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A Proof of Proposition 1.1

In addition to the notations introduced in the main text, we introduce the individual type

indicator 7T,

T = c: complier if Dy =1,Dy=0

T = n: never-taker if Dy =0,Dy =0
T = a: always-taker if Dy =1,Dy=1
T =df: defier if D; =0,Dy=1.

When instrument exclusion is imposed, we suppress the z subscript in the potential outcome
notation, and define Y; = Y71 = Yio and Yy = Yy = Yy as a pair of the potential outcomes
indexed solely by D = 1 and 0. Note that the joint restriction of instrument exclusion and
random assignment is equivalent to (Y1,Ys,T) L Z.

Proof of Proposition 1.1. (i) Let P and () satisfying the inequalities (1.1) be given
and assume instrument exclusion. Our goal is to show that there exists a joint distribution
of (Y1,Y0,T,Z) that is consistent with the given P and @), and satisfies (Y1,Y,,T) L Z
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and instrument monotonicity. Since the marginal distribution of Z is not important in the
following argument, we focus on constructing the conditional distribution of (Y, Yy, T') given

Z. Let p(-,d) = PCd) and g(y,d) = 99 Define nonnegative functions,

dn dn
hvie(y) = ply,1) —aq(y, 1),
hyvoe(y) = q(y,0) —p(y,0),
hvia(y) = a(y,1),
hyon(y) = p(y,0)
hy, ar(y) = 0,
hyoar(y) = 0,

and hy, o(y) and hy, ,(y) are arbitrary nonnegative functions supported on ) and satisfy
[y Mvoa(y)dp = Pr(D =11Z = 1) and [}, hy; n(y)dp = Pr(D = 1|/Z = 0). These nonnegative
functions, hy,; (y), d € {1,0}, t € {c,n,a,df}, are introduced for the purpose of imputing
a probability density of 8% Pr(Y; € -,T = t) that match the data distribution P and Q.
Consider the following probability law of (Y1, Yy, T') given Z defined on the product o-algebra

Ofyxyx {c,n,a,df},

Pr(Yy € By, Yy € By,T =¢|Z=1)=Pr(Y1 € By,Yy € By, T = |Z =0)
fBl hYl,c(y)dU IBO hYO,c(y)d.U'

_ fy hyl,c(y)du X fy hYO,c(y)dﬂ X [P<y7 1) - Q<y7 1)] lf {P(yv 1) - Q(yv 1)] > 07
PI‘(Yi € Bl,Yb € Bo,T: an == 1) == PI’(Yi € Bl,Yb € Bo,T:’)’L‘Z: 0)

I, hyvyn@)de [ hyyn(y)du .
_ ﬁfhyyf,nw)d# % f;hin(y)d# x P(¥,0) if P(),0) >0,
0 if P(Y,0) =0,

Pr(Y; € B,Yy € By, T =a|Z =1)=Pr(Y, € B,Yy € By, T = a|Z =0)

Je, Pvia@dp [ hyg.a(y)du

= Sy Py e (y)dp X [y Pyp,a(v)du x Q1) HQW,1) >0,
0 it Q(¥,1) =0,
Pr(Yy € B1,Yy € By, T =df|Z =1) =Pr(Y1 € By,Yy € By, T =df|Z =0)
= 0,

where P(Y,d) = Pr(D =d|Z =1) and Q(),d) = Pr(D = d|Z = 0). Note that this

is a probability measure on the product sigma-algebra of J x Yx {c,a,n,df}, since it is



nonnegative, additive, and sums up to one,
Y PM eV eV T=tZ=2=1 =z=1,0
te{e,n,a,df}

The proposed probability distribution of (Y3, Yy, T'|Z) clearly satisfies the joint independence
and instrument monotonicity by the construction, and it induces the given data generating

process. i.e., the proposed probability distribution of (Y3, Yy, T'|Z) satisfies

P(B,1) = Pr(Y1eBYo eV, T=a|lZ=1)+Pr(Y1 € B,Yo e YV, T =c|Z =1)(A.1)
Q(B,1) = Pr(V1 e B, Y, €V, T=a|Z=0)+Pr(Y1€ B, Yo € Y, T =df|Z =0),
P(B,0) = Pr(Y, eV, Yoe BT =n|Z=1)+Pr(Yy €V, Yy € B,T =df|Z =1),
Q(B,0) = Pr(Yi eV, Yoe B, T=n|Z=0)+Pr(Y1 €V, Yye BT =c|lZ=0).

This completes the proof of the first claim.

(ii) Let arbitrary P and () satisfying inequalities (1.1) be given. We maintain instrument
exclusion, so, in what follows, we construct a probability law of (Y, Yy, T) given Z that is
consistent to the P and @, but violates (Y1,Yy,T) L Z. Consider the following probability
distribution of (Y7, Yy, T') given Z,

Pr(Yy € B,Yo€ By, T=c|Z=1)=0,

Q(B1,0)Q(By,0) if 0)> 0
Pr(Y, € BLYo€BoT=clZ=0)={ Q0O Q(Y,0) >0,

0 if Q(,0) =0,

P(B1,0)P(By,0) (P 0) > 0
Pr(Yy € B, Yo€ By, T=n|Z=1)= P(Y,0) if P(Y,0) >0,

0 if P(),0) =0,
Pr(Yy € Bi,Yy€ By, T=n|Z=0)=0,

PY,1)

PEIPBL it p(Y,1) > 0
Pr(Yi € Bi,Yo€ By, T=a|Z=1)= iy 1y
0 if P(¥,1) =0,

0

Pr(Y1 € Bl,YE)EBO,T:a|Z:O): ,
Pr(Yl € Bl,YOEBO,T:df|Z:1):O,
Q(B1,1)Q(Bo,1) if Q(y’ 1) >0,

Pr(Y, € By, Y€ By, T =df|Z=0)= Q.
(1 1,40 0 fl ) {O 1fQ<y’1):O

Note that, in this construction, Z and T are dependent, i.e., Z = 1 is assigned to only never
takers and always takers, and Z = 0 is assigned to only compliers and defiers, so it violates
T 1 Z (and the no-defier condition as well if Q(),1) > 0). Furthermore, the proposed



distribution of (Y7, Yp,T|Z) satisfies (A.1), so it is consistent with the P and (). Since
the proposed construction is feasible for any P and ), we conclude that for any P and ()
that meet the testable implications, there exists a distribution of (Y7, Yy, T, Z) that violates
[V-validity. ]

B Appendix B: Proof of Theorem 2.1

B.1 Notations

In addition to the notations introduced in the main text, we introduce the following notations
that are used throughout this appendix. Let F be a set of indicator functions defined on
X =Y x{0,1},

F = {1V, D) 1 —00 <y <y < 00} U {1pyy0(Y. D) : —00 <y <y < oo},

where 1{5 4y (Y, D) is the indicator function for event {Y € B, D = d}. The Borel o-algebra,
of X' is denoted by B(&X'). Note that F is a VC-class of functions since a class of connected
intervals is a VC-class of subsets. We denote a generic element of F by f. For generic
P € P, let P,, be an empirical probability measure constructed by a size m iid sample from
P. we define short-hand notations, P(f) = P(ly,v'],d) and P,,(f) = P ([y,¥'],d). Denote

empirical processes indexed by F by

Gmnp (1) = Vm (P — P) ().

