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Abstract. In this work, we develop variational formulations of Petrov-Galerkin type for one-
dimensional fractional boundary value problems involving either a Riemann-Liouville or Caputo
derivative of order a € (3/2,2) in the leading term and both convection and potential terms. They
arise in the mathematical modeling of asymmetric super-diffusion processes in heterogeneous media.
The well-posedness of the formulations and sharp regularity pickup of the variational solutions are
established. A novel finite element method is developed, which employs continuous piecewise linear
finite elements and “shifted” fractional powers for the trial and test space, respectively. The new
approach has a number of distinct features: It allows deriving optimal error estimates in both L2(D)
and H!(D) norms; and on a uniform mesh, the stiffness matrix of the leading term is diagonal and
the resulting linear system is well conditioned. Further, in the Riemann-Liouville case, an enriched
FEM is proposed to improve the convergence. Extensive numerical results are presented to verify
the theoretical analysis and robustness of the numerical scheme.
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1. Introduction. In this work, we consider the following one-dimensional frac-
tional boundary value problem (FBVP)

—oDSu+bu' +qu=f in D =(0,1), 1

u(0) =u(l) =0, (11)
where the source term f belongs to L?(D) or a suitable subspace, and oD%u denotes
either the left-sided Riemann-Liouville or Caputo fractional derivative of order o €
(3/2,2) defined in (2.2) below. The choice a € (3/2,2) is to ensure the well-posedness
of problem (1.1) in the space L?(D), and that the solution u lies in H} (D) (see Section
3 for details) so that the H'(D) error estimate makes sense. Throughout, unless
otherwise stated, we assume a convection coefficient b € W>°(D) and a potential
coefficient ¢ € L>°(D). For o = 2, problem (1.1) recovers the canonical steady-state
convection diffusion equation.

The interest in the model (1.1) is motivated by anomalous diffusion in heteroge-
neous media. Often it is used to describe super-diffusion processes, in which the mean
squared variance grows at a rate faster than that in a Gaussian process for normal
diffusion. Microscopically, the fractional derivative describes long-range interactions
among particles and large particle jumps, and the choice of the one-sided derivative
reflects the asymmetry of the transport process [3, 6]. The term bu’ describes con-
vection under external flow field, with a velocity b. The model has found successful
applications in a number of areas, e.g., magnetized plasma and subsurface flow.
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1.1. Review on existing studies. The robust simulation of the model (1.1)
is challenging due to the nonlocality of the fractional derivative and limited solution
regularity. In the time dependent case, the finite difference method (FDM) is pre-
dominant [17, 22, 20, 2]; see also [14] for a finite element method (FEM). Often, the
stability of the schemes and their error estimates were derived by assuming a suffi-
ciently smooth solution. In this work, we focus on the steady-state model (1.1), and
review below the Riemann-Liouville and Caputo derivatives separately.

In the Riemann-Liouville case, Ervin and Roop [8] (see also [9]) gave a first vari-
ational formulation of (1.1) on the space H' / 2(D). The coercivity of the formulation
was shown under suitable conditions on the coefficients b and q. However, in the
presence of the convection term, for av < 3/2, the variational solution generally does
not solve the equation in the L?(Q) sense, due to insufficient solution regularity. A
Galerkin FEM was also proposed, and error estimates were provided by assuming that
the solution is smooth, which remains completely open in the general case, and that
the adjoint problem has full regularity pickup, which generally does not hold.

In the absence of the convection term in (1.1), it was revisited in [13], where
sharp regularity pickup was established for the first time and H®/?(D) and L*(D)
error estimates, directly expressed in terms of the problem data, were provided for the
Galerkin FEM. However, the L?(D) error estimates are suboptimal. Wang and Yang
[23] developed a stable Petrov-Galerkin formulation on the space Hy (D) x H{ (D),
with a variable coefficient inside the fractional derivative. It was numerically realized
in [24], where an L?(D)-error estimate was provided. The problem in [23, 24] does
not involve lower order terms, and its extension to problem (1.1) seems nontrivial.
In [25], Petrov-Galerkin formulations for initial value problems for fractional ODEs
and PDEs with a Riemann-Liouville derivative in time were studied. Chen et al [5]
proposed a spectral method for FBVPs of general order without any lower order term,
which merits exponentially convergence in the L?(D) norm for suitably smooth data.
However, the L?(D) error estimate remains suboptimal [5, Remark 5.2].

One distinct feature of FBVPs with a Riemann-Liouville derivative is that the
solution is usually weakly singular, irrespective of the smoothness of the source term
f. Thus the standard FEM converges slowly. There are several ways to improve the
convergence, e.g., singularity reconstruction [15] and transformation approach [12].

The Caputo case is more delicate, and was scarcely studied. For example, for
a € (1,3/2], the existence of a solution to problem (1.1) with f € L?(D) is unknown.
This is reminiscent of fractional diffusion with a Caputo derivative of order « € (0,1/2)
in time [10]. The only variational formulation for the Caputo case was derived in [13].
The trial space is Hgé/z(D)7 but the test space involves a nonlocal constraint. The
stability and sharp regularity pickup were shown, and a Galerkin FEM was proposed,
with optimal H®/2(D) but suboptimal L?(D) error estimates. Recently, Stynes and
Gracia [21] developed a FDM for (1.1) with a Caputo derivative and a Robin boundary
condition, and derived an L>°(D) rate. See also [11] for a Legendre tau method, where
suboptimal L?(D) error estimates were obtained for a smooth solution.

1.2. Our contributions and the organization of the paper. In this work,
we shall develop proper variational formulations of Petrov-Galerkin type for the model
(1.1), and establish their well-posedness and sharp regularity pickup. For the choice
a € (3/2,2), the variational solution satisfies (1.1) in the L?(D) sense. Further,
we develop a novel FEM. It employs continuous piecewise linear finite elements and
“shifted” fractional powers for the test and trial space, respectively. Note that both
variational formulation and FEM are different from the work [13].
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The new FEM has a number of distinct features. First, the choice of the FEM test
space allows us to derive optimal error estimates in both L?(D) and H'(D) norms
that are directly expressed in terms of the problem data. In particular, this fills an
outstanding gap in the theoretical analysis of FEMs for FBVPs, for which only subop-
timal L?(D) estimates were known. Second, on a uniform mesh, the stiffness matrix
of the leading term is diagonal, and the resulting linear system is well conditioned.
To the best of our knowledge, it is the first FEM with such desirable property.

In the Riemann-Liouville case, we also develop an enriched FEM based on a
singularity reconstruction technique [4, 15] to improve the convergence, by resolving
the solution singularity directly. We also derive optimal error estimates in both H!(D)
and L?(D) norms, thereby improving the results in [15].

The rest of the paper is organized as follows. In Section 2 we recall preliminaries
on fractional calculus. The variational formulations are developed in Section 3, where
the well-posedness and sharp regularity pickup are also studied. The new FEM and
its implementation details are described in Section 4, and optimal convergence rates
are provided. Then we present an enriched FEM for the Riemann-Liouville derivative
in Section 5. Finally, in Section 6, the theoretical analysis is numerically verified by
extensive experiments, including nonsmooth data. Throughout the notation ¢, with
or without a subscript, denotes a generic constant, which may change at different
occurrences, but it is always independent of the mesh size h and the solution wu.

2. Preliminaries on fractional calculus. We first briefly recall some prelimi-
nary facts on fractional calculus. For any v > 0 and f € L?(D) we define the left-sided
Riemann-Liouville fractional integral oI f of order v by

1 X
(L21)e) = 15 [ =07 (o, (21)
() Jo

where TI'(-) is the Gamma function defined by T'(z) = [~ ¢t*~*e~"dt for z > 0. Then,
for any positive real number g8 with n — 1 < 8 < n, n € N, the left-sided Riemann-
Liouville and Caputo derivatives of order 3 of f € H™(D), denoted by §Df f and
§DP f, are respectively defined by [16, 18]

" d"u

dxn(olg’ﬂu) and  §DPu= oIl P (—). (2.2)

R
on U= dan

Analogously we define the right-sided Riemann-Liouville integral ., I7 f by

(1] ><x>=ﬁ / (t— ) () dt

and the right-sided derivatives of order 8 by

d"u

d’n
iDfu = (—1)" T (o) and EDfu = (—1)m ().

az
The following formula for change of integration order is valid [16, pp. 76, Lemma 2.7)

(oIJ9,0) = (v, oI]p) Vi, € L*(D), (2.3)

where (-, -) denotes the L?(D) inner product.
Now we introduce some function spaces. For any 8 > 0, we denote H?(D) to
be the Sobolev space of order 3 on the unit interval D [1], and H?(D) the set of
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functions in H?(D) whose extension by zero to R is in H?(R). Likewise, we define
HY(D) (respectively, H g(D)) to be the set of functions v whose extension by zero,
denoted by 4, is in H?(—o00,1) (respectively, H?(0,00)). Further, for u € ﬁg(D), we
set ||u||ﬁ€(D) := [|@]| 16 (~ 00,1y, and similarly the norm in I?g,(D)

The next theorem collects some useful properties of fractional integral and differ-
ential operators (see [16, pp. 73, Lemma 2.3] [13, Theorems 2.1 and 3.1)).

