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Abstract. This paper provides an analysis of the linearized inverse problem in multifrequency electrical impe-
dance tomography. We consider an isotropic conductivity distribution with a finite number of un-
known inclusions with different frequency dependence, as is often seen in biological tissues. We
discuss reconstruction methods for both fully known and partially known spectral profiles and
demonstrate in the latter case the successful employment of difference imaging. We also study
the reconstruction with an imperfectly known boundary and show that the multifrequency approach
can eliminate modeling errors and recover almost all inclusions. In addition, we develop an efficient
group sparse recovery algorithm for the robust solution of related linear inverse problems. Several
numerical simulations are presented to illustrate and validate the approach.
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1. Introduction. Electrical impedance tomography (EIT) is a diffusive imaging modality
that allows recovering the conductivity of an electrically conducting object by using elec-
trodes to measure the resulting voltage on its boundary, induced by multiple known injected
currents. It is safe, cheap, and portable and is potentially applicable to clinical imaging in a
range of areas. However, the EIT inverse problem is severely ill-posed and has thus shown only
modest image quality when compared with other modalities [11]. This has motivated numer-
ous mathematical studies on EIT imaging techniques including small anomaly conductivity
imaging [7, 8, 10, 42] and hybrid conductivity imaging [2, 3, 4, 6, 9, 20, 56].

Static imaging aims at recovering absolute conductivity values. Apart from the popular
linearization approach, a number of static imaging algorithms have been developed, e.g., the
least-squares method [51, 14, 45, 34, 36], direct methods [57, 13, 44], and statistical methods
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[37, 22]; see also the overviews [11, 46]. However, static imaging has so far achieved only limited
success in practice, since electrode voltages are insensitive to localized conductivity changes
but sensitive to forward modeling errors, e.g., boundary shape and electrode positions. Hence,
apart from accurate data, a very accurate forward model is required for its success; however,
this is often difficult to obtain in practice. A prominent idea is to use difference imaging, in the
hope of canceling out modeling errors due to, e.g., boundary shape. A traditional approach
is time difference imaging, which produces an image of the conductivity change by inverting
a linearized sensitivity model. A second approach is multifrequency EIT (mfEIT), which has
also attracted attention in recent years.

Imaging by mfEIT exploits the frequency dependence of the conductivity. Experimental
research has found that the conductivity of many biological tissues varies strongly with the
frequency [21, 19, 43]. In [5], the authors analytically exhibited fundamental mechanisms
underlying the fact that effective electrical properties of biological tissue and their frequency
dependence reflect the tissue composition and physiology, and a homogenization theory was
developed. In mfEIT, boundary voltages are recorded simultaneously, while varying the modu-
lation frequency of the injected current. It is expected to be especially useful for the diagnostic
imaging of conditions such as acute stroke, brain injury, and breast cancer, because patients
are admitted into care after the onset of the pathology and thus lack a baseline record for
healthy tissue, so time difference imaging may not be used.

There have been several studies on frequency-difference imaging [26, 53, 63]. An mfEIT
experimental design for head imaging was given in [63]. In these works, the simple frequency
difference (between two neighboring frequencies) was often employed. Seo et al. [55] proposed
a weighted frequency difference imaging technique, based on a suitable weighted voltage dif-
ference between any two sets of data. It was numerically shown that the approach can ac-
commodate geometrical errors, including an imperfectly known boundary. This approach can
improve the imaging quality when the background is frequency dependent. Recently, Malone
et al. [47, 48] proposed a nonlinear reconstruction scheme, which uses all multifrequency data
directly to recover the volume fractions of the tissues, and validated the approach on phantom
experimental data. Harrach and Seo [27] developed a direct method for detecting inclusions
from frequency-difference data. See also [39] for a recovery algorithm at low frequencies.

This work analyzes mfEIT in the linearized regime, by linearizing the forward model
around a constant conductivity, as customarily adopted in practice. We shall discuss both the
mathematically convenient continuum model and the practically popular complete electrode
model. Our main contributions are as follows. First, we discuss mfEIT imaging for spectral
profiles that are known, partially known, or unknown, and we also generalize existing studies,
especially [55]. Second, we rigorously justify mfEIT for handling geometrical errors. Third,
we present a novel group sparse reconstruction algorithm of iterative shrinkage type, which
is easily implemented and converges quickly. Extensive numerical experiments confirm our
discussions. All these findings provide new valuable insights into mfEIT, which are expected
to be of great interest to the engineering community.

This paper is organized as follows. In section 2, we mathematically formulate mfEIT using
a continuum model and analyze three important scenarios, depending on the knowledge of
the spectral profiles. Then, in section 3, we illustrate the potential of mfEIT in handling
the modeling errors due to an imperfectly known boundary shape. These analyses are then
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extended to the complete electrode model in section 4. In section 5, we present a novel group
sparse reconstruction algorithm. In section 6, extensive numerical experiments are presented
to illustrate the approach. Finally, some concluding remarks are given in section 7.

2. The continuum model. In this section, we mathematically formulate mfEIT in the
continuum model with a known boundary. Let © C R? (d = 2,3) be a bounded domain
with a smooth boundary 9€). The forward problem reads as follows: for an input current
feL2(09Q):={g € L*(0Q): [5,9ds =0} and o(z,w), find u(-,w) € HL(Q) := {v e H(Q):
Jaq vds = 0} such that:

—V - (o(z,w)Vu(z,w)) =0 in Q,
2.1
@1) a(m,w)% = f(xz) on 09,
where w is the frequency and v is the unit outward normal vector to 9§2. The weak formulation
of problem (2.1) is to find u = u(-,w) € H(2) such that

/JVu-Vvdx: fuds, ve HY(Q).
Q B19)

Throughout, we assume that the conductivity o(x,w) takes a separable form

K
(2.2) o(z,w) = Zak(x)sk(w),
k=0

where K + 1 is the number of spectral profiles, {sk(w)}ffzo are the (possibly only partially
known) material spectra, also known as endmembers, and {ak(x)}szo are scalar functions
representing the corresponding proportions, also known as abundances in the hyperspectral
unmixing literature [38]. Further, we shall assume

O'o(x) =1 +50’0($),
ak(az):5ak(az), k:L...,K,

where the doys, i.e., {004 }5 . are small (in suitable LP(Q2) norms) so that a linearized model
is valid. The doys, including the background dog, are all unknown, represent the small in-
clusions/anomalies in the object 2, and have compact spatial supports that are disjoint from
each other. We also assume that the background frequency sg(w) is known.

Now we apply N linearly independent input currents {f, é\le C L2(09). Let {u, =
un (-, w)}_; € HL() be the corresponding solutions to (2.1), i.e.,

(2.3) / oVuy, - Vvdr = fnvds, ve HY(Q).
Q o0

The inverse problem is to recover doys from {u,(z,w)}N_; on 99 at the frequencies {wq}qul.

