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A penalty free Nitsche method for the weak imposition of boundary
conditions in compressible and incompressible elasticity
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In this paper, we study the stability of the nonsymmetric version of Nitsche’s method without penalty for
compressible and incompressible elasticity. For the compressible case we prove the convergence of the
error in the H'- and L2-norms. In the incompressible case we use a Galerkin least squares pressure sta-
bilization and we prove the convergence in the H'-norm for the velocity and convergence of the pressure
in the L2-norm.
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1. Introduction

In the seminal paper of Nitsche (1971), a consistent penalty method for the weak imposition of bound-
ary conditions was introduced. The method relied on a penalty term, the parameter of which had to
be sufficiently large in order for stability to be ensured. Freund & Stenberg (1995) then suggested a
nonsymmetric version of Nitsche’s method. The advantage of the nonsymmetric version was that no
lower bound had to be respected for the penalty parameter, it only needed to be strictly larger than zero.
The symmetric and nonsymmetric versions of Nitsche’s method were further discussed by Hughes et al.
(2000), where the possibility of using the nonsymmetric version with zero penalty parameter was men-
tioned. Penalty free nonsymmetric methods have indeed been advocated for the discontinuous Galerkin
method (see, Oden ef al., 1998; Larson & Niklasson, 2004; Girault & Riviere, 2009; Burman & Stamm,
2010). Burman (2012) proved that the nonsymmetric Nitsche method was stable without penalty for
scalar elliptic problems. The main observation in that paper was that although coercivity fails for the
bilinear form when the penalty parameter was set to zero, the formulation could be proven to be inf-sup
stable. Using the discrete stability optimal error estimates were obtained in the energy norm.

The nonsymmetric version of Nitsche’s method without penalty can be seen as a Lagrange multiplier
method, where the Lagrange multiplier has been replaced by the boundary fluxes of the discrete elliptic
operator. This leads to a method that is stable without any unknown parameter and without introducing
additional degrees of freedom. Eliminating the penalty term appears to have some advantages in multi-
physics coupling problems in elasticity, (see for instance, Burman & Fernandez, 2014) and it is therefore
interesting to understand the structure and stability mechanisms of the method in such a context.

In this paper we extend the results of Burman (2012) to the case of the equations of linear elasticity.
Both the cases of compressible and incompressible elasticity are considered. The main difficulties
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compared to the scalar case are:

e the Nitsche boundary term is no longer based on the gradient but now contains the deformation
tensor and the divergence;

e it is no longer clear that Korn’s inequality holds;

e for incompressible elasticity the inf-sup condition must be shown to hold simultaneously for the
boundary conditions and the pressure.

We end this section by introducing the models of compressible and incompressible elasticity. Let Q2
be a convex bounded domain in R?, with polygonal boundary €. This boundary is decomposable

such that dQ = U;I; with {I;}; the sides of the polygonal. f € [LZ(Q)]Z is a given body force and

ge [H'/?(Q)] > the value of u at the boundary.
Compressible elasticity: find the displacement u : Q C R? — R? such that

—V.o(u) = f inQ,
u = g ondQ, (1.1)

with
o(u):=2ue(u)+A(V-u)ly,.

Incompressible elasticity: find the velocity u : Q C R? — R? and the pressure p : 2 — R such that

-V-o(u,p) = f inQ,
Viu = 0 inQ, (1.2)
u = g ondQ,

with
o(u,p) :=2ue(u)+ pla.

To ensure the divergence free property of the incompressible case we assume [5, g-n dx =0 where
n denotes the outward normal vector of the boundary. For future reference we introduce the function

spaces V := [Hl(.Q)]z, Vo := [H] (.Q)]2 and Q:={peL?(Q), [opdx=0}.

2. Preliminaries

The set {7}, };, defines a family of quasi-uniform and shape regular triangulations fitted to Q. We define
the shape regularity as the existence of a constant ¢, € Ry for the family of triangulations such that,
with pg the radius of the largest circle inscribed in an element K, there holds

h
Pk

In a generic sense we define K as the triangles in a triangulation ., and hg := diam(K) is the
diameter of K. Then we define / := maxgc 7, hx as the mesh parameter for a given triangulation 7.
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P« (K) defines the space of polynomials of degree less than or equal to k on the element K. We define
V}f‘ and Q’;l the finite element spaces of continuous piecewise polynomial functions

VE = {uheV:uh|Ke[]P’k(K)]2 VKeyh} k> 1,
Of = {ph€Q:pulk €Pr(K) VKE T}, k> 1.

For simplicity we will write the L>-norm on a domain 0, ||-||2 @) as |||l - In this paper C will be used
as a generic positive constant that may change at each occurrence, we will use the notation a < b for
a < Cb. We now recall several classical inequalities and various mathematical concepts.

LEMMA 2.1 There exists Cr € R, such that for all u € H' (K) and for all K € .7}, the trace inequality
holds

_1 1
lullok < Cr (hkz ||u||K+h,%|w,<) |

LEMMA 2.2 There exists C; € R such that for all u, € P, (K) and for all K € .7}, the inverse inequality
holds
IVl < Crlge! |l -

Anticipating the inf-sup analysis of the coming section we introduce patches of boundary elements
for the construction of special functions in the finite element space V,{‘ that will serve for the proof of
stability. We will first detail the geometric construction and then give a technical Lemma that is needed
in the coming analysis. We regroup the boundary elements in closed, disjoint patches P; with boundary
dPj, j=1,...,Np. Np defines the total number of patches. The boundary elements are the elements with
either a face or a vertex on the boundary. Every boundary element is a member of exactly one patch P;.
The number of elements necessary in each patch is always at least two and upper bounded by a constant
depending only on the shape regularity parameter ¢p. Let Fj := dP;Nd &, we assume that every I is
partitioned by at least one F;. Define the boundary elements by P := U;P;. For each Fj there exists two
positive constants c1, ¢ such that for all j

c1h < meas(F;) < cah.

