differentiable structure around Mg;,, = the
set of the elliptic fixed points, M is regarded as a Riemannian surface with
conical singularities. These two local coordinate systems have the following
features.

e They coincide except for a small neighborhood of Mg;,,, and give
an equivalent C*°-differentiable structure on M\ Mgipng.

e They equip M \ My, with the hyperbolic metric, which is singular
at Mng in the case of orbifold.

e The associated Laplace-Beltarmi operators are unitarily equivalent.

It follows from these properties that the associated (generalized) S-matrices
coincide, since they are defined by the asymptotic behavior at infinity of so-
lutions to the Helmholtz equations.

This new coordinate system resolves the singularities of the hyperbolic
metric at elliptic fixed points, which makes the proof of local compactness
of the resolvent easier. The merit of introducing the notion of conical sin-
gularities is not restricted here, however. It is used effectively in the inverse
problem in §5. On the other hand, the original coordinate system is ana-
lytic even at elliptic fixed points. This fact will be used in §6 to discuss the
orbifold isomorphism.

3. SPECTRAL THEORY FOR ASYMPTOTICALLY HYPEBOLIC MANIFOLDS

In [24], for manifolds without conical singularities, we have already stud-
ied spectral properties of the Laplace-Beltrami operators on asymptotically
hyperbolic manifolds : limiting absorption principle for the resolvent, spec-
tral representations, S-matrices. Thanks to Lemma 2.8, and also to the fact
that Mg is a finite set, the proof of the above facts works well without
any change. We shall explain below the basic ideas for this forward problem
and summarize the results.
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Let A be a self-adjoint operator in a Hilbert space H. If A € o(A),
the limit lim._,o(A — A Fie)~! does not exist in B(#;H). However, in some
important cases, when A € o.(A), it is possible to define lim,_,o(A—AFie) L.
This is achieved by choosing suitable Banach spaces H.,H_ satisfying

Hy CHCH_,
with continuous injections, so that

lim (A — AFie) ' € B(H;Ho).
e—0

This fact is usually called the limiting absorption principle. For A = —A
in R™, the best choice of H4 are the Besov type spaces B, B* found by
Agmon-Hoérmander [1]. We first define a counterpart of B, B* in the case of
hyperbolic spaces.

3.1. Besov type spaces. Let h be a Hilbert space endowed with inner
product (, )n and norm || - ||n. We decompose (0,00) into (0,00) = Ugez Ik,
where
(exp(ef!),exp(eh)],  k>1,
I = (et ] k=0,
(exp(—elkl), exp( k=1, k< -1.
Let B = B(h) be the Banach space of h-valued function on (0, c0) such that

(3.1) 171 =32 [ sk dy) ‘o

keZ

The dual space of B is identified with the space equipped with norm

p 1/2
_ 2 Y
o (smite [ 2) " <

For example, for ¢ € h, y'/2¢ belongs to B*. We also use the following
weighted L2-space: for s € R,

(3:2) [l

s = s dy
33 13w ful= ([ 0 osn Ik ) <.
For s > 1/2, the following inclusions hold:
(3.4) L>*cBcL>?cr?cr>'?cpB cL*>>.
If u,v € B* satisfy

(3.5) s n
dy dy
2 _ 277
P}l—lgéo log R /I/R ()=o)l RI—I};O 10gR/2 fu(y) U(y)thz 0

we regard that u and v have the same asymptotic behavior at infinities,
y = 0, and y = 0o, correspondingly. We have the following lemma.
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Lemma 3.1. For u € B*, the following two assertions are equivalent.

dy

2

(3.6) Rl—>oo log R / Wlla 2 =

(37)  lim (DY Iz 2 =0, vp e C5((0.50).
R—00 logR log R Y2 ’ ’

The proof of the above results are given in [24], Chap. 1, §2.

3.2. Bessel functions. We use the following knowledge of Bessel functions.
For the details, see [54]. The modified Bessel function (of the 1st kind) I, (z),
with parameter v € C, is defined by

2\ Y — 22 /4"
38) L= () ;}% 2 € C\ (—o0,0].

It is related to the Bessel function J,(z) as follows
L(y) = e ™2, (iy), y> 0.

The following function K, (z) is also called the modified Bessel function, or
the K-Bessel function, or sometimes the Macdonald function:

ml,(z) = I,(2) 5
2 sin(vm) ¢z,

K, (z)=K_,(z) = lim K,(z), necZ.

v—n

These I,,(z), K, (z) solve the following equation

(3.9) Ky(2) =

(3.10) 20" 4 zu' — (22 +v¥)u =0,
and have the following asymptotic expansions as |z| — oo:

e? e—z+(u+1/2)m' T T
3.11 1, ~ — —— < < =
( ) V(Z) \/% + \/ﬁ ’ ’Z‘ 00, 2 arg z 27

(3.12) K,(z) ~ ,/216%, |z] = 00, —m<argz <.
z
The asymptotics as z — 0 are as follows:

(3.13) () ~ ﬁ (5)"

(3.14) Ky (z) ~ 2sin7r(1/7r) (F(ll— v) <%) - ﬁ <§)V> vz

—logz, n=0,
Ko (2) ~
n(2) L~ )™ n=0,1,2,....
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3.3. Spectral properties of the model space. By Theorem 2.1, the
surfaces whose ends are asymptotically equal to S x (0,1) or Sx(1,00), S :=
S1, equiped with the metric given by

d32 — (dy)2 + (d$)2

32
form a broad and meaningfull class of 2-dimensional surfaces. In this sub-
section, we shall introduce a model for such surfaces and study the spectral
properties of the Laplace-Beltrami operator on it. Since it is an unper-
turbed (free) space, we put the subscript free for every related object on it.
We put Mypee = S and let 02 be the Laplace-Beltrami operator on S. It
has eigenvalues and eigenvectors

(3.15) , 0<z<2n,

(3.16) Ao =12 on(z) =™ /V2r, neZ.
Let Mtree = Myyee X (0,00) and Hfree be given by

1
(317) Hfree = _yz(ag + a:%) - Z

Mree has two infinities corresponding to y = 0 and y = oo. We call
the former the regular end, and the latter the cusp. In the following, the
subscripts ¢ and reg mean the cusp and regular end, respectively.

3.3.1. Green’s operator. Green’s kernel of Hy... is computed as follows.
Consider the 1-dimensional operators

(3.18) Liree(Q) =y* (=924 ¢*) - =, (€R,

>~

(3.19) (Lree(Q) + %) 7" =t Gpree(C,v).
If ¢ #0, by (3.9), (3.10), Gfrec(¢,v) has the following expression (see [24],
Chap. 1, §3),

dy’

(320) (Gfree(C7 l/)?,[)) (y) = /OOO Gfree(ya y/; C) V)T/)(Z//)W,

(vy) P K, (Cy)L(CY), y>y >0,

(vy') YLy E(CY), ¥ >y >0,

Let us remark that in [24], Lfyee, Gfree are denoted by Ly, Go. In what
follows, the subscript 0 is, however, reserved to denote the terms associated
with the eigenvalue \y = 0.

When ¢ = 0, we have (see [24], Chap. 3, §2),

(321) Gfree(yyy/;gvy) =

52 G000 - | " G ey /0, u)zb(y')%,

l—l—]j / l—l/ /
1 2 2 s > > 07
(323) Gfree(yy y,; 0, V) =5, { ! _ (y ) ! ’

Y

2v V)2t y >y >0,
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We define B(C) and B(C)* by putting h = C in Subsection 3.1. Then we
have, by [24], Chap. 1, Lemma 3.8,

(3.24) |G free(C V)Y By < CllYlB(C),

where the constant C' is independent of v, when v varies over a compact set
in {Rev > 0} \ Z, and also of ¢, when Re( > 0. One can also prove (3.24)
for ( = 0.

Recalling (3.16), we put, for f(x,y) € Hree := L*((0,00) : L*(S); dy/y?),

(3.25) Fuly) = /M f (@ y)on(@)de.

free

Let Rfree(2) = (Hfree — 2)71, 2z = —v% Then

Rpree(—v")1 = 3 enle) (Lyee(lnl) + )7 Fa)) )

(3.26) nez ~
= 0ul@) (CrreelIn)5.0) ).
neZz
For 0 < a < b, we put
(3.27) Jr={2€C; a<Rez<b, £Imz > 0}.

The estimate (3.24) then implies

(3.28) [Rpree(2) fllB+ < Cllf5,

with B = B(L?(S)) and B* = B(L?(S))*, where the constant C is indepen-
dent of z € JL. This uniform estimate is crucial in proving the limiting
absorption principle. In fact, by [24], Chap. 3, Theorems 3.5 and 3.8, the
following theorem holds.

Theorem 3.2. (1) 0(Hree) = [0,00).
(2) 0p(Hfree) = 0.
(3) For A > 0,f € B = B(L?(S)), the following limit exists in the weak

*-Sense

ling) Rfme()\ +ie)f =: Rfme()\ +140)f,
e—
i.e. there exits the limit

li_I%(Rfree()\iie)fyg)7 Vf,ge B.