THEOREM 2.1. The following statements hold.

(a) The integral operators oI2 and mllﬂ satisfy the semigroup property.

(b) The operators ED? and ﬁDf extend continuously to bounded operators from

ﬁf(D) and I}g(D), respectively, to L?(D).
(c) For any s, B >0, the operator oIZ is bounded from I?TE(D) to I?L'BJFS(D), and
17 is bounded from H3,(D) to ﬁ§+S(D).

We shall also need the following two results. The first asserts the equivalence of
the two fractional derivatives on suitable function spaces, and the second gives an
algebraic property of fractional order Sobolev spaces.

LeEmMMA 2.2 ([13], Lemma 4.1). For u € Hi(D) and 8 € (0,1), §DPu =
oI1=P(u!). Similarly, for u € HL(D) and B € (0,1), BDPu = — 1] 7P (/).

LEMMA 2.3 ([13], Lemma 4.6). Let 0 < s < 1,s # 1/2. Then for any u €
H*(D)N L>®(D) and v € H*(D) N L>(D), the product wv is in H*(D).

3. Variational formulation and regularity. Now we develop proper varia-
tional formulations for problem (1.1), and establish their stability and sharp regularity
pickup. We shall discuss the Riemann-Liouville and Caputo derivatives separately.

3.1. Variational formulation in the Riemann-Liouville case. First we con-
sider the case b, ¢ = 0. Then it was shown in [13, Section 3] that for f € L?(D), the
solution w of (1.1) is given by

u=—oIg f+ (oIg (V2" € HE™(D), (3.1)

for any 8 € [2 — a,1/2). Thus for a € (3/2,2), u € H*(D). Further, for ¢ € C3°(D),
by (2.3) and Lemma 2.2, there holds

(©D5u, @) = ((oI2 )", ) = —((oI2™u)',¢")
— _(O-Tg_au/,@l) _ _(ul7mlffagol) _ (ul7 R 371@>.

This motivates us to define a bilinear form a(-,-) : H(D) x H*"}(D) — R by

au, ) = —(u', TDF ). (3:2)
For notational simplicity, we set U = ﬁl(D) and V = f[“‘l(D) below, and denote by
U* etc. the dual space of U etc., and the norms on U etc. by || - ||y etc. Throughout,
we also denote the duality pairing by (-, ).
Now we state our first result regarding the stability of the variational formulation.
LEMMA 3.1. The bilinear form a(-,-) in (3.2) satisfies the inf-sup condition:

sup au, p)

> collullu. (3.3)
eev lellv



Proof. For any fixed u € U, let ¢, =D}~ *u — (D~ *u)(0)(1 — 2)*~!. Clearly,
0u(0) = pu(1) = 0. For B € [2 — a,1/2), the term (1 — z)*"! € HE‘*HB(D).
Meanwhile, by Lemma 2.2 and Theorem 2.1(c), for u € U, there holds

1D ull ro-1.(py = oI5~ o' | ra-1(py < cllullo,
and thus ¢, € V and it is a valid test function. Further,
leullv < e (IEDF = ull gra—1(p)y + el *u(0)[[I(1 = 2)° ™ pra-1(p))

< c(lullo + G u)(0)]) < llully

Since u(0) = u(1) = 0, the identity (v/, ZDf~ (1 — 2)~1) = co(/, 1) = 0 holds, and
we derive the following inf-sup condition:

au, ) _ — (', §DF " pu) e Rpoa=1(__ 10=1y/))
B - l[ulle

sup = col|ullv-

eev llellv leullv

0
For any nonzero ¢ € V, we choose u, = .17 *p — (I3 *¢)(0)(1 — z), which is
nonzero and belongs to U. Then
a(ug, ) = —(ug, TD7 ) = |lugllf; > 0.
It implies that if a(u, @) = 0 for all u € U, then ¢ = 0. This and Lemma 3.1 give the

stability of the variational problem for the case b,q = 0. Namely, given any F' € V*,
there exists a unique solution u € U such that

a(u,p) = (F,p) YoeV.

We now turn to the general case b,q Z 0. The corresponding variational formu-
lation reads: given any F' € V*, find u € U such that

Au, ) = (F,p) Ve eV, (3.4)
where the bilinear form A(:,-) : U x V' — R is defined by

Alu, ) = a(u, @) + (b, ) + (qu, 9).

To study the bilinear form A(:,-), we make the following uniqueness assumption.
ASSUMPTION 3.1. Let the bilinear form A(-,-) : U x V — R satisfy
(a) The problem of finding w € U such that A(u,p) = 0 for all ¢ € V has only
the trivial solution u = 0.
(a*) The problem of finding ¢ € V such that A(u,) = 0 for all w € U has only
the trivial solution ¢ = 0.
THEOREM 3.2. Let b,q € L>®(D) and Assumption 3.1 hold. Then for any F €
V*, there exists a unique solution u € U to problem (3.4).
Proof. In case of b,q = 0, the assertion follows from Lemma 3.1. In general, the
proof is based on Petree-Tartar’s lemma [7, pp. 469, Lemma A.38]. To this end, we
define two operators S € L(U;V*) and T € L(U;V*) by

<SU’7 90> = A(u7 90) and (Tu7 @) = _(bu/v 90) - (qu7 90)7
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respectively. By Assumption 3.1(a), the operator S is injective. The compactness of
the operator T follows from b,q € L°(D) and the compact embedding from L?(D)
into V*. Further, by Lemma 3.1, we deduce that for any u € U

A —(bu', ) —
lully < esup Q2P < oy AD) | o Z(000) = (g, 0)

eev llellv = ev el pev llellv
= c(|[Sullv- + [ Tullv-).
Then by Petree-Tartar’s lemma, the image of the operator S is closed; equivalently,
there exists a constant ¢y > 0 such that

collullu < sup Al ) Yu € U. (3.5)
ecv lellv
This and Assumption 3.1(a*) show that the operator S : U — V* is bijective, i.e.,
there exists a unique solution u € U to problem (3.4). O
THEOREM 3.3. Let b,q € L>®(D) and (F,p) = (f,¢) for some f € L*(D), and
Assumption 3.1 hold. Then there ezists a unique solution u € ﬁlg_1+ﬁ(D) N H(D)
to problem (3.4) for any B € [2 — a,1/2) and it satisfies

Hu”f]g*HB(D) < C||fHL2(D)~ (3.6)

Proof. By Theorem 3.2, we have [|ul| 1 p) < ¢l fl|£2(p)- Then we rewrite (3.4) as
—BDoy = fAvyith f=f—bu —qu. Since b,q € L>°(D) and u € ﬁl(D), bu' + qu €
L?(D), and f € L?(D). Then (3.6) follows from (3.1) and Theorem 2.1(c). O

Next we consider the adjoint problem: for a given F' € U*, find w € V such that

A(p,w) = {p, F) VYpel. (3.7

The inf-sup condition for problem (3.7) with b, ¢ = 0 was shown in [23, Theorem 5.5].
The stability in the case of b € W°°(D) and g € L>°(D) follows from Assumption 3.1
and the argument in the proof of Theorem 3.2. If (¢, F') = (¢, f) for some f € L*(D),
the solution w for b,q = 0 is given by w = — I f + (.12 f)(0)(1 — z)*~!. This implies
we Hy 't (D) with g € [2 - a,1/2).