For a probability measure P on X', we denote the mean zero P-brownian bridge processes in-
dexed by F by Gp (+). Let p,(f, f) = [w((f — f’)2)]1/2 be a seminorm on F defined in terms
of the Lo-metric with respect to a finite measure w on X'. Given a deterministic sequence of
the sizes of two samples, {(m(N),n(N)) : N =1,2,... },let { (PN QM) e P2 N =1,2,...}
be a sequence of the two sample probability measures that drift with the sample sizes
(m(N),n(N)), where superscripts with brackets index a sequence. =~ We often omit the
arguments of (m (N),n (N)) unless any confusion arises.

Let 0%(-,-) : F* — R denote the covariance kernel of P-brownian bridges, 0%(f,g) =
P(fg)— P(f)P(g). We denote by 0%, (f,g) : F* — R the covariance kernel of the indepen-
dent two-sample brownian bridge processes (1 — \)Y2Gp (-) — AV °Go (),

U%’,Q(f: g) = (1 - )\)O’?;. (f: g) + A0-26,2 (fa g) ’



and 0%, . (-,-) be its sample analogue,

050u(F:9) = (1= N [Pu(f9) = P ) Pn(9)] + A[Qn(f9) = Qu(f)Qu(9)] -

Note that, with the current notation, 0%, , ([y,¥'],d) defined in the main text is equivalent
to o3, o, (f, f), for f = 1g, 4. For a sequence of random variables {Wy : N =1,2,...}
whose probability law is governed by a sequence of two sample probability measures (P[m(N )l QN ),

W o © denotes convergence in probability in the sense of, for every € > 0,
P m 7Q n

J\lgréo P[mlig[n] (|WN —c > €> = 0.

In particular, if Wy o 0, we notate as Wi = oppmi gimi(1).
plm] Qln ’

B.2 Auxiliary Lemmas

We first present a set of lemmas to be used in the proofs of Theorems 2.1 and 2.2.

Lemma B.1 Let {P[m] eP:m= 1,2...} be a sequence of probability measures on X.
Then,

sup |(P7[nm] — P[m]) (f)| — 0.
fer plm]

Proof. F is the class of indicator functions corresponding to the interval VC-class of subsets,
so an application of the Glivenko-Cantelli theorem uniform in P (Theorem 2.8.1 of van der
Vaart and Wellner (1996)) yields the claim. m

Lemma B.2 Suppose Condition-RG. Let {P[m] eEP:-m=12... } be a sequence of data
generating processes on X that weakly converges to Py € P as m — oco. Then,

sup }(P[m} — PRy (B)| = 0 as m — .
BeB(X)

Proof. We first consider the case of ;1 being the Lebesgue measure. Suppose the conclusion
is false, that is, there exists & > 0 and a sequence {B,, € B(X):m =1,2,...} such that
limsup,, .. ‘(P[m] - FR) (Bm)’ > ¢£. By uniform tightness of Condition-RG (b), there exists
a compact set K € B(X) such that

lim sup ‘(P[m] — Py) (BuNK)| >¢/2

m—0o0



holds. Let {by,} be a subsequence of {m} such that |(P" — Fy) (B,,, N K)| > £/2 holds for
all by, > by,. We metricize B (X) by the L-metric, dgx) (B, B') = (1 % d4)(B A B'), where
p is the measure defined in Condition-RG (a) and 0,4 is the mass measure on d € {0, 1}.
Since {By,, N K :m =1,2...,} is a sequence in a compact subset of B (X), there exists a
subsequence ¢, of b,,, such that{Bcbm NK } converges to B* € B(X) in terms of metric
dg(x)(+,-), and

|(Plem! — By) (B, NK)|>¢/2 (B.1)

holds by the construction of {b,,} for all ¢;,, > cp=. . Under the bounded density assumption
of Condition-RG (a), it holds that

|(Plm] — By) (B, NK)— (Pl — R (B7)
< 2Mdpwx) (B, NK,B*) — 0, asm — oo.

Hence, (B.1) implies

lim sup ’(P[C”m} — R) (BY)

m—0o0

> €/2. (B.2)

Since p is the Lebesgue measure and, by Condition-RG (a), P as a weak limit of {P[m] m=1,2,... }
is absolutely continuous in p X d4, we have Py (B*) = 0 where § B* is the boundary of B*.
Accordingly, by applying the Portmanteau theorem (see, e.g., Theorem 1.3.4 of van der

Vaart and Wellner (1996)), we obtain lim,, .. | (P — Fy) (B*)| = 0. This contradicts

(B.2). Hence, limy;, .00 SUPpepx) |(P™ — Py) (B)| = 0 holds.

When p is a discrete mass measure with finite support points, then the weak convergence

of PI"l to Py is equivalent to the point wise convergence of the probability mass functions,
and the suppcpx) |(P[m] — PO) (B)‘ is equivalent to the supremum over power sets of the
finite support points. Hence, the claim follows.

For the case of i1 being a mixture of the Lebesgue and a discrete mass measure with finite
support points, the claim holds as an immediate corollary of each of the two cases already

shown. m

Lemma B.3 Suppose Condition-RG. Let {P[m] eEP:-m=12... } be a sequence of data

generating processes on X that weakly converges to Py € P as m — o0.

sup |(P7[nm] — PRy (f)] —o.
feF plm]



Proof. This lemma is a corollary of Lemma B.1 and B.2. =

Lemma B.4 Suppose Condition-RG. Let {(P[m(N)], QPN eP2:N=1,2,... } be a se-
quence of two-sample probability measures with sample size (m,n) = (m(N),n(N)) —

(00,00) as N — oo. We have

sup Uf)r[;nthn](fag)—Oi[m,]@[m](f,g)) —s 0.

f9er Plml Qln]
Proof. Consider
‘ P[m] i (1 9) — ],Q[mJ(f,g)’ (B.3)
< (1- IPE”] (fg) — Lm}(f)PLm](g)—P[m](fg)+P[m](f)P[m](g)}