Note that, since Rev > 0, we have, letting v = —i(k +ie€), k > 0,

(3.29) Rpree(W2 £ i0)f = 3 on(@) (GpreeInl, Fik) Fu() (v).

neZ
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3.3.2. Fourier transform. Let f € C§°(Mpee), and k > 0. For n # 0, the
associated Fourier-Bessel transform is defined by

2k sinh (k) 1/2 dy
(3'30) Ffree,n(k)f = ( . ) /0 1/2Kk(|n|y)fn( )y :
For n = 0, the associated Mellin transform is defined by
i dy
(3.31) Fi) o(k)f _/ 25 foy
Definition 3.3. We put
h=Ca®L*S), H=L*(0,00);h;dk),
and define F.;), (k) and fﬁe; free(k) by
(332) c free( )f free O(k)f
(FE) e ) () = €5 <k>F}iLo<k>f
(3.33) + Y COEn@) Epreen (R,
nez\{0}
n\ Fik
(3.34) CH (k) = .
= \/E (n=0)
kwy(k)V 2 ’
(3.35) wy (k) = T

(2k sinh(k7))Y/2T(1 F ik)

Finally, we define the Fourier transform assocaited with H ... by

Firbe ) = (FEeo ), Fio) e

free c,free reg,free

The important step for the spectral representation is the following Parse-
val’s formula

(336) % ([Rfree(k2 + ZO) - Rfree(k2 - ZO)]fv f) ||]: ree( )th

This and the uniform estimate (3.28) imply the following inequality

(3.37) 1F 5 (B) flln < CI£l5-
Therefore, F (£) (k) can be extended uniquely on B. For f € B, we define

free

an h-valued function of k£ € (0,00) by
+ +
(Froef ) (k) = Fr. (k) .

Then, by integrating (3.36) with respect to k over (0,00), we see that ]:J(cfe)e
can be extended to an isometry from H . to H. In fact, it is unitary (see

[24], Chap. 3, Theorem 2.5).
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Theorem 3.4. F }fe) . 15 uniquely extended to a unitary operator from H frec

to H. Moreover, if f € D(H free)
(il Hpree ) (B) = K2 (Fpra £)(K).

free free

The Fourier transform F ](c;te) . is related to the asymptotic expansion of the

resolvent at infinity in the following way.

Theorem 3.5. For k >0 and f € B, we have

. 1 L 2, . (£) 2 dy
(338) Rh—?;o lOgR /1/R ||(Rfree(k7 + zO)f)(,y) - Ureg ('7y)||L2(S)? = 07
L, +
o) y) = we () g3 T (FE) (0 ) (@),
3.39 li (R £ 0 @iz, W _g
( . ) Rgréo logR ) H( free( ? )f)('vy)_vc HL?(S)P =Y
c 14, +
o = Wl (k) y 2 FE) () f,
where
¢ 1T

This theorem is proven by comparing the form of Green’s function (3.21),

(3.23) with the definition of ]-"}fe)e, and using the asymptotic expansion of

Bessel functions. See [24], Chap. 3, Theorem 2.6.

3.4. Basic spectral properties for asymptotically hyperbolic man-
ifolds. We turn to the spectral properties of the manifold M satisfying
the assumptions (A-1) ~ (A-4) in §1. To deal with the Laplace-Beltrami
operator —A, for M, we first pass it to the gauge transformation

1 1
A = o 1/4A —1/4__‘
g 4 - =P gp 4

Here p € C°°(M) is a positive function such that p = 1 in a small neighbor-
hood of Mging. On each end M,

p= gfree(j)/ga
where gy,cq(;j) and g define the volume elements, in the (z,y)—coordinates, of
the unperturbed and perturbed metrics on M;. Note that p = const in each
M;,i=1,...,u. Let H be the self-adjoint extension of —p1/4Agp_1/4 —1/4
defined in the same way as in Lemma 2.8. Our first concern is the (non)
existence of the embedded eigenvalues in the continuous spectrum.

Theorem 3.6. (1) o.(H) = [0,00).

(2) If one of M;’s is a regqular end, then o,(H) N (0,00) = 0.

(3) If all of the M;’s have a cusp, then o,(H)N(0,00) is discrete with finite
multiplicities, whose possible accumulation points are 0 and oo.
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For the proof, see [24], Chap. 3, Theorems 3.2 and 3.5. The assertion (1) is
a consquence of Theorem 3.2 (1) and Weyl’s theorem on the perturbation of
essential spectrum. The main tool for proving the assertion (2) is a theorem
on the growth property of solutions to an abstract differential equation with
operator-valued coefficients ([24], Chap. 2, Theorem 3.1). The assertion (3)
is a standard result which follows from the a-priori estimates for solutions
to the reduced wave equation

1
(3.41) (—Ag—Z—z)u:f
and the short-range perturbation theory for the Schrédinger equation. [

Take xo € C§°(M) such that o =1 on K, and put x; = 1 — xo on M;,
xi = 0 on M\ M;. Then {xo,x1, -, XN~} is a partition of unity on M
subordinated to decomposition (1.1).

We define the Besov space B; by B; = B(C), when M, has a cusp, and
B; = B(L?(S™)), when M; has a regular infinity. We then put

N
I1£15 = Ixofllzz) + > X Flls.s
=1

N
B« = [IxoullL2(m) + Z IxiullB;+
i=1
which define the Besov type spaces B and B* on M.
Let R(z) = (H — z)~! be the resolvent of H.

[l

Theorem 3.7. For A € (0,00) \ 0,(H), there exists a limit
lin% R(A+ie) = R(A£+1i0) € B(B;B")
e—

in the weak %-sense. Moreover, for any compact interval I C (0,00)\ op(H),
there ezists a constant C > 0 such that

|R(A£1i0)fllg- <C| fllg, Ael.
For f,g € B, (R(A£1i0)f, g) is continuous with respect to X € (0,00)\op(H).

This theorem is proved in [24], Chap. 3, Theorem 3.8. The proof con-
sists of two main ingredients. We first establish some a-prori estimates for
solutions to the reduced wave equation (3.41) by the elementary tool of in-
tegration by parts ([24], Chap. 2, Lemmas 2.4 ~ 2.8). This 1st step is
essentially the 1-dimensional problem. The proof of Theorem 3.7 is done by
the argument of contradiction, using the compactness of the perturbation
and reducing the problem to the uniqueness of solutions of the equation
(3.41) satisfying the corresponding radiation condition.

The above mentioned radiation condition is as follows. Let

1
o+(N) =5 FivA, A>0.
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We say that a solution u € B* of the equation (—A; — 1 — Nu = f € B
satisfies the outgoing radiation condition, or u is outgoing, if
(3.42)

1 R 2 dy .
logR ) H(yay - O--‘r()‘))u("y)HL?(Srj)? — 07 (] = 17 to 7#)7

1 1/2 5 \ 9 dy 0 ) . N
bgRA%zMyy_a“)M(wwﬂwwgfﬁ , (G=p+1,---,N)

hold as R — oo. The following theorem follows from [24], Chap. 3, Theo-
rems 3.7 and 3.8.

Theorem 3.8. Let A € (0,00) \ 0,(H).

(1) If uw € B* satisfies (H — N)u = 0 and is outgoing, then u = 0.

(2) For f € B, R(A+10)f is outgoing.

3.5. Fourier transforms associated with H. We shall make use of the

perturbation method to construct the Fourier transform for H from that of
the model space. Let H,..(;) be defined by

(3.43) Hpreeyy = —y° (0 + Ang,) — i,

where Ay, is the Laplace-Beltrami operator of M;. Let x; be the partition

of unity as above. We put

(3.44) Vi=H— Hyeejy on M,

This is symmetric on C§°(Mj), since so are H and Hf,.c.(;). Observe that
(Hpreets) — \XG Q500 £ i0) RO\ £ 0),

where

(3.45) Qi) = x5 + (Hpreety x5 = 375 R(2).
Therefore, we have the following equality

(3.46) X RN £10) = Rppeerj) (A £10)Q; (A £0).

This formula suggests how the generalized Fourier transform is constructed
by the perturbation method. '
Let \jn, = (n/rj)%, @jn(z) = €™®/7i/,/27r; be the eigenvalues and

normalized eigenvectors of Aps,. We define .Fc(?ee(j)(k;) by (3.32), and

FE (k) by (3.33) with M replaced by M;, ¢, by ¢;n, and C,gi)(k)

reg,free(j)
\//\—' Fik
<i> ) ()‘],n 7é 0)7
(k) =

by OV (k), ie.
2

+i T
m\/;, (Ajn = 0).

(3.47) o

]7”
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3.5.1. Definition of f}fee(])(k:). Recall that, for 1 < j < u, M; has a cusp,

and, for p+1 < j < N, M; has a regular infinity.
(i) For 1 < j < p (the case of cusp), we define

(£) _ ~(H
(348) ‘Ffree(])(k) - fc,free(j)(k)'

(ii) For g+ 1 < j < N (the case of regular infinity), we define

(%) _ r&®
(349) ‘Ffree(])(k) - ‘Freg,free(j)(k)’

3.5.2. Definition of F&) (k). For 1 < j < N, we define

(3.50) F (k) = Fi) ) (B)Q; (K % i0),

Finally, we define the Fourier transform associated with H by
(3.51) FEOE) = (FF k), -, F(R)).

3.5.3. FEigenfunction expansion theorem. Let
(3.52)
hoo =@ by, hy=C,1<j<p, hj=L*M;), p+1<j<N.

and for ¢, € hy, define the inner product by

N
(3.53) (%) neo Z%%!MH > (i) 2y
Jj=1 J=p+1

where |M;| = 27r; is the length of M;. We put
H = L*((0, 00); hoo; dk).

Theorem 3.9. We define (]:(i)f) (k) = FE (k) f for f € B. Then F&) is
uniquely extended to a bounded operator from L*(M) to H with the following
properties.

(1) Ran F&*) = H.

(2) |If|| = IFEf|| for | € Hae(H).

(3) FEFf =0 for f € Hy(H).

