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Abstract

In this thesis we explore a variety of topics in analytic number theory and
automorphic forms. In the classical context, we look at the value distribution
of two Dirichlet L-functions in the critical strip and prove that for a positive
proportion these values are linearly independent over the real numbers. The
main ingredient is the application of Landau’s formula with Gonek’s error term.
The remainder of the thesis focuses on automorphic forms and their spectral
theory. In this setting we explore three directions. First, we prove a Landau-
type formula for an exponential sum over the eigenvalues of the Laplacian in
PSL,(Z)\H? by using the Selberg Trace Formula. Next, we look at lattice point
problems in three dimensions, namely, the number of points within a given
distance from a totally geodesic hyperplane. We prove that the error term
in this problem is O(X?>/?), where arccosh X is the hyperbolic distance to the
hyperplane. An application of large sieve inequalities provides averages for the
error term in the radial and spatial aspect. In particular, the spatial average
is consistent with the conjecture that the pointwise error term is O(X ™).
The radial average is an improvement on the pointwise bound by 1/6. Finally,
we identify the quantum limit of scattering states for Bianchi groups of class
number one. This follows as a consequence of studying the Quantum Unique

Ergodicity of Eisenstein series at complex energies.
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Life, with its rules, its obligations, and its freedoms, is like a sonnet: You’re

given the form, but you have to write the sonnet yourself.

— Madeleine L'Engle, A Wrinkle In Time
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Notation

Throughout this thesis we let N, Z, @, R and C denote the set of natural numbers,
integers, rational numbers, real numbers and complex numbers, respectively. We write
R* and R, for the set of positive and non-negative real numbers, respectively, and
similarly for Z and Q. We adopt the convention that 0 ¢ N. For any ring R we write
R* for the multiplicative group of units of R. For the most part s € C is written as
s=o0+1t,s0Res =0 and Ims = ¢. Similarly for z € C we usually have z = x +1y.
For n,m € N their greatest common divisor is denoted by (7,7). We denote by
I'(z) the Gamma function, whose definition and a list of useful properties are given
in Appendix A. The non-trivial zeros of the Riemann zeta function are denoted by
o= [B+iy. We use the standard Big O notation. Let / and g be real-valued functions.
We say that

f(x)=0(g(x)),

as x — 00, if there are constants M € R* and x, € R such that
f(I<Mlg(x)l,  YVx>x,.

We also use the equivalent notation f(x) < g(x). Sometimes we indicate that the

constant M depends on a parameter, say ¢, with a subscript O_(+) or <. We also define

f)=o(gx) >  lmi®

=0.
x—00 g(x)

Two functions/f and g are asymptotically equal, f(x) ~ g(x), if

lim /)

=1.
=00 g(x)

It is also useful to define the more general notion of f(x) =< g(x) if
dx, €R,dm, M € RT suchthat mg(x)< f(x)<Mg(x), Vx>x,.

Let SL,(R) denote the special linear group of 2 X 2 matrices of determinant one over
aring R. We define PSL,(R) = SL,(R)/{£} where I is the identity matrix. This is

called the projective special linear group.



Chapter 1
Introduction

Analytic number theory is the study of arithmetic objects through the techniques of
mathematical analysis. For prime numbers the powerful tools of complex analysis can
be used to give beautiful and elementary proofs, such as Newman’s short proof of the
Prime Number Theorem (PNT) [105]. The PNT says that if 7z(x) is the number of

primes less than x, then
7(x) ~ li(x), as x — 09,
where li(x) is the logarithmic integral,
Yodre
lilx)=| —.
, logt

A fundamental question is that of understanding the distribution of primes, or other
arithmetic objects, in the encompassing space. The underlying connection between

this idea and the work presented in this thesis is provided by the Riemann zeta function.

The Riemann zeta function is given for Res > 1 by

In the first part of this thesis we investigate questions of value distribution for Dirichlet

L-functions. These are given for Res > 1 by

oo

L(s,x)=

n=1

x(n)

nf’

10



1 — Introduction

where y :(Z/qZ)* — C* is a group homomorphism extended to Z with y(n)=0
if 7 and g are not coprime. The Riemann zeta function (and L(s, y) by analogy) is
inherently connected to the study of prime numbers through the Euler product, which

is given for Res > 1 by a product defined over all primes p,

1
¢(s)= : (1.1)
1=

The Euler product immediately implies that {(s) is non-zero for Res > 1. In fact, the
most famous conjecture in analytic number theory concerns the zeros of the Riemann
zeta function. This is the Riemann Hypothesis (RH). Apart from the trivial zeros of
{(s)in Res <0, it turns out that there are infinitely many zeros in the critical strip,
0 <Res < 1. Hence, let us define

¥={seC:{(s)=0,0<Res <1}

as the set of non-trivial zeros of {.

Riemann Hypothesis. All non-trivial zeros of {(s) lie on the critical line Res = 1/2,
that 1s,
EZ’C{SEC : Res:%}.

It is a highly surprising fact that the Riemann Hypothesis is actually equivalent to
having the best possible error term O(x!/>*¢) in the Prime Number Theorem (after
a slight reformulation [76, Theorem 5.8]). It is therefore of great importance to
understand the value distribution of {(s) and L(s, y) in the critical strip. This is the
topic of Part I.

In Part II we study automorphic forms and their spectral theory. Automorphic
forms are generalisations of periodic functions and modular forms in particular. They
live on a negatively curved Riemannian manifold M of dimension 7, which we call
the hyperbolic n-space. Our automorphic forms (Maafl forms and Eisenstein series)
are also eigenfunctions of the Laplace-Beltrami operator A on M. The spectrum of A
reveals a lot of information about the geometry of M. For example, Weyl’s law [ /1]

for compact M relates the eigenvalues A; of A to the volume of M by

| volt)
#{] >0: \//Tjg /1} ~ (471)"(/)2F(§ " 1)/1 , (1.2)

as A — oo. In two dimensions it is possible to use the complex upper half-plane as a

11



1 — Introduction

model for M. Define
H*={z€C :Imz>0}.

Then M can be identified with T'\H?, where I is a discrete subgroup of the group of
orientation preserving isometries of H?. The lengths of primitive closed geodesics,
prime geodesics, on M (for any dimension) share many properties with the usual prime
numbers. The prime geodesics are in one-to-one correspondence with primitive hyper-
bolic conjugacy classes (dilations) of T, [53, §10.5]. Let 7r(x) denote the number of
primitive hyperbolic conjugacy classes of norm less than x in I'. The Prime Geodesic
Theorem for I'\H? states that

7p(x) ~ li(x).

The conjecture for the error term is the same as that for the PNT. Of particular interest
to us are groups I of arithmetic nature, because in this case many computations can be
carried out explicitly. A natural example is I = PSL,(Z) which acts on H? by M&bius
transformations. The current best result for the error term in the Prime Geodesic

Theorem in this case is 77p(x ) —li(x) = O(x?/***¢), due to Soundararajan and Young

[94]-

The crux of Chapter 5 is an asymptotic formula that relates an exponential sum,
denoted S(T,X), over the eigenvalues of A to the lengths of prime geodesics and,
surprisingly, to the usual prime numbers. The exponential sum $(7,X) is intricately
related to the error term in the Prime Geodesic Theorem. It turns out that $(7,X) also
influences the error term in the hyperbolic lattice point problem over local averages.
This s the hyperbolic analogue of the classical Gauf} Circle Problem, which asks to
estimate the number of lattice points Z? in a circle of radius X. It is straightforward to
see that the leading term approximates the area of the circle, so the focus of the problem

is in estimating the error term.

We investigate a certain variant of the hyperbolic lattice point problem in three

dimensions on compact I'\H?, where
W ={p=z+jy:2z€C,y>0}.

We also apply a hyperbolic analogue of the large sieve to get improvements on the error
term on average. In Chapter 7 we study the equidistribution of masses of scattering
states for three dimensional hyperbolic manifolds T'\H?, where I is now a Bianchi group
of class number one. This is done by studying the quantum limits (large eigenvalue
limits) of Eisenstein series, the generalised eigenfunctions of A, off the critical line. We

also identify the correct limit when the measures become equidistributed.

12



1 — Introduction

1.1 Summary of Results

We now give a detailed description of the main results of this thesis. For the sake of

brevity, we defer full definitions to the pertinent chapters where appropriate.

In Chapter 3 we look at the value distribution of Dirichlet Z-functions L(s, y) for
primitive Dirichlet characters y. We consider the values of a pair of such functions,
with characters of distinct prime moduli, on sample points, which we choose to be the
non-trivial zeros of { or a horizontal shift of them. Away from the critical line we

prove linear independence.

Theorem 1.1. Assume the Riemann Hypothesis. Let y,, y, be two primitive Dirichlet
characters modulo distinct primes q and {, respectively. Let o € (%, 1). Then, for a positive
proportion of the non-trivial zeros of { (s) with y > 0, the values of the Dirichlet L-functions
Lo+ iy, y,)and L(o + iy, y,) are linearly independent over R.

The main ingredient of the proof is a uniform version of Landau’s formula (3.3).

The classical Landau’s formula (3.2) says that for a fixed x > 1,

Z xf = —21A(x) + O(log T), as T — oo, (1.3)
7

0<y<T

where A:R — R is the von Mangoldt function extended to R by

logp, if x=p” for some prime p and m €N,
A(x) =

0, otherwise.

On the critical line we use a different technique, by identifying the sample points as the
residues of {"/{ and using contour integration. The result we obtain is unconditional,

but we fail to prove a positive proportion.

Theorem 1.2. Two Dirichlet L-functions with primitive chavacters modulo distinct primes
attain different values at ¢ T non-trivial zeros of {(s) up to height T, for some positive

constant c.

In Remark 3.2 we discuss why a positive proportion on the critical line is difficult
to prove. Even for sample points with more structure — arithmetic progressions — a

positive proportion was not achieved until recently by Li and Radziwilt [64].

13



1 — Introduction

In Chapter 5 we work on M = T'\H? with T' = PSL(Z). Let A; = i+ t? be the
eigenvalues of A. Our theorem in Chapter 5 concerns an exponential sum defined in

terms of the spectral parameters ¢;. For X > 1, let

S(T,X)= > X",

It |<T

This is the cut-off kernel of the wave equation on M. It is also analogous to the left-hand
side of Landau’s formula (1.3). Information about the growth of $(7',X) is crucial in
proving good estimates on the error term in the Prime Geodesic Theorem as well as
the local average in the hyperbolic lattice point problem [77]. Trivially from Weyl’s
law (1.2) we know that

S(T,X)< T

The conjecture, presented in [/7], is square root cancellation in 7" with only arbitrarily

small contribution in terms of X:
S(T,X)<, T X"

To find evidence of the conjecture, we first engaged in a numerical investigation of
$(T,X)and found many interesting phenomena regarding its peak points and vanishing.
These tests were also carried out for the corresponding sine kernel. Based on these
observations we conjectured and later proved an asymptotic expansion for S(7,X)
in terms of 7 for a fixed X > 1. This takes a form which is very similar to Landau’s
formula (1.3) with a hyperbolic von Mangoldt function A;. The role of prime numbers
is replaced by the lengths of primitive closed geodesics (see (5.1)). The result is the

following theorem.

Theorem 1.3. For a fixed X > 1, we have

vol(PSL,(Z)\H?) sin(T log X ) T

S(T,X)= T+ = (X2 x—12y"' A (X
(7,%) : ] Y A)
2T —1)2 12
+—X"FANX )+ O(T/logT),
T
as T — oo.

Notice that the prime numbers also appear in this formula through A(X'/?). This
factor is due to the non-compactness of M, and in particular the existence of a continu-
ous spectrum of A and the explicit form of the scattering matrix for PSL,(Z) given in
terms of the Riemann zeta function. The proof of Theorem 1.3 is an application of the

Selberg Trace Formula, which relates the spectral trace of A to geometric properties

14



1 — Introduction

of M.

Chapter 6 deals with hyperbolic lattice point problems in three dimensions. These
problems ask us to estimate the number of points in an orbit I'p, p € H?, which are
contained in some domain D C H’. We expect that this number approximates the
volume of D in any dimension. In the two dimensional standard lattice point problem

one wants to estimate
N(z,w,X)=#{y €Tl : d(yz,w) < arccosh(X/2)},

where d is the hyperbolic distance on H?. If we assume that there are no small eigen-

values of A (see Section 4.2), the counting function satisfies

N(z,0,X)= X +0O(X*3). (1.4)

7
vol(T'\ H2)
This was proved by Selberg for cofinite I, [53, Theorem 12.1]. The error term has
never been improved for any cofinite I' or any points z, w € H?, [53, pg.175], though
it is conjectured that the optimal bound is O(X '/?+¢).

We concentrate on three dimensional hyperbolic lattice point problems. The upper
half-space H can be understood as a subset of the quaternions with the last coordinate
set to zero. Denote points p € H’ by p = (x;,x,,y). Let T C PSL,(C) be discrete
and suppose that T\H is compact, i.e. I is cocompact. Instead of a hyperbolic sphere,
we consider lattice points in a sector of the hyperbolic space of angle 20 emanating
from the line x, =y = 0. This sector is bisected by a totally geodesic hyperplane
P ={p €M’ : xy(p) =0}. The angle between & and a ray from the origin to a point
p € TP is denoted by v(p). Also, let {#,} ., be a complete orthonormal system in
L*(T\H?) of eigenfunctions of A. First we identify the main term in the counting and

prove a pointwise bound on the error term.

Theorem 1.4. Let T bea cocompact discrete subgroup of PSL,(C). Set H =TNStabpg; /(2)
and let 4 be the period integral of u; over the fundamental domain of H restricted to 2.
Define

N(p,X)=#{y e H\I : (cosv(yp))” <X}.

Then we have
N(p,X)=M(p,X)+E(p,X),

where »
B VO](H\@)XZ n Z 25,

Mp,X)= L TvD) X

I<si<2 )

15



1 — Introduction

and

E(p,X)=0(X*?).

The conjecture s, as in two dimensions, that the error term exhibits square root
cancellation so that £(p, X ) = O(X ). The strength of the error term in Theorem 1.4
is the same as in the standard hyperbolic lattice point problem in three dimensions,
see Lax and Phillips [63]. We then apply large sieve inequalities in H>. The first is due
to Chamizo [ 11] and the second we prove in Theorem 6.16. These are used to obtain

mean square results for the spatial and radial averages of the error term.

Theorem 1.5. Let I' be a cocompact discrete subgroup of PSL,(C). Then, for X > 2,
| 1EG0F dutp < XPlog'x. 15)
T\HD
Theorem 1.6. Let I be a cocompact discrete subgroup of PSL,(C). Then, for X > 2,

—J (p,x) dx < X***logX. (1.6)

Notice that, while in the spatial aspect (1.5) we obtain the conjecture on average,
this is not the case for the radial average (1.6). In Section 6.3.4 we explain why this is
the case and why we do not expect any improvements from this method. Moreover,
in Appendix B we prove that the same limitation in the radial average applies to the

standard hyperbolic lattice point problem in three dimensions.

The final result of this thesis is about a famous conjecture of Rudnick and Sarnak
[89] known as the Quantum Unique Ergodicity conjecture, which is a statement about
the equidistribution of measures d u; = |u; *d u, where u ; are L*(M) eigenfunctions
of A on a hyperbolic manifold M and u is the standard volume measure on M. The
conjecture states that for any such M the measures d 4; converge to d  in the weak-x
topology as j — oo. For some class of hyperbolic manifolds this conjecture has already

been solved by Lindenstrauss [65] and Soundararajan [95].

For non-compact M =T'\H?, where I' C PSL,(R) is a general cofinite group, very
little is known about the discrete spectrum of A. It is not even understood whether
it is infinite [84]. Luo [67] shows that, under some multiplicity assumptions on the
eigenvalues, Weyl’s law fails for deformed congruence groups. Hence the limit of d 4 ;
might not be relevant for the discrete spectrum. It is possible to consider instead the

scattering states, which are residues of Eisenstein series £(z,s) at the non-physical

16



1 — Introduction

poles of the scattering matrix. It is known that under small deformations of T' in the

Teichmiiller space, cusp forms dissolve into scattering states as characterised by Fermi’s
Golden Rule [83, 81].

Our last theorem generalises a result of Petridis, Raulf, and Risager [80] from
PSL,(Z)\H? to T\H for I = PSL,(0), where O is the ring of integers of an imag-
inary quadratic field K of class number one. They consider modified measures d y;
with #; replaced by the scattering states. Their strategy is to evaluate limits of d u ) =
|E(z,5(t))|’d u, as t — oo, where s(t) = 0, + it is a sequence with o, — 0. We
prove two results on M = I'\H’ depending on whether we are on the critical line
(0., = 1 in three dimensions) or not. Let { be the Dedekind zeta function of K with

discriminant dy, and define d u,, = |E(p, s(2)fPd .

Theorem 1.7. Assume o, = 1and (0, —1)logt — 0. Let A and B be compact Jordan
measurable subsets of M. Then

as t — oo. In fact, we have

2(27)?

A) ~ w(A)—"0 Jogt.
Msiy(A) ~ pu( )|0}?|Id1<|51<(2) ogt

On the other hand, off the critical line the measures do not become equidistributed.

Theorem 1.8. Assume o, > 1. Let A be a compact Jordan measurable subset of M. Then

1) = f E(p.20.)du(p),

ast — oQ.

In Section 7.1 we show how to apply this to quantum limits of the scattering

states v, of I'\H’, where p, is a sequence of the non-trivial zeros of (.

Theorem 1.9. Let A be a compact Jordan measurable subset of M. Then

L o, (p)Pdu(p) — JAE<p,4—2no>dy<p>,

as n — o,

17



1 — Introduction

In the above y,, is the limit of the real parts of the non-trivial zeros of the Dedekind
zeta function corresponding to the number field K. Under the Generalised Riemann

Hypothesis we would have y,, = 1/2 so that the limit would be E(p,3)d u.

18
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Chapter 2

Analytic Theory of the Riemann Zeta

Function and Dirichlet L-functions

2.1 The History

The discussion in this introduction is heavily based on the book An introduction to the

theory of the Riemann Zeta-Function by Patterson [76].

Definition 2.1. For Res > 1, the Riemann zeta function {'(s) is given by the absolutely

convergent infinite series

It is not difficult to show that this series also has an expression as an infinite product

over primes.

Lemma 2.1 (76, §1.1]). For Res > 1, {(s) satisfies the infinite product

1
{(s)= , (2.1)
1)

where the product is taken over all prime numbers p.

This was first observed by Euler already in 1749 and as such (2.1) is called the Euler
product. He also computed values for {(27), n €N, such as {(2) = 7%/6. No explicit

values for {(2n + 1) are known.

20



2 — Analytic Theory of {(s) and L(s, y )

Definition 2.2. The von Mangoldt function A(7) on N is given by

logp, ifn=p”for paprimeand meN,
A(n)=
0, otherwise.

A short computation reveals a simple form for the logarithmic derivative of {:

g@) _ _i A(”), 2.2)

which 1s valid for Res > 1. The Prime Number Theorem is often formulated in terms
of the von Mangoldt function. The following form of the error term was proved by de
la Vallée Poussin in 1899.

Theorem 2.2 (Prime Number Theorem [54, (2.37)]). There exists a constant ¢ > O, such
that, as X — oo,
STA() =X +O(X em<osX)"),

n<X

It is not difficult to pass between the above and the traditional asymptotic form of

the PNT with 7z(x) (see [76, §4.5]).

Riemann’s major contribution to number theory was to realise that there is a
strong connection between the zeros of {(s) and the prime numbers. This was done by
showing that {'(s) has an analytic continuation to all of C with a simple pole at s = 1.
He also proved that the Riemann zeta function satisfies a functional equation, which
we will need later on. We will outline one of Riemann’s original proofs of these facts

as it will serve as a useful point of comparison in Part II.

Lemma 2.3. The Riemann zeta function { (s) has an analytic continuation as a meromor-

phic function to all of C with a simple pole of residue 1 at s = 1. Moreover, let

- IG)
§)= 1/2—s 2 )
A =
Then { (s) satisfies the functional equation
C(1=s)=7(s)¢(s), 2.3)

forany s € C.

21



2 — Analytic Theory of {(s) and L(s, y )

Proof. This proof appears in Titchmarsh [ 100, §2.6] and Gelbart [31, pg. 187]. Let

oo

6(2): Z €2nin2221+i2€2mn22.

n=—00 n=1

By the definition of the Gamma function as a Mellin transform of e~ (A.1) we have
N I *0(ix)—1
mT(s){(2s) = J e " d x :f —~L “xldx,
()¢ (2s) 21 O T
for Res > 1/2. The theta function satisfies the functional equation
0(+)=vxb(ix).

With this we can split the integration and write

1/ 0 NN
ﬂ_SF(S)g(ZS)ZJ —9<Zx)x3_1dx—l+f Yix)—1 1xs_ldx
0 2 25 J, 2
* o Oix)—1 1 1
— s—1 [ Ch 2 M St D 2.4
Jl S A T RS

The integral in (2.4) is absolutely convergent for any s € C, so the analytic continuation
follows. The right-hand side is invariant under s — 1/2—s, which proves the functional

equation. O

Definition 2.3. The completed Riemann zeta function £(s) is defined as

E(s)= n_s/zr(%){(s).

From the functional equation it follows that {(s) = £(1—s) for any s € C. The
Euler product (2.1) immediately implies that {(s) cannot have any zeros in the region of
absolute convergence. On the other hand, from the functional equation with s =2n+1,
n €N, we can see that { has zeros at negative even integers coming from the poles of
the Gamma function. These are called the trivial zeros of the Riemann zeta function.
In his memoir [87], Riemann conjectured that {(s) has infinitely many zeros in the
region 0 < Res <1, and in particular, that it has a Hadamard-type product in terms of

these zeros. First, let

Z={pecC:{(p)=0,0<Rep<1}

22



2 — Analytic Theory of {(s) and L(s, y )

be the set of non-trivial zeros of {(s) with multiplicities. Also, define
Z ={peZ :Imp>0}.

Lemma 2.4 ([76, §3.1]). Forall s € C we have the absolutely convergent product

== (1-2) (1= ). 23)

e, P I—p

A comparison of the products (2.1) and (2.5) revealed to Riemann a deep connection

between the primes and the non-trivial zeros Z.
Lemma 2.5 (The Explicit Formula of {, [76, §3.9]). For X > 1, we have

P
ZA(n) =X —Z X —log2m — %log(l — X7,

n<X PEZ

where the last term in the summation over n is taken with weight 1/2 if n = X.

It is therefore crucial to understand the set Z. From the simple observation that

7(s) = {(5) and the functional equation (2.3) it follows that
PEX = p,1—p,1—peZ.

Riemann was led to suspect that this symmetry becomes in fact the “strongest possible”,
that is, all the non-trivial zeros would lie on the line Re s = 1/2. This conjecture became

known as the Riemann Hypothesis, which remains open to this day.

Riemann Hypothesis. The non-trivial zeros of { (s) satisfy
EZ’C{SEC : Res:%}.

Remark 2.1. Even proving that { (0 +it) # 0 for 0 = 1 and ¢ # 0 takes some effort.
The PNT is in fact equivalent to this fact [ /6, §4.3]. Any improvements on ¢ define
what are called zero-free regions for { and they correspond exactly to better error terms
in the Prime Number Theorem [76, §5.8]. While we will not use them in the case of £,
the corresponding zero-free regions for Dirichlet L-functions will be vital for our mean

value estimates.

In order to study the distribution of the zeta zeros it is convenient to define the

following counting function.
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Definition 2.4. The counting function N(7') of the non-trivial zeros of { is defined
for T >0by
N(T)=#peZ :0<Imp< T} (2.6)

Riemann found (without proof) the asymptotic expansion of this function. It was

later proved by von Mangoldt.
Lemma 2.6 ([76, §4.9]). As T — oo, we have

N(T) = log L — 21 +O(log T). 2.7)

27 27 T

While the series representation of {(s) is not valid in the critical strip, it is still
possible to approximate the zeta function by truncated Dirichlet series. These are called
approximate functional equations. Even though we do not need an approximate func-
tional equation for {, we prefer to include one for comparison with the corresponding

formula for Dirichlet L-functions.

Theorem 2.7 (Approximate functional equation for {, [76, §6.1]). Let X,Y > 1 and
a < 1. Suppose 0 + it =s € Csatisfes | —a < 0 < @ and |t| =2nXY. Then

=
{(s)= Z n+ 77:5_1/2—( 2 ) Z m* 4+ O(X Vo (x 12 4 Y_l/z)logXY),

where the implied constant depends only on a.

2.2 Arithmetic Functions

As a brief interlude, we provide some basic definitions of multiplicative number theory.

Definition 2.5. A function f :N — C is called an arithmetic function. We use the
notations f(n) and f, interchangeably. We say that f is additive if

f(mn)=f(m)+ f(n) for all m,n € N with (m,n)=1.
On the other hand, f is multiplicative if
f(mn)=f(m)f(n) for all m,n € N with (m,n)=1. (2.8)

Moreover, if (2.8) is true for any m,n €N, then f is called completely multiplicative.
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Suppose that 2, and b, are two arithmetic functions. Then the function ¢, defined
by > an > b n*=> c n isalso arithmetic.

Definition 2.6. The Dirichlet convolution of two arithmetic functions f and g is given
by
(f xg)m) =D f(d)g(})-

d|n

In particular, if / and g are multiplicative, then so is f x g, see [54, pg. 13]. We list

some common arithmetic functions that we will need in this thesis.

Definition 2.7. The Mébius function u(n) is defined by

(=1)", if n isaproduct of r distinct primes,
p(n)=

0, otherwise.

Definition 2.8. The divisor function d(n) is given by

d(n)= Z 1.

d|n

Definition 2.9. We define the Euler totient function ¢(n) by

@(n) = #{residue classes (a mod ») : (a,n)=1}.

All of u(n), d(n) and ¢(n) are multiplicative [54, pp. 12-15]. The von Mangoldt
function is also an arithmetic function, but it is not multiplicative. Finally, we look at
arithmetic functions defined in terms of characters of finite abelian groups G. These

are group homomorphisms y : G — C*. In particular, we are interested in the case
G=(Z/qZ)".

Definition 2.10. Let y :(Z/qZ)* — C* be a character defined on the residue classes
coprime to g. We extend y to a function on all of Z by setting y(n) =0 if (n,q) > 1.

The resulting function is called a Dirichlet character modulo q.

Dirichlet characters are completely multiplicative and periodic modulo ¢g. The
principal character modulo q, y,, is the Dirichlet character corresponding to the trivial
group character. To each Dirichlet character we associate its conductor, that is, the
smallest divisor § > 1 of g such that y = y,¥, where ¥ is a Dirichlet character
modulo . In this case, we say that y isinduced by ¥. It § = ¢, y is called primitive.
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2 — Analytic Theory of {(s) and L(s, y )

Notice that if g is a prime, then all Dirichlet characters modulo g are primitive. If ¥
only assumes values %1, then y is a real Dirichlet character, otherwise it is complex.
Furthermore, if y(—1) = 1 then y is even and if y(—1) = —1 then y is odd. The

character orthogonality relations for Dirichlet characters take the following form.
Lemma 2.8 ([54, pg. 45]). Let y be a Dirichlet character modulo q. Then

S 2a)= o), fx=xo 29

amodgq 0, otherwise,

and

S )= ¢(q), fa=1modg,

(2.10)
ymodg 0, otherwise.

We will make extensive use of equation (2.10) to decompose sums defined over
residue classes. We finish this section with a discussion on sums of Dirichlet characters

x (n) over n.

Definition 2.11. The Gaufs sum, G(k, y), for a Dirichlet character y modulo g is
given by

q .
Gk, x)=>_ y(a)e’™ /1. 2.11)
a=1
We sometimes write G(1, y) = G(y).

Of course trivially we have that |G(k, y)| < g. We can write down the Gauf} sum

of an induced character y in terms of the Gauff sum of its factorisation.