+AWWUm—QWﬁQWQ—QWum+QMU "l (g)] + o(1

where o(1) is the approximation error of order ‘5\ — )\). Regarding the first term in the

right-hand side of this inequality, the following inequalities hold,

1= \) |PI(fg) — PEM(f) P (g) — P™(fg) + PM™(f) P (g)|

(
< (P = P™) (fg) + [BR () B () — P P (g)]
< (B = P (Fo)| + [(Bar = P ()P g)| + |(B" = PT™) (9)P™(f)]
< (B = P (fg)| + [(BR = P (N)] + [(BR = PM™) (g)]. (B4)

The second and the third term of (B.4) is oppm (1) uniformly in F by Lemma B.1. Further-
more, since class of indicator functions {fg : f,g € F} is also a VC-class,

sup | (P! = PI™) (fg)] — 0
f,.9eF plm]

holds also by Lemma B.1. This proves the first term in the right-hand side of (B.3) converges
to zero uniformly in f,g € F. So is the case for the second term of (B.3) by the same

argument. Hence, the conclusion follows. m

Lemma B.5 Suppose Condition-RG. Let {P[m] eP:m=12,... } be a sequence of proba-
bility measures, which converges weakly to Py € P.  Then, the empirical processes G, pim (-)

on index set F converge weakly to Py-brownian bridges Gp, (+).



Proof. To prove this lemma, we apply a combination of Theorem 2.8.3 and Lemma 2.8.8 of
van der Vaart and Wellner (1996) restricted to a class of indicator functions. It claims that,
given F be a class of measurable indicator functions and a sequence of probability measure
{P[m] tm=1,2,...}inP,if (i) fol supg v/log N (€, F, Ly (R))de < oo, where R ranges over
all finitely discrete probability measures and N (¢, F, Ly (R)) is the covering number of F
with radius € in terms of Ly (R)-metric [R(|f — f/|2)]"/%,' and (ii) there exists P* € P such
that lim,, oo SUp; e 7 {lppini (f, 9) — pp-(f,9)|} = 0, then G, pim () weakly converges to
P*-brownian bridge process Gp+ (). Condition (i) is known to hold if F is a VC-class (see
Theorem 2.6.4 of van der Vaart and Wellner (1996)).

Therefore, what remains to show is Condition (ii). By the construction of seminorm

pp(f.g), we have

sup | ppi (f59) — P, (f9)] < sup ‘(P[m] - PRy (B)].
f.9eF BeB(X)

Hence, to validate Condition (ii) with P* = F, it suffices to have lim,;, ... SUP pep() |(P™ — Ry) (B)| =

0, which follows from Lemma B.2. m

Lemma B.6 Suppose Condition-RG. Let {(P[m(N)], QPN eP2:N=1,2,... } be a se-
quence of probability measures of the independent two samples, which converges weakly to

(P, Qo), as N — co. Then, stochastic processes indexed by VC-class of indicator functions
F,

~\1/2 ~1/2
(1 - A) Grn,ptm) (1) = A7 G ()
&V T piml o] (,9)

UN(') = 5 5 >0, (B5)

(102G () A2 Gigy (
£VO'PO,Q0('7~)

converges weakly to mean zero Gaussian processes vy(-) = ) , where G, ()

and Go, () are independent brownian bridge processes.

Proof. VC-class F is totally bounded with seminorm pp for any finite measure P. Hence,
following Section 2.8.3 of van der Vaart and Wellner (1996), what we want to show for the
weak convergence of vy (-) are that (i) finite dimensional marginal, (vx(f1), ..., v~ (fK)), con-

verges to that of vy(+), (ii) vy(+) is asymptotically uniformly equicontinuous along a sequence

IThe covering number N (e, F, Ly (R)) is defined as the minimal number of balls of radious € needed to

cover F.



of seminorms such as Ly(P™ + Q") norm, ppiml gl (f,9) = [(P[m] + Q["]) ((f - 9)2)]1/2,
i.e., for arbitrary € > 0,

lim lim sup Pp ) ¢in) sup lon(f) —on(g)| >€] =0, (B.6)
N0 N—oo P plml 4 olnl (:9)<8

where Pp,,; o is the outer probability, and (iii) supy, e \ppimi o (F,9) = Proroy(f>9)] — 0

as N — oo. Note that (i) is implied by Lemma B.4 and Lemma B.5, and (iii) follows as a

corollary of Lemma B.2, since

sup om (f,9) — Proroo(f9)| < sup ‘(P[m] B) (B)|+ sup [(Q" — Qo) (B)]
f.9 o1 BeB(x BeB(X)

— 0 as N — 00.
To verify (ii), consider, for f, g € F with ppim o (f,9) <90

lon (f) —on(9)| (B.7)
1 1

EV 0 pp o (. ) EV 0 piml i (9..9)

+(1 — )2 |Gm,P[m] (f) = Grpimt (9)| + N2 |G i (f) = G (9)]

§V 0 piml i (95 9)
0 (‘5\ - )\D .

‘(1 —~ N2 G, pi (9) — N3G o (9))

Note that
1 1
EV O pm ol (f, f)  §V 0 pim oim(9,9)

1 1
- ‘f V 0 pim) gln) (f, f) £V O pim] Qlnl (97 g)

1
< 2 &V 0 pim) gl (f, ) = EV 0 piml gini (9, 9)| + 0pimi i (1)

‘ + Op[m]’Q[n] (].)

1
< & | pimt i (f f) = 0 pimt gt (9, 9)| + 0pimt o (1), (B.8)

where the first line follows from Lemma B.4. By noting the following inequalities,

2
|0 pit gt (f, f) = & pimi g1 (9, 9))]
< ‘O'PT[:L”]?QLZH] (f, ) = o pim qimi (9, 9)‘ ‘O-pr[;"]’Qle] (f, ) + o pim gim (9 9)

‘U?D[ml,Q[m] (f, ) — U%[WLQ[m] (9,9) ‘



and

bt omt (5 ) = O pton) i (979)) < (1= (P™(f) = PI™(g)) (1 = P™I(f) = P™I(g))]
+[A QM) = QM (g)) (1= QM () — Q" (g))|

< (@ =X) (P™(f) = P (g)) | + A (QM(f) — QM (9))]
< (1- )\)P%{ml(ﬁ 9) + )\Pé[n] (f,9)
< P?a[muQ[n] (f,9),
we have
| ptm i1 (f, ) — 0 pimi i1 (9 9)| < ppimi g (f5 9)- (B.9)

Combining (B.8) and (B.9) then leads to

1 1 ppiml g (f, 9)
— < + 0pim) o (1 B.10
EV 0 pimi o (f, ) EV O pim omi(g:9) | & rios g (1) (B10)
Hence, (B.7) and (B.10) yield
4]
up () —on(e)l < g |1 G (9) = NG 9) (B.11)
Pplm] 4qln (159)<
1— )\ 1/2
+% sup ‘Gm,P[M] (f) = Gy pim (9)‘
P plm] 4 gln] (f,9)<8
)\1/2
+— sup G0 (f) = G (9)] + 0pim gimi (1)

§ P plm] | gln] (£:9)<6
Since ppi (f, 9) < ppimiqui(f, g) for every f,g € F, we have

sup ‘Gm,P[m] (f) = G pim (9)| < sup ‘Gm,P[m] (f) = G pim (9)‘

Pplm) 4 gln] (f:9)<6 P pim) (f,9)<6
= Opm (6),
where 0%,,,, (0) denotes the convergence to zero in outer probability along {P[m]} as 0 \, 0,

and the equality follows since the uniform convergence of G, pimi (f) as established by Lemma

B.5 implies

(151{11 lim sup Ppp < sup |G pit (f) = Gt (9)] > 6) =0.