(4) (FEHS) (k) =k (FHF) (k) for f € D(H).

(5) FE) (k)* € B(hoo; B*) and (H—k*)FH) (k)* = 0 for k? € (0,00)\op(H).
(6) For f € Hao(H), the inversion formula holds:

* N o0
£ = (7®) ;<i>f:j; /0 FOwy (FHF) (k.

The most important step of the proof of this theorem is Parseval’s formula

K ([RGE + i0) - R(E — i0)] 1,9) = (FE k)£, F D (k)g)

X hoo
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for f,g € B, k* € (0,00) \ 0,(H) ([24], Chap. 3, Lemma 3.11), which
is proven by the following Theorem 3.10. The remaining arguments are
routine. See [24], Chap. 3, Theorem 3.12 for the details.

Remark 1. The meaning of the integral in (6) is as follows. Let (0,00) \
op(H) = UX,I;, where I; = (a;,b;) are non-overlapping open intervals. For
g(k) € #, we have by (5)

vhi—e .
/ FO (k) g(k)dk € B,
Vaite
As a matter of fact, it belongs to L?(M), and
bi—e
lim F (k) g(k)dk € L} (M)
€ \/[7«_7,‘1'6

in the sense of strong convergence in L?(M). Denoting this limit by

F (k) g (k) dk,
VI;
we define

* F® gy N () ()
[ A wraman =32 [ A0 g

3.5.4. Asymptotic expansion of the resolvent. For f,g € B* on M, by f ~ ¢
we mean that on each end the following relation holds,

1

’ /R WD) = 9022y, Y =
RgnoologR l/Rp]y Y 9y LZ(MJ')

~ -0
y2

where p;(y) = 1 (y < 1/2), pj(y) = 0 (y > 1), when M; has a regular
infinity, and p;(y) =0 (y < 1), pj(y) = 1 (y > 2), when M; has a cusp.

Theorem 3.5 shows that f}fe)e(j

panison of Rypee(jy(A +i0)f at infinity. This, combined with the formula
(3.46) and definition (3.50), implies the following theorem (see [24], Chap.
3, Theorem 3.10).

Theorem 3.10. Let f € B, k* € 0.(H) \ 0,(H), and x; be the partition of
unity on M. Then we have

)(k:) f is computed from the asymptotic ex-

"
R(K? £0)f = w (k) > gy F D (k) f
j=1

N
i +
+ w4 (k) Z Xyt *F k]-"]( )(k;)f.
J=pt1
The following theorem is a characterization of the solution space of the

Helmholtz equation, and is proved in the same way as in [24], Chap. 2,
Theorem 7.8.
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Theorem 3.11. If k? € (0,00) \ 0,,(H), we have
FE(k)B = hx,
{ueB*; (H—-k)u=0} = FH(k)h.

3.6. S matrix. We derive an asymptotic expansion of solutions to the
Helmholtz equation. Let V; be the differential operator defined by

Vi= [Hfree(€)7XZ]_X€‘7€ (1 §£§N),
where V; is defined by (3.44). We put
—2ik —2ik
N —Aor
(3.54) Jj(k) = Z (TJ) Pjm = <TJ) P,
)‘j,m7$0

where Ay, is the Laplace-Beltami operator on M; and Pj+ is the projection
onto the subspace on which —Ajy;, > 0. For 1 < 5, < N, we define

S;e(k) € hy; hy by

(3.55) .
™ * _ * )
- =5k (V) (f(re)e ¢ (k‘)> , 1<j<yp,
Sao(k) k free(f)
3t B i * _ * )
6T () + ZF DR (VD) (Froep®) s n+ 1< <N,
We define an operator-valued N x N matrix S (k) by
(3.56) Sk = (k)
J jl:l’

and call it S-matriz. This is a bounded operator on h,.

Theorem 3.12. (1) For any u € B* satisfying (H — k*)u = 0, there eists
a unique P& = (zbgi), e ,1/)](3[)) € hy, such that

o N
U~ w(_c)(k:) Z iyt 2k 7!)](-_) +w_(k) Z Xyt /2T ¢](—)

Jj=1 J=p+1
lLL . N .
—wlP(k) > xy R —wi (k) Y gyt
j=1 Jj=p+1

(2) For any =) € hy,, there exists a unique *) € hy, and u € B*
satisfying (H — k?)u = 0, for which the expansion (1) holds. Moreover

o = Sk,
(3) S(k) is unitary on he.
For the proof, see [24], Chap. 3, Theorems 3.14, 3.15, 3.16.
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3.7. Helgason’s theorem. Before closing this section, we give some re-
marks on Theorems 3.11 and 3.12. As the most fundamental example of
hyperbolic space, let us consider the Poincaré disc D in C. As is well-known,
the Poisson integral

27 _ Z2 S
(3.57) u(z) = (%) £(6)d8,

~or 0 et — 2|2

f(0) being a function on the boundary dD = S', gives a solution to the
Helmholtz equation in D:

(3.58) (—Ay—E)u=0, E=4s(s—1).

Our solution space B*, which is associated with the case in which the bound-
ary space is L?(S1), has the following feature: Regarding the decay at infin-
ity, which corresponds to the boundary 9D = S!, of solutions for (3.58), B*
is the smallest space. In fact, by [24], Chap. 3, Theorem 3.6, if a solution
u of the equation (3.58) has a faster decay rate than B* at regular infinity,
u vanishes identically. The largest solution space for (3.58) was given by
Helgason. In [21], he proved that all solutions of the Helmholtz equation
is written by (3.57), where f(f) is Sato’s hyperfunction on the boundary.
This result was extended to real hyperbolic spaces by [45] and to general
symmetric spaces of rank 1 by [33].

Remark 2. Let A(S') be the space of functions on S! having analytic con-
tinuations in a neighborhood of S'. By the correspondence

(3.59) ¢ = (Ca)pez = fe = Z cne™,
nez
A(S') is identified with the set of sequences

c: dp>1 st Z len| ! < oo
neZz

The dual space of A(S'), the space of Sato’s hyperfunctions on S, is iden-
tified with the set of sequences
d=(dn)pez: 0<Vp<l, sup |d,|p™ < o0
neZ

Although B* is the smallest solution space, it has sufficiently many so-
lutions if one of the ends is regular. In fact, one can determine the whole
manifold from the knowledge of a component of the S-matrix associated
with regular end, see [24]. It is not the case for the cusp due to the fact that
the cusp gives rise only to the 1-dimensional contribution to the continuous
spectrum. This requires us to generalize the notion of the S-matrix.

4. GENERALIZED S-MATRIX

4.1. Exponentially growing solutions. In order to enlarge the solution
space of the Helmholtz equation, we enlarge the associated space at infinity.
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Definition 4.1. We introduce the sequential spaces [>T by

12° 35 a = (ap)nez < Vp > 1, Z |an 2o < o0,
nez

P 5b=(bpnez < Tp>1, Y _|ba’p " < 0.
neZz

By the correspondence (3.59), 1> is identified with the space of functions
on S! having analytic continuations on C\ {0}, moreover

12 c A(SY), A(SY) ciFm.
Let 0 # k € R. Suppose u(z,y) € C°(R x (1,00)) is 27r-periodic in z,
u(x,y) = u(z + 27r,y), and satisfies there the equation

(4.1) —2 (82 + 0%)u — iu — K2y,

Expanding u into the Fourier series

1 .
_ inx/r
o) = = 3 )

we have
2 2 n? 1 2
Y ( — 0, + p)un(y) = ) = Kunly), y>1.

Then v, is written as
» | any"?L(Inly/r) + bay P Ki(Inly/r),  (n #0),
(42)  un(y) = 1/2—ik 1/2+ik _
ao y +boy ; (n=0).
Let us note that K_,(2) = K, (2).

Lemma 4.2. Given u(z,y) € C®(R x (1,00)), which is 2nr—periodic in
x and satisfies (4.1), let a = (ap)nez, b = (bn)nez be defined by (4.2). If
ac >, thenb €[>,

Proof. Recall the asymptotic expansion of the modified Bessel functions
(3.11), (3.12). Since a € 1>, we have |an|2‘l_ik(|n|y/r)‘2 < oo for any
y > 1. By Parseval’s formula,

y_l”u('7y)”2L2(0,27rr)
2 _ .
= anI_ix(Inly/r) + buKir(Inly/r)|” + laoy ™" + boy™|*.
n#0
We then have 3, g ]bn\2‘Klk(\n\y/r)‘2 <00,y >1,hence b€ (»7>°. [
We introduce the spaces of generalized scattering data at infinity :
o N
(4.3) Ai = <@ z2¢°°> o ( 5 L2(Mj)> ,
j=1 j=pt1

M being S™ with metric ds? = (dz)?, = € [0, 27r;).
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We use the following notation. For

(44) TZ)(m) = (aly"' 7au7¢fj_t)17"' ; E\an)) € Aoo7
(45) w(out) = (b17 e ,wauo.ﬁf [ ](\?Ut)) S A_oo7
we let

' ajoy P 1D ajn ™Y P g(Inly/ry), 1<5 < p
(4.6) u" = n£0
w- (k) y TR (@), 1< <N,

bioy P+ by €Ty PR (Inly/ry), 1< 5 <p
47 u = n=£0
wi (k) y' PR (1), p+1<j<N.