To rigorously analyze the adjoint problem, we first extend the domain of the
operator ,I7 to the space H= (D), v € (0,1/2), the dual space of H”(D) = HY(D), by
means of duality. Specifically, we define ,I7 on I;T_V(D) by (17 ¢, 1) = (@, ol)1) for
all p € H(D), € L2(D), and for o >y, ,I%p := I 7 I ¢ for all o € H~7(D).
Next we verify the consistency relation for o € (3/2,2)

Bpo I8p = e H(D) with v € (0,1/2).
In fact, for any ¢ € C§°(D), by Theorem 2.1(a) and (2.3), there holds

a ja —a 7O def — _
@Dl A7, ) = <(1112 «Iq W)Hﬂm = <(1112 V;JY@)”,W = <1112 leiy@’wﬂ>
_ def
= (I, oI2Y") =, 0L20") = (@, 9).

Now we show that, for & > v > 0, the operator ,I{* is bounded from ﬁ_”(D) to

Hp77(D). Indeed, by Theorem 2.1(a) and (c), we have

HwI?W”ﬁ;*W(D) F= ||wlix_7xI?<P||F1§*7(D) < clla{¢llz2(p)

=c sup ——— <cll@llg-qp-
ver2(p) 1YLz (o) H=(D)
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Thus the representation w = —,I7" f + (1 f)(0)(1 — x)*~ ! is a solution to (3.7) with
b,g=0and F'=f € H7(D), v € (0,1/2). In sum, we have the following lemma.

LEMMA 3.4. Let F = f € H (D), v € (0,1/2), and b,q = 0. Then w =
— I f + (I8 F)(0)(1 — 2)°~ 1 is a solution of problem (3.7) and for B € [2 — a,1/2)

loll a5y < €llfll -1 oy

Now we can state a regularity result for the adjoint problem (3.7).

THEOREM 3.5. Let b € WH>°(D), ¢ € L¥(D) and (F,¢) = (f,¢) for some
f € L%(D) and Assumption 3.1 hold. Then there exists a unique solution w €
}NIIO%‘_HB(D) N H*Y(D) to problem (3.7) for any B € [2 — o, 1/2) and it satisfies

[wll go-1+5py < el fllL2()-

Proof. By the inf-sup condition, there exists a solution w € H* (D) to (3.7).
Next we rewrite it into a(p, w) = (@, f), with f = f+ (bw)’ — qw, with Hf||ﬁa,2(D) <
c|lflz2(py- By Lemma 3.4, w = —I¢f + (,I¢f)(0)(1 — )*~1. Since a > 3/2, by
Theorem 2.1(c), I{'f € HX"2(D) ¢ Hy "*P(D), for any 8 € [2 — a,1/2). Hence,
the desired estimate holds: ||'LUHFI}<;—1+[3(D) < llfll ga-2(py < el fllzzpy- O

3.2. Variational formulation in the Caputo case. Now we consider the
Caputo case. For b, ¢ = 0, the solution of (1.1) is given by [13, Section 3]

u=—oI{f + (I f)(0)z € H*(D) N H'(D). (3.9)

Recall the defining relation §DYu = ED(u—u/(0)x —u(0)) [16, pp. 91]. Hence, with
u(0) = 0, for any ¢ € HF (D), upon integration by parts, we have

(6D u, ) = (D5 (u — ' (0)z), ) = (u', 5D o) — ' (0)(§D5 2., ).

Since u/(0) does not make sense on the space H(D), we choose the test function ¢
such that (§D%z, ) = 0, ie., (2'17%, ¢) = 0. Hence, we let W = {p € Ha (D) :
(p,2'7%) = 0}, and introduce a bilinear form a(-,-) : U x W — R by

a(u, ¢) = —(u', 5D{ ). (3.10)
The only difference from the Riemann-Liouville case lies in the test space W: in the
Caputo case, it involves an integral constraint (¢, z!=%) = 0.
The following lemma gives the stability of the bilinear form.
LEMMA 3.6. The bilinear form a(-,-) in (3.10) satisfies

alu, )
pew llellw

Z C()HUHU. (3.11)

Proof. For a fixed u € HY(D), let ¢, = —I¢ 7"/ + ¢ (1 — )1, where ¢; is
chosen such that (@, z'=%) = 0, i.e., ¢; = —(EDZ ™ %u, 2 =) /(1 —2)*~ 1, 2'~*). Since
w' € L*(D) and (1 —z)*' € Hy ""P(D) with 8 € [2 — o, 1/2), by Theorem 2.1(c),
we have p,, € W. Further, by Theorem 2.1,

leullw < elllels ™ o lga-1(py + ol || L (p)) < ellull-
7



The desired assertion follows from the argument in the proof of Lemma 3.1. O
For any ¢ # 0 € W, let u, = ,I; “p. Since ¢ € W, (.I7 *p)(0) = 0, and
obviously u,(1) = 0, we deduce u, € U. Further,

alug, ) = —(ug, TD 1) = [5DF " el iap) = lllly > 0. (3.12)

Hence if a(u,¢) = 0 for all uw € U, then ¢ = 0. This and Lemma 3.6 imply the
variational stability. In the case b, ¢ # 0, the variational formulation reads: given any
F ¢ W=, find u € U such that

Au, ) = (F,p) VoW, (3.13)
where the bilinear form A(-,-) : U x W — R is given by

A(ua 50) = CL(’LL, 90) + (bu/v QD) + (qu, (P)-

To analyze problem (3.13), we assume the unique solvability.
ASSUMPTION 3.2. Let the bilinear form A(-,-) : U x W — R satisfy
(a) The problem of finding w € U such that A(u,p) =0 for all ¢ € W has only
the trivial solution u = 0.
(a*) The problem of finding ¢ € W such that A(u,p) = 0 for all u € U has only
the trivial solution ¢ = 0.
Under Assumption 3.2, we have the following existence result. The proof is iden-
tical to that of Theorem 3.2 and hence omitted.
THEOREM 3.7. Let Assumption 3.2 hold and b,q € L>(D). Then for any F €
W*, there exists a unique solution u € U to (3.13).
THEOREM 3.8. Let Assumption 3.2 hold and s € [0,1/2). If (F,v) = (f,v) for
some f € H*(D), and b,q € L (D) N H?(D), then the solution v € U of (3.13) is in
Hets(D) N HY(D) and further it satisfies

lull o= oy < el fllae (D)

Proof. We show the regularity, by rewriting (3.13) as — §D%u = f, with f =
f —bu' — qu. By Lemma 2.3, bu/ € L2(D) and qu € H*(D), and thus f € L2(D).
By (3.9), u € H*(D) N H*(D), and by Lemma 2.3, bu’ and qu € H*(D), and thus
feH:* (D). The assertion follows, by appealing again to Theorem 2.1 and (3.9). O

REMARK 3.1. In the Riemann-Liouville case, the solution is limited to H*~'*P(D),
B € [2 — «,1/2), irrespective of the smoothness of f, whereas in the Caputo case, it
can be made smoother, by imposing suitable smoothness on q, b and f.

Now we consider the adjoint problem: given any F' € U*, find w € W such that

Alp,w) = {(p, F) VYpeU. (3.14)

The next result gives the well-posedness of the adjoint problem.

THEOREM 3.9. Let Assumption 5.2 hold, b € W1>°(D) and q € L>°(D). Then
for any F € U*, there exists a unique solution w € W to (3.14).

Proof. First consider the case b,q = 0. For any w € W, mflzfo‘w € U, and thus
Theorem 2.1(a) yields

W= —Glw) =~ LI ) = = I G ) = I D .
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Hence by Theorem 2.1(c), for w € W, there holds
lwliw = ll17 75D wllw < elfDF wllp2 (o). (3.15)

Next, with u,, = ,I{ *w € U and by Theorem 2.1(c), ||uy|lv = D wl|p2(py <
¢||lw||w. Then the inf-sup condition in case of b, ¢ = 0 follows from (3.12) and (3.15)

a(u, w) _ a(ty,w)

sup

el Z Co||w W - 3.16
S Talo = Juwllo | (3.16)

Moreover, if u € U and a(u,w) = 0 for all w € W, then v = 0 by (3.11). This and
(3.16) indicate that problem (3.14) has a unique solution w € W. The well-posedness
for b, ¢ # 0 follows by repeating the argument for Theorem 3.2. O

Next we derive the regularity pickup for problem (3.14). If (o, F) = (¢, f) for
some f € L?(D), the strong form of the problem reads

D — (bw)’ + qu = f, (3.17)
with w(1) = 0 and (w,z!~®) = 0. For b,q = 0, the solution w is given by
w=—,I¥f +cp(1—2)* Y with ¢f = (I{f, 287 /(1 — 2)* a9,

The constant ¢; can be bounded by |cp| < ¢|(I{ f, 2'~*)| < ¢||f||2(p)- Hence w €
f[g_HB(D) with 8 € [2 — «a,1/2). The general case can be analyzed analogously to
Theorem 3.5, and then we have the following regularity result.

