arXiv:1506.04318v2 [math.AP| 14 Aug 2015

Stability of the unique continuation for the wave operator via
Tataru inequality and applications

Roberta Bosi, Yaroslav Kurylev, Matti Lassas
August 17, 2015

Abstract

In this paper we study the stability of the unique continuation in the case
of the wave equation with variable coefficients independent of time. We prove
a logarithmic estimate in a arbitrary domain of R"*!, where all the parameters
are calculated explicitly in terms of the C'-norm of the coefficients and on the
other geometric properties of the problem. We use the Carleman-type estimate
proved by Tataru in 1995 and an iteration of the local stability. We apply the
result to the case of a wave equation with data on a cylinder an we get a stable
estimate for any positive time, also after the first conjugate point associated
with the geodesics of the metric of the variable coefficients.
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1 Introduction

We consider the wave operator in R*!,

Py, ——D2+Zg]k DDk+ZhJ )D; + q(x), (1.1)

7,k=1

where y = (t,7) € R x R" are the time-space variables, Dy = —i0;, Dj = —id,,. The
coefficients ¢g’* € C'(R") are real and independent of time, and [¢7*] is a symmetric
positive-definite matrix. The coefficients h/,q € C°(R") are complex valued and
independent of time.

An operator P(y, D) is said to have the unique continuation property if for any
solution u to Pu = 0 in a connected open set 2 C R"*! and vanishing on an open
subset B C (1, it follows that u vanishes in 2.

In the paper [28] Tataru proved for the first time the unique continuation property for
(L)) across every non-characteristic C*-hypersurface with no limitation to the normal
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direction. The key point of these results is a Carleman-type estimate involving an
exponential pseudo-differential operator.

Much is known about the consequences of the general unique continuation property
for the corresponding Cauchy problem. Actually the unique continuation property
has proved to be instructive in many areas of mathematics, e.g. in studying the
uniqueness for linear and nonlinear PDEs together with their blow up or traveling
wave solutions [I1], in studying the Anderson localization [7], in control theory to get
controllability results [30, [31], in inverse problems to obtain uniqueness and stability
estimates [18]. In particular Tataru’s result [28] is crucial for the development of the
Boundary Control method (see [5] for pioneering work and [I7] for detailed exposition
of the further developments).

Concerning the continuous dependence of the unique continuation property, that is
its stability, less results are available. The elliptic and the parabolic cases have been
studied in several settings by using either Carleman estimates or some versions of the
three ball theorem (see [I], for a review of the results).

To our knowledge the hyperbolic case like ([IL1J) is still open for arbitrary domains
and arbitrary matrix valued coefficients g/*(z), while there exist results for particular
coefficients or domains (see [24, [32]). This is maybe related to the difficulty of using
the standard Carleman estimates for hyperbolic operators in order to prove the unique
continuation close to the characteristic directions, that is the reason why Tataru’s
work was so important in this field.

The aim of the present work is then to prove a global stability estimate for the unique
continuation of the operator P(y, D).

In a previous work [6] we proved this property for the local case. Namely, given S =
{y € Q;¢(y) = 0} a C*P-smooth oriented hypersurface, which is non-characteristic
in €, for some fixed p € (0,1), we assume that u € H'(Q) is supported in {y; ¥ (y) <
0}NQ, and P(y, D)u € L*(2). Then, for each y, € S, with ¢/(yo) # 0, we find R,
with R > 2r > 0 such that the following stability estimate holds:

]l 1 (Byo.2R))
lull it (Byg 2m)
In(1+ 20.210). )

Pullp2(p(yg,2r))

lullL2(Beyo.ry) < C111

Here B(yo,r) is a ball in R™™! of radius r > 0 centered in yo and B(yo,7) C
B(yo,2R) C Q. The radii r and R and the coefficient ¢q;; have been explicitly
calculated with dependency on the geometric parameters and on the function 1 in
[6].

In this work we use the previous local stability inequality to prove a similar logarith-
mic estimate for quite general domains of R™"*!.

Moreover we propose a procedure to calculate all the constants involved, dependent
on the norms of 1, the coefficients in ([I.T), the properties of the domains and the
smooth localizers. The procedure is described in Proposition 2.4] and Appendix A.
Concerning the proof, in the unpublished manuscript [27], Tataru suggested the pos-
sibility of obtaining a log-stability result, by splitting the estimate for high and low
temporal frequencies and by using Gevrey-class localizers to improve the estimates
of u for low temporal frequencies. Here and in [6] we have advanced that idea, by
employing tools of subharmonic functions and proper choice of the localizers in the



iterating procedure, together with the explicit computations of the uniform radii r, R
and the time frequencies used in the iteration. Of fundamental importance is the
calculation of the positive lower bound of the radius r, without which the iterative
procedure could stop before covering the desired subdomain of §2.

The technique used consists in iterating the local stability result, but considering
the low temporal frequencies separately from the high temporal frequencies. The
advantage is that one can avoid the usual (Inln...|In ||Pu| z2|)7¢ iterated estimate
(for [Ju|| g = 1 and ||Pul|z2 << 1,0 € (0,1)) and get a (|In || Pul|z2|) 7% results. As a
consequence one obtains a stable control of the solution u inside €2, for any positive
time. Moreover, we can come as close as we wish to the optimal time of the control
Topt, 1.e. the time to reach the uniqueness in  (see Corollary B4], as example of
computation). The importance of this issue has also been underlined in [24], who
worked with FBI transform technique to get a log-stability estimate for large times.
Hoermander in [I3] proved an upper bound of the type 1/27/237,,. The issue of
reaching 7T,,; for (IT)) has been solved in [28], see also [14] 25]. Here we can derive
the stable determination of it.

Like in the elliptic case, many possible applications can be derived out of it. In
particular we plan to use the inequalities in Theorem to obtain an explicit
modulus of continuity for the inverse problem for the wave operator on manifolds.
This would improve the existing inverse stability results for Riemannian manifolds,
which are currently based either on compactness-type arguments, see [3, 21], or on
very strong geometrical conditions for the coefficients, e.g. in [10, 19, 20]. Here is
important to be able to relate the explicit estimates with some geometric invariant
of the manifold (Ricci curvature, sectional curvature, diameter, etc.).

As application, in section [3 we apply Theorem to the case of an arbitrary domain
of influence in R™*!. This is a special case of manifold, once one considers ¢* as the
inverse of the metric tensor. We start with a time-cylinder where the wave solution
vanishes (or has small data) and we get the stability in any compact subset of the
associated domain of influence at time 7". The control of solution in a stable way in
the domain of influence can have numerous important applications in inverse prob-
lems and in in control theory. Here we consider also the case in which the ray field
has also singularities, i.e. behind the corresponding cut-locus. This means that in
principle we are able to deal with manifolds that possesses conjugate points, trapped
rays and other singularities of geodesics. Thus, we remove the usual non-trapping
conditions used in the Carleman estimates.

The paper is organized as follows: in Section 2] we prove Theorems [[.1] and [L2] in
Section [B] we present the application to the case of a domain of influence of the wave
solution vanishing in a small cylinder. In Appendix A we present the table with the
estimates for the parameters used in Sec. 2] and we study the uniform estimates for
the distance function d, and the related function ¢ defined in Sec. Bl

We first introduce some assumptions.

Assumption A1 Let Q be a connected open subset of R x R™. Let P(y, D) be the
wave operator ([L1]), with ¢/*(x) € C1(Q), b7, q € C°(Q). We assume that u € H'(2)



and that P(y, D)u € L*(€). Assume that there is a function v € C*?(Q), for some
p € (0,1), such that in a domain Qy C €2 one has p(y,v¢'(y)) # 0 and ¢'(y) # 0,
where p(y, &) = =& + ¢?%(x)&;&, is the principal symbol of P.

Assume that there exist values ¥, < ¥ and a connected nonempty set T C
such that: supp (u) N T =0; and 0 # {y € Qo;¥(y) > Ymee} €T (which implies
that €2y contains a subset T where u vanishes, and that the value ,,,, is obtained
for points inside the domain ).

Assume that 1,5, is such that the open set Q, = {y € Q\T : Ypin < V(Y) < Vrmaz }
is nonempty, connected and satisfies dist(9€q, Q2,) > 0.

See remark for comments about the construction.

Assumption A2 We define A(Dy) to be a pseudo-differential operator with symbol
a(&), 0 < a <1, where a € Cj°(R) is a smooth localizer supported in |§y| < 2, equal
to one in |[§y| < 1. Furthermore let a € G(l)/a(]R) for a fixed o € (0,1). Here G(l)/a is
the set of Gevrey functions of class 1/a with compact support, defined in [15, 24].
We also define the smooth localizer b(y), supported in |y| < 2, 0 < b < 1 and equal
to one in |y| < 1.

The main results of the paper are the following Theorems [T and [[2] together
with their application in Section [3] Theorem

Theorem 1.1. Under the conditions of Assumption A1-AZ2, define the open set Q; =
Qo\T containing Q.. Then for every 0 < 6 < 1 we have

[ull @
20y < o0 TPTREY
In (1 + m))
Moreover, for any m € (0,1] we get
" ]| 1)
||U/||H17m(Qa) < Cl60 I (1 ||u||H1(191) mo
(n (1 + i)

The constant cig0 s calculated in the proof.

The dependency of the constant ¢4 from the geometric parameters of the prob-
lems and from 1) and 6 is described in Proposition 2,41

Assumption A3 Let Q be a connected open subset of R x R". Let P(y, D) be
the wave operator (ILII), with ¢/*(z) € C1(Q), WW,q € C°(Q). Let u € H'(Q2) and
P(y, D)u € L*(9).

In © we assume the existence of open connected subsets Ay, {2y, a connected set T
and functions v, for £k =1,2,..., K defined in this way:

1. ¢y € C?P(Q) for some p € (0,1), such that p(y, 1} (y)) # 0 and ¥} (y) # 0 in Qq,



where p(y, &) = —€2 + ¢7%(2)€;&, is the principal symbol of P.

2. Assume that: supp (u) N T = (. Define T3 = Qp; N and for £ > 2 set
Ty = Qox N (Uj<k A;UT).

Assume that there exist values Viming < Ymask such that: ((supp (u) N Qog) \
Uj<k AJ) C {y; wk(y) S wmam,k}; and @ 7A {y c QO,k; wk(y) > wmam,k} C Tk

3. Assume that ¥, is such that Ay = {y € (Qok \ Th); Ymink < YY) < Yok}
is nonempty, connected and satisfies dist(0€ x, Ag) > 0.

4. Assume that A = UK Ay is a connected set.

Theorem 1.2. Under the conditions of Assumptions A2-AS3, define the open set
Q= Uszl Qox\Y containing A. Then for every 0 < 6 < 1 we have

[ull 1) .
(In(1+ _”““”fﬂ(nn ))9

Pu”L2(91)

Moreover, for any m € (0,1] we get

[ull 1 00)
(In(1+ Mell1 oy ))m9 '
lPull,

2(Q)

||| r-may < i

The constant cig1 is calculated in the proof.