Here aj,b;, are the n-th components of a; € l2’°°,bj €137 Let (, )i
be the inner product of L?(S"7) :

o= [ saa

Lemma 4.3. Let k > 0 be such that k* & o,(H), Pln) | ug_m) as i (4.4),

(4.6), and ulm) = Zjvzl Xjug-m). Then, there exists a unique solution u such
that

(4.8) (H—-E)u=0, u—u"™ is outgoing,
i.e. u—ul™ belongs to B* on M, and satisfies (3.42). For this u, there
exists ) = (by, - - u,wgﬁ o ,wg\?m)) € A_ such that
(J)forj_17"'7u7
(4.9) u= ugm) — ug-out), in M; N (supp xo)©,
(Q)fO’f'] :/L_‘_l) 7N}
(4.10) u— u;m) ~ —u§out), in M,.
Explicitly, b; and 1/1](-()“” are given by

1 TIPS dy
4.11 big = —— 1/2—ik 7 —
(1.11) 0= sz, W g

dy

4.12 bin = Y21 i (Inly/d;) fin , 0,
412 = [Tl ) B0
(4.13) P = FP ), p+1<j<N,
where

414)  f=(H=FW™, f = Gf + [Hpree(s) G R +00) f,
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N 1 inx/r;
(4.15) fim = 774]_<fj76 /]>j-

Proof. The uniqueness follows from Theorem 3.8. To show the existence,
we represent

(4.16) u=u™ — R(K? +10)f.

Then the condition (4.8) is satisfied by Theorem 3.8. By Theorem 3.10, we
have

o N
R(+i0)f =~ o (k) 3" gy EF R f+wr (k) S gy RFED (k) S,
Jj=1 Jj=p+1

which proves (4.10) and (4.13).
For j =1,--+ ,p, let Hppee(j) = —y2A —1/4 on S" x (0,00), and put
Rfree(j)(z) = (Hfree(j) - Z)_l
Since
(Hfree(j) - )‘)XJR(/\ + ZO) =Xjt [Hfree(j)7 XJ]R()‘ + ZO)?

we have
(4.17)
X]R()‘ +10) = Rfree(j) (A £ ZO)X] + Rfree(j)()‘ + Z‘())[];If?“ee(j)a X]]R()‘ =+ 10).

Note that on M;, f = [H, Xj]ug_), and [H,x;| is a Ist-order differential
operator with coefficients which are compactly supported in M;. Therefore,
fj is compactly supported, in particular f; =0 on M; N (supp xo), and, by
(4.14),

(4.18) X R(E? +10) f = Rpree() (K* + 10) f;.

By (3.20), (3.21), (3.26), and taking account of (3.29), we have for large
y>0,

(4.19)
1 2 . nx/r;
774]_<Rfree(j) (k + ZO)fj, € J>j
1/2 > N2 / N dy
v/ K _ik(Inly/d;) ; W) ik (Inly' /dj) fin(y )W’ n #0,
RIS /OO Nj2—ik oo Y B
2lk‘y 0 (y) f],O(y)(y/)27 n=>0
Using K_;;(z) = K;;(2), and noting that
. inx/rj inx/rj
. (zn) _ R _ k2 0) £, e e
U=y En:< free(j)(K” +i0) f5, \/m>] \/m’

we prove (1). O
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Given ug-m), j=1,---,u, one can compute b;,, by observing the asymp-

totic behavior of u — u(™ in a neighborhood of the cusp. With this in mind,
we make the following definition.

Definition 4.4. We call the operator
S(k) : Ao 2 ™ — o) ¢ A_
the generalized S-matrix.

4.2. Splitting the manifold. We take a compact submanifold, I' C M, of
codimension 1, and split M into 2 parts, Mgz and M., in the following
way:

M = Memt U Minta Mewt N Mint =T.

Here Mgzt \ T' and My, \ T' are assumed to be open submanifolds of M
with boundary T" inheriting the Riemannian structure of M. Assume also
that M., is non-compact, has infinity common to M7 and no other infinity.
Recall that the end M; has a cusp. We also assume that Mg, is in the
interior of M ,;.

Let —A, be the Laplace-Beltrami operator on M, Hc; and Hj, be
—Ay —1/4 defined on My, Mip; with Neumann boundary condition on
I, respectively. If M has only one end (i.e. N = 1), M;,; is a compact
manifold, and H;,; has a discrete spectrum. If N > 2, both of M;,; and
Mzt are non-compact, and, although now OMz = OM =T # 0, the
theorems in §3 and §4 also hold for H..¢, H;n:. We denote the inner product
of L(T") by

(o) = /F fgdl.

We put
n,free = nx/r
ey 21 (Inly /1), n#0,
In = (H - k2)xl¢n,free = [Hfree(l)a X1]¢n,freey
(420) ¢’£L+) = X1¢n,free - R(k2 + ZO)gn

Lemma 4.5. We take ' =Tg = {y = yo} C M1, yo > 2. Let k > 0 and
k? & op(H) Nop(Hint). Let f € L2(Ty) satisfy

(4.21) (f, 0,05, =0 Vn € Z,
where v is the unit normal to I'g, 0, = 0. Then f = 0.

Proof. Note that I'y is naturally identified with S™. We define an operator
dt, € B(H'/2(T'o); H2(M)) by

(4.22) (60, v,w) = (v, dw)ry, Yo € HV*(Ty), Ywe HX (M),
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and define u = R(k? — i0)dr, f by duality, i.e. for w € L>%, 5> 1/2,
(R(k* = i0)0p, fw) = (0f, f, R(K* +i0)w)
= {f,0,R(k* +i0)w)r,

Note that (H — k*)u = dp,f in the sense of distribution, hence, in the
classical sense,

(4.23) (H—k)u=0 M\T\.
Considering Hfree(l) on M X (1, OO), we have
(4.24)
Rfree(l)(k 51"0f = Z Ap( mw/m, fo = (f, einw/ﬁ)l.

Here, taking account of (3.29), for n # 0,
/
(v KieUnly/r)) | _ o Lalnly/r). v < w
=Yo

(425)  Auw)=9 L
(2 smlu/r)) | _ o Kaalnly/r). v > w.

and, for n = 0,

e\ 1/2+ik
(y1/2 ”“) yo PRy <,

(4.26) Ao(y) =

e\ 1/2—ik
(y1/2+zk) yo/ k> .

By (4.17), (4.20) and (4.22), when y > yo and n # 0, u = R(k* — i0)dp, f
satisfies

27TT‘1<U(',Z/)aeim/rl>1

o) 27Tr1 )
=9 2 Ka(nlyra) [ [ e ) Pl )
dxdy’
X {Xl + [Hfree(1)7X1]R }51"f )

= y1/2Kik(’n’y/Tl) (5{"](.7 {Xl - R K’ + Z())[];Ifree(l)7Xl } ¢n,free)

=y P Kir(Inly/r){f,0,¢5)r, = 0.
Similarly, one can show that, for large y,

(u(-,y), 1>1 =0.

Therefore, u = 0 when y is large enough. Since (H — k*)u = 0 in My,

the unique continuation theorem imply that v = 0 in M. Let £(y) €
C§°(1,00) have value 1 in a neighborhood of y = yy. Then,

R(k* —i0)0p, f — £(Y) Rpree(ry (K — i0)6p, f € C(M).

Thus, using formulas (4.24) ~ (4.26), we see that 0, R(k* — i0)dp, f is con-
tinuous across I'g. Therefore, in My, u satisfies (H;p: — k2)u = 0 and the
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Neumann boundary condition on I'g, hence u = 0 in M,,;. This follows from
the assumption k% ¢ 0p(Hint) when My, is compact, and from Theorem
3.8 when M;,,; is non-compact. We then have © = 0 in M, which implies
5{“0-}0 = 0. Thus, by (4.22), (f,0,w)r, = 0, Vw € H?*(M), which proves
f=0. O

The generalized S-matrix S(k) is an operator-valued N x N matrix. Let
S11(k) beits (1,1) entry. For a € [>*, we put b = Sy;(k)a € 127>, and

o => anel".

nez
Then, (H — k*)® = 0 and by (4.6) and (4.7) it takes the form

P — ugm) . ugout)
In particular, in My,

ui™ = agy! 4 3 ane™ Iy Lty /),
n#0

ugout) — b0y1/2+ik + Z bneim/”y1/2Kik(\n\y/r1).
n#0
Therefore, the knowledge of S11(k) is equivalent to the observation, for any

incoming exponentially growing wave ugm) at the cusp Mji, the correspond-

ing outgoing exponentially decaying wave ugout) at M.

4.3. Gel’fand problem, BSP and N-D map. Before going to proceed,
let us recall the Gel’fand inverse boundary-spectral problem. Let € be a
compact Riemannian manifold with boundary 992, I' C 0f2 be an open sub-
set, and —A, be the associated Laplace-Beltrami operator. Let 0 = A\ <
A2 < --- be its Neumann eigenvalues without counting multiplicities, and
©n1s" " Pnm(n) be the orthonormal system of eigenvectors associated with
the eigenvalue \,,. Let us call the set

{(/\""p”vlh“"” ’@n,m(n)|r)}

the boundary spectral data (BSD). The problem raised by Gel’fand is :
Do BSD determine the Riemannian manifold Q? This problem was solved
by Belishev-Kurylev [4] using the boundary control method (BC-method)
first proposed by Belishev [3] for inverse problems in Euclidean domains.
Later, the method has been developed to study inverse problems on com-
pact Riemannian manifolds, [2, 35, 29, 37, 32, 36, 34, 39] and non-compact
manifolds [5, 25]. The BC-method combines the control theory obtained
from unique continuation results [50, 51] with Blagovestchenskii’s identity
that gives the inner product of the solutions of the wave equation in terms
of the boundary data. This identity was originally used in the study of
one-dimensional inverse problems, see [6, 7].

o

n=1
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Although it is formulated in terms of BSD, what is actually used in the
BC-method is the boundary spectral projection (BSP) defined by

m(n)

(4.27) {0 Y 0ni@2ns @ perr)
j=1

n:l.

