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The reaction diffusion system with anomalous diffusion and a balance law u, + (—A)"‘/ u=-— f ), v+ (—A)'B 12y = fwv),0<a
B < 2, is con sidered. The existence of global solutions is proved in two situations: (i) a polynomial growth condition is imposed

on the reaction term f when 0 < & < 8 < 2; (ii) no growth condition is imposed on the reaction term f when 0 < < o < 2.

1. Introduction

In this paper, we consider the system of nonlinear and
nonlocal in space reaction diffusion equations

u, + (-0 Pu = - fwv), xeRN, t>0, )
v+ (—A)ﬁ/zv = f(uv), xc¢€ RN, >0, 2)
supplemented with the initial conditions

u(x,0)=uy(x), v(x0)=v,(x), xe€ RY, (3)
where the initial data u(x), v,(x) are given positive bounded
functions.

Here the nonlocal operator (—A)‘m, 0<d6<2 (6=«
or 3 ) accounts for anomalous diffusion (see, e.g., [1-3]) and

can be defined via the Fourier transform pair & and %" as

0)u) =7 (' F ) ©) @), ues(RY),
@)

where S(RY) is the Schwartz class of smooth real rapidly
decreasing functions, or equivalently (see [4]) by the formula

u(x)-u(y)

(8" (x) = PV | e

RN |x—

with Cy = (862°71/2N?)(T((N +6)/2)/T(1-(8/2))) a normal-
izing constant, and | - | denotes the usual norm of RY.

A typical type of system under our consideration is given
by the irreversible molecular combination

mU+nV — (n+1)V, (6)

where U and V are two chemical species. If  and v represent
the concentrations of the species U and V, respectively, then
according to the law of mass action due to Gulberg and
Waage, the reaction diffusion system describing the chemical
reaction can be written as

w—-Au=—u"™", xeQ, t>0,

7)
vi—Av=u"" xeQ, t>0,
where O ¢ R". This system has been studied by Masuda [5]
via a judicious Lyapunov functional, Hollis et al. [6] by using
the duality argument, Collet and Xin [7] in the case of the
Euclidean space.

Let us now dwell for a while on the available literature
concerning anomalous diffusion equations. Fractional dif-
ferential equations have been used as effective mathematical
tools for modeling diffusive processes associated with sub-
diffusion (fractional in time), superdiftusion (fractional in
space), or both. Further examples can be found in physics,
mathematical biology, or hydrology. These equations also



appear in finance because of the relationship with certain
option pricing mechanisms and heavy tailed stochastic pro-
cesses [8]. In water resources, fractional models have been
used to describe chemical and contaminant transport in
heterogeneous aquifers [9]. In spatial complex environment,
reaction diffusion equation may not obey Fick’s Law [10]. One
idea is to replace the flux, say F, by its fractional counterpart
[11]:

F=-%V'u, 0<y<l, (8)
where % is the diffusion tensor and V’ =
(0" /0x",0" /3y", 8" /0z")" is the Riemann-Liouville fractional
gradient, where

o N ST
%u(x,y,z)zmaj- (x—%)"u(x, y,z)dx,

0
)

with similar expressions for 0"/0y? and 0"/0z" [12]. The
fractional Fick’s Law for (8) implies nonlocality in space and
in time. This modification, in the absence of external force,
leads to the fractional diffusion equation

-V - V = 0. 10

Equivalently, in the isotropic setting [13], the space fractional
reaction diffusion can be written as

%u+%(—A)V/2u:f(u), 0<y<l, (1)

where (~A)"'? is the fractional Laplacian operator; see also
the valuable contribution of Douglas [14] for the use of the
fractional Laplacian in polymer sciences.

In our consideration, we take into account the diffusion
of two interacting species, diffusing at different rates.