Figure 2 gives a representation of a patch as defined above with four inner nodes. Let ¢; € Vh1 be defined
for each node r; € .7}, such that for each patch P;

0 for r € Q\F;
¢j(ri)=4¢ 0 for x; €K such that K has all its vertices on Q2
1 for rieF i

withi=1,...,N,. Here N, is the number of nodes in the triangulation .7}, and F ; defines the interior of
the face Fj.
We define the function v;, € V}{‘ such that vy, := uy, +vr, with uy,vr € V}i‘ . The function v is defined
such that
Np Np
VFZZVjZZ((lej'l,OQij)T, (2.1)
Jj=1 Jj=1
with
vir=Cn9; , vp=Cpd; ., . Cp€ER, (2.2)
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FIG. 1. Example of a patch P;, the function ¢ ; is equal to 0 in the nonfilled nodes, 1 in the filled nodes.

for simplicity of notation we will use vy, v, respectively instead of v;1, vj>. To define the properties of
vy and v, we need to introduce the projection of u on constant functions on the interval /

Poul; :=meas (1)~ /u ds.
1
For simplicity of notation we will also use the notation @/ := Pyu| F;- We introduce the following two
dimensional rotation transformation.

DEFINITION 2.1 The rotation transformation in two dimensions can be written as

z:[12(Q)] — [2@)]

2 — z=2(2) =A%,
with A a rotation matrix and Z the rotated quantity of z.

This two-dimensional rotation is used to transform the generic fixed frame (x,y) into a rotated frame
(€,m) associated to each side I7 of €. This rotated frame has its first component tangent to the side I;
of the polygonal boundary and its second component normal to this same side I;. Defining 7 as the unit
tangent vector to the boundary, a function z = (z1,z2) expressed in the two-dimentional rotated frame
has the following properties

Zi=z-T, Zx=zn

The hat denotes a value expressed in the rotated frame (£,1). Figure 2 represents schematically

how is defined this frame for a side I;.

FIG. 2. Representation of the rotated frame (&,n), the first component of the frame is tangent to the side I7 and the second
component is normal to the side I;.

Using the rotation transformation i, = (4, ﬁz)T, we may now define v and v, by the relations
o7 LAt

A1 R . A1 . .
meas (Fj) o d§ = Pyt |F“_,- ., meas (F}) o ds:= P0u2|1:-j. (2.3)
J J



PENALTY FREE NITSCHE METHOD, ELASTICITY 50f25

LEMMA 2.3 Let P; be a patch and v; a function as defined above, Vu;, € V,f the following inequalities
are true

=], < vl 2.4)
up F _C”VuhHPj < h Zuh ; (2.5)
J J
illy, = 2lVvill, 2.6)
IVoillp, < cHh*%ﬁ,gﬁr . 2.7)
J
~ 1l
IVoallp, < CHh 2u{1~nHFJ. 2.8)

The constant in (2.7), (2.8) is bounded uniformly provided each patch contains a sufficient number of
elements compared to cp.

Proof. See Appendix. (|
In the analysis, we will need a particular form of Korn’s inequality. To prove this alternative form
of the Korn’s inequality we need to define first the following seminorm

Np
u|} = Z/F(Pou)z ds  Vuev, (2.9)
i=171i

with I the i’* side of the polygonal boundary 9, i = 1,...,Nj, N, is the number of sides on the
boundary. Pou|r; is the Py-projection of u on the side I.

PROPOSITION 2.2 For all u € V the seminorm (2.9) is a norm on RM with
RM := {u ‘u :c+b(x2,—x1)T,c eR*be R}.

Proof. The claim follows from direct inspection of the linear system resulting from Pou|r; = 0. (]
The alternative form of the Korn’s inequality which will allow us to control the deformation tensor
is expressed in the following theorem.

THEOREM 2.3 There exists a positive constant Cx such that Vu € V
Ck [[ullm () < ll€ (@)l g + [ulr--

Proof. This proof is inspired by the proof of the Korn’s inequality in Brenner & Scott (2008). First we

define V
V:{uEV:/ udx:O,/ rotude}.
Q Q

We know that, V =V @ RM. Therefore, given any u € V, there exists a unique pair (z,w) € V x RM
such that

u=z+w.
By the Open Mapping Theorem (Theorem 15, chapter 15 of Lax (2002)) there exists a positive constant
C; such that

Ci (||Z||H1(g) + HWHH](.Q)) < lullg ) - (2.10)



6 of 25 T. BOIVEAU AND E. BURMAN

We establish the theorem by contradiction. If the inequality that we want to show does not hold for any
positive constant Ck, then there exists a sequence {u, } C V such that

[l 1 (@) =1, (2.11)

and |
e ()l g + alr < - 2.12)

For each n, let u, = z, +w,, where z, € V and w,, € RM, then

le ()l = lle u)llg <

The second Korn’s inequality then implies that z, — 0 in V. It follows from (2.10) and (2.11) that {w, }
is a bounded sequence in V. But since RM is finite dimensional, {w,} has a convergent subsequence
{wn,} in V. Then the subsequence {u,; = z,; + Wy, } converges in V to some u = lim,; . w,; € RM,
we obtain

ullgrio) =1, (2.13)

and
lul =0.