This appears in the kernel of the Neumann to Dirichlet map (N-D map)
(4.28) Az): f = u,

where u is the solution to the Neumann problem

{ (—A;—2)u=0 in 9,

(4.29) Oy = f € HV2(D),

v being the outer unit normal to I', z € o(—A,). The N-D map is related
to the resolvent (—A, — 2)~! in the following way :

(4.30) A(Z) = 05 (—Ay — 2)7Yor, z2da(—A,).
Here or € B ((HY2(T'))'; (H'(R2))") is the adjoint of the trace operator,
e HY(Q) 5w — w‘r e HY2(I),

(431) (5Ff7 w)LQ(Q) = (fv Tl—‘w)LQ(F)v S H_l/z(r)7 w e Hl(Q)v

and we denote by (H®) the dual to H® with respect to the L?—pairing.
More precisely, we have

Lemma 4.6. To give BSP is equivalent to give the N-D map A(z) for all
z & o(—4y).

We refer for analogous equivalence results for different kind of boundary
data to [36, 30].

Let Q be non-compact with asymptotically hyperbolic ends of the type
discussed in this paper. Let I' C 99 be compact, and consider its shifted
Laplace-Beltrami operator with Neumann boundary condition, H = —A, —
%. It has continuous spectrum o.(H) = [0,00), and, furthermore, H has a
spectral representation F like the one discussed in §3. In this case we define
the BSP to be the collection

(St F (k) F)ors k> 0} U { (67 Padr) |

Here )\, is the eigenvalue of H, P, is the associated eigenprojection and m is
the number of eigenvalues which, in principle could be infinite, see Theorem
3.6. In this case, we extend the N-D map A(z) for z € C\ o(H) by using
the solution u of (4.29). Note that we can extend the definition of A(z) for
z = k?+i0 ¢ 0,(H) by using the outgoing or incoming radiation conditions.
Then Lemma 4.6 also holds in this case. (See [24], Chap. 5, §3 and §4, [25],
Lemma 5.6.)

m

n=1
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Denote by G(z;X,Y), z € C\ o(H), the Schwartz kernel of (H — z)~1.
Since

LR | S |
1=N"_— p, — F(k)*F(k) dk,
2 *f, ErrEw

we have, in view of (4.30), that

1, < 1
o= ; o —0F Padr + /0 = 0r F (k)" F(k)or dk.

(4.32) G(z; -,

Here the left-hand side is understood as the Schwartz kernel of the operator
in the right-hand side of the formula.

4.4. Generalized S-matrix and N-D map. Returning to our problem
concerning 2-dimensional non-compact surfaces with conical singularities,
we take = M, with Tg = {X € M1 : y = o}, yo > 2. We define the
N-D map for M,y by (4.28) and (4.29).

Now suppose we are given two manifolds M@, i = 1,2, satisfying the
assumptions (A-1) ~ (A-4) in §1. Let —A® be the Laplace-Betrami operator
of M@, Assume that M® has N; numbers of ends, and let Sgil) (k) be the
(1,1) entry of the generalized S-matrix for H® = —A®) — %.

Assuming that 7‘(1) = r§2), we can naturally identify ./\/lgl) and M§2)
Taking 'y as above we split M@ into Mgilt u MY

HO _ AW

nt int

ear Dy using I'g.  Let
— 7 be the shifted Laplace-Beltrami operator of M with

int

Neumann boundary condition on I'y, and define the N-D map A®(z) for
o

int*

Lemma 4.7. Let k> 0, k> ¢ o,(HM)Uo,(H@)U ap(H.(l)) (H(2)) If

wnt int

Sﬁ)(k) = Sﬁ)(k‘), we have A (k2 +i0) = A (k2 4 40).

Proof. For i = 1,2, we construct <;s£f) as in (4.20), and put u = (bsll) — ¢$3).
Then u satisfies

(H(i) —k2)u= (_A(i) — k2 _ i)u_o for X € M

With this preparation, we can prove the following lemma.

2
e:ct ng)v ( ) > 27

due to x1 = 1 there, see (3.41). Since S( )(k:) ngl)(k‘) by the same
argument as in the proof of Lemma 4 5 we have u = 0 for X € M
M y(X) > 2. Hence, 8,, = ,,(bn on I'y.

ext?

e:ct -

k2)gy) = 0.

where we again use that y; = 1 near

In M,(np ¢n is the outgoing solutlon of the equation (HZ(:L)t
Hence, 0,6\ |1“ = AW (K +i0)
I'y. This 1mphes

(4.33) AW (K +i0)¢l) | = AP (K +i0)¢D| 1, Vn.

n |F()’

Lemma 4.5 implies that the linear span of {8,,(% !F ;n € Z} is dense in
L*(I'y). Therefore, by (4.33), AM (k2 +i0) = A®) (k2 4 i0). O
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Corollary 4.8. Let (a,b) be an interval such that (a, b)ﬂ(ap(H(l)) Uo,(H®?)) =

0, and assume that Sgll)(k:) = Sﬁ)(k‘) for k% € (a,b). Then AV (2) = A®)(2)

if z ¢ O'(H-(l)) U U(Hi(g). Moreover, BSP’s for Hi(lz and Hl(sz and Green’s

int n

kernels GW (z; X,Y) for (H® — 2)=1, i =1,2, coincide on Ty x T.

Proof. For f € HY/?(Ty), let F € H02(./\/l(i)) satisfy

int
(4.34) aI/F‘h—‘o = [, supp(F) C S™ x [2,yo].
Then,
AO@)f =rry (F = (-A0 = 2)7huy (2)) |

where wy(z) = —(Hz(ﬁl)t — z)F is independent of i = 1,2, due to (4.34). Note
that A®)(2)f is analytic, if z ¢ U(H(Z)), and have a limit, A®) (k2 % i0)f,
). Using Lemmas 4.7, 4.6 and (4.32) we

) int
when z — k2 +i0, k* ¢ op(H)
obtain the result. O

int

5. UNIQUENESS OF INVERSE SCATTERING

5.1. Blagovestchenskii’s identity. To prove the uniqueness of the inverse
scattering problem we start with some auxiliary results. Let 2 be a (possibly
non-compact) Riemannian surface with conical singularities (and asymptot-
ically hyperbolic ends) and H = —A, — % be the Hamiltonian corresponding
to Neumann boundary condition on 9€2. We denote by F(k) the Fourier
transform associated to H and by P; the orthogonal projections correspond-
ing to eigenvalues A; of H using the convention that F(k) = 0 when € is
compact. Let T' C 99 be open. Consider the solution u/(X,t) of the initial
boundary value problem

1
Gfu—Agu—Zu:O, in Q xRy,

(5.1) u|t:0 = 8tu‘t:0 =0, in €,
Ou=f, in 02xRy, suppfCI xR;.

Let

sin(v/At)
B\ ={ i [rAF0
t for A = 0.

Lemma 5.1. Assume that we are given the curve I' C 08, the length ele-
ment dl onT" and the BSP of H onT'. Then, for any given f,h € C§°(I'xR)
and t,s > 0, these data uniquely determine

(uf (t),u"(s)) r20) = /Quf(X, t)uh(X,s)dSx
and

(uf (£), 1) 20 = /Q ! (X, 1) dSx.
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Moreover, the hyperbolic N-D map R% f = 'LLf|F><(07T) can be written in
terms of BSP as

REF(1) = /dt’(Z Pl +

(5.2) +/ dk B(t —t, k2)51tf(k)*f(k)5p>f( ).
0
Proof. The solution u/(t) can be written as
ul (X, t) =
t m 00
/ dt’<z B(t —t', A\y) Poor + / dk B(t —t', k2)f(k)*f(k)5p>f( ).
0 0

n=1
Restricting this equation to I', we prove (5.2).
Using the similar decomposition for u”(s), we obtain the following for-
mula:

(5.3) (u! (), u"(s))72 =
t S .
/Odt/o ds/Fle/FdlyK(t—t,s—s,X,Y)f(X,t)h(Y,s).
Here

K(t,s,-,) =Y B(t, An)B(8, \n)6t Pndr
n=1

+ /OO dk B(t,k*)B(s, k*) o1 F (k)* F (k)dr,
0

where the left-hand side is understood as the Schwartz kernel of the operator
in the right-hand side.
Moreover, as J(t) = (uf(t),1)2 satisfies the differential equation

BRI () = (@Fuf (1), 1)z = (Agu (1), 1) = / FY.t)dly

and initial conditions J(0) = 9;J(t)|=o = 0, we see that
)2 = /dly/ dt' B L0 (Y, ).
(]

Above, the formula (5.3) is a generalization of Blagovestchenskii identity
(see [32, Theorem 3.7]) for Riemannian surfaces with conic singularities.

Next we will apply these formulas to compute the area of the domain of
influence

(5.4) QO,T)={X€Q:d,(X,T)<T}, TcCT,

where d,; denotes the distance in €} with respect to g. We denote the area
of Q(I', T') by Sg(I",T)).
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Lemma 5.2. Assume that we are given the curve I', the length element dI
on I and the BSP of H on I'. Then, for any given open set I' C T' and
T > 0, these data uniquely determine Sq(QUT,T)).