The dependency of the constant cjg; from the geometric parameters of the prob-
lems and from 1) and 6 is described in Proposition 2,41

2 Global Stability

Notations. We start by introducing some notations and definitions used in the rest
of the article: first we consider y = (t,2) € R x R"™ the time-space variable and call
&= (gO,E) its Fourier dual variable. We remind that the exponential pseudodiffer-
ential operator in Theorem is defined as e~<1Pol*/2my, = fgzl_,te_ﬁfg/%ft/_@v, with
F and F~! representing respectively the Fourier transform and its inverse. Then
e~dPoP/27 s an integral operator with kernel — (35)"/2e~7#=°/2. We consider a
pseudo-differential operator A(Dy) with symbol a(&) € CP(R), 0 < a < 1, sup-
ported in [§| < 2 and equal to one in || < 1. Hence we can write A(S|Dy|/w)v =
crmsr@(Bl€o] /w) Fuse,v and the integral kernel is (ﬁ)“%(%). We will often
work under the Assumption A2, where the symbol a is of Gevrey class. The smooth
localizer b(y) is always supported in |y| < 2 and equal to one in |y| < 1.
The norm of the Sobolev space H? is defined as ||ul|s, = ||(|€]*+72)*/2F,¢ul| 12, and
the space H® corresponds to the case 7 = 1.
According to our notations the positive coefficients denoted by ¢, with x > 100
are defined just once, independently on the variables u, 7, and they are calculated
explicitly in terms of the coefficients of the operator (1) and the geometric parame-

ters. This is essential to finally recover the value of ¢169 and the radii R, r in Table [£.3]
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A first step is the following lemma, proven in [6], introducing a property often used
in this section.

Lemma 2.1. Let A(Dy) be a pseudo-differential operator with symbol a(&y), where
a € CP(R) is a smooth localizer supported in |&| < 2 and equal one in |§| < 1.

Assume that f(y) € C2(R™, Gy/*(RY)), where 0 < o < 1. Then, for every pu > 0,

By > 2, ve L (R™) there are two constants cips, c1o7 independent of p such that

a) [[A(BiDo/ ) f(y)(1 = A(Do/p))vllo < crore™ 1 [Jvllo -

Moreover, if v € L*(R™™") and h € Cg°(R™!) is a function such that h = 1 on
supp(f), then

b) A(BLDo/ 1) fhwvllo < |I.fllooll A(Do/ 1) h(y)vllo + crore™ || hv]lo -

Ifve H™ (R™™), m > 1, then the estimate above holds also in H™(R™ ),

¢) 1 A(B1Do/n) f(1 = A(Do/p))vllm < crose™ " |[v]|n -

Proof. See [0] for the entire proof. Here we remind how to obtain the coefficients.

a) On the set supp|(1 —a(&/p))a(B1&} /)] one obtains &} —&|* > (u—2u/61)* and
the assumption f(¢,.) € G(l)/ “(R;) implies, uniformly in z on a compact set K C R"

and for some c3 = c3(a, K), c117 = c117(a, K) and ¢106 = c117(1 — 2/61)%/4,
Fo e e LF(t, 2)]| < cgem et o8l < gy 2er0mm® g menalio=Sol?/2, (2.1)

The coefficient ¢3 = ¢3(a, K) is proportional to ¢; f, the Gevrey parameter of f, that
is [15] 26]

IDE(f(s)] < e ([m] + 1)/, s € supp(f).

We have c¢3 = ¢; fVol(supp (f)) and ¢117 = 1/(ec3)®. We then estimate in the Fourier

space the operator A(51Do/p) f(-)(1—A(Do/p)), with 197 = (@%F(l) ( 1 1

a

la(B1&o /1) Foey (f (1, 2)(Fg Lo (1 = aléo/m) Fiseo [ 1§ < cloze ™ |Jo][§ -

O

According to the splitting y = (,z), the conormal bundle in R™*! with respect to
the foliation x =const is defined as: B

N*F = {(y,€) € T"R™; with £ = (£,€) and & = 0}.

Its reduction to a subset K C R*™is Ty :={(y,&) € T*K, & = 0},

and its fibre in yo is [y, := {(v0,&) € N*F}.

We then recall the concept of conormally strongly pseudoconvex function, alias strongly
pseudoconvex function with respect to P on I'y, ([28], 29]).

D (acigq) 7T

))1/2‘



Definition 2.2. A C? real valued function ¢ is conormally strongly pseudoconvex
with respect to P at yq if

Re{p, {p, ¢} }(v0,§) > 0 (2.2)
on p(yo,§) =0, 0#E&€Tly;
{p(y, E+it¢' (y)), p(y, E+i7¢"(y)) }/(2i7) > 0 (2.3)

fory =y, 0#&eT,,,such that p(ye, &+ i7¢ (y)) =0, 7 > 0.

In particular, for the wave operator (1)) the conditions are void for non-characteristic
surfaces ¢ = const. As consequence one can state the following Theorem (Theorem
2.1 in [6]), where the Carleman-type estimate by Tataru is recalled.

Theorem 2.3. Let Q) be an open subset of R x R™. Let P(y, D) be the wave operator
@), with g’*(x) € CYQ), hW,q € C°(Q). Let yo € Q and ¢p € C*P(Q) be real
valued, for some fized p € (0,1), such that ¢¥'(yo) # 0 and S = {y;1¥(y) = 0} being
an oriented hypersurface non-characteristic in .

Consequently there is A > 1 such that ¢(y) = exp(M)) is a conormally strongly
pseudoconvex function with respect to P at yq.

Then there is a real valued quadratic polynomial f defined in ([@1]) with proper o > 0,
and a ball Bg,(yo) such that f(y) < ¢(y) wheny € Br,—{yo} and f(yo) = ¢(yo); and
f being a conormally strongly pseudoconvex function with respect to P in Bpg,. This
implies that there exist €y, 7o, c11, car, R, such that, for each small enough € < €
and large enough T > 1y, we have

||6_6|DO|2/2T6Tfu||177- < Cir 7_—1/2||€—5\D0\2/2Te'rfp(y’ D)UHO + 62,T6_TR%/46||6Tfu||1,7-.

Here u € H}

loc

(Q), with P(y, D)u € L*(Q) and supp(u) C Br(yo).

This last estimate was used in [6] to prove local stability of the unique continuation
with explicit coefficients. We recall these results in the following proposition.

Proposition 2.4. Let P the wave operator (L1). Then, under the Assumption Al-
A2, and using the result of Theorem[2.3, there exist two positive radii R and r such
that the local stability results (i.e. Lemmal2.4 and Theorems 1.2 in [6]) hold true in
every point of o, with the same parameters.

Moreover, starting by the Assumptions A1, we are able to calculate all the constants
involved in the local stability in a uniform way over €y. The geometric parameters are
constructed in Table ([A3]) while the derived constants are in the proof of Theorems
1.1 and 1.2 of [6].

All the constants depend on :

- the coefficients in (ILT)) and their bounds:

\gjk|cl(90), |hlco@o), 19l o), ar, br,
- the assumptions on the domains:

distgn+1{0Q0, Qe } > 0,



- the non-characteristic condition and the non-vanishing condition upon 1) :

P1 = mi,np(va/% C'l = I’IILD |¢/(y>|7

yeQo S

- the norms of ¥ (see ({4.4) for notations)

|¢,|é0(90)7 |¢”‘%‘0(Qo)v |>‘w|maw,907

- the norms of the smooth localizers, in time-space and frequency, together with their
Gevrey parameters:

1X1(8)|c2®)s [0(8)|c2(m), [a(80) ] cor)-
We then need to reformulate Lemma 2.6 of [6] in the case of more general assumptions.

Lemma 2.5. Under the assumption Al, let yo € Qo and o be the quadratic polynomial

oY) = fly) — f(yo), with f defined in ([AT)). Let 0 < a < 1 and x(s) € G(l]/a(]R) be
a localizer supported in [—80, 9] and equal 1 in [—=76,0/2]. Let >0, 6 > 0, be given
constants, b € Cg°(R"™) and a € C§°(R). Let A(Dy) be a pseudodifferential operator
with symbol a. If

we H'(Bsg), Puc L*(Bag), [ A(Do/m)b((y — yo)/R)Pullo < cae™",

then for each T > 0, there are constants c119, C109 Such that

e PR () L) Ply, Dully < mac{enno, eabe?™ " max{1, | Pull iz}

Using Lemma we now reformulate Theorem 1.1. of [6] with more general
assumptions.

Lemma 2.6. Under the assumptions A1-A2, let yo € S = {y;¢(y) = 0} be an C**-
oriented hypersurface, which is non-characteristic in yo and with ¥'(yo) # 0.

We also assume that u € H'(Q) is such that supp (u) N Bar(yo) C {y; ¢ (y) < 0}.
Let b € G(l)/a(R”“) be Gevrey functions with compact support, with 0 < o < 1. Then,
for u > 1, if for some positive coefficients cy, cp, ca

||u||H1(BZR(yO)) < cv, ||Pu||L2(B2R(?JO)) <cp, [[A(Do/m)b((y —yo)/R)Pullo < CAe_Maa

then, there are constants ci50, C131, C132 independent of ., such that

|A(Do/w)b((y — yo)/r)ullm < crsoe” " Vw < pu®/(3ciz).

Moreover ci131 and ci30 are independent of cy, cp, ca, while ci59 depends on them.
The dependency of all the constants is as described in Proposition [2.).

Proof. The proof is identical to the one of Theorem 1.1. in [6]. Th. is used for
the function x(¢)b(¥52 )u that is supported in Br(yo) {y; ¢(y) < ¢(yo) }N{y; =86 <
¢(y) < d}. Moreover [P, x(p)b(“7*)|u = [P, x(0))]b(*7* )u (since D(xb)u = bD(x)u),
while in Bg(yo) one has x(0)b(¥72)u = x(¢)u.
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Here we have just to recalculate the related coefficients, distinguishing the ones de-
pendent upon the parameters ¢y, cp, ¢4 from the ones independent of them.

We first list of coefficients independent of ¢y, cp, ca, but dependent on the Gevrey
parameters of the localizers and from the geometric constants r, R, ¢ (see Table (L.3))):

Gx = C1X(1/Oé), Cox = 1/(€N01X)a, Ci01 = 0101(04), Ci02 = 0102(04 0101)
eng = deix (@), B =0%ix(a), |07 (y)|cowy < ens(R)(> 1),

c1a = & 7lglEn xalge (1 + 1@ 6o /0 + 19" 120 /67),

cus = (|90 +1)(3%73/6%) (1 + X1 (60 /6%),

(1—a) = 0o 2TC119 2 .
g @ B aln + = F 2 —_
C120 ( oln B ) B 7 C121 ( >(a) €120,
c122 = max(1, 4cpis(R)cio1, cix/R) > 1, c1a3 = (ec122)” < 1, c1o8 = 3ag 123 < 1,
ci10 = (c122(8/3)T(1/a) /aeys (acras) /@7 V]) 2,

30109 1

1 / 5

cig1 = max{v2(16)°, (V2(16)°3 "V \/eod) /c1as, ((16)°V/ o)/ (3v2)} > 1,
1

C135 = TO‘C2XT> C132 = miﬂ(0135(7“)> 0137),

1 1 1
C137 = min(—(01025°‘ (0130) 0 €130 )a)

9 (\/—)a, 2\/—) 2 1020 (2\/50130

Then the coefficients dependent on ¢y, cp, ¢4 are:

C116 = 3 max(ciT Il’laX{CH(), CA}2 max{l, Cp}2, 011402U, 01150%]),

ey = max(ciis, hena (1 +75) (14 x4 (60 /6%)e'>™),
8 1 1 12
— _F _
C134 CU((TCLX)B (a) a(TaC2X)1/oc(a0135)1/(a_1))

C136 = 2C101+/ C113/ (5/0)2 4 Le 025"/2(s 4
R

20113(1 + C%30) 1 /+OO —' /2 _ /|
+c . 2 (2 eV PPy + [ el gy
101(m1n{1, 0%30/2}) ( 0 Y R )

C129 = maX(0134, 0136)-

We rename c1o9 with c¢150 to underline its new dependencies. 0O

We now introduce the main assumptions to prove the global stability result.