0 m—00 P plm] (f:9)<0

Similarly, we obtain SUDp ), o) (£:9) <0 ‘GmQ[n] (f) = Gom (g)| = O*Q[n] (0).

10



Since [(1 — )2 G pim (9) — AY *G,, o (9)| converges weakly to the tight Gaussian processes,

(B.11) is written as
sup lon(f) —on(g)] = 00pim g (1) + 0pimi gimi (6) + 0pimi gimi (1)
Pplm] 4 gln] (f,9)<8

Opim] Qlml ()

where Oppm g (1) stands for that limy_. Pr |[Wx| > ay) = 0 for every diverging

piml gt (
sequence ay — 0o. This establishes the asymptotic uniform equicontinuity (B.6). m

The next lemma states that the null hypothesis of our test defined by inequalities (1.1)
for every Borel set B can be reduced without loss of information to the hypothesis that
inequalities (1.1) hold for all connected intervals. This lemma is a direct corollary of Lemma
C1 in Andrews and Shi (2013).

Lemma B.7 P(B,1) — Q(B,1) > 0 and Q(B,0) — P(B,0) > 0 hold for every Borel set
B if and only if P(V,1) — Q(V,1) > 0 and Q(V,0) — P(V,0) > 0 hold for all V € V =
{ly,y]: o<y <y < oo},

Proof. The only-if statement is obvious. To prove the if statement, we apply Lemma C1
of Andrews and Shi (2013). By viewing V as R and P(-,1) — Q(+,1) as u (-) in the notation
of Lemma C1 of Andrews and Shi (2013), it follows that P(B,1) — Q(B,1) > 0 for all B
in the Borel o-algebra generated by V. Since the Borel o-algebra generated by V' coincides
with B(Y), P(V,1) — Q(V,1) > 0 for every V € V implies P(B,1) — Q(B,1) > 0 for every
B € B(Y). The same results hold for the other inequalities Q(-,0) — P(-,0) > 0. m

The next lemma shows that the version of testable implications with conditioning covari-
ates as given in (3.3) can be reduced without any loss of information to the unconditional

moment inequalities of (3.4).

Lemma B.8 Assume that Pr(Z = 1|X) is bounded away from zero and one, X -a.s. Then,

Pr(Y € B, D=1/Z=1X)-Pr(Y € BD=1Z=0,X) >0, (B.12)
Pr(Y € B,D=0/Z=0,X)—Pr(Y € B,D=0|Z=1,X) > 0.

11



hold for all B € B(Y), X-a.s. if and only if

E[F;l(D,Z,X)g(Y,X)] 0>
Elko(D,Z, X)g(Y,X)] > 0, forallg(-)€Qq,

v

where k1, Ko, and G are as defined in Section 3.2 of the main text.

Proof. By applying Theorem 3.1 of Abadie (2003) with conditioning of X, the first inequal-

ities of (B.12) can be equivalently written as
E[1{Y € B} k1(D, Z,X)|X] > 0, X-a.s. (B.13)

Hence, the only-if statement immediately follows.
To show the if statement, we again invoke Lemma C1 in Andrews and Shi (2013). Let

us read R and p (-) of their notation as

y=d Wylxlena]x..x [2a,, 2] - —c0 <y <y < oo,
N —co<zy <z <oo, l=1,...,d, ’

and p (1) = Elr (D, Z,X)1{(Y,X) € -}], respectively. By the assumption that Pr(Z =
1]X) is bounded away from zero and one, &, is bounded X-a.s. Hence, the thus-defined p ()
satisfies the boundedness condition to apply Lemma C1 in Andrews and Shi (2013). More-
over, V meets the condition for a semiring. Hence, u (V) = E'[rk1 (D, Z, X)1{(Y,X) € V}] >
0 for all V € V implies p (C) = E [k (D, Z, X)1{(Y, X) € C}] > 0 for all C' in the Borel o-
algebra generated by V. Since the Borel o-algebra generated by V coincides with B()Y xX),
and any product set B x V,, B € B(Y) and V, € B(X), belongs to B(YxX), it implies
E[1{Y € B} ki(D,Z, X)1{X € V,}] > 0 for all B € B(Y) and V, € B(X). Hence, (B.13)
follows. A similar line of reasoning yields the equivalence of the second inequalities of (B.12)
to E ko (D, Z,X)g(Y,X)| >0forallg(-,-)€G. m

B.3 Proof of Theorem 2.1

Let 1 = {1{[%7/1’1}(}/, D):—co<y<y < oo} and Fy = {1{[y7y/],0}(Y,D) oo <y<y < oo} )

We want to show

limsup sup Pr(Tn > cni-a) < a, (B.14)
N—oo (P,Q)EHo

12



where

3200 (H=A=0Y2Pu(f)

SUP rer, EVo Py, Qn (F,f)
Tn = max ((175\)1/2Pm(f)fj\l/2Qn(f)>
supfefo EVO P ,Qn (1 f)

Consider a sequence (P[m(N)}, Q[”(N)]) € Ho at which Prpimwy gy (T > ¢ni-o) differs
from its supremum over Hg by € > 0 or less with ey — 0 as N — oco. Since (P[m(N”, Q["(N)]) €
P? are sequences in the uniformly tight class of probability measures (Condition-RG (b)),
there exists ay subsequence of N such that (P[m(“N ) Qlrlan )]) converges weakly to (P, Qo) €
P? as N — co. Note that (P, Qp) lies in H, since (P[m(N)], Q[”(N)]) € Hy for all N and
by Lemma B.2. With abuse of notations, we read ay as N and (m(ay),n(ay)) as (m,n)
with m+mn = N. Along such sequence, we aim to show lim sup Pr plm] Qn] (T > eni—a) < @
holds. A