Next we derive the linearized model for the inverse problem, based on an integral repre-
sentation. Let v, € H}(Q) be the potential corresponding to the unperturbed conductivity
oo(z,w) = sp(w) with the input current f,,, € L2(9Q), namely,

(2.4) / ooV, - Vodr = / fmvds, ve HY(Q).
Q o9
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Then v, = v}, /so(w), where v}, is the solution of (2.4) corresponding to the case sp = 1.
Namely, the dependence of vy, on the frequency w is explicit. Using (2.3) and (2.4), we obtain

K
Z Sk(w)/ 00V, - Vo, de = / (frVm — fmun) ds.
prt Q o0

Hence, using the approximation Vuy,(z,w) ~ Vv, (z,w) in Q (valid in the linear regime) and
the identity v, = v,/so(w), we arrive at a linearized model:

K
(2.5) l;)sk(w) /Q S0Vl - Yok, de = so(w)? /Em(fnvm — fmun) ds.

The right-hand side of (2.5) can be treated as a known quantity: u, is the measured voltage
data (and thus depends on w), and v,, is computable. Next, we triangulate €2 into a shape-
regular quasi-uniform mesh {Ql}le and consider a piecewise constant approximation of doy:

L
(2.6) Sop(x) = > (bop)ixe,(z), k=0,1,... K,
=1

where xq, is the characteristic function of the [th element €, and (doy); denotes the corre-
sponding value of dop. Thus we get a finite-dimensional linear inverse problem

K L
Z sk(w) Z(5Uk)l Vol - Vi, dr = so(w)? / (fnom — fmun) ds.
=1 &

o0

Throughout, we shall focus on the finite-dimensional linear inverse problem, where the
discretization is always assumed to be adequate. We refer interested readers to [49] for dis-
cussions on the interplay between regularization, discretization, and noise level.

Last, we introduce the sensitivity matrix M and the data vector X. We use a single index
j=1,...,J with J = N? for the index pair (m,n) with j = N(m — 1) +n and introduce the
frequency-independent sensitivity matrix M = [M;;] € R7*L with its entries M. 1 given by

M = / Vo, - Vuy dx  (j < (m,n)).
97
Likewise, we introduce a vector X (w) € R/ with its jth entry X;(w) given by
X)) = 506)* [ (Fuvn(e) = fta@)ds G & (m,m).

By writing Ay = (dop); € RE, k=0,..., K, we obtain a linear system (parameterized by w)

K
(2.7) MY sp(w) Ay = X (),
k=0
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Remark 1. In (2.7), the sensitivity matrix M is identical with that in static imaging, and
hence mfEIT does not lead to improved resolution. Namely, in mfEIT the diffusive nature of
the modality does not change with the frequency w. But as we shall see below, in the presence
of spectral contrast, mfEIT does allow recovering {Ak}fzo and removing modeling errors.

In mfEIT, Ags are of primary interest. Depending on the a priori spectral knowledge,
we discuss the following three cases separately: (a) all sis are known; (b) sis may not be
fully known, but with substantially different frequency dependence; (c) sis are only partially
known, and we aim at a partial recovery of Ais. They are of different degrees of challenge.

2.1. Case (a): Known spectral profiles. First we consider the case when sis are all
known. In some applications, this is feasible, since the spectral profiles of many materials can
be measured (see, e.g., [18] for tissues). Suppose that we can measure X (w) at @ distinct
frequencies {wq}ff:l. By writing S = (Sg,) € REFDXQ with Sy, = s1.(w,), we get from (2.7)

(2.8) MAS = X,

where the matrix X = [X(w;) ... X(wg)] € R7*?. In (2.8), the matrix M can be precom-
puted, and the matrix S and the data X are known: only A = [4g ... Ag] € REX(E+D)
is unknown. It is natural to assume that a sufficient number of frequencies are taken so
that S is incoherent, namely, > K + 1 and rank(S) = K + 1 (and presumably S is also
well-conditioned). Then S admits a right inverse S~!. By letting Y = X.S~! we obtain

MA=Y.
These are K 4 1 decoupled linear system. By letting Y = [Yy ... Yx| € R/ X(K+1) | we have
(2.9) MA, =Yy, k=0,....K,

where Ay, represents the kth abundance. Here each linear system determines one and only
one abundance Ay. The stable and accurate solution of (2.9) will be discussed in section 5.

The condition rank(S) = K + 1 is necessary and sufficient for a full decoupling, and the
well-conditioning of S ensures a stable decoupling. It specifies the condition under which the
abundance unmixing is practically feasible and also the proper selection of {Wq}qQ:1 such that
rank(S) = K + 1. It depends essentially on the incoherence of {sj(w)}=_,, without which a
full decoupling is impossible. For example, consider the simple case of two endmembers with
so(w) = 14w, s1(w) = 2+ 2w. Then for any @ > 1, S is always of rank one.

The right inverse Y = XS~ can also be viewed as a least-squares procedure

min | X —-YS|p.
YERI X (K+1)
Thus, for a rank-deficient S, our approach yields the minimum-norm matrix Y compatible
with the data, and for an inconsistent .5, it yields a best approximation via projection. By the
perturbation theory for least-squares problems [25], the well-conditioning of S implies that
the procedure is stable with respect to small perturbations in the spectral profiles.
This approach generalizes the weighted frequency difference EIT (fdEIT) method [55].
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Ezample 1. Consider the case with K =1 and Q = 2, i.e., two frequencies. We write

_ _ | so(w1) so(w2)
X =[X(w1) X(w2)] and S= 3(1](0-’1) s?(wz)]'

Therefore, if S is invertible, we obtain

_ xg-1 o solwn) [siwe) o o si(wr) o oy S0@2) o
Y= x5 = ) ) - ) Xen) X n]

The second column of Y recovers the weighted fdEIT method [55]. Thus our method gen-
eralizes [55]. Our approach directly incorporates multifrequency data, which improves the
numerical stability, especially in the presence of strong correlation between neighboring fre-
quencies and imprecisely known spectral profiles. Further, it enables decoupling multiple
inclusions. In the special case so(w1) = so(w2), it recovers the usual frequency difference.
This delineates the region of validity of frequency difference for multifrequency data.

Remark 2. The minimal number @ of frequencies is equal to K + 1, provided that with
{wq}qul, S is sufficiently incoherent, i.e., rank(S) = K + 1. With an inadvertently poor choice

of {wq}qul, it may require more than K + 1 frequencies to achieve the desired incoherence.

2.2. Case (b): Spectral profiles with substantially different frequency dependence.
Next we consider the case when some of (or, possibly, all) s;(w)s are not known but do not
change rapidly with w, when compared to the remaining ones. Thus, instead of using X (w)
directly, it is natural to differentiate (2.7) with respect to w to eliminate the contributions from
those si(w)s that do not vary much with w. This discriminating effect is useful in practice.
For example, the conductivity of malign tissues is more sensitive with respect to frequency
variations in a certain frequency range [59, 43|, even though that of healthy tissues in the
background may exhibit fairly complex structure.

More precisely, let P C {0,1,..., K} be such that

(2.10) |1 (wq)| > |k (wq)] peP,ke{0,1,...,K}\P.

By differentiating (2.7) with respect to w and invoking the assumption (2.10), we obtain

(2.11) MY~ Aps)(w) = X' (w).
peEP

Thus the contributions from the remaining profiles are negligible. Different reconstruction
schemes should be used depending on whether the spectral profiles {s,(w)}pep are known.