The reaction term f : [0, +00)? > [0, +00) is locally
Lipschitz continuous, namely,

|f(u,v)—f(ﬁﬁ)|SC(R)(Iu—ﬁ|+|v—i7|), (12)

forall 0 < u,v, 1,V < R.
Further, it is assumed that there exist positive numbers
L(R), M(R), and « such that

|f w,v)| < L(R) [ul* + M (R), (13)
for all u, v > 0 with |u| < R, and
fO,v)=0< f(u,0). (14)

(Note that f(u,v) > 0forallu,v > 0.)

We first prove that system (1)-(3) admits global solutions
for reaction terms of polynomial growth relying on the
duality argument that has been used by Hollis et al. [6] for the
case when the space variable belongs to a bounded domain
and & = 8 = 2. Notice that estimates obtained by this method
have been recently improved by Caiizo et al. [15] in the same
casea = 5 =2.Incase of x € RY, the duality method has

Yu,v =0,
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been used successfully by Fitzgibbon et al. [16] still in the case
a=p=2.

A central role in the proof is played by a recent L?
regularity result due to Zhang [17] for the solution of the
backward heat equation

—g,+ (-A)FPp =9, te(0,T), xeRY, 0<p<2,
(15)

supplemented with the condition

e(x,T)=0, xeRY, (16)
which will be stated in Section 2.

Next, we prove our second result; namely, global solutions
of problem (1)-(3) exist for any growth of the reaction terms
whenever f§ < a.

Our second result has to be compared in some sense with
that of Martin and Pierre [18]. It has been shown in [18]
that the following problem admits global solutions for any
nonlinearity f under the condition b < a:

U, —ahu=—f (u,v), xeRY, t>0,

17)
v,—bAv=f(uv), xc¢€ RN, ¢t >0,
supplemented with positive and bounded initial data.

The result of [18] is recalled in the appendix for the reader
in order to compare our result with the result of Martin and
Pierre.

The result of [18] has been extended by Kanel and Kirane
[19] for the triangular system

u—alu=—-fwv), xeQ,t>0,
vp—cAu—-dAv=f(uv), xeQ,t>0,
g x €0Q, t>0,

o

u(x,0)=uy(x), u(x0)=u(x), xeQ,

where Q is a bounded regular domain with boundary 0Q, v is
the outward normal derivative to 0Q, and a,c,d > 0 (a > d)
are the positive diffusion constants.

2. Preliminary Results

Notation. Consider Q; = RN x (0,T), lull, =

(o 140", and . = (f, lute )P ).

The proof of our first result is based on a recent lemma of
Zhang [17] (Lemma 2) and a known interpolation inequality
(Lemma 3).

Lemma 1. Let Ss(t) := " be the linear semigroup
generated by the following linear anomalous diffusion problem:

¥, +(-A)° ¥ =0, (x1)eQy,

x € RN,

(19)
¥ (x,0) = y(x),
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Letl<r<p<ocoandy e L (RN). Then the solution of (19)
satisfies the estimate

[-a)"255(0) W(X)"p < COO-WNWD=/p)
(20)

for§ > 0andv > 0.

The proof of this lemma follows from the Young inequal-
ity combined with scaling properties of the kernel

%(x,t)=(2ﬂ)N/2J RICEH dE = ¢ N/29) 7[( X )
RN

t1/25
(21
with
_ N/2 i E)-1E[*°
% = (2 jRNe dt, 22)

where (x, &) is the ordinary inner product at the points x, & €
RY and [£]* = (£, ).

The lemma is used for the local existence (v = 0), as well
as for the global existence (v > 0).

Lemma 2. Let 1 < g < oo and suppose that 9 € L1(Qy).
Then (15)-(16) has a unique positive solution ¢ such that ¢, €
LY(Qy), (—A)ﬁ/zgo € LY(Qy). Moreover, there exists a constant
C(p,T), independent of ¢ such that

ol + ol + 1 20] o+ looll, < € 1907 23)

Lemma 3. Let (X, | - ||) be a Banach space and A a positive
operator on L. Then, for 0 < ¢ < 0 <y, there exists a constant
Co,o,y Such that for x € D(AY) (the domain of A")