Lemma 2.9 (54, Lemma 3.1]). Let y be a Dirichlet character modulo q induced by the

primitive character ¥ modulo g. Then
6t =u(2)7(%)em,
q q

If y 1s primative, then
Gl =4 (2.12)

The last equation (2.12) can also be written as

G(1,x)G(—1,x)=q.
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Moreover, we also have [54, (3.15)]

G(x)G(x)= x(—1)q. (2.13)

Usually we can express the more general Gaufl sums G(k, y ) in terms of G(y).

Lemma 2.10 ([54, Lemma 3.2]). Let y be a Dirichlet character modulo q. Then, if
(k,q) =1, we have
Glk, ) =7 (k)G ) .14

If g is a prime then (2.14) is valid for all £ € Z as y (k) =0 for (k,q) > 1.

2.3 Dirichlet L-functions

We now use Dirichlet characters to define a generalisation of the Riemann zeta function.
In Part IT we need a generalisation of { to number fields, the Dedekind zeta function,
but we delay the discussion to Chapter 7. Dirichlet L-functions were introduced by
Dirichlet already in 1837 — 22 years before Riemann’s memoir — as functions of a real

variable, mind you, to prove his theorem on primes in arithmetic progressions [22, §1].

Definition 2.12. Let y be a Dirichlet character modulo g. The Dirichlet L-function
associated with y is defined for Res > 1 by

L(s,)():i)(:j).

It is not surprising that many properties of (s, y ) can be deduced from those of
either from the simple observation that |y(7)| < 1 or by summation by parts and

properties of Gaufl sums. Clearly L(s, y) has an Euler product
Lis, ) =] [a=x)p~)".
b4

We first observe from the Euler product that if y is induced by ¥, that is y = ¥ y,,
then [22, pg. 37]

Lis,)=Lis, )] [a—=Z(p)p™). (2.15)
rla

Hence it is sufficient to concentrate on primitive y. The Dirichlet L-function L(s, y)

has an analytic continuation to all of C as an entire function unless y = y, is principal
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modulo g for some ¢ in which case it has a simple pole at s = 1 with residue

reﬁL(s,)(o) = M (2.16)
= q

The functional equation varies depending on whether y(—1) = +1.

Lemma 2.11. Let y be a primitive Dirichlet character modulo q. Define

ey = (27 GO 6y (o5t 4o 1yemist?
AG.7) (q) L) (e 1)),

Then,
L(1—s,7)=A(s, x)L(s, x). (2.17)

Proof. This follows from [22, §9] after separating the cases y(—1) =1and y(—1)=—1
and applying the reflection formulae (A.4) and (A.3), respectively, followed by the
duplication formula (A.5) and equation (2.13). O

From the functional equation we can see that the zero set of L(s, y ) is more com-
plicated than that of {(s). First of all, the location of the trivial zeros (zeros s with
Res < 0) depends on whether y is even or odd. Suppose now that y is primitive. Then,
if y(—1)=1then L(—2n, y) = 0{for n € N. Notice that also L(0, y) = 0. On the other
hand, if y(—1) =—1 then L(1—2n, y) =0. Naturally L(s, y) # 0 for Res > 1.

In the critical strip there are again infinitely many complex zeros, which we call
the non-trivial zeros of L(s, y ). The Generalised Riemann Hypothesis (GRH) states
that all of the non-trivial zeros lie on the line Res = 1/2. A priori, it is possible for
L(s, y) to have an “exceptional” zero on the real line close to 1. This is called a Siegel
zero (although mathematicians were aware of it even before his work [22, §21]). The
point is that for any modulus ¢ there is at most one character, which is real, and can
potentially admit a Siegel zero. Moreover, the distance of the zero from s = 1 depends
on g. Since we are working with characters of fixed modulus, this will not be an issue

for us.

Approximate functional equations for L(s, y ) are more intricate than those of {.
This is because it is possible to take advantage of the cancellation in the coefficients of
the Dirichlet series, while for ¢ such savings are not available. Hence for L(s, y) it is
often beneficial to work with a smooth cut-off in the approximate functional equation.

We decide to use a sharp cut-off, although it is plausible that our results in this part could
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be improved slightly by using a smoothed out version of the approximate functional
equation. An example of a smoothed out approximate functional equation can be

found in [69, pp. 443-446]. We use the following sharp version.

Theorem 2.12 (Lavrik [62]). Let y be a primitive character mod q. For s = o +it with
0<o <1, t>O,¢mdx:A\/%,y:A‘lw/%,andAZ 1, A €N, we have

n 1= I(=2 ¥(n
L) =S 2 (L) N ST g

s+a 1—s
nzx I[(3) =57

L a8)
with

Ry Al + 57 (g0} )og2t,
and in particular, for x =y,

R x™,/qlog2t.
Here e(y)=q ?°G(1, y) and a = (1— y(—1))/2.

It 1s not hard to see that this formula is, in fact, valid for all real A > 1. Moreover,
(approximate) functional equations for imprimitive characters do also exist, but they
are more complicated (see [54, (9.69) and Lemma 10.3]). Therefore we restrict our

attention to primitive characters.

2.4 Convexity and Subconvexity

One of the important questions about the value distribution of ' in the critical strip is
the order of growth of |{(s)|, for s = o +it, as |t| — oo. The natural first estimate is

the convexity bound, which follows from trivial estimates on (.

Proposition 2.13. Define

0, ifo>1,
polo) =1 5%,  f0<o<l, (2.19)
%—0, if o <O.

Then for |t| > 1 and o € [a, b] we have

{(S) <<a,17,e |t|fu0(0)+(' (220)
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Proof. Due to absolute (and uniform) convergence |{(s)| is bounded for any o > o,
with a fixed 0y > 1 and any ¢ € R. On the left half-plane, 0 < 0, we have by the
functional equation (2.3) and Stirling asymptotics (A.6) that {(s) = O(t/*77+). We
can now apply the Phragmén-Lindel6f Theorem (see [76, A5.8]) to conclude that y,

has to be a convex function. The result follows. See [ 76, §2.12] for details. O

The bound off the critical strip is of course sharp. Hence, any improvements

on uy(o) for o €(0,1) are called subconvex estimates. To this end, let us define
ulo)=inf{faeR : (o +it)=O(|t|") as t — oo}.

Notice that by the functional equation we have

lu(a)—/u(l—a):%—a. (2.21)

In light of (2.21), the conjecture is that the convexity is the sharpest possible.

Lindelof Hypothesis. For any € >0, we have as t — oo
{3 +it)=0([). (2.22)

In other words,

It should be noted that Ernst Lindelof (1870-1946) was a fellow Finn, who worked
on topology and complex analysis. His doctoral supervisor, Hjalmar Mellin (1854~
1933), also appears in this thesis in the form of the Mellin transform. It turns out that
Riemann Hypothesis actually implies the Lindel6f Hypothesis, but not the other way
around (as far as we know) [ 76, §5.5]. It is fairly painless to obtain 1“(%) <1/4. The

first improvement on this was made by Weyl who showed that
{(G+it)< t"flog”? ¢

through a method which requires estimates on exponential sums. This can be extended
to include o other than 1/2,[100, Theorem 5.8]. The current best known result on

the critical line is due to Bourgain [8]. He shows that
1 .
((§+zt)<<€ t53/342+6.
For L-functions subconvexity is a more subtle matter. Apart from bounds in ¢ we
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also have to consider the g-aspect. In our work the modulus is always fixed so we
will not deal with the g-aspect further. In the z-aspect subconvexity of degree two
L-functions is a crucial component of the QUE conjecture. This will be discussed

further in Chapter 7.
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Chapter 3

Discrete Mean Values of Dirichlet

L-functions

Mean values play an important role in analytic number theory. This is because often
enough knowledge about mean values allows one to deduce concrete pointwise results
about the value distribution of the corresponding function. For example, the Lindelof

Hypothesis is equivalent to estimating the integral moments of { on the critical line.

Lemma 3.1 ([ 100, (13.2.1)]). Lindelof Hypothesis is equivalent to having the estimates
1 ! Z 1 . 2k d -0 T(
T, ICG+it)[Tde =0(T"),
forall k €N and e > 0.
This is a difficult problem and the required bound is currently established only for

k =1 and k =2 by Hardy and Littlewood [38] and Ingham [51], respectively. Gonek
[32, Theorem 2] proved the following mean value for o € R, || < (log T) /2,

> |c<§+i<y+2m/logT>|2:(1—(““”"‘)2) " 1o T+0(Tlog* T), (.1

o Ta 27
from which we can get an estimate on large gaps between non-trivial zeros of { [70],

"— )1
limsup L1187 4
v 2

b

where y” and y > 0 denote consecutive ordinates of non-trivial zeros.
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3 — Discrete Mean Values of Dirichlet L-functions

The value distribution of {(s) and L(s, y) has a long history and has recently
attracted attention in for example [29], [33], [97]. A typical focus for investigation
for these functions is the distribution of their zeros. In 1976 Fujii [27] showed that
a positive proportion of zeros of L(s, ¢)L(s, y ) are distinct, where the characters are
primitive and not necessarily of distinct moduli. A zero of the product is said to be
distinct if it is a zero of only one of the two, or if it is a zero of both then it occurs with

different multiplicities for each function.

It is, in fact, believed that all zeros of Dirichlet L-functions to primitive characters
are simple, and that two L-functions with distinct primitive characters do not share
any non-trivial zeros at all. This comes from the Grand Simplicity Hypothesis (GSH),
see [88]. The hypothesis is that the set

{y>0: L(% + 1y, y)=0and y is primitive}

is linearly independent over Q. Since we are counting with multiplicities, it is implicit
in the statement of the GSH that all zeros of Dirichlet L-functions are simple, and that
y #0,i.e. L(3, y) #0. We know unconditionally that a positive proportion (35%) of
the zeros of L(s, y ) are simple [2]. Conrey, Iwaniec, and Soundararajan [20] prove that
56% of all zeros of L(s, y) are simple when averaged over the family of all Dirichlet
characters y in a suitable way. Under the GRH it was shown by Chandee et al. [13]
that the proportion of simple zeros for one L(s, y ) can be strengthened to 91% if y is

primitive.

A similar result is expected for an even bigger class of functions. Murty and Murty
[72] proved that two functions of the Selberg class . cannot share too many zeros
(counted with multiplicity). They show that if F, G € % then F = G provided that

1Zp(T)AZG(T)| = o(T),

where Z,.(T') denotes the set of zeros of F(s) in the region Res > 1/2 and [Ims| < T,
and A is the symmetric difference. Booker [5] proves unconditionally that degree two
L-functions associated to classical holomorphic newforms have infinitely many simple

Zeros.

Apart from looking at the zeros, there has also been investigation into the a-values
of { and L(s, ), that is, the distribution of s such that {(s) = a (or L(s, y) = ) for
some fixed a € C. Garunkstis and Steuding [30] prove a discrete average for {’ over

the a-values of {, which implies that there are infinitely many simple a-points in the
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critical strip. On the critical line, however, we do not even know whether there are
infinitely many a-points. For further results on the distribution of simple a-points
see [34]. On the other hand, we can also look at points where {(s) (or L(s, y)) has a
specific fixed argument ¢ € (—, 7t]. In [56] the authors prove that { takes arbitrarily

large values with argument ¢, i.e.

1 54
max (5 +i0)| > (log 7).
Arg(¢(1/2¥it)=p

In this work we compare the values or the arguments of two Dirichlet L-functions
at a specific set of sample points. We choose these points to be either the Riemann
zeros, B+ iy, or a horizontal shift of them. We will prove two results in this direction

depending on whether we are on the critical line or not.

Theorem 3.2. Assume the Riemann Hypothesis, i.e. 5 = % Let y,, x, be two primitive

Dirichlet characters modulo distinct primes q and £, respectively. Let o € (%, 1). Then, for
a positive proportion of the non-trivial zeros of { (s) with y > 0, the values of the Dirichlet
L-functions L(o + iy, y,) and L(o + iy, ¥,) are linearly independent over R.

Remark 3.1. If the values L(o + iy, y,) and L(0 + iy, y,) are linearly independent

over R, then in particular their arguments are different.

Theorem 3.3. Two Dirichlet L-functions with primitive characters modulo distinct primes
attain different values at ¢ T non-trivial zeros of {(s) up to height T, for some positive

constant c.

Remark 3.2. In Theorem 3.3 we fail to obtain a positive proportion and we expect
this to be a limitation of the method used. Garunkstis and Kalpokas [28] look at the
mean square of a single Dirichlet L-function at the zeros of another, and show that it
is non-zero for at least ¢T" of the zeros for some explicit ¢ > 0. On the other hand,
attempting to introduce a mollifier to overcome this limitation does not seem hopeful
either. Martin and Ng [68] evaluate the mollified first and second moments of L(s, y)
in arithmetic progressions on the critical line and prove that at least 7(log 7)™ of
the values are non-zero, which misses a positive proportion by a logarithm. This was
extended to a positive proportion by Li and Radziwilt [64]. However, their method
relies on the strong rigidity of the arithmetic progression and fails when the sequence

is slightly perturbed.

Remark 3.3. We assume that the conductors of y, and y, are primes in order to make
the notation simpler. It should be possible to generalise our results to the case when

the conductors are coprime or have distinct prime factors.
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A main ingredient in the proofs is the Gonek-Landau formula and results derived
from it. In 1911 Landau [60] proved that for a fixed x > 1,

> = —lA(x) +O(log T), (3.2)
0<y<T 21

as T — oo. Here the sum runs over the positive imaginary parts of the Riemann zeros.
What is striking in this formula is that the right-hand side grows by a factor of 7" only
if x is a prime power. This version of Landau’s formula is of limited practical use since
the estimate is not uniform in x. Gonek [32] proved a version of Landau’s formula

which is uniform in both x and 7

Lemma 3.4 (Gonek-Landau Formula). Let x, T > 1. Then

Z xf = —lA(x) + O(xlog2xT loglog3x)
O<y<T 2n (33)

+O<10gxmin<T,i>>+O<Iog2Tmin<T, L >>,
(x) logx

where (x) denotes the distance from x to the nearest prime power other than x itself.

If one fixes x then this reduces to the original result of Landau as T — oco. As an

application of Lemma 3.4 Gonek proves (under the RH) the mean value (3.1).

For Theorem 3.3 we need a modified version of the Gonek-Landau formula for

integrals, see [29].

Lemma 3.5 (Modified Gonek Lemma). Suppose that >.°2  a(n)n— converges for o > 1
and a(n) = O(n°). Leta=1+1log ' T. Then

1 (Mmoo 7is\ ~=a(n)
_ 71 sEEN S Ay
2re J 4 <27‘c> (S)CXP< 2 >; ns ’
S a(n)exp (-zmﬁ> L O(mA TV, if 8 =—1,
= { a<ln "
O(m*), if & =+1.

3.1 Proof of Theorem 3.2

The proof will follow the steps of [32, Theorem 2] and [78, Theorem 1.9] for the

Riemann zeta function and GL, L-functions.
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Two non-zero complex numbers z and w are linearly independent over the reals is
equivalent to the quotient z/w being non-real, or that |zw —Zw| > 0. For us z and w
are values of Dirichlet L-functions. Instead of looking at these functions at a single
point, we will average over multiple points with a fixed real part o € (%, 1) and the

imaginary part at the height of the Riemann zeros.

We are assuming the RH purely because it makes the proof simpler as expressions
of the form x? become easier to deal with if we know the real part explicitly. On the
other hand, the distribution of these specific points does not seem to have any impact
on the rest of the proof. We suspect that the RH is not an essential requirement. In fact,
following [33], it might be possible to obtain the result without the RH by integrating

/ —_—

¢
?(S —0)B(s, P)L(s, x1)L(ss )
over a suitable contour. This picks the desired points as residues of the integrand

yielding the required sum. This idea is also used in the proof of Theorem 3.3.

The proof will be divided into three propositions after which the main result follows
easily. In the first proposition we want to calculate discrete mean values of sums of
terms of the type L(o + 2y, y,)L(0 + iy, ¥,) and its complex conjugate. If we subtract
one of these mean values from the other then each term is non-zero precisely when the
two numbers are linearly independent over the reals. Hence we need to prove that the
two mean values are not equal, which is the content of Proposition 3.8. Finally, we get
the main result by applying the Cauchy-Schwarz inequality to the difference of the
mean values. Because of this we also need to estimate a sum of squares of the absolute

values of the above quantities, that is,

|L(o + iy, y)L(o + iy, y,)—L(o +i}/,)(1)L(a+i}/,)(2)|2.

This is done in Proposition 3.7.

The first obstacle in our proof is that the mean values are complex conjugates. To
show that the difference is non-zero leads to determining whether Im L(20, ,7,) #0,
which does not always hold. Thus we need to introduce some kind of weighting in
order to shove these sums off balance. We do this by multiplying by a finite Dirich-
let polynomial, B(s,P), which cancels some terms from either of the L-functions,

depending on which mean value we are considering. We define

B(s,P)=] [(1—xi(p)p™)1—xap)p™) (3.4)

p<P
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for some fixed prime P, depending only on ¢ and Z, to be determined in Proposition 3.8.

Let us also assume that this Dirichlet polynomial has the expansion

— —S
= E c,n,

n<R
for some R depending on P. Since |c,| < 2 for any prime p, we have for all 7 that
le,| <2 (3.5)

Remark 3.4. It should be possible to simplify the proof by replacing B(s,P) with
(1= (D)1= xa(q)g™)-

Let N(T) be the counting function defined in (2.6). We prove the following propo-

sitions.

Proposition 3.6. Assume the Riemann Hypothesis. Fix o € (%, 1). Then, withs = o +1y,

we have o d 7 (n)
> B PIL(s, )G x) ~ N(T) D A2, 6.6
0<y<T n=1

and = o (n)
> B\ P)LGs, ) Liss o)~ N(T) DAL, (37)
0<y<T n=1

where

oo o

d, e
B, D)L )= 25 B, P 2= D,

s
=1 n=1

and y runs through the ordinates of the non-trivial zeros of { .

Proposition 3.7. Fix o € (%, 1). Suppose s = o + iy and let

Aly)= B(Ssp)<L(5a)(1)L<5»)(z)_L(S’Xl)L(Ss)Q»-

Then, under the Riemann Hypotbhesis,

> AP < N(T), (3.8)

0<y<T
where y runs through the ordinates of the non-trivial zeros of {.

Proposition 3.8. Fix o € (%, 1). Under the Riemann Hypothesis we can find a prime P
such that

> Aly)~C-N(T), (3.9)

O<y<T
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for some non-zero constant C. Here y runs through the ordinates of the non-trivial zeros

of ¢.

Proof of Theorem 3.2. By the Cauchy-Schwarz inequality and Propositions 3.7 and 3.8

we have

2 2 2
> 2ocy<r A(Y)] o ICPN(TY CEN(T). 5.10

o2 Soey<rlAP N(T)
A(y)#£0

This proves that a positive proportion of the A(y)’s are non-zero; in particular, for the

same y’s, L(s, y,) and L(s, y,) are linearly independent over the reals. O

3.1.1 Proof of Proposition 3.6

As the d’s contain only products of characters, we have d, = O(1) (see proof of
Proposition 3.8 for the calculation). In particular they define a multiplicative arithmetic
function. We define, for a fixed ¢,

B(s,P) Z 1i(m)n= = Z din”.

n< % n<R %
We have
d,= > axlm), (3.11)
n=km
and hence for » <R qz—it
dy= " qx(m). (3.12)
i

From this it follows that d, = d/ for n < Z—i[. We also need to show that d/ < 1.
Let py,..., p), for some b > 1, denote all the primes below P in an increasing order.
Define P = p, - p, P. From the product representation of B(s, P), equation (3.4), we
see that ¢, =0 for #» > 1, if » contains any prime factors greater than P. Thus, write

n= pfl ---thP"’Ov: n'v for some a; > 0. Then

/

/ n /
d, = Z e X1 <EV> =y,
or

Thus it suffices to consider 7 with prime factors only up to P. Since B(s,P) has a

finite Euler product of degree two we have ¢,; = 0 for any prime p and j > 3. So

P
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we can suppose that n = pf” ---pZ’”P“O, where 0 <, <2forall i < /. The number
of summands in (3.12) is then at most 3**!. By (3.5), we find that |d/| < 273/*1. In
particular, d’ < 1 as required.

The approximate functional equation (2.18) for y, with A = v/ gives

L(s, 1) = Z xi(m)n™ +X (s, x1) Z 71(”)”5_1+O(t_0/210gt+t_1/4),

qt

lt gt
n< gn n< 2l

where

X 0=200(2)

Similarly for y, with A = ,/gR we get

L(s, y,) = Z )(2 - X(s, x,) Z 72(71)713_1 + O(,f—"/2 log ¢ + t_1/4).

lt

1
n<R 27: nSR? Tnq

We can now expand the left-hand side in (3.6) to

> B(s,P)

0<y<T

< Z )(1 )+ X(s, 1) Z 5‘1+O(V‘”/210gy+r‘”4)>

n<

(3.13)

2

x < Z To(m)n ™ +X (s, 2,) Z 1(n)n* '+ O(y ”/zlogy+y 1/4)>_

aly ‘V
n<Ry\ G n<x

Denote the sum with y, and ), by M(T'). We will take care of the other sums at the

end of the proof. The main term comes from the diagonal entries of M(T'). First, write

M(T)= 37 Bs,P) 3 yu(mpn™ 3 Falmpm™

o<yt n<y/2x m<Ry|%L
=V 2n — 2
_ !, —0—1 — —o+1
= E E dn=7 E o1 (m)ym =7
<
o<y_Tn§R qzl% m<R qzﬂ
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Then we separate the diagonal terms

oy N g
nr)=3 (3 LS L (1))

n<R qzﬂ n;ém
- T

:Zl-i-zz. (3'14)

The asymptotics in (3.6) come from Z,. We have

nX2 n) dn_2(n) (dr/z_dn)_z(”)
R N )

0<y<T
<r= n>R % n<R qzﬂ

:N(T)Zd”” ) vc +c,

n=1
We need to estimate C, and C,. For C, we have

C D D Dy P =0o(N(T)).

0<y<T n> .y O<y<T

Similarly,

C, D> > ¥ =o(N(T)).
oyt s Ji

To estimate Z, we wish to exchange the order of summation and apply the Gonek-

Landau formula (3.3). Splitting and rewriting Z, in terms of the zeros of { we get

d! ¥ ,(n) n \1/2+iy dxy,(m) n \1/2+iy
Z=2, 2, Z(wz—,ia—m(;) + i) >

O<y<T n<R qu m<n

mX2(7) 7 \P d7,(m) Tue
g (e () + ()
q 7in?

q[Rz —y—

To apply the Gonek-Landau formula we split the innermost sum to 0 <y < T and
0<y <2nn*/qlR*. Hence, we can write

Zz = ZZl + Zzz + Zz3 + Zz4 + Zzs’

with

d,, X ,(n)+d, 7 ,(m)
Z Z n(r-‘rl/Zma 1/22 A<_>’

m
n<R q[T mn
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n*AN(n/m)
Zp< Z Zno-‘rl/Zmo—l/Z’

n<R q[T m<n

1 2nT
IS Z Z 012 p0—1/2 4 log—loglog—

glT Mm<n
n<Ry\ 7%

1 n . n/m
Zu< Y, Zml‘)gzm‘“<T’<n/m>>’

T Mm<n
n<Ry\ 5—

and
1 1
Z l T _—m T,— :
25 K log Z Z not12mo=1/2 m1n< log(n/m)>

<R qlT m<n

We begin by estimating Z,,. The only non-vanishing terms are with m|n. Thus we

write 7 = km and obtain

T —0— —20
VATR —Z Z 0+1/2m20 E ko2 Z m,

qZT qlT q[
/e<R <k k<R 5~ <k

since A(k) < k¢ for any ¢ > 0. Since both sums are partial sums of convergent series

we get Z,; = O(T). Working similarly with Z,, gives

Zzz<<Z Z /ea 3/2 << Z k3/2—0'+6 Z m 220

k<R <,e q” k<R 7 <,e q[

3/2—0+e T2\ 2 0—3/2+¢
<<Z/e k) +1)<TT >k =O(T).
k<R\[ZL kT

For Z,; we get

1
Z,, <L logT loglOgTZ o— 1/2 Z mo+1/2
m<n

n<R q[

L log T loglog TZ

n<R

e L5 = o(N(T).

In order to estimate Z,, we write n = um + r, where —m /2 < r < m /2. Hence

r

r 2, if # isa prime power and r #0,
()=
>

(3.15)

1 .
5> otherwise.
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Let c =R+/q{ /27 then n/mgngcﬁ, and so

1 n 1
ZZ4<<10gTZ anﬂ/zmg 1/2 (n/m)

n<cTV/2m<n

1
<<logTZ Z Z o %m_I_r)a 1/2 <M+ >,

m<cT 2 uL|[c T2 Im|+1 -5 <r<%

and then evaluate the sum over » depending on whether # is a prime power or not to

get

mlogm m
LlogT <A(14) + >
mchTl/zug[ch%mJ-H Mo 2 ()12 e 2y )12

€

1
< lOg TZ OZgz:z/ll Z 0%—1/2 = O<T)

mScTVZ m u<<cT1/2/m u

Finally, for Z,; set m =n—1r,1<r <n—1. So in particular

logﬁ >—log<1—1> >
m n/"  n

Hence,

7’1
ZZS<<10gTZ Z na-‘rl/Z(n_r)a 1/2

n<cTY21<r<n

<LlogT —=0O(T).

7Z<CT1/2 7<”_1 r

It remains to estimate all the other terms in (3.13). By repeating the analysis done for Z,

and Z, we obtain the following estimates

2
! —o—i
E d n=7

O<y<T

>, < N(T), (3.16)
O<y<T n<R qu

and ,

> ‘ > Ton)n | < N(T). (3.17)
0<y<T 2<R qzll
With trivial changes to the above argument we get,
2
Z Z Xl n’= 1+iy < TJ—l/ZN(T), (318)
[
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and

L T°'V2N(T). (3.19)

2
Z 2 ”)na_l_iy
SR\/Trq

We also need to estimate the order of growth of the derivative in ¢ of |X (s, y)|*. First,

r<1—s+a>
2

2

0<y<T

notice that [e(y)| =1, so

X, l=(2)"

By Stirling asymptotics

—1

()

120
XG5 )P ~ay = (L), (.20
7T

as I'(z) =I'(z), where A is some non-zero constant. Thus, with ¢ =T"/T,

d”l_y|x(s,;()|2 = IX(S,X)I2§<¢ (52) -9 (52)+9(F) v <S+Ta>>

= X )5 (2 (arg (552) —arg () ) + 0 )

< }/1_2”<O(}/_1) + O(y_2)> <y, (.21)

by a standard estimate on ¢ (A.7) and the Taylor expansion of arccot. Let

2 —0—1 2
DI el

n<R

2

Z )(1(”)”071%7 .

=V 2l

= > X(o+iy,x)

0<y<T

We use summation by parts, (3.21), (3.18), and (3.19) to see that

Z )(1(71 o— 1+zy

f Z le(n o—1+iy
1 o<y<t <W

S(T)= X (o +iT, I’ D

O<y<T

2 d .
E|X(0 —|—zt,)(1)|2dt,

which simplifies to
T
S(T) L T2 T 1V2N(T) + f t"VPN(e)e T d e,

1

The first term is clearly o(N(T')). For the integral we use the fact that N(¢) = O(¢ log )
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to estimate it as

T
J t1/2—a 10gtdt<< T3/2—a+e'
1

Hence we have that $(7') = o(N(T')), and similarly

2

& T30+ = o(N(T)).

Z 72(”)”0_1_W

Finally we use the Cauchy-Schwarz inequality, (3.16), (3.17), and the above two equa-
tions to estimate all other terms in (3.13) as o(N(T)). O

> X (o +iy, 7,)f

0<y<T

3.1.2 Proof of Proposition 3.7

Since B(s, P) is a finite Dirichlet polynomial it is bounded independently of 7. Thus,
to estimate ZV§T|A(}/)|2, it suffices to estimate

DL, )P IL(s, o)l = O(N(T)). (3.22)

O<y<T

The approximate functional equation for L(s, y,), as in the proof of Proposition 3.6,

gives
L(s, 1) = Z Xl n 4+ X (s, x) Z 71 (n)n* ' + O(t_"/zlogt + 7%
n< n< 2n[
=W, +X(s,)(1)W2 +O(t™*logt)+ O(t™*).
Similarly,

L(s, o) = Y1+ X (s, )Y + O(t_g/z logt)+ O(t_1/4),

where
Y, = Z X(n)n™, Y,= Z 72(”)”3_1-
n< qz—it n< 2%]
We have
W _ X0(m) ()3 () 7(V) ¢ v N7
>IN, WW,=> Z ; : (3.23)
0<y<T OIET ey JIE (mnuv) mn
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Again, we consider the diagonal terms separately from the rest of the sum. The number

of solutions to m 7 = uy = r is at most the square of the number of divisors of 7, d(7)?.