2.2.1. Case (bl): The spectral profiles {s,(w)},cp are not known. In the case when
the spectral profiles {s,(w)},ep are not known, (2.11) cannot be simplified further. By solving
(2.11), we can recover at most ) p s),(w)Ap, namely, a linear combination of the inclusions.
Since the weights {s},(w)}pep are unknown, it is impossible to separate {A,,p € P}. However,
when P = {p} (i.e., |P| = 1), do, may be recovered up to a multiplicative constant, which
gives the support information. We illustrate the technique with an example.
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Ezample 2. Consider the case K = 1 and two linear frequency profiles, i.e., so(w) =
ap + Pow and s1(w) = ag + frw with By < B1. Then the differentiation imaging amounts to

BoMAg + BiM A = X' (w).

If MAy and M A; are comparable, then 5y < 51 implies that the contribution of SyM Ay to
the data is negligible. Hence, the technique allows one to recover the component 1M Ay,
which upon linear inversion yields 51 A;. In particular, it gives the support supp(A;) and also
its magnitude up to a multiplicative constant. Further, for known i, it allows recovering A;.

2.2.2. Case (b2): The spectral profiles {s,(w)},cp are known. If the spectral profiles
{sp(w) }pep are known, it is possible to perform the same analysis of Case (a) to (2.11). Taking
measurements at ) distinct frequencies wy, ... ,wq, we have

MZApsé(wq) ~ X' (wyg), g=1,...,Q.
peP
Then, with S = (Sy) € RP*Q S0 = s/ (wy), X' = [X'(w1) ... X'(wg)] € RI¥?, we
get M AS = X'. Then the inversion step is completely analogous to that in section 2.1, if
rank S = |P| (and well-conditioning). All the inclusions A,, p € P, can be recovered.

2.2.3. Numerical implementation. In the implementation, we take

K
(2.12) MZ Ay sk(Wq+1) — sk(wg) _ X(wgr1) — X(wg)
k=0 Watl = Wq Wa+1 — Wg

It approximates the derivative s}(wq) with the forward difference si(wq) ~ (sp(wgt1) —
sk(wq))/(wg1 — wq). One can also use higher-order difference formulas, and they represent
different ways to perform difference imaging. Their robustness with respect to noise might
differ due to the ill-posed nature of numerical differentiation. In this work, we shall use (2.12).

2.3. Case (c): Partially known spectral profiles, partial recovery of the abundances.
In practice, it is also of interest to recover some information about {A} when {sx(w)} are
only partially known. Generally, this is infeasible. But, one can still obtain some information
under certain a priori knowledge. To this end, recall the notation Yy = M Ayg; cf. (2.9). Then

(2.13) Yoso(wg) + - + Yisk (wg) = X(wg), g=1...,Q.

Now suppose the frequency dependence of {sg(w)}X_, is of polynomial type, namely, sj(w) =
Zﬁfzo ajw™. Inserting this expression into (2.13) yields ZnNzo sz:O(aZYk)w” = X(w). By
taking a sufficiently large number of modulating frequencies {wq}(?:l (to be more precise, @ >

N + 1), and using the identity principle for polynomials, we can compute B, := Zszo ap Yy,

n = 0,...,N. Note that adding more frequencies does not tell more about Y; and ai than
{B,}N_,. Namely, {B,}Y_, contain the essential information in {X (wq)}gzl. Depending

on K, N, and further a prior knowledge, some Yj can be recovered without knowing the
corresponding spectral profiles. Instead of providing a general analysis of all possible cases,
we present two examples that explain the different situations that may appear.
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Ezample 3. Consider the case K = 1. For every n we have By = a8YO + oz?Yl and
B, = ajYy + oYy, whence Y1 = (oot — ofal) 1 (ad By, — af By). Since sq is known, so are
a8 and «f. Hence, Y; may be recovered up to a multiplicative constant c, if ozgo/f — oz(l)ozg # 0,
without assuming any knowledge of s;(w). This condition simply represents the incoherence
between sg and s;. Finally, by solving M A; = ¢Y1, do1 can be recovered up to some constant.

Further, assuming a unique recovery of the linearized inverse problem, the knowledge of
By allows recovering an unknown linear combination of Ay and Aj, especially the union of
their supports. Since the supports of Ay and A; are assumed to be disjoint from each other,
this allows recovering supp(A4y), given that supp(4;) has already been recovered.

Example 4. Note that if K =2 and N = 1, we get only
0 0 Oy, _ 1 1 1y, _
ooYp + Y] +ayYo =By and opYp + a1Y: + aqYe = By,

which is vastly insufficient to determine all the unknowns. However, a calculation similar to
Example 3 shows that the support of Y5 can be determined if X = N = 2 and s7 is known,
if a certain incoherence condition is satisfied. Like before, by solving the underdetermined
system M Ay = cY5, we can recover the support of §doy. Further, assuming a unique recovery
with the linearized inverse problem, supp(dog) and supp(do;1) may be determined.

With obvious modifications, the preceding discussion is also valid for more general basis
functions ¢, (w) which form a unisolvent system on the set {wq}ff:l [17, pp. 31-32].

3. Imperfectly known boundary. Now we illustrate the potentials of mfEIT for handling
modeling errors, e.g., an imperfectly known boundary, which has long been one of the main
obstacles in practice [1, 40, 41]. The use of a slightly incorrect boundary can lead to large
reconstruction errors, and mfEIT is one strategy to overcome the challenge [55]. Here we
present an analysis of the approach in the linearized regime to justify these numerical findings.

We denote the true but unknown physical domain by Q and the computational domain
by Q. Next we introduce a forward map F : Q— Q, T — x, which is assumed to be a smooth
orientation preserving map with a smooth inverse map F~!: Q — Q. We denote the Jacobian
of the map F' by Jr and the Jacobian of F' with respect to the surface integral by J g

Now suppose that the function @, (Z,w) € H(2) satisfies (2.1) in the true domain Q with

a conductivity o(#,w) and input current f,, € L2(052), namely,
Vi (6(Z,w)V3ln(T,w)) =0 inQ,

(3.1) U (F,w)

o(z,w) 55 fu on 89

Here the conductivity o(7,w) takes a separable form (cf. (2.2))
(3:2) F(@w) =Y _ sp(w)ow(T)

with oo(Z) = 1+ d0g(Z), and 0% (Z) = dop(z), k = 1,..., K, where dos are small and their

supports are disjoint and stay away from 0. The weak formulation (by suppressing the
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dependence on w) is given by the following: find @y (-,w) € HX(Q) such that

(3.3) / GVsly - Vivdi = | foods,  ve HY(Q).
Q 0N

Let us now discuss the experimental setup. The practitioner chooses a current density
fn € Lg@Q) defined on 0. Tt is then applied to the unknown boundary 9. The applied
current f, on 9f) results to be

(3.4) ﬁ@:(fnoFNdethL

This implies faﬁ fnd'sv = 0, whence problem (3.1) is well-posed. This induces the potential

U, € HX(Q) given by (3.3), which should be measured on 9. However, due to the incorrect
knowledge of the boundary, the measured quantity is in fact wu, := @, o F'~! restricted to 0.

Remark 3. The current density on 8 is locally defined by J = I/area(A), where I is

.. e P T I _ 7 area(A)
the current injected through a small surface A C 9Q2. Thus J = mreald) = oA area(d)
area(A)

=3 a3 where J is the current density on A := F(A) C 8. Hence, |det J 2] is the infinites-

imal version o

£ area(A)

arca(A)
needed to maintain the potential u, on 952, the choice (3.4) preserves the needed power for
the data.