The Proposition 2.2 tells us that |-|- is a norm on RM and therefore
lulp=0<u=0,

which contradicts the equation (2.13). O

3. Compressible elasticity

The first case that we consider is the compressible problem described by the system (1.1). We have the
following weak formulation: find u € V, such that

a(u,V):(f,V)Q VVEVO;
where (x,y), is the L?-scalar product over Q, V, := {v € [H! (.Q)]2 V90 = g} and
a(u,v) = (2e), £(v)) g+ (AV -1,V -v), .

3.1 Finite element formulation

The nonsymmetric Nitsche’s method applied to the compressible elasticity problem (1.1) leads to the
following variational formulation, find u;, € V,f‘ such that

A (upvi) =Ly (v) v € VY, 3.1
where the bilinear forms A; and L, are defined as

Ap(up,vy) = a(up,vy) —b(up,vy) +b(vy,uy),
Ly(vi) = (f.vn)g+b(vi,8).
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The bilinear form b is defined as

b(up,vy) = (QQUE(up)-n,vp)y0+ (AV-up,vy-n)y0

In (3.1), a(uy,v;) represents the terms defined over the whole computational domain, —b(uy,,vy) is
necessary for the consistency of the method, since v, # 0, the antisymmetric contribution b(v;,u;) and
its corresponding term in Lj, together impose the boundary condition.

3.2 Stability

The main goal of this section is to show the inf-sup condition. We first give two technical Lemmas,
proofs are provided in Appendix.

LEMMA 3.1 There exists C > 0 independent of 4,  and A, but not of the mesh geometry, Yu;, € V;{‘, on
each patch P; for v; € V,f as defined in equation (2.1) and V¢, o, o € RY, such that

2 1
COéz ; Co?||Az_;
<)~V‘Vj,uh'n> 1_7 H H TS] Euif

Pj

2
1 2
—28H/12Vuh
F

LEMMA 3.2 There exists C > 0 independent of /4, it and A, but not of the mesh geometry, Vu;, € V}{‘, on
each patch P; for v; € V,f as defined in equation (2.1) and Ve, o, o € RY, such that

1
u

2 1
SCOCZ 2 Cal nz_; 2
2ue (vj)- > (2- Ladaly; 78 o [ 1= Ladall 7 _38H 12y
(2ue(v)) n7uh>Fj 2( e ) a u,-n . + 1( e ) il u, HmVy, P
i
DEFINITION 3.1 We define the triple norm of a function w € V as
Il (vwliy + [l ) 2 (17wl + [ twen
w = w w ‘W w-n .
H @ Q @ oQ

Observe that this is a norm on V by the Poincaré inequality.

LEMMA 3.3 For uy, v, € V}f‘ with v, = uj, + v, v defined by equations (2.1) and (2.2), there exists
positive constants By and /g such that the following inequality holds for & < hg

/30H|“hH|2 < Ah(uhvvh)~
Proof. Decomposing the bilinear form, we can write the following

Np

Ap(up,vi) = Ap(up,up) + Y Ap(up,vj).
=

Clearly we have
Atung) =2 [t e + 250 |
and
An(un,vj) = (2ue(uy), €(v)))p, — (1€ () -m,vj) o + Qe (v)) - mun)
+(AV -u, V- vj) —(AV -uy,v;- >j+<lV-vj,uh-n>F/_.
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Using the Cauchy-Schwarz inequality and the inequalities (2.7) (2.8), we can write the two terms defined
over P; as

2 1 2
1 2 ca?l|lpr_; Cco? ||z _;
Cuew).e(vy), > —e|ube)| - | B e =2 B al
J P; € ||l hz € |lhz2 .
J
1 2 Cal Az j C(X22 2,%7] ?
(A/V'uh,V'Vj)Pj 2 78levuh ijT hT h' 7@ hf%u”n i
j

Combining the inequality (2.6) with the trace and inverse inequalities of Lemmas 2.1 and 2.2, followed
by (2.7) (2.8) we obtain

1 1 2
I 2 cof|lpur_; ca3||p2_;
<2ue(uh)-n,vj>Fj < SHuZG(uh) P_+—8 T — - ,
J l’lz . h2 Fj
2 co?||az co? ||z ?
X . ‘
AV -uy.vi-n < sHlfVu + L\ =u- + 2= U} n
< hyVj >Fj ~ h P, de 1 “n de 5 .
j

Considering Lemmas 3.1 and 3.2 we have a lower bound for each term. Now we can write the bilinear
form

2 2 Np 2 Np
AnGunv) > 2 [ude )|+ |22V ~2e Y ||lure)| - Gen+aen) ¥ Ivul,
j=1 i j=1

oo\ M llud . | 13¢\ ¥ || 2 :
+(X1 (1-(114-8)2 Tﬁ/{lr —1-062(2—06248)2 - {l-n
=t h Ej =t h Ej
se\ &2t | s\ At |
+ o (—OC1> —u,-T|| +on <1 —(Xz) —Uu,-n
4e J; o 4e J; et .
J

The Theorem 2.3 gives
& (wn)llq + [unlr > Cx lunll (o) Vun € Vi

Assuming that each side I; contains at least one Fj, the properties of the Fy-projection allows us to write

Ar; N2
/ (Poup)? ds < Y. / (@) as,
I j=17Fj

NT; is the number of F; contained in the side I;. Then over all the boundaries I;