Thus

(qly/2m) 1/2

Z Z)(l

O<y<T mn=pv

(3.24)

<<ZZ

20
mn) O<y<T r=

since the inner series converges. For the off-diagonal terms set uv = » and mn =s.
We can treat the cases s < r and s > r separately. In the following analysis we assume
m, n, u,v<(ql T /27)"/%. Consider first the terms with s < r in (3.23). We have that

Z Z Z X1(7m) 3 /m>)(1( )72(”/#)2 <1>iV’ (3.25)

o
r<q€T/27r s<r mls, u|r s K<y<T

where K = min(7, (27t /ql) max(m?,s*/m?, u?,v*/ u*)). Applying Gonek-Landau
Formula (3.4) to Z, gives

= X3 3 M) (5 (1) 5 (1)

rLT s<r m|5 lu|r O<}/ST s O<y<K

=24y, t+ Zz3 + Zz4 + Zzs’

with

xi(m) (s /m)x (u)x,(r /W) K—T , /7
p— A _ ,
Zy1, KETKZ”MZW yotlj2go—1/2 Py <5>
2T7r

3
ZZ3<<ZZ Z 7,-0+1/250 7 lg 5 loglog%,

LT s<r mls,u|r

1 S(s/m)y (@), (r] ) roo. r/s
Zz4<<ZZZX )25 [m)x () x,(r ] log—m1n<T,ﬁ>,

o+1/2¢0—1/2
r<cT s<r m|5 [u‘ r s s 7/'/S

and

1
Zzs<<ZZ Z r"“/zs" 1/210g2Tm1r1< log(?’/S)>

r<LT s<r mls,ulr

For Z,, , we set r = sk. Since d(x) < x“ and K < T, we get

/ee €
212<<TZ Z ]e(7+1/2 20 O(T).

kT s<T |k
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We also have

Z,, L logT loglogTZ =Y Z o112

r<<T

< logT loglog T Z —7; = o(N(T)).

r<<T

We can rewrite Z,, as

Z (i )(7) Z O 22)(s) logg min<T,T—/S> , (3.26)

rot+1/2 so—1/2 (r/s)

r<cT s<r
where * denotes the Dirichlet convolution. Let » = s + ¢, where —s /2 < t <5/2,
and separate the terms where # is not a prime power to Z,, ;, and denote the remaining
terms by Z,, ,. We use (3.15) to see that

6( + t)( t
Zu<S S0 5‘7+1S/2(2z+t)”—1/2 log<%+;>. (3.27)

s<eT ueT [s+1|t|<s /2

Rewriting yields

t>1/2—0+e

2¢
Zya<logT >0 >0 > (w+t

o<l 57w s+1)i|<s)2 s

The terms in # can be bound from above by (# — 1)1/27%<, Thus

)

3/2—0+e
2y, L logT Z 142620 <CT>

s<cT

< T3/2—0+E T1/2_U+€ Iog T = O(N(T))

For Z,,, let’ in summation denote that the sum extends only over prime powers. We

need to estimate

?(1*)(2) us+ 1)y, x,)(s) . w4t
Z Z Z (s +t)o+1/250-1/2 log<%+s>mm T, 7

s<cTu<|_CT +10A£t|<s/2

as O(N(T)). This can be rewritten as

Z (= x2)(s) Z’ Z ()(1*)(22(”54'”10%(%4_5) min<T,L+t>.

20 o+1/2
s<cT $ w<| <L+ 0#£|t]|<s/2 (% + ) /
—L s
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By taking absolute values and using the triangle inequality we find that

224’2 < logz T Z S2€—20+1 Z M1/2_0+(

sLT uLT /s
< T3/2—a+e 10g2 T Z Se—a—l/z — O(N(T)),
sLT

as required. It remains to estimate Z,;. We use the same method as in Proposition 3.6.
Lets=r—k,and 1 <k < 7 to get

1 7
Z,, L logT —
25 ;; potif2=e(y —k)o—1/2—< [
1 1
<<lOgT E Tﬁ—s E E:O(N(T))
r<l ’ k<r

Finally, if s > r we can consider the complex conjugate of (3.23) to obtain the same
estimate. The rest of the proof proceeds in the same way as in Proposition 3.6. We

obtain trivially the estimates

Do IW P N(T), (3.28)
0<y<T

D n [P < N(T). (3.29)
0<y<T

Also, by modifying the argument slightly we find that

SUIW << T HN(T), (3.30)
O<y<T

S| < T THN(T). (3.31)
O<y<T

We also need to estimate the derivative of |X (s, y)|*. By estimate (3.21) from Proposi-

tion 3.6 we get

d
d_}/|X<5,)()|4<< J/1—20)/—20<<}/1—4(7.

The rest of the proof now follows from estimating

DX ()W = O(T 27 N(T)),

O<y<T

and similarly for Y, and applying the Cauchy-Schwarz inequality to the remaining
terms in the expansion of the product in (3.22). O
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3.1.3 Proof of Proposition 3.8

Let

nXZ n%l

b= Z_: n Z_: nz"
By Proposition 3.7 it is sufficient to show that D — E # 0. First, we need to com-
pute the d, and e,’s explicitly. Let us denote the set of primes smaller than P by
P = {pisPss---> P, P}. Suppose P is large enough so that ¢, { € 2. The coeffi-

cients d  are defined by the Euler product

[ [a—xp)p~) % i)a(p”)'

p<P p>P n=0 pns

If p?| n, p € P, then n disappears from the expansion, i.e. d, = 0. If # has no prime
factors from the set 2, then we just get the usual coetficient from L(s, y,). On the
other hand, if some prime p € & divides 7 exactly once then it contributes —y,(p).

Hence
x1(n), if ptntorall pe?,
d,= (—U%{Kﬁ);&([yl ---pik), if ?; || 7 for pi € P forall j,
0 otherwise.

Similarly for e . Here p® || » denotes that p* is the largest power of p dividing 7.
Hence for p > P the Euler factors of D are of the form

(1= (P2, (P)p ™),

while for E one obtains the complex conjugate. On the other hand, for p < P we have

—20

L+d, 7,(p)p ™+, (pP)p ™+ = 1= o2 (p)p ™ = 1—p7,

unless p = ¢, and similarly for the second series. Now, suppose that D = E, then

[ [a=p] [a=Caz)ep ) =] [a—p7) ] [a—G )"

p<P p>P p<P p>P

p#L p#q

We cancel out the common terms in the product over p < P, which yields

(1—q*)z=(1—)z,
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where
z=] [—=Cax)p)p )"
p>P

Hence,

l—g™ %

1—(-20 7
Taking absolute values yields

1— q—ZU

=1,

1—{-2

which is a contradiction. O

3.2 Proof of Theorem 3.3

We now sample the values of L(s, y) at precisely the non-trivial zeros of {. In this case
we do not assume the RH. Off the critical line we used the method of Gonek-Landau
to prove linear independence. On the critical line, however, this becomes very difficult.

This is mainly because of the corresponding Z,, term in the first proposition. We get

s ) (i)
Z,, ;{% ” log<m min( T, 00 m) ,
where X = qT /27t4/logT. This should be o(N(T)log T'), which seems to be very
difficult to prove. In the proof of Conrey, Ghosh, and Gonek [21] they make a
reduction to the discrete mean values of one L-function at a time. We have been unable
to find such a reduction in our case. Garunkstis, Kalpokas, and Steuding [29] presented
a more suitable method through contour integration and a modified Gonek Lemma

(see Lemma 3.5).

Denote the characters in Theorem 3.3 by y, and y, with distinct prime moduli ¢
and {. For any Dirichlet character v modulo 7, we denote the principal character

modulo 7 by w,. Moreover, put B(s, p) = p’ for some prime p to be determined later.

Then,
Aly) = B(p, p)(L(p> x1) — L(ps x2))

is non-zero precisely when the two L-functions assume distinct values. Let G(k, y) be

the generalised Gauf sum as defined in (2.11).

Proposition 3.9. Let € be the rectangular contour with verticesat a+i,a+iT,1—a+iT,
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and 1 —a + i with positive orientation, where a =1+ (log T)™". Then we have

4 B L d c Tl d 3.32
i €?(5) (s, P)L(s; ) ds ~ oy 0850 (3.32)
where .
c = GWLr)G=p: 1)
xn >
q
and similarly for y,.

Then, by the residue theorem, we get

f C (B, p) (Llss ) — L(s, 1) d

O<y<T 27—”

Proposition 3.10. With the same contour as in Proposition 3.9, we have for j, ;' € {1,2}
that

LJ S (s, (1 —5,7 ) ds < Tlog’ T.
271 ¢ C / /

This proposition gives us estimates for all the terms in SJJA(y)|%, since B(s, p) can
be bound independently of 7. Finally, we have to prove that the difference coming

from Proposition 3.9 is non-zero.

Proposition 3.11. There is a prime p, different from q and {, such that C, —C, #0.

With these propositions we can prove Theorem 3.3 in the same way as in (3.10).

3.2.1 Proof of Proposition 3.9

We prove the proposition for y, as the case of y, is identical. Denote the integral
in (3.32) by .#. Then

atil l—a+iT I—a+i ati \ 1
<f f f +J >_(S)B(5’P)L(S,)(1)ds
a+iT l—atiT lati g

=S+ 5t I+ 5,
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We can evaluate .#, explicitly to get
a+iT g/
5= [ e
a+i g

=i Al [T g,

n,m (mnp—l)a mn

< §<a>z<a>+ T =0(T),

where the second term comes from the case mn = p. For .#, we use the following
bounds (see [22, pg. 108]):

/

Z(a+iT)<<log2T, if —1<0<2, |T|>1, (3.33)

and
Lio+iT, y) < |T|log|T +2|, if1—a<o<a, |T|>1. (3.34)

These yield .%, = O(T'?log’ T'). Next we consider .#,. Changing variables s — 1—5

gives

1 a+iT 5/ 3 3 s
I =— —(1=5)L(1—5,x)p "ds.
271 a+i (
Conjugating and applying the functional equation (2.3) of { and (2.17) of L(s, y,) yields
a+iT (/ /
= [ (S04 L0 )1 nt s,
Tl J gti ( Y
where
T(:
y(s)=n'*" 9 :
r(7)
and

1 — —7Tis — LS
;G(l’)ﬁ)r(S)(e 2 + 7, (—1)e /2)-

Using the definition of A to expand the above we find that

A, =(L)

27

S=p( T+ +F),
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where
G(Ly,) 1 J“*"W 7\ < s
= —_ — | T —— )L ’ d ’
FET i) W Namy) TR e
7 (—1\G 1,— a+iT 7 $
7, 1V ?J L(s)<i> I(s)exp +E>L(s,x1)ds,
q 21t Jopi Y 2rep

qg 2mi).; (¢ 27p

_ 1:(=DG(Ly,) 1 et ¢’ q \ s
F, = ,LH ?(s)<—> I'(s)exp —I—T>L(s,)(1)ds.

)

_ (
gz}—MLLHJ g(s)<L>Sr(s)exp<—%iS>L(s,)(l)ds,

(

q 2me

We rewrite Z, in the following way

G 1,— T,/
7, = 02y Xl)J Llatir)
q I

1 atit
L ol s o

By Lemma 3.5,

R ﬂfi7<i>sr(s)exp< 2”) L(s, y1)ds

211 a+i 27Tp
- Z%l eXP< 27U—P>_|_o( 1/2+¢),
q

—27rp
We can separate the periods to write the sum as

;Xl(a)exp< 277:z—> >i= EG —p, 1)+ O(1).

n<yL ”q

n=a mod q

We integrate by parts in (3.35) and use the standard estimate

/

t
Lioy=togltl yoqel™, Je=1,
Y 2

which follows from Stirling asymptotics. Thus
C T
_ x T —1 1/2+4¢
7= fl <log S +0(r )) d (v +0("7))

og — .
Zﬂp g2n
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Similarly by Lemma 3.5, %, is O(log T), while &, = O(1). For Z; we have

5 00T) L ( (52 ) terew (<57) S0, 20ds

q 2mi ),y 27t p 4
—G(L,7,) .mnp 1/2+¢
= T Z A(m)y,(n)exp| —2m: +O(T 7).

mn<ﬂ

Looking at the summation we decompose it as

ZMA(m) Z xi(n)exp <—2m' idid 4 >

q

—2mp —2mpm

We separate the periods in the same way as for | and write the above sum as

> Am)G(=mp, 1) +O(T).

m—an

2pm

We will show that the summation over 7 in fact converges. This means that we have

F,=0(T). To do this it suffices to consider

Let
$X, )= Z A(m)y (m).

m<X

Then, by [22, pg. 123 (8)],

_ X7 12
007 = =+ O explcllog X))
where the term with 3 comes from the Siegel zero of y, and ¢ is some positive absolute
constant. However, since our ¢ is fixed, we know that 3 is bounded away from 1.

Hence, with summation by parts we obtain

m X 2

S A _ g 7)) f THET 4~ oy

m<X

as required. Finally .%, = O(1) as the integrand is analytic in a neighbourhood of the

line of integration. O
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3 — Discrete Mean Values of Dirichlet L-functions

3.2.2 Proof of Proposition 3.10

We prove the case j = 7/ = 1 as the other cases are either similar or easier. Now, denote

the integral by .#, i.e.

1 /
S = . . %(S)L(s,xl)L(l—s,yl)ds,

and split it in the same way as in the proof of Proposition 3.9, so that
I=9+ -+,

We can write .#| as

a+iT w7
L )Ly P A1) ds

b 271 a+i (

= ST [ Y 1) (o (52 )+ 7D (52)) S 61005 17 s

B Zﬂlq a+i

=& +6,.

By Lemma 3.5, &, = O(1). Let us now estimate &,. We have

——@ )y, (m)A(m) exp | —2mi 22 1/2+¢
6, ==L 3 dl (o)A p< 2 q>+O<T )

mn<ﬁ
—2r

Denote the sum over m and 7 by S. As before, we first separate the periods

Now sum over characters 7 of modulus ¢ to get

L . ab
S= E E a)n(a)exp| —2mi— d(n)n(n)A(m
¢(q)7)modqa,b:1)(1( )}7( ) p< 2 q > Z ( )77( ) ( )

mnS?
m=b moﬁq
1 q
=—— > 2 G(=b, 1) 2 d(m)n(m)A(m),
¢(q) nmodg b=1 WZS%
m=b mod q
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and as before

Y > G147 < > d(ﬂ)ﬁ(ﬂ)A(M)w(M)>Zfl(b)n(b)a(b)
b=1

’7 « mod g mn<id
—2r

The sum over b is non-zero if and only if w = wyand n = y;; 0r w =7 and n = n;

or w # wy and n = y,w. By Perron’s formula (see 76, A2.5])

= S dipnimetn =35 [ Lot (32) Lro( L)

2rt ),y L

mn<ﬁ
—2n

for some U with |U| < T. Since our characters are fixed, we can use a Vinogradov-type
zero-free region [29, pg. 296]. That is, let b, = 1 — ¢, /(log ¢ )***¢ (in fact, any power
smaller than 1 would do), then L(o +i¢, y,) has no zeros in the region o > b,. Here ¢,
is some positive absolute constant. By the approximate functional equation (2.18) and

Stirling asymptotics (A.6) we have uniformly for 0 < o0 < 1 and |¢| > 1 that
L(o+it,y,) < |t] 7 log(Jt]| + 1). (3.36)

Then, by shifting the contour we get

~

B L/ , q s
— Z d(n)n(n)A(m)ew(m) = res Z(s,a))L(s,n) <%>

s=1

©“ | =

T
mn<—2’7
T

1 b+iU b—iU a—iU )& ds T1 3 T
—— f +J +f —(s,)L(s, )’ <—q> —+O< = >
211 \Joyiv bviv Jp-iv) L 2 s U

(3.37)

We need to find the residues in each of the three cases.

resLZ/(S,wo) (511" <T_:r]>

s=1

L, _ Tq\’
res (5. 7L, 70 ()

s=1 27

— 101,504,
2

= 2( 22} Tagioe 32 + o)

1
s
1
s q

/

T s
res — L (s,co)L(s,g(lco)Z <—q> 1 =0.
s

s=1 27T

It remains to estimate the integrals on the right-hand side of (3.37). By (3.33) and (3.36)
we see that the first and third integrals yield O(T*U~* log* U). We split the second
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3 — Discrete Mean Values of Dirichlet L-functions

integral and estimate it as

byti i biUN g
ezt (52) T
<Jb+zU Ll L >L °
=O(TH U "log* U + T"|b,—172),

where the second error term comes from the integral over the constant segment. It
suffices to choose U = T'/? as then

_ 4 _1 a 1/4—e
TU by log U< Te 31og T+ (logT) +4loglogT,
Tbl Ul by log U< Te™ (logT 1/4_‘4-410glogT

and

Th|b,— 1|7 < Tealos )= +(3/2+2¢)loglog T
which are all O(T'). Therefore we conclude that ., = O(T log T').

Next up is .%,. We use the convexity bound (2.20) adapted for Dirichlet L-functions,
which yields
L(o +it, ;) <[]

where ¢ >0, —1 < 0 <2 (say) and |¢| > 1. With this we can write

1 1—a+iT év/

IH=— ()(sxl)( —s,x,)ds

2 27—” a+iT
<<< J >log T THolorero(l=o)te g 5
Keeping in mind that o < a we get
S, L TV 1og® T4+ TV log’ T = O(T).

For .#, we do the usual trick of mapping s — 1—75. Taking complex conjugates leads to

a+iT /
Fm g | (S0 L6 erat s

As in Proposition 3.9 we split this up into Z,,...,Z,. Adding up Z; and Z, gives .4,
which is O(T log T). As before, Z, does not contribute. So we have to estimate %,
that is,

7 - OUT) £T<logi+0(f—l>) d<i_f+iTL(s,;(l)2r(s)exp <—”7”> ds>.

q 271 J i
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Working as in Proposition 3.9 we can write the inner integral (plus an error term) as

> n(n)d(n)exp <—277:iz>.

nﬁg—z q

This is O(t log t), which gives .%, = O(T log” T). It is not difficult to extend this to an
asymptotic estimate, but for our purposes the upper bound is sufficient. Trivially we

also have that .%, = O(1). Hence .# = O(T log’ T). O

3.2.3 Proof of Proposition 3.11

By (2.14) and (2.12) we see that C, = C_ if and only if y,(p) = x,(p)- By the Chinese
Remainder Theorem and Dirichlet’s theorem for primes in arithmetic progressions we

can find a prime p different from g and ¢ that satisfies p =1 mod g and p =a mod ¢, as
well as y,(p) = y,(a) # 1, since y, is non-principal. This gives 1 = y,(p) = yo(p) # 1,
[]

which is a contradiction.
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Automorphic Forms
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Chapter 4
Spectral Theory in Hyperbolic Space

In this chapter we give an introduction and the statement of main results in the spectral
theory of automorphic forms in hyperbolic spaces. We split the treatment of hyperbolic
spaces in two and three dimensions to Sections 4.2 and 4.4, respectively. Since discrete
groups acting on the hyperbolic 3-space arise from the ring of integers of imaginary

quadratic fields, we give an introduction to this theory in Section 4.3.

4.1 Historical Motivation

Let us first motivate the introduction of non-holomorphic automorphic forms with
some historical remarks. Non-holomorphic automorphic forms, in particular Maaf§
forms and Eisenstein series, are generalisations of holomorphic modular forms, where
the analyticity condition is replaced with the requirement of being an eigenfunction of
the Laplace operator. It turns out that certain modular (and automorphic) forms are
deeply connected to L-functions. Hecke [43] [4, Theorem 2.1] showed that given a
Dirichlet series o

L(f,s): -z

)
n=1 n

with polynomially bounded coefficients and a function f : H?> — C with Fourier
series -
fl2)=ay+ D ja,e "N,
n=1
then f is a modular form of weight & and level g > 2 for the group generated by
z+— —1/z and z — z 4+ g if and only if for ®(s) = (27t /q) T (s)L(f,s) we have that
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4 — Spectral Theory in Hyperbolic Space

H1 &(s)+ay/s + y/(k —s) has an analytic continuation to C as an entire function,

where y = £1, and it is bounded in vertical strips;

H2 & satisfies a functional equation ®(s) = y®(k — ).

Notice that with our normalisation the critical line isat Re s = k£ /2. If the coefficients a,,
are completely multiplicative, it follows that L(f,s) also has an Euler product in
the usual sense (degree one, as in Part I). This is not surprising for ¢ and L(s, y) as
their analytic continuation, and the functional equation, can be derived by writing
them as inverse Mellin transforms of modular forms. Recall our proof of the analytic

continuation of { in Lemma 2.3. The theta series introduced there,
O(z) =1+ > 2e™"
n=1

is actually a weight 1/2 modular form for the congruence group I',(2) (see (4.3)),[31,
pg. 185]. Then
Oz =D r(n)e™,
n=0

where 7(n) is the number of ways of writing 7 as a sum of two squares. The series 6°
is a weight 1 form [54, §14.3]. Similarly we could associate Dirichlet L-functions
with modular forms by introducing twists by Dirichlet characters [54, pg. 369, 31,
Theorem 1]. It is possible to also give theta series in terms of many other quadratic
forms that one is interested in number theory (for example, the Gauf§ circle problem
corresponds exactly to the function 7(7)). These would yield for example the Dedekind

zeta function and its twists.

Hecke went much further than this. For the modular group SL,(Z), he fully
characterised the modular forms f of weight & corresponding to L-series which also
have an Euler product (in addition to the aforementioned properties H1 and H2) of

the form

L(f,s):l_[Lp(f,S),
p

where L ,(f,s) is called the Enler factor of L at p. Actually, the Euler factor is of degree

two and can be written as

Ly(f25)=(1=a,p™ +p*~ )"

The crucial idea was to require that the modular forms are also eigenfunctions of certain
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4 — Spectral Theory in Hyperbolic Space

operators 7, with
T, f=a » I

The operators T, average f over multiple lattices and guarantee that the coefficients 4,
are multiplicative. Nowadays we call T’ the Hecke operators. We will give precise
definitions in three dimensions in Section 4.4. All of this generalises to the case when
we replace modular forms with automorphic forms. In Chapter 7 one of the crucial in-
gredients is the behaviour of degree two L-functions associated to the Hecke-Maafl cusp
forms. On the other hand, we will also see how the Fourier coetficients of the gener-
alised eigenfunctions of A, the Eisenstein series, factorise in terms of the Dedekind
zeta function. This theme of matching modular/automorphic forms with L-functions
with nice properties was the precursor to the Langlands program and the functoriality
conjectures. It is a firm belief that all nice L-functions arise from suitable automorphic

forms [6].

4.2 Hyperbolic Plane

4.2.1 Hyperbolic Geometry in Two Dimensions

Most of the basic facts about hyperbolic geometry in this introduction can be found
for example in [53, 57] and so will mostly be used without explicit reference. Denote

the complex upper half-plane by
H*={z€C : Imz>0}.

Equipped with the metric
_dx*+dy?

yZ

the upper half-plane becomes a model for the hyperbolic plane, which is a two di-

ds? 4.1)

mensional Riemannian manifold of constant negative curvature -1. We can compute
lengths on H? by integrating the line element (4.1). We see that the geodesics on H?
are Euclidean straight lines and semicircles orthogonal to the Euclidean boundary R.

It is then possible to compute that the hyperbolic distance d on H? is given by

coshd(z,w)=1+2u(z,w),
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4 — Spectral Theory in Hyperbolic Space

where the function # :H? x H? — R™ is called a point-pair invariant, and it has the

explicit form

( ) |z—w|2
u(lz,w)= —.
4ImzImw

Notice that #(z,w) is strictly a function of the distance d(z, @) only.

The orientation preserving isometries of H? can be described by M&bius transfor-
mations. The group G =SL,(R) with y = (4 }) € G acts on H? by

c

_az+b
Ccz+d’

vz for any z € H”. (4.2)
This action is transitive in the sense that Gz = H? for any z € H?. By well-known
properties of Mobius transformations it follows that this action maps geodesics to
geodesics. We also note that % gz = (cz+d)2, where the factor |cz +d | is called the
deformation of g at z. The matrices g and —g define the same transformations so we
can consider PSL,(R) = SL,(R)/{%I}. Actually, PSL,(R) is isomorphic to the group
of orientation preserving isometries of H?. Together with conjugation z — —Z, these
generate all the isometries. In particular, the point-pair invariant is invariant under G,

that is for any g € G, #(gz,gw) = u(z,w) for any pair of points z,w € H?.

The G-invariant metric (4.1) gives rise to the volume measure

dxdy
52

du(z)= ,
which is also G-invariant. There is an interesting phenomenon of hyperbolic geometry
that follows from the form of d u(z). Consider a hyperbolic disc of radius r centered
at z. The circumference of this disc is L = 27t sinh 7, while its area is A = 47t sinh? %,
[53, pg- 11]. Hence, L ~ A as r — oo. This is completely different from what
happens in Euclidean geometry. The consequence is that it becomes impossible to use
simple geometric arguments to obtain information about the error term in lattice point
problems. Spectral analysis of automorphic forms on the other hand has yielded the

strongest results known today.

We can classify the M6bius transformations depending on the way they act on H?.
There are three different types of transformations: translations, dilations and rotations.
These are called parabolic, hyperbolic and elliptic, respectively. We can also classify them

in terms of their fixed points or the trace of the corresponding matrix g € G. Any
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g # I has at least one and at most two fixed points in H?.

g is parabolic <= g has one fixed point in R <~ |Trg| =2,
g is hyperbolic <= g has two distinct fixed points in R «— |Trg| > 2,
g is elliptic <= g has exactly one fixed point in H? — |Trg|<2.

Finally, we can always conjugate the matrices in SL,(R) so that parabolic, hyperbolic

and elliptic transformations with given fixed points can be brought to the following

1 n A cosd —sinf
1)’ A1) sinf cos@ )’

respectively. In the above we assume that A # 1 and A > 0. Also, isometries map

forms

geodesics to geodesics and in particular the geodesic joining the two fixed points of a

hyperbolic element g is mapped to itself by g.

Remark 4.1. In anticipation of some of the more general discussion in the following
chapters, we remark that the hyperbolic plane is also a rank one symmetric space. To
see this let G = SL,(R) and consider the maximal compact subgroup K = SO(2) of G,
which can be identified as the stabiliser of the point 7. Hence, with the diffeomorphism
g — gi we have that G/K = H?. Since H? has negative curvature, the rank of the

symmetric space is one. In fact any hyperbolic z-space is a rank one symmetric space.

The Laplace-Beltrami operator A on H? is derived from the metric and can be

written as PR
A=y oy ),
5o+ 5)
with the eigenvalue equation
Au+ Au =0,

so that the eigenvalues are non-negative. From now on we call A the (hyperbolic)
Laplacian. It is an invariant differential operator in the sense that it commutes with

the action of G on functions on H?:

A(f(gz)=(Af)(g2).

It is easy to see that y* and '™ are eigenfunctions of A with corresponding eigenvalues

A=s(1—s)>0. We can also find eigenfunctions / that have a constant period in x.
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These turn out to be multiples of the Whittaker function,
Wi(z)= 2y1/2K5—1/2<2773’)32mx-

Here K () is the K-Bessel function [53, B.4].