We recall that the support condition in Lemma is not fulfilled everywhere for
u € H'(Q). The idea is that at each step one applies the local stability result of
Lemma [2.6]in a ball centred in the point y; and then one removes from supp (u) (in a
smooth way) a part of the ball B, (y,) already calculated, for example by subtracting
by b(2(y — y;)/r)u;, which is supported in B,(y;). Then w;i, fulfills the support
condition in Lemma [2.6]in the ball Bog(y;4+1), also due to our Assumption Al or A3.



Assumption A4 Let )y and ¢ be as in Assumption Al. Then consider r and R
the uniform radii defined in Proposition 2.4

We define the set of points € = {y; € Q, 5 = 1,.., N}, such that Q, C Ujvzl B, (y;) C
Qp, in the following way:

1. Let y; € € be the maximum point for ¥ in Q.

Set u; = u and us(y) = (1 — b(@))ul,

2. Let yo € Qp be the maximum for ¢ in Q,\B, 2(y1),

3. In general, let y; € Qy be the maximum for ¢ in Q,\ Ui:l By ja(yr), ie. y; €

argmax{(y), y € (Qa\ U/} B2 (k) }-
Then we define:

U; = H (1 — bk)u, bk = b(u) (24)

Each y; lies on the surface S; = {y; ¥(y) = ¥(y;)}. Notice that, since |y; —yi| > r/2
for j # k,

(2.5)

n+1’

where w,,; is the volume of the ball of radius one in R""!, where we consider the
following bound for the coefficients a;67% < ¢7%(x) < b1d7*.

We finally define I(y) € Cg°(R™™) a localizer such that [ = 1 on £L = {y €
Qo; dist(y, 0Q) > %}, 0 <1 < 1andsupp(l) C Q. Observe that UY_ Bag(yx) C L.

We now can formulate a stability estimate of inverse exponential type for the low
temporal frequencies of u;.

Theorem 2.7. Under the Assumptions A1-A2-A4, let v, € € and let b € G(l)/a(R”“)
be a Gevrey functions of class 1/a with compact support, such that 0 < a < 1.
Then, there exist constants R,r with R > 2r > 0, and c159 > 1 such that for p > ci59
there are coeﬁﬁcients C151, C152, C154, C155, C156, ﬁ, N fOT’ which,

of

Dy
Bu
then calling py = p and pj = cisep_y for 2 < j < N, we have u; > 1 and

lullmi@) =1, Pullrxey <1 [[A(Z)Uy)Pullz: < exp(—u®), (2.6)

il (Bor(yy)) < 152, (1P|l L2(Bor(y;)) < Cis3, (2.7)

[ A(Do/ 1j)b((y — y;)/ R)Pugllo < 1515 exp(—p5), (2.8)
and consequently
IA(Do/w)b((y — y;)/r)usllm < cissyexp(—cizaps), Yw < pd/(Bea).  (2.9)

The radii v and R are defined in Table (A3)), while the coefficients ¢y are calculated
in the proof of the Theorem.
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Proof. Let b € G¢/*(R™1) be a localizer with support as in Assumption 2.
Observe that according to our definitions we have :

B, (y;) C suppb((y —y;)/r) € Bar(y;) C Brly;) Csuppb((y —y;)/R) € Bar(y;)

We now proceed step by step.
Step 1. We consider y; € £ defined in Assumption A4. From the hypotheses (2.6))
the following inequalities hold true for u; = w:

[ull i (Bany <1 NPulle2Borin) < 1.
From the definition of [ in Assumption A4 and applying Lemma ZTI1(b) with f =
b(y_—Ryl)v h = lv Bl :Ba :U’:B:u we get

Do

(i) Pule < jA

5y W) Pullz + Gz exp(=Cuoa ") [1(y) Pul:

< exp(—p”) + o7 exp(—p®) < cisaaexp(—p®) (2.10)

A
H -

with ¢j541 = 1+ 197 and where § > 2 is a parameter chosen as:

3=z (e 211)

in order to have ¢jp6* = 1. Indeed, applying Lemma R.Il(b), one gets cios =
(1 — %)a where ¢117 = 1/(2¢3)* and ¢3 = ¢1,(R) - Vol(supp (b(¥72))), with ¢14(R)
the Gevrey parameter associated with b(%). For the calculation of ¢io7 see lemma
2.1l Notice that ¢jos and ¢197 are independent of y;, since the calculation is invariant

up to translations.
Calling ¥(y) = ¥(y) — ¥(y1) we notice that u fulfils supp (u) N Bar(y) C {y;¢(y) <

¥(y1)} We are then allowed to apply Lemma 28 with yo = y1, ¥ = ¥, cy = 1,¢p
1,ca = cis41 and calling C155,1 = C150;

a

Do\, y—n 2 p
A(—)b < — o Yw < :
[ A( w )b( , Jullgr < e1ss,1 exp(—cizp™ ), W= 3131
Step 7 > 1. '
Here we consider y; € £ and u; defined in (2.4) and notice that supp(u;) € supp(u)\UL_]
B, j2(yx) and that u; = u on supp(u)\ UI_\ B, (k).
Calling ¢ (y) = ¢¥(y) —1(y;) we notice that by construction w; is such that supp (u;)N

Bor(y;) C {y;v(y) < ¥(y;)}. We then will apply Lemma 2.6] with ¢ = ¢ and
Yo = Yj-
We start by calculating the first estimate in (27):

||uj||H1(BzR(yj)) < HUHHl(BzR(yj)) +[V H ( |CO||U||L2(32R(Z/J')£2‘12)

k=0..j—1

|/]co

<2(1+ Ml g (Bapw;))-

11



Since 7 < N we get a uniform bound for all j

V| co

r

il e (Baryy) < 152, 152 = 2(1 + N——). (2.13)

Then we consider the second estimate in (2.7))

2(y — yi)
||Puj||L2(BzR(yj)) < ||Pu||L2(BzR(yj)) + ||[P> H (1 - b(f))]u||L2(BzR(yg(>3-14)
k=0..j—1

. b/ b//
<14 25(1 +n?|g"|co + |h5|00)(—‘ lco + | TLCO

4= DY) g < e
where the commutator is, for by = b(2(y — yx)/7):

[, Plu = (—Pyby)u + 2Doby Dou — 2¢"" (2) Dy, by Dy, + ih* () D, brut
with P, = —D2 + ¢""(x) D}, D, and, for all j < N,

V]co | |b"]co
s

N 1|b,‘200
_'_( - ) r2

C153 — 1 + 2N(1 + n2|gkr\co + |hs‘co)( ) (215)

The third estimate (2.8) requires information of Step j — 1.
Like in (ZI0), from the definition of I and applying Lemma Tl (b) with f = b(*Z%),
h=1, ﬁlzﬁ,uzﬁw we get
Y-y D = o
||A( ) ( ]) (y) Pujllrz < ||A(—O)l(y)Puj||L2 +01530107€Xp(—,uj)- (2.16)
Hj R B

where 3 > 2 is the parameter (2.11]).
The first term on the right hand side of ([Z.I6G]) becomes

5 ]) (y) Pujllo < ||A(5%Oj)l( )Pujallo + HA(ﬁ m

Dy
A
+li (ﬁ "

One can find recursively the estimate above for j = 1 by using (2.6) with cig21 = 1,
and stating for 7 — 1

| A( J(y)bj—1Puj1llo

)bj—1, Plujllo.  (2.17)

Dy
B,uj—l

with ci62,j—1 a positive parameter.
By the inductive hypothesis and in analogy with (ZI0),

D — Yi_ o
A )b(y < () Puj-illo < crsag_1e "5, (2.19)
Hj—1 R

| A( M (y)Puj_qlo < 016273‘—16_“?*1, (2.18)

where ci54j-1 = C162,j-1 + C153C107-
The first term on the right hand side of ([2Z17) becomes, for p; < p;—1/2,

DO ‘ DO
3 ]) (y)Pujallo < IIA(BW_1

12
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The second term on the right hand side of ([2.17) becomes, for 24, < p1;_1/3,

D
S WPu-o < Al

where by lemma 2.11b) with f =b;_1, h =1, §1 =3, p = Bpj_1, we have ci64 = 107,
c165 = C1063% = c1175%/(3%4). Notice that c¢i65 and 164 are independent of y;, since
the calculation is invariant up to translations.

The term with the commutator in (2I7) can be split in the following way:

I1A( J(y) Pujllo + cis3cien exp(—cigspti—y)

D .
L4 L+1; = ||A(6 O (= Pabj1) + ih* () Dy bj 1 )| 2
]
D
"‘HA(ﬁ : )(2Dob;—1Douj_1) || 12
J
D
+||A(ﬁ (26" () Dby 1 Dyt 1) || 2.
]

((y - yj—l))

We notice that the localizer b

wj_q in I, with it to keep its support in By, (y;_1) in order to use the estimates of

= 1 on supp|b;_1, Plu, then we multiply

Step j — 1. For v < —— - a positive parameter, one has
C131

L < ||A(5D_O)((—P2bj—1)+ihs( ) Dy b 1)A(D0)b(w)uy’—1“y

1 v r
FIAGE) (b)) D By (1 = ALy

< c155,j-1] — Pobj—1 + h*(2) Dy, bj—1|co eXP(—0132/~L§‘i1)
+eror¢is2 (1 + 12" |co + [h*|co) exp(—ciosv®)

Notice that the first estimate on the right hand side is done by using the inductive
hypothesis and by applying to the term ||A(%)b((y_i¢1))uj_1||p Lemma with
coefficients ¢y = ¢150, ¢p = c153, ca = Ci54—1 defined in ([2I9) and then calling
C155,5—1 the resulting coefficient C150 = 0150(0152, C153, 01547]'_1).

For the second term on the right hand side we assume that 28u; < v/3 in order to
write, both with s =0 (i.e. L?) and s =1 (i.e H'):

Dy
A(——
I (6u

J

3D0

Julls < |A(=—=)[s. (2.20)

Then we apply Lemma 2Tl (a) with 8; = 3, p = v and f of this form (after moving
out of the norm ¢g** h* and the complex variable)

fl(t, SL’) = 8?[?]'_1 + 8%8%6]-_1 + 8xsbj_1, (221)

involving just derivatives of smooth functions in C§°(R™, G(l)/ “(Ry)).
To recover an expressions for the coefficients we recall that the kyo—derivative of
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h € GY/® (with Gevrey constant ¢y ) is:

| D" (D"2h(s))] < Cllfjvill\+|f<2|+1(|m‘ + |ko| + 1)(|H1\+|H2\)/a (2.22)
< C|1":~}2L\+|"@1|+12\H2|(\H1|+\H2D/aelﬁz\\'ﬂ\/a(ml| + 1)|f~@1|/a’ s € supp (h).

In our case we must just consider time derivatives, in order to estimate (2.I]). Since
the translations play no role for the Fourier transform, we can calculate coefficients
independently upon j. Call ¢, c1,c17 the Gevrey coefficients of the functions

b(y), Dyb(y), D?b(y). Then, define
Cp = 22/a€2/a0%7b(7’) + C1,p (7’) + C1y (7”)

Analogously we can get the values for the functions associated with Iy, I3 (see below
for definition of fo, f3):

cp, = 21/a+161/a01,b(7”) + 22/oz—|—162/&03{)(7,)7 cp, = 4c1y (r)+ 2¢ (r).

In analogy to the computations above we can calculate cpy,, cpy, (the Gevrey param-
eters of Dfy = 0,(20:bj—1) + V(20:b;—1) , Dfs = 0¢(20,,b;-1)) + V4(20,,b;-1)), in
order to apply Lemma 2l (c) with H!—norms.