Ny 5 Np N2
Z/ (Poup)” ds < Z/ (Ei,) ds.
i=1/1i j=17Fj
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Then we can use the following bound
) & _ill? 2 k
e b+ Y || > Crlunlng, v e Vi
j=1 j
Using this result, we can rewrite the bilinear form Ay, (uy,, v;,) as

N,

1 2 1 2 p
A (up,vp) > H},fvﬁl H +2C Hufvu H + 2‘LLC —58“—48& E Vu 2,
h( h /) h K h \ ( K )j 1H h“PJ

N
9C ,3C,\ M
+ <<a1 (1—05148) —2h>,u—(x148)»>j_zl
13C 3C N
+ <<O€2 (2—0(248) —2h> n—+aop (1 —OC248> l) ]:Zl

Considering the inequality (2.5) we obtain

T
h2u -1
Fj

1 12
h™2uj-n
Fj

Ny

2 1
20k H“W"”H +(Ca—Cp—Co) Y Va3,
= |

1 2
Ap (uh,vh) 2H/IZV~uh a\p

2

)

Fj

Np 1 2 Np 1
—l—ChZH/’ffuh-T - +CCZHh’7uh~n’
j=1 J j=1

with the constants

C, = 2uCg—5eu—4er,

9C ,3C
l—oy— ) —2h | p— 2=
(al( a148) h)u o 48/1,
13C 3C

o
I

First we choose € = 54?5/1 so that C, = uCk. Fix h < hg such that C}, and C, are positive respectively
for
4p*Cy 4uC (2p+ 1)
>0 > 0.
(9CU+3CA) (5 +47) (13Cu+3CA) (51 +41)
C, — Cp — C, will be positive for
Ck uCx
> >0y 2(2“+)~>>OC2.

By looking at the order of the constants, we can see that O (fy) = O (ﬁ) and O (hy) =0 (ﬁ)

If A is large compared to W, hg has to be very small. This reflects the locking phenomena that is well
known for finite element method using low order H'-conforming spaces. (]
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THEOREM 3.2 There exists positive constants 8 and &g such that for all functions u;, € V,f‘ and for
h < hy, the following inequality holds

Ap (up,vp)
Bllupl| < sup W
VhGV}f Vh

Proof. Considering Lemma 3.3, the only thing that we need to show is

valll < el (3.2)

Using the definition of the test function, the triangle inequality gives

lIvall < lluall + el

The definition of the triple norm gives

vl =g (19wl + [ 2or )+ (19-ve s+ [-dven| ).
2Q i

We observe that

1 1 1 1
n2_; n2_; uz2 u?2
o | =, t| +on||=u, n| Soi||—wup-T|| +on|—Fup-n S lunll,
h F; h2 F; h2 F; h2 F;
1 1 1 1
Az z_; Az A2
o || =14, -T|| +op|—u,n| Son|—tut| +oa|—Fup-n S unll,
h2 Fj h2 Fj ’ Fj h2 Fj

using this results and recalling the inequalities (2.7) (2.8), it gives the appropriate upper bounds consid-
ering the definition of vp

A\

lwnll (3.3)

(22w ove| < [atwr]| < il
Q Q

1
2Vy H
Jutvvr,

Using the trace inequality 2.1 for the boundary terms and the inequality (2.6) we can write

.U% 1
vl sllubver| sl (3.4)
h2 5 Q
Q

Az '

Eoveen|| s |2dvve| <l

h> 20 @

WenotethatO(B)zO(ﬁ). O

3.3 A priori error estimate

Using the stability proven in the previous section we may deduce the a priori error estimate in the triple
norm. We first prove the consistency of the method in the form of a Galerkin orthogonality.
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LEMMA 3.4 If u € [H? (.Q)]2 is the solution of (1.1) and u; € V} the solution of (3.1) the following
property holds
Ah(u—uh,vh) =0, Yy € V;{(.

Proof. We observe that Ay, (u,v;) = Ly, (vy,) = Ay, (up,vy), Vv, € V}f‘. O
We introduce an auxiliary norm, in order to study the a priori error estimate

11 11
Iwll, = Iwll+ w3t vw o+ [23nbvw]
Q2 Q
LEMMA 3.5 Let w € [H2 (.Q)]2 + V;f and v, € V,f, there exists a positive constant M such that the
bilinear form Ay, (-, -) has the property
Ap (vah) < MHWH* |thH|
Proof. Using the Cauchy-Schwarz inequality it is straightforward to write

AV-w.V-vy)o+Quew),eva))g < lIwll.llvalll,
(AV-w.vi-n)o0 +AV-viw-n)yq < Wl [Ivall-

The trace inequality and the inequality (2.6) allows us to write

1
1.1 n2
Cuew) msg S |wintve| Evill S wll vl
h2
uh
1
Cue ) mw)sg S |[wbvm| | Ew] S wl vl
| R PP

O

PROPOSITION 3.3 If u € [H*"! (Q)]2 is the solution of (1.1) and uy, € V} the solution of (3.1) with
h < hg, then there holds
e — unl| < Cunh® [ulggesr )

where Cy; is a positive constant that depends on g, A and the mesh geometry.

Proof. Let i%, denote the Scott-Zhang interpolant (Scott & Zhang, 1990). The approximation property
of the interpolant may be written for each K € .7,

o) o (), < s

With Sk := interior (U {K-Wiﬂf #0,K; € ﬁh}) Using this property and the trace inequality it is
straightforward to show that
1 1
| = (4t )l .

L < (Wt il o).