In order to introduce arithmeticity we look at quotients of H? by discrete groups
of isometries, that is, I' C G which are discrete under the usual topology on R*. These
groups (considered as subgroups of PSL,(R) now) act discontinuously on H?, meaning
that none of the orbits I'z accumulate in H? for any z € H?. We call such I a Fuchsian
group. We classify these groups depending on whether every point on the boundary R is
alimit point of I'z for some z € H?, or whether the limit points are nowhere dense on R.
Then T is of the first kind or of the second kind, respectively. We will only work with
Fuchsian groups of the first kind. A more practical, and equivalent, characterisation is
that T is of the first kind if and only if it has finite covolume. Therefore such groups are
also sometimes called finite volume groups. Each T has a fundamental domain F C H?

which is defined by the following properties

(1) F#0and F is closed,
(11) U}/Er ,)/F = HZ,

(i) Fo()(yF)» =0, forany y #1,

where F° denotes the interior of F. The sides of F are geodesic segments and they form
a hyperbolic 7-gon where 7 is always even. We will work with fundamental domains

in more detail in Chapter 6.

We further classify the finite volume groups into cocompact and cofinite groups
depending on whether their fundamental domain is compact or not, respectively.
The fundamental domain of a cofinite group I' must have at least one vertex in R,
corresponding to a parabolic motion in I'. Such a vertex is called a cusp of T'. From
now on we always assume that I' is a Fuchsian group of the first kind. Moreover, for
simplicity we limit to the case when I' has at most one cusp (or indeed none), which can
be taken to be 0o after conjugation in SL,(R). For any z € H?, we define its stabiliser
in T by

[={yel:yz=z}.

This is always a cyclic group. Here the action of y = ( a Z) € T extends to R by
letting y(—d/c) = oo and yoo = a/c if ¢ # 0, and yoo = oo otherwise. Some
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standard examples of cofinite Fuchsian groups are the modular group SL,(Z) and the

congruence groups. We let

I[(N)= {}/ESL2(Z) : }/E<l 1> modN}

be the principal congruence group of level N. Any subgroup of SL,(Z) which con-

tains I'(N) is called a congruence group. One example we have already seen is

*

IL(N)= {}/ eSL(Z) : y = <>l< >k> mod N}, 4.3)

which is known as the Hecke congruence group of level N. We also let

T,(N)= {}/ eSL(Z) : y = <1 ’;) mod N}.

The quotient space M = I'\H? is a Riemann surface with the metric induced by the
natural projection from the universal covering space H? with deck transformations

corresponding to the group I'. If M is compact then it has genus at least two.

Elliptic transformations correspond to marked points (branch points) on M and
different parabolic subgroups give the inequivalent cusps of M. Moreover, recall that
if g is a hyperbolic transformation, then the geodesic joining its fixed points is mapped
to itself by g. Hence, closed geodesics of M correspond to hyperbolic conjugacy classes
in I' and in particular the prime geodesics correspond to conjugacy classes generated by
primitive hyperbolic elements. Now suppose that p is a primitive hyperbolic conjugacy

class. Then the norm of p is defined in terms of the trace as
Trp=Np'?+ Np~'/2, (4.4)

Since trace is invariant under conjugation it follows that the norm does not depend on
the choice of the representative in p. The length of the closed geodesic corresponding
to p is then given by log Np (counted with multiplicity). Solving the equation (4.4)

gives the following expression for the length

210g<Trp+ \/m>
5 :

(4.5)
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4.2.2 Automorphic Forms and L*(I'\H?)

Let T be a Fuchsian group of the first kind and set M = I'\H?. Our goal is to decompose
f € L*(M) in terms of the eigenfunctions of A. Here we equip the Hilbert space L*(M)

with the standard inner product

(f.g) = jMﬂz)%du(z).

We say that a function f:H? — C is automorphic with respect to T’ (or [-automorphic

or T-invariant for short) if

flyz)=f(2), forall y €T,

so that f induces a function f: M — C. If, furthermore, f is an eigenfunction of the

Laplacian

Af+Af =0, A=s(1—s),

then we say that f is an automorphic form (or a Maafs form). The existence of a cusp
for cofinite I' allows us to do Fourier expansion in a simple manner. Let / be an
automorphic form that does not grow too quickly in the cusp, i.e. f(z) = 0(e*™) as

y — o0o. Then, since f(z+1) = f(z), we have the Fourier expansion [ 53, Theorem 3.1]
f(@)=a(y)+ >4, W,(nz),
n#0
where

A s —S B S —S
a(y) =50+ + 70" =), s#L2

for some A and B. Moreover, for such automorphic forms we know that the non-zero

coefficients decay exponentially

f(2)=a,(y)+0(e™™),  asy— oo. (4.6)

Important examples of automorphic forms are the (non-holomorphic) Eisenstein
series, which are defined in terms of the cusps of I'. In our case there is only the cusp at

infinity so we define the Eisenstein series at oo for Res > 1 by

E(z,5)= > (Imyz),

yel A\l

where I’ is generated by (! 1). The Eisenstein series E(z,s) is an eigenfunction of A
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with the eigenvalue A = s(1—s), but it is not square integrable. The Fourier expansion
of E(z,s) always has a non-vanishing zero-th coefficient. For I' = PSL,(Z) this series
takes the form (e.g. [80])

Zlnls oy (10K, jp(2m|nly)e™,

Be9)=y 4oy +
n#O

where ¢ is the completed Riemann zeta function, o (7) is the sum of divisors function,

and ¢(s) is the scattering matrix with the explicit form (for I' =PSL,(Z))

5(2—25).

p(s)= £25)

(4.7)
The Eisenstein series has an analytic continuation as a meromorphic function in s to
all of C. The scattering matrix ¢(s) (for any cofinite I) is holomorphic in Res > 1/2,
except for a finite number of simple poles s; € (1/2,1]. The poles of E(z,s) in Res >
1/2 are among the poles of ¢(s) and they are simple. The residues are Maaf$ forms
orthogonal to the cusp forms. In particular, £(z,s) has no poles on the critical line
and is non-zero if s # 1/2. The point s = 1 (corresponding to the zero eigenvalue) is

always a simple pole of E(z,s) with residue [53, Theorem 6.13]

1
resE(z.9)= Tany

Furthermore, the Eisenstein series satisfies the functional equation [53, Theorem 6.5]

E(z,s)=¢(s)E(z,1—5)

for any s € C.

Let ¢ be some smooth, compactly supported function on R*. We define the

incomplete Eisenstein series (with respect to ¢) by
= Z ¢(Imyz).
y€l NI

As opposed to E(z,s), the incomplete Eisenstein series are not eigenfunctions of A,
but they are of course in LA(M) as E(z|¢) is bounded and M has finite volume. The
crucial point is that Eisenstein series can be used to represent the incomplete Eisenstein

series through Mellin inversion and this can be used to construct the eigenpacket of A
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in L*(M). Concretely, we have

1
E(z|¢)= —f E(z,s) M J(—s)ds,
27Tl (o)
where o > 1 and ./ ¢ denotes the Mellin transform

A= [ g,
Ultimately, L*(M) can be decomposed as L*(M) = & (M)® G (M), where &M ) denotes
the subspace spanned by the incomplete Eisenstein series, 6 (M) is its orthogonal
complement (inside the space of smooth and bounded automorphic functions), and ~
denotes closure in L?(M). Automorphic forms contained in the space 6 (M) are called
cusp forms. An equivalent characterisation for a cusp form is to say that it is an auto-
morphic form whose zero-th Fourier coefficient vanishes. In light of (4.6) this means

that all cusp forms vanish at the cusp.

An important object to the study of the spectrum of A is the automorphic kernel.
These arise naturally from considering invariant integral operators on M. It is possible
to show that an integral operator with kernel & is invariant under I (and thus commutes
with A) if and only if & is a function of a point-pair invariant. Let & : Rt — C
be a smooth, compactly supported function. This condition can be relaxed to just
k(u),k'(u) < (1+u)72, see [53, pg. 68]. The automorphic kernel is then obtained by

averaging k as a function of the point-pair invariant over the whole group

K(z,w)= Z/e(%(z, yw)),

yel

where the series converges absolutely. Then K is an automorphic form as a function
of z (or, equivalently, w). We often write just simply k(z,yw) and the dependence on
u(-,-) is implicit. Observe that as a function on M x M, K is certainly not bounded
along the diagonal z = w on M if T has a cusp and y — oo. The power of automorphic

kernels comes from their spectral decomposition, the pre-trace formula (4.8).

We can finally describe the spectral resolution of the Laplacian on M. For cocom-
pact I' there is only a discrete spectrum. So suppose I is cofinite. In the space 6 (M),
A has a pure point spectrum, which means that 6 (M) has an orthonormal basis con-
sisting of cusp forms. In contrast, the spectrum of A in &(M) is continuous, spanned
by E (Z,% + it) for all ¢, except for a finite dimensional subspace of the point spec-

trum, called the residual spectrum, coming from the residues of the Eisenstein series in
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1/2<s <1. Welet {u;},., be an orthonormal basis for the discrete spectrum. As a
result, we have that any f € L*(M) can be decomposed as

f(z) :Z(f,uj)uj(z)+ij_ (f,E(-,%-I—it))E(z,%-i—it)dt,

I

which converges in the norm topology. By [53, Theorem 7.3] this expansion converges
pointwise absolutely if / and Af are smooth and bounded. For automorphic kernels
this decomposition has a particularly nice form. The coefficients are expressible in
terms of an explicit integral transformation, the Selberg-Harish-Chandra transform.

For a kernel k(#) its Selberg-Harish-Chandra transform A(¢) is given by the following
formula [53, (1.62)].
f k(u Y2 du,

g(r)= 2q(51nh2 5),

Mﬂszl”(ﬂdr

—0Q

On the other hand, if 5(¢) is even and is holomorphic in the strip [Im¢| < 1/2+4 ¢
and satisifes h(t) < (|t| + 1)727°), then () has an inverse Selberg-Harish-Chandra
transform given by [53, (1.63)]

ﬂ”:li[ ¢ h(2)dt,
21 ) _o

q(v)= %g(ZIOgv‘v + 1+ +vv),

aw:—ljw@—urmdﬂm.

7T

For the pair k£ and 5 satistying the above conditions, the spectral decomposition of K
is then given by [53, Theorem 7.4]

Zh u(w) —I——f h(r)E(z, —+zt) (w,%—l—it)dr. (4.8)

The Selberg-Harish-Chandra transform is a special case of the more general Plancherel

theorem for spherical eigenfunctions on a symmetric space [39, 40].
Let us summarise our knowledge of the spectrum of A. We write the eigenvalues as

1 . . . .
A=si(1=s;)=3+ tjz. There are both the discrete and continuous spectrum if I is not

cocompact. The continuous spectrum spans A €[1/4,00) (so that t; €R, 5, = % +1¢;)
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with multiplicity one and the eigenpacket is given by the Eisenstein series at the (only)
cusp of I at 00, E(z, 3+it). The discrete spectrum is split into the residual and cuspidal
cigenvalues. There are finitely many residual eigenvalues s; € (%, 1),ie. A, €[0,1/4),
and they correspond to residues of the Eisenstein series, which are Maaf$ forms. In
particular, the residue of E(z,s) at s = 1 shows that A, = 0 is an eigenvalue with the
corresponding constant eigenfunction #, = vol(M)~/2. There can also be finitely many
cuspidal eigenvalues in 1/2 <'s; < 1, together with the non-zero residual eigenvalues
these are called the small eigenvalues of A (or sometimes the exceptional eigenvalues).
The rest of the discrete spectrum embeds into the continuous spectrum A, € [1/4, 00).

We call the quantity A, — A, the spectral gap.

There are many fundamental aspects of the spectrum that are still not known. For
general non-congruence cofinite I' it is not even known whether the cuspidal spectrum
is finite or not. The belief is that typically the discrete spectrum is very small and that
the Fourier coefficients of cusp forms should carry arithmetic properties. See Phillips
and Sarnak [84] for a discussion where the authors give various characterisations of this
problem. For some groups the exceptional spectrum (both the cuspidal and residual)
certainly exists. For congruence groups we know that apart from the zero eigenvalue,
the residual spectrum does not appear [53, Theorem 11.3]. It is actually believed
that these groups do not have any small eigenvalues. This is known as the Selberg
eigenvalue conjecture. The current best result is due to Booker and Strémbergsson
[7] who prove, with the Selberg Trace Formula, that the conjecture holds for I (N),
where N is square-free and N < 857.

4.2.3 Selberg Trace Formula

As afinal topic in our overview of the spectral theory in H? we look at the Selberg Trace
Formula (STF), which encompasses information about the spectrum and geometry
of M. Tt is for this reason that the STF has many applications of which we will present
a few. Our theorem in Chapter 5 is also a direct application of the STF.

A trace formula is the result of calculating the trace of an operator in two differ-
ent ways. For example, the Poisson summation formula is a trace formula for R/Z.
Consider an automorphic kernel K given by &, and the associated invariant integral

operator. We say that K is of trace class if K is absolutely integrable along the diagonal
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z = w. In this case we define the trace of K by

TrK = J;W K(z,z)d u(z).

The idea is to evaluate the trace by integrating the definition of K or by using the
spectral expansion (4.8). The resulting formula is called the pre-trace formula and for

compact M it takes the form

Do k(zyz)du(z)=D k().

yel M j

For non-compact M the situation is more difficult since a typical automorphic kernel
is not of trace class. It is possible to deal with this by subtracting the contribution
to the trace coming from the cuspidal zone [53, §10.1]. Real insight is gained when
the geometric side (with the series over I') is decomposed depending on whether the
conjugacy class of y is parabolic, hyperbolic or elliptic. The result is the following

theorem (simplified for one cusp).

Theorem 4.1 (Selberg Trace Formula, [53, Theorem 10.2]). Suppose h(t) has an inverse
Selberg-Harish-Chandra transform k(u) and let g be the Fourier transform of h. Then,

+ %J_o:o h(t)

__ vol(T'\H?)
=—

Y (i+ir)dr

f h(r)rtanhmrdr

o

+ > > (Np!? = Np'?) " g(Ilog Np)log N
p

=1

Y <2mgzsm_> J . coshnl—Zl/mgz) i

7 o<iom, coshmr
h(0

+ 201 (1)~ g(0)10g2

1 h(r)p(1+ir)dr,
21 ) _o

where all the series and integrals converge absolutely.

Let us explain all the quantities appearing in the trace formula. Here p ranges over
primitive hyperbolic conjugacy classes with norm Np given by (4.4), and 2 ranges
over primitive elliptic classes of order m,, > 1. Also, ¢ is the usual digamma function
and ¢ is the scattering matrix. By carefully choosing the test function A(z), it is possible

to deduce many results from the STF. Apart from the Selberg eigenvalue conjecture
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that was mentioned before, examples of applications of STF to the Prime Geodesic
Theorem, Weyl’s law, and density theorems for the eigenvalues, to name a few, are

presented in [53].

4.3 Dedekind Zeta Function

Before moving on to automorphic forms in three dimensions, we will give a brief primer
on the algebraic number theory of number fields and the associated zeta functions. We

mostly refer to [ 17, 18] in this section.

Let K = Q(v/D) be an imaginary quadratic field, so D < 0. Without loss we may
assume that D is square-free. Denote by O the ring of integers of K, which is a free
Z-module of rank two. Often we write 0 when K is fixed. A Z-basis for 0 is given by
(1, ), where [17, pg. 137]

= GtV
I

and d is the discriminant given by

4D, if D =2 or3 mod4,
dy =
D, ifD=1mod4.

Since K is a quadratic field extension, dy is also a fundamental discriminant so that
dx =0 or 1 mod 4. The group of units in O is denoted by 0. The class number of K
is denoted by Ay or just h. There is only one pair of complex embeddings of K into C
given by the complex conjugation. We will be working with imaginary quadratic fields

of class number one. In this case O is a principal ideal domain.

The Dedekind zeta function of K is defined for Res > 1 by

;1 1
ORI :1:[1——]\[13—5’

aco

where the prime in the summation denotes that it is taken over non-zero ideals a, and
the Euler product is taken over prime ideals p C 0. As with the Riemann zeta function,

it follows that ¢ is non-zero for Res > 1. Define the completed zeta function &y of K
by

d S
5K<s>=< 2';') T(s) (o). 49)
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Notice that this is not the standard way to define the completed zeta function as usually
the factor |d,|*/? is left out and appears in the functional equation instead. However,
our convention will make the life a little bit easier notationally in Chapter 7. Then &,

satisfies the functional equation

Ex(s)=Ep(1—5). (4.10)

For a statement, see for example [ 18, Theorem 10.5.1 (2)] which transforms to our form
in (4.10) after an application of the duplication formula for I'(s/2), (A.5). Moreover,
by the Dirichlet Class Number Formula [ 18, Theorem 10.5.1 (4)], { has a simple pole

at s = 1 with residue 5 bR
T
- , 4.11
res Ci(s) 0% (4.11)

where 5 is the class number of K, R is the regulator of K and |0*| is the number of

units in 0. Notice that for imaginary quadratic fields R = 1.

It is possible to deduce many properties of (i from those of the Riemann zeta
function and L(s, y). This is because for quadratic number fields K = Q(v/D) with
discriminant dj we can factorise the Dedekind zeta function as (e.g. [ 18, Proposi-
tion 10.5.5])

gK(S) = g(S)L(S:)(dK): (4.12)

where y, (n) = (‘%) is the Legendre-Kronecker symbol. In fact, y, is a primitive
quadratic Dirichlet character (see [ 17, Theorem 2.2.15]).

We now proceed to use the factorisation (4.12) to obtain various estimates on (. It
is a simple consequence of the functional equation of ¢ and Phragmén-Lindel6f that {

(and L(s, y) by analogue) satisfies the following convexity bound [76, §2.12]:
Lo +it) <, 1],
where 0 € (a, b), ¢ > 01is fixed and ( is as before in (2.19). Hence,
Lelo+it) <, [t[Fer (4.13)

For the analysis of QUE in the case o, = 1, the above estimate is not sufficient. Instead,

we need subconvex bounds. For the Riemann zeta function we know due to Weyl that

(see [76, §6.6]):
{(3+it)< ' logt, (4.14)

as t — oo. The same is of course true for Dirichlet L-functions. The proof of (4.14)
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uses the approximate functional equation and methods of exponential sums due to van
der Corput. The bound (4.14) is not the best known estimate, but it is sufficient for

our purposes. The factorisation (4.12) implies that
G i) 0 (419

as t — oo. In fact, (4.15) is known for any algebraic number field of degree 7 with the
exponent replaced by 7/6 + ¢, [42]. As with the Riemann zeta function, (4.15) is far

away from the conjectured bound
GG +it) < b5,

for any € > 0. This is also known as the Lindelof Hypothesis for K. An even stronger
bound is expected according to Heath-Brown [42, pg. 324]. We will also need a non-
trivial estimate for 1/{(s) in the region of absolute convergence. We use again the
factorisation (4.12) and the corresponding result for {, [ 100, 3.5.1 and Theorem 3.11]
(and analogously for L(s, y ) together with [61]) to get

log '|t]| < { (o +it) < log]t],
where 1 < ¢ < 2. Thus, we deduce that
log_2|t|<<K Gelo+it) <L, log2|t|. (4.16)

Finally, we will also need a strong estimate on the logarithmic derivative of {j. As
before, this follows from the Weyl bound for o > 1, see [ 100, Theorems 3.11 and 5.17].
Therefore %

Z(O'+lt)<<

which can also be obtained for L(s, y), see [ 19]. Hence, we conclude that

logt

loglogt’

/

§_§<0+it)

logt

—_—. 4.17
<k loglogt (#17)

4.4 Hyperbolic 3-space

The geometry and analysis in three dimensions is somewhat similar to H?. Hence,
we limit ourselves to a shorter discussion mainly highlighting the differences (and

some of the more interesting similarities). This section is almost entirely based on the
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book Groups acting on hyperbolic space by Elstrodt, Grunewald, and Mennicke [25].
However, we adopt a mixture of notation from the aforementioned book as well as that
used by Sarnak [90], which will hopefully be more clear and appropriate in the context
of this thesis. Also, please notice that the s-plane for the eigenvalues differs in Elstrodt
(A=1—5%) compared to what is typically used in number theory (1 =5s(2—s)). We

use the latter convention, which agrees with [90].

4.4.1 Hyperbolic Geometry in Three Dimensions

Let HP be the three dimensional upper half-space given by
H = {(x;,%,,7) : x,x, ER,y €RT}.

Denote points p € H’ by p = z+yj = (2,y) = (x,,%,,7), where z = x, + ix, € C
and y > 0. It is possible to think of H as a subset of the quaternions with the last

coordinate set to zero. The Euclidean norm of a point p € H? is given by

1pII* =2 + 5 = xf + x5 +57.

The hyperbolic metric
dx?+dx3+dy?
ds?= 25t ;2 Ty (4.18)
gives rise to the volume element
dx,dx,d
du(p)= y—y (4.19)

Equipped with (4.18), H? is a model for the three dimensional hyperbolic space. The
geodesics on H? are given by lines and Euclidean semicircles perpendicular to the
Euclidean boundary of H?, which can be identified with P!C. The group SL,(C) acts
transitively on H? with the action of y = (¢ %) € SL,(C) given by

a b . (az+b)(cz+d)+acy? y
rp=< >~(Z+y1)=< , , (420
¢ d lep +d]? lep +dlI

where
||cp—|—a’||2 = |cz+d|2+ |c|2y2.
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This action is an orientation preserving isometry. We can also state the action in terms

of the inverse in the skew field of quaternions as

yp=(ap+b)cp+d)~,

which is in a form similar to the action of SL,(R) on H?. The action of y €T on the
boundary P'C is given by

y(x:y)=(ax+by:cx+dy).

The group of all orientation preserving isometries on H? is isomorphic to PSL,(C).
Together with complex conjugation, z +yj — Z + y/, these generate all the isometries
of HP under the hyperbolic metric. The classification of isometries is as before, except
we also have the case when Try € R, in which case y is called loxodromic. We say
that a subgroup I' € PSL,(C) is discrete if the inverse image of I" in SL,(C) is discrete
under the standard topology in C*. These groups are also called Kleinian groups. In
this case, I acts discontinously on H? so that any orbit I'p, for any p € H?, has no
accumulation points in H?. We denote the fundamental domain of I acting on the
space H?, by Z;(T). The definition of cocompact and cofinite groups carries over from
two dimensions. For two points p = z + jy and p’ =z’ + jy in H?, the hyperbolic
distance between p and p’, d(p, p’), is given by

coshd(p, p")=8(p,p’)s
where 8 :H? x H?> — R* is the standard point-pair invariant,

z—2' +57 +"
2yy’

S(p,p)= , (4.21)

and satisfies &8 (y p, yp’) = 8 (p, p’), for any y € PSL,(C). The Laplacian on H? is given
by
d? a? d? ad
A =y? —y .
e e
We can also identify H? as a homogeneous space through the stabiliser of the point
j =(0,0,1), which is SU(2). Hence we have that H’ = SL,(C)/SU(2), 25, §1.1.6].
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4.4.2 Automorphic Forms and L*(I'\H?)

Let I be either cofinite or cocompact. We again restrict to the case when I' has at most
one cusp, which we take to be co. Let M = T'\H’, which is a Riemannian manifold
of constant negative curvature —1 with the metric induced from that of H*. The I-
automorphic functions on M are given by f:H?> — C such that f(yp) = f(p) for any
y €Tand p € . Further, if f isalso an eigenfunction of A, thatis A f+Af = 0, and of
polynomial growth in the possible cusp of M, then we say that f is an automorphic form
with respect to I'. Of particular interest to us are the square integrable automorphic
forms f € L*(T\H’). As in two dimensions, these can be used to give a complete

description of the spectrum of A.

4.4.3 Eisenstein Series

The Eisenstein series for I at the cusp at oo is given for Res > 2 (notice the normalisa-

tion so that the critical line is at Res = 1) by

E(p,s)= >, (rp),

y€l NI

where

I,={yel:yoco=o00}.

Notice that this differs from the definition in [ 25] by a constant multiple, [T, : T ]. For
I' = PSL,(0k) we know that this factor is equal to |G| /2, [25, pg. 379]. Here I,  is the
maximal unipotent subgroup of I'__. The Eisenstein series £(p,s) is an eigenfunction

of A with the eigenvalue A = 5(2—s), but it is not square integrable. Let

|d|
27T

EK(S)=< > T(s)Ck(s),

be the completed Dedekind zeta function and define

_fK(s—l)_ 2 1 ((s—1)

o(s) = EE) Tt L) (4.22)

which is the scattering matrix for E(p, s). Then the Fourier development of E(p, s) for

I' =PSL,(0y) (where K is an imaginary quadratic field of class number one) is given
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by
Y o 4rt|nly \ 2mi 2"
E(p,s)=y"+9(s)y 2. Inl oy (K, < > , (423)
( 0£ned |dK|

where

= 2, ldI”.

(d)co

d|n

This form of the Fourier expansion can be found in [86, 58]. It also appears in a more

general form in [ 1, (13), 25, §6 Theorem 2.11.]. The Eisenstein series E(p,s) can be
analytically continued to all of C as a meromorphic function of s. Any pole of the
scattering matrix is also a pole for E(p,s). The only possible poles of ¢(s) and E(p,s)
in the region Res > 1 are the finitely many simple poles with s € (1,2]. The pole at

s =2 always occurs and it is simple with residue the constant function

Z,
resE(v,s)= 7o ,
s=2 vol(M)
where Z__ is the fundamental domain of T acting on the boundary C, [25, §6 Theo-
rem 1.11]. All residues of E(p,s) for s € (1,2] are square integrable Maafl forms. There
are no poles for the Eisenstein series or the scattering matrix on the critical line. On

this line ¢(1 4 i¢) is unitary. Moreover, since

the Eisenstein series has a functional equation [25, §6 Theorem 1.2]

E(p,s)=g(s)E(p,2—5). (4.24)

The incomplete Eisenstein series are defined for smooth ¢(x) with compact support
on R* by

E(pld)= D 40(rp)).

yel A\l

As before, it is possible to decompose L?*(M) into the orthogonal spaces spanned by
the closures of incomplete Eisenstein series on one hand, and the Maafl cusp forms on

the other hand (this follows from [25, §6 (1.26)]).
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4.4.4 Spectral Resolution of A and the Pre-trace Formula

The spectrum of A is split in the same way as before. We write A, =s,(2—s;) =1+ tf
for the eigenvalues. For cocompact I there is only the discrete spectrum which has an
orthonormal basis of automorphic eigenforms. In the cofinite case, A has both the
discrete and continuous spectrum. There are possibly finitely many residual eigenvalues
1 <'s; < 2 along with the constant eigenfunction #, = [vol(# )72, The rest of the
discrete spectrum comprises of Maaf$ cusp forms with possibly finitely many eigenvalues
in 1 <s; <2 and the rest embedded in the continuous spectrum, A, € [1,00). The
eigenpacket of the continuous spectrum is given by the Eisenstein series on the critical

line, E(p,1+4it).

As was the case in two dimensions, it is not known whether the cuspidal spectrum
is infinite for a generic cofinite I'. The situation is in some sense more complicated, or
rather less accessible to the methods available in two dimensions, due to the groups
having no deformations [25, pp. 308-309] (which is true in fact for any dimension
greater than two). The Fourier expansion of a cusp form #,(p) with eigenvalue A, is
given by

=y >, pi(nK,;, 2nlnly)e™ ", (4.25)

O;éneﬁ

where O is the dual lattice,
O ={m:(m,n) €Zforall n € O}.

In order to describe the pre-trace formula we need the Selberg-Harish-Chandra trans-
form (or just the Selberg transform for short) for three dimensions. Notice that in
three dimensions zero distance corresponds to the point-pair invariant being equal to
one. Let k:[1,00) — C be a smooth function with rapid decay in all derivatives. We

consider k implicitly as a function of the point-pair invariant 8. The Selberg transform

h(A) of k is then given by [25, §3 Theorem 5.3]

) =

" f k(cosh u)sinh((s —1)u) sinhu du, (4.26)
s —

where for the case s = 1 one must take the limit as s — 17. It is also possible to invert
this transform, but we will not describe it here (see the proof of Lemma 6.20). Hence,

the spectral expansion for the automorphic kernel

=> k(p:r9);

yel
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is given by
Zh +—J h(1+t)E(p,1+it)E(g,1+it)dt,

where the convergence is pointwise. The series K(p,q) converges absolutely and
uniformly on compact subsets of H? x H>. Also, for a fixed g € H?, the function K(, g)
is square integrable on M, [25, §6 Theorem 4.1].