Since faﬁ fnﬂndg = f 9 fntin ds and f o fnun ds denotes the power

We consider only the case that € is a small variation of Q (but comparable with doy) so
that the linearized regime is valid. We write F : Q = Q by F(Z) = T + €d(%), where € > 0 is
small and the smooth function ¢(Z) characterizes the deformation. Let F'~!(x) = x+¢e¢(z) be
the inverse, which is also smooth. To examine its influence on the linearized inverse problem,
we introduce v, € H}(Q) corresponding to og(z,w) = so(w) in ©Q and the flux f,,, i.e.,

(3.5) / ooV, - Vode = fmv ds, ve HY(Q).
Q 19)

We can now state the corresponding linearized inverse problem. The proof shows that
even for an isotropic ¢ in 2, cf. (3.2), in Q the equivalent o is generally anisotropic.

Proposition 1. Set 6oy = 6o 0o F~1 for k = 0,1,...,K and v}, = so(w)vy, for m =
1,...,N. The linearized inverse problem on the computational domain Q is given by

K
(3.6) so(w)e/\I’Vv; -Vuy, dm+z Sk(w)/ do, V) - Vv, dx :so(w)2/ (frVm — fmun) ds
Q prt Q 20

Rdxd

for some smooth function ¥ : Q — , which is independent of the frequency w.

Proof. First, we derive the governing equation for the variable u,, = %, oF ! in the domain
Q) from (3.3). Denote by v = 5o F~! € HY(Q). By the chain rule we have Vi, o F~! =
(JhoF 1)V, u,, where the superscript ¢ denotes the matrix transpose. Thus, we deduce

/~'&Vgﬂn -Vzudx = / oVuy, - Vudz,
Q Q
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where the transformed conductivity o(z,w) is given by [60, 40, 41]

(3.7) o, w) = (‘]F("ziit(;’]jzj;f(') oF—1> (2).

Moreover, by (3.4) we have [, fds = S50 fnvds. Hence, by (3.3) the potential u, satisfies

(3.8) / oVu, -Vodr = [ fuods, ve HY(Q).
Q o0

Then by choosing v = v, in (3.8) and v = u,, in (3.5), we arrive at

(3.9) /(0 —00)Vuy, - Vo, de = / (frVm — fmun) ds.
Q o9
Note that Jp = I +e€Jz, and Jp-1 =+ eJy =1 —eJgo F~1 4+ O(€?), since € is small. Since
|det Jp| = 1 + edivg + O(€2) [28, equation (2.10)], o(z,w) can be written as
o(z,w) = 5 (-, w)(L + ediv(-)) " (I + e(J3() + J5()) 0 F~'(z) + O(?)
) (1 edivg(-)I + e(J5() + J2)) o F~ ) + O(e)
5(-,w) o F~H(z) + ¥(z)e + O(e),

where ¥ = (J(; + Jé — divgl) o F~! is independent of w. Thus we obtain,

K
(3.10) o(x,w) =~ so(w)l + eso(w)¥(z) + Z dog(z)sk(w)I.
k=0

Substituting it into (3.9) and invoking the approximation Vu,, ~ Vuv,, completes the proof. M

By Proposition 1, in the presence of an imperfectly known boundary with the deforma-
tion magnitude e comparable with {5ak}kK:0, there is a dominant source of errors in (3.6): it
contains an additional anisotropic component e¥. Thus a direct inversion of (3.6) is unsuit-
able. This explains the observation that a slightly incorrect boundary can lead to erroneous
recoveries [1, 24]. This issue can be resolved by mfEIT. Indeed, by rearranging (3.6) we obtain
(3.11)

K
so(w) / (eV+d0¢)Vuy, -Vuy, dm+z Sk(w)/ do Vo, -Vuy, de = So(w)2/ (frnVm — fmun) ds.
Q 1 Q o0

This is analogous to (2.5), with the only difference lying in the extra term eW¥. Hence, all
methods in section 2 are applicable. The inclusion doy will never be properly recovered, due
to the pollution of the term e¥. However, {doy(w)}X_; may be reasonably recovered, since
they are affected slightly by the deformation only through doj, = 66 0 F~!. Thus, mfEIT can
effectively eliminate modeling errors caused by the boundary uncertainty.

4. The complete electrode model. In this section we adapt the approach discussed in
sections 2 and 3 to the more realistic complete electrode model (CEM).
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4.1. Perfectly known boundary. First we consider the case of a perfectly known boundary.
Let © be an open bounded domain in R? (d = 2,3) with a smooth boundary 9. We denote
the set of electrodes by {ej}le C 09, which are disjoint from each other, i.e., & Ne, = 0 if
i # k. The applied current on the jth electrode e; is denoted by I;, and the current vector
I=(I,...,Ig)! satisfies ZJE:1 I; = 0 by the law of charge conservation. Let the space RE be
the subspace of R¥ with zero mean, i.e., I € }Rf. The electrode voltages U = (Uy,...,Ug)! are
also grounded so that U € RZ. Then the CEM reads as follows [12, 58]: given the conductivity
o(z,w), positive contact impedances {z; }le, and an input current I € Rf , find the potential
u(-,w) € H'(Q) and the electrode voltages U € RE such that

-V - (o(z,w)Vu(z,w)) =0in Q,

0
U+Zj87u:Uj onej, j=1,2,..., F,

(4.1) ou .
g deslfori =12,
ou
a—yo- = O on 89\ Uf:l ej7

where {?Ti denotes the co-normal derivative (cVu) - v. The second line describes the contact

impedance effect. In practice, the contact impedances {zj}le are observed to be inversely
proportional to the conductivity of the object [30, 32], i.e.,

(4.2) zj = s0(w) ¢

for some constants ¢; > 0 independently of w, since by assumption, near 92 we have o(z,w) =
s0(w). The weak formulation is given by the following: find (u,U) € H := H*(Q2) x RE such
that [23]

E E
/JVu'Vvd:E+sz_1/(u—Uj)(v—Vj)dSZZIjVj, (v,V) € H.
Q e ,
7j=1

j=1 j

The bilinear form defined on the left-hand side is coercive and continuous on H, and thus by
the Lax—Milgram theorem there exists a unique solution (u(-,w),U(w)) € H.

Consider N input currents {I,,}"_, € RE and let {(uy,U,)})_; C H be the corresponding
solutions to (4.1), i.e., for all (v,V) € H

E E
(4.3) /QUVun Vvdz+ )z / (tn = Unj) (0 = Vy)ds = > In;V;.
j=1 €5 j=1

The electrode voltages U, € RE can be measured and are used to recover the conductivity
o(z,w). To derive a linearized model, let (v, V;,) € H be the solution corresponding to the
reference conductivity og(z,w) = so(w): for every (v, V) € H we have

E E
(4.4) /anva -Vvdzx + sz_l / (Um = Vinj)(v = V) ds = Zlm,jVj.
Jj=1 € j=1

J
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By (4.2), we can write (v}, V) = so(w)(vm, Vi) for the solution (v}, V,*) corresponding to
oo = 1. Now we assume that o(z,w) follows (2.2). Using (4.3) and (4.4), we deduce

K E

Zsk(w)/ 00k Vuy - Vo, de = Z(InJVm,j — I ;Un ).
Q

k=0 j=1

Then, under the approximation Vu,, ~ Vu,, in the domain 2, and the approximation (2.6) of
the inclusions doys on the triangulation {2}, we have

K L E
45) S skw) S (Gow) /Q Vo Vot di = 50(@)2 S (In Vg — T jUns)-
k=0 =1 l 7j=1

This formula is almost identical with (2.5), and formally their only difference lies in the
computation of X (w). Hence, all the discussions in section 2 can be adapted to the CEM
(4.1). In particular, all inversion methods therein can be directly applied to this case.