Now call ceomm = cf, +Cp, +Cp, +Cpy, +Cpy, the biggest Gevrey parameter, common to
all the functions f, f, f3 inside the commutator, set ¢3 = Ceomm - max; Vol(supp (fi)),
and c¢117 = 1/(ec3)®. Then, define the following coefficients in Lemma 2] that are
independent of the center point y;:

1 8 1 1 1 g
_ — = (ca=T(= . 2.23
€106 (324)(ec3)>’ c1o7 = o8 (033 (a) a(eqr)e (aclm)rll ) (2.23)

Next we estimate [, moving the derivative Dy of u;_; in front of the integrand,
then multiplying uj 1 with b(¥=2=1), and finally adding and subtracting operators

A(Dy/v) with v < £

30132 ’

Dy

e
HIAG2)Dol2Doby-) [A2) + (1 = Ao L2

1 v v

Dy

o< 1A 20 A + 1 - a2,

IN

C155,5—1 |2D0bj—1|6'1 eXp(—sz,U?_l) + C152C108 eXp(—CloﬁVa)

052 (0%
+C155,5-1 |D0(2D0bj—l) |CO eXp(—Cl32,uj_1) + C152C107 eXp(—CloﬁV )

To get the estimate above we apply twice Lemma with the same parameters as in
I,. Next using ([Z20) we estimate the terms ||A(222)f(1 — A(£2))v]|, using Lemma
2T c) and a).

Proceeding like with 1, we have to calculate the time-Fourier transform of:

f2(y) = 20,bj_1 + 28fbj_1,

14



and the associated coefficients are (2.23)). Finally, moving the derivative D, of u;_4
in front of the integrand, multlplymg uj—y with b(*=2=1), adding and subtracting

operators A(Dy/v) with v < £

36132

D D

h< A2 @D A + (= Ay
FIAG ) Ds, (20 (@) Deybyon) [AC) + (1= A2

IN

0155,j—1|2ngkerbj—l|Cl eXp(—Cl?,zuﬁl) + C152€108n2|gkr|01 eXp(—Cloe’Va)
+C155,5-1 |Dr(2gkerbj—1)|Co eXp(—Cl?,z,u?il) + C1o701527’b2|glm1|c1 exp(—cl%»ya).
Proceeding like with I; we have to calculate the time-Fourier transform of

f3(y) = 205, bj1 + 20,,bj—1 + 202 bj_
and the associated coefficients are (223)). By collecting all the terms of the estimate

or (2I7), the bound for [2.16]) becomes

D ~
A Pl < AP+ cxsior exp(—45)

(e} (07 C|{2 (07
< Cl62,j(max(exp(_,uj—1>7eXp(_Cl65,U’j—1>7eXp(_Cl32,U/j_1)7 exp(—cio6v”)))
+c153C107 €Xp(—415) (2.24)
where, for all j > 2,
Cle2,; = 2Ci62,j-1 + C153C164 + Ci55,j-1] — Pabj_1 + h*(2) Dy bj—1|co
+erorcis2 (1 4+ 12" o + |h¥] o)
+ci55,j-1]2Dobj—1|c1 + c152C108
+Cl55,j—1|D0(2D0bj—1)‘CO + C152C107
+c155,5-112ng" Dibj 1|1 + cisaciosn®|g™ | en
+Cl55,j—1|Dr(29kerbj—1)|CO + 01070152n2|gkr|cl
In order to write (Z24)) in the form

A () Py < erpa e,
J

we set in ([2.8)
Ci154,j = Ci62,5 t C153C107

and we look for yi; of the form ji; = ci5605 , such that, for § as in (ZII]), and
collecting all the constraints on ; used in the proof,

1 1 p5 .
< — ’——_  and consider
Hi = 65 65 3c131
. 1 /o 1/a C}ég
C156 = C156,; — MIN (ma C1325,C1655 5. 31 ) (2.25)
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The right hand side of (2.25)) is independent upon j due to the definition of ¢35, ¢106
in (2.23)), and the fact that c¢135 and ¢;3; do not change during the iteration (see proof
of Lemma [2.0)). Therefore we define a parameter cj56(< 1) independent of j by the
formula ([220]). We then estimate p; from below
Hi = 0156/1?_1 = 0156(0156%1_2)& = 0156(0156(0156M?_3)a)a
ata?4..+ad"2 a1 1/(1—a) gi—1
= cpfgretherel el > o) e
where we apply 1 < 372 o™ < 1/(1 — «). Finally, in order to obtain the requested
condition p; > 1, we set

j— _+
=9 077 > 1 e [1, N], which implies p > ¢y

N
and we finally find ¢y59 = 20 ©~) in the line before (2.0).
By applying Lemma with ¢y = ci52, cp = ci53, €A = Ci545,
C155,; = C150(C152, C153, C154,7), one obtains the last inequality (2.9) of the Theorem. O

Remark 2.8. 1. In order to work with the pseudodifferential operators e¢Pol*/27

and A(B|Dyp|/w) one needs smooth functions in the time variable. Hence one should
first operate a proper regularization in the time variable. We proceed in the same
way as done in [I0] or [I7]. Observe that the functions u, Pu and u;, Pu; are always
multiplied by a smooth localizer when A(Dy) and e~ are applied to them.

2. About the construction.

a) Assumption Al (and analogously A3) implies that: (supp (u) N ) C {y;¥(y) <
Umaz }; and that the level sets {y € Qo;¥(y) = ¢}, with ¢ € [Wmin, Ymaz), are con-
tained in T U ,. An example of this construction is in section [3]

b) Assumption Al and A3 can be relaxed in this way. Instead of defining ¥, 2, (or
A), we just observe that the assumptions on v, €y together with (supp (u) N €) C
{y;¥(y) < Vmae} imply the existence of a non empty set Q, C g for which Theo-
rem [T holds. €, can be defined as U;B,(y;), with y; € £ (see Assumption 4) such
that the support condition supp (u;) N Bar(y;) C {y € Qo;¢p < ¥(y;)} is fulfilled
for every j. This construction requires to follow step by step the local iteration and
sometimes this is difficult. That is why the a-priori knowledge that the level set
{y € Qo \ T;¢(y) = thyin} is strictly contained in g is useful, even if it excludes for
example the case where the level sets of i) are parallel hyperplanes and supp (u) is
on one side of one of them.

3. In Theorem 2.7 we have worked under the assumptions

lullzr@n =1 [[Pullzn <1, [[ADe/(B))U(y) Pul| 2 < exp(—p),

in order to apply Theorem [Tl easily. One can generalize the assumptions by setting

[ullz@ny < vy [1Pullrzin) < cpg, [[ADo/ (Br)l(y) Pull2 < cagexp(=p®),
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and by changing the coefficients cis2, €153, c154,5, C155,; accordingly.
This gives a statement of global stability of the unique continuation for low temporal
frequencies.

4. Notice that Lemma 23] Lemma 2.6, and Theorems 2.4, [LTT.2] can be reformulated
for localizers supported on cylinders (instead of on balls), defined on cylinders

Cslyo) ={(t,2) - [t —to| <5, |w— 20| < s},
by observing that:

C,,va(yo) C Br(yo) C Br(yo) C C 5r(%0)-

The advantage is to be able to reduce the assumptions on the regularity of the
x—localizers. Namely, one can replace b(y) in G(l)/ “(R™1) with the product by (t)bs, (),
where b;; € G(l)/ “(Ry) and by, € CZ(R") are supported in By, equal to one in B; and
0 < by,bs, < 1.

One can also replace the global localizer [ in the proof of Theorems 2.4 with I(y) =
Z%:l Lim () lspm (), with [ = 1 in {y € Qp; dist(y, 082) > %} , which contains
U1 C ag(yk), and supp(l) C Qo, and l;n € C3°(R) and Iy, € CF(R™).

2.1 Proof of Theorem [I.1]

Proof. We consider two cases:
1 1

Case A. Assume ||Pul|z2(,) > exp(—ciso)||ull i), where ciso i= cppg @7 0 > 1

has been defined in (2.28). Then the estimate is trivial

o ullmay
In (1+ el ) )9

”P“”LZ(Ql)

ull 220y < lullzr@) < (In(1 + exp(eiso)))

Case B. Assume now ||Pul|2,) < exp(—cisg)||lu| g1 (q,) and without restriction of
generality take [|u|| g1(q,) = 1. Our aim is to consider separately estimates for low and
high temporal frequencies. Let A(Dy) be a pseudo-differential operator with symbol
a(&) € GY*, defined in Assumption A2. Let b € G¢/*(R"™!) be another localizer
with support like in Assumption A2.

The parameter « € (0,1) is then common to all the localizers in time, space and
temporal frequency. Let y; € £ be the set of the points defined in Assumption A4
and consider the balls B, (y;) centred in those points. Observe that according to our
definitions we have :

B, (y;) Csuppb((y — y;)/r) € Bar(y;) C Br(y;) Csuppb((y — y;)/R) € Bar(y;)

Recall that b(*=%) = 1 in B,(y;) and observe that u; = u in B,(y;)\U._| B,(y;), with
u; defined in (2.4)). '
We then cover Q, by the disjoint sets B,(y;)\U’Z1 B,(y,) and operate the initial
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estimate as follows:

||U||L2 Q) = ||U||L2 (Br(y1)) T ||U||L2(Br(y2)\Br(y1 + ||U||L2 (Br(y3)\Uz_ Br(ys))
Heee el s, (o513 ) (2:26)

— Y2
Jua || L2(B, (y2)\ B, (1))

— U )
JullL2(B, (1)) + [10(

Y —Yn

(—)

— [|p(

+..+|b

N

D p(L=Y Doy, Y — Y
<24 ])UJ||L2+Z|| L= ANVl ee o= Hy + Ho.
j=1 7j=1

uNHL2(BT(yN)\UN Br( s))

In the last estimate we have chosen w > 0 and split all the terms in their low and
high temporal component, i.e.

Yy—
16(
To estimate Hy we have

(1= A Byl < 10~ al€o/e0)) Frmey (L — 3)/r)us () [ (2:27)

< % /KO'W / (€0 Ftseo (D((y — y) /r)u;(t, @) | *dwdy < %Hb((y — ) /) () .

Doy —1; Do\, y—y;
s < Ay + (1 = A L

To estimate H; we first consider p > 159 and we set || Pul|p2q,) = e™#, that implies
HA(DO) (y)Pullo < e, for all ¢ > 0. Then we choose w = u%/(3¢131) and apply
Theorem 27 to each term of the sum:

A 12 < easo v exp(—cay) (2:28)

This is possible since pn > 1 is the smallest time frequency of the set p;, while ¢55

is the biggest coefficient ¢35 ;, j=1,..,N.

1/(1-a)  oN-1

Collecting the two bounds and reminding that puy > ci5g i > 1, we have:

3¢
||U||L2(Qa) < ]\7C155,NeXp(—chluN2 1312Hb

%Yy s
—a 2
< Newss,y exp(—cim(erhs u 1) )
3N0131 |b/|co
+ (1 + )0152
1/(1—-« —1\«
(cib e
OCN
< Cis8 C158 2 Cl58||u||H1(Ql)
— N T N — N
pe” (= In([[Pullz2(0,)))* Tell iy yye
(1) (In(1+ ||P“||L2<ol>))
where c¢y56 is defined in ([2.25]) and
v —a a
ciss = Newss v + 3Neigicnss (1 + | |C )e 156/(1 )
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In the last step we have applied In(y) > In(1+y)/2 for y = |[ul| g1 ,) /|| Pul 2. > e,
and then we have returned to the original notation.

Now we choose a such that a = ()" and which belongs to (0,1) so that, defining
160 = (In(1 + e50®)))? 4 90¢,.4(0), we obtain the result. O

In the previous theorem the dependency of ¢i169 upon 6 is very bad.
For some applications it is better to keep a and N independent and formulate the
following consequence:

Corollary 2.9. Consider the assumptions of Theorem[I 1. Then for every 0 < o < 1
we have

]l 1)
(in 1+ (o)

Pullp2ay)

|l L20.) < ci60 —

with c160 = (In(1 + 60159))aN + 2% ¢ . Here N < ¢y given by (2.3)).