Using Theorem 3.2, the Galerkin orthogonality of Lemma 3.4, and the Lemma 3.5 we deduce

k
[

A

-k
|~

-k
[

H Ap (u—i'ézu,vh)
P VA
[lvall

&
<MHu—zSZu

B — *
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This inequality together with a triangle inequality leads to the desired estimate

|+

=] < [ — i — iku|

s

We see that the constant in the estimate satisfies : O (CM) =0 ([3_1 (l% + ,LL%)) O

The convergence of the L>-error suffers of suboptimality of order O (hl/ 2) due to the lack of adjoint
consistency of the nonsymmetric formulation.

PROPOSITION 3.4 Letu € [Hk‘H (.Q)} ? be the solution of (1.1) and uy, the solution of (3.1) with & < hq,
then
lu—upllq <C, xhk” || i1y »

where CL ;. is a positive constant that depends on y, A and the mesh geometry.

Proof. Let z satisfy the adjoint problem

—2uvV-€(z)—AV(V-z2) = wu-—wu, inQ,
z =0 on dQ.
Then we can write
lu—wlly = (u—wy,—2uV-£€(z) AV (V-2))q

Que(u—u),€(2) g+ AV (w—up),V-2)g
—(Qu(u—uy),€(2) n)yo — (Alu—up)-n,V-2)5q
= Ap(u—up,2)—22u(u—uy),€(z) n)yo—2(A(u—up) n,V-2)50

By Lemma 3.4, using (z — i},2)|50 = 0 and similar arguments as in the proof of Lemma 3.5 we deduce
that

Ap(u—upz) = Ap(u—upz—ig2)
= (2ne(u—wup) &(z—ig2)) o+ (AV-(u—uy), V- (2-i52))
+<2/.L(u—uh),t-:(z—iézz)-n>a_Q—k()u(u—u;,)~n,V-(z—iéZz)>Lm
S Mo wnll |z — sz
S

1 1
(A2 402 ) hlla = wall 122 - (3.5)
The global trace inequalities [|€(z) - nll 0 < 12llg2(0) and [V 2ll5o < llzllp2(q) , lead to
1 1 1
[0 ). £2) -y + |l —y) n.V -2)50] 5 (21 +m)mmufuh||| 2l GO
Using inequalities (3.5) and (3.6) we obtain
Lol 1
=y S Cun (A2 4423 (02 ) W e 2l

We conclude applying the regularity estimate ||z ;2 (o) < [|u — unllq- O (C;M) =0 (CM (A% —Hﬁ)).
(]
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4. Incompressible elasticity

In this part we consider the problem (1.2) and we prove the stability for this configuration similarly as
in the previous part for the compressible case. For incompressible elasticity we have to manage one
more unknown, the pressure. We choose to work with equal order interpolation for the velocity and
the pressure and add a pressure stabilization to recover stability. Note that in this part we re-define
the bilinear forms, the triple norm and the star norm. We have the following weak formulation: find
(u,p) € Vg x Q such that

al(u,p),(v,q)l = (fvia  V(v.q) €Vox0,
with
a [(uvp) ) (V,q)] = (2“6('4)78(‘)))9 - (p,V'V)Q + (V ' u7£1)!2 .

4.1 Finite element formulation

The nonsymmetric Nitsche’s method applied to the incompressible elasticity (1.2) gives the following
variational formulation, find u;, € V,f and p, € Qﬁ such that

Anl(wn, pn) s Vnoqn)] = Lo (Vnoqn) Y (viqn) € Vi x Q) (4.1)
where the bilinear forms A;, and L are defined as

Ay [(un, pn) s (Visgn)] = a[(un, pr) , (Va, qn)] — b (W, Vi, pr) +b (Vi wn, qn) + Sp (s pryan)

Lh (vhaqh) = (f7vh + thv%> +b (vhag7q}l) .
Q
The bilinear form b is defined as
b(up,vi,pr) = ((20€ (un) — prlax2) -n,vi)ygq -

S}, denotes the stabilization term, we define

i pioan) == ¥ [ 1 (<209 € (uy) + Vi) Vap, d,
H xez, /K

this term is necessary as we want to use equal order interpolation.

4.2 Stability
We proceed similarly as for the compressible case, we first define the triple norm.

DEFINITION 4.1 We define the triple norm of (w,p) € V x L? () as
2 2 112 1 2
low. I = g (9wl + 2] )+ vl

LEMMA 4.1 For uy, vy, € V,f with v, = uy, +vr, vr defined by equations (2.1) (2.2), and g, = py, there
exists positive constants 3y and kg such that the following inequality holds for i < hg

Bolll (s pa) I < A (s pn) (Vs an) -
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Proof. Decomposing the bilinear form, we can write the following
NP
An[(un, pn) s Vs qn)) = An[(n, i), (s pi)] + Y, An [(n, pr) » (v,0)].

j=1

Using the Cauchy-Schwarz inequality and an inverse inequality we can write

1 2
Al i) o pn)) > 2 e G| =12 - )l 10V Pl + 1 149l

> 2(1-¢)

1 2 Y
utetun[,+ X (1= 52 ) wmly,
The second part can be written as
Anl(a pn) (v5,0)] = (2118 (1), (v3)), + (Vu, Vi), — (208 (wr) 1)+ (208 (v) - mun)

Term by term we can obtain a lower bound of each term, note that most of the terms have been studied in
the compressible case. The lower bound of the only remaining term can be found using the inequalities
(2.7) (2.8) and the inequality (2.6), we get