4.4.5 Hecke Operators and Maaf} Forms

We now introduce Hecke operators for I' = PSL,(0y ) with K an imaginary quadratic
field of class number one. These are defined by averaging over non-unimodular lattices,
so we need an action of GL,(C) on H’. For y = (“ 1’) € GL,(C) and p € H, this is

given by
yp=(ydety) (ap+b)cp+d)™y/dety,

where the inverse is taken as a subset of quaternions [86, pg. 112]. Now, for n € 0Oy,

n # 0, we define ./, to be the set of two by two matrices over 0y of determinant 7.
The Hecke operator T, is then defined by

Lf(p)= 2>, fl=p)

T€SL,(O)\ M,

for f: M — C. The power of the Hecke operators comes from the fact that they
are self-adjoint and they commute with themselves as well as with the Laplacian for
any f € C*(M). In particular, we can find an orthonormal system of simultaneous
eigenfunctions of A and the Hecke operators. Now, let ¢; be a Hecke-Maaf} cusp
form with the Fourier development given by (4.25). Let the Hecke eigenvalues of ¢
be 7,,¢, = A;(n)¢,. The fundamental theorem of Hecke theory is then the following.

Theorem 4.2 (44, Satz 16.8, pg. 119]). The Hecke eigenvalues satisfy

p;(n)=p;(1)A;(n).
The Hecke eigenvalues are multiplicative and, in particular,

A(n
L(g;s)=p;(1) 2 ]\;(;))S =p,(D] J(A=A,(p)Np™ + Np*—)™
n€0y P
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Chapter 5

Landau-type Formulae for

Exponential Sums

For the discussion in this chapter it is useful to define an analogue of the von Mangoldt

function for the lengths of closed geodesics. Let

(5.1)
0, otherwise,

logNp, ifx=Np’,{ €N,
Ap(x) = {
where p is a primitive hyperbolic conjugacy class of I. Let A; = %—I— tjz be the eigenvalues
of A in T\H?, where I = PSL,(Z). For X > 1, we define the following sum

S(T,X)=>_ X',

|t;|<T

which is symmetrised by including both ¢; and —t;. By Weyl’s law we have trivially
that
S(T,X)< T2 (5.2)

This exponential sum is directly related to the error term in the Prime Geodesic

Theorem. Iwaniec [52] demonstrates an analogue of the classical explicit formula of {:

D> IAN) =X+ > X —|—O<)—(log2X>, (5.3)

Na<X <7 S T

where T < v/X (log X )2 and the sum on the left-hand side is over hyperbolic conjugacy

. . . 1 .
classes of I with norm up to X. Since there are no small eigenvalues, s;=5+1t,a
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summation by parts shows that the right-hand side of (5.3) becomes
X +OX'VPT1S(T, X))+ X T " log’ X).

A balancing of error terms shows that O(X>*/*+¢) is the best possible error term unless

we can improve on (5.2). In [52] Iwaniec also proved that
S(T,X) < X WisteT, (5.4)
With the help of this estimate he then obtained the error term
rip(x) = li(x) + O(x/#+°)

in the Prime Geodesic Theorem for PSL,(Z). A different estimate for the exponential

sum was obtained by Luo and Sarnak [66], who proved that
S(T,X) < X V3T *1og” T

Notice that while this is stronger in the X-aspect than the estimate (5.4), it is worse
in terms of 7. It seems difficult to get rid of this unfortunate feature and to obtain

simultaneous improvements in both X and 7.

The rest of this chapter arose as an investigation related to the work of Petridis and
Risager [77]. In particular, they present the following conjecture that up to a factor of

the order of X<, the exponential sum has square root cancellation in 7.

Conjecture 5.1 ([77, Conjecture 2.2]). For every ¢ >0 and X > 2, we have

S(T,X) <. T X°.

This would also lead to the strongest possible error term in the Prime Geodesic
Theorem, 7 (x)— li(x) = O(x!/?*¢). Notice that the exponent is the same as the
conjecture for the classical Prime Number Theorem. They arrive at this conjecture
by studying the local averaging of the hyperbolic lattice point problem. In particular,
their result for I' =PSL,(Z) is

FN(,2,X)dpu(z) = —

_— 2)d u(z)+ O, (X7,
- olT\ED) r\Hzf (z)du(z)+ Oy ( )

where N(z,w,X) counts the number of lattice points I'z within a circle of radius

arccosh(X /2) centered at @ € H?, and f is a smooth, compactly supported function
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on I'\H?. Lattice point problems will be discussed in more detail in Chapter 6. The
proof in [77] is based on analysing an integrated version of the pre-trace formula for
a suitable test function f. The exponential sum S(7,X) appears when estimating
the contribution of the cuspidal spectrum. Petridis and Risager disentangled the
contribution of the eigenfuctions in the pre-trace formula by using the average rate of
Quantum Unique Ergodicity of Maaf} forms. After a summation by parts they are
naturally led to estimate S(7,X).

We now report on the numerical investigation of the function S(7,X) and prove
a theorem about its behaviour for a fixed X > 1, as T — oo. Let A(X) be the von

Mangoldt function extended to R. The main result is the following theorem.

Theorem 5.2. For a fixed X > 1, we have

_|PSL,(Z)\HP| sin(T log X) T T

S(T,X) = 1 + (X=X TIAX)
T og X T
+ 2X_l/zA(Xl/z)-i- O(T/logT),
T

as T — oo.

We will prove this theorem by applying the Selberg Trace Formula (Theorem 4.1).

5.1 Numerical Discussion

We developed a Python program to investigate the behaviour of exponential sums.
The programs, more plots and animations are available on the website [59]. Instead of

S(T,X) we study the slightly more general function

S(T,X)=2 > X'

O<t]-§T

~ ~

We then have Re §(7,X) = (T, X) and the imaginary part Im $(7, X) corresponds to
the sine kernel. We used 53000 eigenvalues from the data of Then [99] with 13 decimal
digit precision. We have also used the data of Strombergsson and Booker [98], which
has a much higher precision of 53 decimal digits for 2280 eigenvalues. We verify that
the computations are robust, that is, the number of eigenvalues or their precision has
no significant impact on our calculations. These verifications are also available on the

website [59]. Our investigation resulted in the following observations:
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Experimental Observation 1. The growth of S(T,X) is consistent with the conjecture.

Experimental Observation 2. For a fixed X > 1, S(T,X) has a peak of order T when-
ever X is equal to a power of a norm of a primitive hyperbolic class of T or an even power
of a prime number p € N.

Experimental Observation 2 is also in agreement with the results of Chazarain
[15] that for the wave kernel the singularities occur at the lengths of closed geodesics
(or in our case when log X is a multiple of a length of a prime geodesic). The peaks
at even powers of rational primes are due to the poles of the scattering matrix ¢.
Experimental Observation 2 lead us to prove asymptotics for S(7,X) for a fixed X > 1,
which is presented in the next section. We now summarise our progress towards these

observations and also present some problems that we were not able to explain.

Taking into account the conjecture, we plot the normalised sum
S(T,X)=S(T,X)T .

In all of the plots below, blue corresponds to the real part and orange to the imaginary
part of (7, X), respectively. In Figures 5.1 to 5.4 we have fixed 7" = 800 with X — oo.
After that we move on to plots where we have fixed X and vary the T'. Recall that we
expect a peak of order 7' at all even prime powers as well as powers of the norms of
the primitive hyperbolic classes. The first few norms (up to 8 decimals) are given by

formula (4.5) as

g, =6.85410196 g, =46.97871376
g, = 13.92820323 g, = 61.98386677
g; =22.95643924 g, =78.98733975
g, = 33.97056274 gs = 97.98979486.

We start by considering 3(7,X) in terms of X.
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0-5 T T T T T T

0.4

0.3

Figure 5.1: (7, X) in terms of X for X €[3,10].

Figure 5.1 clearly shows peak points at X =4 =22, X = g, and X =9 = 3% Notice
that the sine kernel has peaks at the exact same locations as S(7,X), but they are of
different nature. This will be more clear from the next figures. Also, both the real
and imaginary part have noticeable intervals where they vanish (e.g. around X = 3.6,
5.4 and 7.7 in Figure 5.1). We are not certain how significant this is. In the following
plot, Figure 5.2, we can see the peak points X = g, and X = 16 = 2%, as well as strong
vanishing around X = 17.2.
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0.6

0.4
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0.0

_02,

-0.4}

—083 14 15 16 17 18

Figure 5.2: (7, X) in terms of X for X €[13,18].

The next plot, Figure 5.3, highlights the differences in the oscillatory behaviour of

the real and imaginary part.

0.5

0.4

0.3f

0.2

0.1p

0.0

-0.1

—-0.2+

_0'%1 22 23 24 25 26 27

Figure 5.3: (7, X) in terms of X for X €[21,27].

First of all, overall the oscillations for the cosine and sine kernels are very similar,
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but slightly out of sync as one might expect. However, at the peak points the sine kernel
actually seems to vanish with negative and positive growth around that point. This is
perhaps easier to see from the T-plots that follow. We have not been able to quantify
this behaviour of the sine kernel. Figures 5.1-5.3 verify Theorem 5.2 numerically
in accordance with Experimental Observation 2. In Figure 5.4 we look at 3(7,X)
for X in a much larger interval. The graph agrees with Experimental Observation 1.
On the other hand we cannot dispose of X in the conjecture. The frequencies ¢; are
conjecturally linearly independent over @, which makes $(7,X) the partial sums of

an almost periodic function. Therefore, for a choice of arbitrarily large X, compared

to T, S(T,X) will be of size T?.

0 2000 4000 6000 8000 10000

Figure 5.4: ReX(7,X) in terms of X for X €[100,10000].

To verify the rigidity of our computations, we can look at plots in the same range

of X for various values of 7" and for different sets of eigenvalue data.
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_0'10 2‘0 3‘0 4‘0 5‘0 éU 7‘0 8‘0 9‘0 100 _0'10 2‘0 3‘0 4‘0 5‘0 GlO 7‘0 8‘0 9‘0 100
(a) T =178, data of Booker and Strombergsson, (b) T =178, data of Then,

1.0

0.8

0.6

0.4

0.2

70"10 20 30 40 50 60 70 80 90 100

(c) T =800, data of Then,
Figure 5.5: ¥(7,X) for X €[10,100].

It is clear from Figure 5.5 that the graph is unaffected by the higher precision of
eigenvalues and that the peak poins have a very durable nature in terms of the number

of eigenvalues. The last statement will be more evident from the 7-plots that follow.

We now focus on plots in terms of T for a fixed X. In the next plot, Figure 5.6, we

see again the vanishing of the imaginary part at the peak point X = g,.
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1.0

0.5}

0.0

—0.51

_10 L L L L L L L
0 100 200 300 400 500 600 700 800

Figure 5.6: X(7,X) at X =61.98.

The robustness in terms of the number of eigenvalues can be noticed again, since the
sum reaches its maximal value fairly quickly in terms of 7. It is possible to predict fairly
accurately how the main term of §(7,X) should behave. We have already observed
the peaks at (exponents of) the lengths of closed geodesics and at even powers of
rational primes. From the next plot, Figure 5.7, it becomes more clear that the terms
corresponding to the geodesics should dominate and the peaks at prime powers become

smaller. Compare Figures 5.6 and 5.7.

1.0

0.5}

0.0}

—0.51

_10 L L L L L L L
0 100 200 300 400 500 600 700 800

Figure 5.7: 2(7,X) at X =49.

We can also predict the form of the oscillatory main term. Below we are at X =e™

89



5 — Landau-type Formulae

and X = e?~",

1.0 T T T T 1.0

0.5¢ 4 0.5

aok/\\\¥////\\\\u////\\\\////\\\Kg///f\\\x/) on/\\//\\J/A\v/ﬁ\k//\\//\\J/ﬁ\u/”\k/f\\//\\/

—-0.5¢ 41 -0.5

500 502 504 506 508 510 500 502 504 506 508 510
T _ 27
(@ X =e™, (b) X =e°",

Figure 5.8: X(7,X) at different values of X.

Notice that in intervals of 7" of equal length, there are twice as many periods of
oscillations in Figure 5.8b than in Figure 5.8a. Similar investigation in the X-plots
allows us to predict a component of the main term of the form ¢7 sin(7 logX) for
some constant ¢. In Theorem 5.2 we of course identify this oscillation precisely. We
subtract it from S(7,X) and define

IT\H?| sin(7 log X )
m log X

T.

S(T,X)=T(T,X)—

Next we focus on our choice of normalisation by 7—". In Figure 5.9 we plot (T, X)

in terms of 7" at X =49, which is one of the peak points.

0.6 0.10
0.4¢ 4
0.05 ‘
0.2—\‘ 4
|

0.0} 4 0.00

=0.2 1
—0.05
-0.4
—-0.6 - - - - - - - -0.10 L - - - - - -
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
~ ~
@) X(T,X)T~, (b) X(T,X) T/,

Figure 5.9: Different normalisations of S(T,X) at X =49,
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Clearly the normalisation 7! seems to be closer to the correct one (notice the
different ranges for the magnitude), which is evidence towards our Experimental
Observation 1. On the website [59] we provide animations of the T-plots, which

present the above observations in a more accessible way.

It is of interest to compare the behaviour of §(7,X) with a similar sum over the
Riemann zeros, even just to verify the correctness of our programs. Recall that Landau’s

formula says for a fixed x > 1 that

> xf= —%A(x) + O(log T). (5.5)

O<y<T

We denote the left-hand side of (5.5) by Z(T,x). We used our program with 10000
zeros of {(s) to 9 decimal places, provided by Odlyzko [73]. With our program we
obtain the following plot for the normalised sum 77'Z(T, x).

0.2}

0.0t S - . — Sl

o \ | |

Figure 5.10: T7'Z(T,x) for x €[1.5,30].

Notice how the imaginary part has both a negative and positive peak at the prime

powers as was the case with (7, X).

5.2 Application of the Selberg Trace Formula

We now prove Theorem 5.2. Let ¢ be a positive even test function supported on
[—1,1] with [ ¢ = 1. Then define ¢_(x) = e ¢(x/¢). So ¢, is supported on [—¢, €]
and [ ¢, = 1. Also, let G be the convolution G(r) = (L_z7y* ¢ )(r) for some
¢ > 0 to be chosen later. Define a function 4, depending on 7', X and ¢, given by
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h(r)=G(r)(X'"+X~'"). Let g be the Fourier transform of 5 as in [53, (1.64)]. Then
the Selberg Trace Formula says that

y(r,x>+$f b(r)_; <2 +zr> dr = I(T,X)+H(T,X)+E(T,X)+ L(T, X),

where

:Zb(t])

I(T,X)= |F|J r)rtanh(7cr)dr,

= ZZ(NPE/Z—NP_Z/ZYI g({log Np)log Np,
ra

ICEEN h<r>“’3h”<1‘%>’dr,

T COShTL’?’
L(T,X)= biO)( ( ))— O)logZ——J 1+zr)dr,

where ¢ is the determinant of the scattering matrix, |F| is the volume of the fundamental
domain of I'\H?, p and 2 range over the primitive hyperbolic and elliptic classes of
PSL,(Z), respectively. First observe that $(7,X) = & (T,X)+ O(T ¢), so we can work
with .&. For the identity motion we have

I(T,X)= |F|f Ycos(r log X)r tanhwrdr
|F|f Ycos(r log X )r < 2 >dr
627TV+1
F
| |(I(TX)+I(TX))

From I, we obtain a part of the main term:

I(T,X)= J G(r)cos(rlogX)rdr

T—e T+e
<J J > Yeos(rlogX)rdr

=1, +1,
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since G is even and supported on [—7 —¢,T + ¢]. Then,

sin((7 —¢)log X)
log X

T—e
111:J cos(rlogX)rdr = (T —e)+0O(1),
0

T+e
112<<f rdr =0(Te).

T—e

Also,

[ee]

L(T,X)= —f G(r)cos(rlogX)r

0 eZﬂ:r + 1

dr <<f re 2™ dr =0(1).
0
For g(r) we compute

o(r) 1fwawwauz

= E N
1 (= : . :

- G(t)e—zrt(eztlogX +e—ztlogX)dt
21 ) _ oo

_ i</G\<r—logX>+/G\<7’ —I—logX>>‘
27 27 27
Here G denotes the Fourier transform of G. So in particular g(¢logNp) ~ T/ if

X = Np‘ and decays as O((£ log Np)*~'¢~*) otherwise, for any k € N. For the elliptic

terms we need to evaluate

(%) h 1 . % o] —an[/m —2rr
f h(r)— o mﬂd7<J‘e T 4y =0().
0

coshrrr 1+ e2mr

—0Q

Hence E(T,X) is bounded. By the explicit formula (4.7) of ¢ for PSL,(Z), we have

Jf; h(r)_;/ <%—|—ir> dr :f_oo b(r)<—210g7'c+I%<%:i:ir>+2§(1i2”)> dr.

oo

=C,+C,+C,

The integral C, is the Fourier transform of G and is thus bounded. For C, we use

Stirling asymptotics to get

(g:fthﬂ%G+w5dw+OuL

—0Q

which is O(log 7). The same computation shows that L(7,X) = O(log T). The

remaining part of the main term comes from C;. We first expand b and isolate the
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important terms:

_QU o Jm JTﬁ) (X7 +X7G(r )él(lztzzr)d

The first and third integrals are bounded by O(elog 7). Notice that G(7) =1 in the

range of the second integral, hence we can write it as

zL_((TT_F;Z(XS V24 X1 f)<§(z )+ ?(z-zg) ds.

We separate this into two integrals by adding and subtracting the singular part:

%—i—( —e)i g/ 1
C}:Zf (X‘_1/2+X1/2_‘)<—(25)—2 1>ds
1 s —

3—(T—€)i 4
%—i—(T—e)i 2 2 g/ 1

+2f X X < 2—2s —> ds
L (72— 505

= 2(C31 + Csz)-

For the first integral we move the contour to Re s = 1 and for the second one to Res = 0.
It is easy to see that the top and bottom parts of the contours yield O(log T'). For the

line at Res = 1 we get

+HT—e) 2 e C’/ 1 4
C,, = J X T4 X < 2s > s
H 1—(T—e)i ( ) ( ( ) 2s —1

T—e ' ' (/ 1
:f (Xl/Z-‘rzr +X—1/2—u’)< (2_'_217,) : > d?",
e 4 1+2ir

For the rest of the proof we will follow an argument due to Landau [ 60, Hilfssatz 2].

We start by writing out the Dirichlet series:

T—e 00
C :—f X1/2+”Z Aln) dr+O(logT)
31

242ir
—T+e¢ =1 n=t

T—e ir T—e
=— Z ﬁ—jz(nj <£2> dr—X_l/zA(Xl/z)J dr+O(logT).
n#VX n —T+e \1 —T+e
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Since X > 1, the term in C;; with the negative exponent gets absorbed into the error

term. Hence,

/
'J 1/2+”( (24+2ir)dr+2X~ 1/2A( 1/2)(T €)
T+e

TG i i

log(X /n?)

<2

A VX
<2VX %(2

)|

So we see that C;; = —2X"12A(X'2)(T — €)+ O(log T). A similar argument shows
that C;, has the same asymptotics. Letting ¢ = 1/log T concludes the proof of Theo-
rem5.2. [

Remark 5.1. It is not as easy to obtain results about the sine kernel through this method.
First of all, the Selberg Trace Formula is only valid for even functions so we cannot
directly apply it. Formally, we can attempt to differentiate the expression for the cosine
kernel and sum by parts to obtain the desired sum, but there are convergence issues to
worry about. Even then, it is difficult to see the behaviour that we are interested in.
Based on the discussion in the previous section we expect the sine kernel to vanish at
the peak points, but to be of large order around them. It is not clear how one could see

this through the Selberg Trace Formula.
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Chapter 6

Lattice Point Problems

Let I be a discrete group acting discontinuously on a hyperbolic space 5 and denote
the quotient space by M. The standard hyperbolic lattice point problem asks to count
the number of points in the orbit I'p within a given distance from some fixed point

q € 7. For example, in two dimensions the counting function is
N(z,w,X)=#{y el : 4u(yz,w)+2< X},

where # is the standard point-pair invariant on H? and z, w € H?, and it measures the
number of lattice points yz in a hyperbolic disc of radius arccosh(X /2) centered at w.
This problem was first considered by e.g. Huber and Selberg. In the 1970s Selberg
proved that for fixed z,w € H?,

I'(s;—1/2
N(z,w,X)=v/7m > Hs—1/2)
5;€(1/2,1] r(5j+1)

Xiu(z)u(w)+E(z,w,X),

where E(z,w,X) = O(X??). The bound on the error term E(z, w, X ) has not been
improved for any cofinite I' or any choice of points z,w € H?. To find more evidence
of the conjectured bound for the error term E(z,w,X) = O(X"/*), it is useful to
consider various averages. For example, Hill and Parnovski [47] look at the variance
of the counting function in terms of the centre over the whole fundamental domain of
any cofinite I in hyperbolic 7-space. For the case # = H? and I = PSL,(Z), assuming

no non-zero eigenvalues A < 1/4, their result is

Jue

2
T

N(z,w,X)—WX

d u(w) = O(X),
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where u(w) is the standard hyperbolic measure on H?. On the other hand, Petridis and
Risager [77] looked at a local average of N(z,z,X) over z. Suppose that f is a smooth,
non-negative, compactly supported function on M. For I' = PSL,(Z) they proved that

FEN(z 2, X) du(z) = —

— ) + O(X7/12+e)
T\H?2 VOl(r\Hz) T'\H2 f

where the error term depends on € and f only. This improves Selberg’s bound halfway
to the expected 1/2+ ¢ on average. Their method requires knowledge of the average rate
of QUE for Maafl cusp forms on M and other arithmetic information only available to
groups similar to PSL,(Z). In 1996 Chamizo [ 10] showed that it is possible to apply
large sieve methods on M. As an application, he proved that by averaging over a large

number of radii, one gets the expected bound on the error term E(z, w, X):

Xf (z,w,x)["dx = O(X log’ X). 6.1)

Furthermore, Chamizo also proves a similar result for the second and fourth moments

of discrete averages over sufficiently spaced centres, which leads to

1

(f |E(z,w,X)|"" du<z>>zm: O(XlogX), (6.2)
T'\H2
for m=1,2.

Instead of measuring the distance between two points of 7, it is also possible to
consider geodesic segments between various subspaces of M. In two dimensions, Huber
[50] looked at geodesic segments between a point and a fixed closed geodesic £. The
geodesic £ corresponds to a hyperbolic conjugacy class ), given by some power v of a

primitive hyperbolic element g €T'. For cocompact I', Huber explained that counting
N(T)=#ye$ :d(z,yz)<T} (6.3)

is equivalent to counting the geodesic segments from z to £ according to length. If T

has no small eigenvalues, then Huber’s main result in [49] says that

2w
N(T)=——=X+0x°"* 6.4
AT)= s EX o), 64
where u is the length of the invariant geodesic corresponding to $), and X = zﬁi :Z

Independently, Good [35] proved a stronger error bound of O(X?/?). Good’s methods

also extend to more general counting problems for cofinite groups I'.
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There is another interesting geometric interpretation that Huber gave for the
counting problem in conjugacy classes. After conjugation we may assume that the
geodesic ¢ lies on the imaginary axis. Then the counting in N (7T') is equivalent to
counting yz in the cosets y € I'/(g), such that yz lies inside the sector formed by the

imaginary axis and some angle ©.

Chatzakos and Petridis [ 14] showed that it is possible to apply Chamizo’s methods
to obtain results analogous to (6.1) and (6.2). This was done by extending Huber’s

method to produce Good’s error term O(X?/?) for both cocompact and cofinite I

In n dimensions, Herrmann [46] investigated the number of geodesic segments
from a point to any Jordan measurable subset Y of a totally geodesic submanifold
% C . Let N(7,Y,I'p) be the number of orthogonal geodesic segments from y p,

for any y €T, to Y with length at most r. For cocompact I', Herrmann proves that

2 7=k yol(Y)

n—11( ";k) vol(T'\22) ¢

N(r,Y,Tp)~ osh” ' 7. (6.5)

His method is geometric, not depending on the action of the group I on #. He
introduces an associated Dirichlet series and studies its analytic continuation. It is
difficult to prove strong error terms with this method. We are interested in the error
term of (6.5) for » =3 and & = n—1. We study this for Y = & by adapting the method
of Huber and Chatzakos-Petridis to 5 = H? for cocompact I' C PSL,(C).

For the rest of this chapter we fix 7 = H’. We also focus solely on cocompact T, see
Remark 6.6 for a discussion on cofinite groups. Let {#,} ., be a complete orthonormal
system of eigenfunctions of the Laplacian A on M with eigenvalues A, =s,(2—s,) > 0.
Let 2 be a totally geodesic hyperplane in 7 and define v(p) = arctan(x,(p)/y(p)).

We prove the following theorem.

Theorem 6.1. Let T bea cocompact discrete subgroup of PSL,(C). Set H =TNStabpg; /(2)
and let #1; be the period integral of u; over the fundamental domain of H restricted to 2.
Define

N(p,X)=#{y e H\I : (cosv(yp))”' <X}.

Then we have
N(p,X)=M(p,X)+E(p,X),

where

vol(H\2) 2", 3
M(p,X)= W}(% S (p)X, 6.6)

1<5<2 5

98



6 — Lattice Point Problems

and

E(p,X)=0(X*?).

Here we understand vol(H\&?) as the hyperbolic area in two dimensions. We
also apply Chamizo’s large sieve results in this case. For the radial average, Chamizo
only provides a large sieve inequality in two dimensions. We generalise it to three
dimensions and prove an improvement of 1/6 on the pointwise error term on average.
It is clear for structural reasons that the radial averages with this method get worse
for higher dimensions. See Section 6.3.4 for a more indepth discussion. In the same
vein it is only possible to obtain the conjectured bound for the second moment for
spatial averages. A similar feature can already be observed in two dimensions. Chamizo
proves large sieve inequalities for all moments of the mean square in his thesis [ 12].
However, it turns out that for the spatial average only the second and fourth moments
yield improvements over the pointwise bound and likewise for the second moment in

the radial case.

We summarise our mean square results in the following theorems. The correspond-

ing discrete averages and more precise statements are given in Theorems 6.13 and 6.14.

Theorem 6.2. Let I be a cocompact discrete subgroup of PSL,(C). Then, for X > 1,

—J (p,x) dx < X***logX.

Remark 6.1. It is also possible to obtain the radial mean square (6.1) in the standard
two dimensional lattice point problem by direct integration in the spectral expansion
of the error term. This is done for a smoothed error term by Phillips and Rudnick
[85]. It is possible to deduce the result of Chamizo from their computations [ 16]. It
would be interesting to see if this can be done in our problem and whether it improves

on the above estimate coming from the large sieve.

Theorem 6.3. Let I be a cocompact discrete subgroup of PSLy(C). Then, for X > 1,
| 1B dutp < Xlog'x.
I\

Remark 6.2. The other possible case in three dimensions, £ = 1, is substantially harder
with our method. Currently, the spectral expansion of the automorphic function
corresponding to N(p,X) can be written in terms of #; and an explicit solution to an
ordinary differential equation. For £ = 1 we can no longer solve the corresponding

eigenvalue equation as it remains a partial differential equation.
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Remark 6.3. The majority of computations in this paper are more elementary (explicit),
though not necessarily shorter, than in two dimensions (cf. [ 14]). While the spectral
analysis is analogous, the three dimensional geometry introduces new obstacles that
were not present in the lower dimension. For example, we have to pay more attention
to the fixed submanifold and the period integrals defined over it. We expect that there
will always be a distinction between even and odd dimensional hyperbolic spaces. This
is due to the fact that the special functions in the spectral expansion of the counting
function (see Lemma 6.7 and (6.27), (6.28), (6.29)), the spherical eigenfunctions of A
and the Selberg transform can all be expressed in an elementary form. The spectral
analysis should work similarly in all dimensions in the case £ = n—1. For the most part,
we prefer to work without relying on the explicit expressions too much. Where this is
not convenient, we give remarks as to how we expect the computations to generalise to

higher dimensions.