THEOREM 3.10. Let Assumption 3.2 hold, and b € W>°(D), q € L>=(D). Then
with (p, F) = (¢, f) for some f € L*(D), the solution w to problem (3.14) is in
H*"Y(D)n ﬁ§71+B(D) for any B € [2 — a,1/2) and further it satisfies

||wHHg*1+ﬁ(D) < cllfllz>(py-

REMARK 3.2. The adjoint problem for both derivatives is of Riemann-Liouville
type, but with different constraints: the Riemann-Liouville case involves w(0) = 0,
whereas the Caputo case (w,z'1~%) = 0. Hence, their reqularity pickup is identical.

4. Finite element approximation. Now we apply the variational formulations
to the numerical approximation of problem (1.1). We shall develop novel FEMs using
continuous piecewise linear finite elements and “shifted” fractional powers (z; — x)j“__l
for the trial and test space, respectively, analyze their stability, and derive optimal

error estimates for the approximation in the L?(D) and H'(D) norms.

4.1. Finite element spaces and their approximation properties. First we
introduce the finite element spaces based on a uniform partition of the domain D,
with nodes 0 = zp < 7 < ... < z,, = 1 and a mesh size h = 1/m. We then define
U}, to be the set of functions in U which are linear when restricted to the subintervals
[l‘i,l‘i+1], 1= 0, e, — 1, i.e.,

Up=A{bn €U: tp=ar+b, x¢lr,zinl}.
To define the test spaces, we first introduce “shifted” fractional powers

(i —x)*t w <y | a1 :
wi(x) = { 0 s [T (i — )" X, (@), 1=1,2,...,m,
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where ys denotes the characteristic function of a set S. The basis functions ¢;(x)
can be written as ¢;(z) = I'() oI~ X[0,5,) (%), i.e., the fractional derivative ZD{* 1o,

is piecewise constant. Clearly, ¢; € flg_l"’ﬁ(D) for any 8 € [2 — a,1/2). Then we
define the following finite-dimensional subspaces V;, C V and W, C W

Vi =span{p;}12, NV and W =span{p;}ir; NW,

as the test space for the Riemann-Liouville and Caputo derivative, respectively.
Next we introduce two operators Py : L?(D) — L*(D) and Py : L?*(D) — L?*(D),
respectively, by: for any ¢ € L?(D),

Py =1 —T(a) (I ')(0) and Pwyp = — (I{ 9,21 7*)/T(2 - a).

LEMMA 4.1. The operators Py and Py are bounded. Further, for ¢ € ﬁl(D),

PyEDY Y = D1, and for p € W0 HE(D), PuiDP " = BDp—y.
Proof. Let § = a — 1. For any ¢ € L?(D), the boundedness of Py follows from

1Pyl 2oy < 1%l L2 (o) + el L) (O)] < ellv]l L2 (o),

The boundedness of Py is similar. For ¢ € H*(D), with oy =EDJ+p, by Lemma 2.2
and Theorem 2.1(a), [{@y = —o I3 (I} 0%) = —(.I}9) = 1, and thus (,[{py)(0) =
0, which yields Py py = ¢y —T(0+1)(:I2¢4)(0) = ¢y Likewise, for ¢ € Wﬁﬁ}z(D),
(eI py, 27%) = (1,27%) = 0, which gives directly Py ¢, = ¢y. O

Now we can state important approximation properties of these spaces.

LEMMA 4.2. Let the mesh be quasi-uniform and 1 <y <2, and § = a —1 €
(1/2,1). Ifu € HY(D)N HY(D), then

inf ||u— < ch" Yu .
,uf v —Ynllv < llwll 7 (D)

Further, if u € Hj(D) NV, then

inf . < hmin(l,'y—(S) .
ot lu—vnllv <e llwll 7 (D)

Similarly, if u € H}(D) W, then

. f _ < hmin(l,’y—é) .
inf lu = nllw < c 1wl 7~ Dy

Proof. Let IIu € Uy, be the standard Lagrange interpolant of v € H'(D) so that

inf |ju— < u —puly.
Jnf =l < o~ Ml
The first estimate follows from the approximation property of the interpolant Il,u
[7, Corollary 1.109, pp. 61]. Next we consider the space V3. For u € H}(D), by
Theorem 2.1(c), we have

||(:1:I%75U)/||1§§*5(D) < CHasliiéuHﬁyl*f‘(D) < CH“”EI%(D)- (4.1)

Hence ¢, := — (.11 °u)’ = ED{u belongs to ﬁ%_é(D). On the space L?(D), we define
a projection operator Iy : L2(D) — L?(D) by (with h; = x;.1 — ;)

1

Hotp(x) = T /Ii+1 P(s)ds =€ (x;, Tiq1] (4.2)

i
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By the definitions of IIy and Py, ,I9(PyIlgtp) € Vj, for any ¢ € L?(D). Then using
(4.1), the property of Iy and Lemma 4.1, we deduce

e =l < D0 ISP Tlog))scoy =l — PoTlogullisco)
= 1Py (u — Howu)llz2(p) < cllouw — Howullrz(p)

S chmin(ly"/—(s)||@u||H7,5(D) S Chmin(l7’y_6)||u”ﬁ%(D)'

Last, by the definitions of Iy and Py, .19 (PwIlyy) € Wy, for any ¢ € L?(D). Now
the L2(D) stability of Py and the identity Py ¢, = ¢, from Lemma 4.1 yield

whig‘ﬁvh lu = nllw < 1IEDY (u = oIY (PwTlowu)) 22 (py = |Pw (9u — Towu)ll 120y

< el ~ Topullzzo) < ™7 ul 7, .

4.2. Error estimates in the Riemann-Liouville case. Here the finite ele-
ment problem is: given any F € V*, find u, € Uy such that

A(uhv (Ph) = <F7 Soh> VﬂPh S Vh~ (43)

In Theorem 4.7 we shall establish optimal error estimates for the approximation wuy,
for (F,v) = (f,v) with f € L?(D), using several technical lemmas.

A first lemma shows the stability of problem (4.3) when b,¢q = 0.

LEMMA 4.3. For the bilinear form a(-,-) in (3.2), there holds

. a(¢h7 @h)
sup ——————~

> cl|Ynllv Vi € U, (4.4)
Ph€EVR H(Ph”V

and the finite element problem: Find uy € Uy such that

a(unspn) = (fin) Von € Vi, (4.5)

has a unique solution.
Proof. For any vy, € Uy, let ¢, = —,;If_l(PVw;L). By Theorem 2.1, ¢, € V3, and

a(qz[}ha@h) = - (1/’;17 R 104_1 (711?_1(PV¢);L))) = (1/’;1713\/@/1;7)
= (¥, h) = D(@) L7~ 43) (0) (v, 1) = [l -
Further, by Lemma 4.1 and ¢, (0) = 0, there holds
lenllv = I (Prii)llv < el Prdp iz < cllnllo

Thus the condition (4.4) holds. Since the stiffness matrix is square, the existence
follows from uniqueness, which is a direct consequence of (4.4), and thus problem
(4.5) has a unique solution uy € Up. O

Next, we introduce the (adjoint) Ritz projection Ry, : V' — V}, defined by

a(Vn, Brp) = a(¥n, )  Vibp € Up.
LEMMA 4.4. The operator Ry, is well-defined and satisfies for any g € (2—a,1/2)

IRrellv < clellv,

o = Ruellzz(py < ch® > lolv.
11
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Proof. For any o, € Vi, let by, = 17 “on — (oI “0r)(0)(1 — z). Then ¢5,(0) =
(1) =0, and ¥}, = D Lo, + (I3 %pr)(0), i.e., ¥y, is the primitive of a piecewise
constant function, hence ¢y, € Uy. Since EDZ~ %y, = o — (I %0p) (0)(EDZ~* (1 —1))
and ¢, (0) = 0, we deduce D™y, (0) = co( 12~ %p1)(0), with co = —(EDZ™(1 —
2))(0) # 0. Thus the following bound holds

|17~ %0n)(0)] < D *9n (0)] = c| (7~ ) (0)] < cllnllu,

which directly yields

lenllv = 15D onllrzpy < ¢ (1WnllL2py + el (If~*0n)(0)]) < clltnllo.