4.2. Imperfectly known boundary. Now we consider the case of an imperfectly known
boundary. Like before, let Q be the unknown true domain with a smooth boundary 8?2, and €2
be the computational domain with a smooth boundary 0Q2. Accordingly, let {€; }]E:1 C 9Q and
{e; }le C 092 be the real and computational electrodes, respectively, and assume they satisfy
the usual conditions discussed above. Then we introduce a smooth orientation preserving
forward map F' : Q — Q with a smooth inverse F~1 : Q — fNZ, and we denote the restriction
of F to the boundary 9Q by f : 9Q — 0Q. We write F~Yz) = 2 + e¢(x), where ¢ > 0
denotes the deformation magnitude. Further, it is assumed that there is no further electrode
movement, i.e., e; = f(€;), j =1,..., E. With the conductivity ¢(z,w) of the form (3.2) and
input current I,, € RE, by (4.1), the quantity (i, (%,w), Un(w)) € H= H*(Q) x RE satisfies

—V; - (5(F,w)Viin(Z,w)) =0 in €,

ou ~
aiyzds—l onej,j=12...,FE,
(4.6) 8 _
zja—;f—l—ﬂn:Un,j onejj=12,...,F,
g
ou
a—i_o onaQ\U 165

The weak formulation is given by the following: find (ﬂn,ﬁn) € H such that for every
(v,V)eH

E
/~5v5ﬂn VSTdE 4 Zz / = Un) (5= V) d5 = 3 LV,
A _
j=1

In the experimental setting, on €2, the injected current I,, € ]Rf on the electrodes {ej}le is

known, and the corresponding voltage ﬁg(w) € RE can be measured. The inverse problem is
to recover {95y }5_ from the voltages {U,(w)}Y_; C RE at {wq}ff:l
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Now we can state the corresponding linearized inverse problem for (4.6). Consider the
potential uy, (-, w) = Uy, (-,w) o F~1 and the associated electrode voltages U,, = U,,.

Proposition 2. Let the reference solutions (v, Vi) € H be defined by (4.4) and the con-
ductivity o be of the form (3.2). Set z = |det Jg,1|, dop =000 F~! fork=0,1,...,K and

(v, VE) = s0(w) (Vm, Vin) form =1,...,N. The linearized inverse problem on Q is given by

K
(4.7) so(w)e/ UV - Vur, dx + Z Sk(w)/ ooV - Vo dx
Q prt Q
E

E 2
ovr,
= so(W)2 E (In,jVinj — Im,jUn,j) — so(w) ch/ (z-1) ( ov > ds
j=1 7€

J=1

for some smooth function ¥ : Q — R which is independent of the frequency w.

Proof. Proceeding as in the proof of Proposition 1, by a change of variables (and sup-
pressing the variable w), since e; = f(€;) we deduce

/ﬁvgan - Vz0dT = /(a o F7Y(Jk o FTYVuy, - (Jh o F~YVu|detJp-1 |dz
Q Q

and
[ (i — )7 — V)d5 = / (tn — Unj)(0 — Vy)|det J5_, | ds,
(ij (ij

where v = voF~! € HY(Q) and V; = ‘7] Hence, (uy(-,w), Uy, (w)) satisfies for every (v, V) € H

E E
/aVun'Vvdx—Fsz_l/ (up, — Upj)(v—Vj)z dS:ZInJV},
Q

j=1 €j j=1

where o(x,w) is given by (3.7). By combining this identity with (4.4), we obtain

E E
v,
/Q(O’ — O'())Vun Vo, dr = Z(Indvmd — ImJUnJ) + jZ:l /ej (Z — 1)(un — Umj)aTUO ds.

j=1
In view of [28, 29], z = 1 + €(Divey — (d — 1)He,) + O(e?), where Div denotes the surface
divergence, ¢; and ¢, denote the tangential and normal components of the vectorial function
¢ on 09, respectively, and H is the mean curvature of 9. In particular, z —1 = O(e). Thus,
by linearization we have

Ovm, Ovp, v,

/e.(z )y — U”vj)aTo_o ds %/e(z — 1) (v, — Vn’j)aTao ds = —zj/e.(z - 1) <8V00>2ds-

J J J

Inserting this approximation in the above identity we obtain

E E 2
v,
/Q(a —00)Vy - Vo, de = Z(In,ijJ — Iy ;Un ) — sz /e(z -1) (aya()) ds.
]:1 ]:1 J
Using (4.2), the rest of the proof follows as in Proposition 1, and thus it is omitted. |
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By proceeding as in the continuum model, we can rewrite (4.7) as

(4.8) so(w)/(e\II+5ao)V -Vuy, dm—i—Zsk /5ava -V, dx
@ k=1

E 2
22 n,j m] m] n] ZCJ/ < ) ds.
7j=1

When compared With (3.11), we observe the presence of the additional error term so(w)Ciy,,
where C,, = ] 16Gj f
The formula (4 8) is consistent Wlth (5.11). in the continuum case, the contact impedance
effect is not present, and u, = U,, on the electrodes, namely, ¢; = 0, whence C,, = 0.

All the preceding analysis easily carries over to the case ¢; > 0. Before treating the general
case, let us consider the simple scenario where z = 1 on the electrodes Uje;.

Ezample 5. Recall that z(z) = |det Jg,l(:n)| for x € 9. Physically, the factor z rep-

resents the length/area deformation relative to the map F~!: 9Q — Q. Thus, it may be
reasonable to assume that the parametrization of the electrodes {ej}JE:1 is known, which
implies z = 1 on the electrodes Uje;. Then we have C,, = 0, whence

)2 ds, which comes from the boundary deformation.

E
so(w )/(E\I’+500)Vv -V, dx—l—z sk(w / do Vv, -Vu,, dr = so(w 22 I iUnj).
{ k=1 j=1

This identity is similar to (3.11), and the comments on the recovery issue remain valid, since
the right-hand side is known. Thus, by applying any of the techniques in section 2, it is
possible to eliminate the error eV due to the domain deformation, as this affects only the
inclusion dog. All the other inclusions {Joy}X_ | may be successfully recovered.

Now we consider the general case z # 1 on Uje;, i.e., the length (or the area) of the
electrodes is not precisely known. However, since the error term C,, is independent of w,
the difference imaging in section 2.2 may be applied, provided that 0 ¢ P, i.e., if the fre-
quency profile so(w) does not vary much with respect to w. Then so(w)C,, disappears upon
differentiating (4.8), and the inversion step may be performed as in section 2.2.