2.2 Proof of Theorem

Q0,3

FIGURE 1. A possible construction of the domains Y, Qg ., A

Proof. Initialization of the radii and the localizers: Let A(Dy) be a pseudo-differential
operator with symbol a(&y) € G(l]/ “(R), defined in Assumption A2. We define the
localizer b(y) € G(l)/ “(R™™!) with support like in Assumption A2.

Using Assumption A3, in each domain €2 we can calculate a table like ([A.3]), with
Qo in place of €y, and Ay, in place of €2,, and where all the constants dependency
is described in Proposition 2.4l By comparing the tables of the several (2, we can
consider Ry = miny Ry and find R = i(lG + 1—16)_1/2}22 the common radius for the
local stability in Ay. After fixing R, we reduce also the values r; so that » = miny, r},
is the common radius of the ball where the L? local estimate can be performed in Aj.
Construction of the set E and the functions u;: For Qy = Qo 1, Q = Ay and ¢ = ¥y,
we define y; € & the set of the maximal points for v, according to the procedure
in Assumption A4. Call N; the number of points of the covering of A, i.e. Ay C
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ij:llBr(yj). Then we remove A; from € and we restart the procedure with the set
AQ.

Namely, for ) = Qg2\A1, ¢ = 1)y and Q, = Ay, we define y; € & according to the
procedure of Assumption A4, where we use the indexing j = Ny + 1, .., Ns.

When also A, is covered, one skips to Az and so on.

At the end one can define the set of points & = UL, &, of cardinality N = Zszl Ny.
Consider the balls B,(y;) centred in those points and define u; as in (2.4]).

Observe that according to our definitions we have :

B,(y;) C suppb((y — y;)/r) € Bar(y;) C Brly;) Csuppb((y — y;)/R) € Bar(y;)

Moreover b(*=%) =1 in B,(y;) and observe that u; = v in B, (y;,)\U'Z1 B,(ys), with
u; defined in (Iﬂl)

Uniform parameters: With the previous assumptions Lemma can then be applied
in each ball Byg(y;), with y; € & in place of yo, and we call 131k, C132.%, C165 k5 C150,k
the related parameters, that are constant for every ball in the region €, but in
principle change from region to region.

Therefore the following uniform constants are introduced:

C131+ = MaX C131 %, C132« = MIN Ci32, Ciess = IMIN C165,k
=LK Y S S i T k=1.K ’

1/a
. 1 1/a 1/a  Ci06 9.99
C156,% — 111 » 132,45 €165, %7 . (2.29)
188c131 3C131,%

)

We define I(y) € C§°(R™1) a localizer such that 0 < I < 1, [ = 1 on the set
{y € Uszl Qo s dist(y, 9) > AL}, which contains UM Bar(y;), and supp(l) C €.
In particular we consider § as in (2.I1]), and the related ¢6.

Construction:

We consider two cases: )

Case A. Assume || Pul|r2q,) > exp(—ciso)||u|| m1(y), Where 1594 1= 015(61*") T > 1.
Then the estimate is trivial

1wl 710
(14 )

||Pu||L2(Ql)

lull 2y < lullm@ny < (In(l + exp(erss)))’

Case B. Assume now ||Pu|2(0,) < exp(—cis94)| | m1(0,) and without restriction of
generality take |lu||g1(q,) = 1. Our aim is to consider separately estimates for low
and high temporal frequencies. We cover A by the disjoint sets B, (y;)\U'Z] B, (ys)
and operate the initial estimate as follows:

lullzey < lulle2sw) + lullzzi@an @) + -+ ||U||L2(BT(yN)\u§V:;13T(yS))
Y—Yn
(—)

Yy—Uh
= |lo( . Jullz2(s, o)) + - + 1B UN |l L2(B, (UYL B, ()

N

D b= Y D Y—yj
Z Doy J)u]||L2+ZH (1- (f))b( - D\ 2 o= Hy + H.
: ,7 1
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In the last estimate we took w > 0 and split all the terms in their low and high
temporal component, i.e.

Dy, y—y; D,
)u]HLZ(BT(yJ < [[A(— - )b( . Dyugllrz + || (1 - A(?

o=~ DOy

To estimate Hs we have
1(1 = A(Do/w))b((y — ;) /r)u; () |I72 < %Hb((y —y;)/1)ui ()| -

To estimate Hy we first observe that supp(b(*=*)u;) is in Qg for j = 1,.., Ny, where

1y is defined. Then supp(b(=2)u;) is in Qg for j = Ny1+1, .., N, where 15 is defined,

and so on.

Consider p1 > ci59 and we set ||Pul[z2(q,) = e™#, that implies ||A(%)l(y)Pu||0 <
r* for all ¢ > 0.

We also set cr50 = 2(1+N‘ lco) ci53 = 1+ 2N (14 n?|g* |co + |h*|co )(Ib lco | Mo

r2

(N — 1)‘ T‘QCO), and f1; = 56405 - Then we choose w = g /(3ci31,+) and apply
Theorem [2.7] to each term of the sum:

Yy—Yj a
||A( %)b( " Dyugll e < crssn exp(—ciza iy )-

This is possible since pn > 1 is the smallest time frequency of the set p;, while ¢;55

is the biggest coefficient cy55 5, j=1,..,N.

Collecting the two bounds and reminding that py > ciéél*_ @) ,uO‘Nfl > 1, we have:

o

?) 30131*
ullz2ay < Neissvexp(—cisz iy ) + ZHb

UJ||H1(91)
C158,% C158 P ciss ||l oy
N ~ S -,
B (_ ln(HPuHL2 Q ))a m ey
o (I (14 Py )
where "
Ciss = Newss v + 3Ny cise (14 00)01—50&{9—&)_

Now we choose a such that a = (6)" and which belongs to (0,1) so that, defining
c161 = (In(1 4+ 66159’*(9)))6 + 29¢155.4(0), we obtain the result. 0O

3 Applications

Assumption A5 Assume that M = R"™ and on M we have a metric tensor g
satisfying

aol < [gjn(w)]51=y <bo I, and |[gjillcsarn < bs. (3.1)
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Note that then
bo ' < g (@)] ey < ag' L (3:2)
g™ e any < bsag?,
\/_an(.CL’l,LUQ) < d Il,SL’g \/7an Il,SL’g

Tllﬁllw < [I€llg < \/7||€|an e, M

Vao|lnllen < 1nlly < v/bollnllzn, 0 € T.M.

Here we assume that ap < 1 < by. In Appendix A we call a; = by' and b; = a;".
Note that ([B.]) implies that

|Sec| < AM = AM(CLQ,bo,bg),

where Sec is the sectional curvature of (M, g). Also assume that the injectivity radius
of (M, g) satisfies inj(M, g) > i with 0 < 7y < min(l,w/A}\f).

Consider the wave operator (LI)). Assume that the lower order coefficients are such
that

177l coary + llallcoqary < bs.

We fix the three positive parameters ¢, 7', v as follows:

0<ip/4, T>¢t 0<~y<T-L.

In this section, we use the following definitions.

Definition 3.1. B,(z,7) C M = R" is the ball with center z and radius ry, defined
using the Riemannian metric g. Also, Bgn(x,r1) is the Euclidean ball in R"™. For
y=(t,r) e R x M, let

Coly,r1) = (t —r1,t+11) X By(z, 1) (3.3)
and C(y,r1) = Crn+1(y, 1) = (t —71,t +71) X Bga(z,71). Also, denote
dpx (mrg)((t1, 1), (t2, 22)) = max(|ty — tof, dg (21, 72))
and
drx(rre)((t1, 1), (t2, T2)) = max(|t; — tof, drn (21, 22)).
Let z € M, and define the hyperbolic function as and
Yt 2T, 2) = (T — dy(x,2))* — 2, y=(t,z) € R x R™. (3.4)

Note that as inj(M) > iy, (t,z) — ¢(t,z;T, z) is smooth in R x (B,(z,1) \ {2}).
Define

va“{ = S(Z7£7 Tv 7) (35)
= {(t,x) € [-T +0,T — (] x R™; (t,z;T,2) >~ dy(z,2) <T}.

22



Also let z € M and
Y(2,0,T)={(t,x) e RxR"; |t|<T =4, [t| <T —dy(x,2)} (3.6)
be the domain of influence of the cylinder

W(z,0,T) = (=T + 6, T — ) x B,(z,0). (3.7)

3.0.1 Some geometric estimates for domains of influences

FIGURE 2. The hyperbolic surface between two domains of influence

Lemma 3.2. Let T, (,~ be as in Assumption A5. Denote Ty, = (T —€)2 —~4%)2 42,
Then

Y(z, 0, T =) C S(2,0,T,v) CE(2,0,Ty,) UW (2,0, T) C X(2,£,T).

Proof. Assume that z € R" is such that s = d,(z,2) € [(,T — 7] and that
|t| <T —~ —s. Then

O(t, ;T z) = (T — 5)* — 2

> (T -5 —(T—v—s)

> (=9~ (=) (T =5+ (T =7 5)
> (2T —s) =)

> 7

We see that
S(z,0,T,y) D {(t,x) e [-T+{,T - xR dy(z,z) >, |T —~—dy(z,2)] > |t]}.
This proves

Z(Z,&T—’}/) - S(Z,&T,’}/). (38)
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Assume next that s = dy(x, 2) € [(,T;,] and |t| > T}, —s. Then T;, — T < 0 implies
that

U(t,x; T, 2)

(T —s)* —t?

(T =t~ (s=0) =Tty =) = (s = 0)*

(T =0 = (Tory = 0)%) = 2T = £)(5 = £) + 2(Tzry, — O)(s — {)
7.

Thus, we see that the complement of S, satisfies

{(t,x) € [T+ 6T — (] xR, Ty — dg(w, 2)| < |t} C S, UW(z,(,T).

ININ A

Hence we see that
Sen \W(z,0,T) CX(2,0,To,) \ W(z,0,T).

This and (B.8)) yield the claim.
0J

3.1 Applications: Stability on the domain of influence of a
cylinder

Here we consider the case when the solution of the wave equation (LI vanishes in

the cylinder Wz, ¢,T) and T may be so large that we have to consider also singular

points for d,. We refer to Definition B.1l for the definition of sets used.
Our aim is to prove the following:

Theorem 3.3. Under the conditions of Assumption A5, let zyo € R™, and define
Q= (=T,T)x M, T =W(z,T,0), A=5(z0,0,T,7)\ T,

Qo = S(z0,0,T, %) \{(t,z) 1t € R, dy(20,2) < §}= O =\ T.

Assume that u € H' () satisfies
P(z, Dyuly) = f(y), fory e

and
U|W(zo,Z,T) =0. (39)
Then for every 0 < 6 < 1 we have
[ull (0
|l 2eny < ci63 ”u”(Hll()Ql) E
(In (e + fAza))

Here, ci43 depends only on ag, by, bs, T, 7, C, ig, and 6.

Corollary 3.4. By Lemmal3 .3 we observe that, after a reparametrization of the time,
¥(20,0,T) C S(20,¢,T + ,7). Consider the wave equation formulated in Theorem
[2.3. Hence for each vy such that 0 <~y < T — ¢, the optimal time of the control T —/
(with T'— { = maX, yes(z0,6,T\W (20,6,7) dg(y, T)) can be approximated from above by
T — 0+, using a result of stability of the unique continuation.
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3.1.1 Local stability estimate

Below, we say that the cut-off function corresponding to a center point § = (¢, ) €
R x R™ and a radius 7 is the product of a “time-variable cut-off function” and “space-
variable cut-off function”, given by

byr(t, ) = 02 (1)BSP (), (3.10)
i N b= t s T—T
KW = SO0, D) = O,

where f¢7) € C2(R") and f) € GY/*(R'). We assume that 0 < f() < 1 and
0 < f®) < 1. We assume that

supp (.f(tl)) - BR(Oa \/ﬁ)a f(ti)|BR(0,1) = ]-7

supp (f*”) € Ben (0,v2),  f*P|p,n01) = 1.