Proof. Let w € L*(Q) be a function such that w = 1 in Q(T,T). For
fe 5T x (0,7)), real-valued, we define the quadratic functional
Ir(f) = |/ (- T) = wlFsiq) = lwlliz)-
Since supp (u/ (-, T)) € QT, T), we have
(5.5) Ir(f) = ! (D72 — 20! (1), 1) 12(0)-

Hence, by Lemma 5.1, we can compute I7(f) for any f € C(T x (0,T))
uniquely by using BSP and dl on I'. In the sequel, this is phrased as we can
compute. ~
Now we use again the fact that, for f € C5°(I'x (0,T)), supp (uf (-, T)) C
Q(I',T) so that (5.5) yields that
Ir(f) = |u/(T)- X(f“,T)H%Z(Q) - HX(f,T)H%Z(Qy
where X 7y is the characteristic function of Q(I",T"). Thus,

(5.6)  Ir(f) > —Se(QT,T)), forall feCs(T x(0,T)).
By Tataru’s controllability theorem, see [50] and e.g. [32], there is a sequence

h; € C§°(T x (0,T)), such that

lim " (-, T) = Xo@Er) o L*(Q).

j—o0

For this sequence,

(5.7) lim Ip(h;) = —S,(QT, T)).

J—00

On the other hand, if f; € C§°(T" x (0,T)) is a minimizing sequence for I,
i.e.,

(5:8)  Jim Ir(f;) = mo = inf{Ir(f); f € G5*(I' x (0, 1)},
then, by (5.6) and (5.7),
lim w/i(-,T) = Xo@r) L*(9).

j—o0
Thus, using any sequence (f;) satisfying (5.8), we can compute

Sg(Q(f"T)) = lim (ufj('vT)’ufj("T))L2(Q)'

J—00
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5.2. Reconstruction near I'y. To prove Theorem 1.1 our first aim is to
show that Mﬁle?q and M% are isometric. The proof is based on the proce-
dure of the continuation of Green’s functions, G (z; X,Y), i = 1,2, of the
operators H. Z(:L)t

We are going to prove the uniqueness for the inverse problem step by step
by constructing relatively open subsets M1)-rec MZ% and M@rec <
./\/152, which are isometric and enlarge these sets at each step. In the fol-
lowing, when M@)rec - Mﬁﬁ)g N Mgi)t and M®@)rec < M% N Mgii are
relatively open connected sets and

pree M(l),rec_>M(2),7"ec’

is a diffeomorphism, we say that the triple (M):rec. pM(2hree @ree) is admis-
sible if ®7¢¢ : Mree 5 AM2)ree i an isometry, that is, (87¢¢),g(1) = ¢
and the values of Green’s functions G (z, X,Y) on M®7e¢ gatisfy, for
X, Y € M)ree the relation

(5.9) G (z0™(X),d™(Y)) = GV (2 X,Y), for ze C\R.
First we consider Green’s functions in the set
N =Tq x (272/0] C M.

Lemma 5.3. When N is considered both as a subset /\/l(-l) and M(-2) and

wnt wnt

I: N — N is the identity map, then the triple (N, N, I) is admissible.

Proof. By the assumpton (A-3) and 7’&1) = 7’&2), the map I : (N, g(l)) —
(N, g®) is an isometry. By Corollary 4.8, we know that

GY(zX,Y)=G?(zX,Y), 2eC\Ry, X,Y €Ty

Let z € C\ R. Since Green’s function G®(z; X,Y) satisfies the elliptic
equation,

wnt?

8,GD (z;-,Y)|p, =0,

. 1 . i
(5.10) (A0 = 2 =GO (5 Y) = by, on M

and g(l)(X) =43 (X), for X € N, we can use the principle of unique con-
tinuation with respect to X to show that G (z; X,Y) = G?(z; X,Y) if
X € N,Y eTy. Moreover, as G (z; X,Y) = G@(z;Y, X), Green’s func-
tion satisfies an elliptic equation analogous to (5.10) also in the Y variable.

Thus, using the principle of unique continuation with respect to Y, we see
that GM(2; X,Y) = G (2, X,Y) for X,Y € N and z € C\ R. a
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5.3. Continuation by Green’s functions. To reconstruct subsets of man-
ifolds MZ(-;)t, 1 = 1,2, by continuing Green’s function, we need the the fol-
lowing result telling that the values of Green’s functions identify the points

of the manifold.

Lemma 5.4. Let X1, Xo € Mgfl)t be such that

(5.11) GO (2, X1,Y) = GV (z,X5,Y)

for all Y € Ty and some z € C\ R. Then X1 = X.

Proof. Using the unique continuation principle for the solutions of elliptic
equations as above after (5.10), we see that (5.11) implies that G (2, X1,Y) =
GO (z,X,,Y), for all Y € Mz(;)t \ {Xl,Xg}. As the map Y — G0 (2, X,Y)
is bounded in the compact subsets of M\" \ {X} and tends to infinity as Y’

wnt

approaches X, this proves that X; = Xs. O

Remark 5.5. Lemma 5.4 has the following important consequence: If the
triples (Nl(l), 1(2), ®;) and (Nz(l), 2(2), ®,) are admissible and Nl(l) ﬂNQ(I) +
(), then, by Lemma 5.4, the maps ®;(z) and ®3(x) have to coincide in
Nl(l) N N2(1). Moreover, if N?Ei) = Nl(i) U Nz(i), 1=1,2, and

Oy (z), forze Nl(l),

5.12 ®3(x) =
(5:12) () {(1)2(33), fOl“:L'ENz(l),

then, by Lemma 5.4, the map ®3 : N?El) — Néz) is bijective and hence a
diffeomorphims. This implies that the triple (Nél), 352), ®3) is admissible

The procedure of constructing the isometry between MZ% and ./\/152 con-

sists of extending the admissible triple (M1)ree, Af(2hree @ree) In the first
step, we apply Lemma 5.3 to the triple (N, N, I). In the subsequent steps
we always assume that N ¢ M@)rec,

Let ¢; € M@ree =1 2,

(5.13) "(q1) = g2, d (g, To) > (yo — 2)/2,

where d® denotes the distance on M®). Let R = R(q) > 0 be sufficiently
small so that R < (yo — 2)/4 and the Riemannian normal coordinates,
centered at g;, are well defined in B®(g;,2R), i.e. the ball of the radius
2R with respect to the distance d(?). Assume also that R is so small that
0 = BO)(q;, R) satisfy

(5.14) 0" ¢ Mlreer 1y,

Then ®7¢(OM) = O p@)ree\ 0" are connected and O has smooth
boundary.

Denote Qg) = Mgfl)t\O(i). We put H((gl) =—A0 —tin Qg) endowed with
the Neumann boundary condition:

(5.15) d,v=0 on 00Y,
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v being the unit normal to the boundary. '
Let z € C\ R and consider the Schwartz kernel Gg) (z; X,Y) of the oper-
ator (H, ((QZ) — 2)7L. It satisfies the equation

R | ;
(5.16) <—A0L—Z—Z>Gom@p,Y):5% Y el

ang)(z; . Y)|ryus0m = 0.

Let 00 ¢ M@rec i — 1 2 be relatively compact subsets with smooth
boundaries (which later will be chosen to be the balls described earlier). Let

® : 900 — 90® be a diffeomorphism. Let (58“)‘7:(7;)(k)*f(i)(k)do(i))]{;G]R+
and (Ag))?;'l and (P,Si))gél be the BSP related to operator Hg) on 9000,
it = 1,2. We say that the BSP related to operators H ) on 90M and H 2
on 0@ are ®-related if m; = my and, for all h € C°°(8(9(2)), k > 0, and

j=1,2,...,mq, we have

8o FH (k) FO (k) (2" h)dpn) ) 2" = & (5?9(2)?(2) (k)" F® (k) (hd o) )>,

AY =22 550 P ((27h)op0) )0 = @ (5&2) Pf’(héom))‘

Note that ®* induces a bounded operator : H*(d0®) — H*(0OW), which
is denoted by ®* again.

Lemma 5.6. Let (MM)ree p2)ree oreey pe an admissible triple and O,
i = 1,2 be relatively compact subsets of M@Wree sych that O2) = @rec(OW))
and M(i)”ec\@(l) are connected. Let Gg)(z; X,Y), z € C\R be the Schwartz
kernels of (H((;) —2)~L. Then

(G17)  GY(=X.Y) = G (5 0 (X), 07 (Y)), XY e MO
Moreover, the BSPs related to operators H((Dl) on 90 and Hg) on 8O3
are ®"¢“-related.

Proof. Skipping for a while the superscript (), we start the proof by assum-
ing that we are given G(z; X,Y) for X, Y € M" C M;,,; and z € C\R and
showing that if O is a relatively compact subset with a smooth boundary of
the open set M" such that M™¢\ O is connected, then we can determine
Go(z; X,Y) for X, Y € M\ O and z € C\ R.

To show this, let us denote by Gfgmt(z;X ,Y') some smooth extension of
X — Go(z;X,Y) into O, where Y € M"¢\ O. Then

1
(-8-1-2) 68" V)00 7) = FL.7) € 02 are)
where supp F(-,Y) C O is fixed. Therefore,

c%@xmzchm+/0@xwwwuw&u
O
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In particular, due to boundary condition (5.16), if X € 0O,
(518) By 0z X, Y) + / By Gl X, Y F (Y'Y )dSy = 0,
(@]

where v(X) is the unit normal to O at X. On the other hand, if F'(-,Y) €
C>®(M"™€), supp F(-,Y) C O, satisfies the equation (5.18), then the func-
tion

(5.19) G(z;X,Y)—i-/ G(z; X, YF(Y',Y)dSy:, X,Y € M™\ O,
(@]

is equal to Gp(z; X,Y). As we have in our disposal G(z; X,Y) for X, Y €
M we can verify, for any given function F, if it satisfies the equation
(5.18) or not. As the equation (5.18) has, for every Y € 0O, at least one
solution, this implies that we can find some solution F' for the equation
(5.18) and thus determine the values of Gp(z; X,Y) for X,Y € 00 and
z€ C\R.