Cou |, 1 |2 Caduy, 1 |?
2 1 — 2 _
e L A e W
The full bilinear form gives
’ 1 2 Y
A () ) > 21 =€) [t e ) [+ L (1= 28 ) 1wl
NF 1 2 £ NI’ 2
—2¢ H te H A
; 12 € (up) P, u;” Ph||1>j P,
7 2 _77
o], - H |
] !
11C ur ise\ Mot |
a(1—a— T 1 o(2—wm— —u -
+1( 148)2 h%“h F+ 2( 246)]_21 h%“h”F
i : i

Similarly as for the compressible case, using the Theorem 2.3 and the inequality (2.5) we obtain

Np

1 2 | 2
Al ) (0, 00)] > Cal |02V -G 0l (€= Co=Cp) L |03V
=1
Np 1 2 N, ‘IJ,% 2
+Cdz ”hvth}zﬂj —u,-T|| +Cy Z —Tup-nj|
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with the constants

Co = 20k(1—¢),
<32

Cc = 20k (1—¢") -3¢,

« - 50-9)

C, = a1<1a1{41§>2h(18’),
Cr = a2<2—azfgc>—2h(1—e’).

We choose € = g and € = %. Taking y < C%, for A small enough C, and Cy will be positive respec-
I :

tively for

2y

“— > , = > mw.

C. —C, — Cy will be positive for

ZCK CK CK
\| —= —_— o —_— o).
5 >Y ) ) >0, 4 > 00

ho is the biggest value of / that can be considered, we observe that O (fy) =O0(1),0(hy) =0(1). O
We remark that contrary to the case of compressible elasticity we see that the conditions on the
constants are independent of the physical parameters, this reflects that the mixed method is locking free.

THEOREM 4.2 There exists positive constants 3 and &g such that for all functions (uy, p;) € V¥ x OF
and for h < hy, the following inequality holds

Ay [(up, pr) s (Vg
Bllampll < sup  Anl®nPn), (i)
o Tomanl

Proof. Considering Lemma 4.1, the only thing that we need to show is

v @)l < 1l Cuens pa) -

Using the definition of the test functions, the triangle inequality gives

Il v, gn) Il < W )+ (v, O) -

The triple norm of (vr,0) is

1P
livr,0)If* = u(erH?ﬁH” “FHm)'

The claim follows from equations (3.3, 3.4) of Theorem 3.2. Note that O () = O(1). O
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4.3 A priori error estimate

The stability proven in the previous section leads to the study of the error estimate in the triple norm,
the Galerkin orthogonality is characterized by the following consistency relation.

LEMMA 4.2 If (u,p) € [H? (.Q)]2 x H' (Q) is the solution of (1.2) and (up, ps) € V¥ x O the solution
of (4.1) the the following property holds

Ap[(u—up,p—pp),(va,q1)] =0.

The star norm of (w, p) used for the continuity of A, [(+,-), (+,-)] is defined as

lw.p)l =l w.p)ll+ || vw|| )+ llpllg+[[ade]|, + 1A wllg

(L ftve)

KeZ),

LEMMA 4.3 Let (w,p) € ([H2 (.Q)}z—i-V,f) x (H'(2)+0}) and (v4,q;) € VF x Q) there exists a
positive constant M such that the bilinear form A [(+,-), (-, -)] has the property

Anl(w. ), (Vi qn)] < M[[(w, ). (Vi g) -

Proof.  The proof of the Lemma 3.5 gives us the desired upper bound for most of the terms. The
integration by parts gives

(vavh).Q = <p 'n>vh>8!2 - (p7V'Vh)Q :

Using the Cauchy-Schwarz inequality we obtain

(p-nvi)go— (P, V-vi)o = (Vanw)g 1w, 2) L M Vs gl

<
Y, (B (—2uV-ew)+Vp) . Vai), S [w.p)lL I (vasgn)ll-
Ke,

Note that the second line corresponds to the stabilization term. U
PROPOSITION 4.3 If (u,p) € [H*! (Q)]2 x H*(Q) is the solution of (1.2) and (uy, py,) the solution of
(4.1) with h < hy, then there holds

Il (=, p— pi)lll < H* (Cuu |t g1 (@) + Cpu |P\Hk(.o)) :

where Cyy, and Cp,; are positive constants that depends on p and the mesh geometry.

Proof. Let i%, denote the Scott-Zhang interpolant (Scott & Zhang, 1990), the approximation properties
for each K € .7, gives

A

& k41
H“*lsz" hy |"\Hk+1(s,()v

7 ()] 02 (),

&
R N (=0 | M ey

Hp*ilézp
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Using these properties and the trace inequality, it is straightforward to show that
k 1 _1
= wnp=p)ll S B (13 s )+ 1 IPlae(y)

1 _1
[ (u—wup,p—pu)ll. < hk(ﬂ2|“\yk+l(m+ﬂ 2|p|Hk(.Q))'

Using Theorem 4.2, Galerkin orthogonality and the Lemma 4.3 we obtain

. . A [(un — iz, pp — &) , Vi, qn) . )
B (it — ) | < et PP Cust)] ) (i it
Il (vas gl "

Using this property and the triangle inequality we can write
& k M k k
I (u—up, p— pa)lll < H‘ (u — gz, P — lszp) H’ + F H (u — gz, P — lszp) H* :

We note that O (Cy) =O (#) and O (Cp) =0 (1 ™4). O

The convergence of the L*-error of the velocities with the order O (hk“L%) may be proven similarly
as in Proposition 3.4.

PROPOSITION 4.4 Let (u,p) € [H*"" (.Q)]2 x H* () be the solution of (1.2) and (uy, p;) € V) x Of
the solution of (4.1) with & < hy, then

k
1o =Pl < (Cly Il gios ) + Cpu lPlizscay )
where C), . and C;, .. are positive constants that depends on u and the mesh geometry.