Remark 6.4. Dynamical systems and ergodic methods have also been applied to study
lattice point counting. Their advantage is that the results generally apply to a larger set
of manifolds. On the other hand, these methods fail to produce finer results, such as
strong error terms. For example, Parkkonen and Paulin [75] extend the counting in
conjugacy classes problem of Huber to higher dimensions for loxodromic, parabolic
and elliptic conjugacy classes for any discrete group of isometries I'. See also [/4]
for a survey on a wider variety of counting problems analogous to Herrmann [46].
Moreover, Eskin and McMullen [26] obtain main terms for a variety of counting
problems on affine symmetric spaces defined by Lie groups. In particular, they give
an alternate proof for the main term on homogenous affine varieties, which was also

proved by Duke, Rudnick, and Sarnak [23] through spectral methods.

6.1 The Geometric Setup of the Problem

Recall Huber’s counting function N,(T) as defined in (6.3). With the notation from
the beginning of the chapter, define

Af)2)=2.f

YEN

<coshd(z,yz)— 1>
cosh u—1 ’

where §) is the conjugacy class, u the length of the invariant geodesic and f is some

compactly supported function with finitely many discontinuities. If f is the indicator
function on [0, 7], then A(f)(z) = N(T). The key idea in Huber’s proof of (6.4) is the

identification of a coordinate system in which the coefficients a(f, ¢;) of the spectral
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expansion of A(f) decompose into a product a(f, ¢;) = 24;d(f, t;). Here #; is a period
integral of the Maafl form #; over a segment of the invariant geodesic and d(f, ;) is an

integral transform depending on a solution of the integrated eigenvalue equation.

The d(f,t) transform plays the role of the Selberg-Harish-Chandra transform
from Selberg theory. Chatzakos and Petridis identified the special function in the
integral transform explicitly, which was crucial for the application of the large sieve to
the mean square of the error term. In three dimensions there are more possibilities for
generalisation, depending on the dimension of the totally geodesic submanifold. The
case of a geodesic and a point is difficult as the eigenvalue equation remains a partial
differential equation, which we cannot solve. Instead, we focus on the problem with a
totally geodesic hyperplane and a point. Geometrically, the former case corresponds

to counting in a cone, while the latter is still counting in a sector.

The totally geodesic hypersurfaces in S are the Euclidean hyperplanes and semi-
spheres orthogonal to the complex plane. Motivated by Huber, we define a new set of

coordinates. Let

2 Xy
X=X, u:log\/xz—l—yz, © = arctan —=,

y

and transform to p = (x(p), u(p), v(p)). We often write (x, #,v) for the same point as
a shorthand if the point in question is clear. The effect of this change of coordinates on

the metric and the Laplacian is summarised in the next lemma.
Lemma 6.4. With the (x,u,v) coordinates defined as above, we have

dx? du’+dv?

ds* =
e2n cos? v cos?v
dxdudov
e* cos’ v
and
3 J? d? d . d
A = e coszv@ + cos’ v <W + @>—coszva—% —I—smfucosv%.

Proof- Recall that given a Riemannian metric

dsz :Zgijdxidxj,
L,j
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\
4

-~
Figure 6.1: The (x,#,v) coordinates in 7.

then the associated Laplace-Beltrami operator is given by

1 bl e
A — y__ 7
NI AL ©7)

where (g'/) = (g;;)~" is the inverse metric tensor and g = det(g; ;). Now, the Jacobian

of the transformation (x,x,,7) — (x, #,v) is

1 0 0
0 sinve” cosve” |,

0 cosve” —sinve”

so that the hyperbolic metric tensor in these coordinates is

1
e2# cos?v .
(&'j) = oo . (6.8)
1
cosZv

We can then read off ds? from (6.8) and compute d u(p) as the square root of the

determinant of (g;;). For the Laplacian we use formula (6.7) to get

smomis (2P S L)
N dx \cosv dx du \e*cosv du dv \e“cosvdv/)’

which simplifies to the required form. O

Now, let 2 be a totally geodesic hyperplane in 7. After conjugation by an element
of PSL,(C), we may assume that & is given by the set {p € # : v =0} (l.e. x, =0,
see Figure 6.1). Let p € #°. We denote the orthogonal projection (along geodesics)
of p onto & by p, = (x(p), #(p),0). Next we identify all the elements of PSL,(C)
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that stabilise the plane &2. Since we are no longer working with a single geodesic, the

stabiliser will be larger than in the two dimensional setting.

Lemma 6.5. The stabiliser of 2 in PSL,(C) is

Stabpg; (o(2) =PSL,(R)|_J (7 _; ) PSLy(R).

Proof. Denote the stabiliser by A. Let y = (4%) € A. By definition we have that
yp € P forany p € 2, that is x,(p) = 0 implies that x,(y p) = 0. Hence,

(7) Im(acx? + (ad + bT)x, + bd + acy?) 0
X = =0.
7 lep+dlF

This needs to be true for any x, and y. Comparing coefficients we get

Im(ac) =0, 6.9)
Im(ad + bt) =0, (6.10)
Im(bd)=0. (6.11)
Now, write a4, b, c,d in polar form as
a= rﬂegﬂi, b= rbegbi,

_ 0.i _
c=re’, d=rse

6,i

Then equation (6.9) implies that &, = 0+ nx for some 7 € Z. Similarly, from (6.11)
we see that 8, = 0, + mr for some m € Z. Equation (6.10) then gives that

Im( , rdei(ﬁﬂ—9b+m7r) + 7, ,rcei(eb—eﬂ-‘rnﬂ')) —0.
<= (—1)"r,rysin(0,—0,)—(—1)"r.r;sin(0, —0,)=0 6.12)
We also have from ad — bc =1 that
Im(ra rdei(@—i-@b—mrr) —7, Tcei(9b+6“_nn)) —0.
<= (—1)"r,rysin(0, +0,)—(—1)"r.r;sin(0_ +06,)=0 (6.13)
Also from the real part of ad — bc =1 we get
(—1)"r,rycos(0,+0,)—(—1)"r.rycos(0,+6,)=1, (6.14)
which means that
(=077, r;—(=1)"r.r, #0. (6.15)
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Combining (6.12), (6.13) and (6.15) yields
sin(f,—0,)=0, sin(0 +0,)=0,

and similarly for 6_and 6,. Thus either 8 ,0,,0_,0,€{0,x}or 6 ,0,,0.,0,¢c

—7T T

5-» 5. In the first case the matrix is real and hence gives PSL,(R). In the second case

we have, after considering the determinant,

=) e )

Now define H = Stabpg; (%) NI. We can then write the counting function as
N(p,©)=#{y €H\I': [o(yp)| <O},

where © € (0,70/2). If we set (cos®)™! = X, then N takes on the following form
(ct. Huber [49])

1
— <X
cosv(yp) ~ }

Remark 6.5. Counting in the sector is equivalent to counting orthogonal geodesic

ﬁ(p,@):N(p,X):#{yeH\F :

segments from y p to & according to length. Hence, we can easily relate the main
term (6.6) to that of Herrmann’s (6.5). Given a point p € S, the projection p, in the
(x4, %,,7)-coordinates is given by p, = (x,0, 4/ x7 +2). Then, by the explicit formula
for the point-pair invariant (4.21), we get

,/x2+y2
8(p,po)= ZT

which simplifes to
S(p, p,) = seco,

in the (x, #,v)-coordinates. Now, for N(p, X ) we have X = sec® so that the maximal
distance we are counting is arccoshsec®. Substituting this into (6.5) with » =3 and

k =2 shows that the main terms agree.

As we are working with invariance under H, we have to compute its fundamental do-

main, Z ,,(H). It has a particularly convenient description in the (x, #, v)-coordinates.
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First, consider H restricted to the plane 22 and denote the fundamental domain of H
in this space by § = Z,(H).

Lemma 6.6. We claim that 7 ,,(H)=F, where F is given by the union of rotated copies

of §:

and Sy are defined by
Ss={p€ :v(p)=0,p, €S}

Proof. This follows immediately from computing the action of H on 7, which is seen
to be independent of v(p) in the x and #-coordinates. First, let ¢ = (§ ), which acts

on p € J€ as a rotation by 7 about the imaginary axis:

w=uz+yj)=—z+y7,

so that

x(ep) =—x(p), u(ep) = u(p), v(ep)=—v(p).
On the other hand, for r = <‘; 3) € PSL,(R), we find that

w(ep)= ac|z|* 4 (ad + be)x + bd + acy?
2|z +2cdx +d? + c2y?
B ac||p||* + (ad + be)x + bd
 |pIP+2cdx+dr

Figure 6.2: Fundamental domain of H in # with the part for H\? highlighted (for ' =
PSL(Z[i1]).
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And since ||p||* = x2 + € it follows that x(7 p) does not depend on v(p). Similarly,

X
x(tp)= ”C]’J}THZ’
y(tp)= WTHZ,
so that
u(tp)= log@ = u(p)—logllep +d|I*,
llep +d|
v(tp)=v(p).

It is easy to see that ¢7¢ € SL,(R). Hence any y € H can be written as ¢7, 7¢ or 7. The
first consequence of the above calculations is that for p € # and y € H the action of
the group and the orthogonal projection to 2 commute, i.e. (y p), = y po. Moreover,
if v(p) =0 then v(y p) = £0 for any y € H. Thus, suppose that p,yp € S, 4 for some
6 € (0,7/2) and y € H. It follows that p,,y p, € S, which is a contradiction as § is
a fundamental domain for H on the plane. This shows that & ,,(H) C F. Suppose,
Z w(H) & F. Then for some 0 thereisapoint p € Syand y € H withyp € F\F ,(H).

Projecting back to § gives a contradiction. O

Remark 6.6. For cocompact I’ it is easy to see that N(p,X) is uniformly bounded
in p. On the other hand, for cofinite I it is not true in general, although it is still
possible to see that N(p,X) is well-defined (finite for fixed X and p). For example, if
I' = PSL,(Z[7]) then as y(p) — oo, N(p,X) becomes unbounded. This introduces
complications for the convergence of the corresponding automorphic form and is the
main reason for our restriction to cocompact groups. The problem lies in the fact that
for non-compact M the totally geodesic surface can pass through the cusp. It should be
possible to overcome this difficulty by restricting the group I' appropriately.

6.2 Spectral Analysis

Let I' ¢ PSL,(C) be cocompact. Define a function A(f) on # by

A= 3 f (),

yEH\T v(YP)

where f:[1,00) — R has a compact support and finitely many discontinuities. Then

it is easy to see that A(f) is automorphic since v(y p) is constant on the cosets. We
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also note that for sufficiently smooth f € C?[1,00), A converges pointwise to its
spectral expansion, see [50, pg. 23]. Let {#;},, be a complete orthonormal system
of automorphic eigenfunctions of —A with corresponding eigenvalues A;. Since our
problem differs from the standard lattice point counting problem, in that A(f) does
not define an automorphic kernel, we do not have the usual expansion in terms of the
Selberg transform of f. The correct substitute for this is the spectral expansion of A(f)
in terms of the #;’s. Let a(f, ¢;) be the coefficients of the spectral expansion of A(f)
on I'\/€ given by

A )= A = [ AP (p)d ).
I\
Then the spectral expansion of A(f) in terms of the #,’s is

A(fNp)= 2 alf1)n(p)-

We now compute the coefficients a(f, ¢;) explicitly in the manner of [49, Lemma 2.3]
and[ 14, Lemma 2.1]. Following this, we identify the special function that appears in the

spectral expansion and prove some simple estimates on it. For simplicity, consider #;

instead of 7]-.

Lemma 6.7. We have
a(f,t;)=2ic(f,t;),

where

A dud

I/tj:f uj(x,u,O) i x,
e%
H\?

is a period-integral of u; over the fundamental domain of H restricted to the plane .

Also, ) ¢
o1)= foz / <co:2 v> cj:s(:v) av,

where &, is the solution of the ordinary differential equation

cos’ v & (v)+sinvcosv &j(v) + A, (v) =0,

with the initial conditions

£0)=1, &O)=0.

In the following proofs we work with a fixed A and denote &, by &.
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Proof. Unfolding the spectral coefficients,

S W) == ey LI

:J f< 1 >%j(x’%,(0)d)€d—%d‘v.
H\# \COs?v e* cos’ v

We can express this in terms of the period integral as

S I

b
cos?v cos’ v

Nk

2

where

dudx
goj(v):f u;(x,u,0) .
s

e%

It is immediate that ¢, is even. According to Lemma 6.4, in our new coordinates the

eigenvalue equation becomes:

, , 5’214]» , <92u]- 82%j>—coszvg%j du

. ]
e cos™ v B +cos™ v + ——I—smvcosv—+/1u]-:O.
X

du2  Jdo? du dov

Now, dividing by e¢” and integrating over S we get

4+ cos” v + cos” v
dx? e s, dut e dov?

coszfvf €2M32%jdxdu 5 I*u; dudx , 9%
s

Jdo.
_COS27}J iJu'dxd%—|—sinfvcos7)ﬁ+/1gp-(‘v)20. (6.16)
¢ du) 7 e do !

Next, notice that the Laplacian on S, in the induced metric is exactly the restriction
of Ato S, thatis, A [ =cos’ vA, , where

a2 J? o
A= Sy 2
s, ¢ (9x2+3u2 dun

Hence, for a fixed v, (6.16) becomes

2%0. Jo.
coszfvf Ag %‘dxdu + cos’ v i —I—sinfvcosvﬁ—l—/lgo»(v)zo. (6.17)

v

Denote the integral in (6.17) by I,. Then, by Stokes’ theorem we have that

I, :f Vi, -nd/,
as,
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where d{ is the line element on S and n is the unit normal vector (on the plane) to S, .

We wish to show that 7, = 0. To do this, recall some basic terminology for funda-
mental domains (in H?) from Beardon [3]. Let # be a fundamental domain of a cofinite
or cocompact Fuchsian group G. Then Z is a convex hyperbolic polygon with finitely
many sides. A side of F is a geodesic segment of the form Z N g7 forany g € G
with g # I. A vertex of F is a point of the form FNgFNhF forany g £h € G
such that g,h # I. If J.F contains an elliptic fixed point of g € G of order 2, then
we consider the fixed point as a vertex of Z and moreover g identifies the adjacents
sides with opposite orientation. In general, we can always find a side-pairing for .Z,
that is, for i =1, ..., k, there exist triples (A, ¥;, g.) such that g.A. = ., and g; is the
unique element in G that does this, and that A; or ¥, are not paired with any other
sides of .Z. Finally, we can always choose .Z so that if we consider d.Z as a contour
in S, then the congruent sides occur with opposite orientation as segments of the
contour [45, pp. 2-4]. So, let {(A;,¥.,g.) : i =1,...,k} be a side-pairing of S. Then
it immediately follows that for any S, we get a corresponding side-pairing. Denote
these by {(A7,¥7,g;) : i =1,...,k}, where (A7), = A, and (¥7), = ;. It follows that
I, =0 as the integral over A7 is cancelled by the one over ¥} since V#; - n is invariant
under H.

We are left with

cos’ v ¢”(v)+sinvcosv ¢’ (v) + Ap(v) =0, (6.18)

where ¢’(0) =0, as ¢ is even. Define,
w(v) = ¢(v)+¢(—v),
for v € (—m/2,7t/2). We then have the relations
'(v) = ¢'(v)—¢/(—v),  @"(0)=¢"(0)+¢"(0)

Hence, adding (6.18) evaluated at —v to itself yields

cos’ v w”(v) +sinvcosv ' (v) 4+ Aw(v) =0, (6.19)

with
w(0)=24;, «'(0)=0.
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Now, suppose that £ (v) is a solution to the second order homogenous linear ODE

cos’v&”(v)+sinvcosv &’ (v)+ A& (v) =0,

with initial conditions

£0)=1, &(0)=0.

Then we can write the full solution w of (6.19) as

Therefore, the a(f,¢;)’s can be written as

rp=([ "+ [ V()2
)2 cos cosv
/2
)20
f cos?v cos3
1

=2 Jon/zf <0052 > é’({v)c:)ls{;}'v

(6.20)

We will also need some estimates on &,. Notice that the following lemma does

not use the explicit form of &, (which we will compute later). This proof is analogous

to [49, §4.2].

Lemma 6.8. Forall v €[0, 7t/2) we have

() <1,

@('0)21—2—'_/1

tan2 v.

Proof. Recall that & satisfies
cos’ v&"(v) +sinvcosvé'(v) + A& (v) =0.

Multiplying this by 2&’(v), we can write

cos’ v (5/(7))Z>/ + 2sinvcosv(&'(v)) + A(E(v)?) =
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Now, integrate over [0, x] and use £(0) = 1 and £’(0) =0 to get

cos® x&'(x)? +2f sin20&’(v)?dv+ A(E(x)*—1)=0.

0

Since x € [0, 7t/2), sin2v is non-negative and so

A1 —E&(x)?) =cos® x&'(x)* + ZJX sin2v &'(v)*dv > 0.

0

This proves the first part. Now we can apply (6.21) to get

E'(v)=—tan v’ (v)— A& (v)sec’ v

> —tanvé'(v)— Asec’ v.
Integrating first over [0, x | we get
E'(x)>—tanx(1+&(x))— Atanx > —(2+ A)tanx,

and then integrating over [0, v] yields

E(0)—1> (24 A)log(cos v) > _71(2+ Dtanlo.
Thus,

244,
tan” v.

E(v)>1—

With this, we have the following Hecke type bound for the mean square of the

period integrals.

Lemma 6.9. Let ; be the period integral over H\Z? of the automorphic form u; € L*(M).

Then, for T > 1
Dol lP<T.

|tj|ST

This is a surprising result in the sense that the order of growth is better than what we
expect from the local Weyl law, Lemma 6.12. We suspect that the mean square should
be bounded in all dimensions, cf. Tsuzuki [ 102, Theorem 1]. The proof follows a
general strategy of applying Parseval’s identity to the Fourier expansion and estimating
the special functions from below. See for example Theorem 3.2 and Chapter 8 in [53]
as well as [49, §2.6].
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Proof. Let K =sup ., N(p,X). This is well-defined as N(p, X) is uniformly bounded.
Then

L\%(A(f)(P))ZdM(P) < Kf AF)(p)d u(p).

T\
Also, define
tan0 = \E .
y+2
Then

6&)(v)
a(f,t]-):2ﬁjf 4 v

o cos’v

with &,(v) = 1. In particular, the coefficient for the zero eigenvalues (so ¢; = 7) gives

g

a(f, to):2ﬁof cos > vdv

0

At 1
:2u0<§secé’tan6’+Elog|se0(9+tam9|>
oy L 4—|—y+1l V24 4/4+y
=24y ———— + = log| ———

V2 y+2 28 2
=24,8(y),

)

say. On the other hand,

alf 1 1o) = 20, f Af)p)du(p).

%

Hence,

It follows that
fr \”<A<f><p)>2du(p)él<w, 6.23)

where #, is the constant eigenfunction. By Parseval we have

J,., Ak dtpr=3 s
> S lalf )

/1/-53/

so that

e () \?
fr w(A(f)(p»Zdy(p)zZ|ﬁj|2< f b dv>. 624

3
pe cos’ v
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Since A ; <, from the bound (6.22) it follows that:

2+’11' 2+y

& >1— tan’v > 1— tan” v.

]

Hence,

6&,.(v) Y 2
J ! d’UZJ <1— +ytan2'0> dv
o Cos’v 0 2 cos’ v

1+tan 2
tan @ sec §(2sec’ @ —3) + (1 +4tan’ f)log —;

1—tan5

- 8tan2d

We are interested in the behaviour of » as y — oo, that is, & — 0. After a tedious but

elementary computation we find that

. h@) 2
lim ==
6—0t tan 3

This means that () > (5 —¢)tan § for small enough 6 and for some ¢ > 0. In other

words, we have proved that

cos’ v -

8¢, (v)
J L do>cy V2 (6.25)
0
for some constant ¢ > 0, as y — oo. Now, combining (6.23), (6.24) and (6.25) we get

. Kn
DlEP< ey <y
c2u,

Ajgy

The result follows from observing that A; =1+ 7. O

As pointed out earlier, we can actually express £ in an elementary form. We suspect
that this is always possible in odd dimensional hyperbolic space. In even dimensions
the special functions are more complicated Legendre or hypergeometric functions. We

let » =tanv. Then
a(f,t;) =24, J F(1+rHE(arctan r)V 1+ r2d 7. (6.26)
0
Apply the transformation tan v = sinhw in (6.20). It becomes

E"(w)+2tanhw &' (w) + A& (w) =0.
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It is easy to check that the general solution is

1
£ ()= (A=Y 4 pew/ ™),
cosh w

for some constants A and B. With our initial conditions we get

A=B= 1
2
Since A=s5,(2—s;), we have 1 —A=(s; —1)*. So,

1
_ —w(s;—1) w(s;—1)
w)= e It emi
&) 2coshw( )
coshw(s; —1)
St B (6.27)
coshw

or in terms of 7:
£(r) cosh((s; —1)arcsinh ) 6.25)
r)= ) )
V1472

Thus we can finally write the explicit form for £ in terms of v as

cosh((s; —1)arcsinhtan v)

(6.29)

v)=
secv

We will now show how to estimate the spectral coefficients a(f, ;). With the

explicit form (6.28) for £, we can write
a(f,t;) =24, J oof(l +7?)cosh((s; —1)arcsinh r)d 7, (6.30)
0
We are thus led to consider the integral transform
c(f,t)= foof(l + 7%)cosh((s — 1)arcsinh ) d 7,
0

where s =1+ :t. Now, define
f< | >_ 1, if0<|o|<O,
cos?v(p) 0, ifO<lv|<Z,

< 1 >_ 1, f1<secv<X,
cos2v(p))

or equivalently

0, if X <secwo.
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If we let » = tan v, then we get that

1, fo<r<U,
f1+7%)=
0, fU<r,
where U =tan® = 4/ X2 —1. Notice that
U=X+/1-X2=X(1+0(X?)=X+0(X").

In particular,
A(f)(p)=N(p,0)=N(p,X).

Now, letting » = sinh %, we can rewrite ¢(f,t) as

(1) = Joo F(cosh? u)cosh((s — 1)) cosh  d .
0
Notice that 2cosh((s — 1)#)cosh # = cosh s # + cosh(2 — s)u, so that
o(f 1) = %me(coshz w)coshsudu + %wa(coshz #)cosh(2— s)u du.
Since the integrands are even we arrive at
o(f,t) = %JRf(coshz w)cosh s du + %JRf(coshz w)cosh(2— s)u du,
where

f(cosh® u) =

0, otherwise.

{1, if |u| <arcsinh U,

Since both of the integrals in ¢(f, t) are of the same type, we define the integral trans-
form d(f,s) given by

d(f,s):fRf(coshzu)coshsudu. 6.31)

We list some simple properties of the d(f, s)-transform without proof.
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Lemma 6.10. Suppose | and g are compactly supported even functions with finitely many

discontinuities, let « € R, then

4c(f,t)=d(f,s)+d(f,2—s),
d(af,s)=ad(f,s),
d(f*g,s):d(f,s)d(g,s),

where * 1s the usual convolution. Also

_ 2sinhsT

d(]l[—T,T]’S) - 5

where ]l[_T’T](cosh2 u) 1s the indicator function on [—T, T, and

d(f,0)= fRf(coshzu)du.

Let 1> & >0, and define y(cosh® ) = (28 )", é\](cosh2 u) to be a characteristic

function with unit mass with respect to the d(f, s )-transform. Now define

]7+(C03h2u): 1, if |u|<arcsinhU +28,

0, otherwise.

f_(coshzu): 1, if|#| <arcsinhU —28,

0, otherwise.
Let f :]7+*)( * y andf_:fN_*)(  y. Then f*(x) =1 for |x| < arcsinh U and

vanishes for |x| > arcsinh U 4 48, and similarly /~(x) vanishes for |x| > arcsinh U. It
follows that

AfT)P) SN(p, X)<A(f7)(p).
Hence, in order to estimate N(p,X ) we need bounds for A(f*) and A(f ™), which in

turn leads us to investigate c¢(f %, t). The case for £~ is analogous, so we restrict the

treatment below to /.

Remark 6.7. Without any smoothing, the spectral expansion for A(f) would of course
not converge. In two dimensions it suffices to use a single convolution (linear decay). In
our case we need at least two convolutions to ensure convergence. On the other hand,

any more smoothing in this manner does not yield improvements for the pointwise
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bound nor for the application of the large sieve.

Proposition 6.11. The integral transform c(f , t) satisfies the following properties:

(1) Fors =1+ it we can write
c(fF t)=a(t, )X 4+ b(t,8)X ', (6.32)
where a and b satisfy

a(t,8), b(t,8) < min(|t| ™, |t| 8 72).

(11) Fors €[1,2] we have

23—2 2
o(ff ) ="—X"+ > X4+ 0(8X7),
S

s R

where the case of s = 2 is understood as

o(ft,i)= )% +O(8X2).

Proof. We have

8sinh s(arcsinh U +28)sinh’ s &
W= (28)2s3

. 12
— % sinh(s log(U + VU2 +1) +258).

By Taylor expansion U + v/ U2+ 1=2U + O(U™"), so that
(U+VU2 1) =QUY +0(sU ) =(2X) + O(sX*72).
Now suppose s € [1,2), then we may assume that |s|& < 1. So,

sinh(s arcsinh U) = % ((ZX)S + O(SXS_Z)) s
cosh(2s8) =1+ 0(J).
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Therefore,

sinh s(arcsinh U 4 28') = sinh(s arcsinh U) cosh 2s 8 + cosh(s arcsinh U)sinh 25 &

_ % (XY + O(X*2)) (14+0(8))+ O(SX* + 8X*2)

- %(ZX)S +O(8X°).
It follows that s
+ \_ 4sinh®s S S
a7 =25 (@) + 06X,

Since |s|& < 1, we also have that (sinhs8)/s& =1+ O(8'), and

S

d(F*,5) = 2(1+O(ONX) + O(8 X)) = ZX* + O(8X°).

S S

So

(=W +d( 2 —5)

25—2 2=
=T X'+ ——X"+0(8X°).
S

s 2—

Now, for the smallest eigenvalue, s =2, we get

(fh )= @ 2) +d(F0),

where
d(f*,2)=2X*+0(8X?),

and

d(f*,0)=O(logX),

as d(y,0) = 1. This proves (ii) in the proposition. We now consider the case when s is
complex, that is, s =14 7¢. Assume ¢t >0 and X > 1, to get

sinh((1+i¢)(arcsinh U 4 28)) = sinh((1 + i ¢)arcsinh U) cosh((1+:¢)28)
+ cosh((1+ it)arcsinh U)sinh((1+1£)28)

— %((2)( + O(X—l))l+it628(1+it)

. (2X + O(X_l))_l_ite_28(1+it)>.
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Thus we can write

sinh((14 it)(arcsinh U 4+28)) = X" u(z, §),

where u(z,8) is bounded for 0 < 8§ < 1 and any ¢. Hence,

1 2
d(f+,1+it):X1+itU(t’8)g<s1nh;8> |
S S

Now, suppose |s|& < 1, then
sinhs&

s&

<L

So in this case
d(f+,1+it):X1+”|t|_1.

On the other hand, if |s|& > 1, then sinhs& = O(1) so that
d(fF14it) =X 8

Working similarly with d(f*,1—it) proves ().

(6.33)

Before we can prove the theorem, we need to know the local Weyl law in our setting.

Elstrodt, Grunewald, and Mennicke [25] prove this for Eisenstein series in Chapter 6

Theorem 4.10. It is clear that their proof can be extended to include the cuspidal part.

This yields the following lemma.

Lemma 6.12. For T > 1, we have for all p € F that

D) < y(p)’ T+ 1.

t]-ST

We now have all the ingredients to prove our main theorem.