Then we have for 7 € R"* and 7 > 0
supp (bg7) C C(¥,27), byslegm = 1- (3.11)
Note that by (1) and [B3), C(y,27) C C4(y, 2vbor) and Cy(¥, \/aor) C C(y. 7).

For the proof of the global stability we must define the following points y and func-
tions ¢ 5.

Definition 3.5. (see Figure 2 below, where y = y;.) Let § = (2,t) €
S(z0, 6, T, 7)\{y: t € Rydy(2,7) < (}: R
a) If £ < dy(z0,7) < Lig, then define 2=z, T =T, Vs 7(y) = ¥(y; 20, 1),
b) If Liy < dg(z0,7), then let Vo 7(y) = ¥(y; Z, T). Calling 7., & distance minimizing,
unit speed geodesic from zg to T in M, we define z, T as follows:

o _ Do ~

E:: dg(ZO7EE)_Z > 8’ T::T_E7 z:i= 72075(2;\)’

Note that the choice of the point Z is not unique as there may be several distance
minimizing geodesics from zq to .
Observe that for ¢ < ip/4 and T' > %, we have

. R ~ . 5 2
YAl + 0 < T =T —dy(z, D)+ 2 <T— 20 cp— - 20 (312)

4 4 8 8
We then introduce the sets:

o~

(3T 0,7) = SGT,04) O {(t2)  t € R L < dyf3,2) < gio}, (3.13)

(2. 07) = SG T, 0 )N {(t.x) : t € R, i/g <d,(30) < gio}.

S
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Lemma 3.6. Under the Assumptions A2, Ab, let y and V27 be as in Definition [3.3.
Then there existr, R, cy, cp, ca, and c150, C131, C132, dependent only on the parameters
ag, bo, b3, T',v, £, and ig such that the following property holds:

Ifve HYQ) and p > 1 is such that

supp (v) NC(Y,2R) C {y € C(y,2R); ¢;7(y) <v.5(1)} (3.14)

and

lollgre@ery < cos |1PV|ze@ary < cps || A(Do/w)(bgrPo)|| 2gns1y < cae™,

then,

| A(Do/w)(bgrv) || 1 i1y < c150 exp(—elggu“2), for all w < p®/(3cy31).

Proof. In the Appendix we have calculated uniform estimates for the function ¥ (y; zo, T)

defined in Definition 3.5 a); see (@8), @7) (with v; = v/v2), @), @&I12), @I3).

Analogously, one can estimate the functions U(y;Z. T) defined in Definition b):
calling Qs = (2,7, ¢,~) and Q5 = Q3(%, T, £,7), we have

||¢%f“00(93) <by(T+1),
102 2lleogs) < ba(T + 1)((/4) 7" + 1),
102l coty) < ba(T +1)((€/4)72 + (£/4)7H),

min |dy; 2(y)| > V20, %, min |p(y, dib; 7)) > 292,
yeQ3 y€efl3
1 . ’é() ’}/2 30
dpx (rn,e) (22, 023) > N mi {4 ST —0) 4 } (3.15)

Next define Ry = (2v/bo) ' min{ig/4, 3¢/4, v*/(8(T — ¢))} a uniform radius that let
the ball Bsg,(y) stay inside the injectivity radius (in order to assure the regularity
of ¥z +) and inside the set (3 (1n order to assure that ¢ # is non-characteristic in
the ball), according to Lemma 3 Moreover, C(7,2Ry) C Q3. We then consider
the procedure of Appendix A to determine the radii r, R related to the function
¥ =Y 5(y)—: p(y). Weset Ry = min{1, Ry, (Aldy|co(ay)) "} in the Table ([€3)), and
we observe that, using the estimates ([B.I5]) for the derivatives of ¢ and Assumption
A5, we can choose radii r, R, Ry that are the same for each 7, and consequently also
the derived parameters.

As seen in section 2 all the parameters in Lemma 2.6l , R, ¢7, ¢p, ¢a, 150, C131, C132,
depend on the uniform estimates for the quantities listed in Proposition 2.4 As we
saw above, these estimates depend on the parameters ag, by, b3, T, v, ¢, and ig. Then,
for each 7/, the claim follows from Lemma for v in place of u, with the function

VY =1:7(y) —:5(H). D

3.1.2 Global stability estimate

Rule of choosing the center points of small balls:
We are going to apply the local stability estimate for the solution u of the wave
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equation. Let r, R be the radii defined in Lemma and consider the cylinders
C(y;,7/2) having center points at y; chosen iteratively below, see (B3)). For each
point y; we define a localizer b;(y) associated with y; = (;,z;) (see (BI1)) by

bj (tv SL’) = byjf/2(t7 SL’)

We proceed in analogy with Assumption A4, with A in place of €2,, with A and
defined in the statement of Theorem Next set ¥(y) = ¥(y; T, z0), as in (B3.4).
The main difference is that here v is not everywhere a C?” function, as explained
below.

We define the set £ = {y; € A,j = 1,..., Jo} and the functions u;(y), iteratively as
follows:

1) For j = 1 we define u,(t,z) = u(t,x) and consider A C

y, € argmax {¢(y; T, 20); y = (t,xz) € A}. (3.16)

2) For j > 2, after y1, s, ..., y;-1 € € have been chosen and the function u;(t, ) has
been constructed we proceed as follows: If supp (u;) N A # 0, we choose y; to be a
point that satisfies

y; € argmax {¢Y(y; T, z0); y = (t,x) € A\ Uf;ll Clyg,7/2)} (3.17)
and define

ui(y) = (1= bj1(y))ws (y)- (3.18)

We notice that by construction supp (u;) NC(y;, 2R) C {y;¥(y; T, z0) < ¢¥(y;; T, 20)}-
When supp (u;) N A = ), we end the iteration and we set Jy equal to j.

Next we estimate the number of iteration steps Jy. By construction, the points y; in
steps 1 and 2 satisfy dry@ne)(yj,Yr) > 1r/2, j # k. Moreover,

A C C(yr,po), where py = (T'+1), yr=(0,2),

a1

see ([B3)). Thus the maximal number Jy of steps is smaller or equal to the maximal
number of points in a 7 net in the set A that is bounded by

g (C(0, T + 2)n+!
J(] S VOIRxR ( ( poj_/r)) S Cl( _I_ ) (319)
VOIRXRn (C(O, Z)) Tn+1
where (' is a uniform constant that can be estimated in an explicit way.
Note that above we have always chosen y; = (¢;,2;) as maximal points for the

hyperbolic function (y; T, zy) associated with the “original” center point zy and
time T". The motivation for this choice is that the level sets of ¢(y; T, zo) are the best
approximation of the domain of influence ¥(z, ¢, T') that we want to approach.
When the distance of z; to the point z, is larger than the injectivity radius, the
function y — ¥(y; T, 29) is only Lipschitz-smooth but it may happen that it is not C*-
smooth. To apply Lemma in this case, we choose a different hyperbolic function
Y., 1, that changes at each step of the iteration and depends on the point y;.
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FIGURE 3. Preparations to do unique continuation near y; = (t;,z;) € R x R™.
When d; = dy(29,x;) is larger than the injectivity radius, the boundary of the ball
By(z9,d;) may be non-smooth (the black external contour in the figure). For xz; €
By(20,d;) we choose some distance minimizing geodesic 7., ¢, ([0, d;]) that connects z
to x;. In the figure, this geodesic is the red curve from zy to x;. On this geodesic we
choose a point z; = 7z ¢, (d; — s0). The boundary of the ball By(z;, so) (the red circle
in the figure) is smooth and contains the point x;. We do unique continuation near
the point y; using the hyperbolic function ., r,, associated with the center z;, that is
smooth near y;.

We then distinguish two cases as in Definition
a) If £ < dy(z, ;) < 2, then we consider ¥ (y; T}, z;) with z; = zg and Tj = T.

b) Next, assume that d; := dy(z0,2;) > T2. Then, we define § = y; and as in
Definition 3.5

Li=L, T;=T, z=% 1,1y =0Tz

Note that the choice of the point z; is not unique as there may be several distance
minimizing geodesics from zy to x;.

Lemma 3.7. For the points y; = (t;,x;) € A, zj € R", the time T; > 0, and
the function u; chosen above, the support condition (3.17)) is valid in the cylinder
C(yj,2R) for the function ¢., r,(y), that is,

supp (uj) NC(y;,2R) C {y € R"Y .. 1, (y) < o1, (y5)}- (3.20)

Moreover, we have (y;; T, zp) = ¥ (y;; 1, 2;) and
Yj < aS(ZjuTyjugv fY]) mc(y]72R)7 where Vi = ¢(y]7T7 ZO) > -

Proof. If ¢ < dy(z9,2;) < %, then the property is trivial because of ¢(y; T}, z;) =
W(y; T, z9) and the definition of y; €& C A.

Assume now that dy(zo, x;) > %. Recall that by definition of R < Ry in the proof
of Lemma [B.6] we have 2R < bg”zg—fz < bg”%. Let us consider (t,z) € C(y;,2R).
By the triangle inequality and the definition of L; we have

dg(w,2j) + Lj = dy(x, 20),  dg(x;, 25) + Lj = dy(x;, 20).
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This yields
T — (dg(x,2j) + L) <T —dy(x, z0). (3.21)
Since
dg(, 2j) + L; dg(,75) + do(, 2) + Ly < dy(, 25) + dg(5, 20)
QRUP+T —v < T,
we have T' — (dy(z, z;) + L;) > 0, and (B2I]) implies

Wtz Ty, 2) = (T — Ly — dy(x, 2))* — 12 < (T — dy(z, 20)) — t*=0(t, z; T, 20).(3.22)

<
<

Hence,
supp (u;) N C(y;,2R) C
{(t7 .CL’) < C(ij 2R>7 w(tu Z; T7 Zo> < 7]2} - {(tv LE‘) < C(yj7 2R)7 w(tu Z; 7}7 Zj) < 7]2}
Moreover, when T € 7., ¢,([L;, d;]), where LyZO7§j([O, d;]) is a length minimizing min-
imizing geodesic connecting zy to x;, and ¢t € R, we have dy(7, z;) + L; = dy(7, 2o)
and
VEFT ) = (T L — dy(F,2)  1° (3.23)
(T o d9(§7 Z0>)2 - %/2 = w(ft\; €; T7 ZO)’
In particular, when (£,7) is equal to y; = (t;,x;), we see that ¢(t;,x;;Tj,25) =
U(ty, 55T, 20).
The above implies that
C(yj,2R) N S(z5, Ty, 0,v5) C Cly;,2R) N S(20, T, ¢, ;). (3.24)

Note that the boundary of S(z,T,¢,v;) may be non-smooth in the ball C(y;,2R),
while the boundary of S(z;, 1}, £,~;) is smooth. That is why we have introduced the
new function 4., 7, We also recall that C(y;,2R) C S(z0, T4, J5) and C(y;,2R) C

S(Zj, Tyj, g, %)
By the construction of u; and its support and the inclusion ([3.24]) we deduce that
u; =0, foryeC(y;,2R)NS(2,T5,0,7;)- (3.25)

Moreover, since ¢ (t;, x;: Tj, zj) = ¥(tj, x;; T, 29) = 7]2, we have y; € 05(z;,T;,¢,v;) N
C(yJ72R> 0

Proof of Theorem [B.3. We apply Theorem in a special way. As mentioned
before, here Lemma replaces Lemma

Set y; like in (B.17), and u; like in (B.18).
Step 1. Within the injectivity radius. Let dy(zo,x;) < Tig/8. Define like in (BI3)
and Lemma

Qo,l = Qg(ZQ,T, Ea 7))
wl(y) = w(y7T7 ZO)v
Al = QQ(ZOaT>€a71)' 4! =T - — 27
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Here Vmae1 = (T — €)%, Ymin1 = 7i. Observe that A; C Qy(20,7,¢,7), the set used
in Lemma to compute the uniform radius R. By construction every y € C(y;, 2R)
is such that £ < dy(z0,2;) < 22, hence z — dy(2, ) is C*—smooth in C(y;, 2R).
Moreover 1 is C3(£y 1) and hence regular enough to apply the local stability result
of Lemma Here we are in the case where § = y; is like Definition a).
The condition (B.14) is fulfilled by u; due to the initial assumption that v = 0 in
W (z,¢,T) and the construction of u; step by step. Call N; the number of points y;
used to cover Ay. If T' < Tip/8, then the procedure stops here. If also T < 5iy/8,
then it is enough to use a fraction of iy above to define €25 and €23.