Using the notation of the weighted empirical processes introduced in Lemma B.6, we

can write the test statistic as

T = max{ supjer, {—on(f) —hn(f)} }
supser, 1UN(f) + hn(f)} 7

where

hN(f>:

mn PUH QU ()
N EV o) T

By the almost sure representation theorem (see, e.g., Theorem 9.4 of Pollard (1990)), weak

convergence of (vx(+), P(-), Q) 0% ua(5) 10 (00(), Pol:), Qo). 0%, 0, (7)) » as es-

tablished in Lemma B.3, B.4, and B.6, implies existence of a probability space (€2, B(2),P)
Aln]

and random objects T (+), Oy (), PE (), OF(-), and &;[,I”],Q%” (,-) defined on it, such that
(1) Do (+) has the same probability law as vy (+) (ii) (17N (+) ,IS,Lm](-), ~£?](-), 5?3[m] ol (-, )) has

n

the same probability law as (vN (), P, QM (, ai)[m] o (- )) for all N, and (iii)
sup [0y (f) =% (f)] — 0, (B.15)
feF
sup |PI(f) = Po(f)| — 0, (B.16)
feF
sup | Q1) = Qo(f)| — 0, and (B.17)
feF
sup 5;[?]7 i (f,9) = 0h.00 (f:9)] — 0, as N — oo, P-as. (B.18)

f,9eF

13



Let Tiy be the analogue of Ty defined on probability space (Q,B(Q2),P),

SUpP e, {—@N(f) - BN(f)}

TN = max

supses, {on(f) + (/) }
where BN( f) = %W Let ¢n1-o be the bootstrap critical values, which we
Pt Qn'

view as a random object defined on the same probability space as (@N, ﬁ[nm], le }, 6;,"] M)
are defined. Note that the probability law of ¢y 1, under P is identical to the probability
law of bootstrap critical value ¢y ;_, under (P[m], Q[”]) for every IV, because the distributions

of éy1-o and cy 1, are determined by the distributions of (P7[nm]; @L? ]> and (P,[nm], Q,[f ]>,
respectively, and (pr[nm],()if }) ~ (P&m], [ ]> for every N, as claimed by the almost sure
representation theorem.

By the Lemma C.1 shown below, ¢n1_o — ¢1—q a8 N — o0, P-a.s., where ¢;_, is the

(1 — a)-th quantile of statistic

sup e, {—Guy(f)/ (€V am, (f. 1))} }
super, AGu, (f)/ €V om (LI} |

where H[) = )\PO + (1 - )\)QO
Since Prpim) ginl (T > ¢nji—a) = P <TN > éN,17a> for all N and ¢y1-q — ¢1—q as N —
00, P-a.s, if there exists a random variable T* defined on (2, B(2),P), such that

Ty = max { (B.19)

(A) : lim sup Ty <T*, P-as., and

N—oo
(B) : The cdf of T* is continuous at ¢;_,, and P (T* > cl_a> <a,
then, the claim of the proposition follows from
limsup Pr (Ty >c¢ni-o) = limsupP (TN > 6N71,a>
N—oo plm] 7Q["] N—oo
< P (T* > Cl—a)

< a

where the second line follows from Fatou’s lemma. Hence, in what follows, we aim to find
a random variable T* that satisfies (A) and (B).

14



Let ny be a deterministic sequence that satisfies 7, — oo and 1y /vVN — 0. Fixw € Q

and define a sequence of subclass of Fi,
Fiay = {f € Fi:hn(f) < UN}

P™(f) = Q"(f) _ '
EV G g (1) T VN

The first term in the maximum operator of Ty satisfies

SUDfer, {—@N(f) - BN(f)}
SUD fe )\, {—ﬁN(f) - BN(f)}

SWPfer, , o {=on(f)}

= {fe.?—“l: A1 —X)

sup {—@N(f)—iLl,N(f)} = max

fEfl

< max N -
SUD fe F\Fi, {—UN<f) - hN(f)}
sup {—on(f)}
< max fENL/gNE’W : (B.20)

SUp e\ 7, {—ON()} —1n

for every N,where the second line follows since Bl, ~(f) >0 for all f € F under the assump-
tion that (P, Q™) € Hy, the third line follows because hy(f) > ny forall f € Fy \ Fiy-

Since y(+) is P-a.s. bounded and 7y — oo, it holds

sup  {-0n(f)} —ny — —o0, as N — oo, P-a.s. (B.21)
fej:l\j:l,nN

On the other hand, since 0y (-) P-a.s converges to 7y (-) uniformly in F, we have

sup  {—on(f)} — sup {0 (f)},as N — oo, P-as., (B.22)
fEfl,OO
fe U -7:1,an
N'>N

where Fi o = limpy oo U Finy - Let Ff ={f € F1: P(f) = Qo(f)}. By the construc-

N'>N
tion of F,,, every f € F o satisfies
N — pml( )y — olnl
lim inf 4 /A1 — )L Z @D L, (B.23)
N—o0 EV G o ()

Since P™(f) — QM (f) converges to Py(f) — Qo(f) by Lemma B.2, any f satisfying (B.23)

belongs to F;. Hence, we have

sup {00 (f)} < sup {—-7(f)} P-as. (B.24)
feF1 00 feFy

15



By combining (B.20), (B.21), (B.22), and (B.24), we obtain

limsup sup { o (f) = hn(f) } < sup {~50 (/)}, P-as
N—oo feF feFy

In a similar manner, it can be shown that

limsup sup {o (/) + hn (/) } < sup {7 ()}, P-as,
N—oo feFo feFy

where Fi = {f € Fo: Po(f) = Qo(f)}. Hence, T* defined by
T max{ SUp e rr {—f)o(f)} }
SUpP reFx {Uo(f)}
satisfies condition (A).

Next, we show that the thus-defined T* satisfies (B). First, we show that T* is stochas-
tically dominated by Ty. Note that statistic Ty defined in (B.19) can be written as

v e [ Gml) " Gy (f)
Tn = {TH’feﬂI\)ff { EVon, (f, f) } 7fe]-'ol\)}'g {f\/UHo (f7f)}} ’
sup ey {=Gmy(£)/ (€ V o, (£ 1)} } |
sup e (G (1] €V oy (f.)))

If the distribution of 7% is identical to 7*, then the distribution of Tj stochastically domi-

where T}, = max {

nates T* so that we can ascertain the second part of (B). Hence, in what follows we show

that T}, and T* follow the same probability law. Define stochastic processes defined on
subdomain of F, F* = F{ U Fj,

u(f) = —u()IH{S € Fi} +wlH)L{f € Fo},

Gy (f) Gy (f)

wlh) = eV e T e, gt € T

Note first that, for f € F*, Py(f) = Qo(f) = Ho(f) implies that

oo ) = o)A = Bolf)) = 0%, (f.f).