Proof of Theorem 6.1. First, write the spectral expansion of A(f*)(p):

= ZZC(]H’ tj)ﬁj”j(l))

= X?hguy+ Z 2iu,(p)

s;€[1,2)

—I—ZZcf+ Diu(p).

teR
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Now the summation over s; € [1,2) is finite, so

> 20,u,(p)O(8X*)=0O(8X?).

s;€[1,2)

Also, by the discreteness of the spectrum, for a fixed I there is some €, > 0 such that

there are no 5; in [2—¢,,2), and so

Z_SJXZ s
> 2diu =O(X).

5612 ]

Hence the spectral expansion becomes

AP = S 220w (p)+ G p)+ OX + 8X7),

s;€(1,2] ]

where

:ZZc(er,t]-)ﬁjuj(p).

0£¢;
Again, by the discreteness of the spectrum we can estimate the contribution of small ¢;’s

)= D 2c(f T 1) u,(p) + O(X).

|t;1>1

Now, since ¢(f ™, ) is even in ¢, we get by a dyadic decomposition

D 2c(f i (p) < D e(fF,t)hu,(p)

. >
111 =1

<<Z sup C<f+’t]') Z win;(p)

n=0 2"<t; <2+l <t <2ntl

By the Cauchy-Schwarz inequality and Lemmas 6.9 and 6.12 we have

1/2 1/2
<<Z sup  o(f "¢ Z |ﬁ]‘|2 Z |”j(P)|2 +X
n=0 27 <t;<2n+! tj<2r+! t;<2ntl

oo

< Z sup o(f*, 2"+ X,

n=0 2"<t;<2n+1
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We separate the sum over 7 depending on whether ¢, <1or¢;8 > 1,

G(fHp)< Z 272 sup o(f )+ Z 2742 sup c(ff )+ X.

n<log, 81 <<t n>log, &1 1<y <2t

Hence, by Proposition 6.11,

G(f+’p)<< Z 22n+2X2—n + Z 22n+2xé\—22—3n +X<<X8_1 +X.

n<log, 8—1 n>log, §—1
Putting all this together we find that

S]-—l s
2 X aiu(p)+OX +8X*+57'X). (6.34)

AfNp)= D]

S.
5]»6(1,2] ]

The optimal choice for & comes from equating 8 X? = 8§ 71X, which gives § = X1/2.
The result follows from noting that #, = vol(T'\2#)~/? and 4, = vol(§) vol(T'\ ¢ )~"/2.
[]

6.3 Applications of the Large Sieve

We will now apply Chamizo’s large sieve inequalities to show that the mean square of
the error term E(p, X ) satifies the conjectured bound O(X'*¢) over a spatial average.
In the radial aspect Chamizo proves large sieve inequalities with exponential weights
for all moments in two dimensions. We extend his result to three dimensions for the
second moment. For structural reasons that are explained later, this inequality has
a limited application to our problem. We can only prove a mean square estimate of
O(X?*2/%) in the radial average. This translates to an improvement of 1/6 compared to
the pointwise bound we obtained in Section 6.2. More specifically, our aim is to prove

the following two theorems.
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Theorem 6.13. Let X > 1and X,,..., X, €[X,2X ] such that | X, — X;| > ¢ > 0 for all
k # 1. Suppose Re > X and R > X1, then

1 R
EZ|E(;},X,€)|2 L X PlogX. (6.35)
k=1
Taking the limit R — oo gives

2x
)l(f |E(p,x)[dx < X* P logX. (6.36)
b

For p,q eT\A, let
d(p,q)=intd(p,yq)

yel

be the induced distance on T'\ 2.

Theorem 6.14. Let X > 1 and p,,..., pgr € T\FA with dN(pk,p,) >e>0forallk#1.
Suppose Re> > 1 and R > X, then

1 R
= 2IE(pX)F < X?log’ X. (6.37)
k=1

Taking the limit as R — oo gives

| G0 dut) < X210 x. 6.39)
I\

We split the rest of this section into four parts: one for each of the averages; we then
write down the proof for a generalisation of the radial large sieve inequality that is used
for Theorem 6.13; finally, we explain why the expected results from the application of

the large sieve get worse for higher dimensions.

Remark 6.8. The methods in Sections 6.3.1 and 6.3.2 generalise without effort for
cofinite groups I'. However, their application to the error term would depend on being
able to identify the oscillations for the terms ¢; € R in the spectral expansion of A(f)(p)
(see equation (6.32)).

6.3.1 Radial Average

We will prove the following proposition.

122



6 — Lattice Point Problems

Proposition 6.15. Let X > 1and X,,..., X, € [X,2X | such that | X, — X;| > ¢ > 0 for
all k # 1. Then, we have
R

D IEp X < X og X + X*PR+ X P log X. (6.39)
k=1

Theorem 6.13 follows immediately from the above proposition.

Proof of Theorem 6.13. We take ¢ < R™'X. Hence the bound (6.39) becomes
R
D IE(p, X)) < X*PRlogX + X PR+ X P log X .
k=1
So if we choose R > X?/° then
| R
= D IE(p X <X logX.

k=1

This proves (6.35). For the integral limit (6.36) it suffices to consider a limiting partition
of [X,2X ] with equally spaced points. O

The large sieve inequality for radial averaging is given by the following theorem.

Theorem 6.16. Given p € T\F, suppose that X > 1 and T > 1. Let x,,...,xx €
[X,2X]. If |x, —x;| > € >0 for all k # [, then

R . 2
S a]-x/;tjuj(p) L (T + X T |alf, (6.40)
where
lall}= > la,I. (6.41)
|tj|ST

In two dimensions, Chamizo [ 1 1, Theorem 2.2] proves a corresponding result to the
above theorem. The proof in three dimensions is similar, but we write it down in Sec-
tion 6.3.3. Let f be a compactly supported function with finitely many discontinuities

on [1, 00), and denote

Ei(p,X)=A(f)p)— D c(fst,)id;u(p).

1§5]~§2
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Then, recall we have shown that (see (6.34))

E;(p,X)=0(X87"+X),
E; (p,X)=0(X87"+X),

and
Ef_(p,X)<E(p,X)+O(X23 +X)<Ef+(p,X). (6.42)

We can now prove the proposition.

Proof of Proposition 6.15. For simplicity, we combine the error terms in (6.42). Suppose
that 1> 8> X1, then

E; (p,X)<E(p,X)+O(X*8) < Ef(p,X).

Hence,
R

R
DIE(p, X )P < D IE (p, X, + RX*S?,
k=1 k=1

where f is appropriately chosen as /' or /~ depending on k. The main strategy is
again to apply dyadic decomposition in the spectral expansion. We use the following

notation for the truncated spectral expansion:

Sr(pX)= D 2c(f,t,)hu,(p)- (6.43)

T<|ij|<2T

We consider three different ranges, which we choose so that the tails of the spectral

expansion get absorbed into the error term. The correct ranges are given by

A ={t; : 0<t;| <1},
Ay={t; 1 1<t <877,
Ay={z; : ;] > 87},

Also, define
S;= > 2c(f,t,)hu,(p).

L, €A;

We can now write

Eip,X)=8+5+S;.
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For the tail we have

Z 2e(ft)im,(p) < Z c(f,t;)i;u,(p)

;€4 lt]=8-

< > min(e[ e[ P8 X4, u(p).

z:]->8—3

With a dyadic decomposition we get

ZZcf £ )<<X322< Z t3ﬁj%j<p)>
8-S

L;€A; n=0
<<X3223923"< > ﬁjuj(p)>,
n=0 2n373<t]52n+1373

and then from the Cauchy-Schwarz inequality it follows that

1/2 12
<<X87223”< >, Iﬁjlz> < >, Iuj(p)|2>

;<83 ;<31

<< X87 Z 2737!(272/2873/2)(2371/2879/2)

n=0

< X8,

as required. Next, for the first interval we have

Sy= D 2e(f, )i un(p) <X D |t hu(p) < X.

;€A |t;]<1

Hence
$;+8= O(Xzé‘).

Finally, we split the summation in §, into dyadic intervals by letting 7" = 2” for
n=0,1,...,[log, §7]. We then have

E(p,X)< D0 $.(p,X)+0O(X?8).

127 <83

Squaring and summing up over the radii gives

2
+ O(RX*87%). (6.44)

Z|Ef 2:X)I° <<Z

k=1

Z $5(p>X1)

1<n< 83
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Applying the Cauchy-Schwarz inequality to the sum over the dyadic intervals yields

2
< logX Z 1S3 (p, XN

1<m<$—3

Z S, (psXy)

1<m<$-3

Substituting this back into (6.44) we get
R R
Z|Ef(P,X/e)|2<<10gX Z Z|Szn(P,X/e)|2+O(RX432)- (6.45)
k=1 1<27 <8 k=1

Recall from Proposition 6.11 that we can write

(f8) = X(a(t, )X +b(z, )X,
where 4 and b satisfy

a(t,8), b(t,8)=min(|t| ™, |t| 8 72).

Keeping in mind our notation with 7= 2" and (6.43), we apply Theorem 6.16 to get
R
D IS (0. X < (TP + X T2 Jal (6.46)
k=1
where

lall} < D7 |min(g, [T g[8 )X 4L

T<|tj|<2T

<<X2min(T2,T684)< > |ﬁj|2>

T<|tj|<2T

L X min(T7, T287H).

This simplifies (6.46) to

R
SUSHp X < (T° + X T2 )X 2 min(T!, 787,
k=1

Therefore (6.45) becomes

R R
SUE(p, X <logX D7 > 7IS(p, X ) +RX*S?
k=1 1<T<8-3 k=1
<logX > (I’+XT? )X min(T~, T8+ RX*8”.
1<T<8-3
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We split the summation depending on whether 7'< 87! and get

R
ZIE(p,Xi)I2<<X210gX< 2 T2> +X36_1logX< T>
1<T<8-1

k=1 1<T<81

+X23_4logX< Z T_2>

S-I<T<S-3

+X3é\_46—1logX< Z T_3>+RX482.

S-I<T<83

With trivial estimates we have

R
S UE(p X < X282 log X + X ¢ '8 log X + RX*87.
k=1
The optimal choice for & comes from X*8% = X281, that is, § = X %/3, since ¢R < X
This gives
R

Z|E(P’X/e)|2<<X3+1/310gX—|—X3+2/36_1 logX+RX2+2/3.
k=1

6.3.2 Spatial Average

We now consider the spatial average. In this case the corresponding large sieve inequality
was already proved by Chamizo [ 11, Theorem 3.2] for 7 dimensions for any cocompact
group. It would not be difficult to extend it to cofinite groups in three dimensions.
We state it as Theorem 6.18 simplified to our setting. With similar strategy as in
Section 6.3.1, we prove the following proposition which readily yields Theorem 6.14.

Proposition 6.17. Suppose X > 1 and let p,, p,,..., pr € I\F with a?(pk,pl) > ¢ for

some € > 0. Then we have

R
SIE(p X)) < X*R7'log? X + X2,
k=1

As before, Theorem 6.14 follows easily.
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Proof of Theorem 6.14. We pick e > < R and R > X. Then

R
%Z|E(pk,X)|2 <K X'R?log’ X + X2 < X?log’ X.
k=1

For the integral limit we take hyperbolic balls of radius € /2 uniformly spaced in M. For
small radii the volume of such a ball is (4/3)7(¢/2)*, [25, pg. 10]. This is compatible

with our assumption that Re’ is bounded from below since M is of finite volume. [

For the proof of Proposition 6.17 we use the large sieve inequality in the following

form.

Theorem 6.18 (Theorem 3.2in [11]). Given T > 1, p,,..., pr ET\A, if

~

d(py, p;)>€>0forall k # 1, then

R
D02 aum(p)l < (TP + )l

k=1 |1|<T

where ||a||, is as in (6.41).
We can then prove Proposition 6.17.

Proof of Proposition 6.17. By a direct application of the Cauchy-Schwarz inequality

we have )
<Zak> <<Z/ezai.
k=1 k=1
Thus,
| D0 S X)P<< D] og TPIS(pp X)) (6.47)
1<T<8-3 1<T<8-3

Repeating this with the identity
n 2 n
R
k=1

k=1

and combining with (6.47) yields

| Z SH(p X < ler IS7 (P X)I,

1<T<83 1<T<83

where ¢; = min (|log 78 + 1, log T'). Repeating the analysis from the proof of Propo-
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sition 6.15 and applying Theorem 6.18 gives

R
DUIE(puX)P< D e (T°+ )X T min(1, 7787 + RX*$?

k=1 1<T<8-3

<L X287 %log’ X + X% + RX*S?,

as before. We optimise by setting X282 = RX*8?2, which gives § = R™/*X~1/2, This

yields
R

E(p,,X 2<<X3R1/210 2X 4 X2,
Pr g
k=1

6.3.3 A Large Sieve Inequality

We need two technical lemmas to prove Theorem 6.16. The first oneis Lemma3.2in [ 11].

Lemma 6.19. Let b = (b,,...,by) € CR be a unit vector and let A = (a;;) bean R x R

matrix over C with |a;;| = a;;|. Then

R R

We also need to compute the inverse Selberg transform for the Gaussian at different

frequencies.

Lemma 6.20. Let h(1+4 %) = e /T cos(rt). The inverse Selberg transform k of b
satisfies for all x >0

(x 4+ 7,)e—Tz(x-i-‘f)z + (X _ r)e—Tz(x—r)z

sinh x

k(coshx)< T’

b
and

k(1) < min(T?, 7 7).

Proof of Lemma 6.20. Accordingto[25, §3 Lemma 5.5], the inverse Selberg transform &
of b for x > 1 is given by

_4 1 ("

Cdx2m ),

—27'C/€<X) l](l + t2>e—itarccoshx dt.
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Hence, by a direct computation

1 1

—2mk(coshx) = Tl ST

f et /@TY cos(rt)te* dt,

which is just the Fourier transform of a Gaussian times ¢ cos(¢). Denote the non-

normalised Fourier transform of an integrable function f by Z{f}, that is,

FUw=| @ e,
Then, by standard results [36, 17.22 (2)]

F{t cos(r t)e_tz/(ZT)z}(x) = idig{cos(r t)e_tz/(ZT)Z}(x)

X

i d

= S (T = )k (e T ek ),

and since [36, 17.23 (13)]
Fle Y (x) =2/ Te T,
we have
F{tcos(rt)e™ 1Y) = =2 /7T (x4 )e™ T 4 (o) O,
It follows that

k(coshx)= 24@7*3g(x),

T

where . ,
(X+T) (x-H’) -|—(x—r)e_T (x—7)

sinh x

g(x)=

Furthermore, taking the limit as x — 0, we get

. e—Tz(x-i-r)2 + e—Tz(x—r)2 _2T2((x + 7,)Ze—TZ(x+r)2 + (x - 7,)26,—T2(x—r)2
lim g(x) =lim
=0 x—0 coshx
=2¢7 7" (1—2T%).
Let #(x)=2¢* (1—2x%). Hence,

1

27-[3/2

k(1)= T u(rT).
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Since #(x) is bounded, we get trivially that £(1) < T°. On the other hand,
‘u(rT) = %(Tr)%t(r 7)< r—.
r

It follows that
k(1)< min(T°,77>).

]

Remark 6.9. It is possible to reformulate the above proof in terms of the spherical
eigenfunctions of A following [25, §3 Lemma 5.2] and [39, 40]. The problem with
this more general approach is that we cannot see the Fourier transform that appears

naturally in the explicit formulas.

Proof of Theorem 6.16. Let S be the left-hand side of (6.40). Since CX is self-dual, it
follows from Riesz representation theorem that there exists a unit vectorb = (4,,..., bz)

in CX such that ,

Zb/e Z a]x

=1 t;1<T

Then, by the Cauchy-Schwarz inequality
S <|lall3S,
where

5

|t;|<T

k=1

In order to understand the sum S, we smooth it out by a Gaussian centered around
zero. This allows us to apply Lemma 6.20, which shows that the Selberg transform for

a Gaussian is easy to compute. Thus,

§<<Ze—z/47")

be 14

After we open up the squares and interchange the order of summation, we apply

Lemma 6.19 to get

R
S ||ﬂ||imk3XZ|Sk1|s

/=1

where

Sk —Ze 74 cos (7st;)|m(p I,
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and

Xp
log—=
x|

Tp1 =

We can identify S;; as the diagonal contribution in the spectral expansion of an auto-
morphic kernel with h(1+ £2) = e="/¢T*) cos(r,, t ). It follows from Lemma 6.20 that

S, < min(T3, 7’/;3) +Z T3~ THd(rpp)—ra) (6.48)
r#id

The standard hyperbolic lattice point problem (e.g. [25, §2 Lemma 6.1]) gives
#Hyel : 8(p,yq) <x} <2,
where the implied constant depends on I and p. We can rewrite this as
log(l+#{y el : r<d(p,yq) <r+1})) <K r* + 1.
This shows that the series in (6.48) converges as T — o0, so that

Sy, <€ min(7T°, r/j).

Hence, by the mean value theorem

R R
Z'Skl| < Zmin(T3,X3|xk —x7).

The case [ = k yields T°. So suppose [ # k, then separate the x; for which 7' <

1

X|x, —x;|". By the spacing condition, there are at most 2X 7—'e~! such points.

Hence,

R 0o 3
DSl < TP XT e +J X—3 du+T° (6.49)
I=1 1 | X T+ €ul

LT Xe ' +T1°.

6.3.4 Dependence of the Large Sieve on the Dimension

We conclude with a discussion on the dimensional limitations in applying the large
sieve to hyperbolic lattice point problems. For simplicity, we restrict the discussion to

cocompact T, albeit the conclusions apply to cofinite I" as well. Moreover, the same
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arguments apply for counting in conjugacy classes as in [14]. Let us first consider

the spatial average. In his thesis Chamizo [ 12, §2] proves, for z,,...,zz; € T\H? with

~

d(z;,2,) > ¢ >0 for j # k, that

2/
L T (1472T72)||a| %, (6.50)

>

k=1

Z a;u;(z)

ItI<T

where / € N and the implied constant depends only on I and /, and ||4]|, is defined
analogously to (6.41). It is important to note that in (6.50) the 7% essentially corre-
sponds to local Weyl law on I'\H?, while the 1+ ¢727? is the decay provided by the

sieving. This leads to a mean square estimate

R
ZlE(zks ‘ZW,X)|21 < X(l—2)/3R(l—2)/3le+6€—2 +X4l/3+eR1/3’
k=1

where E(z,,w,X) is the error term of the standard lattice point problem on T'\H?. It
is straightforward to see that the inequality is only effective if / = 1,2,as e < R. On
the other hand, in 7 dimensions the upper bound in the large sieve inequality becomes

(generalising Theorem 2.3 in [ 12])
T (e Tl

so that the growth coming from Wey!’s law is counterbalanced by the decay in the
sieving term. However, ||a||?’ is always bounded by at least X/ T~!, which means that
the large sieve does not provide enough savings apart from when / = 1. For example,
in our case (Proposition 6.17) in three dimensions, the corresponding fourth moment

for the error term is

R
D IE(pn X' < X*R'og’ X + X "R™*log’ X,
k=1

which does not improve on the pointwise bound O(X?*/?). Hence, we expect that in
n dimensions it is possible to obtain the appropriate conjecture O(X"~D/2+¢ for the

error term on average only in the second moment, but not for higher.

For radial averages the picture is more grim. The higher moment large sieve

inequality in [ 12] is

21

<L THA4+ X T jal,
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where x,,...,xz € [X,2X] with |x; —x,| > ¢ > 0 for j # k and z € T\H?. The

corresponding mean square for the standard counting is

R
Z|E<Z! w,xk)|21 < R(Z—l)/31X(4l+2)/3+e€—1 +R1/3X4[/3+(’
k=1

which only yields an improvement for / = 1. Now, recall the form of the radial large
sieve in three dimensions (6.40). Heuristically, in # dimensions the second moment
would become

2

> uny(p) < T+ X Tl

|t |<T

>

k=1

Here the sieving coefficient 1+ X' 7! is independent of the dimension and hence
any savings get worse compared to 77 as n increases. Therefore, the difference between
the pointwise bound and the large sieve for the radial mean square gets smaller as

n — oo, which is already evident in Theorem 6.13.
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Chapter 7

Quantum Unique Ergodicity and

Eisenstein Series

7.1 A Brief Introduction to Quantum Chaos

In classical mechanics chaos means extreme (exponential) sensitivity to initial condi-
tions. Consider a billiard, that is, the flow of a particle with no external forces in a
domain Q C R? with boundary. In this case the angle of incidence equals the angle
of reflection. Depending on the shape of € this flow can be integrable or extremely

chaotic. The elliptic billiard is integrable. To see this, consider a trajectory that is

7
<Z 7
T2 7H
L2775
77 SZz
W

XXX XXX

AAAAA XY

OO
OO

(a) “Whispering gallery” effect, (b) Trajectories bounded by a hyperbola,

Figure 7.1: Trajectories in an elliptic billiard.

tangent to a confocal ellipse C. Such a trajectory will always be restricted as shown in
Figure 7.1a and remains tangent to C, [91, pg. 3]. Another integrable component is

given by the trajectories bounded by a confocal hyperbola as can be seen in Figure 7.1b.
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On the other hand, the stadium § in Figure 7.2a is an example of an ergodic system,

A

(a) Ergodic flow, (b) Periodic orbits,

Figure 7.2: The Bunimovich Stadium.

which means that almost all of the trajectories become equidistributed with respect to
the Liouville measure on §, [9]. Notice that it is possible for ergodic systems to have

families of periodic orbits, called bouncing ball trajectories, as show in Figure 7.2b.

In quantum mechanics chaos is understood in the context of the correspondence
principle, that is, studying quantum mechanical systems that are chaotic in the semi-
classical limit % — 0. The possible energy states of a quantum system £ in a compact

. . . A . . A
space X are governed by its Hamiltonian H and in particular by the spectrum of H.
A
In the case of a free particle of mass 7 (e.g. a billiard), the Hamiltonian H is given by
2
A b
A=—2n,
2m
where 7 is the normalised Planck’s constant. The time evolution of £ is determined

by the Schrodinger equation

dV A
 h— = HYV 7.1

where ¥(x, ) is the wave function with Dirichlet boundary conditions. Recall that
|¥(x, t)|* measures the probability of finding the particle at a location x at time ¢.
Since for physical systems the Hamiltonian is a Hermitian operator [37, (3.18)], the
equation (7.1) is a linear partial differential equation. It turns out that if the classical
system is chaotic then the dynamics on £ are ergodic. Finally, since wave functions
live in the domain of H, that is, L*(X), it is possible to write down the eigenfunction

expansion of ¥ as

U(x, 1) =D (¥, 8,)8,(x,1),

n

where (f, g) = [, /g is the standard inner product on X. The eigenfunction ¢, with

the eigenvalue E, satisfies the eigenvalue equation
hZ
———A¢p =E ¢ .
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The eigenfunctions are stationary states of the system, and we can write [41, (2.2)]

&, (x,t)= e”Eﬂ/}’gén(x,O). (7.2)

If we normalise the eigenvalues (energy levels) as A = E, 2m/ 7, then the semi-classical
limit 5 — O corresponds to the large eigenvalue (high energy) limit A, — oco. This

identification will be useful to us later on.

7.1.1 Quantum Unique Ergodicity

We have already seen what ergodicity means for the billiards. Formally, we can express
this as follows. Let (X, u) be a compact Hausdorff space with a finite Borel measure u.
Given a u-invariant measurable homeomorphism 7: X — X, we say that T is ergodic
if for almost all x € X,

. #{jeEN:0<j<N,T/(x)eA} uA)
m =

I
N-oo N p(X)

b

for every measurable subset A C X, [41, §1]. This is equivalent to the condition that
any T-invariant measurable subset A C X satisfies u(A) =0 or u(A) = u(X).

For example, in the case of the billiard, X is the unit tangent bundle of 2 and w is the
Liouville measure on X. The map 7' = ®,(x, f)) then gives the location and direction
of the particle at time ¢. Equivalently, T is ergodic if and only if every real-valued
T-invariant funtion on X is constant almost everywhere. Of course, u is an example
of such a function. It is natural to ask whether there can be any other T-invariant
functions. In general the answer is yes, but it turns out that for some systems this is not
the case. Hence, if u is the only constant 7-invariant function on X, we say that 7 is

uniguely ergodic. In particular, unique ergodicity implies that every orbit is dense [41,
pg. 162].

We now extend these definitions to the quantum setting according to [41, §2]. We
will give a simplified explanation as we wish to avoid the consideration of momentum
(phase space) which leads to microlocal analysis and pseudodifferential operators [92,
pg. 213]. The definitions we choose should be compatible with the classical ones
when we take the limit A — oco. As before, consider a quantum system £ of a free
particle in the space X under the normalised Laplacian A. Informally, the relation of

equidistribution of quantum orbits to that of the classical system can be formulated
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as follows: suppose we can express a wave function in terms of high-energy states
(¢, for large n), then over a large period of time this wave function should approach
the uniform probability distribution on X . More concretely, suppose that we have a
sequence of wave functions ¥; that can be written as a linear combination of ¢, with
A;<n <2 Let

be the time average of \IJ]-. Then the measures 7, should tend to the uniform measure u
]

on X in the weak-x limit as j — oo, that is,

defw_ﬁffd,u, as j — 00,
X ! X

for any continuous function f on X. If this is true for any sequence 4; and ¥, then

the eigenstates ¢; become equidistributed. This follows from the observation that

74, =, (x0),

see (7.2). The converse is true as well, so that if the ¢ ; become equidistributed, then
any 7y, tends to the uniform distribution on X. Hence, if we define u; =|¢; > 4, then
]

the system & is quantum unigue ergodic (QUE) if

oy

as ] — oo for any continuous function f on X. With the above identification it is
now simple to formulate quantum ergodicity. Again, informally this should mean that
almost all quantum orbits become equidistributed. In terms of the ¢, we say that £

is quantum ergodic (QE) if there is a full density subsequence 4; of A, that is,

PIREPI

A]»kgT ,lng

as T — oo, such that u; — w in the weak-x sense.

7.1.2  Arithmetic Quantum Chaos

Suppose M is a compact negatively curved Riemannian manifold (without boundary)
with the unit tangent bundle X = SM, then the geodesic flow on X is a classical

dynamical system. This flow is ergodic [92]. Thus, we are led to investigate what
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happens to the “quantised flow”, in terms of the eigenfunctions ¢; of A on M, in the

large eigenvalue limit. The following answer was given by Shnirelman [93], Zelditch
[106] and Colin de Verdiére [ 103].

Theorem 7.1 (Quantum Ergodicity Conjecture). Let M be a compact negatively curved
Riemannian manifold with the Laplace-Beltrami operator A and the standard measure .
Let {¢;} be an orthonormal basis for L*(M) of eigenfunctions of A with corresponding
eigenvalues A;. Define yu; = |(;5]-|2y. Then

M, 7%

as k — oo, for some full density subsequence j,, in the weak-xsense.

On the other hand, the QUE conjecture for general M is hopelessly out of reach.
When M =T\H?, and T is arithmetic, more tools are available. First of all, the geodesic
flow on such M is strongly chaotic (Asonov) [92] and so ergodic. Second, more tools
are available for the treatment of the ¢ due to the existence of Hecke operators and
more explicit Fourier expansions of generalised eigenfunctions of A. This lead to the

following conjecture by Rudnick and Sarnak [89] in 1994.

Quantum Unique Ergodicity Conjecture. For a compact negatively curved manifold

M, QUE holds. In other words, the measures u j = uas /1]» — 00.

There has been substantial progress towards the conjecture, but we are still far
away from the full result. Let M = I'\H?, where I' C PSL,(R) is discrete. For I of
particular arithmetic type the distribution of the eigenstates is well-understood. The
precise definition and a discussion of arithmetic Fuchsian groups is given in [57, §5].
We choose to omit the lengthy details. In essence, arithmeticity is related to whether
the trace Try for all y €T is an algebraic integer in some number field K. For example,

PSL,(Z) and its congruence subgroups are arithmetic.