The method of section 2.1 may also be applied, since the error term sy(w)C,, depends only
on so(w). Namely, its influence on the inversion step is lumped into doy, like the conductivity
perturbation eW. Thus, all the inclusions {5Jk}kK:1 may be recovered. Alternatively, one may
see this as follows. When multiplying the system of equations associated to (4.8) by S~!, the

error term so(w)Cy, cancels out in all the systems M Ay =Yy, for k=1,..., K:
-1
so(wi) - so(wg)
[s0(w1)C, ..., s0(w@)C] S = Clso(wr) s -+, so(wg)] | : :
sk(wi) -+ sk (wg)
= [Ca 07 . ) 0]7

where C' denotes the column vector corresponding to C,.
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5. Group sparse reconstruction algorithm. For all the scenarios discussed in the previous
sections, one arrives at a number of (decoupled) linear systems

(5.1) MA, =Y, k=0,..., K,

where M € R7*L A, € RY, and V), € R7. The linear systems are often underdetermined,
and severely ill-conditioned, due to the ill-posed nature of the EIT inverse problem. Below
we describe a heuristic and yet very effective strategy for the stable and accurate solution of
(5.1); we refer to [52, 54, 33] for general discussions on regularization methods.

There are several natural aspects for the regularization term, especially sparsity, grouping,
disjoint sparsity, and bound constraints.

(1) For every k, the abundance Ay, = (60}); € R is sparse with respect to the pixel basis.

This suggests minimizing

in [|A bject to || M A, — Yi|| <
frxflel}\u kll1 subject to [MAg — Yi| < e

for each k = 0, ..., K. Here ||-||; denotes the £! norm of a vector. The set A represents
a box constraint on A, since o is bounded from below and above by positive constants,
due to physical constraint, and €; > 0 is the estimated noise level of Y.

(2) In EIT applications, each Ay is often clustered, and this refers to the concept of group
sparsity. The grouping can remove undesirable spikes often observed in the recoveries
using the ¢! penalty alone. This can be achieved by, e.g., elastic net [35]. In this work,
we shall exploit the dynamic group sparsity (DGS) [31], which dynamically realizes
group sparsity without knowing the supports of the Ags.

(3) The supp(Ag)s are disjoint from each other. The disjoint supports of Ags can be
promoted, e.g., by penalizing the scalar product of the absolute values of the Ays [62].

Next we develop an algorithm, termed as group iterative soft thresholding (GIST), for

achieving the above goals. It combines the strengths of iterative soft thresholding (IST) [16]
and DGS [31]: IST is easy to implement and has a built-in regularizing effect, whereas DGS
encourages the group sparsity pattern. It is a simple modification of the IST (by omitting the
subscript k): given an initial guess A°, construct an approximation iteratively by

ATHL = Ssja(gj)7
where the proxy ¢’ is defined by
(5.2) g =A — M (MA —Y).

Note that M'(MA7 —Y) is the gradient of £||[MA — Y|? at A7. The scalar o > 0 is a
regularization parameter, and s/ > 0 is the step length. One simple choice of s is the constant
one s/ = 1/||M]||?, which ensures the convergence of IST [16]. The operator Sy for A > 0 is
defined by S)(t) = max(|t|— A, 0) sign(¢) and applied componentwise for a vectorial argument.
In GIST, instead of performing the thresholding on ¢’ directly, we take into account the
neighboring influence. This can be achieved by computing a generalized proxy d] by [31]

keEN,
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where wy, > 0 are weights, and N; denotes the neighborhood of the Ith element. The weights
wy, determine the correlation strength: the smaller wyy is, the weaker the correlation between
the {th and kth components is, and if wy;, = 0 for all k € N, it does not promote grouping
at all. In our implementation, we take wy, = 3 for some 8 > 0 for all k& € NV, with a default
value 8 = 0.5, and N consists of all elements in the triangulation that share one edge with
the Ith element. Then d’ is used to reweigh the thresholding step by

(5.4) & = max(d’) " d.
It indicates a normalized grouping effect: the larger J{ is, the more likely the Ith element

belongs to the group, and thus less thresholding should be applied. This can be achieved by
rescaling « to be proportional to (d? )~! with a spatially variable regularization parameter

(5.5) a =a/dl, 1=1,...,L,

and last perform the projected thresholding with &’

(5.6) AT = Py(Syai(9)),

where Py denotes the pointwise projection onto the set A. The complete procedure is listed
in Algorithm 1. Here N € N is the maximum number of iterations, and the initial guess A° is
the zero vector. The parameter « plays a crucial role in the performance of the algorithm: the
larger « is, the sparser the recovered A is. There are several strategies available for its choice,

e.g., the discrepancy principle and balancing principle [33]. One can terminate the algorithm
by monitoring the relative change of the iterates.

Algorithm 1. Group iterative soft thresholding.
1: Input M, Y, W, N, a, N and A°.
2: for j=1,...,N do
3. Compute the proxy ¢’ by (5.2).
4:  Compute the generalized proxy d’ by (5.3).
5. Compute the normalized proxy &/ by (5.4).
6:  Adapt the regularization parameter a’ by (5.5).
7
8
9

Update the abundance A7T! by the group thresholding (5.6).
: Check the stopping criterion.
: end for

Last, disjoint sparsity can also be enforced in Algorithm 1. Specifically, we first compute
J for Ay, separately according to (5.4) and then at each [ = 1,..., L, update them by

i

Iy a7 ifk=k .

d;w = v kj = arg max df’],
€ otherwise, k=0,...K

dk

where ¢ > 0 is a small number to avoid numerical overflow. It only retains the most likely
abundance (with the likelihood for Aj, given by d*7) and hence enforces the disjoint sparsity.

Remark 4. The theoretical analysis of the dynamic group sparse recovery is still unavail-
able, except for compressed sensing problems [31]. However, it does not cover the EIT inverse
problem, due to a lack of the restricted isometry property.
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(a) computational domain (b) imperfectly known electrode positions

Figure 1. FElectrode arrangement for the computational domain € and for imperfectly known electrode
positions (used in Example 10). The curved segments in red denote the electrodes.

6. Numerical experiments and discussions. Now we present numerical results to illus-
trate the analytic study. We consider only the CEM (4.1), since the results for (2.1) are
similar. The experimental setup is as follows. The computational domain €2 is taken to be the
unit circle Q = {(x1,22) : 27 + 22 < 1}. There are sixteen electrodes {ej}le (with £ = 16)
evenly placed along the boundary 952, each of length 7/16, thus occupying one half of 9€;
cf. Figure 1(a). Unless otherwise specified, the contact impedances {z; }]E:1 on the electrodes
{e; }le are all set to unit, and og = 1. Further, we assume that so(w) for the background is
so(w) = 1. This is not a restriction, since sg(w) is known, and one can rescale si(w)s so that
sp = 1. We measure U for all 15 sinusoidal input currents. The model (4.1) is discretized
using a piecewise linear FEM on a shape regular quasi-uniform triangulation of 2 [23]. For the
inversion, the conductivity is represented on a coarser mesh using a piecewise constant basis.
Then the noisy data U® is generated by adding Gaussian noise to the exact data UT := U (1)
corresponding to the true conductivity o' (z,w) as follows:

Ul = U]T —I—GmIaXIUlT —Uloo)lej, 7=1,...,E,

where € is the relative noise level, and ¢; follows the standard normal distribution.