Let Go(z; X,Y") be the Schwartz kernel of the operator d}, (Ho—2)"10s0.
We have

S50(Ho — 2) 1 0s0 = / A = 2)7 1650 Fo(\)* Fo(N)daodA
0

+ ) (A — 2) 650 Pudso.

n=1

Using this we see that, for A > 0,

(5.20)  d50F0(N)*Fo(N)dso =
1 . * . \—1 * - \—1
%el—l)%l-i- (530(HO —A—ZE) 58(9 _68(9(];[0 —A‘i‘lg) (530)
and that A, are the poles of the meromorphic function 6}, (Ho — 2) Y0
in C. Its residues satisfy

(5.21) res.—x, 050 (Ho — 2) 050 = =050 Pudso.

Summarizing the above, we have shown the set M"¢¢ with its metric and val-
ues of Green’s function Go(z; X,Y) for X, Y € 0O and z € C\ R determine
the BSP on 90.

As (M(l)’rec, M@)ree, $"¢¢) is admissible, we see that F®) solves equation
(5.18) on MP@rec if and only if F() = (&7¢)* F(2) solves equation (5.18)
on MMree Substituting these solutions in (5.19) and using (5.9) we see
that G (2, X,Y), i = 1,2 satisfy (5.17). Moreover, as the poles of z
Gg) (z; X,Y) in C, that is the eigenvalues of H, coincide for ¢ = 1,2, we
see, using equations (5.20) and (5.21), that BSP related to operators H((g1 )
on 90W and Hg) on 00 are dre related. O
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5.4. BSP for subdomains of M;,,; and recognition of singular points.
When I' € 0™ and s > 0, we denote the domain of influence by

O, s) = {X e oY) dV(X,T) < s}.
where d® now is the distance in Qg).
Theorem 5.7. Let (M(l)’rec,M(2)’rec,<I>Tec) be an admissible triple and
00 = BO(¢;, R) ¢ MOrec i =12, be a ball centered at ¢; and radius R
satisfying (5.13) and (5.14). Denote

(5.22) s (g;) = min(d® (i, M), (0 — 2)/4).
Then s (q1) = 5P (q2). Using the notation s = s (qy), then, for
M(i),rec _ M(i),rec U Qg) (ao(z)j s — R), i = 1’ 2’

there is a map Pree :fé/lv(l)""ecj /K/lv@)fec which is an extension of PT.
Moreover, the triple (M(Dree, pMRhree @reey s admissible.

Note that B®(g;,s) = Qg’(adi), s—R)UB®(g;, R) and that, dV (X,000)) =
dD(X,000) for X € Mrec\ OO)

Proof. Assume opposite to the claim that we would have s(V)(g;) > 5 (go).
Let

(5.23) a=sY(@)—R, b=s5P(p)-R, 0<c<b<a.

Then, by (5.2), the BSP of the operator Hg) on O determines, on O

the hyperbolic N-to-D map RW-T .= Rgo(i) of the Riemannian surface Qg),
i =1,2. This and Lemma 5.6 yield that these maps satisfy

(5.24) (R (h o &79))(X) = (RAT(h))(®"°(X)), X € o0W,

for all h € Cg°(00P) x R,).
Let us deform the surfaces Qg) replacing the metric with a smooth metric
in the (b — ¢)/2—neighborhood of the conic points and replacing the ends of

the manifolds with compact surfaces. We can do this by smoothly pinching
the first end-cylinder, S™ x (3/4yo 4+ 1/2,yo) C My, to a semisphere S2 (r1)

and the parts of the other ends, Mg-z), 4 > 1, which lie outside Qg) (009, q),
also to appropriate semispheres. These give rise to two smooth compact
Riemannian surfaces N i = 1,2, with T .= = ON () = 90@ . Then the
c-neighborhoods of AN in N g , denoted by N (P(Z ¢), are isometric
to Qg)(aO(i), ¢). By the finite Ve1001ty of the wave propagation, which is
equal to one with respect to the underlying metric, the above isometry

implies that the N-to-D map R(a/)\/@) on ON corresponding to manifold
i)

N coincide with the N-to-D map on 90 corresponding to manifold QED
for T < 2¢. Together with (5.24), this implies that the inverse of the N-

(@),T

A called the hyperbolic D-to-N maps, satisfy the equation

to-D maps R,
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similar to (5.24). By [32, Lemma 4.24 and p. 200], the D-to-N maps with
time T < 2¢, determine uniquely the manifolds N (ON®  ¢), implying that
there exists an isometry,

B, : NOOND ) - NOOND o).

Note that, if we identify 001 with O, then the representation of this
map in the boundary normal coordinates, see e.g. [32], is the identity map.

As NO (AN ¢) is isometric to Qg)((?@(i), c¢) and above ¢ < b is arbitrary,
this implies that there is an isometry

(5.25) & : 0l (00W b) —» 0P (00?) b),
By the conditions of Theorem, if ¥’ < b is so small that Qg) (00W) ¥) c
M)ree then
(5.26) B(X) = d7(X), X e0b)(eoM)v).
As Green’s functions G(i)(z,X,Y), i = 1,2, satisfy relation (5.9) for

XY € Qg)((‘)(’)(i),b’), we see, using the unique continuation in X and Y
variables as in the proof of Lemma 5.3, that

(5.27) GO (z0(X),8(Y)) = GV (2 X,Y),
for e C\R, X,V e Ql)(00oW b).
Thus (Qg)(a(’)(l), b), Qg) (00 b), ®) is admissible. Using (5.25), (5.27), it
follows from Remark 5.5 that ®"¢¢ can be extended by ® as ®"¢¢,
(528) irec . M(l),rec N M(2),rec;
M(i),rac _ M(i),rec U Qg) (60(2), b)

Recall that, by our assumption, a > b. Due to (5.13), (5.22), this implies

that M@ N 698) (00®) b) +# (. Next we show that this is not possible.

sing

For Y € 80 we define the boundary-cut-locus distance
Tow (Y) = imf{t > 0; W, () € MY, or dD (1) (1), 000 < 1},

sing
where v € Ty M is the exterior unit normal vector to 0O and ygf),/(t) is
the geodesic on Mfgt
As the mapping (5.25) is an isometry between Qg) (00W b) and Qg) (003 b),
we see that, for all Y € 900,

min(7ya)(Y),b) = min(rye) (2"(Y)), b).

Next, any point p € Qg) (00 b) can be written in the form 7§f)u(t)
where Y € 00 and t < min(7x (Y),b). Moreover, if

(5.29) p¥ € 90 (009 b)\ 00D,
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then d® (p(, 00™) = b and there is
(5.30) YD € 900®  suchthat b < T (v@y,  pl) = 7)(,22) (b).
Let
(5.31) e MB) n90d) (00, b).

By definition (5.22), (5.23), p® satisfies (5.29), (5.30). By the above, there is
a point Y? € 90®) such that p? = 7)(,2()2) ,(b). Let YD) = (@ree)—1 (Y (?)

and consider p(t) = 7}(,1()1) (b). Since Qg)(aO(l),b) and Q(z)(OO@) b) are

isometric, p™) satisfies (5.29), (5.30). Moreover, since a < b, p(!) ¢ Ml
Let

smg

pg) = yy(i)w(b —2), €>0,1=1,2.

For ¢ < b/8, denote by oY = B(Z)(pgz), e) the metric ball in Qg) of
radius €. By using (5.28) and choosmg € > 0 to be small, (’)() satisfy the
conditions of Lemma 5.6 with M instead of MO dree instead of dre

and Oé) instead of O®),
Then, Lemma 5.6 implies that

(5.32) BSP for H" on OW, i =1,2, are ® “I-related.

Here Hg(i) = H ® , 1.e. is the Laplace operator associated with Q(Z mt \

oL, Equation (5.32) together with Lemma 5.2 imply that
SOEOQWBOW r — ) = SP(OQD (00D 1 — ¢))

when r > 0.
Since ®"¢¢ is an isometry, we also have

5(1)(6§1)) = 5(2)(69))_

On the other hand, when £ > 0 is small enough,
SOBO R, ) = 5O©OD) + 5O OO0, <),
Therefore, the above two equations imply that
(5.33) SOBY PN 1)) = SB(BEH D, r)).
Next, we observe that as d(®) (pg),p(i)) < 2¢, we have
BO(p® 1 —2¢) ¢ BOp®) r) c BO (W r+2¢), for r > 2e.
Thus, by the continuity of the area,
SOBY P, r)) = 1lim §9(BY (), r)).
e—0

Together with (5.33), this implies that, for r > 0,
(5:34) SOBY W, ) = SOBEE?, 7))
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Let us now consider the polar coordinates of M) near p() where we note
that, due to d?(OW,Ty) > (yo — 2)/2, we have p{)) ¢ T'g. In these coordi-
nates,

(ds)? = (dr)? + COr? (14 0O(r,0)) (a0)?,
cf. (1.2). It then follows from (5.34), that

) ) . 1 . ) .
@) — 0@ (Y = 1im —— | S@ (B ()
C = O ) = lim — |$D(BO O, r)]
satisfy
(5.35) W) =Cc@E™).