This and the identity a(vn, prn) = ||[¢n || give the following discrete inf-sup condition

sup a(/lz[}ha Qoh)

— i > cllenllv Yon € Vi,
Y €UR Hwh”U

which shows that Ry, is well-defined. Then the H*~!(D)-stability of R, follows:

a haRh a\Ph,
IBnglly < sup “Wm o) _ o albng) o

Yr€UR ”whHU Yr€UR Hwh”U
Next let g be the solution to (3.4) with F' = p—Rj,¢. By Theorem 3.3, HQHFIT”’B(D) <
cllo — Ruellz2(py, B € (2—a,1/2). Then Galerkin orthogonality, and Lemma 4.2 give

lp = Rupll72(p) = alg, ¢ — Rup) < ¢ inf |lg —vnllulle — Rupllv
Y €UR
< ch® Pl — Ryl 2yl ellv-

0

The next result gives the stability for the discrete variational formulation in the
general case, using a kickback technique [19, 13].

LEMMA 4.5. Let Assumption 3.1 hold, f € L*(D), and b,q € L>°(D). Then
there exists an hg > 0 such that for all h < hg

A(n,
cllnlly < sup AWn, pn)

Y € Up. (4.7)
PrEVR ”(Ph”V

For such h, the finite element problem: Find up € Uy, such that

A(uha (,Oh) = (fa Qah) V‘Ph € Vha (48)

has a unique solution.
Proof. For any v, € U, by the inf-sup condition (3.5), there holds

A ) A ) _R A 7R
CO”whHU < sup (’l/)h QO) < sup (d)h ' h@) + sup (’(/)h h‘p)

= T1+1I
peEV llellv peV lellv peV lellv

By Lemma 4.4, we have for § € (1 — a/2,1/2)

by, - R R
I = sup by, + qn, he) < csup lnllulle rel 22Dy

peV lellv pev llellv
12
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Meanwhile, the second term II can be bounded by (3.5) and Lemma 4.4:

A R A
11 < e sup AWmBre) _ o A, o)

ecv  |[Raellv enevi llenllv
By choosing an hg such that clh8‘72+6 = ¢p/2 we get the discrete inf-sup condition
(4.7), and the unique existence of the solution to (4.8) follows directly. O

Last we give some error estimates for the adjoint problem.

LEMMA 4.6. Let Assumption 5.1 hold, f € L*(D), b € W+*(D) and g € L>=(D),
and w be the solution of the adjoint problem (3.7). Then there holds

inf — inf — <ch . 4.9
S o= dnlzao) + it o =Gl < chllflzeo) (49)

Proof. By the solution representation, w = w” +w?® and w® = pu(1 —x)*~1, where
the regular part w” € Hg(D), and p € R. By Theorem 3.5, there holds

||wr||ﬁ1g(D) < ||xI1af||ﬁ1;;(D) + ||inX(bw)/”ﬁ1g(D) + ||inX(qw)HFIg(D)

(4.10)
<c(lfllz2py + ||b’w||ﬁ}q(p) + llqwllz2(py) < cllfllz2(p)-
Let @ur = D t", e = EDO 1w® and @ = @ur + Puws. By Lemma 4.1, we have

lpw = Pvlopwllr2(p) = [[Pv (¢w — Howw)llz2(p) < cllow — Howw|lz2(p)
< cllpwr — Howwr | L2(p) + cllpws — Hopws[|L2(D)-

In view of @, € PNI}%(D), by Lemma 4.2 and (4.10), we deduce
lwr — Mopwr|lL2(py < Ch||30wr‘|ﬁ1§(D) < ChHwT”ﬁg(D) < chl| fllz2(p)-

Meanwhile since @,s is a constant, ||@ws — Ho@ws
mlla_lPVHo(pw € Vj, and Lemma 4.1, there holds

r2(p) = 0. Then by letting ¢y, :=

[l =lly < [P w0 = a2y < e = Pellogulliao) < ehllflzzco)

Since w € H}(D), there holds w = ,If M iDf ! = 17~ g, Hence
inf [lw—tnll2o) < lodf " (0w — Prilopw)| e
GrEV lw = vnllz2) < [loli™ (@ vIloww)l L2 (p)

< cllpw — Pvllowwl2py < chl fllz2(p)-

0

REMARK 4.1. The L?(D) estimate in Lemma 4.6 is suboptimal, but the H*~1(D)
estimate suffices deriving an optimal L?(D) estimate in Theorem 4.7.

Now, we state the main theorem of this part, i.e., optimal error estimates in the
L?(D) and H'(D) norms for the Petrov-Galerkin FEM in the Riemann-Liouville case.

THEOREM 4.7. Let Assumption 3.1 hold, f € L*(D), b € W1>(D), and q €
L>°(D). Then there exists an hg > 0 such that for all h < hg, the solution up, € Uy,
to problem (4.8) satisfies for any B € (2 — «,1/2),

lu = unllr2(py + hllu = unllo < ch® P fllp2p).-
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Proof. The error estimate in the H'(D)-norm follows from Cea’s lemma, (4.7)
and Galerkin orthogonality. Specifically, for any h < hg and ¢y, € Uy, by (4.7)

A — Alu —
|un = Ynllv < c sup Mgc sup Au = ¥, on)

< cllu —Ynllv.
oneVi llenllv onevi  llenllv

Hence the triangle inequality yields for any i, € Uy
lu—unllo < llu=9nllv+[[¥n —unllv < cllu—Ynllo.
Then the H'(D)-estimate follows from Theorem 3.3 and Lemma 4.2

o —wnllo < inf cllu—nllo < ch® 22 2o,
Yr€UR

with 8 € (2 — a,1/2). Next let w be the solution of problem (3.7) with F' = u — up,.
By Theorem 3.3 and Lemmas 4.2 and 4.6, we deduce

Hu — Uh”%z(D) = A(U — Up, ’LU) S C”U - uhHU Lp}i,gf‘./h ||’UJ o SDhHV
< ch“71+5||fHL2(D)||U — up||L2(p)-

0

REMARK 4.2. Since the solution u is in H*(D)NH*"*8(D) with § € (2—a,1/2),
both L*(D) and H*(D) error estimates are optimal. This is in stark contrast with
that in [13], where the L?(D)-error estimate suffers from one half order loss.

4.3. Error estimates in the Caputo case. Here the finite element problem
reads: given any F' € W*, find w, € Uj, such that

A(un, on) = (F,on) Yo € Wh. (4.11)

First we prove the stability of problem (4.11) for the case b, ¢ = 0.
LEMMA 4.8. Let a(-,-) be the bilinear form in (3.10). Then there holds

sup a(tn, vn)

> clvnllu Von € U, (4.12)
onews  llenllw

and the finite element problem: Find up € Uy, such that

a’(u}h(ph) = (fa Qoh) V@h S Wh7

has a unique solution.
Proof. For any fixed ¢y, € Uy, let ¢p, = —wa‘_l(wag). Then ¢ € W, and

a(¥n, on) = = (Vi GO0 (=aI7 7 (Pwdh))) = (Vh, Pwid),)
= (U ¥n) — Calalf ™ P 2 ) (W), 1) = [¥nll?-
Further, the L?(D)-stability of Py yields
lenllw = lloI7 ™ (Pwdi)lw < el Pwihllzp) < cllvnllo

Then we obtain (4.12) and the unique existence of a solution uy, € Uy. O
14



Next we introduce the (adjoint) Ritz projection Ry, : W — W}, defined by

a(Yn, Rue) = a(¥n, ) Vi, € Up.

Analogous to Lemma 4.4, the following error estimates hold for Ry,.
LEMMA 4.9. The projection Ry, is well-defined and satisfies for any ¢ € W

[ Ruellw < cllellw,

- (4.13)
lp = Rugllr2py < ch® Hiellw.

Proof. For any given ¢, € Wy, let ¢y, = 7 %py,. Clearly, 1,(1) = 0 and
Yr(0) = (7 %0n)(0) = co(x' =, pp) = 0 since o, € W), C W. Consequently

lenllw < cllZDF enllz2(py = cllvnllu.