Proof. By the surjectivity of the divergence operator V- : H} (2) — L3 (Q) (see, Girault & Raviart,
1986), there exists v, € Vy such that V-v,, = p — p;,. Therefore we may write (using the Lemma 4.2 and
observing that (v, —iszv;,) |90 = 0)

lp=pile = (p=puV-vp) +Anl(w—un.p—p1). (iszvy.0))
= (P=pn,V-(vp—iszvp))g
+ (2uE (u—uy), € (iszvp)) o + (2UE (iszvp) -myu—up) 5
= —(V(p—pn),vp—iszvp)g
+ (2u€ (u—up) € (iszvp)) o + (21E (iszvp) -mu—up) 5
1

1 _ 1 .
— 159 (= p)lg ™" 3 (v sz, |
lJZ

A

1 1, 1. ‘u,%
T O T e

2

Q
1
< @) (o= Pl ol gy

We conclude by applying the stability HVPHHI(Q) <Gy, |lp—pillq- We observe that O (C},) = O (u)
and O (Cp,,) =O(1). O
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5. Numerical results

In this section we will present some numerical experiments verifying the above theory. The package
FreeFem-++ (Hecht, 2012) was used for the numerical study. In the first two sections we consider the
domain Q as the unit square [0,1] x [0,1]. For compressible and incompressible elasticity we use a
manufactured solution to test the precision of the method. In the third section we study the performance
of the penalty free Nitsche’s method for the Cook’s membrane problem.

5.1 Compressible elasticity

The two dimensional function below is a manufactured solution considered for the tests

()

The nonsymmetric Nitsche’s method given by equation (3.1) is used to compute approximations on a
series of structured meshes. We consider first and second order polynomials and we study the conver-
gence rates of the error in the H'!- and L?-norms. We choose u = 1 and consider several values of A in
order to see numerically the locking phenomena for large values of A compared to L.

o o A=10 -6 A=10° ~
1077 ) = 10 54 —+-\ =10 ,‘/
-o A = 10° -o A =10° ~
A =10° 10} A =10° ’
A=10* o~ A =10' P
s A = 10° /,V

2
L* error

h

F1G. 3. Compressible elasticity, Vh': error versus the maximal element diameter h. Left: L2-error, right: H'-error.

The piecewise affine case (Figure 3) shows locking for A = 10°. When A becomes too large, the
convergence of the error does not hold if % is not small enough. When the piecewise quadratic approxi-
mation is used (Figure 4), the problem with large values of A only changes the value of the error constant
and has negligible effect on the observed rates of convergence. The numerical results show that for both
cases the rate of convergence of the H'-error corresponds to what has been shown theoretically. For
the L2-error, we observe a convergence of order O (hk“), which is a super convergence with O(hl/ 2)
compared to the theoretical result. In spite of numerous numerical experiments not reported here, we
have not been able to find an example exhibiting the suboptimal L?-convergence of Proposition 3.4.
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10°
-o- A= 10" -o- A= 10"
—-A= 10" Pl | A=10
102} - A =10 v 1077 -o- A =102
K-\ = 10° e -\ = 10°
A= 10 x . A =10
5 10t v A=10 - 8 g2} wA=10°
£ —om) - & —o®)
[} b N
o~ " . —
10 v T -
10°% "
10°
10-]0
107 107! 107 107!
h h

FIG. 4. Compressible elasticity, thz error versus the maximal element diameter /. Left: L-error, right: H'-error.

5.2 Incompressible elasticity

The manufactured solution considered in this part defines the velocity and the pressure respectively such
that

o= (it peseoténsetin.

The nonsymmetric Nitsche’s method without penalty given by equation (4.1) is used to compute approx-
imations on a series of structured meshes. We take (1 = 1, a range of values of ¥ has been considered in
the tests to study numerically the effect of the stabilization parameter on the computational error. Figure

-z y=1072 L
-y =10"1 g

H' error of u
=S
L? error of p

107

107!

FIG. 5. Incompressible elasticity, Vhl X Q}l: errors for a range of value of y versus the maximal element diameter /. Left: H'-error
of the velocity, right : L?-error of the pressure.

5 considers piecewise affine approximation. It shows that in this case the H!-error of the velocity has
an order of convergence O (hl) for all the values of ¥ tested. The convergence rates for the L?-error of

the pressure are close to O (h3/ 2) for all the values of ¥ considered and for & small enough.
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5.3 Cook’s membrane problem

The Cook’s membrane problem is a bending dominated test case. Figure 6 represents the computational
domain 2. On the face (CD) the Dirichlet boundary condition # = 0 is imposed. On the face (AC) the
Neumann boundary condition 6(u«) = (0, 100) is imposed.

16

44

48

FIG. 6. Cook’s membrane, computational domain.

In this part we compare the results given by the strong and weak imposition of the Dirichlet boundary
condition. The weak imposition is implemented using the nonsymmetric Nitsche’s method without
penalty. We use first and second order polynomial approximation on unstructured meshes. For the
first test £ = 10° and v = 0.3333, we use compressible elasticity, note that O (1) = O (1) (u = 37501,
A =174979) . Figure 7 shows the deformed mesh obtained.

We compute the vertical displacement of the point A (top corner) versus the meshsize. Figure 8
shows the results for this case, by refining the mesh the approximation of the displacement of A becomes
more accurate. Both weak and strong imposition of the Dirichlet boundary are displayed. For first and
second order approximation the weak imposition case converges faster than the strong imposition.