Hence, Var(u(f)) = Var(ug(f)) holds for every f € F*. To also show equivalence of the

covariance kernels of u(-) and ug(+), consider, for f,g € F*,

(=N [R(fg) = Be(f)Po(g)] + A Qo(fg) — Qo(f)Qo(g)]
Contul])ulg) = €V o U-) €V 70, (9.9)
[(1 =N Py + AQo] (fg) — Ho(f)Ho(g)
(€VUH0 (faf)) (SVO_HO (gag)) ‘
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If f € Fand g € Fg, By (fg) = Qo(fg) = Ho(fg) =0. If f,g € Fy , then (Fo, Qo) € Ho
implies 0 > (P — Qo) (fg) = (Fo — Qo) (f) =0, s0 Fy (fg) = Qo(fg) = Ho(fg). Similarly,
if f,g € Fs , (Fo,Qo) € Ho implies 0 < (P — Qo) (fg) < (o — Qo) (f) =0, s0 By (fg) =
Qo(fg) = Ho(fg) holds as well. Thus, we obtain

Ho(fg) — Ho(f)Ho(g)
(f \% OHg (fa f)) (5 \ O Hy (gvg))
= COU(UH(f)auH(g))

Couv(u(f), u(g))

for every f,g € F*. Equivalence of the covariance kernels imply equivalence of the prob-
ability laws of the mean zero Gaussian processes, so we conclude 17 ~ T*.  Hence,
P (T* > cl_a> <Pr(Ty > c1-0) = a.

To check the first requirement of (B), we show continuity of the cdf of T* at ¢;_, by
applying the absolute continuity theorem for the supremum of Gaussian processes (Tsirelson
(1975)), which says the supremum of Gaussian processes has a continuous cdf except at the
left limit of its support. By the definition of uy (-), Ty can be equivalently written as
Ty = supser{un (f)}. Note first that the support of Ty contains 0 since F contains an
indicator function for a singleton set in X' at which ugy, (f) = 0 holds with probability one.
Following the symmetry argument of the mean zero Gaussian process, which we borrowed
from the proof of Proposition 2.2 in Abadie (2002), we have

Pr(Ty <0) =Pr((3f € F,un (f) > 0)) =Pr((Bf € F,uy (f) <0)).

By Condition-RG (a), ug (+) is not a degenerate process, so

Pr((Af € F,ug (f) <0)N(Af € Fug (f) <0)) =0.
Hence,

1 > Pr((Af € Foun (f) <0)URf € Foun (f) <0))
= 2Pr(Ty <0),

implying that the probability mass that Ty can have at the left limit of its support is less
than or equal to 1/2. As a result, ¢;_, for @ € (0,1/2) lies in the region where the cdf of T
is continuous. Since T* is also a supremum of mean zero Gaussian process and, as already
shown, it is stochastically dominated by Ty, the cdf of T* is also continuous at ¢;_,. This

completes the proof of Theorem 2.1 (i).
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To prove claim (ii), assume that the first inequality of (1.1) is violated for some Borel
set B C Y. By lemma B.7, there exists some f* € F; such that 0 < P(f*) < Q(f*) holds.

Then, we have

32 Qu(H)=(1=2) 2P (f)

, SupPy¢er, EVOPy,Qn (ff)
N = max R <1/2
- (1=3)2Pu(H=5"2Qu(f)
Prer EVO Py, (fif)
~1/2 % N *
> (A Gra(f*) = (1= N)!P2GCnp (f )> L Jmn QU = PU) (B.25)
- LR GND N &Vor,q. (" F) |

where the second term of (B.25) diverges to positive infinity, while the first term is sto-
chastically bounded asymptotically. Since the bootstrap critical values cy1_, converges to
C1_o < o0 irrespective of the null holds true or not, the rejection probability converges to

one.

C Convergence of the Bootstrap Critical Values and

Proof of Theorem 2.2

C.1 Lemma on Convergence of the Bootstrap Critical Values

The proof of Theorem 2.1 given in the previous section assumes P-almost sure convergence
of the bootstrap critical value ¢y 1_ to c1—. This convergence claim is proven by the next
lemma. The probability space (€2, B(2),P) and the random objects with "tilde" used in
the following proof are the ones defined in the proof of Theorem 2.1 (i) by the almost sure

representation theorem.

Lemma C.1 Suppose Condition-RG. Let ¢y 1_, be the bootstrap critical value of Algorithm
2.1 constructed from H ][\],V b= AP 4 (1-— 5\) ol ], which is viewed as a sequence of random
variables {én1—o : N =1,2,...} defined on probability space (2, B(2),P). It holds that

CN.1-a converges to ¢i_, as N — oo, P-a.s, where ¢;_, is the (1 — «)-th quantile of statistic

Ty = max{ supser, {—Gmo(f)/ €V om, (f, )} }
sup ez, (G (f)) (EVom, (£, 1))} |~
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where Hy = APy + (1 — \) Qo.

Proof. Let sequence{ﬁ][\],\f] N=1,2,... } be given, and let P’ and @} be the bootstrap

empirical probability measures with size m and size n, respectively, drawn iid from ﬁ][é\ﬂ_

Define bootstrap weighted empirical processes indexed by f € F as
ey o jmn PL() —Qn()
un() = N
N f \/ O_P;"I(’L’Q’);L(.’ )
. i} 1/2
(1= 06 ) =36 ()
EVorsai(s)

where G:‘nﬂ%v](-) = m (P;,il - flj[f,v]> () and G:H%V]() =n (Q; - f[][\],V]) (+) are two in-

dependent bootstrap empirical processes given {f{ ][\I,V JoN = 1,2,... } Let (Xi,...,Xn)

Y

be the N support points of H ][\],V }, and let dx be the point-mass measure at X. To apply

the uniform central limit theorem with exchangeable multipliers (Theorem 3.6.13 of van der

Vaart and Wellner (1996)), we introduce multinomial random vector (M, 1, . .., M, n) that
is independent of (Xi,..., Xy) and has parameters (m, %,...,~). We express G; N (+)
as N

1 < m

) = 3 (= )
1 & m
= —S (M, ) Sy, — HW!
= 2 (M= 57) (o= H) O
«—1/2 1 N

where §,,; = My; — %, 1 =1,...,N. Note that (fm’l, e ,§m7N) are exchangeable ran-
dom variables by construction and E <% Zf\il 63) =2(1-%) = X\ as N — oco. On
the other hand, since HIN! converges weakly to Hy, an application of Lemma B.5 yields
ﬁ SV (6x, — H™M) (-) ~» Gu, (-). Hence, the uniform central limit theorem with ex-
changeable multipliers (Theorem 3.6.13 of van der Vaart and Wellner (1996)) leads to