"Ao'x” < Cg,a,y ”Ayx"(U*Q)/(Y*Q) “Agx”()/*‘f)/()/*e). (24)
The proof of our second result is based on the following
interesting lemma of Lopez-Mimbela and Morales [20].
Let fs(x,t) be the continuous transition density of the
symmetric stable process {X(t);t > 0} in RY of index 6,
0 < § < 2, which is uniquely determined by

et j ei(x’g>f5 (x,t) dx. (25)
RN

Lemma 4. Let f, (x,t), t > 0 be the transition density of the
symmetric a;-stable process in RY, i = 1,2. If a; < a,, then
there exists a constant K > 1 such that, for every t > 0 and
x e RN,

fo (6) < Kfy (,£97%), i=1,2. (26)

If in addition t > 1, then
f(xi (x,1) = KtN((l/“l)*(l/“z))fal (x,t)

(27)
<KtNNf (x1), xeRN

As the proof is nice and instructive, we present it for the
convenience of the reader.

Proof. By Theorem 2.1 [21], we have

|X}i£>noo|x|N+aifo‘i (x, 1)

1\ ‘ , N +a
a2 () () (5)r (5
m 2 2 2

=C, >0, (¢<2).
(28)
If a; < a,, then f‘xz(x, 1)/fa1(x, 1) ~ (Caz/cal)lxlzxrocz =0
as |[x] — oo. Hence, there exists a constant C > 0 such that
o, (5 1)/ fo, (x,1) < 1forall x| > C.Since £, (x,1)/f,, (x,1)

is continuous and {y € RY;| y| < C} is compact, there exists
M > 0 such that faz(x, 1)/f‘x1 (x,1) < M for all |x| < C. Thus

fo, (1) < Kf, (x,1) forall x € RY, where K = max{1, M}.
From scaling properties of stable densities, we get
fo oty =tV £ (xt7%, 1)

<t Nk, (xt71%,1)
(29)
= 4N/ K(tal/az)N/“l F (2 £597%2)
1

= Kf, (x6),

which is (26).
Now assume that t > 1. Using (29) and the fact that
fa, (%, 1) is radially decreasing, we may write

faz (x,1) < Kt—N/oczf“1 (xt—l/ocz’ 1)
— KtN((l/“l)*(l/‘xz)) (t*(N/“l)f‘xl (xt*(l/‘xz)) l)) (30)

< KtN((l/Oél)*(1/062))f‘xl (x,1).
O

3. Main Results

Now, we are ready to announce and prove our main results.

Local existence of a classical nonnegative solution (u, v)
of (1)-(3) on a maximal interval of existence [0,7,,,,) is
obtained as usual (see, e.g., [22]).

Theorem 5. Assume uy,v, € LPRY), up,v, > 0 ae.
on RN, Let the nonlinearity f satisfy (12), (14), and the
polynomial growth condition (13). Then problem (1)-(3) admits
a nonnegative classical solution on RY x (0, +00).

Proof. First, as u, > 0,v, > 0 and f satisfies condition (14),
we haveu > 0and v > 0.
In view of the maximum principle, we have the estimate

lll < Jlego| T (31)
Case 1(0 < < f3<2). From (1) and (2), we have
w v+ (AP W)+ (0P vy =0,  (32)



which can alternatively be rewritten as

W+ v), + (=D (w+v) + (=0)* () - (AP (w) = 0.
(33)

Now, we use the duality argument. By multiplying (33)
throughout by ¢, the solution of (15)-(16), and integrating by
parts over Qp, we obtain

J (u+v) (—got + (=A)P? ((p))

T

= JRN (tg + vp) @ (x,0) (34)

+J; u (=0 () - (-0 (9))

or

J (u+v)9:J (tg + vp) @ (x,0)
Qr RN

(35)
] (o o) - o ).
Using Lemma 2, we have
lell, + lol,r < CI9lgz
(36)

[0 2] ., < Clol,r-

Making use of inequality (24) together with ¢ = 0, 0 = «/2,
and y = f3/2, we obtain

l-2], =l ol ol . 67
Using estimates (36) and (37), we have
-9, . < C(i91,2)" (191,7) """