Remark 5. Colton and Kress [15, pp. 121, 289] coined the term inverse crime to denote the
act of employing the same model to generate and to invert synthetic data. Inverse crime often
leads to excellent reconstructions without revealing the ill-posed nature of inverse problems
and hence has to be avoided in numerical experiments. In section 6.1, we have employed a
finer mesh to generate the data than for inversion, in order to alleviate the inverse crime; and
in section 6.2, the meshes for generating the data and inversion are completely different.

We shall present numerical results for the cases of a perfectly known and of an imperfectly
known boundary separately and discuss only cases (a) and (b) with spectral profiles that are
either fully known or have substantially different frequency dependence. Case (c) will not be
discussed since the inversion is analogous to case (a). To solve (5.1), we use Algorithm 1 with
a constant step size. The scalar « was determined in a trial-and-error manner, and set to 1072
for all examples below, unless otherwise specified. We did not implement disjoint sparsity,
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Figure 2. Numerical results for Ezample 6(i) with 1% data noise and fully known si(w)s. The recoveries
are obtained using the direct approach.

since in all examples below the recoveries are already very satisfactory. The algorithm is
always initialized with a zero vector. Numerically, it converges steadily and fast, and for the
examples presented below, it takes about 8 seconds per recovery. All the computations were
performed using MATLAB 2013a on a 2.5G Hz and 6G RAM personal laptop.

6.1. Perfectly known boundary. First, we consider the case of a known boundary.

Example 6. Consider three square inclusions: the two inclusions on the top share the
same spectral profile s1(w), and the one on the bottom has a second spectral profile sa(w); cf.
Figure 2(a) for an illustration. In the experiments, we consider the following two cases:

(i) The spectral profiles are s;(w) = 0.1w + 0.1. and s2(w) = 0.2w.

(ii) The spectral profiles are s;(w) = 0.1w + 0.1 and s2(w) = 0.02w.

In either case, we take () = 3 frequencies, w1 = 0, wy = 0.5 and w3 = 1.

The results for Example 6 with € = 1% data noise are shown in Figures 2 and 6 for cases
6(i) and 6.1(ii), respectively. In case 6(i), the two frequencies have about the same magnitude,
and the matrix S is nonsingular. The direct approach in section 2.1 separates the two sets
of inclusions well thanks to the spectral incoherence. The recovery is very localized within a
clean background, the supports match closely the true ones (and are clearly disjoint from each
other), and their magnitudes are well retrieved. The latter observation is a distinct feature of
the proposed GIST in section 5. Hence, for known incoherent profiles, the inclusions can be
fairly recovered. It is noteworthy that our approach is insensitive to model parameters: see
Figure 3 for the recoveries with different contact impedance constants. Case 6(ii) is similar,
except that the variation of sy(w) is much smaller. The preceding observations remain largely
valid, except that the inclusion doe has minor spurious oscillations. This is attributed to the
presence of data noise: the noise is comparable with inclusion contributions. Hence, for the
accurate recovery, the data should be reasonably accurate.

The well-conditioning of S implies the robustness of the direct approach with respect
to spectral profile perturbations; cf. section 2.1. We present in Figure 4 the recoveries using
imprecise spectral profiles for Example 6(i), where the spectral matrix is perturbed by additive
Gaussian noise with a zero mean and standard deviation proportional to the entry magnitude.
Even only with three frequencies, the recoveries remain stable up to 20% spectral perturbation,
indicating the robustness of the approach, concurring with the findings in [48].
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Figure 3. Numerical results for Example 6(i) with different contact impedance constants, 1% data noise,
and fully known si(w)s. The recoveries in (a) and (b) are obtained with z; = 0.1, j = 1,..., E, and those in
(¢) and (d) with z; =0.01, j=1,...,E, by the direct approach.
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Figure 4. Numerical results for Example 6(i) with 1% data noise and imprecisely known si(w)s. The
recoveries in (a) and (b) are obtained with S perturbed by additive Gaussian noise with mean zero and standard
deviation 10% of the entry magnitude, and those in (c) and (d) with 20% noise, both by the direct approach.

Table 1
The relative errors for Example 6(i) with various mesh size h, noise level €, and regularization parameter
a, where h1 = 1.27e-1, ha = 6.36e-2 and hs = 3.18e-2. The error is computed with respect to the reference
solution, which is the recovery on the finest mesh.

a = 5-3 a = le-2 a = be-2

€ hl h2 h3 h1 h2 h3 hl h2 h3
le-3 | 5.57e-2 2.72e-2 1.22e-2 | 7.80e-2 3.85e-2 1.74e-2 | 2.42e-1 1.26e-1 5.87e-2
3e-3 | 5.6le-2 2.7he-2 1.23e-2 | 7.83e-2 3.87e-2 1.75e-2 | 2.42e-1 1.26e-1 5.88e-2
le-2 | 5.77e-2 2.82e-2 1.27e-2 | 7.95e-2 3.94e-2 1.78e-2 | 2.42e-1 1.26e-1 5.89e-2

Throughout, we have assumed a fixed discretization for the linearized model. Due to
the ill-posed nature of the problem, the recovery may vary with the discretization, due to
discretization error, apart from the data noise (and inherent linearization error). With Exam-
ple 6(i), we briefly illustrate the dependence of the relative error of the recovery on the mesh
size h used for the inversion (cf. (4.5)), the noise level ¢, and the regularization parameter c.
The results are shown in Table 1 for various combinations of h, €, and «. Just as expected, the
relative error increases with h and €, and the convergence is relatively independent of a within
this range. A detailed convergence analysis with respect to the discretization parameter for
EIT imaging with Tikhonov regularization can be found in [23, 50].

Since sh(w) is small in Example 6(ii), we also illustrate difference imaging of section 2.2.1.
The recovery of the first set of inclusions, in the absence of the knowledge of sgs, is shown in
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Figure 5. Numerical results for Example 6(ii) with 1% data noise. The recoveries in (b) and (c) are
obtained with known sk(w)s using the direct approach and that in (d) without knowing si(w)s, using difference

maging.
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Figure 6. Numerical results for Example 7(1) with 1% data noise, with fully known si(w)s. The recoveries
are obtained by the direct approach.

Figure 5(d). The recoveries are free from spurious oscillations. This shows the capability of
difference imaging for spectral profiles with substantially different dependence on w.

Example 7. Consider three rectangular inclusions on the top left, top right, and bottom
of the disk with spectral profiles s1(w), s2(w), and s3(w), respectively; cf. Figure 6(a) for an
illustration. In the experiments, we consider the following two cases:

(i) The spectral profiles are s1(w) = 0.2w + 0.2, so(w) = 0.1w? and s3(w) = 0.2w + 0.1.

(i) The spectral profiles are s1(w) = 0.02w + 0.02, s3(w) = 0.1w? and s3(w) = 0.2w + 0.1.

In either case, we take three frequencies, wi; = 0, wo = 0.5, and w3 = 1.