G* H[N](-) ~ Gy, (+) for P-almost every sequence {ﬁ[%ﬂ N=1,2,... } By the same
m,Hy

reasoning, we have G*/H“\” (+) ~ Gy, (+) for P-almost every sequence {f{][\],V] N =1,2,... },

where G’y (+) is an Ho-brownian bridge process independent of G, (-).
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Hence, the numerator of v (-) converges weakly to (1 —\)Y2Gy, (-) — )\1/2G’HO (-), P-as.
sequences of {I:IJ[\],V}} Note that the covariance kernel of (1 — \)Y2Gp, (-) — A/2G ()

coincides with that of Hy-brownian bridge, so we conclude that

o 1/2

* 12 [
(1—=X) Gm,H%V](') —A Gn,H%V]('>(f) ~ Gy (1), P-as. sequences of {H][\],V]} . (C.1)

Regarding the bootstrap covariance kernel, we have convergence of sup ;¢ » }U pe:(fo ) —om (f, f) ’
to zero (in probability in terms of the probability law of bootstrap resampling given H ][\],V ])

for P-a.s. sequences of {f{ ][\I,V ]} , since

Y

sup 0% 03 (. ) = by (1 1] < 50 oy 3 (4:9) = s ()| s o (5, ) = %, (7.)

(C.2)

where the first term in the right hand side converges to zero (in probability in terms of the
probability law of bootstrap resampling) by applying the Glivenko-Cantelli theorem for the
triangular arrays as given in Lemma B.1, and the convergence to zero P-a.s. for the second
term follows from the almost sure representation theorem, (B.16) and (B.17).

By putting together (C.1) and (C.2), and repeating the proof of the asymptotic uniform

equicontinuity as given in (B.11) above, we obtain

(1— N12Gy, () — A G (1)
5 \ UHO('? )

as N — oo,

un ()
GHO ()
f \% UHO(U ')7

for P-almost every sequence of {f{ ][\I,V ]}. The bootstrap test statistics T’y is a continuous

functional of v} (+), so the continuous mapping theorem leads to

SUPrer, {=Gu,(f)/ (EVon, (f, )}

Ty ~» Ty = max
{ supfefo {GHo(f)/(§VOH0 (f7 f))}

} as N — oo,

for P-almost every sequence of {]:I %V } } We already showed in the proof of Theorem 2.1
(i) that the cdf of Ty is continuous at ¢;_, for a € (0,1/2). Hence, the bootstrap critical

values €y 1_, converges to ¢;_,, P-a.s. ®
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C.2 Proof of Theorem 2.2

Proof. By Assumption-LA(c) and the Portmanteau theorem, (P[N QWM ep2. N=1,2.. )
converges weakly to (P, Qo) € Ho. We can therefore apply all the lemmas established in
Appendix B and C.1, and, as done in the proof of Theorem 2.1 (i), we can define via the
almost sure representation theorem a probability space (€2, B(€2),P) and random objects
with "tilde", that copy the ones defined in a sequence of probability spaces in terms of

(PN,QWI: N =1,2,...). By Lemma C.1, the bootstrap critical values ¢y, converges

\1/2 A 21/2 ~
(1-3)7"G mO-AEE ()

QM) ()

be the weighted empirical process defined on (€2, B(£2), P), where ém piv (1) = /m (P&N} — pIy ]> (+)
and émyQ[N] () =+m (Q%V bW }> (+). Note the probability law of the test statistic is that

of

to ¢1_q the (1—a)-th quantile of Ty, P-a.s., which depends only on (a, £, \, Py, Qo). Suppose
=1

that ([y,y'] ,d = 1) satisfies Assumption-LA (a) and (d). Let oy (-) =

§V&P»r[nN]7

SUpP e, {—@N(ﬂ - BNU)}
SUD ez, {ﬁN(f) + ;lN(f)}

Tn = max

induced by P, where

[N]( £y — O[N]
o [ PN - QN ()
N(f) N fv(}P,[,iV],QLM (f>f)

Since Ty is bounded from below by

—on([y,¥'], 1) = hn(ly, ¥'], 1),

the rejection probability is also bounded from below by

P(—on([y,y'],1) — hn([y, 4], 1) > éni-a)-

By Assumption-LA (c), and by applying Lemmas B.4 and B.6, on([y,v'],1) — An([y,¥], 1)

converges P-a.s. to

A= N2 AB(ly, ], 1)
5 Vo py,Qo ([y, y/] ) 1)

o ([y,9],1) —

Y
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ot/ / o vl
P\(glv ;}111@2?[{2(5]’91%71) and variance min {w 1}-
0,%0 ’ ’

which follows Gaussian with mean —

Hence, we obtain

P(—on([y, 9], 1) — hn([y,y/],1) > énia)
B 1) PO AR
P(=oo([y, 4], 1) Vono (vl D) > C1-q)

_ 1o ((a%mo (vv1.0), 1)‘1 ( D=V AG (). 1>|>> |
£

% O Py,Qo ([ya y/] ) 1)

In case ([y,y],d = 0) satisfies Assumption-LA (i) and (iv), a similar argument yields the

same lower bound. =

D Monte Carlo Studies

This section examines the finite sample performance of the test by Monte Carlo. In assessing
finite sample type I errors of the test, we consider a data generating process on a boundary

of Hy, so that the theoretical type I error of the test equals to a nominal size asymptotically.

p(y,D=1)=q(y,D =1) =0.5 x N(1,1),
p(y,D =0)=q(y,D=0)=0.5xN(0,1),

where N (1, 02) is the probability density of a normal random variable with mean x and o?.
In computing the first (second) supremum of the test statistic, the boundaries points of
intervals are chosen by every pair of Y-values observed in the subsample of {D = 1,7 = 0}
({D=0,Z=1}). In order to assess how the test performance depends on a choice of
trimming constant, we run simulations for each of the following four specification of the

trimming constant,

¢, = +/0.005(1 —0.005) =~ 0.07,

& = 1/0.05(1 —0.05) ~ 0.22,
£, = /0.1(1-0.1)=0.3,
54 — 1

Note that &, k = 1,2,3, has the form of \/7;(1 — 7), and 7, can be interpreted as that,
if both P, ([y,y'],d) and @, ([y,v'],d) are less than 7, we weigh the difference of the

empirical distribution by the inverse of ¢ instead of the inverse of its standard deviation
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Table II: Monte Carlo Test Size
Monte Carlo iterations 1000, Bootstrap iterations 300.