Step j > Nj. Case T > Tiy/8.

Here we change € ;, ¥;(y) and A; at each step. We have 2 cases:

a) If y; € Qo1 \ Ay, then we simply consider Qg ; = Qg1 and ¢; = ¢y (that is C?
regular since dy(x;, 20) < 7io/8). Here Aj = Qa(20,T,¢,7;), with v; = /¥(y;; T, 29),
but £ = {y,}, in the sense that we apply the local unique continuation step just
once, in a cylinder C(y;,2R) centred in y; € {y;¢1(y) = ¥1(y;)}. Observe that
Aj € Qo(20,T,¢,7). Again for ¥ = y; holds Definition B.5 a) and the condition (314
is fulfilled by construction. By Remark 2.8 2.b) there is no need of defining ), ;
here.

b) If y; ¢ Q1. Then, dy(z,x;) > Tig/8S.

Here we are outside of the domain where 1), is certainly smooth, since the function
x — dy(z0, ) can fail to be C?—smooth in C(y;,2R). So even if y; € {y;¢1(y) =
Y1 (y;)}, to apply the local stability we choose another function ¢; passing through y;
and having the good properties outlined in Lemma .7l Calling y = y; and defining
2j,T;,1; as in Definition b), we can consider

QO,j - Q3(Zj>7—‘ja€>’y)>
Vi(y) = Py Ty, ),
A = (2, T5,0,7), v =/ v T, 20) > 7.

Observe that A; C Qy(z;,1;,¢,7). Again we have £ = {y;}, in the sense that we
apply unique continuation just in a cylinder C(y;,2R) centred in y; € {y;v;(y) =
¥;(y;)}. The condition supp (u;) N C(y;, 2R) C {y;¢;(y) < ;(y;)} is fulfilled due to
Lemma 371 By Remark 2.8 2.b) there is no need of defining ), ; here.

Notice that, due to our uniform estimates, the radii R and r remain unchanged for
every y; and the other constants of the Table ({.3]) are chosen uniformly. This implies
that cis6. = c156,1. We also recall that C(y;, 2R) C S(z0, T, ¢, %) for every 7, by the
construction of the points y; and the choice of R. Here l(y) € C5°(R™!) satisfies
I =1on U C(yr2R), 0 <1 <1 and supp(l) C S(z0,T, ¢, %), see Remark 2.84.
The coefficient 163 is computed like c¢61. O

Remark 3.8. We remark that an alternative proof of Th. is possible by applying

Th. in the following way. Define a net of center points (t, z;) for the translated
hyperbolic functions:

Oy Thy 2y tr) = (T — dyg(, 2))* — (¢ = t)°
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Choose T = W(ZO, ,T, f), QQk C {y;y € [—Tk + tk,Tk + tk] X ]Rn; @D(y;Tk,zk,tk) 2
7]3/2, Tk > dg(ZL',Zk)} and Ak C {y;y c [—Tk + tk,Tk + tk] X Rn; @D(y;Tk,Zk,tk) >
72, T, > dy(x,25)}. The construction is similar to the one in Figure 1 of section
In this case one does not need to introduce the points ¥ of Definition The
parameters (fx, zx, Tk, Vi) should be chosen such that €2y is contained in the domain
0 < dy(z1,2) < Lip (to guarantee the regularity of ¥ (y; Ty, 2x, t1)). Moreover A; C

¥(20, ¢, T) and their union should cover a subset of the domain of influence (29, ¢, T).

3.1.3 The case of solutions with small values in a cylinder

Our purpose is to reformulate Theorem [B.3] for a wave equation with vanishing source
term and a solution w that is no longer vanishing but it is small inside a cylindrical
set.

Corollary 3.9. Under the conditions of Assumption Ab, let zy € R"™. Also, let
Q= (=T,T) x By(20, T + 0), Q1 = S(20,¢, T,%) \{(t,z) : t € R,dy(20,x) < (/4},
Qo = S(20,0,T,7). Assume that u € H'(Q) satisfies

P(z,D)w(t,x) =0, for (t,x) €
and define
Wy = (=T +0,T — 1) x By(z0,0+ 7). (3.26)
Then for every 0 < 6 <1 we have
[w] (@, \wa)

||w||H1 Q1\W, 0
In (e (21\Wp)
+ Tt o)

lwllz202\w1) < cre6 (3.27)

Here, cig6 depends only on ag, by, bs, T, v, ¥, ig, and 6.

Proof. Let By = By(20,), By = By(20,0+ ), and Wy = W (2,0, T) = (=T + ¢, T —
() x By C Wi. We use a cut-off function n(z) € C3(By), 0 < n < 1, that is equal
one in By and satisfies ||n]|czgn) < coy~?, where ¢ is a uniform constant. Then
w(z,t) = (1 — n(x))w(z,t) vanishes in W, and we have

Py, D)w(t,z) = F(t,z), in €,
F(t,z) = —g"(2)(DynDyn)@ — ¢’ (x)(DmDy@) — W (x)(Djm)@ € L*(%),

and since 7 is supported in By,
1F|[r200) < |1 F 2y < eallwlw [l om), (3.28)
where ¢; is a uniform constant. Also, since w = w in '\ Wi, we have

C2||w|W1HH1(W1)7 (329)
col|wl[m ) (3.30)

Jw —w|m@) <
0] g1y <
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where ¢; is a uniform constant. Summarizing, above we have seen that
P(y, D)yw(t,z) = F(t,z), in(=T4+(T —10)x By(z,T+1),
wlw, = 0.
Moreover F'in (=1 4+ ¢,T — ) x By(2, T + £) vanishes outside of W; and F is small
if |w|w, || g1 (w,) is small. Then, applying Theorem to w we get

0| 1 0\ W)

0] g1 0
(In (e + s

||| L2(0\wo) < Cl63

As [Jwl[ 2@ < [ Wllz2@o\w), and by B.30),
[0l 11 @0wo) < e2llwllmr@inwe),
and since the function t — (o)’ is increasing for t > 0, we get

t
e+t))

calw ||H1(Q1\Wo)
c2llwll g @ \wy) ))9 '
Cl||w\W1||H1(W1))

1wl L2(@o\w7) < C163
In (e

This proves the claim with ¢j65 = max(ca/cy, Cac1g3). D
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4 Appendix

4.1 A: Geometric constants

We write the table of the constants used in the article. This is a special version of
Table (5.1) in [6], since now all the coefficients are calculated independently of the
center point y, and of the local information.

In order to get the uniform coefficients we use the same notations as in Section 3.1

of [6]:
a) By Assumption A1, we consider the case of the wave operator (LT]) with princi-
pal symbol p(y, €) = —€2+ 3%, ¢H(2)€, with 0 < a; 6% < g*(x) < by 9%,
ai, bl > 0. _ B
Call £ = (&,€) € R x R", where [£]? = 2?21 @2
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b)

We consider the function @ € C%*P(R™!), for some p € (0,1), such that
p(y, ¢ (y)) # 0 and ¢'(y) # 0 in a domain 5 C €. Let yo € Qy be a general
point lying on the level set S = {y; ¥ (y) = 0}. Call p; = min, g, p(y,¢’) >
0, Cp = min g [/ (y)| > 0.

Moreover we use Einstein’s convention for the repeated indexes.
We recall the three Steps - procedure to calculate the geometric parameters in [6].

Step 1

Step 2

Step 3

. Given a function ¢ € C*#(R™"!) fulfilling the assumptions above in a domain
Qp, we find positive constants My, M7, Mp such that the following inequality
holds true

Ip(y. &+ it/ (y))|?

Moty + M (g e+ el £+ i ), ) F)
vy €+ z‘ﬂb’(y);;f(y, L)) SIS

for every £ € R x R", & # 0, 7 € R. The previous inequality proves that the
hypersurface S = {y; ¥(y) = 0} is conormally strongly pseudoconvex w.r.t. P
in Qo.

. For ¢ = M with 3, on the level set ¢(y) = 1, we find A > 0 such that the
following inequality holds true

M, p(y, € +im¢! (y))]?
min{1, A2¢?(y)} 72 + [¢]?
L Aply, E+it¢'(y), ply, § +it¢' (y))}

W) 2ir > Mpmin{1, \26*(y)} (% + [¢]%)

for every £ € R x R", & # 0, 7 € R. The previous inequality proves that the
function ¢ is conormally strongly pseudoconvex w.r.t. P in ).

My&8 +

. We consider a perturbation of ¢ by the shifted 2nd order polynomial centred
in the point vy,

fly) = Z (0°0)(y0) (y — y0)" /0! = aly — yol*. (4.1)
v|<2

In a ball B(y, R1) C Qo where f’ # 0 we define

= min , = max .
%o yeB(yle)qb(y) Oum yEB(yleﬁ(y)

We find o and Ry, > 0 small enough such that in the ball B(yq, R2) the following
inequalities hold true:  f(y) < ¢(y) in B(yo, R2)\{vo}, and

Ip(y, & +itf'(y))? L ly € irfy) ply. £+ S (W)}
72 4 |¢]? (Ago)2iT

M2 + 2M,

1
> S(r+1€P).

The previous inequality proves that the function f is conormally strongly pseu-
doconvex w.r.t. P in B(yo, Ry).
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How to obtain the uniform Table (4L3]), starting from the table in [6]
We need to recalculate R, invariantly. Hence we take:

o = 2crRf, er = n|AY|maz.0, (4.2)
A lmaz.0o = b max(A[Y"| oy, A%|9]co o9 leo@o), A’ [¥lco @ |9 12o,))

and after a first estimate in Bg, (yo) we estimate My calculating the norms in Qg
instead of in Bg, (yo):

MR Z 1— C100 U)\imgmm’QOR;(H_p)Ml(l + >\2¢?\4‘w/‘%’0(90))

1
(14 X203 [0 200y + X208 (|9 co@n) [¢ oo o) + AW [Eoan)))] -

+|)\¢|max,QOR§r¢0

Recall also that

100 By o)) < Abar|¥ o) + 51 A a0 Ry
" [0 By o)) < A (|9 |co + AW [B0) + 40X maz 0 RS,
0" (y)] = [pAW" + M) x )] > e ' N2C} /2.

In the table we anticipate the definition of ¢, in order to embody in Rs the condition

Ry < ¢ ooy (16 + %6)1/2, that is essential to define the inequality in Th. The es-

timate for the minimum r was done in [6] and we refine it calculating the norms in 2.