The discrete inf-sup condition follows from this and (3.12):

a(¢h7 Qph)

sup

———— 2 cllenllw Von € Wh.
P €UR Hwh”U

The flgfl(D)—stability of Ry, follows immediately

a(Yn, R a(in,
|IRrellw < ¢ sup M:C sup M

< cllollw
onetn  nllo ynetn |[¥nllu

Next let g be the solution to (3.13) with F' = ¢ — Rp¢. By Theorem 3.8, ||g| o (p) <
cll¢o—Rn@| r2(p). Then by the Galerkin orthogonality, Lemmas 4.9 and 4.2, we deduce

I — Ruelliz(py = alg,p — Rup) < ¢ inf |lg —nllulle — Rupllw
Yn€UR

< ch® o — Ruollzpyllellw.

0

REMARK 4.3. The L?(D) error estimate of Ry, in the Caputo case is optimal,
since its adjoint problem has full reqularity pickup.

LEMMA 4.10. Let Assumption 3.2 hold, f € L*(D), and b,q € L>(D). Then
there exists an hg such that for all h < hg

A )
clnlly < sup Al #n)

Vi € Up.
enew llenllw

For such h, the finite element problem: Find up € Uy, such that

Alun, pn) = (fion) Yo € Wh, (4.14)

has a unique solution.
Proof. The proof is the same as that of Lemma 4.5, using Lemmas 4.8 and 4.9. O
LEMMA 4.11. Let Assumption 3.2 hold, f € L?*(D), b € WH*(D) and q €
L>(D). Let w be the solution of problem (3.14). Then there holds

inf - inf - <ch )
oW |lw —nllL2(p) +thI€1Wh |w—nllw < chllfllL2p)
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Proof. The proof is identical with that of Lemma 4.6, with Py, in place of Py. O

THEOREM 4.12. Let s € [0,1/2) and Assumption 3.2 hold. Suppose f € H*(D),
b€ WH(D) and q € L>(D) N H*(D). Then there erists an hg such that for all
h < hg, the solution uy, to the finite element problem (4.14) satisfies

lu —unllz2(py + hllu —unllv < chmin(a+s.2) Ilf |l s Dy

Proof. The H'(D)-estimate follows directly from Cea’s lemma and Lemma 4.11
as in Theorem 4.7. With w being the solution to problem (3.14) with F' = u — up, by
Theorem 3.8, Lemmas 4.2 and 4.11, we deduce

[u = un|F2(py = Alu = up,w) < ellu —unllv oot lw = @nllw

< ch™™ 2| £l e oy llu = wnl L2 () -

4.4. Numerical implementation. Now we briefly discuss the efficient imple-
mentation of the Petrov-Galerkin FEM on a uniform mesh, especially the computation
of the stiffness matrix S = A + R := [a; ;] + [ri ;], with

ai; = —}, "DP " i) and 1 = (b)), @i) + (a5, 9:),

where 1; and ; are the basis functions in U and in V}, or W), respectively. In the
space Uy, we choose the nodal basis function {v; }:

(I — xj_l)/h for xz € [xj_l, .Z‘j),
Vi =1 (@1 —a)/h  for x €z, z541),
0 otherwise,

with 7 =1,2,..,m — 1. Now, we set the basis function ¢; of V}, by
v = (z; — x)o‘_l)qoyxi] — x?fl(l — )t i1=1,2,..,m—1.

a—1

Clearly, p; € Vi, and D "¢, is piecewise constant —Df 'y, = —T'(a)x(,4,] +
¢ T (). Hence we have

ai; = =, TP i) = —T()di; /b, (4.15)

where 6;; is the Kronecker symbol. That is, the matrix A is a multiple of the identity
matrix, which is one distinct feature of the proposed approach. Hence, the resulting
linear system is well conditioned, and A can be used as a preconditioner, if desired.
The matrix R can be accurately computed using quadrature rules.

Likewise, we define the basis function ¢; in W}, by

p; = (z; — J;)a_lxﬁ)’mi] —z;(1—2)*' with i =1,2,..,m — 1.

By (@i, 217%) =0, ¢; € W), and thus (4.15) holds also in the Caputo case.
16



5. An enriched FEM in the Riemann-Liouville case. By Theorem 4.7, in
the Riemann-Liouville case the FEM can only converge slowly, due to the presence of
the singular term z®~'. Now we discuss how to improve the convergence, using an
idea first introduced in [4] for the Poisson equation on an L-shaped domain, and then
extended to FBVPs in [15]. Below we only sketch the technique and state the result,
since the proofs are analogous to [15].

This technique is to split the solution u to problem (1.1) into a regular part u”
and a singular part involving %=1 (with u® = z*~! — 2?):

u(z) =u" + pu’.

We shall assume oI$(b(u®)’ + qu®)(1) # —1. Otherwise, we may replace the choice
2? by any other function v in the space Hf (D), s > 2, with v(1) = 1, such that
ol2(b(z* 1 —v) + g(x®~t —v))(1) # —1. Then the regular part u” is given by

u" = =l (f —bu' — qu) + (I3 (f — bu’ — qu))(1)z?, (5.1)

and the singularity strength p is given by u = co (oIS (f — b(u")" — qu™)) (1), where
co =1/(1 + oIZ(b(u®) 4 qu®)(1)). The regular part u” satisfies

—iDgu" +b(u") + qu” + (oI5 (b(u") + qu)) (1)Q = f in D,

with u7(0) = u"(1) = 0, where the functions Q and f are defined by Q = coRDeus —
cob(u?)' — coqu € LA(D) and = f + co (612 f) (1) (EDSw — b(u*) — qu) € LX(D),
respectively. Now we introduce a bilinear form A,.(-,-) : U x V' — R by

Ar(uv 90) = a(uv 90) + b(u7 410)7

with b(u, ) = (bu' 4 qu, p) + oIS (bu' 4+ qu)(1)(Q, ¢). Then the variational formulation
of the regular part u" is to find «” € U such that

A (" 0) = (f.p) VoeV. (5.2)

The following assumption on A,(-,-) is analogous to Assumption 3.1.
ASSUMPTION 5.1. Let the bilinear form A,(-,-) : U x V — R satisfy
(a) The problem of finding u € U such that A, (u,p) =0 for all p € V has only
the trivial solution u = 0.
(a*) The problem of finding ¢ € V' such that A.(u,p) =0 for all w € U has only
the trivial solution ¢ = 0.
Under Assumption 5.1, problem (5.2) is stable and has extra regularity pickup.
THEOREM 5.1. Let Assumption 5.1 hold, b,q € HY(D)NL>(D) and f € H} (D)
with v > a — 3/2. Then there exists a unique solution u™ € H2*~2+8(D)n HY(D),
B€2—a,1/2), to problem (5.2) and further, it satisfies

[ < o
304509 < ell Flls ()
Proof. The proof of the stability is similar to that in Section 3.1. The regularity

estimate follows from the representation (5.1) and Theorem 3.3. O
Now we consider the discrete problem: find uj € U}, such that

Ar(uh, 0n) = (Fr0n) Vpn € Vi (5.3)
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Then we reconstruct uy by
up = up + ppu’ with -y = co oy (f — buy” — quy)) (1). (5.4)

Last, we state error estimates of the approximation wuy,.

THEOREM 5.2. Let Assumption 5.1 hold, b € W1>°(D), q € H'(D) N L*(D)
and f € .FNIZ(D), v > a —3/2. Then there exists an hy such that for all h < hg, the
solution uy, to problem (5.3)-(5.4) satisfies for any f € (2 — «,1/2),

”u - UhHLQ(D) + h||u - uhHU < Chmin(2a72+ﬁ,2)||f||ﬁz(D)_

6. Numerical results and discussions. Now we present numerical experi-
ments to verify the convergence theory, and consider the following three examples:

(a) The source term f =2 € Hj (D), s € (1,3/2).

(b) The source term f =1 € Hi(D), s € (0,1/2).

(¢c) The source term f = z~/4 € Hi(D), s € (0,1/4).
The numerical results are computed on a uniform mesh with a mesh size h = 1/m,
m € N. All the numerical experiments are performed on a personal computer with
MATLAB 2014a. In the case of ¢,b = 0, the exact solution is available in closed form,
cf. (3.1) and (3.9). In general, the analytic solution is not available, and a reference
solution is computed on a much finer mesh with a mesh size h = 1/5000.