Note that, if p(® € ./\/lg?ng we have C() £ 1 and if p(¥) ./\/ls«ie)g then C® = 1.
As we assume that a = s (q1) — R > b = s (¢g2) — R, we have p!) € Mq(nle?q
and thus C)) = 1. Hence, we also have C® = 1, and thus p? € M7(“2e?g,
contradicting (5.31). This implies that @ < b which is in contradiction with

our assumption that we would have s(V)(q;) > 5(®)(g2). This shows that we
must have

sD(q1) = s (o).
This equation together with (5.28) prove the theorem. 0

Let A be the collection of admissible triples (W(l), w®, ®) such that N C
W i =1,2. We define a partial order on A by setting (W(l), w®, P) <
WO, W d) it W ¢ WO and @ = B|,,0).

Note that, by Remark 5.5, if (WM, W®) &) and (W(l), W(2),5) are
admissible triples, then (W1)en W(2hen Hen) wwhere

Wien — yli) |y,
q)en|w(1) = (1)7 q>en|W(1) = Ei)v

is also an admissible triple.  Therefore, by Zorn’s lemma, there exists a
maximal element (WT(,%), ,(5), o, € A
Lemma 5.8. The mazimal element (Wr(,%), Wg), ®,,) of A satisfies

1) _ 1
(5.36) W = M.

Proof. If the claim is not true, there exists Xél) S Mﬁz] N 8Wr(,%). Let
w([0,1]) be a smooth path from u(0) = Z = (z,y), x € To, y = 2/3 + y0/3
to u(1) = Xél), such that

2
0.0 € M, o (1 x ) =0
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Then dy = dV (u, MY ) > 0. Let ¢ = min (% 2 oy We can cover p([0,1])

sing 2

by a finite number of balls B(l) = B(l)(X(.l) c/2) C Mq(nle?q so that
(5.37) B cwl, BV nry =0, x1), € BY,

where we order them so that Xo( ) e B£ ). Let (’)g ) = B(l)(Xfl),R) be
a small ball such that 0 < R < ¢/2 satisfies (5.13), (5.14), and Ogl) C
W, As d(l)(X(l) MY ) > O, Theorem 5.7 yields that we can extend

sing

the admissible triple (Wr(,%), WT(T%), ®,,) onto

WO =wi ypi(x® o, xP = s, xM).

As Xél) € B(X}l),c), this contradicts the fact that (Wr(,%), Wr(,%),cl)m) is a
maximal element of A, which completes the proof of (5.36). O

Lemma 5.8 proves that there is a diffeomorphism

D Mgy = WD WD = @ (M) € M)

g7
which is a Riemannian isometry. Changing the role of indexes 1 and 2, we
see that there is also a diffeomorphism

O ME W W < ME)
which is a Riemannian isometry. Moreover, using Lemma 5.3 we see that

&Dm and ®,,, coincide with the identity map on I'.
Using (5.9) we see that for all z € C\ R, X € M(e?q and Y € T'y.

GO (2@, (@ (X)), Y) = G (2, X, Y).

By Lemma 5.4, this implies that ®,,(®,,(X)) = X, that is, ®,, 0 ®,, = I on
M&e)g Similarly, we see that <I>m o®,,=1on Mg‘e)g and hence

W = M2, W = MY, and &, = @5
Summarizing, we have shown that there is a diffeomorphism
. 1 1 2
CI)m : (Mge?qhq( )) - (Mg‘e)gag( ))

which is a Riemannian isometry.
Skipping again the superscript () we show next that

(5.38) d(X,Y) =dyeg(X,Y), forany X,Y € M,,

where d,¢4 is the distance on (Mg, g) defined as the infimum of the length
of rectifiable paths connecting X to Y. As M,y C M, we have d(X,Y) <
dreg(X,Y). On the other hand, let X,Y € M,., and consider a rectifiable
path p : [0,/] = M from X to Y, parametrized by the arc-length. As we
consider infimum of the length of paths, we can assume that p is one-to-
one. As Mg,y is discrete, p can intersect it only finite many times. If
p = (to) € Maing, let us consider the coordinates X : U — [0,¢,) x [0, 27]
near p defined in (A-2). Let ¢ > 0 be small enough and ¢_,t, € (0,¢),
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t_ < ty < ty be such that X (u(ty)) = (g,0+). If we then modify the
path p by replacing u([t—,t+]) by a segment on the circle, that is, the path
X~Y(e,J) where J C [0, 7] in the interval connecting _ to 6., the length of
u is increased by O(e). By choosing € small enough and modifying the path
p in the above way in all points where p intersects M4, we see that near
 there is a path in M,.., which length is arbitrarily close to the length of
. This shows that d(X,Y") > dyq(X,Y) proving (5.38).

The identity (5.38) implies that (M, d), considered as a metric space,
is isometric to the completion of the metric space (Mg, dreg). Thus, we
can uniquely extend ®,,, to a metric isometry
(5.39) o (MY Dy 5 (M2 @),

int? int?

Again, taking into account that the number of singular points is finite, we see
that ® maps singular points to singular points. Let us numerate the singular
points on M) and M®) as pl(l) e MW 1 =1,2... L and pl(z) e M3,
1=1,2,...,L so that pl(z) = CIDm(pl(l)).

The map ® defined above satisfies conditions (1)—(3) of Theorem 1.1. We
prove (4) we use the following Lemma:

Lemma 5.9. Let
(5.40) @ : MDY 5 MO

satisfy the conditions (1)—(3) of Theorem 1.1. Then ® satisfies the condition
(4)-

Proof. Let pl(l) e MY

& =) e ME)

sing and €y > 0 be so small

that polar coordinates (A-2) centered at pl(i) are well defined in the ball
B(i)(pl(i) ,0) for i = 1,2. We denote these coordinates by ¢(*) : B(i)(pl(i) ,E0) —
[0,£0) x [0,27). Below, we skip the subindex [.

First, using a point ¢; € ./\/ls«le)g such that p™) is the unique closest singular
point of M) to ¢y, the proof of Theorem 5.7, see (5.35), shows that

(5.41) C1=CcWpM)y=c@p?) =0y :=C.

Let us consider a distance minimizing curve in B® (p(), &y) emanating
from the point p(. We call such curve a radial geodesics and denote it by
7@ (s) where s is the arclength from p(®.

By (1.2) the radial geodesic v = ~()(]0,&¢)) is given in normal coordi-
nates by @ () = {(8,7); § = ap, 0 < r < g0} where o € [0,27) is a
parameter associated to v(?), and we denote below a(?) (v(i)) = .

Since ® is an isometry, it maps any radial geodesic ") emanating from

p) to some radial geodesic v(2) emanating from p(2). When ’y((]i) is the geo-

desic satisfying a(?) (véi)) = 0, the parameter o) (y()) associated to v (s)
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satisfies

) (0 E696), 1)
@) (v} = Jim = » 10
a(y) = lim Cre ;

where ¢% (Y@ (e), 7(();’) (€)) is the arc length of the counter-clockwise ori-
ented path connecting ’y(()z)(s) and ~(g) along the circle S = {X €
MDD dO (X p®) = e}, Let 8 = aM(4M) — a(y?)) € (-2r,27). As @

is an isometry,
(5.42) hV(r.0) = B2 (1,6 + B),

where, for 6 € R, fe [0, 27) satisfies 6 — 9 € 2rZ.
This completes the proof of Lemma 5.9 and Theorem 1.1. O

6. ORBIFOLD ISOMORPHISM FOR I'\H?

We shall prove Theorem 1.3. Let M) = I';\H? and MY

sing

the set of
elliptic singular points in M. We have already constructed a hyperbolic
isometry ® : M®) \Mgig - M@ \./\/lgzlg in §5. Since the hyperbolic

metric is conformal to the Euclidean metric, ® is conformal. As M® is
orientable, we can assume ® : M1 \./\/l(l) — M@ \M(2) to be analytic.

sing sing

Take p(!) € MY and a small disc B (p, €) centered at p!). Since ® maps

sing
pM to p@ = o(pM) Mﬁ%g’ pM is a removable singularity for ®. Hence
@ is analytic also at p). Let (B®(P® ), §®) be the uniformizing covers
of (B(i) (p(i),e),g(i)), i = 1,2. Then ® can be lifted to an analytic map
between the coverings except for the center

& : BOPW o)\ {PD} - BA(PP ¢\ {PP)}.
This implies that P is a removable singularity of <T>, hence ® is analytic
on BO(PWM ).
It follows from (5.42) that p(M) is a singular point of the orbifold if and
only if p® is a singular point. Moreover, the map

0 6+8
=T, —Hﬁ, n=C"Y2
n
extends to the isometry between E(i)(P(i), €), i = 1,2. This completes the
proof of Theorem 1.3. O

By the suitable linear transformation v € SL(2,R), M,(,ll) is mapped to
./\/l,(,z) conformally. Identifying them, we see that ®, constructed above, is
the identity on M,(,ll), hence is equal to the identity on all of M), This
implies that 7'y '\H? = T';\H?, hence yI'\y~! = T'5. Therefore, the
generalized S-matrix determines the conjugate class of geometrically finite
Fuchsian groups.



48 HIROSHI ISOZAKI, YAROSLAV KURYLEV, AND MATTI LASSAS

Remark 6.1. The technique used in this paper can be easily extended to
consider the case when OM = (). In this case we should require, in addition
to (A-1), (A-2), that each end is diffeomorphic to either a cylinder or a
strip (0,4;) x (1,00) with the metric satisfying (A-3), (A-4) where, in the
case of a strip, 0 < z < 4;.
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