The numerical results for Examples 7(i) and 7(ii) are shown in Figures 6 and 7, respectively.
If all three si(w)s are known, the use of three frequencies yields almost perfect separation of
the inclusions using the direct method: the recovered inclusions are well clustered with correct
supports and magnitudes. For Example 7(ii), s1(w) is much smaller, and thus the recovered
do is more susceptible to noise, whereas the other two are more stable.

The results in Figure 7 indicate that with known ss(w) and s3(w) and unknown s (w),
since s} (w) is small, difference imaging can recover accurately both the magnitude and support
of doo and do3. These observations fully confirm the discussions in section 2.2.

Our next example illustrates the case of different conductivities for each inclusion.

Ezample 8. The setup of the example is identical with that of Example 7(i), except that
the inclusions on the top left, top right, and bottom have conductivity perturbations of 1.5,
1, and 0.5, respectively.
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Figure 7. Numerical results for Example 7(ii) with 1% data noise. Here (b)—(d) are the recoveries with
fully known si(w) and obtained by the direct approach, while for (e) and (f) only s2(w) and s3(w) are known,

and the recoveries are obtained by difference imaging.
1 0.6
08 0.4
06
0.4 02
02 R
0
02 0.2

) true doks (b) recovered do1 (c) recovered do2 (d) recovered do3

Figure 8. Numerical results for Example 8 with 1% data noise, with fully known si(w)s. The recoveries
are obtained by the direct approach.

The numerical results are presented in Figure 8. With different conductivities for each
inclusion, the reconstructions remain fairly reasonable: all three inclusions are well separated
from each other, with their magnitudes accurately estimated, as in Example 7(i). However, the
support of the inclusion on the bottom is slightly distorted; cf. Figure 8(d). This is attributed
to the smaller magnitude of the inclusion, yielding a higher noise level of the corresponding
linear inversion step, which deteriorates the reconstruction.

6.2. Imperfectly known boundary. Now we illustrate the approach in the case of an
imperfectly known boundary. In the first example, the unknown true domain 2 is an ellipse
centered at the origin with semiaxes a and b, &, = {(21,22) : 27/a® + 23/b* < 1}, and the
computational domain € is taken to be the unit circle.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/23/17 to 128.41.61.19. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1546 ALBERTI, AMMARI, JIN, SEO, AND ZHANG

1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
-0.2 -0.2 -0.2

(a) true dogs (b) recovered do1 (c) recovered do2

Figure 9. Numerical results for Example 9(i1) with 0.1% data noise, fully known si(w). The recoveries are
obtained using difference imaging.
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Figure 10. Numerical results for Example 9(ii) with 0.1% data noise, fully known si(w)s. The recoveries
in (b)—(c) are based on difference imaging, and those in (d)—(f) on the direct approach.

Ezxample 9. Consider two square inclusions on the top and the bottom of the ellipse, with
s1(w) = 0.2w + 0.2 and sy(w) = 0.1w? (Figure 9). We consider the following two cases:

(i) The true domain Q is £ with @ = 1.1 and b = 0.9.

(ii) The true domain Q is Eqp with a = 1.2 and b = 0.8.

In either case, we take three frequencies, w; = 0, wo = 0.5, and w3 = 1.

The results are given in Figures 9 and 10 with 0.1% noise in the data, for Examples 9(i) and
9(ii), respectively. Although not presented, we note that the static imaging can only produce
useless recoveries, due to the presence of significant modeling errors. Numerically one can ver-
ify that for both cases, the contribution from domain deformation is much larger than that of
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the inclusions, which justifies the smaller noise level 0.1%. By exploiting the spectral incoher-
ence, mfEIT can separate different contributions and hence recover each inclusion accurately.
From Figure 9, difference imaging can recover the inclusions accurately, and they are well
separated, due to their incoherent s (w)s. However, the shape and location of the recovery tend
to be slightly deformed. This concurs with the analysis in section 4: the unknown boundary
induces deformed conductivity of the inclusions, in addition to the anisotropic component.
In Figure 10 we present the results related to Example 9(ii). The preceding observations
on difference imaging still hold; cf. Figures 10(a) and 10(b). The direct approach works equally
well: the recovered doy and doy are fairly accurate; and the results are comparable with those
obtained by difference imaging. The recovered doy contains only the spurious conductivity
induced by the domain deformation. Should there be any true inclusion dog corresponding
to sp(w), it will be washed away by the error e¥; cf. (4.8). The preceding discussions fully
confirm the analysis in section 4: mfEIT is capable of discriminating the perturbation due to
domain deformation from the inclusions by either the direct approach or difference imaging.
Last we present one example where the electrodes are misplaced, but their lengths do not
change, i.e., the factor z in the boundary integral can be set to the unit (see Example 5). This
is a special case of the imperfectly known boundary case, where the forward map F maps the
domain 2 onto itself. However, the forward map is not the identity or a rotation operator, and
thus it will induce an anisotropic conductivity, especially in the regions near the boundary.

Example 10. The true domain Q) is identical with the computational domain 2, the unit
circle, but every other electrode is shifted by an angle of 7 /32, while the length of each electrode
remains unchanged; see Figure 1(b) for a schematic illustration. There are two rectangular
inclusions, on the top and on the bottom of the ellipse, with spectral profiles s1(w) = 0.2w+0.2
and so(w) = 0.1w?, respectively. We take three frequencies w; = 0, wo = 0.5, and w3 = 1.

The results for Example 10 are given in Figure 11. The analysis in section 4.2 indicates
that the conductivity perturbation can be lumped to dog. The results confirm the analysis:
when using the direct approach, there are pronounced oscillations around the boundary in the
recovered dog. However, the recovered doq and dog are reasonable in both location and size.
The difference imaging can also remove the contributions due to unknown electrode locations,
since si(w)s are incoherent both before and after differentiation.

In summary, as expected from the analysis of sections 3 and 4.2, the mfEIT technique
has significant potential in handling modeling errors. The inclusion dog corresponding to sg
may not be recovered. However, by mfEIT, {5Jk}kK:1 can be correctly recovered by either the
direct approach or difference imaging, provided that sis or s}s are sufficiently incoherent.

7. Concluding remarks. In this paper we have presented novel reconstruction methods for
multifrequency EIT. In particular, we have illustrated both analytically and numerically the
significant potentials of mfEIT in handling the modeling error due to an imperfectly known
boundary shape. We have also introduced a new and efficient group sparse reconstruction
algorithm for the linearized EIT problem. The techniques may be extended to quantitative
photoacoustic imaging from multispectral measurements [61].

This work represents only a first step toward the rigorous mathematical and numerical
analysis of mfEIT. There are a few questions deserving further research. For instance, beyond
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Figure 11. Numerical results for Example 10 with 0.1% data noise, fully known si(w)s. The recoveries in
(b)—(c) are based on difference imaging, and those in (d)—(f) on the direct approach.

the linearized regime, the nonlinear approach may be more appropriate, but it comes with
significant computational overhead, due to a large number of PDEs involved. It is impera-
tive to develop fast image reconstruction algorithms and to provide theoretical justifications.
Moreover, in this work we have mainly focused on the recovery of the abundances. It would be
of great interest to derive sufficient conditions for the simultaneous recovery of partial spectral
profiles, under suitable structural prior knowledge, e.g., the (disjoint) sparsity of abundances.
It is expected that this issue may have different features in the nonlinear regime.
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