Consider now the points y, € & defined in Assumption A4. For each k, via the
translation ¥ (y) — ¥ (yx), we have ¥ (y,) = 0 and we can replace yo with y; in the
definitions above. After the previous translation, i.e. ¢(y) = exp(A(Y(y) — ¥ (yx))),
we still have e™' = ¢y < ¢(y) < ¢y = e in each ball Bg, (yx) and we can consider
&(yr) = 1. All these translated curves share the same parameters as in Table ([A3]).

Remark 4.1. In [6] we assumed that distga+1{0Qg, 92} > 0.

Here we have the condition distgn+1{9€, 2,} > 0, and then we assume that Q, C €.
In Section [3] we apply Table to a C3—function 9. Instead of calculating the
C?P—norm, it is more practical to use the C®—norm, but this requires the following
modifications. Set p =1 and ¢y in place of n|AY|n4..0,, Where

16" co(Br,) < er1 7= Abar (9" ooy + At [Go (o))
16" |coBr,) < cr2 = Adar(BAY| o) 19" |coan) + A2 |9 [Go ) + 19" o)),
R3 1 1

o=2crRy, cpr=cp1+cra, 0= Cqufa q= 1(16 + 1_6)_1/2’

f=0 < —cr®R3, ¢ — f'lcosr,) < 5erR3, |67 — f"loo(sy,) < 5erRa.

The bound for r remains unchanged since |¢"|co(s, )q>15/8 < d (see [6]).
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Table for the constants calculated as in [6] (4.3)

Namsg Limit Value
Cs > 20(1 + n2‘gjk C1(Q) )|¢ |C1 Qo) (1 + ‘w ‘CO(QO )
Mp | < |1
W [ =[00p+ G max {%, 555}
(b1+a
M, > ] al}(Mp2+ (13) 1; 1)M1
A | > ] max{ay, e, Ty
I
®o > et
o | < e
< n
Ry < | min{1, distgn+1{00, Q24 }, Y \com )}
cioo | = | 10(1 + n4|93k|cl(ﬂo )
€0 S S \como)H\W Z o) T4 M lar 20)
o MouC?  \;
Ry < | min {Rl’ (2¢M(|1/’”\00(Qo)+>“¢' co(9g )+4"|)‘¢‘maw’90/>‘))7 (4n|>‘¢‘7”“”=90 ) '
. L . 1/2
(40100|>\1/1\7,LM QOMl(1+>\2¢ 2 T |CO(Q ))) + . §\/2?sz( 6 + 16) )
40100|>\¢‘7na1’,90(1+)‘2¢ {|w ‘CO(Q )+A2¢%\{(WJI|CO(QO)|w”‘CO(Qo)—F)\'w,‘g‘O(QO))
o > 2n|)‘¢|max,ﬂoR§
7o > | max{l, 64(4M:  +  5o) (om0 + AWEe)  +
2
M ez B5) (1 + 102 |co0g)?  + nlhlEeg, (2 +
1
2(Adur Y| o) + 51 A |maz.00 Bo )" + 2lq12010,)) }
172
R | <|Y16+ %) "R
=T
0 < n3—12 (16 + %) |)‘¢|max,QOR§+p
r < n>\202 i (16+ 116 )71R2+p
= | 2¢(l¢’ |0y H5719" | o0, p(szo))
4M
ar | 2 \/4 o T 4(,\¢0))
2[x71 c
or | > (+V2M)(1+ Xii%%)) + \}E €133
X7 X
cm | 2| 201 + Moo (am + i (L + Adul¥leo@y +
5n|>‘w|ma$,QoR;+p + IML:%))

4.1.1 Uniform estimates for the hyperbolic function v

Uniform regularity estimates for the distance function d,. It is a well known
fact, see [9], that if a metric is C™-smooth, then the Riemannian normal coordinates
are C™ '-smooth, and the metric tensor in these coordinates is C™ 2-smooth. In
particular, the distance function = +— dy(z,2) is C™ '-smooth. In the following
we consider how to obtain uniform bounds for the distance function under suitable
assumptions.
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Let m > 2 be an integer, and a,ry > 0, Qg > 0 be fixed parameters.

Assume that on M are local coordinates (Uy, Vi), where U, C M are open and
W, . U — R™ such that:
(i) For any x € M there is k such that the metric balls By(z,79) C Uy, Let W), =
(ii) The metric tensor satisfies in local coordinates

1
[<(W,).g<4l, (4.4)

4
(iii) We have [[(Vy).glcmer,) < Qo,
(iv) The transition functions satisfy: || Wy o \Ifj_1||cm+1(\pj(Uijk)) < Qo,
(v) The injectivity radius satisfies: inj(M, g) > 2r¢ = iy, where 0 < iy < g7 and
Ay is an upper bound for the sectional curvature of M.

Under the previous assumptions and using the notation (v) = (1 + |v|?)"/2, one
can obtain the estimate for the derivatives of d;, when 0 < d (o, z) < io:

1Dy (0, )] < Comn Qo) {dg (z0,2))” dg(xo’gg)(l—la\)’ la| > 0. (4.5)

Here ¢, ,, > 1 are coefficients which depend only on m, n; their value may be explicitly
found from combinatorics.

Consequently, we consider Assumption A5. Then for all z € R" and 4; = {x €
R™; 20 < dy(z, z) < Lig} we have (see (@) and [9] for details)

ldg( -, 2)llorcany < b2y lldg(-, 2)lloaar < b2(E/4)7% (4.6)

where by depends on ag, by, b3, and ¢ in an explicit way.
Let z € M, T > 0 and recall the "hyperbolic function’ introduced in Definition [3.1]

Yop(t,x) =t o T, 2) = (T — dy(x, 2))? — 2.

In the following we consider properties of this function in order to construct the
related Table (Z.3).
We recall that the principal symbol of the wave operator P, at y = (t,z), £ =

(0,1 -1 6n) € Ty (R x R™) by p(y, &) = —& + 27y 07 (2)&5-

Lemma 4.2. Let z € R", A; = {z € R™; Y < dy(x,2) < Lip} and A= [T, T|x A;.
Let y = (t,z) € A be such that |t| < T — d(z, z) Also, assume that ¥, r(y) > 7,
with 0 <~y <T. Then dip,7(y) is well defined and satisfies

p(y, dib.r(y)) > 477, (4.7)
min |dy. r(y)] > 2v:by /.
yeA

Moreover, we have

. 7llcocay < 0a(T + 1),
|97 pllcoay < ba(T 4 1)((£
|2 Ml coqay < ba(T 4 1)((£

where by = by(ag, by, b3) is a uniform constant.

/7 + 1),
[T+ (/)7 (4.8)
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Proof. Consider the co-normal of the level set of ¥, r,
v=d.r(y) = (=2t, =2(T — dy(z, 2))0pdy(7, 2)) € T;(R x R").

Using the two following facts :

Y 9 (@), dy(w, 2)0rdy (. 2) = |V (-, 2)|[; = 1,

k=1
‘ —8+ > gjk(l")fjfk‘ <&+ I@GG = 1€l
k=1 k=1

we obtain

Py, dvez(y)) = A + (T — dy(,2))?) > 492 > 0,

[z (Y)|azg > /477 = 21 implying |dv. ()] > 2viby .
Let us now analyze derivatives of 1, 7. We have

Viorleay = (=26 =2(T = dy(x, 2)) Vady (2, 2)),

V2¢Z7T|(m) = (=2, =2(T — dy(z, z))Vi,dg(x, 2) + 2V, dy(z,2) ® Vad,y(z,

v?),lvbz,T|(t,ac) = (O,V),

Vo= 2T —d,(z,2))Vidy(x, 2) + 4AV.d,(z, 2) @ V2d,(z, 2)

+2V2d,(z,2) @ Vaud,(z, 2).
Thusa by Calhng w/ - d,lvDZ,T? w// = V2¢Z,T> w/// = V3wz,T7 we get

1Y% rllcoay < AT+ Dlldy( -, 2)lorgan)
107 plleoay < AT+ 1)(ldg( -, 2)lc2eany + lldg (-, 2)[1E1a0)s
| Nl coqay < 6

2));

(1 +T)(lldg (-, 2)llesan + lldg (5 2)lleran lldg (-5 2)lle2(ar)){4.10)

and then one can use (L.0) at the right hand side, where b, is a uniform constant. O

Next we estimate the distance between two level sets of 1. r, or 1. 7, outside of

a cylinder of radius ¢ (see Definition B1]) and its consequences.

Lemma 4.3. Under the Assumption A5, we have,

a) Fori=1,2 define Ly = {y;y € 35(2, T, 0,7;),dy(,2) > (}, with v, = v/\/2 and

Yo = 7. Hence,

2
. i
dlStdt2+g(L1>L2) > m ‘= C180-

Consequently, defining zo, A and Qg as in Theorem[T.3 we get

1
diStRn+1 (A, 090) Z ﬁ min{clgo, BZE}
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b) Lety = (Z,t) be a point defined in Definition[33, and let ¥ (y: T, ?) be the associ-

ated hyperbolic function. Fori = 3,4 define L; = {y;y € 0S(Z,T,¢,v;),dy(x,2) > (}.
Then, for s =~/v/2 and 4 =

distdt2+g(L3, L4) 2 C180- (413)

Proof. a) Let yo = (to,x0) € Ly and y; = (t1,21) € Ly. Our aim is to get a positive
lower bound for distg2,(y1,y0). The two points lay on two level sets of ¥ (y; T, 2),
and we consider their difference:

,lvb(yOv T> Z) - ,lvb(ylv T> Z) = (T - dg(z, 113'0))2 — tg — (T — dg(Z,[L’l))2 —+ t2 = 12

2
2
(dg(2, 1) = dy(z,20)) (2T — dy(2,w0) — dy(2,21)) + ] — t§ = % (4.14)
By definition, we know that
@T—%@ﬂm—dgam»zo,egdgam)gT—y,egdg@%)gT—é%<yi
Assume w.r.o.g. that2t0, ty > 0.
Case 1. t] —t5 =m%L-, m € [0, 1),
1 —m)~? 2

o, 20) > (dy(z, 1) — dy2,20)) = o > Uomn

22T — dy(z,w0) — dy(z, 1)) — 2(2T — 2¢)°
Case 2. 17 —t2 = 72—2,2 that implies d,(z, o) = d,(2,21) and dy(z1,29) > 0.
Case 3. 11 — 15 =q%, ¢ > 1

(dy(z, 1) = dy(2,20)) (2T = dy(2,20) — dyg(2,21)) = —(q = 1)%

here one can reverse the signs and prove as in case 1:

(¢ —1)7°
22T — dy(z,w0) — dg(z, 1))

dg(w1,m0) 2> (dy(z,0) — dy(2, 1)) =
Case 4. t%—t%z—pg <0, forp>0

(1 +p)72‘

(dg(z, 1) = dy(2, 20)) (2T = dy(2, 20) = dy(2,21)) = ——

Case 1. is then the worse case. Hence for ¢; = \/ml; +t3 < \/l; + (T —¢)? and

since v < (1" — ¢), we have

(£ — 1)
ydo(z1,29)} >

2 2 2

v v
A =moer gt 237 =0

diStg(yl,y0> = max{\tl — t0| =
v
(V2 (T 02 +T - 0)
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b) We then consider yg,y; belonging to two level sets of the function 1 (y;Z, T) to
calculate the left hand site of ([LI3]). We repeat the same computation as above with
the new values. We recall (8.12). By triangular inequality, since T' =T — d,( 29, 2),

(2T — dy(%, z0) — dy(Z, 21)) < 2T — dy(20, 20) — dyg(z0, 1) < 2(T — 0).

And again t; = \/m% + 12 < \/(f;éﬁ +(T=02<2T -0 <2T—10).

Hence the new estimate is bounded from below by ¢159. D
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