< Cl19ll -

(38)

Now, we have the estimates
[ ulcar” @) <ty + |- @)
Qr ’
p+q9=pq
[ ulcar @] < (llyr + -2, )
Qr ’

< C(lullyr +191,7), p+q=pa.
(39)

Finally, we have

_[<u+w9§cqp0+%h+wmuT+wm¢+H%L)
' (40)

thanks to the above inequalities.
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Since 9 is arbitrarily nonnegative in L1(Qy) and u, v > 0,
therefore it follows by duality that

lu+vl,r <C (”uo + Vonp + el + 1947 + "‘POHq) :
(41)

Therefore, for all p < oo, the L”-norm of u and v remains
finite on Q. From the polynomial growth assumption on
the nonlinearity, it follows that f(u, v) is also in L? Qg ) for
all p € (1,00). If we take p > (N + 1)/2, we deduce that
veLP(Qp ):

max

Wloo,r,,,. < Clf @), < +00. (42)

max

This implies that T, ,, = 00.

Case 2 (0 < B < « < 2). This case can be treated in the same
way by making use of inequality (20) with v = 1. O

The next theorem deals with the “no growth” restriction

on f.

Theorem 6. Assume 0 < 8 < a < 2 and uy, v, € L°(R"),
Uy, vy = 0 a.e. on RN, Let the nonlinearity f satisfy (12) and

(14). Then problem (1)-(3) has a classical solution on RN x
(0, +00).

Proof. Let S5(t) be the semigroup generated by (-A)°" on
RY. Then we have

u(x,t) =S, () ug (x) — Fy (x,1),

v (1) = Sp (1) vy (x) + g (x.1),

where Fs(x,t) = _[Ot J[RN fssulx — y,t =) f(v(x — y,t -
s)dyds, 6 =a,or & =p.
From (26), we have

0<F, (t)<S, () uy(x) < C||u0||oo. (44)

(43)

Using Lemma 1 for t > 1, we obtain

t

8p ) = |

0

[, fsnue=ye=9
x f(v(x-yt—s))dyds

t
< KtN/“J
0

45
| fs0ue-pe-9 @
R
x f(v(x—yt—s))dyds
< KtV (t, x) < CKEVJu -
So Fp(t,x) is bounded for any finite #, whereupon the

solution is global. O

Remark 7. Our results remain valid when the reaction terms
f(u, v) in the first equation and g(u, v) in the second equation
satisfy

fwv)+gv)<Lu+v)+M, Vu,v=0, (46)

where L and M are nonnegative constants.
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Appendix

Here we present the result of Martin and Pierre [18] concern-
ing the determination of the bound on the component v of
the system

Eu—aAu: —-fwv), (xt)e€ RY x (0,00),

ot

(A1)

gv—bAv:+f(u,v), (x,t) € IRNX(O,OO),

ot
M(',O) = Uy ()’ V(')O) =Y ())
where f satisfies hypotheses (12) and (14).

xeRN,

Theorem 8. Assume
b<a,
N (A.2)
U, vy € L (R ), Up vy = 0 ae x € RY,
Then (A1) has a classical solution on RN x (0, co).

Proof. Fort € (0, T,,,,), we can write

ax

t
u®)=S, ) u, - L S, (E=3) f (u,v)(s)ds, (A3)

v(t) =S, () uy + L Sp(t=s) f(u,v)(s)ds (A.4)

via the semigroups S, (t) and S, (t), where

2
S) (O 1y (x) = (4mAe) ™2 jRN exp <—M> o () dy.

4t
(A.5)
It is not difficult to see that
t
J Sp(t—=3s) f(u,v)(s)ds
’ (A.6)
a\N/2 (t
< (—) J S, (t = s) f (,v) (s) ds.
b 0
From (A.3)-(A.6) and u > 0, we deduce
a\N/2
V() < Sy () vy + <E> S, () ug, (A7)
which provides a uniform L*-bound for v. O
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