In 1995 Luo and Sarnak [66] proved the conjecture for Eisenstein series for non-
compact arithmetic I and, in particular, for I' = PSL,(Z). The precise result is that

given Jordan measurable subsets A and B of M, then

. JE(z, 5 +it) du(z) _ pA) 7.3
=00 [ |E(z,5+it) du(z)  #(B) '
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where u(B) # 0. They actually compute the asymptotic' explicitly

J|E (z, ——|—zt )| d/u(z)wélu(A)logt,
7

as t — o0o. Jakobson [55] extended (7.3) to the unit tangent bundle. The result of Luo

and Sarnak was also generalised to PSL,(0,)\H’ by Koyama [58], where PSL,(0)

is the ring of integers of an imaginary quadratic field of class number one, and to

PSL, (0, )\(H?)" with K a totally real field of degree 7 and narrow class number one by

Truelsen [ 101]. In particular, the asymptotic in [101] for d i, , =|E(z, % +it,m)[d u
1s

(27)"nR

Mome ™~ 577N

2di ¢k (2)

where E(z,s,m) are a family of Eisenstein series parametrised by m € Z"!, { is the

logt,

Dedekind zeta function and R and d are the regulator and discriminant of K, respec-
tively. The QUE for ¢, a Hecke-Maaf} eigenform was proven by Lindenstrauss [65]
in the compact case and Soundararajan [95] in the non-compact case, thus completing
the full QUE conjecture for all arithmetic surfaces. Holowinsky and Soundarara-
jan [48] study QUE in the holomorphic case. They consider holomorphic, L? nor-
malised Hecke cusp forms f, of weight & for SL,(Z). They prove that the measures
[y*/2f(2)|’d u converge weakly to d u as k — oo. Another interesting direction for
the QUE of Eisenstein series has recently been proposed by Young [ 104], who proves
equidistribution of Eisenstein series for I' = PSL,(Z) when they are restricted to “thin
sets”, e.g. geodesics connecting 0 and oo (as opposed to restricting to compact Jordan

measurable subsets of I'\H? as in [66]).

For a general cofinite I' C PSL,(R) it is not clear whether there are infinitely many
cusp forms so that the limit of |¢ ]-|2d u« might not be relevant. Petridis, Raulf, and
Risager [80] (see also [79]) propose to study the scattering states of A instead of the
cuspidal spectrum. The scattering states arise as the residues of Eisenstein series on the
left half-plane (Res < 1/2) at the non-physical poles of the scattering matrix. These
poles are called resonances. Let p,, be a sequence of poles of the scattering matrix for
PSL,(Z)\H? (this corresponds to half a non-trivial zero of ). Define

u, (z2)=( res @(s)™" res E(z,s).
s=p, s=p,

The normalisation is chosen so that #, has simple asymptotics y!=#» for its growth at

"The actual (erroneous) constant in [66] is 48/, which arises from a missing factor of 2 in the
Fourier expansion of the Eisenstein series and a mistake in the value of an integral of a special function.
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infinity. Their result is that for any compact Jordan measurable subset A of I'\H?,

J |, (2)"d u(2) —>J E(z,2—y,,)d u(2),
A A

where y_ is the limit of the real part of the sequence of zeros of the Riemann zeta
function. This is obtained by studying the quantum limits of Eisenstein series off the
critical line. Since the results in two and three dimensions are analogous, we will not

state them for HZ.

Fix a square-free integer D < 0 and let K = Q(+v/D) be the corresponding imaginary
quadratic number field of discriminant dj.. Let O be the ring of integers of K and take a
Z-basis as described in Section 4.3. Let I' = PSL,(0). For simplicity, restrict D so that K
has class number one. This means that I" has exactly one cusp (up to I'-equivalence)
which we may suppose is 0o € P!C. The imaginary quadratic fields of class number
one are exactly those with D =—1,—-2,-3,—7,—11,—19,—43,—67,—163. Let p,, be a
sequence of poles of the scattering matrix ¢(s) of £(p,s) and define

upn(p) = (res ¢(s)) ™" res E(p,s).

S=Pn S=Pn

From the explicit form of ¢ (4.22) we know that p,, is equal to a non-trivial zero of {y.
Define
s(t)=o0,+1t,

where o, > 1 is a sequence converging to o, > 1. Also, let y, be a sequence of real
parts of the non-trivial zeros of {j with limy, = y.,. We will prove the following

theorems.

Theorem 7.2. Let A be a compact Jordan measurable subset of T\IH°. Then

L o, (p)Pdpu(p) — f E(p4—2y,)duu(p)

as n — oQ,

Notice that 4—2y,, > 2 so that we are in the region of absolute convergence. Under
the GRH the limit becomes E(p,3)d u(p).

Theorem 7.3. Assume o, =1and (0, —1)logt — 0. Let A and B be compact Jordan
measurable subsets of T\H>. Then
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as t — oo. In fact, we have

2027 )?

— 7 ] ) 7.4
10D 8 4

M(z)(A) ~ u(A)

Let F be the fundamental domain of @ as a lattice in R?. Since |F| = 4/|dx|/2 and
vol(T\HP) = |d|/* (. (2)/(472), [90, Proposition 2.1], it is also possible to express the

constant in (7.4) in terms of the volumes.

Remark 7.1. The constant for the QUE of Eisenstein series o7 the critical line in
Koyama [58] is 2/ (2). However, there is a small mistake in his computations on
page 485, where the residue of the double pole of {Z(s/2) goes missing. After fixing this
(and taking into account the number of units of & which is normalised away in [58])

his result agrees with our limit (7.4) for o, = 1.

Theorem 7.4. Assume o, > 1. Let A be a compact Jordan measurable subset of T\H".
Then

ummriﬁﬂ%h@ﬂmm,

ast — oo.
Theorem 7.2 now follows easily.

Proof of Theorem 7.2. By the functional equation (4.24) of E(p,s), we get

v, Fd(p) = I(res p(s)™ res E(p,s)Fdu(p)
= |(xes p(s))™ res p(s)E(p,2—s)l'd u(p)

n n

=|E(p,2—p,)Id u(p).

We apply Theorem 7.4 with o, =2 — 1y, to conclude the proof. O

Theorem 7.2 says that the measures |v p|2d u do not become equidistributed. We

could of course renormalise the measures and use

E(ps@) |

du(p).
20 u(p)

dvs(t)(p) =

Then we have the following corollary.
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Corollary 7.5. Assume o, > 1. Let A be a compact Jordan measurable subset of T'\IH.
Then

Ys()(A) = u(A),

ast — o0,

The measures dv, are not eigenfunctions of A so their equidistribution is not

directly related to the QUE conjecture.

Remark 7.2. Dyatlov [24] investigated quantum limits of Eisenstein series and scatter-
ing states for more general Riemannian manifolds with cuspidal ends. He proves results
analogous to Theorems 7.2 and 7.4. However, only the case of surfaces is explicitly
written down and the constants are not identified as concretely as in arithmetic cases
such as [80] or Theorems 7.2 and 7.4. Dyatlov uses a very different method of de-
composing the Eisenstein series into plane waves and studying their microlocal limits,

which does not use global properties of the surface, such as hyperbolicity.

7.2 Proof of Theorems 7.3 and 7.4

Let M =T\H". Since any function in L*(M) can be decomposed in terms of the Hecke-
Maafl cusp forms {#;} and the incomplete Eisenstein series E(p|¢), it is sufficient to

consider them separately.

7.2.1 Discrete Part

We will first prove that the discrete spectrum vanishes in the limit.

Lemma 7.6. Let u; be a Hecke-Maafs cusp form. Then

fM w(PNE(prs(D)Pd a(p) =0

ast — oQ,

Proof. Denote the integral by

(1) = f PV s(e)Pd u(p).
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We define
LO= [ w G E M)

Unfolding the integral gives

J f E(p,s(t))y dxli%dy (7.5)

Let x be the isometry corresponding to z+yj — Z + y;. This can also be identified
with a map that takes y € SL,(C) to its complex conjugate y. In particular x acts on
any automorphic f by f (p) = f(xp). The action of x on f commutes with A. It
follows that we can choose a complete orthonormal basis of eigenfunctions of L2(M)
consisting of simultaneous Maafi-Hecke cusp forms and x eigenfunctions. For any
such eigenform ¢, we have that ¢(x p) = £ (p) as x is an involution. We can therefore
decompose the space of such cusp forms into two orthogonal spaces depending on
whether ¢(xp) = d(p) or p(xp) =—ep(p). These are called even and odd cusp forms,
respectively. Also, it is easy to verify that E(xp,s) = E(p,s). Hence, by a change of
variables, we may suppose that the #; in [,(s) is even as the integral over the odd cusp

forms vanishes.

Substituting Fourier expansions of the Eisenstein series (4.23) and the cusp forms (4.25)

(only the cosine remains for even #,) into (7.5) gives

_ f ” L<2y > p, (0K, (rlnb)cost2(n,2)

0#£ne0*

(y5<t>+<p<s<t>>y2—f<f>

S 47t|m () dx,dx,d
()= 1 ( )Ks(t)_1 < | |y> F >y 32 Y
| y

( O;émeﬁ

By the definition of F and the formula cos(a + ») = cosa cos b —sinasin b it is simple
to see that
0, if0#neo0r,

f cos(2r(n,z))dz =
F 1, ifn=0.

Evaluating the integral over F tells us that only the terms with n = £2m//|d|

remain and that the integral over the imaginary part goes to zero. Hence, with the

identification 0 — O* by a — (2/4/dy)a, we get

d
o) (DK 1 QK 2rlnly)y 2.
0 Oyéneﬁ y
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Change of variables y — y/|n| yields

y 2P0 m)ey(n) dy
Ij(s)—EK(S(t»OZ f -2y ey )y

£ne0+ |7’l|
We can evaluate the integral by [36, 6.576 (4) and 9.100] to get

4 23 F<S:|:(S(t)_1):|:itj>R<S),

= 6wy 1) 2

where the product is taken over all combinations of & and

R(S): Z |7’l| 01 —s( ( )/o]( )

O;éneﬁ* |7’l|

Since #; is a Hecke eigenform, we can factorise R(s) with Theorem 4.2 as follows.

01 —s ¢

( ):prime ideal k=0 |P|
(o) ple) &

HZ ] p|k5 Z;|p|2(1—s(t))l

(p) k=0
/ )|P| G- 1_|p|2( (£))(k+1)
I;Ikz 1= [
! S —k(s—s(t)+1)
=) = < (M)l
] 1_[ (1_|p|2(1 (t))> ;

|—2 ZA |—k(s+s 1)>
1 1
= /O]<1)1_[ (1—s(2)) < _ —(s—s |—2 s—s(t)+1)

) 1=l L)pl T )
" >
—A(p)lp I +|p|_25+5 -
1—[p[™
=p;(1) —— —
] 1;[1—/1/<p)|p|< (4D 4 | p[ 260D
1

( )|p| (s+s(t +|p| 2(s+s(t)—1)
L(% s S(t)+l)L(%j,S+S(> 1)

7? 2 2

=ei0 %)
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Now,

SO

PO s(8)R(s(t)—1)kit; 1 1. 1
F<+]>pj(1)—_L(u- 5—it)L(n;,0,—5)

= @) GG
E(s(t)—1)Eit;
_ 2 () iyt 1>HF<—>
||| (1)) e IT(s(2)]

With Stirling’s Formula (A.6) we see that the quotient of Gamma factors is O(|¢|"~7).

Recall from (4.16) that
log™|¢] < Li(s(r)) < log’|]-

It follows that we need a subconvex bound on the L-functions to guarantee vanishing.
Petridis and Sarnak [82] show that there is a & > 0 such that

Lin,5+it)<; [1+¢]"°
In fact, they have § =7/166, although this is not crucial for us. Hence,
]j(t) —0,

as t — oo. ]

7.2.2 Continuous Part

Let h(y) € C*°(R™) be a rapidly decreasing function at 0 and oo so that 5(y) = Oy (y")
for 0 <y < 1 and h(y) = Opn(y™) for y > 1 for all N € N. Denote the Mellin
transform of h by H = 4 b, 1.e.

H(s) = f wh<y>y—sdy—y

and the Mellin inversion formula [76, A2.1] gives

h(y)=-—| H(s)y'ds
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for any o € R. We consider the incomplete Eisenstein series denoted by

E(p)=E(plhy= S h(o(yp)= f HS)E(p.s)ds,

yel A\

where 5 is a smooth function on Rt with compact support. We wish to prove the

following lemma.

Lemma 7.7. Let b be a function satisfying the conditions stated above. Then

[ E(DE(p20)dp(p),  ifon>1,

Ey(p)E(v,s(t)*d u(p) ~
JM ' g {WlogthFh )du(p), if(o,—1)logt =0,

ast — oQ,

Proof. Now, unfolding gives
| Bl sordu = [ J H()E(p,s)ds |E(pys(e)d u(p)

f szH ydsflEpsww ?)

:f y)vol(F <Z|a ,5( >dy
0 ned y

We will deal separately with the contribution of the 7 = 0 term and the rest. We factor

out the constant vol(F) in the analysis below.

Contribution of the constant term

We know that

lag(y, s(E)IF = 927 + 2Re(p(s(2))y* ) + (s (1) Py * 7.

The first term is - J
J by =H(2—20,),
0 Y

which converges to H(2—20_,). For the second term we first have that

o(5(1) j by =

) ¢(s(2))H (2it).

147



7 — QUE and Eisenstein Series

Since H(s) is in Schwartz class in ¢, the function H (2 t) decays rapidly, whereas ¢(s(¢))
is bounded as is clear from the factorisation (4.12). By taking complex conjugates we
see that the second term will also tend to zero. Finally, for the third expression in the

constant term we get

o(s(D) f by 2 = o(s(1)PH (20, — 2).
y

If o, # 1 then
2r G(s(t)—1)
s(t)—1 (s(r))

To estimate this we need the convexity bound (4.13) for {; which gives

(s ()l =

Lel(s(t)=1) = {0, — 1+i2) = O(|2 | ~7/*%).

We also need the bound (4.16) for 1/{. Of course we also have that

=O(|e[ ™)

s(2)—1

Combining all of this, we get

and so

¢(s(2)) =0, (7.6)

as t — 0o, when o, # 1. So in summary, the contribution of the constant term

converges to H(2—20,) if o, # 1 and is O(1) otherwise.

Contribution of the non-constant terms

In this case the contribution equals
2y

* 1 iy 20,2 <4n|n|y>

= — HS ! 5 s o
[ g ] e s S R (52| 2
4|0%| 1.f ()<\/d1<> /| o1y f K1 yds,

[Ek(s(0))[ 27 neo)~ |7 IS+2 o

where a ~ b if 2 and b generate the same ideal in 0 and prime in the summation

denotes that it is taken over 7 # 0. We now need to evaluate the series. Keeping in
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mind that N(p) = |p|’, we get by a standard calculation

r o (n)o,(n > o (pF)a,(p*)
> e T S

neod [~ |TZ| (p):prime ideal k=0
I—IZ 1 <1 |p|2a(/e+1 >< |p|2b (k+1) >
) = I\ 1=1pl* 1—[p[*
_ 1 1 < ks
|p|k(Za s)+2a |p| —s)+2b + |p| (2a+2b— +2¢+2b>’
and hence
Z’ 0,(n)o,(n) :1—[ 1 1 < 1 . |p[*
ned |~ |7 (») 1—|p* 1—|P|2b 1—|Z’|_ks 1—|p/*™
b a+2b
B T .
1— |p|2b—5 1— |p|24+2b—5

(a+b—

_1—[ |P|

(1—|p[)1 Iplz“ )1 Ipl” N(1—[p[)
K(z)gK(z d)gK(z b)gK(__d )
gK(S_d_ ) .

Fora=b=1—s(t)and s =s—2(o, — 1) this becomes

oo GG =, + )G +i8) G —it) (s +0,—1)
Z (t) . _

S T Zi(s)

Again, by [36, 6.576 (4)] we see that

OO B dy 25_3 s s . s . s
| P 0P = 20 =0, 4 DG +i0TG =it + 0, D),
0 Y I(s)

Hence, A(t) becomes

At)=

[k (s(0))[ 47 Ex(s)

— |0X| ! B(s)ds
& (s(2)) 4 fm ().
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say. By the Dirichlet Class Number Formula (4.11) for {, the completed zeta func-

tion &y has a simple pole at s = 1 with residue

1
resCy(s)= o
There is also a simple pole at s =0, [ 18, Theorem 10.5.1 (3)]. It follows that the poles
of B(s) in the region Res > 1 are at 2+ 2i¢, 20,, 20, — 2, and 4 —20,. Moving the line

of integration to Res = 1 gives

_ 1o
‘“”—ig@;ﬁﬁéﬁ#**ﬂﬁ@“”+&ﬂ$%3@

+(1—38,) res B(s)+ L f(l)B(s)ds>,

s=20,—2 271
=A +A+...+A,,
where §, = 1 if 0, < 3/2 and 0 otherwise. We deal with each of the residues A,

separately.

(1) For the first term we have

_ HQ2=2it) &(2—o,£it)ép(142it)éx(0, £ it)
 |elo, +in)f Ec(2+2it)

1

By Stirling asymptotics and convexity estimates for the Dedekind zeta functions,
the quotient of the & functions is bounded by || log'®|¢|. By virtue of H
being of rapid decay in ¢ it follows that A, — 0 as t — oo.

(i1) The second term is

A, = H(z(,t)m_
5K<20_t>
If o, #1then
&x(20,,—1)
A, —-HQ20 )22—2 7,
2 ( Ooo) 5]{(20_00)
but if o, — 1 then
1

SRy -

(i) Now, in the third term we use the form (4.22) of ¢ and the fact that & satisfies
the functional equation (4.10)

Ex(s) = Ex(1—s).
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We can then write

Ay= 8, H(4— 20 p(s(e) LO =270,

Ex(4—20,)
By (7.6) we have that ¢(s(t)) — 0 as t — oo for o, # 1. Hence, if o, # 1, then
Ay —0.
On the other hand, if o, =1, then

_—1
E(2)(o,—1)

WhiCh iS bounded.

(iv) For the fourth term we have
A= (18, (0)H (20, —2)lp(s(1))I’,

which clearly converges to 0 if o, # 1 and is bounded for o, = 1 as in the

previous case.

(v) Finally, the fifth term is

|0~ 1
A= 5T B(s)ds
2|E(s(2))|” 27 f(l) ©)
_ e
2|£K(0t+it)|2

where

k(0. — 5 +in) &G +i(r +1)E G +i(r—1))

£ (1+2i7) dr.

1 o0
J:—J H(l+:i7)
21 ) _ o

We now estimate the growth of A; in terms of ¢. The exponential contribution

from the gamma functions in the integral is equal to
(e~ e Flertlg=Flrtl o Fel o ol

This cancels with the exponential growth of &, (s(¢))|*. Since H(1 + i) decays
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rapidly, we can bound {i(o, — % + i7) polynomially and absorb it into H. Hence

Ao O [ AN i+ GG - 0)ld

where H is a function of rapid decay. The Dedekind zeta functions can be esti-
mated with the subconvex bound (4.15) of Heath-Brown [42]. We get

A5<< |t|5/3—20[+2€ 10g4|t|f ﬁ(T)(t_l-i-|Tt_l+1|)1/3+6<t_1+|Tt_1—1|)1/3+6 dT,

which is o(1) since o, > 1.

Hence we have proved that the integral

fMFh<p>|E<p,s<z>>|2du<p>

converges to
5[( (2000 - 1) >
5[{ (2000 ) ’

if 0., # 1. On the other hand, for o, =1 the contribution is asymptotic to

vol(F) <H(2 —20,)+H((20,,)

L—]o(s(e)’
2|01k (2)(0, — 1)

vol(F)H(2) +O(1). 7.7)

To finish the proof, we apply Mellin inversion and unfold backwards to see that

&0, — 1)>
51{(2‘700)

e RGN e O
0 Y

_ fMFh(p)E(p,ZUOO)dMP),

vol(F)<H(2—2000)+H(2000)

and

Wl = | Fp)Mur)

For the second case, we need to estimate the quotient with the scattering matrix. We

will show that ,
[l 2enp
2[0%[Ek(2)(0, —1) |0 ||dk|Ck(2)
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7 — QUE and Eisenstein Series

To see this let G(0) = (0 +it)p(o —it). Notice that

G(0)= L (0 +it)G(o),
¢

where the & denotes the linear combination

/ / /

g(aj:it):g(a+z'zr)-|—g(a—izr).
@ @ @

We then apply the mean value theorem twice on the intervals [1,0] and [1, 0], respec-

tively. We get

G(l)_G(O) Iy
T, W)
= G(a/)gl(a/:lzit)
¢
_ <G(1)—(1 — )G (0" + it)> 2 (o' £ir),
¢ ¢

where 1 < ¢” <0’ < 0. On noticing that G(1) = 1, this gives
/ /

<1—(1—0/)|g0(0”+ i (0" £ it)> 2 (o' £ir).
¢ ¢

1—|o(o —I—izt)|2 B

1—0o

Using the asymptotics

g(0:I:it)~—4logt (7.8)
@
and the fact that |¢(o +7t)| is bounded for o > 1 proves the lemma. The estimate (7.8)
follows immediately from (A.8) and the Weyl bound (4.17) for (i / (. O

Proof of Theorems 7.3 and 7.4. These follow now from Lemmas 7.6 and 7.7 by approx-

imation arguments similar to [66] and [58]. O
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Appendix A

Gamma Function

The Gamma function I'(z) is defined for Res > 0 by the absolutely convergent integral

I’(s):fooe_xxs_ldx. (A1)

Notice that T'(1) = 1. It follows, after taking the limit, from [96, §2 Theorem 5.4] that T
is holomorphic in this region. Integrating by parts in (A.1) shows that the Gamma

function satisfies the functional equation
(s +1)=sI(s). (A.2)

This gives the relation I'(n + 1) = n!. The functional equation (A.2) can be used to
meromorphically continue I to the whole complex plane [96, §6 Theorem 1.3] with
simple poles at negative integers of residue res.__ I'(s) = (—1)"/n! for n € NU{0}.
In particular the functional equation holds for all s € C with the understanding that
one takes the residues at the poles. Clearly I(s) =I'(5) holds in the region of absolute
convergence, and hence it holds for all s € C. It is an exercise in contour integration [ 96,

§6 Theorem 1.4] to prove that

I[(s)[(1—s)=— T forseC. (A.3)
sin7ts
Similarly [36, 8.334 (2)],
T(%—FS)F(%—S): T , fors e C. (A.4)
COS TS
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A — Gamma Function

Setting s = 0 in the last equation gives F(%) = /7. We will also need the duplication
Jformula [36, 8.335 (1)]

I(s)I(s +5) =2""%4y/nl(2s),  forseC. (A.5)

The asymptotic behaviour of I'(0 + it) for large ¢ is particularly important. This
follows from Stirling’s Formula [ 76, A4.8], which states that

logT'(s)=(s— %)logs —s+logv2m 4+ O(|s|™),
for s with |args| < 7w —e for any € > 0. After a straightforward computation we obtain

(0 +it)| ~v2me ™2 |t as|t| — oo. (A.6)

Stirling’s Formula can also be used to give the following estimate for the logarithmic
derivative of T,

I 1 B
—(s)=logs ——+O(|s| ). (A.7)
r 2s
The function I'" /T is sometimes called the digamma function and denoted by ¢. Finally,
from (A.7) we deduce that for o bounded and |¢| — oo,

/

¢(0—|—it):rf(a+it):log|t|+0(l). (A.8)
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Appendix B

Radial Average of the Standard
Lattice Point Problem in H?>

In this appendix we will show that the radial large sieve, Theorem 6.16, yields the same
improvement of 1/6 over the known error bound O(X?/?) in the standard hyperbolic

lattice point problem in three dimensions. We prove the following theorem.

Theorem B.1. Let T be a cocompact subgroup of PSL,(C) and fix p,q € H>. Define, for
X >2,
N(p,q,X)=#{y el : d(yp,q) < arccoshX},

27 I(s; —1)
M X)=————X? 25 —
(2420 = S +ﬂ1§2 I(s; + 1)

u (p)u(q)X7, B.1)
and let
E(p,q,X)=N(p,q,X)—M(p,q,X).

Suppose X,,..., X € [X,2X | such that | X, —X,| > € >0 for all k # [, and that Re > X
and R > X*P. Then

1 R
= 2 q. X < X7 logX,
k=1

and

e
)—(J IE(p,q, %) dx < X* 1 logX. (B.2)
X

Notice that the main term M(p,q,X) agrees with Lax and Phillips [63] and [ 25,
§5 Theorem 1.1].
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B — Radial Average of the Standard Lattice Point Problem in H?

Proof. Suppose 0 < H < 1. Define the hyperbolic convolution * by

k)= | (i)
B

It follows from [ 25, §3 (5.36)] and [ 25, §3 Theorem 5.3] that the Selberg transform is
multiplicative with respect to . Recall the form of the Selberg transform 5 of & (4.26).

The case s = 1 can be explicitly written as
h(l):47'cJ k(coshu)usinhudu. (B.3)
0

We can split » as we did in Section 6.2 and write it in terms of the d-transform (6.31) as

= i COShM cosnsuaun — cosn# )Ccos —S)u u
() (5—1)<JR]€( Ycoshsud JR/e( hot)cosh((2—s)u)d >
:(S_l)(d(/e,s)—d(/e,Z—s)),

with the modification that the argument of k in d(k, t) is now cosh # instead of cosh” u.

Now, let £, and k, be characteristic functions of [ 1, cosh R] with R = H +arccosh X

and R = H, respectively. Also let b, and b, be their respective Selberg transforms.

Define
(ky xky)(p>q)

K )= 130.m)

and analogously for K, so that we get

2231(‘(;u)fq)<:]V(P,q’)()<::E:Ig+(P’?“7)

yel yel

Let b be the Selberg transform of K*. Then the spectral expansion of K™ is given by
ZK+(P’ rq)= Z h(t)u,(p)u;(q)
yel L

= > bt (pYaa)+ D5 hle)u(p)i(q).

1<5,<2 ,€R\ {0}

Since the Selberg transform is multiplicative under convolution, we have

_ hy(t)hy(t)
P0)= SolBO, B)

We can now use our estimates and methods from Lemma 6.10 and Proposition 6.11 to
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B — Radial Average of the Standard Lattice Point Problem in H?

evaluate 4, and h,. We will also use the fact that [25, §1 (2.7)]
SPTE
vol(B(0,H)) ~ gﬂ.’H ,

for small H. We now compute »(A) for each A.

(i) For the small eigenvalues A € (0, 1) we get

b= VOI(B(lo’H)) <<S j 1)>2 <25inh s(arccsoshX +H)
B 2sinh(2 —s)(arccosh X + H)> <23inh sH 2sinh(2 — 5)H>
2—s s 2—s
35 () (- e

by comparing the Taylor series of (sinh s H)/s and (sinh(2—s)H)/(2—5s).
(i) For the zero eigenvalue A =0, i.e. s = 2, we have as above that

h(A)= 37 (2X?+ O(log X +HX2)><

47

2.2?
3!

+ O(H2)>

=272X*+ O(HX? +log X).

(ii1) At A=s =1, we use definition (B.3) to see that

2
h(1)= %«arccosh)( + H)cosh(arccosh X + H)
VO ,
—sinh(arccosh X + H )>(H cosh H —sinh H)
<L XlogX.

(iv) Finally, and most importantly to us, by (6.33) we have for the embedded eigenval-
ues A > 1 that

h(A)=a(H,t;)X"™"" + b(H, )X,

where

a(H, 1), b(H, t) < émin(l,(Ht)_3).

The form of the main term in (B.1) follows from the above computations. We can
now carry out the computation of the large sieve with this spectral expansion in an

analogous way to the proof of Proposition 6.15. The only modification, apart from
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the estimates above, comes from the fact that in the spectral expansion we now have an
actual Maaf} form instead of the period integral. We use the local Weyl law (Lemma 6.12)

to estimate this term. This leads to

R
SUIE(p,q. X < X*H 2 logX +X*¢ "H ' log X + RX*H?,
k=1

which is in the exact same form as before. Hence, after balancing,
R
D IE(p.a, X < X7 e og X + RX 2P,
k=1

The results claimed in Theorem B.1 now follow as in the proof of Theorem 6.13. [

Any improvement on the radial average (B.2) is still an open problem in three and

higher dimensions.
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