6.1. Numerical results for example (a). The numerical results for case (a)
with b,q = 0 are given in Tables 6.1 and 6.2 for the Riemann-Liouville and Caputo
derivative, respectively. The notation rate in the tables refers to empirical conver-
gence rate, and the numbers in the bracket denote the theoretical predictions from Sec-
tion 4. The empirical rates agree well with the theoretical ones for all three fractional
orders. As the order « increases, the convergence rate in the L?(D) and H*(D)-norm
improves accordingly. In the Riemann-Liouville case, despite the smoothness of the
source term f, the solution regularity is limited, due to the presence of the singularity
297!, These observations remain valid for the Caputo derivative, but the convergence
rates are higher. The estimates in Section 4 are sharp for both derivatives. Further,
we have the following interesting observation: for i =1,2,....m — 1

T(o)u(a;) = (o, DR i) = —(f,1hi) = (up,, FDP ") = T(a)un (@)

That is, the solution uj coincides with the P1 Lagrange interpolation of u. This
partly implies optimality of the convergence rates in Section 4. The presence of a
smooth b and ¢ does not affect the convergence rates, cf. Tables 6.3 and 6.4.

One distinct feature of the proposed approach is that the stiffness matrix for
the leading term is diagonal, and the resulting linear system is well conditioned. To
illustrate this, we give in Table 6.5 the condition numbers of the stiffness matrix for
a = 1.55, 1.75 and 1.95. It is observed that for either derivative, it is fairly small
for the whole range of fractional orders, and independent of the mesh size h. These
results fully confirm the observations in Section 4.4.

6.2. Numerical results for example (b). Here the source term f is smooth
but does not satisfy the zero boundary condition. In the Riemann-Liouville case, the
L*(D) and H'(D) errors are respectively of order O(h®~1/2) and O(h*~3/2), while
in the Caputo case, an O(h) and O(h?) rate is observed for L?(D) and H'(D) errors,
respectively, cf. Tables 6.6 and 6.7, which fully confirm our convergence theory.
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Table 6.1: Numerical results for example (a) with a Riemann-Liouville derivative and
bq=0,a=161.7519,h=1/m.

a | m 10 20 40 80 160 320 rate

1.6 | L7 | 310e-3 1.39¢-3 6.42¢-4 299¢-4 1.39e-4 6.47e-5 | ~ 1.10 (1.10)
H' | 1.67e-1  1.50e-1 1.35e-1 1.21e-1  1.07e-1  9.33e-2 | ~ 0.17 (0.10)

175 | L? | 1.25¢-3 4.62c-4 1.84e-4 7.55e-b  3.16e-5  1.32e-5 | ~ 1.27 (1.25)
H' | 5.03¢-2 3.89e-2 3.14e-2 257¢-2 2.10e-2 1.70e-2 | ~ 0.29 (0.25)

19 | L% | 6.40e-4 1.72c-4 4.92¢-5 1.53e-5 b5.14e-6 1.83¢-6 | ~ 1.53 (1.40)
H' | 2082 1.15¢-2 6.8le-3 4.38¢-3 3.0le-3  2.14e-3 | ~ 0.50 (0.40)

Table 6.2: Numerical results for example (a) with a Caputo derivative and b,q = 0,
a=16,1.75,1.9, h = 1/m.

a | m 10 20 40 80 160 320 rate

16 | L? | 6.8%8e-4 1.72e-4 4.30e-5 1.08e-5 2.69¢-6 6.71e-7 | ~ 2.00 (2.00)
H' | 2.18¢-2 1.09¢2 5.45¢-3 2.72e-3 1.33¢-3  6.47c-4 | ~ 1.02 (1.00)

175 | L7 | 6.28¢-4 1.57e-4 3.93e-5 9.8le-6 2.45e-6 6.12¢-7 | ~ 2.00 (2.00)
H' | 1.99e-2 9.93¢-3 4.97e-3 2.48e-3 1.22e-3 5.90e-4 | ~ 1.02 (1.00)

19 | L? [ 5.67c-4 1.42e¢-4 35de-5b 8.86e-6 221e-6 5.53e-7 | ~ 2.00 (2.00)
H' | 1.79¢-2 8.97¢-3 4.48¢-3 2.24e-3 1.10e-3 5.33¢-4 | ~ 1.02 (1.00)

Table 6.3: Numerical results for example (a) with a Riemann-Liouville derivative and
b=e", g=2(1—2), «=1.6,1.75,1.9, h = 1/m.

o m 10 20 40 80 160 320 rate

1.6 | L? | 2.67e-3 9.4le-4 3.89e-4 1.74e-4 8.0le-5 3.69¢e-5 | ~ 1.13 (1.10)
H' | 1.22e-1 9.14e-2 7.93e-2 6.65e-2 5.81e-2  5.00e-2 | ~ 0.20 (0.10)

1.75 | L? | 1.23e-3  3.69e-4 1.28¢-4 4.92e-5 2.00e-5 8.29¢-6 | ~ 1.29 (1.25)
H' | 5.25e-2 3.18e-2 2.18e-2 1.65e-2 1.31e-2 1.04e-2 | ~ 0.33 (0.25)

1.9 | L? | 7.49e-4 1.92e-4 5.05e-5 1.40e-5 4.20e-6 1.37e-6 | ~ 1.66 (1.40)
H' | 3.02e-2 1.55e-2 8.10e-3 4.44e-3 2.61e-3 1.65e-3 | ~ 0.70 (0.40)

Table 6.4: Numerical results for example (a) with a Caputo derivative and b = e*,

g=z(l—z),a=16,1.75,1.9, h =1/m.

a | m 10 20 40 80 160 320 rate

1.6 | L? | 1.91e3 4924 125e4d 3.18¢-5 8.03¢-6 2.0le6 | ~ 1.99 (2.00)
H' | 712e-2 3.59¢-2 1.80e-2 9.00e-3 4.50e-3 2.12e-3 | ~ 1.03 (1.00)

175 | L7 | 1.03e-3 259¢-4 6.49e-5 1.62e5 4.06e-6 1.0le-6 | ~ 2.00 (2.00)
H' | 418e-2 2.10e-2 1.05e-2 5.27e-3 2.63e-3 1.24e-3 | ~ 1.00 (1.00)

1.9 | L? | 7.22¢-4 18led 4.53e5 1.13¢-5 2.83e6 7.0de-7 | ~ 2.00 (2.00)
H' | 2.88¢-2 1.45e-2 7.25e-3 3.62e-3 1.8le-3 8.52-4 | ~ 1.02 (1.00)

6.3. Numerical results for example (c). Note that the source term f(x) =
z~Y4 € H*(D) with s € [0,1/4). Hence, in the Caputo case with a < 1.75, the
solution w fails to be in H?(D), which deteriorates the convergence rate. The H'(D)
and L?(D)-errors are of order O(h%®) and O(h*®) in case of a = 1.6, while for
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Table 6.5: The condition number of the linear system for b(x) = €%, q(z) = z(1 — ),
a = 1.55, 1.75 and 1.95, h = 1/m.