Trimming constant | & ~ 0.07 £y~ 0.21 §3=10.3 Ea=1
Nominal size 10 .05 .01].10 .06 .01].10 .05 .01 .10 .05 .01
(m,n):(100,100) | .13 .07 .01 |.13 .07 .0l |.14 .06 .0L|.13 .06 .01
(100,500) | .11 .06 .01 | .10 .06 .01].11 .05 .01|.10 .05 .01
(500,500) | .13 .06 .02 |.12 .07 .02].11 .06 .02|.12 .05 .01
)
)

(100,1000) | .12 .06 .02 |.12 .06 .01 .13 .06 .02|.12 .06 .02
(1000,1000) | .14 .07 .02 |.13 .08 .02|.13 .06 .02|.12 .06 .01

Note: The statistic is equivalent to the non-weighted KS-statistics when &, = 1.

estimate. Accordingly, as m; becomes larger, we put relatively less weight on the differences
of the empirical probabilities for thinner probability events. The fourth choice of &, £, = 1,
makes the test statistic identical to the non-weighted KS-statistic.

Table IT shows the simulated test size. The rejection probabilities are slightly upward
biased relative to the nominal sizes, while they are overall showing good size performance
even in the cases with the sample sizes being as small as (m,n) = (100,100) and being
unbalanced as much as (m,n) = (100, 1000). It is also worth noting that these test sizes are

not sensitive to a choice of trimming constant.

In order to see finite sample power performance of our test, we simulate the rejection
probabilities of the bootstrap test against four different specifications of fixed alternatives.

These four data generating processes share

Pr(Z = 1)= % Pr(D =1|Z = 1) = 055, Pr(D =1|Z=0) = 0.45
ply,D = 1)=0.55 x N(0,1),
ply,D = 0)=0.45 x N(0,1), q(y, D =0) = 0.55 x N(0,1),

while they differ in terms of specifications of the treated outcome distribution conditional
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on Z =0,

DGP 1: qy, D =1) =0.45 x N(-0.7,1),
DGP 2: q(y,D =1) = 0.45 x N(0,1.675%),

DGP 3: q(y,D =1) = 0.45 x N(0,0.515%),
5
DGP 4: q(y, D =1) =045 x > wiN(py,0.125%),
=1
(wr, ..., ws) = (0.15,0.2,0.3,0.2,0.15) ,

(ILL17 e ,/,65) - <_]_7 _05, 0, 05, 1) .

In all these specifications, violations of the testable implication occur only for the treatment
outcome densities. As plotted in Figure 1, the ways that the densities p(y,1) and ¢(y, 1)
intersect differ across the DGPs. In DGP 1, p(y, 1) and ¢(y, 1) is differentiated horizontally,
and they intersect only once. In DGP 2, the violations occurs at the tail parts of p(y, 1)
and ¢(y, 1), whereas, in DGP 3, the violation occurs around the modes of p(y, 1) and ¢(y, 1).
In DGP 4, q(y,1) is specified to be oscillating sharply around p(y,1) and they intersect
many times. In all these specifications, p(y, 1) and ¢(y, 1) are designed to be equally distant
in terms of the one-sided total variation distance, i.e., [~ max{(q(y,1) — p(y,1)),0} dy ~
0.092 for all the DGPs.

Table IIT shows the simulated rejection probabilities, based on which several remarks
follow. First, we observe that the rejection probabilities vary depending on the DGPs and
the choices of trimming constant. When the violations occur for the tail parts of the densities
(DGP2), smaller ¢ yields a significantly higher power. In contrast, if violations occur on a
fatter part of the densities (DGPs 1, 3 and 4), middle-range ¢’s and £ = 1 tend to exhibit a
slightly higher power than the smallest choice of £. This suggests that, if a likely violation
of the testable implications is expected at the tail parts of the distributions, it is important
to use a variance weighted statistic with a sufficiently small ¢ such as € = 0.07. Given these
simulation findings that a power loss by choosing ¢ = 0.07 instead of the medium size &
or £ = 1 is not so severe in the other cases, we can argue that, in case there is no prior
knowledge available about a likely alternative, one default choice of £ is as small as 0.07.
At the same time, it is also worth reporting the test results with several other choices of
¢ € (0,0.5]. Second, the rows of unbalanced sample sizes indicate that the magnitude of

the rejection probabilities tend to depend on a smaller sample size of (m,n), rather than
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Figure 1: Specification of Densities in Monte Carlo Experiments of Test Power
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the total sample size N, so a lack of power should be acknowledged when one of the sample
size is small. Third, for the magnitudes of violations considered in these simulations, the
rejection probabilities are sufficiently close to one (for some smaller choices ¢ only for DGP

2) if the sample sizes are as large as (m,n) = (1000, 1000).
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Table III: Rejection Probabilities against Fixed Alternatives

Monte Carlo iterations 1000, Bootstrap iterations 300.

Trimming constant & ~0.07 &, =0.22 £3=10.3 & =1

Nominal size | .10 .05 .01 .10 .05 .01} .10 .05 .01] .10 .05 .01

DGP1 (m,n):(100,100) | .31 .22 0 31 21 10| .30 .21 .10 .23 .15 .05
(100,500) 42 31 14 | b6 43 22| 57 44 21| 38 24 .07

(500,500) 93 88 77| 95 91 v8| 96 92 79| 89 .80 .52

(100,1000) 38 28 12 | B8 46 24| B9 46 23| 39 .26 .09

(1000,1000) 99 98 94 [1.00 99 97| 99 98 94| 99 98 .93

DGP2 (m,n):(100,100) | .16 .09 .02 | .15 .09 .02 .08 .04 .00| .0l .00 .00
(100,500) g5 .23 07 | .17 10 02| .07 .02 .00| .01 .00 .00

(500,500) 95 91 73| 86 77 B3| b6 40 16| .10 .03 .01

(100,1000) 40 26 .08 | .20 .09 02| .06 .03 .00| .01 .00 .00

(1000,1000) 1.00 1.00 100|100 .99 97| 96 .90 .67 | .52 .27 .05

DGP3  (m,n):(100,100) | .30 .20 .09 | .30 .20 .09 | .33 .22 09| .34 .22 .09
(100,500) B2 .21 08| b1 38 19| .89 46 23| .55 40 .15

(500,500) S 69 54 | 83 76 57| .87 .79 62| .89 .82 .61

(100,1000) B30 .18 .06 | B3 40 18| .61 .47 25| .54 41 .18

(1000,1000) 98 96 89 99 98 931|100 .99 .96 | 1.00 .99 .95

DGP4 (mn):(100,100) | .12 .07 .02 | 11 .07 .02| .09 .05 02| .09 .05 .01
(100,500) 23 13 04| .20 .11 03] .15 .09 .02] .12 .05 .01

(500,500) 46 .33 17 | 45 33 16| 33 .22 10| .23 .13 .03

(100,1000) 26 .15 .05 | .22 13 05| .15 .10 .03 | .11 .06 .01

(1000,1000) 78 67 48 | 80 69 50| b1 38 19| 45 30 .11
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