For the second test we consider E = 250 and v = 0.4999, we expect to observe locking as O (u) <
O (1) (u =83, A =416610). Using compressible elasticity we perform the same tests as for the first
study.

Figure 9 represents the vertical displacement of the point A (top corner) versus the meshsize. We
observe locking for both methods for first order approximation. The second order approximation con-
verges without locking even for the coarse meshes. Similarly as the previous case the convergence is
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FIG. 7. Deformed mesh, with a magnification factor of 10.
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Z034r / 1
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TG 1
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032 - : ‘
10° 10! 107 10°

1/h

FIG. 8. Convergence of the vertical displacement, E = 107 v = 0.3333.

faster for the weak imposition. In view of the observed locking, we use the nearly incompressible prob-

lem to perform the same computations. The nearly incompressible problem, is obtained considering
(1.2) and replacing V- u =0by V-u = p/A.

Figure 10 displays the nearly incompressible elasticity for first and second order approximations for
the weak and strong imposition but also the compressible elasticity with second order approximation. It
shows that for nearly incompressible elasticity there is no locking for the method using first order poly-
nomial approximation however for second order approximation the compressible elasticity converges
faster than the nearly incompressible elasticity. Once again the weak imposition case converges faster
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FIG. 9. Convergence of the vertical displacement, E = 250 v = 0.4999.
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FIG. 10. Convergence of the vertical displacement, E = 250 v = 0.4999.

than the strong imposition.

Appendix
Proof of Lemma 2.3

e (2.4)
There exists xo € Fj

such that (u, —ﬁi)(xo) =0, then for x € F;

. X
mwﬁﬂﬂ:/waw,
X0
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using the Cauchy-Schwarz inequality it follows that

A

J

1

2 2 1 1
(/ [Vuy, - 1| ds) ds) Shr||Vuy,-t||p, (/ ds) )
F; J Fj

J

Huh—ﬁfl

e (2.5)
The triangle inequality gives

2

F;’

1 2 1
Hh_fuh < Hh_j(uh*'_lh)
J

X

2 1
+ Hh_fﬁh
Fj

Fj

considering the inequality (2.4) and the trace inequality we can write
_ 1
[(un — )|, < B2 (| Vaay [, -

e (2.6)
Applying the Poincaré inequality, on each patch P; the inequality follows.

e (2.7),(2.8)
Using the properties of v; (2.1), (2.3) and the Lemma 4.1 of Burman (2012).

Proof of Lemma 3.1

Proof. In the rotated frame (&, 7), applying the definition of the Py-projection, we can write the bilinear
form as

Co . ..
<lV.vj,uh.n>‘ = A/F}(alaé—i—%an)mds

&ﬁ]A 1 A2 gA 3\32 A A A
/I/F}alxuz—kaﬁ(ﬁ)ug) dS-i-l/ﬁj azﬁ(uz—Pouz) ds.

o

We observe that ‘35 =V. (v1,0)T. Using the trace inequality, the inverse inequality and (2.7) (2.8), we
can show
v -
3|, 57" -]
H 18 £ "ol

Note that | F; %—%‘ ds = 0, using these properties and the inequality (2.4), it follows that

8ﬁ1 a")1
A o —==iprd§ = A (X]i(ﬁz—P()l/Alz) ds

> 7C(X]h_1H)L%ﬁ£'T )L% (uh—ﬁ‘,’;)n

ca? |2 ? 2
: 1

S S R

4e h2 7 J
J
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Using (2.1) we can obtain similarly

2
v co? ||z _; 2
A/ (Xzﬂ(ﬁz—Poﬁz) ds > S —lﬁ;l-n —SH)V%VM;, ,
£ on 4e || pz - P
j
1 2
1 ) 2 _;
l/ - (Poiy)" d§ = o Tu'/i n
£ h 3 -

Proof of Lemma 3.2

Proof. In the rotated frame (&, 1), applying the definition of the Py-projection, we can write the bilinear
form similarly as in the previous proof

- FI TN a9
<2u£( ) n uh>Fj = 'u/]?‘« (Xlafnlm-i-azafgm-‘rzazafnzuz ds
j

1 oV 2
= /,L/ﬁj OC]E(POL?I)Z-‘FOQT?L% -‘rOCzE(PoLAtz)Z ds
+ /a@(ﬁ — Roiiy) d§+2 /a@(ﬁ ~ Poiiy) ds
uﬁjlanl ol “F,-zanz %) .

Term by term we obtain

1 2
1 . . 2
[J/Aalf(P()u])z s = oy 'uflui"t ,
£ h hz F
J
2 4 g
7 .
#/ Otzf(P()ﬁz)z d$ = 2m —liil-n ,
Fj h 2
Fj
07 ca? ||\pu2_; 2 ! 2
A A A~ —‘l =~
u A 061 811( —PRiy) d§ > “Ie h—%thL' —SH‘LLZVuh .
J
8\92 C(Xzz ‘u,7 . 2 1 2
2 [ T2 (—Poiin) d§ > ——2 ||=ul-n —gH 5Vu
 Jr, @ oy (2~ o) e [a "), "I,
j

We observe that 2 é = @(0 1,)T - 7. Using the trace inequality, the inverse inequality and (2.7) (2.8), we
can show

5], <t
h F;
Note that since fF 32 ds = 0, we obtain
AV 8vz co? ,uz i ? | 2
0224 = a5z S8 [Eigr ol futy
o gg 5= J, oo = Ro) ds> =gt |rw | et Vin[

J
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