Deriv. type | a\m | 20 40 80 160 320 640 1280
1.55 | 298 348 4.26 4.30 4.57 4.84 5.00

R-L 1.75 | 2.06 222 233 240 245 248 250
195 | 1.63 168 171 173 1.74 1.74 1.75

1.55 | 2.75 320 3.57 3.89 416 4.39 4.60

Caputo 1.75 | 2.02 217 227 234 239 242 244
195 | 1.63 168 171 173 1.73 174 174

Table 6.6: Numerical results for example (b) with a Riemann-Liouville derivative and
b=e*,g=z(l—z),«a=1.6,1.75,1.9, h =1/m.

a | m 10 20 40 80 160 320 rate
1.6 | L? | 6.87e-3 2.89¢-3 1.28¢-3 5.78¢-4 2.65e-4 1.22¢-4 | ~ 1.12 (1.10)
H' | 3.28e-1 2.79e-1 2.46e-1 2.17e-1 1.90e-1 1.63e-1 | ~ 0.20 (0.10)
175 | L7 | 2.93¢-3 1.05e-3 4.04c-4 1.62c-4 6.65¢-5 2.76e-5 | ~ 1.28 (1.25)
H' | 1.17e-1  8.47e-2 6.59¢-2 5.29e-2 4.28¢-2 3.42e-2 | ~ 0.31 (0.25)
1.9 | L? [ 1.37e-3 382e-4 1.12¢-4 3.54eh 1.19e-5 4.23e-6 | ~ 1.53 (1.40)
H' | 5.16e-2 2.84e-2 1.66e-2 1.04e-2 7.02e-3 4.91e-3 | ~ 0.54 (0.40)

Table 6.7: Numerical results for example (b) with a Caputo derivative and b = e*,
g=1z(1-1),a=16,17519, h=1/m.

o m 10 20 40 80 160 320 rate
1.6 | L7 | 1.86e-3 4.72e-4 1.19e-4 3.00e-5 7.54e-6 1.88e-6 | ~ 2.00 (2.00)
H' | 7.89e-2 3.98¢-2 2.00e-2 1.00e-2 5.00e-3 2.35e-3 | ~ 1.03 (1.00)
1.75 | L? | 1.28e-3 3.22e-4 8.03e-5 2.0le-5 5.0le-6 1.25e-6 | ~ 2.00 (2.00)
H! | 5.38¢-2 2.7le2 1.35¢-2 6.78¢-3 3.39e-3 1.59e-3 | ~ 1.03 (1.00)
1.9 | L? | 1.07e-3 2.68¢-4 6.7le-5 1.68e-5 4.19e-6 1.04e-6 | ~ 2.00 (2.00)
H' | 4.20e-2 2.11e2 1.05e-2 5.28¢-3 2.64e-3 1.24e-3 | ~ 1.04 (1.00)

a = 1.75 and 1.9, an O(h) and O(h?) rate of the H!(D) and L?(D)-errors is observed,
cf. Table 6.9, confirming theoretical predictions. In the Riemann-Liouville case, the
desired optimal but slow convergence behavior is observed, cf. Table 6.8.

Table 6.8: Numerical results for example (¢) with the Riemann-Liouville derivative
andb=¢e*, g=2(1—2), «a=1.6,1.75,1.9, h = 1/m.

« m 10 20 40 80 160 320 rate
1.6 | L7 | 1.07-2 4.6le-3 2.04e-3 9.18e-4 4.18e-4 1.91e-4 | ~ 1.13 (1.10)
H' | 5.03e-1 4.38¢-1 3.87e-1 3.42e-1 2.99e-1 2.57e-1 | ~ 0.20 (0.10)
1.75 | L? | 4.62e-3 1.7Tle-3 6.60e-4 2.63e-4 1.07e-4 4.40e-5 | ~ 1.30 (1.25)
H' | 1.76e-1 1.33e-1 1.05e-1 8.47e-2 6.83e-2 5.44e-2 | ~ 0.32 (0.25)
1.9 | L? | 2.02¢-3 5.93e-4 1.82e-4 5.87e-5 1.99¢-5 6.99¢-6 | ~ 1.53 (1.40)
H' | 7.05e-2 4.12e-2 2.54e-2 1.66e-2 1.14e-2 7.97e-3 | ~ 0.52 (0.40)
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Table 6.9: Numerical results for example (c¢) with a Caputo derivative and b = €,
g=z(1-z), «a=16,1.75,1.9, h =1/m.

o m 10 20 40 80 160 320 rate

1.6 | L? | 1.84e-3 4.92e-4 1.3le-4 3.5le-5 9.46e-6 2.56e-6 | ~ 1.89 (1.85
H' | 7.47e-2 3.87e-2 2.0le-2 1.05e-2 5.54e-3 2.82e-3 | ~ 0.94 (0.85

1.75 | L? | 1.56e-3 4.05e-4 1.05e-4 2.72e-5 7.04e-6 1.81e-6 | ~ 1.97 (2.00

1.9 | L? | 1.39e-3 3.5de-4 8.99e-5 2.28¢-5 5.74e-6 1.44e-6 | ~ 1.99 (2.00
H' | 5.02e-2 2.55e-2 1.29e-2 6.49e-3 3.27e-3  1.55e-3 | ~ 1.03 (1.00

(1.85)
(0.85)
(2.00)
H' | 5.92e2 3.04e2 156e-2 7.99-3 4.09e-3 1.98¢-3 | ~ 0.99 (1.00)
(2.00)
(1.00)

Table 6.10: Numerical results for " for example (b) with a Riemann-Liouville deriva-
tive, by the enriched FEM and b=1,¢=2(1 —z), « = 1.6,1.75,1.9, h = 1/m.

o m 10 20 40 80 160 320 rate

1.6 | L? | 5.51le-4 1.40e-4 3.66e-5 1.0le-5 9.18¢-6 2.87e-6 | ~ 1.74 (1.70
H!' | 2.04e-2 1.05e-2 5.50e-3 2.99e-3 1.70e-3 1.01le-3 | ~ 0.78 (0.70

1.75 | L? | 3.86e-4 9.84e-5 2.52e-5 6.46e-6 1.66e-6 4.30e-7 | ~ 1.96 (2.00

1.9 | L? | 3.00e-4 7.52¢-5 1.88¢-5 4.7le-6 1.18¢-6 2.94e-7 | ~ 2.00 (2.00
H' | 1.04e-2 5.21e-3 2.6le-3 1.29¢-3 6.33e-4  3.06e-4 | ~ 1.03 (1.00

(1.70)
(0.70)
(2.00)
H' | 1.38¢2 6.98¢-3 3.55e-3 1.79¢-3  9.04e-4 4.5le-4 | ~ 1.02 (1.00)
(2.00)
(1.00)

Table 6.11: |u — pp| for example (b) with a Riemann-Liouville derivative, by the
enriched FEM, and b=1, ¢ = 2(1 — z), « = 1.6,1.75,1.9, h = 1/m.

« 10 20 40 80 160 320 rate

1.6 | 4.04e-4 1.00e-4 2.44e-5 5.88e-6 1.4le-6 3.37e-7 | ~ 2.07 (1.70)
1.75 | 1.59e-4  3.90e-5 9.54e-6 2.34e-6 5.74e-7 1.41e-7 | & 2.02 (2.00)
1.9 | 8.58e-5 2.14e-5 5.36e-6 1.34e-6 3.34e-7 8.33e-8 | ~ 2.00 (2.00)

6.4. Numerical results for the enriched FEM. In Table 6.10, we present
the L?(D) and H'(D) norms of the error in approximating the regular part u” for
example (b). Since f € H*(D) with s € [0,1/2), by Theorem 5.1, u” € H2(D) in case
of a > 1.75. The numerical results show a convergence rate of O(h?) and O(h) for the
L?(D) and H*(D)-norms of the error, respectively, for a = 1.75 and 1.9. For a = 1.6,
the regular part u” lies in H-2+#(D) with 8 € [2 — a,1/2) by Theorem 5.1, and we
observe a convergence rate O(h!'7) and O(h%7), respectively, in L?(D) and H'(D)-
norm, which fully confirms Theorem 5.2. The error |p — up| of the reconstructed
singular strength py, achieves an O(h?) convergence, even for a = 1.6, cf. Table 6.11.

7. Conclusions. In this work, we have developed novel variational formulations
for fractional BVPs involving a convection term. The fractional derivative in the
leading term is of either Riemann-Liouville or Caputo type. The well-posedness and
sharp regularity pickup of the formulations are established. A new finite element
method, using continuous piecewise linear finite elements and “shifted” fractional
powers for the trial and test space, respectively, was also developed. It leads to
a diagonal stiffness matrix for the leading term (on a uniform mesh), and admits
optimal L?(D) and H'(D) error estimates, which is the first FEM with such desirable
properties. Further, an enriched FEM was proposed to improve the convergence in
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the Riemann-Liouville case, and optimal error estimates were provided. Extensive
numerical experiments fully confirm the convergence analysis.

There are several avenues for further research. First, it is of immense interest to
extend the approach to higher dimensions. This extension is formally feasible for the
Riemann-Liouville case. However, their solution theory, e.g., well-posedness and sharp
regularity pickup, is missing. Second, it is also of much interest to extend the approach
to other type or inhomogeneous boundary conditions, which may induce much graver
solution singularity. Third, the adaptation of the approach to the time-dependent
problems, including the space-time fractional model, is important. Especially, it may
allow one to derive optimal L?(£2) error estimates.
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